
Supplementary Method: 

Mathematical proof of the empirical null distribution of 𝐌𝐑̂𝐌×𝐌(𝒊, 𝒋) 

Lemma 1: 

For the M × M randomly assigned matrix C, Rank(𝑖 → 𝑗) ⊥ 𝑅𝑎𝑛𝑘(𝑗 → 𝑖)|C(𝑖, 𝑗). 

Proof: With given C(𝑖, 𝑗) , Rank(𝑖 → 𝑗)  only depends on C(𝑖,∙),∙≠ 𝑗  while 𝑅𝑎𝑛𝑘(𝑗 → 𝑖) 

only depends on C(∙, 𝑗), ∙≠ 𝑖 . iinee C(𝑖,∙) ⊥ C(∙, 𝑗)  for 𝑖,∙≠ 𝑖, 𝑗 and ∙, 𝑗! = 𝑖, 𝑗  , we have 

 Rank(𝑖 → 𝑗) ⊥ 𝑅𝑎𝑛𝑘(𝑗 → 𝑖)|C(𝑖, 𝑗) □ 

 

Proposition 1: 

For the M × M matrix randomly assigned from the distribution with pdf f and edf F, the joint 

distribution of 𝑅𝑎𝑛𝑘(𝑖 → 𝑗) 𝑎𝑛𝑑 𝑅𝑎𝑛𝑘(𝑗 → 𝑖) is: 

P(𝑅𝑎𝑛𝑘(𝑖 → 𝑗) = 𝑥, 𝑅𝑎𝑛𝑘(𝑗 → 𝑖) = 𝑦) = 

∫(
𝑀 − 1
𝑥 − 1

)((1 − 𝐹(𝑘))𝑥−1𝐹(𝑘)𝑀−𝑥 ∙ (
𝑀 − 1
𝑦 − 1

)((1 − 𝐹(𝑘))𝑦−1𝐹(𝑘)𝑀−𝑦 ∙ 𝑑𝐹(𝑘) 

Proof:  

𝑃𝑟𝑜𝑏(𝑅𝑎𝑛𝑘(𝑗 → 𝑖) = 𝑥|C(𝑖, 𝑗) = 𝑘) = 

𝑃𝑟𝑜𝑏(C𝑖(𝑗𝑚) > 𝑘, C𝑖(𝑗𝑛) < 𝐾, 𝑚 = 1 … 𝑥 − 1, 𝑛 = 𝑥 + 1 … 𝑁) = 

𝐶𝑁−1
𝑥−1(1 − 𝐹(𝑘))𝑥−1𝐹(𝑘)𝑁−𝑥 

,  

 , 𝑖𝑛 𝑤ℎ𝑖𝑐ℎ 𝑗𝑚 = 1 … 𝑗 − 1 𝑎𝑛𝑑 𝑗𝑛 = 𝑗 + 1 … 𝑁 

, 𝑎𝑛𝑑 C𝑖(𝑗) 𝑖𝑠 𝑡ℎ𝑒 𝑗𝑡ℎ 𝑣𝑎𝑙𝑢𝑒 𝑖𝑛 C(𝑖,∙) 𝑖𝑛 𝑑𝑒𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔 𝑜𝑟𝑑𝑒𝑟 

By Lemma 1, 

𝑃(𝑅𝑎𝑛𝑘(𝑖 → 𝑗), 𝑅𝑎𝑛𝑘(𝑗 → 𝑖)|C(𝑖, 𝑗)) = 

𝑃(𝑅𝑎𝑛𝑘(𝑖 → 𝑗)|C(𝑖, 𝑗)) ∗ 𝑃(𝑅𝑎𝑛𝑘(𝑗 → 𝑖)|C(𝑖, 𝑗)) 

 

P(𝑅𝑎𝑛𝑘(𝑖 → 𝑗) = 𝑥, 𝑅𝑎𝑛𝑘(𝑗 → 𝑖) = 𝑦|C(𝑖, 𝑗) = 𝑘) = 

(𝐶𝑁−1
𝑥−1(1 − 𝐹(𝑘))𝑥−1𝐹(𝑘)𝑁−𝑥) ∙ (𝐶𝑁−1

𝑦−1
(1 − 𝐹(𝑘))𝑦−1𝐹(𝑘)𝑁−𝑦) 

