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Background:  Mathematical  models  are essential  to  predict  the likely outcome of  an epidemic.  Various models  have
been proposed in the literature for disease spreads. Some are individual based models and others are compartmental
models.  In  this  study,  discrete  mathematical  models  are  developed  for  the  spread  of  the  coronavirus  disease  2019
(COVID-19).
Methods: The proposed models take into account the known special characteristics of this disease such as the latency
and incubation periods,  and the different social and infectiousness conditions of infected people.  In particular,  they
include a novel approach that considers the social structure, the fraction of detected cases over the real total infected
cases,  the  influx  of  undetected  infected  people  from outside  the  borders,  as  well  as  contact-tracing  and  quarantine
period for travelers. The first model is a simplified model and the second is a complete model.
Results: From a numerical point of view, the particular case of Lebanon has been studied and its reported data have
been used to estimate the complete discrete model parameters using optimization techniques. Moreover, a parameter
analysis and several prediction scenarios are presented in order to better understand the role of the parameters.
Conclusions:  Understanding  the  role  of  the  parameters  involved  in  the  models  help  policy  makers  in  deciding  the
appropriate  mitigation  measures.  Also,  the  proposed  approach  paves  the  way  for  models  that  take  into  account
societal factors and complex human behavior without an extensive process of data collection.
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Author summary: Mathematical models use mathematical concepts to describe systems. In epidemiology, models try
for  instance  to  predict  the  evolution  of  the  number  of  infected  in  the  population  or  the  duration  of  an  epidemic.  Such
models can show how different public health interventions may affect the outcome of the epidemic. A class of existing
models  consists  of  ordinary  differential  equations  that  are  based  on  the  assumption  of  homogeneous  mixing  of  the
population.  To  be  more  realistic,  we  propose  herein  two  discrete  models  that  take  into  account  heterogeneities  in  the
population such as the social activity level of individuals.

  
INTRODUCTION

The  world  is  in  a  battle  with  the  coronavirus  disease
2019 (COVID-19), which is caused by a highly virulent
virus  SARS-Cov-2  that  targets  the  human  respiratory
system.  The  World  Health  Organization  (WHO)  decla-
red the situation as a pandemic in March 2020 [1,2].
With  the  uncertainties  about  the  COVID-19,

predictive mathematical models are essential in order to

discover  the  likely  outcome  of  the  epidemic,  to  inform
healthcare  needs  and  to  minimize  its  socioeconomic
consequences.  Various  models  have  been  proposed  in
the  literature  for  disease  spreads.  They  can  be
categorized  into  agent-based  models  (ABM)  [3,4]  and
compartmental  models  [5−7].  Compartmental  models
are  built  on  differential  equations  and  assume  that  the
population  is  perfectly  mixed  with  people  moving
between compartments such as susceptible (S), infected
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(I) and recovered (R) [8−11]. These models revealed the
threshold nature of epidemics and triumphed in explain-
ing  “herd  immunity”.  However,  they  fail  to  capture
complex social networks and the behavior of individuals
who may adapt depending on disease prevalence. On the
other  hand,  agent-based  models  can  capture  irrational
behavior  and  are  used  to  simulate  the  interactions  of
autonomous  agents  that  can  be  either  individuals  or
collective  entities  [12−16].  The  ABM  approach  needs
realistic  data,  typically  obtained  from  a  census,  and
important  assumptions  and  data  collection  to  set  their
structural  parameters  [17],  but  this  is  not  always  possi-
ble  at  the  early  stages  of  the  outbreak.  Several  models
have  been  developed  for  the  COVID-19  pandemic.
Anastassopoulou  et  al.  included  dead  individuals  in  a
discrete-time SIRD model and provided estimates of the
main  epidemiological  parameters  for  Hubei  (China)
[18].  Casella  derived  a  simplified  control-oriented
model comparing the outcomes of different policies [19]
and  Wu et  al.  inferred  clinical  severity  estimates  using
transmission dynamics [20]. Giordano et al.  proposed a
mean-field  epidemiological  model  extending the  classi-
cal SIR model for the COVID-19 epidemic in Italy [21].
Sameni  also  proposed  an  SEIRP  including  compart-
ments  for  asymptomatic  exposed  individuals  and
passed-away  population  [22]  while  Goel  and  Sharma
suggested  a  mobility-based  SIR  model  for  COVID-19
pandemic  [23].  Stochastic  transmission  models  have
been  proposed  in  [24,25]  and  agent-based  models  have
been  used  for  a  computational  simulation  of  the
pandemic  in  Australia  by  Chang  et  al.  in  [26]  and  for
recommending  universal  masking  by  De  Kai  et  al.  in
[16].  Moreover,  in  [27],  Varotsos  and  Krapivin  deve-
loped  the  COVID-19  decision  making  system  to  study
disease transmission. Since the list of models developed
so  far  for  COVID-19  is  much  longer,  and  the
aforementioned list  is  non-exhaustive,  we also refer the
reader  to  [28−31]  for  some  insight  on  parameter
calibration and inverse modeling.
The  above  compartmental  models  consider  human

populations  as  homogeneous.  However,  a  realistic
model  should  take  into  account  that  there  are  many
heterogeneities  in  societies  that  affect  disease
transmission.  In  the  present  work,  we  propose  a  model
that  shows how such population heterogeneity  can lead
to  substantial  heterogeneity  among  the  infected
population  (that  appear  in  clusters).  The  consequent
impact  of  such  modeling  strategy  is  on  exit  policies
intending to minimize the risk of future infection spikes.
We  are  trying  to  understand  herein  the  effect  of  the
social activity level of the individual on the spread of the
disease.  A  common  way  to  do  this  is  by  means  of
network models [32]. Since we are interested in a layer
that  lies  between  the  micro-scale  modeling  represented

