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1. Introduction

In Peng [21], the notion of g-expectation was proposed through backward stochastic
differential equations (BSDEs). It preserves almost all the properties of classical mathematical
expectation except linearity. Since the notion of g-expectation was introduced, reference [1]
proved a converse comparison theorem for BSDEs and showed that the monotonicity of
g-expectations inversely determined the comparative properties of their generators; the authors
of [5] studied the time-consistency, monotonicity and regularity of nonlinear expectation and
g-expectation; Jiang [17] studied the convexity, translation invariance and subadditivity of
g-expectations, and obtained sufficient and necessary conditions for these properties. Jensen’s
inequality has also attracted much attention in this area. Jensen’s inequality for g-expectation
and nonlinear expectation and related problems have been studied in [3, 8, 12, 27], where many
interesting results were obtained. Jiang [16] obtained a sufficient and necessary condition for Jensen’
s inequality of BSDEs. More properties of g-expectation have been studied in [11, 15, 25]. By the
theory of g-expectation, applications in fields such as finance, economics and insurance have
been studied in [2, 10, 14, 23, 26, 30].

The expectation of a random variable is uniquely determined by its distribution in classical
probability theory. However, it is often not law-invariant in nonlinear expectation theory.
BSDEs have important applications in finance, particularly in characterizing wealth processes in
portfolio optimization problems. Sometimes, we only need to find the optimal terminal
distribution and replicate a random variable with that distribution. Therefore, people are more
concerned about BSDEs with a given terminal distribution. Xu, Xu, and Zhou [29] proposed the
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notion of g-expectation of distributions and obtained some interesting results.

Motivated by Xu, Xu, and Zhou [29], this paper aims to investigate some properties of the
g-expectation of distributions. First, we obtain the monotonicity by constructing a random
variable associated with a modified distribution function. Second, we derive Jensen’s inequality
for the g-expectation of distributions depending on this monotonicity result and the work in
Jiang [16]. Based on the translation invariance and positive homogeneity of g-expectation, we
demonstrate that these characteristics remain valid when considering g-expectation of distributions.

Third, based on the previously established monotonicity, we establish a monotone weak
convergence theorem for the g-expectation of distributions. Limit theory in the nonlinear
expectation framework is mainly conducted under sublinear expectations defined in Peng [22].
However, the convergence of a distribution function sequence under the g-expectation cannot be
obtained directly through the convergence theorems studied in [13, 19, 28, 31]. For a non-
decreasing sequence of distribution functions, we establish that the g-expectation of distributions
is monotonically non-increasing and converges with weak convergence of distributions. However,
for a non-increasing sequence of distribution functions, to obtain the result, we need some kind of
local consistency condition. This condition is reasonable in the nonlinear expectation framework
as additional assumptions are required when establishing monotone convergence theorems for
capacities under Choquet expectations and for random variables under G-expectations.

Finally, based on the established monotone convergence theorem, we prove Fatou’s lemma and
a convergence theorem. Notably, unlike classical convergence conditions, our requirements are
intrinsically tied to distributional properties. Specifically, we should verify that the limit of the
sequence of distribution functions remains a distribution.

The structure of this paper is organized as follows. In Section 2, we introduce some
assumptions and lemmas related to g-expectation. The monotonicity and Jensen’s inequality for
the g-expectation of distributions are proved in Section 3. In Section 4, we establish three
convergence theorems with respect to the g-expectation of distributions.

2. Preliminaries

Let (Q, Fr, P) be a complete probability space with a given real number T > 0, and (By)>0
be a d-dimensional standard Brownian motion on this space. Let (F:)i>0 be the filtration
generated by Brownian motion (B;);>o and augmented by the set of all P-null subsets. For any
positive integer n and z € R", |z| denotes its Euclidean norm.

We denote the set of all square-integrable F;-measurable random variables by L2(€, F, P),
t € [0,7]. We also define the following usual spaces of processes:

S2(0,T;R) = {w : ¢ continuous, progressively measurable and E[sup, ¢, 7 [ve|?] < —|—oo},
H2(0,T;R%) = {w : 1) progressively measurable and E[fOT |94 2dt] < +oo}.

