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Abstract In this paper, we study the infinite-time mean field games with discounting,
establishing an equilibrium where individual optimal strategies collectively regenerate the
mean-field distribution. To solve this problem, we partition all agents into a
representative player and the social equilibrium. When the optimal strategy of the
representative player has the same feedback form as the strategy in the social equilibrium,
we say that the system achieves a Nash equilibrium. We construct a Nash equilibrium
using the stochastic maximum principle and infinite-time forward-backward stochastic
differential equations (FBSDEs). By employing elliptic master equations, a class of
distribution-dependent elliptic partial differential equations (PDEs), we provide a
representation for the Nash equilibrium strategies. We prove the Yamada—Watanabe type
theorem and show weak uniqueness for infinite-time FBSDEs. Furthermore, we prove
that the solutions to a system of infinite-time FBSDEs can be employed to construct
viscosity solutions for a class of distribution-dependent elliptic PDEs.
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1. Introduction

The study of mean field games was initiated independently by Lasry—Lions [11-13] and
Huang—Malhamé—Caines [10] as an analysis of limit models for symmetric weakly interacting
(N + 1)-player differential games. It is noteworthy that current theoretical frameworks are
primarily developed for finite-time problems, while infinite-time scenarios remain considerably
underdeveloped. We refer the reader to [5] for a comprehensive exposition on this subject.

In this paper, we consider a generalized framework for mean field games, which extends
classical finite-time settings to discounted infinite-time mean field games. In our framework, a
representative player interacts with a continuum of other players (also referred to as the
population or social equilibrium). Let ug € P(R) be the initial state distribution in the society,
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and let (p¢)i>0 denote the population distribution flow starting at po. For the player(z), a
representative player with initial state x, the dynamic of its state is given by

t
Xf’B:x+/ b(XEP s, Bs)ds + By, (1.1)
0

where (3, an R-valued progressively measurable stochastic process, is the strategy of the player(z).
Denote by 8 the optimal strategy of the representative player(z) derived from the stochastic
optimization problem:

min J*(8) £ E Um (X g, Br)dE ] (1.2)
B 0

Since the population consists of a multitude of individuals, the macroscopic distribution should
satisfy

) = [ B € p(d). (1.3)

This is exactly a fixed-point problem.

Note that our definition of mean field games differs from that in [1] and from those of earlier finite-
time mean field games. In [1], all agents are identical and thus represented by a single
representative player. For a given measure flow (p)¢>0, the representative player seeks to minimize

J'a) 2 E {/OO e " (t, X, g, o )dt (1.4)
0

under the constraint

(1.5)

dXt = b(t,Xt,,LLt,Oét) de + O'dBt,
Xo=¢.

Then, we require that the law of X; coincides with p;, which means that we need to find a fixed
point.

In the conventional definition of mean field games, the primary focus on the distribution flow
(pt)e>0 stems from its role as the limit of the Nash equilibrium of an N-player game. Within
this framework, the master equation also serves as a crucial tool: see [7] and [8]. In the study by
Buckdahn et al. [2], the individual state process and the population state process are treated
separately, allowing for an investigation into various properties of the parabolic master equation.
Inspired by their approach, our definition of mean field games explicitly decouples the
representative player from the population. This separation offers two key advantages: first, it
provides a mathematically interpretation of the game problem even in the absence of a realistic
N-player game context; second, the value function V(z,up) of the representative player(z)
directly embodies the relationship between the individual state x and the initial population
distribution pg, thereby laying a solid foundation for further analysis of the value function’s
properties. We employ the stochastic maximum principle and infinite-time forward-backward
stochastic differential equations (FBSDEs) to solve this game-theoretic problem and derive a
representation of the equilibrium strategy via an elliptic master equation.

The theory of general nonlinear BSDEs was pioneered by Pardoux and Peng [15, 16] in the
early 1990s, which is now a typical tool in stochastic optimization problems. We shall solve the
mean field game problem using the Pontryagin’s maximum principle and infinite-time FBSDEs.
The foundational work in [17] proved the existence and uniqueness of solutions to infinite-time
FBSDEs, and subsequent work in [18] investigated a more general setting and established
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connections with quasilinear elliptic partial differential equations (PDEs). Recently, [1] extended
this framework to McKean—Vlasov FBSDEs, which play crucial roles in obtaining equilibrium
solutions for mean field games. In this paper, we partition all agents into a representative player
and the social equilibrium and characterize the equilibrium state through the following system of
infinite-time FBSDE:

dXtE = b(tha £X§a64(Xfa Yf))dt + dBt’

X5 =¢
AXP = (X}, Lye, (X7, Y"))dt + dBy,
AV} = =0, H(XT, Le, (X7, V), Vi )dt + Z7dBy, (1.7

r —
X5 ==

Here, H(z,p,a,y) 2 b(x, u,a) -y + f(x, p,a) — ray is the generalized Hamiltonian, and &(x,y) is
the minimizer of H(z, i, a,y) with respect to a when we assume that H is separable in variables
© and a. It is worth emphasizing that we set the diffusion coefficient to 1 here, which makes
both equations (1.6) and (1.7) solvable. If the diffusion term in problem setup (1.1) is dependent
on the state, distribution, and control, studying these two equations would be considerably more
challenging. Now, we consider the solutions to these two FBSDEs. The solution Xf to Equation
(1.6) represents the population’s state process, whose law corresponds to the population
distribution p;. In addition, the solution X} to Equation (1.7) is the state process of the
representative agent after solving the optimization problem. Notably, it exhibits the same
feedback structure as the population’s state process. To further elucidate the relationship in
Equation (1.3), we introduce elliptic master equations.

First introduced by Lions in lectures [14], the parabolic master equation appeared in the
context of the theory of mean field games. This is a time-dependent equation that bears
profound connections with finite-time mean field game theory. Essentially, it describes a strategic
interaction between a representative player and the collective environment. When the Nash
equilibrium exists, the master equation provides a powerful tool to characterize the equilibrium
cost and control pattern of this system. We refer the reader to [3, 5, 9] for a comprehensive
exposition on the subject. In this paper, we propose elliptic master equations, which explicitly
characterize the feedback forms of both the representative player and the social equilibrium.
These equations take the following form:

U (e, 1) = H(z, 1, 0.0, 1)) + 500U, 1)
+E %8@(9“(](37, s 5) + 6MU(J}7 L g)ayH(é i, (%U(é, )] (1.8)

Here, 0, and 0,, are standard spatial derivatives, d,, and 0z, are W-Wasserstein derivatives, é
is a random variable with law u and E is the expectation with respect to its law. Under the
assumption that the master equation (1.8) admits a solution with sufficient regularity, we derive
the following representation for Equations (1.6) and (1.7):

VS = 0U(XE Lye), Zp = 0U(XE, Le), (1.9)

Y = 0,U(XP, Lye),  ZF = 0saU(XT, Lige). (1.10)
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If b(x, 1) 2 b(z, p, &(x, d,U(x, 1)) is Lipschitz continuous in (z, ), we have
X[ lome = X7, €[0T (L.11)

for any fixed finite time T'. This is precisely the relationship expressed in Equation (1.3).
Alternatively, if we define V(z, u) = YOI’E, we demonstrate that V serves as a viscosity solution
to the distribution-dependent PDE below:

U@, ) = O H (2, 1, U, 1) + 0y H (2, 1, U, 1)) - U (1) + %amu(x,m
+E %aiaﬂu(x’“v@+%U(df,u,5)3yH(€~7u,U(€~,u)) : (1.12)

This paper is organized as follows: in section 2, we present preliminaries for problems in this
paper; in section 3, we introduce infinite-time mean field games with discounting and the
definition of a Nash equilibrium; in section 4 we characterize the equilibrium states through a
system of infinite-time FBSDESs; in section 5, we introduce an elliptic master equation to provide
a representation for the Nash equilibrium; and in section 6, we prove the Yamada—Watanabe
theorem for infinite-time FBSDEs and provide a viscosity solution for distribution-dependent
elliptic PDEs by virtue of the class of FBSDEs introduced in section 4.

