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Abstract The G-expectation is a sublinear expectation. It is an important tool for
pricing financial products and managing risk owing to its ability to deal with model
uncertainty. The problem is how to efficiently quantify it since the commonly used Monte
Carlo method does not work. Fortunately, the expectation of a G-normal random variable
can be linked to the viscosity solution of a fully nonlinear G-heat equation. In this paper,
we first identify the limits of the uncertainty in the covariance of a two-dimensional G-
normal random variable and determine the corresponding G-heat equation. Then, we
propose a novel numerical scheme for solving the two-dimensional G-heat equation and
pay more attention to the case where there exists uncertainty on the correlation,
especially in the case that the correlation ranges from negative to positive. The scheme is
monotone, stable, and convergent. The numerical tests show that the scheme is highly
efficient.
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1. Introduction

In 2006, Peng [10] introduced the so-called G expectation to solve problems with model
uncertainty. It has developed rapidly in response to the increasing demand for robust
quantitative analysis and risk management. Moreover, according to Peng [11], G-expectation is a
coherent risk measure that satisfies all the axioms proposed in Artzner et al. [1]. Tt is difficult to
compute the G-expectation by Monte Carlo sampling since the distribution of the random
variable is uncertain. However, the G-expectation is related to a fully nonlinear G-heat equation
[11]. One can quantify the G-expectation by numerically solving the G-heat equation.

The work of Barles and Souganidis [3] provided a theoretical foundation for fully nonlinear second-
order equations that the numerical solution of a consistent and monotonic scheme converges to
the viscosity solution of the original equation. For the one-dimensional case, the G-heat equation
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appears early as an option pricing model with volatility uncertainty, Pooley et al. [12] developed
numerical algorithms and discussed their convergence properties. For the multi-dimensional G-
heat equations, it is non-trivial to construct a monotone scheme to ensure its convergence to the
viscosity solution (Barles and Souganidis [3], Barles et al. [2]). In this paper, we take the two-
dimensional G-heat equation as an example, while the three-dimensional case can be analyzed
analogously.

The two-dimensional G-heat equation also appeared early as a two-factor uncertain volatility
model. Pooley et al. [13] numerically solved the equation; however, the scheme was not
guaranteed to be monotone. The main difficulty in constructing monotone schemes is to treat the
cross-derivative term. When the sign of the correlation is determined, a compact seven-point
stencil (Oksendal and Sulem [9], Clift and Forsyth [5]) that relies on the sign of the correlation is
employed for the discretization of the cross-derivative. To ensure monotonicity for problems with
the cross-derivative, Bonnans and Zidani [4], Debrabant and Jakobsen [6] focused on explicit
wide stencil schemes, while Ma and Forsyth [8] proposed an implicit numerical scheme that
combines the use of a fixed-point stencil and a wide stencil based on a local coordinate rotation.

However, so far, there has been no discussion that takes into account the situation in which
the sign of the correlation is uncertain. The approximation of the second-order cross-derivative is
crucial in obtaining a monotone scheme. The selection of the seven-point stencil depends on the
sign of the correlation, while the correlation, in turn, depends on the selected seven-point stencil
due to the nonlinearity. To break this cycle of dilemmas, we develop a novel implicit numerical
scheme that is stable, consistent, and monotone. Thus, our numerical scheme guarantees the
convergence to the viscosity solution.

The organization of this paper is as follows. In Section 2, we review the basic concepts of the
G-expectation. We identify the limits of the uncertainty in the covariance of a two-dimensional
G-normal random variable and determine the corresponding G-heat equation. In Section 3, we
develop an implicit numerical scheme to solve the general two-dimensional G-heat equation for
the case where the correlation varies from negative to positive. In Section 4, we show the
monotonicity of the scheme, which guarantees convergence to the viscosity solution. We present
an estimate of the convergence rate. In particular, we show that the nonlinear iteration at each
timestep is always convergent. In Section 5, we validate the efficiency of our numerical scheme
through numerical examples. Finally, we provide some conclusions in Section 6.

2. Background

In this section, we recall some basic knowledge about Peng’s G-stochastic calculus [11]. We
identify the ranges of the uncertainty on the covariance of a G-normal random variable and
determine the corresponding G-heat equation.

Before proceeding with the definitions, we introduce the relevant mathematical spaces used
throughout this paper. Let Q be a given set and let H be a linear space of real valued functions
defined on . H satisfies the following two conditions: (1) ¢ € H for each constant ¢ and (2)
|X| € H if X € H. The space Cy_1i,(R?) consists of local Lipschitz continuous functions ¢ satisfying

lo(x) = ()l < CA A+ 2™ + |y™)e —yl, Va,y € R,
for some constants C' > 0 and m € N depending on ¢.