Throughout the paper, we consider a function ¢: x [0,7] x R x R? - R such that the
process (g(t,y, 2))tefo, is progressively measurable for each pair (y, z) in R x R?, and furthermore,
g satisfies the following assumptions (A1) and (A2):

(Al) There exists a constant K >0 such that dP x dt-a.s., Vyi, y2 € R, z1, 29 € R,
l9(t,y1,21) — g(t, y2, 22)| < K(Jy1 — y2| + |21 — 22) -

(A2) The process (g(t,0,0)):c(0,7] belongs to H2.
(A3) dP x dt-a.s., Vy € R, g(t,y,0) = 0.
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We consider the following BSDE:
T T
Y}:X—k/ g(s,Ys,ZS)ds—/ ZsdBs, 0<t<T, (1)
t t

where the terminal value X is an Fr -measurable random variable.

Let g satisfy (A1) and (A2). Then for each X € L?(Q, Fr, P), there exists a unique pair of
processes in S2(0,T;R) x H2(0,T;R?), denoted by (V;(g,T, X),Z2:(9,T,X))yep0,7)> solving the
BSDE (1) (Pardoux and Peng [20]). Using the solution of BSDE, the notion of g-expectation and
some properties of g-expectation were proposed in Peng [21].

Definition 2.1 Let g satisfy (A1) and (A3). For each X € L*(Q, Fr, P), let (Yy, Zi)iepo,r) be
the solution of BSDE. The g-expectation of X is defined as e4[X] = Yy(9, T, X).

Lemma 2.1 Let g satisfy (A1) and (A3). Then, for any &, n € L*(Q, Fr, P), the following
statements hold:

(i) (Preservation of constants) e4lc] = ¢, Ve € R;
(i) (Monotonicity) If £ > n, then €4[€] > e4[n];
(iii) (Strict Monotonicity) If £ = n and P(§ > n) > 0, then 4[&] > €4[n)].

The probability distribution function of a real random wvariable is a nondecreasing right-
continuous function F':R — [0,1] satisfying F(—o0) =0 and F(4o00) =1. If there exists a
random variable X € L2(Q, Fr, P) such that X is with the distribution F', we say that F is a
reachable distribution.

We denote the set of all reachable distributions of random variables in L?(€2, Fr, P) by M, i.e.,
ME{F|X~F, X €L, Fr,P)}.

In Xu, Xu, and Zhou [29], the notion of g-expectation of distributions was proposed.

Definition 2.2 Let the generator g satisfy (A1) and (A3), let F be a distribution in M, and let
X € L3(Q, Fr, P) satisfy X ~ F. The optimal solution to the problem

Jnf_eg[X]

is denoted by X*, and the infimum value is called the g-expectation of F, denoted by
eglF] = Inf e,[X].

In this paper, we always assume that (£, Fr,P) is an atomless probability space and all
random variables are defined on this space. We further assume that g satisfies assumptions (A1)
and (A3) and all distribution functions discussed belong to M.

3. Monotonicity and Jensen’s inequality for g-expectation of distributions

In this section, we study the monotonicity and Jensen’s inequality for the g -expectation of
distributions proposed by [29].

We first list some useful results with regard to probability distribution functions and quantile
functions. For a distribution F € M, its (left) quantile is defined as

F~Y(u) & g(u) =inf{x € R| F(x) > u}, uc(0,1).
The following Lemma 3.1 and Lemma 3.2 present some relationships between a distribution

function and a random variable on (Q, Fr, P), which can be found in Follmer and Schied [9] and
Riischendorf [24], respectively.
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Lemma 3.1 Let U be a random variable with a uniform distribution on (0,1), and let g be the
quantile function of F; then, X = q(U) has the distribution F .

Lemma 3.2 Let X be a random variable with Fx , and let U be uniformly distributed on (0,1),
which is independent of X. For all x € R and X € [0,1], the modified distribution function of X
1s defined as

Fx(z,)) 2 P(X < z) 4+ AP(X = x),
then, U 2 Fx (X, U) is uniformly distributed on (0,1), and X = F'(U).
The following theorem establishes monotonicity for the g-expectation of distributions.

Theorem 3.1 (Monotonicity) Let F' and G be distribution functions in M. If F <G, i.e.,
F(z) < G(x) for all x € R, then
e4[F] = €4[G].
Proof Let X be a random variable with F; it is obvious X € L2(Q, Fp, P). Let U be
uniformly distributed on (0,1) and independent of X . By Lemma 3.2, we can get
X = F(U),
where U £ Fx(X,U) is uniformly distributed on (0,1), and Fx is the modified distribution
function of X . Using U and the distribution G, we construct a random variable
Z =G YU).
By Lemma 3.1, we know that Z is with the distribution G.

