Supplementary Materials 1
Two dimensional Functional Principal Component Analysis

Consider a linear combination of functional values:

f= j js(s,z)x(s,z)dsdz,

where [(s,?) is a weight function and x(s,?) is a centered random function. To capture the
variations in the random functions, we chose weight function (s,7) to maximize the variance of

/. By the formula for the variance of stochastic integral (1), we have

var(f) = JIIJB(Sl7t1)R(Sptpszatz)ﬁ(szjz )dsdtds,t, (D
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where R(s,,t,,5,,t,) = cov(x(s,,t,),x(s,,t,)) 1s the covariance function of the genetic variant
function x(s,?). Since multiplying £(¢) by a constant will not change the maximizer of the

variance Var(f), we impose a constraint to make the solution unique:
[[B*(s,)dsde = 1. )
TT

Therefore, to find the weight function, we seek to solve the following optimization problem:

max JIIIB(S1at1)R(S1>t1>S2>t2)B(52-t2)dS1dt1dszt2
s.t. j jﬁ (s,0)dsdt = 1.

By the Lagrange multiplier, we reformulate the constrained optimization problem (3) into the

following non-constrained optimization problem:



max %”jjﬁ(sl,z)R(sl,tl,sz,z)B(szz)dsdtdszt +— (- ”B (s;,4)ds,dt), (4)
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where A is a parameter.

By variation calculus (2), we define the functional

J[B] = j j j j B(s, 1) R(S,, 1,5, 1,)B(s,.t, )ds,dt,ds,t, +— m j j B2(s,,t,)dsdt,) . Its first
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variation is given by

8Jh] —d—J[B(s 1) +eh(s,1)]

ijjﬁ(sl,t)R(sl,tl,sz,t WB(s,.t, )dls,dt,ds,t, +— m HB (s,,2,)ds,dt)} |,
[ ”shr(; ,Tz WR(5), 11,55, 1, )B(5y.1,)ds s, t, = A | B(Sl,tl )h(sl,tl )ds, dt,
[LRGs),1,50,6)B(5,.1,)dsyt, B st s,

T
[ RCsy,t1553.1)B(55.8,)ds,t, = 2B(s, 1) Pdsidty = 0,
T
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which implies the following integral equation

JIR(Sptlaszatz)B(Sz-tz)dsztz =M(s;1,) (%)
ST

for an appropriate eigenvalue A . The left side of the integral equation (5) defines a two
dimensional integral transform R of the weight function f. Therefore, the integral transform of
the covariance function R(s,,?,,s,,t,) s referred to as the covariance operator R . The integral
equation (5) can be rewritten as

RB=4p, (6)
where B(s,,4,S5,,t,) is an eigenfunction and referred to as a principal component function.

Equation (6) is also referred to as a two dimensional eigenequation. Clearly, the eigenequation (6)



looks the same as the eigenequation for the multivariate PCA if the covariance operator and
eigenfunction are replaced by covariance matrix and eigenvector.

Since the number of function values is theoretically infinity, we may have an infinite
number of eigenvalues. Provided the functions X, and Y, are not linearly dependent, there will
be only N —1 nonzero eigenvalues, where N is the total number of sampled individuals
(N =n, +n.). Eigenfunctions satisfying the eigenequation are orthonormal (Ramsay and
Silverman, 2005). In other words, equation (6) generates a set of principal component functions

RpB, =40, withA4, >4, >---

These principal component functions satisfy

(1) j j B2(s,f)dsdt =1 and

@) [[Bi(s,0B,,(s,0)dsdt = 0, for all m < k.

The principal component function S, with the largest eigenvalue is referred to as the first
principal component function, and the principal component function £, with the second largest

eigenvalue is referred to as the second principal component function, and continues.

Computations for the Principal Component Function and the Principal Component Score

The eigenfunction is an integral function and difficult to solve in closed form. A general
strategy for solving the eigenfunction problem in (5) is to convert the continuous eigen-analysis
problem to an appropriate discrete eigen-analysis task (Ramsay and Silverman 2005). In this

report, we use basis function expansion methods to achieve this conversion.



Let {¢,(?)} be the series of Fourier functions. For each j, define 0,, = ®,, =2mj. We expand

each genetic variant profile x,(s,7) as a linear combination of the basis function ¢, :

x,(5,0) = 22> e ()9,(8) (7

k=1 I=1
Let C, =[c,...,c,c8) onct) e, 1 and ¢(2) = [,(), -+, 0, ()]" . Then, equation (7)
can be rewritten as
x,(5,0) = C/ ($(s) © §(1)) ,
where ® denotes the Kronecker product of two matrices.
Define the vector-valued function X(s,t) = [x,(s,?),-++,x,(s,¢)]" . The joint expansion of all N

random functions can be expressed as
X(s,0) = C(¢(s) ® (1)) (®)

where the matrix C is given by

In matrix form we can express the variance-covariance function of the genetic variant profiles as

R(Sl>tlﬂs2’t2):%XT(SD{I)X(SZ’ZLZ) ©
=%wf(sl)@&(z])c%w(sz)®¢<r2)].