by agent-based approach and the macro-scale modeling
represented  by  compartmental  models  (such  as  SIR,
SEIR  or  SEIRD  among  others),  we  propose  two
stochastic discrete models (a simplified and a complete)
for the spread of COVID-19. We opt for discrete models
in  view  of  the  daily  reporting  by  countries  of  the
infection  indicators  and  we  choose  a  non-deterministic
approach in view of the randomness in the transmission
of COVID-19. The models take into account the charac-
teristics  of  the  virus  by  attributing  to  them  probability
distributions.  We  mention,  for  instance,  the  incubation
period, infectiousness, and testing sensitivity. They also
incorporate  probability  distributions  for  social  and
individual  conditions  such  as  family  size  within  the
same  household,  number  of  people  contacted  per  day
and  their  subdivision  into  known  versus  unknown
contacts. Up to the authors’ knowledge, the only works
that  were  based  on  discrete  modeling  of  COVID-19
epidemic  are  [33]  where  a  discrete  deterministic  model
is proposed for forecasting the temporal evolution of the
epidemic  from  day  to  day  and  [34]  where  a  discrete
stochastic  compartmental  model  is  proposed.  An
important discrepancy between [34] and our work is that
we  use  two  discrete  time  variables  one  for  the  time  of
infection and the second one is for the daily update. This
is  crucial  in  modeling  the  COVID-19  epidemic  due  to
the prevalence of pre-symptomatic transmission. Indeed,
the  distinction  of  two  time  variables  permits  the
tracking,  in  the future,  of  people  who get  infected on a
particular day and how long they stay actively infecting
others  before  they  get  detected  either  by  appearance  of
symptoms  or  by  contact  tracing  combined  with  poly-
merase  chain  reaction  (PCR)  testing.  We  also
distinguish  the  transmission  between  family  members,
known contacts and unknown contacts, hence including
the social network in the model.
The remainder of the paper is laid out in the following

way. Firstly, we describe the main parameters that must
be  accounted  for  in  modeling  epidemics  such  as
COVID-19.  Secondly,  we  present  the  discrete  stochas-
tic  model  in  two  steps.  First,  we  describe  a  simplified
version  that  does  not  include  contact-tracing  and
quarantine  period  and  second,  we  present  the  complete
model.  Numerical  simulations  for  the  validation,  the
prediction  and  the  parameter  analysis  of  the  complete
discrete stochastic model are presented then. Finally, we
conclude with some remarks. 

DESCRIPTION OF KEY PARAMETERS OF
THE MODEL

To  comprehend  the  dynamics  of  COVID-19  epidemic,
several  realistic  parameters  must  be  integrated  in  the
model.  Specifically,  the chronological  characteristics  of
the virus, the context of contact between individuals and
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the  influx  of  infected  undetected  individuals  from
outside  the  borders  are  fundamental  to  be  able  to
forecast the evolution of the epidemic from day to day.
We shed light herein on the rationale for selecting keys
parameters as follows:
- The times of infection and detection: In COVID-19
epidemic,  many  infected  people  may  be  infecting
others  in  the  community  without  being  detected.
So, it  is  important to reduce the delay between the
infection  time  and  the  detection  time  [35].  In  the
proposed model, we use, for the flow of individuals
from one category to another, two time variables to
distinguish  infection  and  detection  times  and  to
keep track in the future of the people infected on a
particular  day.  This  will  be  clarified  in  the  next
section.

-  The  probability  of  infection  (or  the  transmission
coefficient of the virus): This parameter depends on
several factors such as mask wearing, adherence to
hygiene  measures  and  social  distancing  in  public.
This  probability  differs  also  depending  on  the
nature  of  contact  between  the  infected  person  and
his contacts where we differentiate family members
in  the  same  household  from  contacts  outside  the
house  such  as  at  work  or  in  public  transportation.
The  probability  of  infecting  family  members
sharing  the  same  house  is  assumed  to  be  higher
during  the  period  extending  from  the  instant  of
infection to the time of detection.

- The incubation period (time from exposure to illness
onset):  The  general  incubation  period  for  COVID-
19  ranges  from  2  to  14  days  depending  on  each
individual.  According to several  recent studies,  the
average  incubation  time  is  about  5  days  with  the
95th percentile of the distribution at  12.5 days and
the  log-normal  distribution  provides  the  best  fit  to
the  data  for  incubation  period  estimates  [36,  37].
We  use  herein  a  discrete  random  variable
corresponding  to  the  incubation  period  obtained
from  the  suggested  log-normal  distribution  in  [36,
37].

-  The  serial  interval  (duration  from  onset  of  symp-
toms  in  an  infector  (a  primary-case  patient)  to  the
onset of symptoms in an infectee (a secondary-case
patient)):  The  mean  serial  interval  for  COVID-19
was  estimated  as  7.5  days  in  [36]  and  6.9  days  in
[38] but more recent studies [39, 40] suggest that it
is  around  4  days.  Being  shorter  than  the  mean
incubation period, pre-symptomatic transmission is
likely and may be more frequent than symptomatic
transmission  [21,  39].  In  [39,  40]  a  normal
distribution  was  suggested  for  the  serial  interval
estimates. The knowledge of the distribution of the
serial  interval  will  help  us  estimate  the  proportion

of  infected  people  who  will  be  detected  according
to  the  appearance  of  symptoms  opposed  to  those
who will be isolated according to contact tracing.

- The connections: These are the contacts of a person
that  we  classify  into  family  members,  known con-
tacts  such  as  coworkers,  neighbors  and  unknown
contacts  such  as  people  encountered  in  public
transportation  or  in  social  events.  To  account  for
family  members  we  consider  a  discrete  random
variable  obtained  from  a  log-normal  probability
distribution function for  the average family size or
household  size  (see  Fig. 1A  for  the  case  of  Leba-
non). For known contacts, we consider an exponen-
tial distribution for the daily new encounters. So if
a  person  was  in  contact  with  the  individual  on  the
first day, he is not counted in the new encounters of
the  following  days.  In  other  words,  the  first
encounter is considered for the possible infection of
the person (see Fig. 1C, D for the case of Lebanon).
Finally,  the  unknown  contacts  are  chosen  to  be
uniformly distributed.