Since F(x) < G(z) holds for all z € R, by the definitions of F~! and G~!, we can
immediately get

F~Yu) > G Hu), Yuc(0,1).
So, we have
X=FYU)=G6YU)=2
According to Lemma 2.1 (ii), we have

&9l X] > (7] > jnf e,[Y].

Since the random variable X with the distribution F' is arbitrary, by Definition 2.2, we can obtain

gglF] = inf g4[X] > YinfGe_q[Y] £ ,[G).

The proof of Theorem 3.1 is complete. O

Jensen’s inequality is a fundamental inequality in probability theory. Some results on Jensen’s
inequality of g-expectation and nonlinear expectation were obtained in [1, 3, 12, 16]. By Jensen’s
inequality for g-expectation, some results on g-submartingales and the pricing of contingent
claims for European options in an incomplete market were obtained in Chen, Kulperger, and
Jiang [4]. We now study Jensen’s inequality for the g-expectation of distributions. Roughly speaking,
we aim to find a suitable convex function f such that the inequality

egf(F)] = f(ey[F)), FeM,
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holds. We have the following Theorem 3.2.

Theorem 3.2 (i) (Jensen’s Inequality) Let f: R — R be convex and continuous on the closed
interval [0,1]; let F '€ M. If f(F) € M and ¢4[F] € [0,1], then

eg[f(F)] = f(eg[F)).

(ii) Let g be independent of y and superhomogeneous with respect to z; let ¢ be a strictly
increasing and convex function on R. For any F € M, if F® € M, then

eglF?) = d(eglF),
where F?(x) 2 F(¢~'(x)) for all z € R.
Proof (i) Since F' and f(F') are distribution functions in M, we have

OZzEr_nOOF(:E):xlim [f(F)](z), 1= lim F(x)= lim [f(F)](z).

——00 T—+00 T—+00

Since f is continuous on [0, 1], we have

f(0)= lim f(F(z))= lim [f(F)](z)=0,

)= Tim f(F@) = lm [f(F)](z)=1

Using the convexity of f on [0, 1], we obtain
fO)=f(1-t) x0+tx1) <A —-1t)f(0)+tf(1)=1t, Vte]|0,1].
Thus, we have
ft) <t, Vtelo,1]. (2)
It follows that
f(F(x)) < F(z), VYxe€R.
Note that f(F) is a distribution function and f(F) € M; by Theorem 3.1, we have
gg[f(F)] = gg[F]. (3)
Due to 0 < g4[F] < 1, it follows from (2) that
f(eg[F]) < &4[F].
Together with (3), the above inequality yields
eglf(F)] = fleg[F]).
(ii) Since F', F® € M, then for each random variable X, we can prove that
X ~ F if and only if ¢(X)~ F?.
Indeed, if X ~ F', since ¢ is strictly increasing, we have

P(p(X)<y)=P(X < ¢ '(y))
=F(¢~'(y) = F’(y), VyeR.

So ¢(X) ~ F?. If Y ~ F? then
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P(¢7H(Y) <) = P(Y < 6(2))
= F%(¢(x)) = F(¢"(¢(2)) = F(z), Yz eR.

Hence, ¢~ 1(Y) ~ F.
Since g is independent of y and superhomogeneous with respect to z, by Jensen’s inequality of
g-expectation in [16], it follows that

eg[0(X)] > ¢(eqX]), VX € L*(Q, Fr, P). (4)
From (4), Definition 2.2, and the fact that ¢ is strictly increasing, we obtain
BlylF]) = 0 inf e,[X]) < inf o(c,[X])

< )}E%EQ[QS(X)} = ¢>(Xi§l~fF¢ EQ[(ZS(X)} = Yiangdfg[Y} = EQ[F¢]'

This completes the proof. |

Example 3.1 Let f(x) =22 for all x €R, let a € R, and let F, denote the degenerate
distribution function at a, i.e.,

1, z=>a.