2. Preliminaries

We will use a filtered probability space (€2, F,P,F) endowed with a Brownian motion B. Its
filtration F £ (F});>0 is augmented by all P-null sets and a sufficiently rich sub-c-algebra JF
independent of B such that it can support any measure on R with finite second moment.

Let (', F',P",F’) be a copy of the filtered probability space (92, F,P,F) with corresponding
Brownian motion B’. We define the larger filtered probability space by

O20xY, FAFRF F={Fleo2{F®F i P2PeP, ELE’. (21

Throughout the paper, we will use the probability space (9, F,P,F). However, when we deal
with the distribution-dependent master equation, independent copies of random variables or
processes are needed. Then, we will tacitly use their extensions to the larger space (Q, F,P, I@‘)

Let P = P(R) be the set of all probability measures on R and let P,(p > 1) denote the set of
p € P with finite p-th moment. For any sub-o-field G C F and p € P,, we define LP(G) to be
the set of R-valued, G-measurable, and p-integrable random variables £ and LP(G; u) to be the
set of £ € LP(G) such that the law L. = p. For any p,v € Py, we define the W,-Wasserstein
distance between them as follows:

Wy(p,v) £ inf { (B[ — nf])"/" : for all € € L2 (F; ), € L (F;v)}.
Due to our interest in discounted infinite-time mean field games, for any K € R, we denote by

L2 (tg,00,R) the Hilbert space of all R— valued adapted stochastic processes (v;) starting from
to such that

E [/ eKt|vt|2dt} < 4o00. (2.2)
to

To simplify, we set L% = L%(0,00,R). For each JFj-measurable square-integrable random

variable &, we consider the following infinite-time FBSDE:
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dX: = G(t, X1, Yz, Lx,)dt + dBy,
dY; = —F(t, X4, Y, Lx,)dt + Z;d B, (2.3)
X =¢.
Here, G, F : Rt x R? x P, — R are two measurable functions that satisfy the following assumptions.
Assumption 2.1 (i) There exists a positive constant £ such that for any x,2’',y,y' € R and
popt" € Po,
Gt 2,y 1) = G2y 1) + [Pty p) — Ft 2y, 1)
<llz =2+ ly =y [+ Wa(p, i), as. (2.4)

(ii) There exist constants 0 < K < 2k such that for any t >0 and any square-integrable
random variables X, X' YY",

E [fKXY — X(F(t,U) — F(t,U")) + V(B(t,U) — B(t,U"))
<—kE [X2 + ff?} 7 (2.5)
where X =X — X'\ Y =Y -Y' and U = (X,Y,Lx), U = (X", Y, Lx").

The following lemma establishes the existence and uniqueness of a solution to the FBSDE (2.3).

For a detailed proof, we refer the reader to [1] (Theorem 2.1).

Lemma 2.2 Under Assumption 2.1, the FBSDE (2.3) admits a unique solution in L3.

We introduce the Wasserstein space and the associated differential calculus. For a
Wa-continuous function U : Py — R, its Wh-Wasserstein derivative [5] (also called the Lions-
derivative) takes the form 0,U : (1, Z) € P2 x R — R and satisfies

U(Letn) = Up) = E[(0uU (1, €),m)] + o(llnll2), V € € L*(F; ), n € L*(F). (2.6)

Let C°(P3) denote the set of Wa-continuous functions U : Py — R. For C*(Py), we define the
space of functions U € CY(P2) such that 9,U exists, is continuous on Py x R, and is uniquely
determined by (2.6). Let C%1(R x P,) denote the set of continuous functions U : R x Py — R
such that 0,U, 0,,U exist and are joint continuous on R x Py and 9,U, 0;,U, 05, U exist and are
continuous on R x Py x R.

Finally, we consider the space © £ [0,T] x R x Py for some T > 0; let C1'21(0) denote the
set of continuous functions U : © — R that has the following continuous derivatives: 0,U, 0,U,
022U, 0,U, 8,,U, 9z,U. One crucial property of functions U € C*%1(0) is that they satisfy the
Ito’s formula [2, 5]. For i=1,2, let dX; = bidt+ oidB;, where b':[0,7] x Q— R and
ot :]0,T] x 2 — R are F-progressively measurable and bounded (for simplicity), and let
pEL X2- Suppose that for every compact subset X C R x Ps, it holds that

sup / (IauU(m,u,aE)F + |85HU(t,x,,u,j)|2) du(i) < 0. (2.7)
(t,z,p)€[0,TIxK JR

We have
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1
dU(t, XL, py) = [8tU LU b+ 58mU(ag)2] (t, X1, po)dt
. e 1 o
+ (Ex, [0,U( X} oo KB + 50:0,U (1, X} o, XP)(67)7] )t
+ 0, U(t, X}, py)otdB;. (2.8)
Here, IEIE is the conditional expectations under P given J; and the process (X'tz , Ef,&tz)ogth is

a copy of the process (X?,b7,0%)o<t<T, defined on a copy (€, F',P',F") of the probability space
(Q7 ‘F’ ]P)’ ]F‘) *

3. Infinite-time mean field games with discounting

In this section, we introduce infinite-time mean field games with discounting. Let r > 0
represent the time discount factor and A C R be a convex control space. Define A = L2(0, 00, A)
to be the space of all admissible controls, and b, f : R X Po x A — R are two measurable functions.

We consider a population consisting of a continuum of players, where each individual player
strategically interacts with the aggregate distribution formed by all other players to minimize
their own cost. Let p; denote the population distribution and ¢ € L2(F) denote the initial state
with L£¢ = po. The state of the representative player with initial value x is given by

t
Xf’ﬁzm—&—/ b(Xf’B,ut,ﬂs)ds—l—Bt, (3.1)
0

where 5 € A is the strategy that remains to be determined. The representative player seeks to
minimize the cost

J“w)éE[/o e F(XEP, e, Bu)dt] (3.2)

Assuming that ¥ € A minimizes the cost function, the state process of the representative player
is X} " Since the representative player can characterize the strategies of all players with the

same initial state in the population, we assert that the following fundamental relationship must hold:
Mt = ,Cth,Bw‘m:E. (33)
To solve this mean field game problem, we work under the following assumptions.