Definition 2.1 The G-expectation E is a sublinear expectation that is a functional E: H —R
satisfying
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(a) Monotonicity: If X >Y, then E[X] > E[Y];
(b) Constant preserving: E[c] =c,Vc € R;

(c) Sub-additivity: E[(X +Y] < E[X] +E[Y];

(d) Positive homogeneity: E]AX] = AE[X],VA > 0.

Definition 2.2 Let X; and X be two d -dimensional random vectors defined on the sublinear
expectation spaces (0, H,E). They are called identically distributed, denoted by X, 4 X, if

Elp(X1)] =E[p(Xs)], Ve € Crrip(R?).

Definition 2.3 In a sublinear expectation space (2, H,E), a random vector Y € H? is said to
be independent of another random wvector X € He under E if for each test function o €
Ci.1ip(R??) we have

Elp(X, V)] = E[E[p(z,Y)]o=x] -

Definition 2.4 (G-normal distribution) A d-dimensional random vector X = (X1,...,X4) in a
sublinear expectation space (2, H,E) is called G-normal distributed if for each a,b > 0 we have

aX +bX 2 \/a2 + 02X
where X is an independent copy of X .

Given a G-normal random variable X € R?, we want to quantify its G-expectation E[p(X)]
for some application . Due to the uncertainty in covariance, we do not know how to obtain the
samples for X, so the common-used Monte Carlo simulation is inapplicable to the G-expectation.
Let u(t,z) = E[p(z + vtX)], Peng [11] shows that u is the viscosity solution of the following so-

called G-equation

du — G(D*u) =0, (t,z) € (0,00) x RY, (2.1)
U(O,(E) = ‘P(x)a '
where D%y is the Hessian matrix of » and
1
G(A) 1= LB[(AX. X))
=;$gﬂM@7 (22)

where A €S(d), S(d) denotes the space of d x d symmetric matrices, and © represents the set of
all possible symmetric matrices, which is a given bounded, closed, nonnegative-definite, and
convex subset of R¥™4. If © is a singleton (© = {Q}), then X is a classical zero-mean normal

distributed with covariance @. In general, © characterizes the covariance uncertainty in X, and

O’% b12 e bld
b21 U% e b2d

Q - . . . . ’ (23)
bdl bd2 e 03

is a symmetric nonnegative-definite matrix, and b; ; = b; ;.
Hence, if we can solve the G-equation (2.1), we get E[¢o(X)] = u(1,0).
In this paper, we will only consider two-dimensional problems, that is, X = (X7, Xs).

Equation (2.1) can be rewritten as
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2 2

o o

Ug — sup <1um + 2y, + blguzy) =0, (t,z,y) € (0,00) xR xR,
Qeo \ 2 2

U(O,.’L’, y) = <p(x, y)7

(2.4)

where the uncertainty in @ can be identified by testing the proper symmetric matrices A in
equation (2.2). Choosing, respectively, in equation (2.2),

Alz((l) 8), A2:<_01 8), (2.5)

we can derive the uncertainty in the variance of Xj:

sup oF =R [XIQ] ,
7€l (2.6)

alirel£10% =-E [—Xlz] .

It is evident that of € Ty 2 [-E[-X3],E[X?]].

Similarly, by choosing matrices A in equation (2.2) as

A3:<8 (1’) A4:<8 _01> (2.7)

we get 03 € Iy 2 [-E[-X73],E[X2]]. Meanwhile, by choosing specific matrices A as

A5<(1) é) A6(_01 _01), (2.8)

we get the uncertainty in the covariance between X; and Xs:
sup bia = E[X; X5],

b12€l12 (29)
inf b12 = 7]E[7X1X2].
b12€l12
Thus, we obtain bis € I'12 2 [E[-X1X2],E[X;X3]]. In summary, equation (2.1) can be written
as follows:
o? o2
Up — sup <1um + iuyy + blgumy) =0, (t,z,y) € (0,00) x R x R,
afel"l,agel—‘g, 2 2 (210)
b12€l12

u(0,z,y) = ¢(z,y).

Specifically, if X; is independent of Xs (or if X5 is independent of X7), we have E[X;X5] =0,
and bjz = 0. The G-heat equation (2.1) is as follows:

0'2 0'2
Uy — sup <1um + 2uyy) =0,(t,z,y) € (0,00) x R x R,
U%GFl,U%GFQ 2 2 (211)

u(0,z,y) = ¢ (z,y).