Fu(z) = {0, T < a,

It follows that f(Fy,) = F,. With the help of Lemma 2.1 (i) and Definition 2.2, we obtain that
gq[Fu] = a. Consequently,

FleglFa]) = (g4lFal)? = a®, gglf(Fu)] = 4[Fu] = a.
When €4[Fq] ¢ [0,1], i.e., a ¢ [0,1], then
f(eg[Fal) > gl f (Fa)l,

which means that Jensen’s inequality for the g-expectation of distributions does not hold in this case.
When e4[Fy,] € [0,1], we have

fleglFa]) < gglf (Fa)l,
which is exactly the statement of Theorem 3.2 (i).

In the following proposition, we establish the translation invariance and positive homogeneity
for the g -expectation of distributions, which can be obtained from the translation invariance and
positive homogeneity of g-expectation (see Peng [21] and Jiang [17]) immediately, and we omit
the proof.

Proposition 3.1 Let F € M. The g-expectation €4[-] satisfies the following properties.
(i) (Translation Invariance) If g is independent of y, then for all c € R,
eg[F] = e4[F°] + ¢,

where F¢(x) & F(x +c) for all z € R.
(ii) (Positive Homogeneity) If g is positive homogeneous with respect to (y,z), i.e.,
g(t, My, Az) = Ag(t,y, 2) for all A\ > 0 and (y,z) € R x R?, then

Xeg[F] = eq[F?,
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A A 1
where F*(z) = F(xx) for all z € R.

4. Convergence theorems for g-expectation of distributions

It is well known that the monotone convergence theorem, Fatou’s lemma, and the dominated
convergence theorem hold for classical linear mathematical expectations. This raises a natural inquiry:
do these results still hold for the g-expectation of distributions? In this section, we will discuss
these convergence theorems for the g-expectation of distributions.

We recall the definition of weak convergence for distribution functions. The following
definition can be found in Durrett [6].

Definition 4.1 Let {F,},>1 and F be distribution functions on R. We say {F,}n>1 converges
weakly to F, denoted by F,, — F, if hIJIrl F,(x) = F(x) holds for all x € Cp, where Cr C R is
n——+00

the set of continuous points of F'.

Theorem 4.1 (Monotone Weak Convergence Theorem) Let {F,},>1 and F be distribution
functions in M, and F, —> F.

(i) If {Fn}n>1 is a nondecreasing sequence, then €4[F,] | €4[F);
(ii) If {Fn}n>1 is a nonincreasing sequence, and {F;'},>1 converges uniformly to F~1 on
Cp-1, then e4[F,] 1 €4[F].

Proof (i) For a nondecreasing sequence {F, }n>1, we first illustrate that
F,(z) < F(z), Yz eR.

For any = € R, there exists a sequence of continuity points of F(z), denoted as {z, }men+, such
that z,, | . It is obvious that

F(z) < F(am), Fu(r) < F,(zm), n=12,....
Note that F,, — F' and we have

lim F,(z,)=F(z,), m=12,....

n——+oo
Considering that {F),},>1 is a nondecreasing sequence, we have
F,(z) < Fp(@m) < F(zm), n=12,....
Since z,, | =, by the right-continuity of F' and F,,, we have

F.(x)= lim F,(z,)< lim F(x,)=F(z), VzecR.

m—+o00 m—+00
By Theorem 3.1, we have

EalFa) > 2 [Fuii] > [P,
It follows that

ngl-ﬁr-loo €g [Fn] > €g [F] (5)

Having proven one direction, we now demonstrate that the opposing inequality holds.
Remember that the quantile functions of F' and F;, are defined as
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F'u)=inf{z € R| F(z) >u}, F,'(u)=inf{zcR|F,(z)>u}, wuec(01).

n

Note that F~!(u) is a nondecreasing function and we know that (0,1)\Cp-1 is a countable set.
Since F,, — F, by Skorokhod’s Representation Theorem in [6], we obtain that

Jim () = P () (6)

holds for all but a countable number of u.

Let X be a random variable on (9, Fp,P) with the distribution F'; it is obvious that
X € L*(Q, Fr, P). Let U be independent of X and uniformly distributed on (0,1). By Lemma
3.2, there exists a modified distribution function F(X,U) such that

X-F)
where U £ F(X,U) is uniformly distributed on (0,1). For the distribution functions sequence
{F.}n>1, we define
X, 2E7HU), n=1,2,....