Assumption 3.1 (i) b(x,u,a) is Lipschitz in (z,p,a), and f(x,p,a) is of at most quadratic
growth in (x, p,a). There exists a positive constant £ such that for any p, ' € Py,x ER,a € A,

|b(xauaa) - b(xuulaa)‘ < €W2(Ma//)~ (34)

(ii) There exists a constant A > £ — r/2 such that for any a € A,y € Pa,x,x’ € R, it holds that
(x —2') (b(z, p,a) — bz, pw,a)) < =Mz — ') (3.5)

These assumptions jointly ensure that (i) the state process remains confined within the L? space
and (ii) the cost functional maintains integrability.

Then, we partition all agents into two components: (i) the representative player, who
dynamically optimizes their strategy, and (ii) the social equilibrium (or mean field),
characterizing the macroscopic state shared by the population. The state of the social
equilibrium is governed by the following stochastic differential equation (SDE):
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t
X§7a = £+/ b(X§7a7£X§“">as)dS+Bt’ (36)
0 b

where ¢ € L2(Fy) and o € A. We note that by Assumption 3.1, this SDE has a unique strong
solution in L?; see [1] (Proposition 2.2) for more details.
The state of the representative player is governed by

t
XfWB =+ / b(X;E’ﬁ, EX?“’BS)dS + Bt. (37)
0

Here, we also require their control 8 € A.
The representative player seeks to minimize the cost

+o00
Jg0,0) =E| [ e (7 g B (33)

For any (z,€) € R x L?(F) and o € A, we consider the infimum
V(z,&a) 2 inf J(z,&; . 3.9
(z,§0) = inf J(2,§ 0, 5) (3.9)

Definition 3.2 We say that a Lipschitz function o*(z, ) : R X Py — R constitutes a discounted
infinite-time mean field Nash equilibrium for a given initial distribution ug if for any initial state
&0 € L2(Fo) with distribution g, the closed-loop controls a$° = a* (XEO’QED’ﬁXsO,asU), af =
a*(Xf’am,ﬁxfovaﬁo) satisfy

T o inJ . &0 ) 3.10
@ arggnelﬁ (.’E,fo,()é 75) ( )

When the Nash equilibrium o™ exists, we have

¢ el (Fy), Le=L: = L =L .., foraet=0. (3.11)

¢
x5 x¢

Therefore, we can define
V(Ivﬂ) éJ(I7£O;O‘£070‘I)7 60 GLQ(fo,,ll,). (312)

In our framework, we separate a representative player from the population, who only needs to
consider their optimization problem starting from state x. This model decouples the micro-level
agent from the macro-level population distribution, enabling an interconnected analysis of their
evolution. The equilibrium is characterized by two consistency conditions.

e Individual Rationality: The representative player’s optimal strategy is consistent with the
perceived social equilibrium.

o Macro-consistency: The aggregate distribution generated by all players adopting this
strategy must coincide with the posited social equilibrium.

The representative player’s state evolution depends on both their state X*# and the overall
population distribution Lxe.o. Here, we would like to emphasize that since the number of
players is large, any change by a representative player does not impact the measure flow L£xe,a.
Under the existence assumption of the Nash equilibrium «* specified in Definition 3.2, the
stochastic dynamics of both the population and representative player are characterized by the
following SDE:

{Xf’a* =&+ [y BXEY Lyenr, 0" (X5, Lyenr))ds + By,

« « . 3.13
X =a+ fot bXSY Lyear, " (X7 Lycar))ds + By. (313)
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We further assume that b(z, ) £ b(x, p, o* (2, 1)) is Lipschitz continuous in (z, ). For any fixed

finite time T, see [2, 4], we have
X5 |pme = X5, t€[0,T). (3.14)

This implies that every sample point from the initial population follows the same evolutionary
dynamics as our hypothesized representative player, which justifies the mathematical validity of
using a single representative player to characterize the behavior of all individuals in the population.
Moreover, when all agents in the population adopt the same strategy as the representative player,

their collective behavior precisely generates the aggregate distribution £ ¢ o+ derived from our

* X
solution. This justifies why we refer to Xf’a as the social equilibrium.

4. Connection with infinite-time McKean—Vlasov FBSDEs

In this section, we employ the maximum principle to solve the optimization problem for the
representative player and then use infinite-time McKean—Vlasov FBSDEs to construct the
optimal strategy for the representative player such that the controls of the representative player
and the social equilibrium share the same feedback form. Our derivation is based on the
following key assumptions on b, f:

Assumption 4.1 (i) b(z,p,a) =bo(z,p) +b1(x,a) and f(z,p,a) = fo(z,pn) + fi(x,a) where
by, fo are measurable functions on R x Py and by, fi are measurable functions on R x A.

(i) b, f are differentiable with respect to (x,a) , and b, 0af are Lipschitz continuous in (z,a).

(iii) Ho(z,p, a,y) = b(z, m,a) -y + f(x, u,a) is conver with respect to (x,a). mingea Ho(x, 1,

a,y) has a unique minimizer &(x,y) that is Lipschitz continuous in (x,y).
4.1 Pontryagin’s maximum principle

Assuming that the state of the social equilibrium Xf is given, we consider the optimization

problem for the representative player, whose state is given by
t
XPP =+ / b(XTFP, Lye, Bs)ds + By. (4.1)
0 §

The cost functional takes the form

a0 28| [T e Ly poar]. (4.2
0 t
and the representative player wants to solve the minimization problem
inf J(5). 4.3
nf J(B) (4.3)

Let us formally derive the maximum principle for the infinite-time control problem. Suppose 3 is
an optimal control, choose another admissible control v, and denote by X*P#*¢7 the state
trajectory corresponding to the control 8 + ey. Let

XﬂiﬁJrE’Y _ Xtﬂiﬁ

Rt = lim ¢
e—0 €

(4.4)

be the variation process. Then, it can be shown that R satisfies
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(4.5)

{th = (0ub(XP7, Lye,B) - Re + 0ub(X, Le, B1) - )
Ry =0.

The function 8 — J(B) is Gateaux differentiable in the direction S and its derivative is given
by

d
&J(b’-ﬁ-ﬂ)

=E UO et (axf(Xf’ﬂ7ﬁvaﬁt) R+ 0uf (X7, Lygs, Br) %) dt] . (46)

e=0
Define the generalized Hamiltonian

H(x,p,a,y) = b, p,0) -y + f(z, p,a) — ray, (4.7)
and introduce the adjoint process, which is determined by an infinite-time BSDE:
dyFP = — (am(xfﬁ,,cxf,,b’t,lﬁ””ﬁ )) dt + Z7PdB,. (4.8)

Applying Ito’s formula to the process (e‘”RtYf’B ) and by simple computation, we can deduce
that

d
&J(ﬁ-&-ﬂ)

:E{ / e AMH(XT Lo, B, Vi7P) - ypdt | (4.9)
e=0 0 ¢

Thus when [ is an optimal admissible control with the associated stochastic processes
(X5P Y P 7z | it holds that

HXPP, Lye, B, V) = min HXTP, Lye,a,Y7), (4.10)

Recalling our convexity assumptions on b, f in Assumption 4.1, we know that the representative
player’s optimal control g takes a feedback form, that is,

B = a(X P Y. (4.11)
Now, we consider the following two McKean—Vlasov FBSDEs:
dX§ = b(XF, Le, &(XF,Y))dt + dBy,
AY$ = —0, H(XE, Ly, &(X5,YE), Y )dt + Z;dBy, (4.12)
X5=c¢

X} = b(XF, Lge, a(XF,V7))dt + dB,,
AV = 0, H(XE, Lyge, o(XF,Yi0), Yo)dt + ZEdBy, (4.13)
X§=uw.