-  Contact-tracing:  Identifying the  source  of  infection,
tracing  and  isolating  its  contacts  are  crucial  for
breaking  the  chain  of  transmission  and  for  the
control  of  the  epidemic  [24].  Very  high  levels  of
contact  tracing  are  required  in  the  case  of
presymptomatic  infectiousness  [24].  In  the  present
model, we account for contact tracing efficiency as
detailed  in  Section  of  Discrete  Mathematical
Model.

- The effect of border opening: In order to account for
the  effect  of  airport  and  border  opening,  we  split
infected  individuals  into  travelers  and  locals.  The
probability  distribution  function  for  infected
travelers  is  based  on  data  collected  from  local
health  authorities.  Furthermore,  we  distinguish
between travelers having a positive screening result
and those with a false negative result. Those with a
positive  test  result  are  assumed  to  be  isolated  and
are  no  longer  infectious  (see  Fig. 1B where  based
on data collected over 188 days from the beginning
of  the  epidemic,  we  show  the  number  of  days
where  a  certain  number  of  travelers  are  screened
positive for COVID-19, e.g. on 51 out of 188 days,
there  were  no  positively  screened  travelers  and  on
16  days  there  was  only  1  infected  traveler.).  The
number of travelers with false negative test result is
deduced from the number of travelers with positive
test  result  based  on  the  ratio  of  false  negative
screening  results  in  the  country.  Moreover,  a
quarantine  period  is  imposed  on  travelers  and  it
changes  according  to  policies  adopted  by  local
authorities. However, the rate of compliance to this
measure varies  from one individual  to  another.  On
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the  other  hand,  the  local  infected  residents  are
subdivided  into  different  categories:  the  sympto-
matic individuals with positive test result versus the
individuals  screened  due  to  their  contact  with  an
infected person before onset of symptoms.

Some of the aforementioned parameters are calibrated
to fit the real data by numerical optimization (e.g. proba-
bility of infection) or obtained from different studies and
publications (e.g. incubation period distribution). 

DISCRETE MATHEMATICAL MODEL

n

Daily  infection  being  reported  by  countries  worldwide,
the  unit  of  time  adopted  in  the  model  is  a  single  day,
denoted herein by  . 

Simplified model

We start  from  a  fully  susceptible  population.  After  the
introduction  of  the  virus,  a  susceptible  individual  may
be infected and then removed. By removed individuals,
we designate those that have been detected and therefore
isolated.  The  infected  members  of  the  population  are

{P,N,F,C}
I(n)

n

split  into  four  categories:  ,  so  that  the
cumulative  number    of  infected  individuals  up  to  a
day   is given by
 

I(n) = P(n)+N(n)+F(n)+C(n), (1)

where
P : N→ R+,  the  cumulative  number  of  travelers  with

positive PCR result,
N : N→ R+,  the  cumulative  number  of  infected

travelers with false negative PCR,
F : N→ R+, the cumulative number of infected family

members, and
C : N→ R+,  the  cumulative  number  of  infected

contacts.
∆I : N→ R+

∆P : N→ R+

∆N(·, ·) ∆F(·, ·) ∆C(·, ·)
N×N R+ ∆X(n,n)

X ∈ {N,F,C} n

Let    denote  the  daily  number  of  new
infected  individuals  and    the  daily  number
of  new  travelers  with  positive  PCR  result  which  is  a
source  term  to  the  model  and  it  is  equal  to  zero  when
borders  are  closed.  Moreover,  we  introduce  the
following  functions:  ,  ,  and 
defined from   into  , where   denotes the
daily new number of infected individuals from category

  that  have  been  infected  on  day    and

 

 

Figure 1.    (A)  The  household  size  distribution.  (B)  The  frequencies  of  the  number  of  days  corresponding  to  the  number  of  infected
travelers  per  day (obtained from data  over  a  period of  188 days from the beginning of  the epidemic).  (C)  The number of  known contacts
encountered per day. (D) The number of known contacts encountered at a single day.
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∆X(k,n) k > n
∆X(n,n) k

∆X(0,0) = 0

, for  , denotes the remaining number out of
 that are still active on day  . By convention, we

write  .
X

X ∈ {N,F,C}
The  cumulative  number  of  cases  from  category  ,

, is given by
 

X(n) = X(n−1)+∆X(n,n). (2)

∆I(n)
Furthermore, the daily new number of infected cases,

, is modeled by the following formula
 

∆I(n) = ∆P(n)+∆N(n,n)+∆F(n,n)+∆C(n,n) (3)

∆N(n,n)

∆P(n)

30%

where  ,  the  daily  number  of  new  infected
travelers  with  false  negative  PCR test,  is  a  source  term
that  is  related  to  the  number  .  For  instance,  in
Lebanon,  the  PCR  test  gives  false  negative  result  for
about   of the infected travelers.

Remark  1.  Studies  of  false-negative  PCR results  for
COVID-19  are  variable  demonstrating  false-negative
rates  ranging  from  1%  to  30%  [41,42].  False-negative
test  results  are  attributed  to  several  reasons  including
sub-optimal specimen collection, testing too early in the
disease process, low analytic sensitivity, low viral load,
or variability in viral shedding [43−48].