Henee 

P(𝑅𝑎𝑛𝑘(𝑖 → 𝑗) = 𝑥, 𝑅𝑎𝑛𝑘(𝑗 → 𝑖) = 𝑦) = 

∫(
𝑀 − 1
𝑥 − 1

)((1 − 𝐹(𝑘))𝑥−1𝐹(𝑘)𝑀−𝑥 ∙ (
𝑀 − 1
𝑦 − 1

)((1 − 𝐹(𝑘))𝑦−1𝐹(𝑘)𝑀−𝑦 ∙ 𝑑𝐹(𝑘) 

□ 

 

Proposition 2:  

The empirieal null distribution of MR̂M×M(𝑖, 𝑗) does not depend on the empirieal distribution 

of C(𝑖, 𝑗) 

Proof: iinee C(𝑖, 𝑗) follows the pdf f, by Proposition 1:  

P(𝑅𝑎𝑛𝑘(𝑖 → 𝑗) = 𝑥, 𝑅𝑎𝑛𝑘(𝑗 → 𝑖) = 𝑦|C(𝑖, 𝑗) = 𝑘) = 

(𝐶𝑁−1
𝑥−1(1 − 𝐹(𝑘))𝑥−1𝐹(𝑘)𝑁−𝑥) ∙ (𝐶𝑁−1

𝑦−1
(1 − 𝐹(𝑘))𝑦−1𝐹(𝑘)𝑁−𝑦) 

Henee the MR(i, j)2 = 𝑅𝑎𝑛𝑘(𝑖 → 𝑗) ∙  𝑅𝑎𝑛𝑘(𝑗 → 𝑖)  with given C(𝑖, 𝑗) = 𝑘  follows a 

multiplieation of two identieal binomial distributions with n= N-1 and P=1-F(𝑆𝑖𝑗   U((,,1 , 

whieh does not depend on the empirieal distribution of C(𝑖, 𝑗). □ 

 

To generate an empirieal null distribution of MR̂M×M(𝑖, 𝑗), we ean randomly draw p̃ from 



((,,1  and generate 𝑅𝑎𝑛𝑘(𝑖 → 𝑗)  and 𝑅𝑎𝑛𝑘(𝑗 → 𝑖)  from two random numbers 

𝑋𝑖,𝑗,1 𝑎𝑛𝑑  𝑋𝑖,𝑗,2  from the binomial distribution Bin(p̃, n − 1)  and  MR̂(𝑖, 𝑗)′ =

√(𝑋𝑖,𝑗,1 + 1) ∙ (𝑋𝑖,𝑗,2 + 1). Henee the P(𝑅𝑎𝑛𝑘(𝑖 → 𝑗) = 𝑥, 𝑅𝑎𝑛𝑘(𝑗 → 𝑖) = 𝑦). 

 

Theorem 1: 

Empirieal null distribution of MR(i, j) ean be simulated by  

𝑀𝑅𝑖,𝑗 = √(𝑋𝑖,𝑗,1 + 1) ∙ (𝑋𝑖,𝑗,2 + 1) 

𝑋𝑖,𝑗,1~𝐵𝑖𝑛𝑜𝑚(𝑛 − 2, pij), 𝑋𝑖,𝑗,2~𝐵𝑖𝑛𝑜𝑚(𝑛 − 2, pij) 

pij~𝑈(0,1) 

Proof: 

By Proposition 1 and 2, and the diseussion above, the random numbers simulated as deseribed 

in the theorem form empirieal null distribution of MR̂M×M(𝑖, 𝑗). □ 

 

Memory and Computational cost analysis: 

We have analyzed the memory and eomputational eost of MRHCA and the fast version over 

randomized gene expression profile of 1,,, 5,,, 1,,,, 2,,,, 5,,,, 1,,,, and 2,,,, genes 

with 3,, samples. The analyses were eondueted by R x64 3.4., on a desktop with Intel Core 

i7-77,,K CP( and 16.,GB RAM. The memory and algorithm running time are shown in the 

figure below. The loops in this fast version of the Rank_Index generation was not aeeelerated 

by a C library. Henee the time eost of the fast version is more than the MRHCA algorithm. iee 

more details on https://github.eom/zy26/mret. 

 

https://github.com/zy26/mrct


 

The Figures show the time (s  and memory (M  eosts (y-axis  of the MRHCA and the fast 

version on simulated data with number of genes shown on x-axis.  