Here, (4.12) and (4.13) denote the state processes of the social equilibrium and the representative
player, respectively. Observe that their admissible controls both take the identical feedback form
&(z,y). We shall prove that when the social equilibrium employs this feedback control, the
representative player’s loss function is minimized if they use the same feedback form, thereby
constituting a Nash equilibrium.

Theorem 4.2 Let (b, f) be differentiable in (x,a) and H be convex in (x,a) . Suppose that & is
Lipschitz continuous and that both (4.12) and (4.13) admit unique strong solutions in L2. If we
denote &(X7,Y/") as o , which is an admissible control in A, then we have
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J(a™) = min J(3). 4.14
( ) Bel.A ( ) ( )

Proof For an arbitrary admissible control 5 € A and its associated process
t
Xf’ﬁ :er/ b(Xg’B,EXSg,ﬂs)derBt, (4.15)
0

we have

J(a*) ~ J(B) =E [ [ (e Lgar,¥E) = MO, £y, 6017 dt}
0 ¢
—E |:/ e "t (b(Xf7£X5aO‘:) - b(Xz‘Srﬁv‘cxfaﬂt)) ’ Y;Swdt:|
0 t ‘

+7E [/ eTHXE — X2 det] . (4.16)
0

Since X7, X? Y all belong to L2, we can find a sequence of T; — oo such that
E [e_TT" (X3, — X57) . Y;{} - 0. (4.17)
Applying It6’s formula to e (X% — X;ﬂ) - Y7 and letting T; — oo, we obtain that
B [ - X (0 HKE g YE))
=E {/Ooo e " (—T(Xf — XPP) 4 p(xe, £th,ozf) - b(Xf’ﬁ,L'Xf,Bt)) -det] : (4.18)

According to the convexity and differentiability of H, we have
H(Xfﬁv ‘fo ) Bh Ytz) - /H(Xtr’ ‘CXf ) O‘:’ th)

> (X?B - th) : aﬂﬂ/H(th’ fova:7 th) + (Bt - 0‘:) : aaH(thv‘fovara th)

= (X7 = X7) - 0 H(XT, Lyge, 07, V). (4.19)
The last equality follows from the fact that of =a(XF,Y®) is the minimizer of
minge 4 H(Xf,/:xtg,a,Yf’). Combining equations (4.16), (4.18), and (4.19), we obtain

J(a*)—J(B) <0 (4.20)

for all admissible controls 3. Thus, we complete the proof. a

4.2 Solvability of mean field game FBSDEs

In this subsection, we will find sufficient conditions for the existence and uniqueness of
solutions to (4.12) and (4.13). Considering the linear case, we assume that b(z,u,a)=
bix + bofi + bza and f(z,p,a) = fo(z, 1) + fi(x,a), where i is the mean value of the probability
measure u and by, by, bs, by are constants.

We require a technical lemma about the Lipschitz and convex properties of the minimizer &,
the detailed proof of which can be found in [1] (Lemma 3.1).

Lemma 4.3 Suppose fi is once continuously differentiable in (x,a), 0,f1 is ¢-Lipschitz in x

and fy is n-convex in a , which means that

fi(z,d) — fi(z,a) — (a/ —a) - Bufi(x,a) =nlad’ —al®, forall z € R. (4.21)
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Then, it holds that

a(a.) = a0 < b’ = ol + B2l =), (1.22)
and for some ag € A,
|Gz, y)| < 17 (100 f1 (2, a0)| + [b2y]) + lao- (4.23)
Furthermore, if A =R and 0, f is (-Lipschitz in a , it follows that
(s ) (@) - ale0) < 2000 o) (4.24)

Theorem 4.4 Let b(z,p,a) = bz +befi+bsa and f(x,p,a) = fo(z,p) + fi(z,a). Under the
following conditions, Assumptions 3.1 and 4.1 are satisfied and both (4.12) and (4.13) admit
unique strong solutions in L?.

(i) There exists a positive constant k such that |ba] <k and —by >k — 5. fo(w,p) is once

continuously differentiable in x and of at most quadratic growth in (x,u). fi(z,a) is once
continuously differentiable and of at most quadratic growth in (z,a).

(ii) fo(z,p) is convex in x , and there exists a positive constant by > 0 such that
10x fo(, 1) = O fo (o', )| < ba (|2 — 2| + Wa(p, 1)) - (4.25)

(iii) There exist some positive constants n,t such that the following convexity condition holds:

i@, d) = fi(z,a) = O fi(@,a) - (2 —2,a" —a)
> u(z' —2)? +n(d —a)? (4.26)

(iv) There exist some positive constants (,€ such that O,f1 is (-Lipschitz in x and
¢-Lipschitz in a. Oy f1 is Lipschitz continuous in (x,a).

(v) A=R, and it holds that

. byl by 205 bsl _|ba|| _ T
mln{?L————2b4, TR N (4.27)

Remark 4.5 If we set fo(z,p) = baxji, fi(z,a) = Az? +Ca?, A > 0,C >0, we have 1 = A,
n=C,{ =2C,¢=0. Then, the requirement in (4.27) becomes

: |b2| b3 |ba r
24 — = — |by|, == — — —=. 4.2
mln{ 5 b 50 5 > D) (4.28)
Fizing C,bs, by, we take a large bs such that % — % is greater than r/2. Then we choose a

sufficiently large A such that 2A — % — |bs| exceeds r/2. This construction satisfies all the

required conditions.

Proof It is clear that Assumption 3.1 is satisfied. And by Lemma 4.3, & is Lipschitz. In addition,
H(x, pm,a,y) = (byz + bafi + bza) -y + fo(x, 1) + fi(x,a) is convex in (xz,a) according to the
assumption on fo, f1; thus, Assumption 4.1 is satisfied. To prove that the FBSDEs (4.12) and
(4.13) admit unique strong solutions in L2, the only condition that remains to be verified
is (2.5).