Ntotal

S (n)
n Il(n)

In order to take into consideration the decrease of the
number  of  susceptible  local  individuals,  we  distinguish
between  the  local  infected  cases  and  the  infected
travelers. So if we denote by   the total number of the
local  population,  by    the  number  of  susceptible
local cases on day   and   the cumulative number of
infected local individuals, then we have
 

Il(n) = Il(n−1)+∆F(n,n)+∆C(n,n)

=

n∑
k=1

[∆F(k,k)+∆C(k,k)] (4)

and the following conservation equation as follows
 

S (n)+V(n)+ Il(n) = Ntotal, (5)

V(n)
n

S (n) n

n− k k
k

where we denote by   the total number of vaccinated
people  on  day  ,  and  it  changes  daily  according  to  the
rate  of  vaccination  in  the  population.  Thus,  with  this
conservation  equation,  the  immunity  of  both  infected
and  vaccinated  cases  is  assumed  to  be  lifelong.  How-
ever,  waning immunity  can be considered by adding to
the  number    of  susceptible  cases  on  day  ,  the
number  of  new  infected  and  vaccinated  cases  on  day

 where some period of   previous days (for instance
after 6 months,   is about 180 days).
In  this  model,  we  assume  that  the  number  of  non-

infected  travelers  is  the  same  as  the  number  of
susceptible locals who leave the country.

F
The  infection  process  of  the  susceptible  population

will evolve as follows. New infections in the category 

non day   are introduced either from an infected contact
or from a traveler (with a false negative test result) who
transmit  the  virus  to  their  household  members.  We
assume that household members are infected only on the
next day of the infection time of their infector.

C n

n−1

N F C

Similarly,  new infections  in  the  category   on  day 
result from family members infecting their new contacts
from  the  time  of  their  infection  until  day    or
similarly from travelers or other contacts (see Fig. 2 for
a  schematic  of  the  infection  process  between  the  three
categories  ,    and  ).  These  assumptions  are
represented by the following relationships
 

∆F(n,n) = αpS (n) [dF(1)∆C(n−1,n− e)
+ dF(1)∆N(n−1,n− e)] , (6)

 

∆C(n,n) = βpS (n)

 n−1∑
i=e

dC(i)∆F(n−1,n− i)

+

n−1∑
i=e

dC(i)∆C(n−1,n− i)

+

n−1∑
i=e

dC(i)∆N(n−1,n− i)

 , (7)

α β

pS (n) =
S (n−1)

Ntotal

dF

dC

dC

dC
e

e

where   and   are the infection probability coefficients
within and outside the same household respectively and
that  will  be  estimated  according  to  the  real  data,

  is the proportion of susceptible indivi-

duals  within  the  total  population,    is  the  random
variable of the family size whose probability distribution
for  the  case  of  Lebanon is  given in Fig. 1,  and    is  a
time dependent random variable for the number of new
contacts  met  per  day  starting  from  the  infection  time.
We  assume  that  ,  as  a  function  of  time,  has  an
exponential form that depends on both social habits and
measures  imposed by  authorities.  On the  first  day  after
the  infection  time,    is  maximal  and  it  decreases  to
zero  as  time  increases.  We  denoted  by    the  latency
period  (the  period  of  time  in  which  newly  infected
individuals  are  asymptomatic  and  noninfectious).  We
consider the latency period   as a constant time delay in
 

 

Figure 2.    Schematic  of  the  infection  process
between the categories N, F and C.
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our model and we assume that it is fixed and equal to 3
days.

Remark  2.  In  [49],  the  latent  period  for  COVID-19
was estimated to have a mean of 4.19 days while in [50],
the  authors  used  two  differential  equations’  models  to
study the impact  of  this  period.  In the first  model,  they
included a compartment for individuals exposed but not
yet  infectious  and  in  the  second  model  they  included  a
time  delay  to  model  the  latency  period.  They  also
concluded  that  the  second  model  gives  a  better
prediction  than  the  first.  However,  the  latency  period
was estimated to range between 6 and 12 hours.

RX(n)
X n

On  the  other  hand,  as  for  the  removal  process,  we
denote  by    the  number  of  removed  cases  from
category   on day  . We have the following relationship
 

RX(n) =
n−1∑
k=1

[∆X(n−1,k)−∆X(n,k)] . (8)

In a first step, we assume that the removal of infected
individuals  takes  place  according  to  the  appearance  of
symptoms  which  leads  to  isolation  or  to  the  cure  of
asymptomatic  cases  so  that  they  are  no  longer  infec-
tious. Thus, there is no contact tracing in this simplified
model. Also, we do not take into account the quarantine
period imposed on the travelers by the government.

dSWe denote  by    the  discrete  random variable  of  the
incubation period. Then we have the following formula
 

∆X(n+ i,n) = µ(i+1)∆X(n,n), (9)

µ(i) = 1−∑k<i g(k) =
∑

k⩾i g(k) g(k) = P[dS =

k µ(1) = 1 lim
i→+∞
µ(i) = 0

where  , with 

k] is the probability that the incubation period is equal to
. Notice that   and  .
Accordingly, we can prove that

 

RX(n) =
n−1∑
i=1

g(n− i)∆X(i, i). (10)

So,  now  the  daily  new  number  of  removed  cases  is
given by
 

∆R(n) = ∆P(n)+RN(n)+RF(n)+RC(n), (11)

nand the total number of removed cases on day   is
 

R(n) = R(n−1)+∆R(n). (12)

Therefore, the current number of active infected cases
(i.e. that can infect others) is given by
 

Ia(n) = I(n)−R(n). (13)

τ
As for the vaccinated people, we assume that vaccina-

tion  takes  place  with  a  constant  rate,  denoted  ,  out  of
the number of the current susceptible individuals. So, we
propose the following equation
 

V(n) = V(n−1)+τS (n), for n ⩾ n0 (14)

n0where   denotes the starting time for vaccination.

∆F(n,n) ∆C(n,n)
∆F(k,k) ∆C(k,k)

∆N(k,k)
k

For  a  better  understanding  of  the  discrete  model,  we
aimed to solely express   and   (given in
Eqs. (6)  and  (7))  in  terms  of  ,    and

  that  can  be  viewed  as  functions  of  one  time
variable  . The resulting system can be considered well
fitting  into  the  discrete  time  series  models.  Moreover,
this  way  of  expressions  turns  out  to  be  helpful  in  the
derivation of a continuous model.

