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Background: Single-cell RNA sequencing (scRNA-seq) data provides a whole new view to study disease and cell
differentiation development. With the explosive increment of scRNA-seq data, effective models are demanded for
mining the intrinsic biological information.

Methods: This paper proposes a novel non-negative matrix factorization (NMF) method for clustering and gene co-
expression network analysis, termed Adaptive Total Variation Constraint Hypergraph Regularized NMF (AT V-
HNMF). ATV-HNMF can adaptively select the different schemes to denoise the cluster or preserve the cluster
boundary information between clusters based on the gradient information. Besides, ATV-HNMF incorporates
hypergraph regularization, which can consider high-order relationships between cells to reserve the intrinsic
structure of the space.

Results: Experiments show that the performances on clustering outperform other compared methods, and the
network construction results are consistent with previous studies, which illustrate that our model is effective and
useful.

Conclusion: From the clustering results, we can see that ATV-HNMF outperforms other methods, which can help us
to understand the heterogeneity. We can discover many disease-related genes from the constructed network, and
some are worthy of further clinical exploration.

Keywords: adaptive total variation; single-cell RNA sequencing; network analysis; nonnegative matrix factorization;
hypergraph

Author summary: Single-cell RNA sequencing techniques are helpful for researchers to study the development of
disease and cell differentiation. We propose a novel non-negative matrix factorization (NMF) method called Adaptive Total
Variation Constraint Hypergraph Regularized NMF (ATV-HNMF), which incorporates hypergraph regularization and
adaptive total variation schemes. The results of clustering and gene co-expression network construction show that our model
is effective and useful.

INTRODUCTION

With the advancement of scRNA-seq technology,
researchers can separate individual cells from each other
and sequence the transcriptome data at the individual cell
level, which can provide a deeper insight into the
biological process [1-3]. The technology has been used
on diverse organs and cells to find out the important
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biological signals about diseases and cancers, such as islet
cells [4], Lung Epithelial cells [5], neuronal cells [6],
glioblastoma [7], and other use cases. It also can be used
to identify the types in differentiating embryonic stem
cells [8]. ScCRNA-seq data profoundly influence us to
understand the complexity, variety, and irregularity of
cellular biological activity. While the technology has
great potential to explore the gene expression of cells,
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they also present new challenges that require advanced
algorithm tools to extract potential biological information.

There are many methods to analyze single-cell
sequencing data. T-distributed stochastic neighbor
embedding (t-SNE) [9] is based on the local similarity
that places the similar cells clustered together and
separates different cells from each other, but the relative
position used is not always meaningful. Principle
component analysis (PCA) [10] is also popular to cluster
the scRNA-seq data. Spectral clustering (SC) [11] uses
the similarity graph to cluster single-cells. Its variant
sparse spectral clustering (SSC) [11] adds the sparse
regularization on low-dimensional matrix to obtain block
diagonal, which can have better performance. Wang et al.
[12] proposed the multi-kernel learning method for
single-cell interpretation called SIMLR, which can learn
from 55 Gaussian kernels to get the final results.
Moreover, nonnegative matrix factorization (NMF) is
also an efficient method that can be used to analyze
single-cell data.

NMF has been widely used in the field of bioinfor-
matics in recent years [13—16]. It is less influenced by
initial conditions of the sScRNA-seq data and can discover
the patterns of a set of genes in differentiating individual
cells [17]. Based on this, a lot of mature models have been
proposed. In [18], a dimensionality reduction method
based on manifold learning was proposed for cellular
space digging on single-cell data. Cai et al. [19] proposed
graph regularized NMF (GNMF) that considers the
intrinsic manifold of the data space, which is practical
to actual applications. Zeng et al. [20] proposed
hypergraph regularized NMF (HNMF), extending the
simple graph on two samples to higher-order relation-
ships, considering multiple sample interactions. However,
these methods do not deal with noise and outliers very
well. Rudin et al. [21] proposed the total variation (TV),
which effectively removes noise or keeps the detailed
information of boundary. Though it has been widely used
for denoising, it cannot preserve the feature structure and
choose the proper total variation (TV) regularization
parameter. Recently, Leng et al. [22] presented an
adaptive total variation constrained non-negative matrix
factorization on manifold (ATV-NMF), which considers

Table 1 Data information about single-cell datasets

the total variation and inner geometric structure simulta-
neously. However, the manifold regularization only
considers the pairwise relationship between samples.