We consider the FBSDE (4.12) and set
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B(t,x,y, p) = bix + bofi + bsa(x, y),
F(t,z,y,p) = bry + 0z fo(x, u) + O fr(z, &(z,y)) — ry. (4.29)

Take four arbitrary square-integrable random variables X,Y, X’,Y’. Define X = X — X',V =
Y-Y and U =(X,Y,Lx), U =(X"Y',Lx/). We have

—rXY = X[F(t,U) — F(t,U")] + Y[B(t,U) — B(t,U")]

- TX}A/—X((bl — )Y +0u fo(X, L) —0u fo (X', Lx)+0u f1 (X, 6(X, V) = f1 (X', (X, Y')))
+Y (blf( + bE[X] + by(&(X, Y) —a(x’, Y’)))

<= X (0:11(X,6(X,Y)) = 0 fr( X', &(X', Y7))) + b3Y (a(X,Y) — &(X", Y7))
+ b VELX] + ba|X] - (1X] + (BIX ])é)

(4.30)
Since fi is t-convex in x, we have
[0, f1(2,a) — Op fi(z,0)] (2 — x) > 2u(2) — x)% (4.31)
Moreover, 0, f1 is I-Lipschitz in a and & satisfies (4.22), we have that
~ X (01X, a(X,Y)) = 0 f1(X', (X, Y)))
= - X (0:f1(X,4(X,Y)) = 0. 1(X',4(X,Y)))
- X (0.1 (X, A(X Y)) = 0 1(X7, &(X",Y7)))
—2LX2—|—l|X|( |X| + |b?’||y|) (4.32)
From Lemma 4.3, & satisfies (4.24), it follows that
b3V (&(X,Y) — a(X',Y"))
= b3V (&(X,Y) — a(X,Y") + bsY (&(X,Y") — a(X',Y"))
<- 222773/2 + b3V (2ln|f(|) . (4.33)
By applying elementary estimates, we derive
E [_TXY - X(F(t, U) - F(t,U") + Y(B(t,U) — B(t,U"))
< (=20 + 57 + % + @ + 2b,)E[X?] + (—22%7 + %l + @)E[W}
<- gE[XQ +772. (4.34)

Now we know (4.12) admits a unique solution X° e L2 and set ji; = E[X] For the

FBSDE (4.13), we set
B'(t,x,y) = bz + bafi, + b3é(x,y),
/( ) = b1z + bapty + bzdv(z, y) A (4.35)
F (taa?,y) = bly + a%fo(.ﬁ,,ut) + awfl(xva(xvy)) —Ty.

Following the identical analytical procedure, we have
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E [—rf(f/ - X(F'(t,X,Y) - F'(t,X',)Y")+ Y(B'(t,X,Y) — B'(t, X", Y"))
? 2b3n | byl

bl -2 Or2
< (= = -
< ( 2L+2n+2n+b4)]E[X]+( e +2n)]E[Y]
<- gIEI[X2 +72. (4.36)

By Lemma 2.2, we know both FBSDEs (4.12) and (4.13) admit unique strong solutions in L2. O

5. Master equation representation

While we have derived a Nash equilibrium solution through FBSDEs that yields identical
feedback forms for both the representative player and social equilibrium, this feedback structure
differs from our previously defined formulation in Definition 3.2. In this section, we shall
establish an alternative representation of the Nash equilibrium using classical solutions to the
elliptic master equation (1.8).

Following Assumption 4.1, we define

H(z,p,y) = Ho(x, p, (2, y),y). (5.1)
Through the assumptions on b, f, we can easily deduce the relationship

Assume that the master equation (1.8) has a classical solution U(z, u) € C*1(R x Py) with H
defined above such that 8,U(z,p) € C*'(R x Py) satisfying PDE (1.12) and b(x,n) = b(z,
w, &(x,0,U(x, 1)) is Lipschitz continuous in (z,u). For any & € L2(Fy), suppose the following

SDE admits a unique solution in LZ:
t
XS —¢ +/ b (.ng,ﬁxg,ét (Xf,@zU ()(;’,zxg))) ds + By. (5.3)
O s s

Then, we take Y& = &CU(Xf,EXg). By differentiating both sides of the master equation (1.8)

with respect to z and applying It6’s formula, we obtain

AYE = | 0,,U (Xf,ﬁxts) b (Xf»ﬁx,é»@ (vaarU (Xf’LXf)))

+ %&M&CU (Xf : fo) Y ES, %aiaﬂazU (Xf , EXE,)EE)

Oy (R £, 0a0 (1205 ) - 0,00 (X, £, ) Hdt
4 0,,U (Xf , 'fo) 4B,
_ (raxU (Xf,cxf) — 0,H (Xf,c&;,amU (Xf,cxtg))) dt + 8,0 U (Xf,cxf) dB,. (5.4)
By comparing it with (4.12), we derive the following relationship for social equilibrium:
Y = 0U(XE Lye),  Zp = 0uaU(XE, Le). (5.5)

Applying the same argument to (4.13), we obtain:
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VP = QU(XT, Lye), 27 = 0nU(X], Lye). (5.6)

This demonstrates that both the representative player and social equilibrium employ the same
closed-loop control

o (z, p) = &z, 0.U(x, p)). (5.7)

We now revisit the mean field games through the master equation. Let & € L2(Fy) be the
initial state with distribution . We prove that under the assumption that the master equation
admits a classical solution, the feedback control defined by (5.7) constitutes a Nash equilibrium.
Moreover, the solution to the master equation is precisely the value function of the
representative player.

Theorem 5.1 Assume that the master equation (1.8) admits a classical solution U(x,u) €
C?Y(R x Py), which is of at most quadratic growth, and the following SDEs admit unique

solutions in L? for each x € R and & € L?(Fo; 1)
Xf=a+ [y b(XE, Lxa,&(XE,0,U(XE, Lx=)))dt + By '

Then, for every initial distribution po, o*(z,u) = &(x, 0, U(x, 1)) is a Nash equilibrium, and
Ul(x, uo) is exactly the value function given a*.

Proof Given o* and initial £ € L?(Fo; uo), the state of social equilibrium is governed by the
following SDE:

t
Xf =+ [ 0K o 0U(XEp )N + By g ® L (5.9)
0

We note that this SDE is the same as (5.3). Meanwhile, the state of the representative player is
governed by

t
X7 ::EJr/ b(XZ, ps, Bs)ds + By, (5.10)
0
where 3 € A remains to be determined. Applying Itd’s formula to e U (XY, p;) yields
T
Ee™""U(X%, pr) = U, o) + E/ [—re " U(XT, p1) + e "0, U(XE, pr) - (XY, pi, Br)
0
1 - 1 -
+ ieirtaI-TU(tha pt) + eirtE}—t [58}8NU(th, Pt th)
+ 0y H(XF, pr, 0.U (X, pr) - 0U (XF e, X9)] ]t
T
—Uloao) + B [ OUKE ) BXE 1, B1) — HOXT pr LU (XE )
0
T
> Ulwao) < | e T pr B
0

(5.11)

Since U is of at most quadratic growth, taking the limit as T" — +oc0o yields
400
U, o) < E / e~ F(XE, py 1) (5.12)
0

for every feasible control 8, and the equality holds when f; = &(XF, 9, U(XF, pt)). This shows
that o*(z, u) = &(x, 0, U(x, 1)) is a Nash equilibrium. In addition, we have
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“+o00
Uz, uo) :E/ e_”f(Xf,pt76z(Xf78xU(Xt”’7pt)))dt. (5.13)
0