∆F(n,n) ∆C(n,n)Now,  for    and    given  as  in  Eqs. (6)
and (7) respectively, we have the following system
 

pS (n) = 1− Il(n−1)+V(n−1)
Ntotal

= 1− 1
Ntotal

n−1∑
k=1

(
∆F(k,k)+∆C(k,k)

)
(15)

 

∆F(n,n) =αpS (n) [dF(1)∆C(n− e,n− e)
+dF(1)∆N(n− e,n− e)] (16)

 

∆C(n,n) = βpS (n)
n−e∑
i=1

[
dλ(n− i)∆F(i, i)

+dλ(n− i)∆C(i, i)+dλ(n− i)∆N(i, i)
]

(17)

dλ(i) = dC(i)µ(i)where  .

∆F(n,n)
∆C(n,n)

∆N(n,n)

Remark 3. System (15)-(16)-(17) shows that the daily
new  number  of  infected  family  members    and
contacts    have  a  similar  formulation  to  a
nonlinear  autoregressive  model  with  a  delayed  input
source term   (nonlinear ARX model) but whose
coefficients  are  random  variables.  These  coefficients
vanish  after  some  interval  of  time  related  to  the  maxi-
mum incubation period. 

Complete model

P, N, F
C U

C

U

∆I(n)

In this model, contact tracing and quarantine period are
explicitly involved. In addition to the categories 
and  ,  we  introduce  a  new  category  denoted  .  Now
the category   denotes the contacts that are infected by
individuals  they  know  (such  as  cousins,  neighbors,
colleagues, friends) which facilitates the contact tracing,
and    is  concerned  with  individuals  that  are  infected
from  an  unknown  source  of  infection  (such  as  public
transportation,  social  events)  so  that  contact  tracing  is
impossible  for  these  cases.  Thus  the  daily  new number
of infected cases,  , will be given by
 

∆I(n) =∆P(n)+∆N(n,n)+∆F(n,n)
+∆C(n,n)+∆U(n,n), (18)

the cumulative number of local infected cases verifies
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Il(n) = Il(n−1)+∆F(n,n)+∆C(n,n)+∆U(n,n),
(19)

and the daily new number of removed cases is given by
 

∆R(n) = ∆P(n)+RN(n)+RF(n)+RC(n)+RU(n)
(20)

RX(n)
X ∈ {N,F,C,U}
where  each    is  given  by  Eq.  (8)  for

.
F C

F FS FT C
CS CT FS F

F

FT F

F C U N

FS CS

p F C
0 < p < 1

Moreover,  we  split  the  categories    and    into  two
categories each:   is split into   and  , and   is split
into    and  .  For  instance,    is  the  subset  of 
containing those who are infected from category   and
removed  later  according  to  symptoms  or  cured  after  a
while,  whereas    corresponds  to  the  subset  of 
containing  those  who  are  removed  before  symptoms
occur  and  isolated  according  to  contact  tracing  when
their infectors have been detected. This idea of splitting
is valid only for   and   and it is not valid for   and 
because these last two categories contain the individuals
whose  source  of  infection  is  unknown (see Fig. 3  for  a
schematic of the transmission process of each category).
We  assume  that  the  subsets    and    form  a  certain
proportion    of  the  categories    and    respectively,
with  .  Therefore,  we  have  the  following  rela-
tions
 

∆FS (n,n) = p∆F(n,n), ∆FT (n,n) = (1− p)∆F(n,n),
∆CS (n,n) = p∆C(n,n), ∆CT (n,n) = (1− p)∆C(n,n).

(21)

∆FS (n,n) ∆CS (n,n) ∆N(n,n) ∆U(n,n)
n

For the cases that are detected after the appearance of
symptoms or after healing, we use the same formulation
that  we  developed  in  the  simplified  model.  Indeed,  the
numbers  ,  ,    and   of
new  infected  people  on  day  ,  will  change  during  the
next days according to Eq. (9).
In  order  to  take  into  account  the  quarantine  period

imposed by the government on travelers, we modify the
term that accounts for the number of people infected by
travelers  with  false  negative  test  and  have  been

quarantined  for  some  period.  Indeed,  we  propose  the
following system
 

∆F(n,n) = αpS (n)
[
dF(1)∆C(n−1,n− e)

+dF(1)∆U(n−1,n− e)

+

n−1∑
i=e

δF(n−1,n− i)∆N(n−1,n− i)
]

(22)

 

∆C(n,n) = βpS (n)
[ n−1∑

i=e

dC(i)∆F(n−1,n− i)

+

n−1∑
i=e

dC(i)∆C(n−1,n− i)

+

n−1∑
i=e

dC(i)∆U(n−1,n− i)

+

n−1∑
i=e

δC(n−1,n− i)∆N(n−1,n− i)
]

(23)

 

∆U(n,n) = γpS (n)
[ n−1∑

i=e

dU(i)∆F(n−1,n− i)

+

n−1∑
i=e

dU(i)∆C(n−1,n− i)

+

n−1∑
i=e

dU(i)∆U(n−1,n− i)
]

(24)

q δF(n+q,n) =
δF(k,n) = 0 k , n+q

δC(n+q+ k,n) = dC(k+1) k ⩾ 0 δC(k,n) = 0
k < n+q

where   denotes the quarantine period and, 
dF(1)  and    for  .  Similarly,

  for    and    for
.

q
[1,qmax] qmax

γ

dU

Since  not  all  the  travelers  respect  this  period,  we
assume that  the number    is  uniformly distributed over
an  interval   where    is  the  quarantine  period
imposed by the government. The real number   denotes
the  infection  probability  coefficient  related  to  the
unknown contacts  and    is  a  random variable  for  the

 

 

Figure 3.    Schematic of the infection process for each category: N, F, C and U.
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number  of  unknown  contacts  met  per  day  which  is
supposed to have a uniform probability distribution that
also depends on social habits and measures imposed by
authorities.