Based on the above problems, we consider introducing
adaptive total variation (ATV) and hypergraph regular-
ization into the NMF model, named ATV-HNMF. The
ATV term can adaptively select different schemes to deal
with data noise, making the model more robust. To retain
the inherent high-order geometric structure, the hyper-
graph regularization term is incorporated to consider the
complex relationship of more than two samples.

The main contributions of our work are listed as
follows:

1. The incorporation of hypergraph regularization term
retains the intrinsic geometric structure, which considers
the high-order relationships among more than two
samples. Unlike the simple graph with pairwise relation-
ships, a hyperedge includes a set of samples, thus
preserving the high-order geometry of the sample space,
leading to a deeper understanding of the cells.

2. Adding adaptive total variation term to denoise or
preserve the detailed information of the boundary. Based
on the gradient information, different schemes are
adaptively selected to denoise or retain the details. The
adaptive total variation term makes the model more
effective in processing single-cell data.

The rest of the paper is organized as follows: we present
experimental results about clustering and network
analysis in Section of Results; in Section of Discussion,
we conclude the paper; a brief review of related work and
the algorithm model of ATV-HNMF are presented in
Section of Materials and methods.

RESULTS
Datasets

The seven detailed single-cell data are downloaded from
the Gene Expression Omnibus (GEO) database (https://
www.ncbi.nlm.nih.gov/geo/), including Islet [4], Lung
Epithelial [5], Darmanis [23], Goolam [24], Treutlein
[25], Grover [26], Breton [27]. The statistics for datasets
are summarized in Table 1.

Datasets The Number of genes The Number of cells Cell types Species

Islet 39851 1600 4 Homo sapiens
Lung Epithelial 34816 540 2 Homo sapiens
Darmanis 22085 420 8 Homo sapiens
Goolam 40315 124 5 Mus musculus
Treutlein 959 80 5 Mus musculus
Grover 14739 135 2 Mus musculus
Breton 20689 957 4 Homo sapiens
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In ATV-HNMF, we filter the gene and normalize the
data matrix as preprocessing steps. We delete genes
whose expression (gene expression value is non-zero) is
less than 5% of the total number of cells for the gene
filtering step. Since the expression values of different
genes vary vastly, the L,-norm is used to eliminate scale
differences between samples in the normalize step.

Performance comparisons

Parameter settings

This paper introduces the ATV regularization term to
denoise the cluster or preserve the cluster boundary
information between clusters. Fortunately, we do not have
to set parameters on it. For all methods, we set the
dimensionality reduction parameter £ that equals to the
number of cell types. For GNMF and ATV-HNMF, we
use 0-1 weight scheme to construct K-NN graph, in which
K is set to 5 as default. We vary the parameter A from
{0.01, 0.1, 1, 10, 100, 1000}, the results shown in
Fig. 1. From Fig. 1, we can discover that when A is too
large, the accuracy is extremely low. Therefore, we do not
recommend setting it to a larger value. Especially, the
parameter A is not sensitive to Lung Epithelial dataset, so
our method can achieve robust performance. We choose
the parameters corresponding to their best performance
for all datasets.

Clustering results and analysis

Since t-SNE, Kmeans, SSC, SC, NMF, ATV-NMF, and
our proposed method ATV-HNMEF have unstable cluster-
ing results, we run all the algorithms 30 times and choose

their average value as the final result. Using the average
value can reduce the effects of random initialization.
Tables 2 and 3 list the clustering results about eight
comparative methods, and we can discover that:

1. In most cases, our method can achieve the best
performance. Compared to NMF, we take the graph
regularization and ATV scheme into consideration. T-
SNE, Kmeans, SSC, and SC directly cluster the samples
without dimension reduction, so their performance is not
as good as NMF. SIMLR is an algorithm specifically
designed to analyze single-cells, it considers the similarity
between cells; however, it does not consider the inner
geometric structure. ATV-HNMF considers the ATV
scheme to adaptively chooses the different schemes to
denoise the cluster or preserve the cluster boundary
information between clusters, so our method has better
clustering performance.