Remark 2.5 If there is no uncertainty in the volatility o2 and o3, that is, —E[—X?]=

E[X?] = 0? and —E[-X3] = E[X2] = 03, then we can define the uncertainty in the ‘correlation
coefficient’ as

be [—]E[—XlXQ] IE[XlXQ]].

0102 ’ 0102

Otherwise, we do not have the concept of the correlation coefficient.
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Equations (2.10) and (2.11) are HJB equations of some stochastic control problems, and
numerical methods have been extensively investigated when the sign of bio is definite [5, 7-9]. If
E[-X1Xs] - E[X1X5]] >0, then the sign of bjo varies. There does not exist any reliable
numerical scheme for this case.

3. Finite difference scheme

In this section, we consider the case where the sign of covariance b5 in the G-heat equation
(2.10) is uncertain.

2 2
o o
wp — sup (;um + ;uyy + blguzy> =0,(t,z,y) € (0,00) x R xR,
o2el,02€ls, (31)
b12€l12

u(0,z,y) = (z,y),
where I'; = [QQ,JTZL Iy = [227@2], and I'1 = [b12, b12] and, specially,
bia < 0 < bya. (3.2)

Here, we used the notations @;° =E [X?], 0,2 =-E[-X?], and b1z =E[X1X,], bi2
—E[-X1X3].
The optimal variance and covariance are achieved at the endpoints of the intervals, depending

only on the sign of the second-order partial derivatives, that is,

) 1 Uga >0,
%51 (uwz) = (33)

2
01% Uze <0,

—2
2 02" Uyy > 0,
05 (Uyy) = 3.4
3 () {@2uyy<0, (3.4
and
bia Uy >0,
b12 (Ugy) = 3.5
12 ( y) {bm Uy <0. ( )
For computational purpose, we confine the problem (3.1) within a truncated domain,
0<t<Tand (z,y)€Q, Q={(z,y)|lz[ <L, |y <L},
with the Dirichlet boundary condition. Subsequently, the problem is reformulated as
02 (Ugg o2 (u
Ut — % TTr %yy)uyy - b12 (ua:'q) Ugy = 07 (t,x,y) € (OaT) X Q7
3.6
ult=o = ¢(7,y), (3.6)

u|(m,y)€89 = ¢ (t,x, y) .

Remark 3.1 The Dirichlet boundary condition is itmposed. We can expect the errors incurred
by imposing approximate boundary conditions to be small in areas of interest if the truncated
domain is sufficiently large [2].

Taking an equi-distance partition with a spatial step size h = 2L/M, At =T /N, we have grid
points x; = =L +ixh, yj=—L+j*xh, t" =nAt, for¢,7=0,...,M and n=0,...,N.
Let Uj'; denote the approximate solution at (t",z;,y;). An implicit scheme for solving

equation (3.6) is expressed as, for n =0,...,N — 1,
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2 2rrn+1 2 271n+1
g (5 U< . o jat
U —— ( 5 )5§U;};1—72 ( o )5§U;};1—(b125wU);fjl =0, 0<4,j<M,
Ui @igeon = & (1" 20,y5)
where
+1
(;tU'n—'Q—l — U:,L] B Ui?fj
& At
+1 +1 +1 +1 +1 +1
S2pnH — Uity =205 + U5 S22+ — Ui — 207 + Ui
AN h2 [T % A h2 ’
(b1202yU)} T = max (br20, Ul b1ad,, U (3.8a)
1 1 1 1 1 1 1
I Sy 200+ U — (URY + U + U + U 3.8
Ty -i,g 242 ) ( . )
+1 +1 +1 +1 +1 +1 +1
5 gt — Uty F U + UR + URT, — (U 1208 + U 40) (3.80)
Ty~ 1,) 2h2 ’
and
—2 .
01 ifs>0
ot (s) = . ’
o1“ ifs<0,
—, (3.9)
) o) if s > 0,
02 (S) = 2 .
oy if s < 0.

Remark 3.2 The approzimation of the second-order cross-derivative in (3.8a) plays a key role

in obtaining a monotone scheme. As is known, whether 5iji’fj7L1 in (3.8b) or §;in’?j+1 in (3.8¢)

should be applied to approrimate the second-order cross-derivative depends on the sign of b, but
the sign of bia depends on the sign of 53?in,le in equations (3.2) and (3.5). The choice in (3.8a)

breaks this cycle of dilemmas. When 52‘yUZ;'1 <0 and 5;yUij‘-"1 > 0, the choice in (3.8a) yields

b1o * 6Iin7;r1 < 0, which breaks the constraint bis * uzyy > 0 in (3.5). However, with this choice,

the scheme (3.7) is monotone and works well. In fact, when 5;&-in7?1 <0 and 6;in7f;r1 >0, we

have ugy =~ 0, which means that the second-order cross-derivative is ignorable.