FT CT

FT CT

Now,  regarding  the  subsets    and    their  corres-
ponding  individuals  will  be  isolated  as  a  result  of
contact  tracing.  By  contact  tracing  we  mean  that  when
an  infector  has  been  detected  then  those  who  were
infected from the categories   and   will be isolated.
We  can  express  this  statement  by  the  following
formulation
 

RFT (n) = (1− p)αpS (n) [dF(1)RC(n−1)
+dF(1)RU(n−1)+dF(1)RN(n−1)] . (25)

Using Eq. (8) for all the terms in Eq. (25), we obtain,
on one hand,
 

RFT (n) =
n−1∑
k=1

[∆FT (n−1,k)−∆FT (n,k)] (26)

and on the other hand,
 

RFT (n)

= (1− p)αpS (n)dF(1)
n−2∑
k=1

[∆C(n−2,k)−∆C(n−1,k)]

+ (1− p)αpS (n)dF(1)
n−2∑
k=1

[∆U(n−2,k)−∆U(n−1,k)]

+ (1− p)αpS (n)dF(1)
n−2∑
k=1

[∆N(n−2,k)−∆N(n−1,k)] .

(27)

∆FT (k,n) k ⩾ n+1
By identification between Eqs. (26) and (27), one gets

the updates   for   as follows:
  
∆FT (n+ i,n) = ∆FT (n,n), 1 ⩽ i ⩽ e
∆FT (k,n) = (1− p)αpS (n)[dF(1)∆C(k−1,n)

+dF(1)∆U(k−1,n)
+dF(1)∆N(k−1,n)], for k ⩾ n+ e+1.

(28)

∆CT (k,n) k ⩾ n+1
∆FT (k,n)

We  proceed  in  the  same  way  to  obtain  the  updates
  for  .  The  only  difference  with
  is  in  the  terms  that  model  the  number  of

people  met  from  family  members  or  known  contacts.
We obtain the following formula
 
∆CT (n+ i,n) = ∆CT (n,n), 1 ⩽ i ⩽ e
∆CT (k,n) = (1− p)βpS (n)[dC(k−n)∆F(k−1,n)

+dC(k−n)∆C(k−1,n)
+dC(k−n)∆U(k−1,n)
+dC(k−n)∆N(k−1,n)], for k ⩾ n+ e+1.

(29)

∆F(n+ k,n) ∆C(n+ k,n)
∆FS (n,n),∆FT (n,n),∆CS (n,n),∆CT (n,n),∆U(n,n)

Moreover, as in the simplified model, we were able to
express the updates   and   in terms
of  , and

∆N(n,n)

FS ,FT ,CS ,CT U N P

.  Again,  we  obtain  a  sort  of  nonlinear  ARX
model  for  the  numbers  of  daily  new cases  in  all  of  the
categories    and    where    and    are
source terms or delayed inputs. 

NUMERICAL SIMULATIONS: CASE OF
LEBANON

%

The first confirmed case of COVID-19 in Lebanon was
detected  on  February  21,  2020  and  by  February  29,
2020, there was a total of 7 confirmed cases going back
from travel  trips.  Consequently,  educational  institutions
were closed, and gradual measures were introduced until
the declaration of general mobilization and state of emerg-
ency  by  mid-March  where  public  gatherings  were
banned,  cultural  venues  closed  and  social  distancing
measures  imposed  in  public.  Furthermore,  the  airport,
the  land  borders  and  the  seaports  were  closed  as  of
March 19.  On April  5,  new arrivals  were intermittently
allowed through the airport. By the end of May, authori-
ties in Lebanon have been gradually easing restrictions.
Public  transportation  has  resumed,  with  social-
distancing  measures.  Government  institutions  and
certain  private  companies,  including  various  shops  and
stores, were permitted to return to normal operations as
of  June  1st  and  the  lockdown  was  lifted  on  June  7.
Starting  July  1st,  flights  were  resumed  and  the  airport
started  operating  up  to  10    of  its  capacity  [51].
Travelers  with  negative  PCR  results  upon  arrival  were
isolated  for  a  maximum  of  3  days.  However,  people
were  not  abiding  by  the  preventive  measures,  and
travelers  were  not  respecting  the  isolation  period  [52].
The virus rebounded to reach a total number of 4205 by
July  29  and  the  authorities  reinstated  lock-down  from
July  30  to  August  3  and  from  August  6  to  August  10.
However,  due  to  the  explosion  in  Beirut,  the  sanitary
situation deteriorated in the country and the total number
of cases reached 16,870 by August 31. In this context, it
is  obvious  that  there  is  an  urgent  need  for  evidence-
based decisions. Furthermore, the number of cases in De-
cember  shockingly  increased  indicating  that  something
 

 

Figure 4.    Real  data  of  Lebanon:  Daily  new cases
from February 21, 2020 till June 2, 2021.
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new  was  happening  during  the  first  two  weeks  of
December.  Most  probably,  this  may  be  related  to  the
new UK variant of the virus that has been discovered for
the first time in Lebanon by mid-December. This variant
is  known  for  its  fast  spread  and  currently  most  of  the
infected cases in Lebanon are due to this variant. 

Calibration and parameters’ estimation

In  order  to  obtain  a  realistic  model  for  the  case  of
Lebanon, we used realistic data about the various inputs
of  our  model.  For  instance,  we  used  for  the  incubation
period a discrete distribution obtained from [36, 37]. On
the other hand, due to the lack of census in Lebanon, we
used  the  reports  [53,  54]  to  deduce  a  distribution  for
family  size  in  the  same  household  (see  Fig. 1).  In  the
absence  of  official  reports,  the  distribution  of  new
people  met  per  day  was  also  deduced  from  our
familiarity  with  the  Lebanese  context  where  public
transport  is  not  prevalent  and  the  number  of  extended
family members met per day is high.
However,  as  for  the  coefficients  that  are  involved  in

the  model,  we  used  the  real  data  published  on  the
website  of  the  ministry  of  public  health  of  Lebanon
(https://coronanews-lb.com/).  Indeed,  these  coefficients
have  been  estimated  using  numerical  optimization
techniques  in  order  to  fit  the  real  observed  data.  The
estimated parameters are displayed in Table 1.