By Lemma 3.1, we know that the random variable X,, is with distribution F}, for each n € N7T.
Clearly, X,, € L?(Q, Fr, P). Since (0, Fr, P) is atomless, it follows from (6) that

lim X, =X, as.

n—-+o0o

Using (X, — X)? < (X; — X)? <2(X?+ X?), we have lim FE[X, — X]?>=0. By the prior

n—-+oo
estimate in [7], we know that

leg[Xn] — &4[X]* < KE[X,, — X]?, (7)
where K is a positive constant only depending on g and T'. We can deduce that

i ey[X,] = &[X). (®)

By Definition 2.2, we know that
EglFn] < £g[Xn]. 9)
From (8) and (9), we have

lim g4[F,]) < lm g4[X,] = ¢g4[X].

n—-+oo n—-+oo
Note that X with the distribution F' is arbitrary; then, we have

lim e4[F,] < Xiristg[X] = g4[F].

n—-+oo
Together with (5), the above inequality yields
lim e,4[F,] = g4[F).

n—-+o0o

Since {F},}n>1 is a nondecreasing sequence, we can deduce that e,[F,] | e4[F].
(ii) For a nonincreasing sequence {F},},>1, we similarly obtain

im ) = Pl (), (10)
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which holds for all but a countable number of u. We can also obtain that
Ful@) > Faya(x) > F(x)

for all z € R. By Theorem 3.1, we have
eg[Fn] < gg[Frya] < g4[F],

which implies that

lim &,[F,] < &,[F]. (11)

n—4oo

We now turn to the reverse inequality. According to Definition 2.2, for each distribution
function F,, there exists X € L?(Q, Fr, P), X" ~ F,, and

1
£g[Fn] < [ X™] < gy[Fu] + g n=L2
Thus, we have
ngrfoo £l X™] = ngrfoo gqlFn]. (12)

For each X(™ by Lemma 3.2, there exists a random variable U(") uniformly distributed on
(0,1) such that

X =FLw™)), n=1,2,....
For each U™, we can define a sequence of random variables as
Yim 2 EHUM™), Y10 2 FHUM™), m=1,2,...,
it is obvious that Y;,,, = F,; Y (U™) = X and by Lemma 3.1, we know that
Yom~Fn, Ynpioo~F
By (10) and the fact that (2, Fr, P) is atomless, we deduce that

lim Y, =Y, 40, as.
m——+o0

It follows from the prior estimate in [7] that

ml_ig_loo g[Yn,m] = €g[Yn 400]-

Since {F;'},>1 converges uniformly to F~! on Cp-1, we know that for any e > 0, there

exists a positive integer N such that for any n > N, we have

|E7 N (u) — F7 Y (u)| <€, VYuc€ Cp-i.

n

Noticing that (0,1)\Cr-1 has at most a countable number of u and that (2, Fr, P) is atomless,
we have, for any n > N,

|[F7H UMY — FY U™ <6, as.

Then, by the prior estimate in [7], see (7), we have
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leg B (U™)] = g[F~HU™)]] < Ke,
where K is a positive constant only depending on ¢ and T'. Hence, we have

lim g, [F7HU™)] = lim g, [F~Y{(U™))],

n——+oo n——+oo

which implies that

ngr}rloo €g[Ynnl = ngr}rloo €g[¥Yn,+oo]- (13)
From (12) and (13), we have
nBI—&I-loo glFn] = nllﬂ_loo Eg[X(n)] = nkrfoo gg[Yn,n] = nllg_loo €g[Yn,+oo]
> Yigg,gg[y] = g4[F].

Together with (11), the above inequality yields

lim e4[F,] = ¢4[F].

n—-+oo

Note that {e4[F,]}n>1 is a nondecreasing sequence; we can deduce that e4[F,] 1 ¢4[F].
The proof of Theorem 4.1 is finished. O

The following Example 4.1 gives an application of Theorem 4.1.

Example 4.1 Define a nondecreasing sequence of distribution functions {Fp}n>1 and a
nonincreasing sequence of distribution functions {Gp}n>1 as follows:

0, z<I, 0, z<-1
Fo()=43, 1<z<2+5, Gula)=4{3, —i<z<l,
1, z>2+41 1, z>1,
and define two distribution functions:
0, <1, 0, <0,
Flr)=413, 1<z<2,  G@)=q3 0<z<l,
1, =22 1, z>1

We can verify that F, — F and G,, — G.
By Theorem 4.1 (i), we know that

eg[Fn] 4 gg[F].