Since equation (3.7) is a nonlinear system, an inner iteration is needed to obtain the solution

Up; at each time step. Let Uffl’k be the k" estimate of U;fj‘-”'l. U;jl’kﬂ is given by the

following Picard’s iteration:
stk 2 ( 2r7nt1k

2
01 Wi 2 i
n+1,k+1 ("“’ 4 ) 27m+1,k+1 youg ) 27rn+1,k+1 kE capprntlk+1 _
0l T - 5 QUL T Ui (baa) Gy Uy =0,

Uio,j = So(xivyj)a

n+1,k
Ui’;_l +1‘(zi,y]‘)689 = QI) (tn+17xi7yj) ’
(3.10)
with U/ = U, where

7 e 7T o+ n+1,k — n+1,k

(b )k _ b12, if b126szi,j 2 bﬁdIZJU’L}j s (3 11)
P07 by i Brgbt UMHIR < pypso L '
O12, 01205, Uy 57 < 012055 Uy 5,

and
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+ if (b12)" = Do,
ap = { (b1z) "= bro (3.12)

— if (bio)" = buo.

In the next section, we discuss the convergence of the iterative scheme (3.10) and some
theoretical convergence issues of the discrete scheme (3.7).

4. Numerical analysis

The implicit scheme (3.10) leads to a nonlinear algebraic system which must be solved by an
inner iteration at each time step. In this section, we first prove the convergence of the inner
iteration and then check the properties of consistency, stability, and monotonicity.

4.1 Convergence of inner iteration
We first present an assumption, then prove the convergence of the inner iteration.

2
0'1 b12

Assumption 4.1 The covariance matriz 5
blg (o5

) 1s a diagonally dominated, where

O’% S {ﬂz,ﬂz}, Ug IS {22,62} and b1y € {bg,@}

2
Proposition 4.2 (Maximum principle) If the covariance matriz < 1;7 ! l;l; ) s diagonally
12 2

dominated, and {U}';} satisfies

o} o3 -
LaUpy = 6U7 = 50500 = 26U = biadg, Upy 2 0(<0), n=1,...,N, 0<i,j < M, (4.1)

where

+ if b2 20,
Oé:{ Zf 12 (42)

— if bia <0,

then the minimum (mazimum) of {U]";} can only be achieved at the initial or boundary points,
unless {U]";} is constant.

Reformulate the right-hand side of the system (4.1) into an operator form as

Ly = (=1 Ay T biad?, | U™ — U = AU —
At 2 2 oy At N At '
It is easy to check that, owing to the appropriate choice of the approximation of the second-
order cross-derivative, A = (a;;) is an M-matrix, that is, a; >0, a;; <0, for i#j, and
> jzilaij| < a;. Then, the above proposition follows.

Based on the maximum principle established above, we now prove that the nonlinear inner
iteration defined in equation (3.10) converges monotonically to the unique solution of the fully
implicit scheme (3.7).

Theorem 4.3 (Convergence of inner iteration) If Assumption 4.1 holds, then for any initial
guess U™TL0 the iterative sequence {U"TY*} oo in equation (3.10) is bounded and monotonically
increasing, and hence converges to the unique solution of (3.7).

Proof Without loss of generality (WLOG), we assume that there is no uncertainty in % and

. . —k
o2, and pay more attentions to the second-order cross-derivative. Denote by U = U"tLF and

wk =" Uk, where k > 1. Then, Wk] satisfies the following difference equation:

7
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Wk 42 o3 k1 —k
i 1 s2yi7k 2 211k E sa k—1 sou,_ _
L~ SO = oWl - (e T - el T) <0
WSl i) c00 = 0.
If (blg)ﬁj = (bm)?’;l, for example, it equals to b12, we have
WE o o2 _
ij 1 s2r1/k 2 211k + sk _
N ?QWM - jéyWi’j — 126, W/, = 0. (4.4)
If (blg)ﬁj #+ (b]_g),]z;l, for example,
(b12);; = bz, (bia);;" = Duz,
which means that, from (3.11), @6;?4?2 > Eéjyﬁz, then we have
Wikj U%z k ‘732 K — ik _ =k — 4 =k
Otherwise, if
(bi2)f; =brz,  (br2)i; " = bua,
which means that, from (3.11), @5;@5@ > @6;yﬁfj, then we have
i]fj 07 ok O3 ok T+ ik T s+ 77 — 77k
Combining (4.4)—(4.6), we have, for any 0 < i,j < M,
Wk 52 o2 N
A 715§W5j - 725§W{fj — (bi2)} ;055 W5 > 0,

subject to the boundary condition Wzkj =0, for (z;,y;) € 002. From the maximum principle, we
—k

have WE, >0, for 0 <i,j < M, that is, Us, > U, for k> 1.