α = 0.15
p

p = 0.1

These  parameters  change  depending  on  the  period  of
time  that  corresponds  to  different  measures  in  the
country.  For  the  whole  period,  the  probability  of  infec-
tion  for  the  same  household  was  estimated  as 
and  the  probability    related  to  contact  tracing  is

.
The  model  being  stochastic,  we  use  60  runs  for  each

simulation  and  we  display  their  average  along  with  the
corresponding  standard  deviation.  The  result  of  the
simulation along with the real data are shown in Fig. 5.

100%

The results of the simulations greatly overlap with the
real  data.  The  discrepancy  in  the  latest  stages  has  been
intentionally added and it is attributed to the fact that the
real  number  of  daily  infected  people  is  not  fully
reported.  Indeed,  many  asymptomatic  people  are  never
detected  because  contact  tracing  is  not    efficient
while  others  may develop minor  to  mild  symptoms but
do not  get  tested for  several  reasons (some of them are
financial).  It  is  crucial  to  have  mass  testing  to  detect
such cases and better contain the epidemic.

30%

30%

Remark 1. The error bars in the simulations are about
  from  the  mean.  This  could  be  explained  by  the

choice of the probability distributions of the family size
and the known contacts where the standard deviation is
about    from  the  average.  Indeed,  reducing  the
standard deviation in those distributions also reduces the

error  bars  for  the  simulations.  On  the  other  hand,  after
running  the  simulation  60  times,  we  noticed  that  the
results  have  a  kind  of  normal  distribution  and  we
considered their average as the representative result.

β
γ

β = 0.040 γ = 0.035

For  a  deeper  insight  on  the  impacts  of  the  main
parameters  involved  in  our  model,  we  studied  by
numerical  simulations  the  effect  of  the  change  of  the
parameters  for  the  case  study  of  Lebanon.  Mainly  we
focused  here  on  the  role  of  the  two  main  parameters 
and  ,  that  model  the  infection  coefficients  for  known
and  unknown  contacts  respectively,  since  these  are  the
parameters  that  are  mostly  tied  to  measures.  We
considered  four  different  scenarios.  In  scenario  (I),  we
reduced  beta  by  2%  compared  to  the  scenario  with
constant  coefficients  (where  we  assume  that  following
February  8,    and  ).  In  (II),  we
reduced  beta  by  2%  and  gamma  by  10%,  in  (III),  we
reduced beta by 5% and in (IV) we reduced gamma by
10%, see Fig. 6.

β
β

We observe  from these  simulations  that,  for  the  case
of Lebanon, the parameter   is the most effective in the
control  of  the  spread  of  the  epidemic.  Since    is  the
infection  coefficient  for  known  contacts,  this  result
suggests  that  the  epidemic  can  be  efficiently  controlled
when  strict  measures  are  imposed  in  the  context  of
workplaces,  universities,  schools,  family  gatherings  or
shops in villages where people know each other. On the
other  hand,  if  such  measures  are  not  taken  in  those
places,  authorities  must  impose  much  stricter  measures
on  public  transportation,  malls,  restaurants  in  cities  (to
name  a  few  places  where  people  get  in  contact  with
strangers).

F C U
C

U

We can also confirm this observation when we look at
the number of infected people in each of the categories
,   and  , see Fig. 7. Indeed, the curves of the number

of  infected  cases  in  the  category    are  the  highest
however  they  are  the  lowest  for  the  category  .  These
observations hold for the case of Lebanon and these are
not  necessarily  valid  for  the  case  of  other  countries
  

Table 1    Parameters for Lebanon
Date β γ qmax
Feb 21 to Mar 21 0.065 0.020 10

Mar 22 to Apr 10 0.025 0.020 8

Apr 11 to Apr 30 0.030 0.020 8

May 1 to June 30 0.030 0.025 5

July 1 to August 3 0.044 0.030 5

Aug 4 to Aug 15 0.045 0.035 5

Aug 16 to Oct 31 0.037 0.032 5

Nov 1 to Dec 21 0.035 0.030 5

Dec 22 to Jan 5 0.050 0.040 5

Jan 6 to Feb 8 0.035 0.030 5
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Figure 5.    Real data of Lebanon and average simulation results with parameters as in Table 1. (A) Daily new cases from
February  21,  2020  till  August  31,  2020.  (B)  Daily  new  cases  from  February  21,  2020  till  January  31,  2021.  (C)  Cumulative
number  of  cases  from  February  21,  2020  till  August  31,  2020.  (D)  Cumulative  number  of  cases  from  February  21,  2020  till
January 31, 2021.

 

 

 

Figure 6.    Using constant values β = 0.040 and γ = 0.035 for the period following February 8, the parameters’ analysis
is done using 4 scenarios in which either β or γ or both are reduced: (I):  [0.98β],  (II):  [0.98β, 0.90γ],  (III):  [0.95β],  (IV):
[0.90γ]. (A)  The  total  number  of  cases  for  all  the  scenarios.  (B)  The  total  number  of  individuals  infected  from  their  family
members. (C) The total number of individuals infected by known contacts. (D) The total number of individuals infected from an
unknown source.
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Uwhere  the  category    may  have  an  important  role  in
transmitting  the  virus  mainly  when  for  instance  public
transportation is essential in the society. 

Prediction

Because  the  parameters  are  strongly  related  to  people
habits and to government actions regarding lockdown or
ease  of  measures,  it  will  be  hard  to  predict  a  realistic
evolution  of  the  spread  of  the  virus.  However,  we
propose  two  scenarios  that  help  us  better  understand
how the virus may evolve.
First,  we  assume  that  the  parameters  hold  constant

after the last used observed data (February 8, 2021), see
Fig. 7.  The  simulations  are  done  till  the  end  of  July,
2021.