The quantile functions of G,, and G are respectively

Hence,
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which implies that {G;'},>1 converges uniformly to G=* on Cg-1. From Theorem 4.1 (ii),
we obtain

£9lGn] T €4[G].

Remark 4.1 The uniform convergence condition of quantile functions in Theorem 4.1 (ii) is
likely just a technical condition. The following example demonstrates that this condition is not
necessary for some special distribution sequences.

Define a nonincreasing sequence of distribution functions {Qn}n>1 and a distribution function
Q as follows:

0, x<%,
0, z<1
n — l l< <1 — I bl
Qi) =14 d<e<l Q=1 "7
1, x>1,

We can verify that Q,, — Q, and the quantile functions of Q, and Q are respectively

1 1
_ 5, 0<p< = _
Q 1 =<2 O Q 1 =1, 0<p<l.

By direct calculation, one gets

_ _ 1
sup |Qn1(p) - Q 1(p)| = 53
p€(0,1)
which means that {Q;;'}n,>1 does not converge uniformly to Q1.
With the help of Lemma 2.1 (i) and Definition 2.2, we have
59[Qn] - X’inf sg[Xn]v EQ[Q] =1L

n~Qn

For any random variable X, ~ Q,, and X ~ @, the prior estimate in [7] yields

K
leg[Xn] — £,[X]|? < KE[| X, — X|*] = =
where K s a positive constant only depending on g and T. Hence, lirf gl Xn] = g4[X], and
n—-—+0oQ
consequently,

£9[@n] T &4[Q]-

As this example illustrates, the uniform convergence condition for quantile functions is
unnecessary in the above context. However, due to the difficulties arising from the high

nonlinearity of the g-expectation of distributions, it remains challenging to ascertain whether this
condition is necessary for general conclusions.

Theorem 4.2 (Fatou’s Lemma) Let {F),},>1 be distribution functions in M.

(i) If nglian € M, then 6g[}llgl+12£Fn] > I:LE-T;E eglFnl;

(ii) If F £ limsup F,, € M and {H;'},>1 converges uniformly to F~* on Cp-1, where H,(z) £

n—-+o0o

inf sup Fy(y), Vo € R, n € N, then ¢,[limsup F,,] < liminfe,[F),].
Y>T k>n n—s—+o0o n—-+00

Proof (i) For each n € N*, we define a function

Gn(z) 2 klr>1f Fy(x), VzeR.
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Since {F,}n>1 is a sequence of distribution functions, it is obvious that for each n, G,(z) is
nondecreasing with respect to x, and for each x, G,(x) is nondecreasing with respect to n. Note
that G, (z) < F,(x) for all x € R and F,(—o0) = 0, we have

Gp(—00) & IEIPOO Gn(x)=0.

Now for each n, we want to prove that G,, is a distribution function. We only need to prove
that lim G,(z) =1, and G, () is right-continuous.
Tr—r 400

Since liminf F,, € M, we know that

n—-+o0o
lim lim Gp(z) = lim liminfF,(x)=1.
r—+00 n—+400 r—+00 n—+400

Therefore, for any € > 0, there exists a constant M > 0 such that
lim Gp(z)>1—¢ Vr>M.
n—-+oo
Hence, for every x > M, there exists a positive integer Njs such that G, (x) > 1 — € holds for all

n > Ny Remember that {G,},>1 is a nondecreasing sequence, and G,(x) is nondecreasing
with = for each n, for all z > M, we have

Gn($)>176, n=Npy,Ny+1,.... (15)
For n < Ny — 1, we know that Fi(z), Fa(x),...,Fn,-1(z) are distribution functions. Since
lim Fi(z)= lim Fy(z)=---= lim Fy,—1(x) =1, there exists M’ > 0 such that
T ——+00 T —+—+00 T ——+00
Fi(x)>1—¢ Fo(z)>1—¢€..., Fny,-1(z) >1—¢ Vo> M. (16)

Thus, for any e > 0, combining (15) and (16), we know that there exists M* = max{M, M'}
such that

G () = inf Fiy(x) = inf{F,(x),...,Fny,-1(2),Gn,, ()} >1—¢, Vx> M*Vn< Ny -1,
k>n Gp(z) >1—c¢, Vo > M*,Vn > Ny;.
Since e is arbitrary, it implies that
lim Gp(x)=1, n=12,....
r—+00
Next we prove that G, is right-continuous. For any a > 0, note that
Gn(x +a) = k11>1f Fr(x +a) < Fp(z + a).
>n
When « | 0, by the right continuity of Fj, we can obtain that
limsup G, (z + a) < limsup Fi(xz + a) = Fi(z), k=n,n+1,....
al0 al0
It implies that
E%Gn(z+a) X klglek(m) Gn(z), n=12, (17)

Meanwhile, for any a > 0, it follows from G, (z + a) > G, (x) that

lm Gy (z+a) =2 Gu(x), n=12,....
al0

By (17), the above inequality yields
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liﬁ}Gn(x—Fa) =Gp(zx), n=12,....