This completes the proof of our desired results. O

At the end of this section, we provide an example of a solvable elliptic master equation and
demonstrate that its solutions are generally nonunique. Set b(x, u, a) = byx + bofi + bsa, f(z, p,a)
= byxji + Ax? 4+ Ca?, where by, by, b3, by, A, C are constants satisfying all conditions in Theorem
4.2 and Remark 4.5. Then, we have a(z,y) = —%% and

2C
b2
H(z,p,y) = (17 + bofi) - y + bawfi + Az® — 2207 (5.14)
The master equation (1.8) now becomes
rU(z, 1) = (byz + bafi) - 0,U (2, 1) + byxfi + Az?
B 0.0 1) + 0,00 )
40 T 7}”’ 2 rxr 7[’11
- I1 - - - ~ b§ -
B | 3050,U (0, 1,) + 0,0 (@, 1, )i + boi = SEOLUE )| (5.15)
We assume that the solution takes the form
Uz, p) = a12® + agrfi + az(f)* + ag, (5.16)
where a1, as, a3, as are constants that remain to be determined. Then we have
0. U(z, pn) = 2a1 + asfi, 02U (z, p) = 2a1,
(5.17)
0,U(x, 1, ) = asx + 2a3f, 030,U(x,p, T) = 0.
Substituting these into the equation (5.15), we obtain
r (a1x2 + asxfi + az(f)* + a4)
b2
= (byz + bafi) - (2a1x + agfi) + baxp + Az? — é@alr + agﬂ)Q +a;
b2
+ (agx + 2a3f) - <b1ﬁ+b2ﬁ zé(QalﬂJraQﬁ)). (5.18)
Comparing all coefficients, we get the following system of linear and quadratic equations:
ra; = 2bja; + A — %a%,
2 2 2
raz = 2bsay + bras 4 by — %alag + az(by + be — %al - 21%(12), (5.19)

b3 2 b3 by
ras = boas — 1003 + 2@3(1)1 + by — a1 — @ag),

ray = aj.

Note that aq,a9,a3, and a4 can be solved sequentially, and the equations for a; and as are
quadratic. Since A >0 and —% < 0, the equation for a; must have one positive and one
negative root. If the coefficients are sufficiently well-behaved, for instance, 2bsa; + by > 0, then
the equation for ay will also have two distinct real roots. Therefore, the system of equations (5.19)
can have at most four solutions. It must be emphasized that there exists at most one set of
solutions for which the solution of SDE (5.3) lies in L2, as the L? solution of FBSDE (4.12) is
unique. In a companion article, we establish the uniqueness of solutions to the master equation
under certain monotonicity and growth assumptions.
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Example 5.2 We consider a case that r =2, by =by=by=0,b3=2, A=2, C=1, then
equation (5.15) becomes

2U (x, 1) = 222 — (0,U (z, 1)) + %GMU(x,,u)

_I1 - - -
+ B | 5050, (w11, ) — 20,U (w1, €) - 0,U (6, p) | (5.20)
Solving the corresponding Equation (5.19) yields the following solutions:
1 1
Ul(xvlj‘) = §£E2 + 17
1 3 1
Ua(z, ) = 5552 — 3xp+ 5(#)2 T
1
U3($7M) - _$2 - 57
9 3, 4 1
Us(z, ) = —x° + 3zp — §(u) ~ 5 (5.21)
However, to ensure that the solution of Equation (5.8), now written as
dX; = —40,U (X4, Lx,)dt +dB;, Xy =&, (5.22)

belong to L% , only the solution Uy (x, 1) = %xz + % satisfies this condition.

6. Viscosity solution to distribution-dependent elliptic PDE

We have proven that the classical solutions of the master equations can be employed to
resolve the infinite-time FBSDEs. In this section, the solution of the infinite-time FBSDEs will
be utilized to characterize the viscosity solutions of the distribution-dependent elliptic PDEs.
Specifically, we consider the following FBSDEs with initial state £ € L?(Fy) and = € R:

dX; = 0,H(X;, Ly, Y, )dt +dBy,

AV = = [0 H(XE, Le, VE) = V€] dt 4 Z5aB,, (6.1)
X5 =¢.
AXPE = 0, H(XTS, Loe, Y2t +dBy,
av; € = — [0, H(XPS, tﬁxtg,Yt"’”’g) — 1Y at+ Z7dB;, (6.2)
X§ ==

Here, H(z,p,y) is defined in (5.1), and the above equations are the same as (1.6) and (1.7).
We define V(z, u) = Yox’g and attempt to prove that it satisfies the following elliptic PDE in
the viscosity sense:

1
Uz, 1) = O0pH (@, 1, Uz, ) + Oy H (2, 1, Uz, p)) - Ol (2, ) + 50zl (2, 1)

| L0:0U(r 1 €) + 0, 1 00, H(E i U(E, )| (6.3)

This equation is derived by taking the partial derivative of both sides of the master equation (1.8)
with respect to . We have the relationship U(x, u) = 0,U(z, ).

Now, let us give the definition of a viscosity solution for PDE (6.3). We rewrite the PDE
as follows:
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where
1
(‘C(I))[\Ij](xv ﬂ) = (9yH(Z‘, Hs \I/(xv /’L)) ' 8I‘1)(.13, /.L) + iaxlq)(asv M)
. T1 . . . .
FE|30:0,0(0.00.6) + 0,800 O HEWVED)] . (63)
and
F(z,pu,V(z, 1)) 2 0. H(z, p, U(x, 1)) — r¥(z, pm). (6.6)
Definition 6.1 A function ¥ € C*Y(R x Py) is said to be a test function if the quantities:
[ 1090 ) an@ (6.7)
and
sup |658M\Ij(xa,u7j)‘ (68)
FeR

are finite, uniformly in (x,p) in any compact subset of R x Ps.
Definition 6.2 Let U € C(R x P3). Then U is called a viscosity subsolution (resp. supersolution,)
of PDE (6.4) if, whenever W is a test function, and (2%, u°) € R x Py is a local mazimum (resp.

minimum) of U — ¥ , we have
(L)) (°, 1) + F (2, 1%, U2, 1)) > 0, (6.9)
(respectively,

(LO)UN(°, 1) + F(a, 1, U (", 1)) <0 (6.10)

The function U is called a viscosity solution of PDE (6.4) if it is both a viscosity subsolution
and a viscosity supersolution.

The proof of V being a viscosity solution to equation (6.3) rests on two fundamental results:

e The value of Yog”’5 depends solely on the distribution of £, but not on the specific realization
of €.

o V(w,pu) = Yoz’g is jointly continuous on R x Ps.
We will next establish them sequentially in this section and ultimately prove that V is a
viscosity solution to equation (6.3)

6.1 Yamada—Watanabe theorem for infinite-time FBSDEs

We shall prove the weak uniqueness for the infinite-time FBSDE:

{dXt = G(t, X4, Yy, Lx,)dt + dBy,

(6.11)
dY, = —F(t, XYy, Lx,)dt + Z,dB,.

We know that under Assumption 2.1, the above FBSDE has a unique solution (X;,Y;, Z;) in L?
with initial Xy € L?(Fp). We then give the definitions of strong and weak uniqueness.