Therefore, {Uk}k>0 is a monotonic increasing sequence. Next, we check the boundedness of
the sequence. From Proposition 4.2, the maximum principle is valid for the system (3.10). It
follows that

—=k+1
7] < max (11l oo s max 67| 00 (4.7)
Consequently, as a monotonic and bounded sequence, Uk converges. |

4.2 Monotonicity and convergence of the implicit scheme (3.7)

From the work of Barles and Souganidis [3], we know that numerical solution of (3.7)
converges to the viscosity solution of the fully nonlinear PDE (3.6) if the scheme (3.7) is consistent,
stable (in the lo, norm) and monotone.

To prove convergence to the viscosity solution, we first verify the consistency of the proposed
scheme.

Lemma 4.4 (Consistency) The implicit scheme (3.7) is consistent.

Proof It is easy to check that the difference equation in (3.7) tends to the G-equation (3.1) as
h, At — 0, since the ‘sup’ operation is continuous. O

We now give the definition of monotonicity. Denote it by
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9ij =49 (Uf;rl’ Ul'ss {U/Z;rl}(k,l)em,j) ;
the left-hand side of the difference equation (3.7), where N;; = {(k,l)# (i,j): |k—1i| <1,
|l — j| < 1} represents the set of all nearest-neighbor indexes of (i, 7).
Definition 4.5 (Monotonicity) The scheme (3.7) is monotone if for all (i,7),
9ij (Uznfl + 62j17U5?j,{U;ZzH (k,z)eNi,j)
> gi; (Uffl»Uij, {Uﬁfl}(k,l)em,j) , Vet >o, (4.8)
and
9i5 (UL U2 + €y AURE + 6 banen,)
<is (U UL AUE Y oen, ) s Vel et > 0. (4.9)
When the sign of the correlation in the equation is uncertain, proving the monotonicity of the

scheme becomes challenging. The following lemma shows that, under Assumption 4.1, the
proposed implicit scheme preserves monotonicity.

Lemma 4.6 (Monotonicity) If Assumption 4.1 holds, then the implicit scheme (3.7) is monotone.

Proof Considering that the proof process is quite technical and lengthy, we have included the
detailed proof in Appendix A. O

We next establish an [*°-stability result, which follows naturally from the discrete maximum
principle.

Lemma 4.7 (Stability) If Assumption 4.1 holds, then the fully implicit scheme (3.7) is stable, in
the sense that

max || 07|, < max (|l - max [16”]|c o0, ) - (4.10)
Proof Under the diagonal-dominance assumption, the maximum principle is valid for the
system (3.7). The estimate on I, (4.10) follows directly. O

We also have the following comparison principle.

Lemma 4.8 (Comparison Principle) If Assumption 4.1 holds, {U:f;'l} satisfies equation (3.7),

{Vlnjﬂ} satisfies the same difference equation

0.2 (52vn+1) 0,2 (52vn+1)
n+1 1 x " 1,] 2y n+1 2 Y1) 27, n+1 n+1l _
BV - S LRV - 2O LSV (biad, V)T = 0,

but subject to different initial and boundary values such that
Up; 2 Vij,
{Uffl(x,-,yj)ean > VI (2 c00s
then Ui”lfl > ViijJrl foralli,j=1,....M —1 andn < N.
Proof This lemma can be proved using the techniques in the proof of Theorem 4.3 and

Lemma 4.6 by applying the maximum principle to the governing system for W', := U}"; — V/"}.
O

Having established consistency, monotonicity, and stability, we can now prove the convergence
of the numerical scheme to the viscosity solution of the G-heat equation.
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Theorem 4.9 (Convergence to the viscosity solution) Let Assumption 4.1 hold, then the
implicit scheme (3.7) converges to the viscosity solution of the nonlinear PDE (3.6).

Proof Since the scheme (3.7) is consistent, [,.-stable, and monotone, the convergence follows
from the results of Barles and Souganidis [3] directly. O

Remark 4.10 If Assumption 4.1 does not hold, we can also use a wide stencil (see Ma
and Forsyth [8]) to construct a numerical scheme with relazed conditions, and we leave it to

future research.

In addition to convergence, we derive an explicit rate of convergence for the numerical scheme
under additional regularity assumptions on the viscosity solution.