2. ATV-HNMF does not always have the best
performance on NMI among the seven datasets; for
dataset Islet and Lung Epithelial, NMF and t-SNE have
the highest NMI performance. Taking all datasets as a
whole, ATV-HNMF has the best clustering performance
of the average value, and it outperforms the compared
methods of ARI value 4.8% and NMI value 1.3%,
respectively.

To observe the clustering results more intuitively, we
further use the coefficient matrix F to visualize the results.
T-SNE is a popular dimensionality reduction method, and
it has become a mainstream visualization tool [12]. To
show the clustering results in two-dimensional space,
firstly, we use the ATV-HNMF model to reduce the
original data matrix to two dimensions to obtain the
coefficient matrix with size 2 x n. Then, Pearson
Correlation Coefficient (PCC) is applied to compute the
similarity between samples. Finally, t-SNE is used to
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Figure 1. The impact of parameter A on seven datasets.
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Table 2 ARI results on single-cell datasets

Dataset t-SNE PCA Kmeans e SC SIMLR NMF ATV-HNMF
Islet 0.5975 0.6008 0.601 0.5115 0.7081 0.0534 0.68 0.7093
Lung Epithelial 0.6031 0.5822 0.5757 0.6125 0.5449 0.0714 0.7137 0.7437
Darmanis 0.5225 0.4594 0.4182 0.4441 0.4445 0.2991 0.7305 0.7617
Goolam 0.5725 0.3278 0.3453 0.5202 0.5258 0.3982 0.5904 0.6593
Treutlein 0.5473 0.5727 0.6172 0.5242 0.6191 0.5114 0.5297 0.6573
Grover 0.2712 0.2712 0.2712 0.1849 0.2261 0.0946 0.2336 0.2749
Breton 0.0902 0.0396 0.0411 0.0397 0.0686 0.0442 0.0801 0.0931
Average 0.4577 0.4076 0.4099 0.4053 0.4481 0.2103 0.5082 0.5570

Table 3 NMI results on single-cell datasets

Dataset t-SNE PCA Kmeans SsC SC SIMLR NMF ATV-HNMF
Islet 0.3843 0.3864 0.3870 0.3174 0.5592 0.0678 0.7685 0.7247
Lung Epithelial 0.7183 0.6741 0.6617 0.7115 0.6255 0.0567 0.5977 0.6320
Darmanis 0.7043 0.6253 0.5686 0.584 0.591 0.5693 0.7765 0.795
Goolam 0.6021 0.4445 0.4654 0.5871 0.5826 0.6071 0.7279 0.7403
Treutlein 0.7346 0.7530 0.7157 0.7088 0.8196 0.6881 0.7018 0.7558
Grover 0.2197 0.2125 0.2080 0.1382 0.1717 0.0711 0.1835 0.2108
Breton 0.2370 0.1467 0.1486 0.1672 0.1771 0.2097 0.2034 0.1939
Average 0.5143 0.4632 0.4507 0.4591 0.5038 0.3242 0.5656 0.5789

project the obtained similarity matrix into the two-
dimensional space. We selected five involved datasets to
show the results; Figure 2 shows the final results, and it
was evident that our method can clearly separate different
types of cells.

Network construction and mining

To illustrate the effectiveness of the ATV-HNMF method,
we use the selected 1000 genes to construct the network
and mine the genetic information. We use PCC to
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Figure 2. The clustering result graph of the five single-cell datasets. The different color represents the different cell types.
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calculate the relationship between two nodes to obtain the
adjacency matrix, and then sort the absolute PCC values
to perform curve fitting, finally choose the inflection point
as the threshold to construct the network. Betweenness
indicates the role of the node in the interconnection of
others. The higher the betweenness value, the more
significant node that maintains the tightness of the
network; therefore, the betweenness is selected as the
metric to evaluate the importance of gene nodes.