Definition 6.3 (Strong uniqueness) We say that the strong uniqueness holds for FBSDE (6.11)
if on any admissible setup (Q,F,P,F) with input (Xo,B), for any two F-progressively
measurable L? three-tuples
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(ththlvztl)tEOv (th?Yf’ZtQ)t?O (6'12)

satisfying the FBSDE (6.11) with the same initial condition Xy (up to an exceptional event), it
holds that

B[ [T e (- Xpr v -2+ 12 - ) ] o (6.13)
0

Definition 6.4 (Weak uniqueness) For any two set-ups (Q', F',PLF') and (Q2, F2,P% F?)
with inputs (X}, BY) and (Xg, B?), X§, X8 have the same law on R. We say the weak uniqueness
holds for FBSDE (6.11) if for the L? solutions (X}, Y}, Z1)iso and (X2,Y? Z2)i>0 on
corresponding set-ups, the processes (th,Ytl,fot Zds)i>0 and (XtQ,Ytz,fot Z2%ds);>0 have the
same distribution.

We use the same scheme as the one developed by Yamada and Watanabe to prove that
pathwise uniqueness of solutions of FBSDE’s implies uniqueness in the sense of probability law.

Theorem 6.5 Assume that on (Q,F,P,F) with input (Xo, Bt)i>0, the FBSDE has a unique
strong solution (X,Y:, Zi). Then, the law of (Xo, B, Xt, Yz, fg Zsds) only depends on L(Xy).

Proof First, we denote by C(]0,00);R) the space of continuous R-valued functions on [0, c0)
equipped with the metric of uniform convergence on compacts:

d(w',w?) = Z 27" sup max(|w; — w?|, 1). (6.14)
n>0 te(0,n]

And define
Qiput = R x C([0,00); R),
Qoutput £ 0([0,00);R) x C([0,00); R) x C([0,00); R), (6.15)
Qecanon £ Qinput X Qoutput-

Let us consider two filtered probability spaces (QFf, Fi,P? F*) with identically distributed
inputs (X¢, BY), i = 1,2, on each of which a solution (Xf,Yti,fg Zds)i>o to the FBSDE (6.11)

is defined. Denote by Q' and Q? the distribution of (Xé,Btl,X,},)/tl,ngslds)t>0 and

(X8,B2, X2, Y2, fot Z2ds)i>0 on Qeanon = Qinput X Qoutput, DY Qinpue the common distribution of
the processes (X§, B}), (X&, B?) on Qinput-
Let us now define for i € {1,2},

qi(winput; F) : Qinput X B(Qoutput) — [07 ]-] (616)

as the regular conditional probability for B(Qoutput) given winput € Qinpue (under Q7). It satisfies:
® Ywinput € Qinput, ¢ (Winpnt; ) is a probability measure on (Qoutput; B(Qoutput)) -
® VF € B(Quutput), the mapping (£, w) — ¢"(&, w; F) is B(R) ® B(C([0, 00), R))-measurable.
o VF € B(Qoutput ), VG € B(Qinput):

Qz(G X F) = L qi(winput; F)Qinput(dwinput)~ (617)

Next, we need an enlarged space (Qtotal, G, Q) to support all processes. Define

A
thal = Qinput X Qoutput X Q011tputa (618)
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and G is the completion of the o-field B(Qcanon) ® B(Qoutpus) by the collection N of all null sets

under the probability measure

Q(G X Fl X F2) - / ql (winput; Fl)q2 (winput; FQ)Qinput (dwinput)v (619)
G

where Fi, F5 € B(Qoutput)s G € B(Qinput) -

We observe that Q(G x Fi X Quuput) = QH(G x F1), Q(G X Qoutpur X F2) = Q*(G x Fy).
Inparticular, we denote by (& w,z!, 9%, ¢t 2?42 (%) the canonical process on a1, then
(&, w, 2z, yt, ¢1) has distribution Q' and (&, w, 22, y?, (?) has distribution Q2.

We define (z})t>0, 7 € {1,2} by

g Tim 7 (g‘ ~ Gy +) if the limit exists,
0 otherwise.

(6.20)

Since Q'-a.s., fot Zlds is absolutely continuous, we know that Q-a.s., ¢} is absolutely continuous.

So
Gt z/ zgds, t=0. (6.21)
0

Moreover, we have

B9 [T et < tim B9 [ e n(ci - Gy, )P
0 0 n

n—oo

; o) t )
= lim n’E" / e " Zids|*dt
(

n—o0 0 t_%)+
N ) (6.22)
< lim nE® / e Tt / | Z¢ | dsdt
n—00 0 (t—3)+

i o0 .
<EY [z
0

the last inequality following from Fubini’s theorem.
Let us now endow (Qotal, G, Q) with the filtration G, where G = {G; }+>¢ is the complete and right-
continuous augmentation under ) of the canonical filtration
Hi = {(&wss 23,5, G5 73,92, C2); 0 < s <t} (6.23)
on Qal- It is easy to see that & is Gp-measurable and that (ws,zl,yl, 2L 22 42, z;f)t;o is

{G }+>0-progressively measurable. Moreover, for i € {1, 2},

Q {0 € Quoats (s, 3, ) € A} = @ {(Xé,Bi, XY, / Zids) € A} © A€ B(Qumn).
0
(6.24)

Actually, we just have to prove that (w¢)i>0 is & {Gi}i>0 Brownian motion: we follow the
proof given in [6] (Remark 1.6). Let us firstly define
m : C([0,00);R) = C([0,¢];R), k= hl,q, (6.25)
and

Ty = = o, (6.26)
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where v = Qguipur and
71 = C(0,4;R) x C([0, 1] R) x C([0, ] R). (6.27)
Endowing C([0,];R) and ~; with their borelian o-fields, we define
K¢ &2 o{m}, K, = o{m}. (6.28)
Using the separability of the spaces C([0,¢];R) and ~;, we see that
Kt = o{ws;0 < s < ¢}, (6.29)

and that Vi € {1,2},VA € K}, the set {(X*,Y", [ Zids) € A} belongs to F;.
Now, considering A € K}, we want to show that, for i € {1,2}, the map

Qinput - [07 ]-]; (67 U)) — qi (57 wy A) (630)

is measurable with respect to the completion of the o-field B(R)® K; under the probability
measure Qinpu, denoted B(R) ® K,. Indeed, let us consider F € B(R), G; € K, and Gs €
o{ws —wy; s > t}. Then, Vi € {1,2}

/ Ir(€) I, (1) Ty (W) (€, 5 A) Qi (Akw0)

=E" {IF(XO)IGI(Bi)IGQ(Bi)IA(Xi,Yi,/O. Zids)}

i

—EF {Iﬂx@m&Bi)u(xﬁ,yﬂ / | Zéds>] E” [I6,(B")]
0
_ /Ip(é)fal (w)qi(&w;A)Qinput(dgd’w)/IGz(w)Qirlput(dfd’LU)- (6.31)

Hence, the map (&, w) — ¢*(£,w; A) is measurable with respect to B(R) @ K;.