Theorem 4.11 (Rate of convergence) Let u be the viscosity solution of equation (3.6), U be
the numerical solution of equation (3.7). If Assumption 4.1 holds and there exists some 8 € (0,1),
such that w € C'P/2248.([0,T] x Q), then

max ||u" — U], < C (At% + hﬂ) , (4.11)

where C' is a positive constant independent of At and h.

Proof Approximating the derivatives by corresponding difference quotients in (3.6), we obtain

0 =diu;’; + R — sup ( (62u u; +R”)> — sup <2 (52 ug'; —I—R”))

o?er; o2ery
—max{biz (6;,ui; + RY,) b1z (6,,ui'; + Ry) b, (4.12)
since sup (biaUsy) = max{biolyy, biat.,}. Here, we have the following truncation error terms:
bi2€Tl12 T
R =} — &u" = O((At)?/?), RI=ul, —02u" =O(h"), RI=ul, — 2" =O(h?),

and

xy Yy
Owing to sup(f + g) < sup f + sup g, we have

dpui'; — sup ( 592: Z) — sup < 2(55 Z) max{blgéwy ”,blgdw ”} < Ry, (4.13)

"%GFI a%EFg

where

2 2
Ry, =—R} + sup (?Rﬁ) + sup ((;QRZ) + max{bi2 R}, b1 R, }. (4.14)

g%erl U%GFQ

Given sup(f + g) > sup f + inf g, we have

2 o2
d¢ui; — sup (21 55 ?]> — sup ( 255 ?J) max{buéry ”,bmdzyu”} s (4.15)

2 2
ofer; o3ely

where

. o} . o3 o _
R, =—R+ inf <21R;;> + inf <22R;;> +min{bi2 R}, b1o R, }. (4.16)

2 2
ofer o3€r;
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Let V" =uj;, — U — " % max [ Riplloo- Then by the fact sup(f —g) > sup f —supg, we have
the following for 0 < i,j < M :

6V, — sup ( 53ij> sup (2 5§VZ”J> max {b126,, V", b126,, V" }

U%EFl U§€F2

= §t(ui7j — Ui,j) — sup (2153(%] - Ui,j)) — sup (2255(11” - Ui,j)>

o?ely o3€l,

— max {E(ngy(u?] — Ui’fj), 126, (u? — Uf])} — max HRZPHOO

o2
< dufj— sup( 21 62u :‘]> - sup( 22 55 ?J) max {b126,,uf ;, b12d,,ui i}
1 2

o?erl o2el

2 2
ag a
—max [|R], ||l — | 6:U7; — sup (21 5§U;}j> — sup (22 5§U{}j>
n o2ely o2el;

— max {blgéw i, blg(stU:jJ}>
< Ry, — max Ry [l <0, (4.17)

where we have used (3.7) and (4.13). Owing to the initial condition V;; =0 and the boundary

condition V;"|(z, y,)co0=—1" * max | Riiplloo » Wwe have, by the maximum principle Proposition (4.2),

V<0, for0<i,j<M, 0<n<N.

That is,
uiy = Uply <" s max || R, oo (4.18)
Similarly, let W, = U}, —ui; —t" * max IR lloo - Then, from (4.15), we have
Ui’fj —uily <" s max || R, oo (4.19)

Hence, we finally have
max [|[u” — U" oo < T % max(|| Ry [loc + | Riolloc) < C((AOP2 4 17).

O

Remark 4.12 In Theorem 4.11, we assume that the solution is u € C*+F/%2+8([0,T] x Q). It
is well known that for the nonlinear uniformly G-heat equation, the viscosity solution exhibits the
interior regularity u € C1TA/2248([¢ T] x R?), where 0 < ¢ < T and B € (0,1), see, for evample,
Krylov [15] and Peng [11]. The possible loss of regularity at t =0 is a standard phenomenon in
parabolic problems and is related to the incompatibility between the initial and boundary data at
the parabolic boundary. If the initial and Dirichlet boundary conditions are compatible at t =0
and the data are sufficiently smooth, then no initial layer is generated near t = 0. In this case,
classical parabolic regularity theory implies that the solution remains smooth up to t =0, and
hence u € C'A/2:248(10,T) x Q). Such compatibility conditions and the resulting boundary
regularity for fully nonlinear parabolic equations can be found, for instance, in Krylov [14, 15].