Similarly, the eigenfunction (s,¢) can be expanded as

B(s,) =22 by, ()9, (1) or

Jj=1 k=1

B(s,t)=[¢"(5)®" (I , (10)



where b=[by,y.c0Dc 5o Dy peees D I
Substituting expansions (9) and (10) of variance-covariance R(s,,?,,s,,t,) and eigenfunction
B(s,?) into the functional eigenequation (5), we obtain
1
[¢T(S1)®¢T(tl)]NCTCb =Mo" (5,)®¢" (1)1b. (1D
Since equation (11) must hold for all #, we obtain the following eigenequation:

Lerep=nb. (12)
N

Solving eigenequation (12), we obtain a set of orthonormal eigenvectors b, . A set of

orthonormal eigenfunctions is given by
B,(5:0) =0 (5)® ¢ (D1, ) =1 (13)
The random functions x,(s,?) can be expanded in terms of eigenfunctions as

J
xi(t,s)zjz_:‘éyﬁj(s,t),i =1,..,N, (14)
where

&, = [ [x(e.9B, (s.0)dsdr.

Max Var (3" E[X — E(X)|Y]) = B" coW(E[X - E(X)|Y])B
st Bleov(X,X)B=1



Supplementary Materials 2
Multivariate Functional Regression Models for Quantitative Trait Analysis

Assume that nindividuals are sampled. Let y, ,k =1,2,...,Kbe K trait values of the i-th
individual. Consider a genomic region [a ,b ] . Let x;(¢#) be a RNA-seq profile of the i-th
individual defined in the region [a ,b ]. Recall that a regression model for QTL analysis with the

k -th trait and SNP data is defined as
Vie =M + zxij(x’kj +&; (1

where , is an overall mean of the & -th trait, o, is the main genetic additive effect of the j-th
SNP in the genomic region for the & -th trait, x, is an indicator variable for the genotypes at the

j-th SNP, €, .,k =1,..,K are independent and identically distributed normal variables with mean

of zero and covariance matrix X.

Similar to the multiple regression models for QTL analysis with SNP data and multiple
quantitative traits, the functional regression model for a quantitative trait can with RNA-seq data

can be defined as

Vi = o + [ (Ox (Dt +2,, )
T

where o, is an overall mean, o, (¢#) are a genetic additive effect of a putative QTLs located at
the genomic positions ¢ for the k -th trait, k = 1,...,K , x;(¢) is a genotype profile, ¢, are

independent and identically distributed normal variables with mean of zero and covariance

matrix X.



Estimation of Additive Effects
We assume that both phenotypes and genotype profiles are centered. The genotype profiles

x,(t) are expanded in terms of the orthonormal basis function as:

x;(2) =2ig¢_,-(f) (3)

J=1

where ¢ (¢) are sequences of the orthonormal basis functions. The expansion coefficients ¢; are

estimated by

g = [ x.00, 01 @)

T

In practice, numerical methods for the integral will be used to calculate the expansion

coefficients.

Substituting equation (3) into equation (2), we obtain

v = [ (03 5,0+,
¢, [ (00, (00 + 5)

1

g0y e, =L.,nk=1..K,

J
©
J=1

where o, = Ia ()0, (t)dt . The parameters o, are referred to as genetic additive effect scores
T

for the k -th trait. These scores can also be viewed as the expansion coefficients of the genetic

effect functions with respect to orthonormal basis functions:

0, (1) = Yt (0. ©)



Let

)]11 )]11( &11 al] &11
Y:[Yl""’YK]Z :gz : 5 g,: 5905
Y, Yk St - &y
a’!cl 811 8lK
0, =| ¢ Loa=[0,...,0] ,€=
a‘k] 8nl 8/1K

Then, equation (5) can be approximated by

Y=Ca+e

(7

The standard least square estimators of o and the variance covariance matrix £ are given by
a=(E"e) g (Y-7), (8)

) =%(Y—§&)T(Y—§&). ©)

Denote the matrix (&&)"'E" by A . Then, the estimator of the parameter o is given by
=AY -Y). (10)

The vector of the matrix o can be written as

vec(6) = (A® Ivec(Y -Y). (11).
By the assumption of the variance matrix of Y , we obtain the variance matrix of vec(Y):

var(vec(Y))=Z®1. (12)



Thus, it follows from equations (11) and (12) that

A = var(vec(6)) = (I, ® A(E®1,)I, ® A7)

=3®(44") (13)

Test Statistics

An essential problem in QTL analysis or in integrative analysis of imaging and RNA-seq data is
to test the association of genomic region (or gene). Formally, we investigate the problem of
testing the following hypothesis:

o,(t)=0,Vtela,b],k=1,..,K,

which is equivalent to testing the hypothesis:

H,:a=0.

Define the test statistic for testing the association of a genomic region with K quantitative traits
as

T=6"A"4. (14)

Let r=rank (A).
Then, under the null hypothesis H,, : o =0 , T is asymptotically distributed as a central X(ZK 7 Or

xfr) distribution if J components are taken in the expansion equation (3).
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