Now we prove that (wi)i>0 is a {Gi}t>0 Brownian motion. Let us consider (A, A’) €
(K})?, F € B(R),G1 € K; and Ga € o{ws — wy;s > t}. Then,

EQ I:IF(é-)IGl (w)IG2 (w)IA(‘Tla yla gl)IA’ (ZL’2, y2a 42)}

- / Ip(6) T, ()T, () (6, w5 A)? (€, w5 A)Qinpun ()

- / Tr ()T, (w)g (€, w: A) (€, w3 A') Qupur (dé ) / T, (1) Quput (dEduw)
= B2 [Ip(&) o, (w)Ia(ah, 4, ) Lar (22, 2, ¢)] B [T, (w)] (6:32)

Noting that H' = B(R) ® K ® K} ® K}, we conclude that (w)>0 is a {G;}+>0 Brownian motion.
At last, applying the same procedure to (z})i>0,i € {1,2} in [5] (Volume II, Lemma 1.27), we
obtain that Q-a.s.: for all 0 <t < T, € {1, 2},
ri=¢+ fg G(s, 2%, yk, Ly )ds + wy,
yi =yp + [, F(s,xl,yk, Lyi)ds — [ zidws, (6.33)
EQ [fo e (Joi]* + lyi|* + |24]?) dt] < oo
Through the strong uniqueness, we know that under @, the processes (z7,y;,(})i=0 and

(z7,y2,(?)t>0 have the same law, then we get the desired result.
O
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Remark 6.6 For any two initial states &1,&2 € L2(Fy) with the same distribution and x € R ,
the solutions Y% Y% to (6.2) are the same. We can say that Yogc’5 depends solely on the
distribution of &.

6.2 Connection with distribution-dependent elliptic PDE

For FBSDEs (6.1) and (6.2), we define V(z,u) 2 Y"* for some initial state ¢ with
distribution p. We first present the continuity result for V.

Lemma 6.7 Assuming all assumptions in Theorem 4.4 are satisfied, we have, for any x,2’ € R
and p, ' € Po, there exists a constant C' > 0 such that

Vi, p) = V(' 1) < Clz = 2| + Walp, 1)) (6.34)

Proof Let (X%, Y& X#v& y2ué) and (X&,Y%, X*2:8 Y*2:8) be the solutions of
Equations (6.1) and (6.2) with L¢, = p1, Le, = p2. Set

X = x& X’ﬁz7 VeE—vyé — Y&,
Xﬂﬂ,g — xrué _ X’lﬂzﬁz7 Yw,f — yeué _ yw2.ée (635)

C1,C4,C3,Cy appeared in the following proof are positive constants.

—rt|Y;-”£17§1 _ YtI2,E2 |2

Applying 1t6’s formula to e , we get

Vg8 — Y < OIE / et [(&P9 4 (7 + WEXS X8 at
< CiE /0 Tt [()2’5”15)2 + (V%)% + (Xf)ﬂ dt. (6.36)
Applying It6’s formula to e Tt XTEYTE e get
]E/OOO -t [(X“) (Yf’f)ﬂ dt < Cy <Xg’ff/§’5 +]E/OOO e”(Xf)2dt>. (6.37)
It turns out that

(YI4)? < CLCu X TV + (C1Cy + C)E / e "HXE)2dt
0

1 wxg C%CS AIvg 2 > —rt Af 2
§(Y )2+ 5 —= (X)) + (C1C2 + C1)E ; e "(X7) dt. (6.38)
Thus,
(V) < C2C3(RE€)? + 2(C1Cy + C)E / e (XE)%dt. (6.30)
0
Applying the same arguments to e_’"t|?f|2 and e "' X¢Y€ we can get that
E/ e_Tt(Xf)th < C3E|§1 - £2|2. (640)
0
So, we can deduce that
Y5t — Y2 <y (lz1 — zal® + Elé1 — &%) . (6.41)

Since YO‘%’E depends solely on the distribution of £, we have

V(@1, 1) = V(g p2)* < Cy (Jo1 — xaf* + W3 (11, p2)) - (6.42)
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Then, we get the desired result. |
We now assert the following theorem.

Theorem 6.8 Considering all assumptions in Theorem 4.4 are satisfied, the function V(x,u) is
a viscosity solution of PDE (6.4).

Proof We only show that V is a viscosity subsolution of PDE (6.4). A similar argument will
show that it is also a viscosity supersolution of PDE (6.4).

Due to the uniqueness of solutions of FBSDEs, it is not hard to see that for any ¢ > 0,
V(Xf’g,ﬁxf) = Y%, Let ¥ be a test function and (z°,1°) € R x Py be a local maximum of

U — V. We assume without loss of generality that V(z°, u°) = ¥(2°, u"). We suppose that
(L)W, 1) + F(2°, 1, V(1)) < 0, (6.43)
It follows from the above that there exists an open subset O C R x Py that contains (20, u°)

such that for all (z,pu) € O,

{V((E,/J) < \I/(Z'7LL), (6 44)

(LY)VI(@, p) + F (2, p, V(2, 1)) < 0.

Taking an initial state ¢&° € L2(Fp;u®), we consider the processes (Xfo,on,Zfo) and
(Xfo’go,on’Eo,Zfo’go), which are solutions to FBSDEs (6.1) and (6.2), respectively. For some
T > 0, let 7 denote the stopping time

2 inf{t > 0[(X5 ¢ L w) ¢ OYAT. (6.45)

x£°
Let ps 2 L €0, we first note that the pair of processes
— — A z07&-0 110’50
Y (@),Z(@1) = (Yin; ’I[O,T] (t)Z; ), 0<t<T, (6.46)
is the solution of the BSDE
T
— .0 +0 (170 0 (170 0
Y = V(X7 o ,P-r) +/ I[O,T](S)F(Xs o 7pS7V(Xs o ,ps))ds
t

T
- / Z,dB,, 0<t<T. (6.47)
t

Next, it follows from Itd’s formula that the pair of processes
~ ~ A $0,£0 $07£D
()/tv Zt) = (\I/(Xt/\‘r ) pt/\7—)7 I[O,T] (t)al‘\ll(Xt/\T ) pt/\T)) (648)

is the solution of the BSDE

T
V=W ) = [ Do (LU ) ds
t
T A
- / 2,B,, 0<t<T. (6.49)
t

Define
By = —LUW)(XZ pg) = F(XZE p VX p,)) (6.50)



Probability, Uncertainty and Quantitative Risk 65

and
(f/ t),2 (t)) - (ff O -V, 20) -2 (t)) . (6.51)
We have
~ 0 0 0 ¢0 T
Y, = U(XEE pr) = V(XS pr) + / Ijo,71(5)Bsds
t
T ~
7/ Z,dB,, 0<t<T. (6.52)
t
Therefore,

Yo=E {i@ + / ’ ﬂsds] (6.53)
0

Now, from the choice of O and 7, a.s.

Ve =0(X2 o) V(X p) =0, B >0, se0,7]. (6.54)
Consequently, Y = ¥(z°, %) — V(2°, u®) > 0, which contradicts the earlier assumption. O
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