Due to space limitations, we select Islet and Lung
Epithelial datasets as instances to show the network
construction results. If there are too few nodes in the
network module, less information can be mined. There-
fore, we set 20 nodes as the baseline to reserve modules
with more gene nodes. Figures 3 and 4 (visualized by
Cytoscape [28]) show the network constructed by ATV-
HNMF. Larger size indicates a greater degree of node,
while a darker node indicates a greater betweenness. The
nodes with higher scores are more important genes and
worth mining.

The genes with higher scores can be considered
suspicious genes; we select the top 10 nodes and make
annotations on Genecards (http://www.genecards.org/);
the results are shown in Table 4. Many disease-related
genes were found and shown in bold in Table 4. HIF1A is
related to type 2 diabetes (T2D), and it keeps a
consistently high expression level in transcriptional
activity [29]. GPXI1 plays a dual role in insulin synthesis,
secretion, and signal transduction by regulating redox
homeostasis. The overexpression of GPX1 is associated
with the elevated protein level of SELENOT, which may
partially affect the T2D phenotype [30]. The expression of
EIF6 regulates the amount of histone acetylation and fatty
acid synthase mRNA, so EIF6 may be a therapeutic target
to the fasn-driven lipogenesis in T2D [31]. ATP6V1H is
down-regulated in islet of T2D [32]; it plays a significant
role in the regulation of vacuolar-ATPase activity and
may be involved in the development of an important
molecular mechanism of T2D [33]. The non-coding
region of RPS19 may conduce to the pathogenesis of
Diamond-Blackfan anemia (DBA) by regulating the
expression level of RPS19 protein [34]. Liu et al. reveal
the role of the RPL11-MDM2-p53 pathway in fat storage
during periods of overnutrition, and targeting this path-
way might be a potential obesity treatment [35].

The expression of SDR16CS5 is significantly increased
in six subtypes in idiopathic interstitial pneumonias
(IIPs), and the researchers speculate that they play a
vital role in all subgroups of IIP and worth further
research [36]. ARPP19 is highly expressed in embryonic
tissues. And the overexpression of ARPP19 may be
related to cellular malignancies because it regulates
mitosis by inhibiting protein phosphatase-2A [37,38].
The existence of CXCLS5 contributes to the proliferation

© The Author(s) 2021. Published by Higher Education Press

and invasion of prostate cancer and squamous cell
carcinoma [39,40]. Patients with idiopathic pulmonary
fibrosis have an increased risk of developing cancer.
BANFI1 is a marker of lung cancer cells [41]. USP22
induces epithelial-mesenchymal transformation of lung
adenocarcinoma, and it promotes tumor progression [42].
There are still high-ranking genes such as TMEM14B,
RPS16, ARPPI19 that have not been clinically verified,
which need further exploration.

DISCUSSION

This paper proposes a non-negative matrix factorization
model for clustering and network analysis, called ATV-
HNMEF. On the one hand, this model introduces the high-
order relationships between cells that can keep the
intrinsic structure high-dimensional. On the other hand,
adaptive total variation is used for reducing noise from
interference. From the clustering results, we can see that
ATV-HNMF outperforms other methods. We can discover
many disease-related genes from the constructed network,
and some are worthy of further clinical exploration. In the
future, we will consider reducing the loss of error terms to
make the model more robust.

MATERIALS AND METHODS

Related work

Adaptive total variation

ATV-HNMEF is based on the idea of ATV, which is first
proposed by Stacey Levine et al. [43]. The data can
adaptively select an anisotropic scheme to preserve the
cluster boundary information or denoise based on the
gradient information. The term is defined as follows:

E(F)=||F|Lsrv, (1)

where E is the function of energy, and the size of F
is k& x n. The ATV regularization scheme||F|| 47 is defin-

ed as fQ<1/p(x,y)>\VF\”("’”dxdy, pley)=1+1/(1+

IVF[?), 1 < p(x,y) <2, where Q C R" denotes the data
space. The discrete gradient form of (VF)(i,j) = ((6,F) x
(i), (8,F)(i,)) is given as follows:

Lo {F+ 1)~ F(i))
e {F(lJ)F(kJ)

it i<k
R )
if i=k
F(ij +1)-F(ij) if i<n
F(i,1)—F(in) '
The adaptive total variation regularization term contains a
parameter expressed as 1/|VF|* 7 in Eq. (13) to control

(5yF)(iJ)={ 3)

if i=n
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Figure 3. Network construction based on human islet cells. Larger size indicates a greater degree of node, while a darker node
indicates a greater betweenness.
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Figure 4. Network construction based on Lung Epithelial cells. Larger size indicates a greater degree of node, while a darker node
indicates a greater betweenness.
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Table 4 Detailed information on the top ten selected genes

Islet Lung Epithelial

Gene Annotations Gene Annotations

HIF1A This gene encodes the alpha subunit of transcrip- SDR16CS5  Diseases associated with SDR16CS5 include psoriasis
tion factor hypoxia-inducible factor-1 (HIF-1)

TMEM14B Protein coding gene RPS16 Protein coding gene

SELENOT This gene encodes a seleno protein, containinga  ARPP19 Among its related pathways are cell cycle, mitotic and
seleno cysteine (Sec) residue at the active site DNA damage

ATPSMC2 Among its related pathways are respiratory electron DAPP1 Protein coding gene
transport, ATP synthesis by chemiosmotic cou-
pling, and heat production by uncoupling proteins

EIF6 Diseases associated with EIF6 include pyloric CXCL5 Diseases associated with CXCLS5 include pediatric
atresiaand shwachman-diamond syndrome 1 ulcerative colitis and pulmonary sarcoidosis

ATP6V1E1 This gene encodes a component of vacuolar RPL37A Among its related pathways are Viral mRNA translation
ATPase (V-ATPase) and influenza viral RNA transcription and replication

MRPS24 Among its related pathways are mitochondrial EEF1B2 This gene encodes a translation elongation factor
translation and organelle biogenesis and mainte-
nance

RPS19 Protein coding gene BANF1 Among its related pathways are cell cycle, mitotic and

HIV life cycle

RPL11 Diseases associated with RPL11 include diamond- BCL2AL1 This gene encodes a member of the BCL-2 protein family
blackfan anemia 7 and diamond-blackfan anemia

RPL27 Among its related pathways are viral mRNA USP22 Protein coding gene

translation and influenza viral RNA transcription
and replication

the diffusion speed of the different directions. In the
boundary part of the cluster, the value of | VF|* 7 is large,
and the diffusion coefficient is small, so the diffusion
speed is slow, which can keep the difference from cluster
to cluster. Between clusters, based on the small changes of
gradient information, the value of 1/|VF[> "7 is large so
that the diffusion is strong, which helps denoise and keeps
samples between clusters tighter.

Hypergraph theory

The establishment of hypergraph theory is based on the
simple graph concept. In a simple graph, the relationships
are between two vertices, the edge is connected by the two
vertices. In a hypergraph, the relationship is between two
or more vertices, so the hypergraph is composed of many
hyperedges and one hyperedge is composed of many
vertices [44,45]. In reality, interactions between more than
two samples are more critical to preserve the geometrical
structure.

The hypergraph is denoted as G=(V,E,W), where V
denotes all the samples, E is the family of e that U
=V,W is a diagonal matrix with hyperedge weights
elements w(e). The incidence matrix is defined as

follows:
H(v,e) = { 1, if vee

. 4
0, if véde @
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Based on H, the degree of each vertex is defined as

dv)=>_ w(e)H(ve). 5)

eEE

And the degree of each hyperedge is given by
d(e)=> H(ve). (6)

ver

We use the diagonal matrices D, and D, to denote the
vertices degree and hyperedges degree respectively. As
for the hypergraph Laplacian matrix, it is denoted as

L=D,-A, @

where A=HWD, 'H” .
The affinity matrix of vertices is defined as

_ ||Vi_Vj||2
Sj=exp| ————— |, (®)

i o
and the weight of each hyperedge is given by

w(e)= Y Sy ©)