β γSecond,  we considered  variable  coefficients   and  .
Their  variation  takes  place  according  to  a  significant
increase or decrease in the reported number of cases. In
other words, when the number of the daily new reported
cases  highly  increases,  then  the  coefficients  decrease
and  conversely,  when  the  number  of  the  daily  new
reported  cases  highly  decreases,  then  the  coefficients
increase,  see  Fig. 8.  Such  a  scenario  represents  the
population’s  reaction  to  an  increase  in  daily  reported
cases (then they tend to respect the sanitary measures) or
a decrease in those cases (then they tend to disregard the

sanitary measures). The simulations are done till the end
of February, 2025.
Analyzing  Figs. 7  and  8,  we  clearly  see  that  with

constant  coefficients  the  spread  of  the  virus  will  slow
down significantly,  however,  with variable coefficients,
which  is  a  more  realistic  scenario  since  it  models  the
reaction of humans to measures and to the spread speed,
several  waves  of  the  epidemic  are  expected  to  hit  the
population. The waves’ amplitudes become smaller with
time.  This  means  that  there  will  be  a  high  risk  that  the
virus will sustain for several years or probably forever if
new  variants  with  faster  spreading  will  appear  in  the
future.
Vaccination  may  help  avoid  this  problem.  But  this

must be done rapidly before the appearance of new virus
variants  that  are  not  covered  by  the  existing  vaccines.
For  instance,  the  vaccination  campaign  started  in
Lebanon  on  February  21,  2021.  Up  to  April  27,  there
has been 155,812 fully vaccinated people. The vaccina-
tion  rate  is  about  2,500  people  per  day.  In  Fig. 9,  we
show  the  simulation  results  for  a  scenario  where  we
assume that  the immunity against  the virus lasts  only 6
months and we consider variable coefficients. It is clear
that under this scenario the epidemic will decline as long
as  no  new  variants  appear.  Moreover,  comparing  the
trend of the daily new cases in this simulation to the real
data till June 2, 2021, we clearly see that the simulation

 

 

Figure 7.    The  parameters  are  chosen  to  be  constant  for  the  period  following  February  8: β =  0.040  and γ =  0.035.
(A)  Daily  new cases  till  July  21,  2021.  (B)  Cumulative  number  of  cases  till  July  31,  2021.  (C)  The  number  of  active  infected
cases per day (i.e.  not still  detected and actively infecting others. (D) Cumulative number of cases according to the source of
infection: a household member F, a known contact C and an unknown contact U.
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results  greatly  overlap  with  the  reported  cases  by  the
ministry  of  public  health  in  Lebanon  as  shown  in
Fig. 4. 

CONCLUSION

In  this  work,  we  proposed  two  stochastic  discrete
models for the spread of COVID-19. These models may

be  generalized  to  any  other  epidemic  by  considering
appropriate  characteristics  of  the  pathogen.  In  these
models,  we  include  several  social  indicators  related  to
family  structure  and  habits  by  splitting  the  infected
individuals  into  several  categories  and  we  take  into
account contact-tracing and quarantine period. We used
two  discrete  time  variables  to  permit  tracing  infected
people  from  the  time  of  infection  until  the  time  of

 

 

Figure 8.    The  parameters  vary  according  to  a  significant  increase  or  decrease  in  the  reported  number  of  cases.
(A) Daily new cases till  February 2025. (B) Cumulative number of cases till  February 2025. (C) The number of active infected
cases per day. (D) Cumulative number of cases according to the source of infection: a household member F, a known contact C
and an unknown contact U.

 

 

 

Figure 9.    Simulation results for the scenario with variable coefficients,  vaccination and waning immunity (immunity
lasts for 6 months). (A) Number of daily active infected cases. (B) Daily new cases.
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detection and account for delayed effects. We were able
to express the daily new cases at a given day in terms of
the  daily  new  cases  of  previous  days.  The  resulting
model  is  similar  to  a  nonlinear  auto-regressive  discrete
time  series  model  with  delayed  input  corresponding  to
the  travelers’  inflow  to  the  country.  Furthermore,  we
validated  the  efficiency  of  the  complete  discrete  model
using the available data for the case of Lebanon. Indeed,
we  were  able  to  reproduce  the  pattern  of  this  data  by
estimating  the  parameters  involved  in  the  model  using
optimization techniques. We deduced that in the context
of Lebanon, to control the epidemic without imposing a
strict lock-down, local authorities must insure that social
distancing  and  hygiene  measures  are  respected  within,
for instance, workplaces and educational institutions. In
addition, familial gatherings (in the context of extended
families)  must  be  banned.  As  for  the  prediction,  we
considered  three  scenarios:  the  first  one  with  constant
parameters  over  time,  the  second  with  variable
parameters  and  the  third  one  taking  into  account  the
effect  of  vaccination.  The  scenario  with  variable
parameters  seems  to  be  more  realistic  since  it  captures
the  reaction  of  individuals  in  response  to  a  significant
increase or decrease in the reported number of cases. On
the other hand, it is clear that vaccination plays a central
role  in  reducing  the  number  of  new  infections  and
avoiding  the  new  infection  spikes  observed  in  the
variable parameters scenario.
Although the proposed model was applied to COVID-

19  epidemic  in  Lebanon,  the  same  approach  may  be
applied to  other  countries  by changing the distributions
of  household  size,  known  contacts  and  unknown
contacts.  Moreover,  a  continuous  integro-differential
model can be obtained from the proposed discrete model
and in this case, one may add the spatial distribution of
the  population  to  the  model  and  take  into  account  the
effect  of  mobility  between  different  regions  on  the
spread of the disease. In summary, we consider that this
approach  paves  the  way  for  models  that  take  into
account  societal  factors  and  complex  human  behavior
without an extensive process of data collection. 
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