Hence, for each n, G, (z) is right-continuous. Therefore, G,, is a distribution function. It follows
from (14) that {G, },>1 is a nondecreasing sequence of distribution functions, and

liminf F,(z) = lim G,(z), Vze€R.
n—-+oo n—-+oo

By Theorem 4.1(i), we know that
gglliminf F,] = g,[ lim G,] = lim &4[G,]. (18)

P~ n—-+oo n—+oo
Since G, (z) < F(x) for all x € R, by Theorem 3.1, we have

eglGrn] 2 g4[Fn], n=1,2,....
It implies that

limsup e4[G,] > limsup ey [F,].
n—-+oo n—-+oo

By (18), we can obtain that

1711135_1;? gglFn] < nEI-sI-loo &9lGnl = ¢4 [}ng-',l—goan]

(ii) Since H,(x) is defined as
H,(x) = inf sup Fj(y), Vz € R,n € NT, (19)

y>x k>n

the definition implies that H,(x) is a right-continuous function.

Since {F,}n>1 is a distribution function sequence, it is obvious that for each n, H,(z) is
nondecreasing with respect to z, and {H,},>1 is a nonincreasing sequence. Note that
H,(z) 2 F,(x) and F,(4+00) =1, we have

H,(+00) & lim H,(z)=1, V¥necNT,

T—r+00
We now prove that

lim sup F,,(z) = 0. (20)

r—r—00 n>1
As F € M, we know that lim F'(x)= 0. Hence, for any € > 0, there exists M; > 0 such that
r——00
F(z) <e, Vo< —M.

Remember that lim sup Fj(z) = F(z) holds for all x € R. Taking x = —M;, we have

lim sup Fi(—M1) = F(—M),

n—-+o00 k>n
which implies that there exists a positive integer N such that for all n > N, we have
| sup Fr.(—My) — F(—M;)| < e.
k>n
It follows that 21>1p F(—M;) < 2¢ holds for all n > N, and we can deduce that

F,(x) < F,(—My) <2, Vo< —M;,n>N. (21)

For n < N —1, since lim F,(x) =0, we know that there exists My > 0 such that for all
T——00

r < —Ms, we have
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Fo(z)<e, n=1,2,...,N—1. (22)

Thus, for any € > 0, combining (21) and (22), we conclude that there exists M = max{M;, M>}
such that

sup F,,(z) = sup{Fi(x),..., Fn_1(z), sup Fr(x)} <2, Vz<-M.
n>1 k=N

Since ¢ is arbitrary, we know that (20) holds.
It follows from (19) and (20) that

lim Hy(z) = lim sup F,(z) =0.

Thus, we can deduce that

lim H,(z) =0, V¥YneNT.

r—r—00

Therefore, H,(x) is a distribution function and {H,},>1 is a nonincreasing distribution function
sequence.
We next want to prove that

l’lllrg-si}i(:[)) Fo(z) = nllg-loo H,(xz), VYzeR. (23)
Note that limsup F,, € M, so limsup F,, is right-continuous, and we have
n—-+4oo n—-+4oo
inf limsup F,(y) = limsup F,,(z), Vz €R. (24)
Y>T 400 n—+o0o0

For any fixed y > x, we have

inf sup Fi(y') < sup Fi(y).
y'>x k>n k>n

It follows that

lim inf sup Fx(y') < lim sup Fi(y) = limsup F,(y), Vy > z.

n—=+00 Yy > >y n—=+0 E>n n—+00

Since y > x is arbitrary, combining with (24), we can deduce that

i Hnla) = L Jof e Fily) < pflmeup Fuly) = Imawp Folo)- (o)
Meanwhile, for any y > x, we know that
sup Fr(y) 2 sup F (),
which implies that
Inf Sup Fi(y) = Sup Fi().
It follows that
Jum  Hy(z) = lim inf Sup Fi(y) =2 fim Sup Fo(x). (26)