5. Numerical examples

In this section, we present some numerical examples to show the efficiency of our numerical scheme.
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Example 5.1 The following problem has an exact solution u = sin(5(x +y +t)).

ot 3
Up — max <UTT + Uy + blguzy) = f,
aferl,agerz, 2 2
bi2€l12

u)t=0 = sin(5(z + y)),
u|(w,y)€8§2 = Sin(5(x +y+ t))|(z,y)6(‘)ﬂ;
where t € (0,1), Q= (-1,1) x (=1,1), o1 € [0.2,0.3], o2 € [0.25,0.35], by2 € [—0.04,0.03], and

2

2
f="5cos(w)+25  min <U1 sin(w) + %2 sin(w) + b1 sin(w)) ,
afEFl,ageFQ, 2
bi2€l12

with w =5(x +y+1).
Due to the high regularity of the solutions of this equation, it is theoretically not difficult to
derive the following error estimation between the numerical and exact solutions:
Ju* = U"||, <O (At+h?).
For sufficiently smooth solutions, we assess the convergence behavior by refining the mesh in
the standard parabolic scaling, namely by doubling the number of spatial grid points while
refining the time step by a factor of four. Under this refinement strategy, from Table 1, the

numerical results clearly demonstrate first-order accuracy in time and second-order accuracy in
space in terms of the norm of £%(0,1;Q) and £2(0,1; ).

Table 1 Error accuracy

L£>(0,1;Q) £2(0,1;9)
Time steps Nodes
Error Error order Error Error order
50 11 x 11 1.9013e-01 1.6062e-01
200 21 x 21 5.1659e-02 1.8799 4.3689¢-02 1.8783
800 41 x 41 1.3075e-02 1.9822 1.1067e-02 1.9810
3200 81 x 81 3.2597e-03 2.0040 2.7594e-03 2.0038

In Figure 1, we present the number of inner iterations at each time step. The number of
iterations per time step varies only from 3 to 5, demonstrating the high efficiency of the implicit
numerical algorithm.

5 o6 ®@@omm omo®® oo 0 woom o

Number of inner iterations
e~

0 800 1600 2400 3200
Time step index n

Figure 1 Number of inner iterations per time step in Example 5.1
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Example 5.2 Consider a problem as follows:

ot 3
Up — max —Uge + = Uyy + b12Ugy | =0,
JfGFhUgGFm 2 2
bi2€l2

oo = sin(5(z + ),
Ul(z,y)e00 = sin(5(x + y + t))|(z,y)co0;
where the parameter settings are identical to those in Example 5.1. A reference “exact” solution

is taken as the numerical solution on a sufficiently fine grid (time step At = 1/5000, space step
h=1/180).

Table 2 shows that the error order between the numerical solution and the exact solution is
approximately first-order in time and second-order in space in terms of the norms of £>°(0,1; )
and £2(0,1;9). It should be noted that the error order is higher than our theoretical results,
which is a very interesting phenomenon.

Table 2 Error accuracy

£2°(0,1; Q) £2(0,1;9Q)
Time steps Nodes
Error Error order Error Error order
50 11 x 11 2.3641e-01 1.4388¢-01
200 21 x 21 9.0651e-02 1.3829 4.9501e-02 1.5393
800 41 x 41 2.8399¢-02 1.6475 1.3452¢-02 1.8796
3200 81 x 81 7.3077e-03 1.9584 3.3629¢-03 2.000

We also present the number of inner iterations in each time step. Figure 2 shows that the
number of iterations per time step typically ranges from 3 to 4, which also indicates the high
efficiency of our implicit numerical algorithm. The changes in volatilities o1, 02 and covariance
b12 over time are illustrated in Figures 3, 4 and 5, respectively, on the mesh with 3200 time steps
and 81 x 81 spatial grid points. From the perspective of stochastic control, the parameters

o1 € [01,01), 02 € [02,03] and bia € [bi2,b12] act as control variables in the associated HJB

equation. The numerical results in Figures 3—5 show that the optimal controls take values almost
exclusively at the extreme points of the admissible intervals. This indicates that the optimal
control strategy is of the bang—bang type.

4

Number of inner iterations

3 e L )
0 800 1600 2400 3200
Time step index n

Figure 2 Number of inner iterations per time step in Example 5.2
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Figure 5 The graph of the variation of bj2 over time

Example 5.3 Influence of boundary conditions on the computation of G-expectation. Given a 2-
dimensional G-normal random variable X and the test function p(x,y) = sin(5(z +y)), the G-
expectation E[p(X)] can be obtained by solving the G-heat equation, with Elp(X)] = u(1,0,0).
We investigate the influence of boundary conditions on the numerical evaluation of the G-
expectation for the standard two-dimensional G-equation. The problem is solved in a sufficiently
large truncated domain Q = [—8,8] x [—8,8] with t € [0,1] using the fully implicit scheme (3.7).
We compute u(1,0,0) under several boundary conditions, including different Dirichlet conditions
and a homogeneous Neumann condition. The numerical results are reported in Table 8. Although
the implicit discretization leads to a globally coupled linear system and boundary conditions affect
the solution globally, their influence on the localized quantity u(1,0,0) is expected to be small
when the computational domain is large (N = 160, M = 400). This justifies the use of simple
Dirichlet boundary conditions in (3.6).