ViE ¢

Method
The methodology of ATV-HNMF
Assuming that the input matrix X = (x,X,,...,X,,) ER"™*",
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each row of X indicates the expression level of a gene
among all single cells, each column of X indicates all
gene expression levels in a single cell. The task of ATV-
HNMF aims to factorize the original data into two
matrixes U= (u,u,,...,u;) ER™* and F= (f,.f,,...f,) €
R so as to get the approximation X ~ UF. The
objective function is designed as follows:

0 = [|X— UF|% + ATH(FLE") + 2|[F| ;7

s.t. U=0,F>0, (10)

where || ||g denotes the Frobenius norm to indicate the
error term, 77( ) represents the trace of the matrix, A is the
parameter of hypergraph regularization term (4 > 0).

The framework of our method is clearly shown in
Fig. 5. We decompose the data matrix into two low-
dimensional matrices, then we use the basis matrix U to
mine the related genes by network construction and use
the coefficient matrix F to process sample clustering.

Note that ||A||%=Tr(AAT). Eq. (10) can be rewritten
as follows:

VRO = Tr((X—UF) (X~ UF)") + ATr(FLF") +2||F|| 17/

s.t. Uz0,F=0.

(11)

The multiplicative iterative updating rules of U and F are
obtained as follows:

(XFT),,
Ui,r(_Ui,r T - 5 (12)
(UFFT),
n single cells
1 A 0000 0 0122 0
LrouBws ¢ vn w X vz gw 0.000 0 0.000 O
.................. 4. 0000 0 0212 0
.................... 0.700 0 0.000 0
T 2. 0.000 0 0.000 0
.................... 0201 0 0233 0
........ AN~ 0.000 0 0.000 0
.................... 0.653 0 0.000 0
P A S AN B 0000 0 0000 0
3 0000 0 0483 0
g P X
() — . . X
O v e i i i s s 0000 0 0192 0
Eile 08 82 BAR L AR TUN EEE 6 0000 0 0101 0
""" Lician v anome vibia 0098 0 0212 0
.................... oion. ‘0 o o
"""""""" 0.000 0 0.000 O
edi 56 .05 8 438 126 8.5 8 0211 © 0333 0
.................... 0600 © 0190 0
........ Row mr s moumon moae 0000 0 0.000 O
v s % e B R R BN k@ H WM R ® @ 0000 0 0.000 O
................... 1 / 0.000 0 0493 0
0000 0 0128 0
0000 0 0000 O
o 0000 0 0220 0
@ 0600 0 0000 O
0000 0 0000 O
@© 0201 0 0203 0
(0000 0 0000 0
o -
450000 0 0122 0
O (0000 0 0101 0
= 10000 0 0212 0
® 10000 0 0.000 0
U 0000 0 0000 0
0701 0 0233 0
0.000 0 0100 0

<UTX + AFA + div <LF2>>
|VF‘ ’ rJ

F.<F )
(UTUF+JFL),

rJ

(13)

r
. 0 0 .

where div= FREN denotes divergence. VF=(0,F,
x Oy

0,F) indicates the gradient information, and |VF|=

(0,F)* + (6yF)2 is the gradient norm.

In summary, the algorithm of ATV-HNMF is shown as
follows:

Algorithm: ATV-HNMF

Input: X, parameter A
Output: UER™* FeRb
Construct hypergraph Laplacian matrix L ER"*"
Initialize: U>0, F>0
Repeat
Update U by Eq. (12)
Update F by Eq. (13)

Until convergence

Convergence analysis

Definition 1: If a function 4(x,x’) satisfies J(x) <A (x,x")
and J(x)=A4(x,x), we suppose A(x,x') is an auxiliary
function of J(x).

Lemma 1. If 4 is an auxiliary function of J, the J is

x107°
0 0122 0 0.000 0 0653 0
0 0.000 0O 0.201 0 0.000 O
0 0212 0 0.000 0 0.152 0
0 0.000 0O 0.700 0 0.000 0
0 0.000 0O 0.000 0 0.500 O
0 0233 0 0321 0 0.000 O
0 0.000 0 0.000 0 0.000 0O
0 0.000 0O 0.263 0 0.000 0
0 0.000 O 0.000 0 0.000 O
0 0483 0 0.000 0 0.153 0

1 2 3 4 x10°
Clustering results

_.%_.