From (25) and (26), we have
lim Hy(z)= lim inf sup Fj(y) = limsup F,,(z), VzeR.

n—-+oo n—+oo y>x k>n n—s+o0o
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Since {H,}n>1 is a nonincreasing sequence of distribution functions, and {H,, '},>1 converges

uniformly to F~! on Cr-1, by (23) and Theorem 4.1 (ii), we have
ggllimsup F,] = ¢4 lim H,] = nll}rfoo £g[Hp). (27)

n—-+oo n—+00
Note that H,(z) > F,(z) for all x € R. By Theorem 3.1, we can obtain

. .
n g SolHn] < imfnleglFal

It follows from (27) and the above inequality that

li F,] <liminfe,[F,].
Eg[ﬁilif J < lim infeg[Fy]

This completes the proof. O
Theorem 4.3 (Convergence Theorem) Let {F,}n,>1 and F be distribution functions in M. If
{F,}n>1 converges to F on R and {H,'},>1 converges uniformly to F~' on Cp-1, where

H,(z) y11>1£ it;p Fr(y), Vz € R, n € Nt then

lim ¢,[F,] = ¢4[F].

n—-+4oo

Proof Since 1irJIr1 F,(z) = F(x) holds for all x € R, we know that
n—r+00
liminf F}, () = lim sup F,,(z) = F(z),

n—+00 n—-+oo

which implies that lig_&ann € M and limsup F,, € M. By Theorem 4.2 (i), we have

n—-+oo
gglF] = eglliminf £5,] > lim sup < [Fl. (28)
As limsup F,, € M and {H, '},>1 converges uniformly to F~! on Cp-1, by Theorem 4.2 (ii),
n—-+oo
we have

eglF] = g4llimsup F,,] < liminfey[F,].

n—+o0o n—r+oo
In the view of (28) and the above inequality, we can obtain

lim e4[F,] = g4[F).

n—-+4oo

Now, we present an example of convergence for the g-expectation of distributions.

Example 4.2 For each n € N, a distribution function F,, is defined as

F,(z) =®(z+ %), Vz € R,

where ® is the standard Gaussian distribution function.
It is obvious that {F,}n>1 is not a monotone sequence of distribution functions, and F,

converges to ®. We set

H,(z) £ ;I>1£ :gp Fi(y), VreR,neNT.
>n

For all x € R, m € NT, we deduce that
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Ho () F,(x), n = 2m,
n\T) =
Fri1(z), n=2m—1

Note that ® s strictly increasing and continuous; we know that

H,(H;*(u) =u, @@ '(u)=u, VYuec(01).

n

When n = 2m, we know H,(z) = ®(z + 1), hence,

Hy(H, ' (u) = @(Hy ' (u) + ~) = u,
n
which implies that
1
Hy ') + —= & (u), Vue(0,1).
When n = 2m — 1, we know H,(x) = Fp41(z) = ®(z + %H)’ similarly, we have
1
H! =o! 1).
S+ =87 W), Yae (0)

So, we can deduce that

sup [H7 () — @ (u)| <
ue(0,1)

, VYneNT.

S|

Hence, {H,'},>1 converges uniformly to ®=* on Cg-1. By Theorem 4.3, we have

lim e4[F,] = ¢g4[®].

n—-+oo

Remark 4.2 Since our results mainly depend on the existence and uniqueness and comparison
theorem of BSDEs, our conditions on the generator g can be further weakened.

For example, we can consider the generator g of BSDEs, defined on Q x [0,T] x R? - R such
that the process (g(t, z))o<i<r 1S progressively measurable for each z € Re. Let g and F e M
satisfy the following conditions.

(A4) There exists a constant C > 0 such that AP x dt-a.s., for any z,z1,22 € R?,

l9(t, 2)] < CL+[121*)s lg(t 1) — g(t, 22)] < CAL A+ [zl + 22D 21 — 22
(A5) 3¢, deR, s.t. F(c)=0 and F(d) =1.

)
Under the condition (A5), the random wvariables with distribution F are bounded. Under the
conditions (A4) and (A5), the results of Kobylanski [18] indicate that the g-expectation of F,

gq[F) = )%lefF eq[X], is well defined. In this situation, the results in this paper can be similarly

investigated under some milder conditions.
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