Gene 1
Gene 2
Gene 3
Gene 4

o

Figure 5. The framework of the method ATV-HNMF. The matrix X is decomposed into a basis matrix U and a coefficient matrix
F. The matrix U is selected for gene co-expression network construction and analysis; the matrix F is used for cell clustering.
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non-increasing according to the below updating rules:

X' =arg min,A(x,x"). (14)

Proof.
JEY = A ) <A < (). (15)

Let the element of U be u;, the auxiliary function only
relevant to U denoted as J,, . The partial derivative of U is
shown as follows:

! (aOATV—HNMF

N au (16)

u;

_ T T
) = -2(XF"-UFF"),;,
y

and

J” _ <620ATVHNMF> _ (2FFT) (17)
Ujj 6U2 i vl

Lemma 2. If 4(u,uj;) satisfies

Aludly) =y, () + T, (ui) (u— i)

(UFF');

t
i

[\2

—ul)?, 18
) (18)
then A(u,uj;) is one of the auxiliary functions of Ty
Proof.
It is evident that J(x')=A(x'x'), to prove that
A(xpxj;) =J (x), we rewrite J(x) to the form of Taylor
expansion, it is shown as follows:

I, () =J, (uy) + J%/,(u;) (u—uj)

i

+((FF);) (u—uy)’, (19)

We can see that proving A(u,uj;) >J(u) is equivalent to
prove that:

jj- (20)

k
(UFF");=> " uf (FF") > uf(FF");. (1)
r=1

Thus, we can prove the correctness of Eq. (19), and the
detailed information can be found in [22,46].

Theorem 1. In each iteration, under the updating rule of
Egs. (12) and (13), the value of the objective function is
non-increasing.

Proof.

According to Lemma 1 and 2, A(u,uj;) is the auxiliary

t+1

; —arg

function of J, so that under the updating rule u

min A (u,uy),J,,, is non-increasing.
1 ;
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Taking partial derivative of u and set it to 0, we have:

OA(u,u; 2(UFF7);
Auy) _ ~2(XF" ~UFF"); + g(u—ug) =0.
Ou uj
(22)
Then, we have:
T
t (XF )i/’
=yl Y 23
Y (UFFT), @)
Considering Eq. (14), we can conclude that
XF7),
ul !t =argmin A(uul;) = uf(iy (24)
i u 77 "Y(UFFT),
Similarly, we can get:
fi! = argminA(f )
VF
= f,]t v (25)

(UTUF + JFL);

Thus, we can conclude that the objective function can
get the local optimal solution under the iterative updating
rules. Moreover, the related theory can also refer to [47].

Evaluation metrics

The introduction of ATV and hypergraph makes the
similar cells closer and different types of cells more
separated. So, we select sample clustering to evaluate the
clustering performance. To prove the effectiveness of our
method, we introduce two evaluation metrics to make a
fair comparison.

Adjusted rand index (ARI) is one of the most popular
metrics to reflect the clustering results, which is defined as

ARI(L,,L,)

>0 -[32, 032, 60] /)

= » (26)

E)EES WIS )W MBI

where L, denotes the predicted labels obtained from the
method, and L, are the true labels from the original data,
respectively. n denotes the number of single-cells,
(3)=n(n—1)/2. ¢; and e; are the numbers of single-cell
in the predicted cluster i and true cluster j, respectively; n;;
is the number both in the predicted cluster and the true
cluster.

When the number of cells with different labels is
unbalanced, normalized mutual information (NMI) is

© The Author(s) 2021. Published by Higher Education Press
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more widely used, which is defined as follows:

M(L,.L,)
[H(L,) +H(L,)]/2

NMI(L,,L,) = 27
where H denotes the entropy and M(L,,L,) denotes the
mutual information between L, and L,. The value range of
ARIis[—1,1], the value range of NMl is [0, 1]. The larger
the value is, the more consistent the clustering result is
with the actual situation.
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