Table 3 Numerical values of u(1,0,0) under different boundary conditions

Boundary condition u(1,0,0)
¢ =sin(5(x +y+1t)) 0.480511319599
¢ =cos(5(x +y+1t)) 0.480511319597
=0 0.480511319605
p=1 0.480511319582
Neumann: 9u/n = 0 0.480511318208

6. Conclusions

We have developed an implicit discretization scheme to solve the general two-dimensional
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G-heat equation, which particularly addresses cases where the sign of the correlation is uncertain.
First, we identified the uncertainties ranges of the covariance of a G-normal random variable and
determined the corresponding G-heat equation. Then, we proved the monotonic convergence of
the nonlinear inner iterations at each time step and demonstrated the consistency, stability, and
monotonicity of the numerical scheme. Furthermore, we provided an estimate of the convergence
order. Finally, we presented some numerical examples and showed that although the implicit
numerical algorithm involves inner iterations at each time step, it remains highly efficient with a

computational complexity about 3—4 times that of solving linear expectations.

A. Proof of Monotonicity

Proof of Lemma 4.6 We first consider a perturbation in U;’fl, and denote it by (Z"fl =

Ufjl —|—e?j1, for e;’jl > 0. We also denote it by [7,?1“ = U,?jrl7 for (k,l) € N;;. Then, the

difference between the two sides of the inequality (4.8) is

T =g;; (Uirf;r17 Ui {Uﬁfl}(k,z)em,j) — Yij (Uff17 Ui {Ugjrl}(k,l)em,j)

ey ~0% 277n+1 AO% 27 rn—+1 NO% 27 n+1 AO% 2741
=% Ls2pntl _ ZL52pn; — | =62UM — =62 U™
<25w bRt ) <25y A W)

At T
- (171;52‘1}[71”;”1 *3125311(]:;1)
entl
= %4-71 + 15 + 15, (A1)
where 01 = 01(6il7f;r1),31 = 01(6325U177j+1), 09 = 02(6§l7i’f;r1), and Gy = 01 ((52U1"]+1) are defined

by (3.9), b1a,bio and the indexes & and o are determined by the rule (3.8a) and (4.2).
The term 77 can be treated as

3% 27r7n+1 2rrn+1 3%2 +1 5%2 +1
n n n n
= - 2 (200 - Ut + (251% - Lezur )
G
n
2 ﬁei’j 5 (AQ)
~2 2 ~2
since G-62U" ! = sup,,, G620 > G620 Similarly, we have
=2
92 1

We now turn to the term T3.

Ty = = bia(03, U757 = 62, U + (a8, UL = b0, USH)

Y~ ,] Y~ 1,7
[b12] s
Z =2 g (A4)

where we have used blgég‘yUffl:max{@dijﬁfl,bﬁégyUffl 21)125;in7";'1 and the

definitions (3.8b) and (3.8c¢).
Substituting the above three terms into (A.1), we get, by Assumption (4.1),

1 52452 — |b:;|
T n+1 1 2
= €ij <ﬁt + T 2 0.
Therefore, (4.8) is valid.
n+1 n+1 6nJrl

We now turn to a perturbation in U,?ZH and U}"; and denote it by ~k_l =U;; vy for
erl >0 and (k,1) € N; ;. We also denote it by (Z"j =Ul'; + € for €;; =2 0 and ﬁf;rl = U[f;rl.

VA
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Then, the difference between the two sides of the inequality (4.9) is
T’ = gi5 (077 025 A0 Yoeens, ) = 96 (U U AU Yoeens, )

€ 07 orni1 01 sormil 05 ornt1l 05 cormil
T At <261Um _75in4 - 75in,3‘ _75in4
- (bl?aﬂ;yUﬁ;rl - bl?é;in??;l)
n

€. .
=— 2 LT+ T + T, A5
~ Tl 5+ T, (A.5)

where jl =0 (62[7;?;1)’81 = ol(dngjﬂ-l)’ Gy = 02(555&&-1)’32 =0 (6§UZ"J+1) are defined by
(3.9), b12, bi2 and the indexes & and « are determined by the rule (3.8a) and (4.2).
The term T4 can be treated as

5% 27rn+1 3% 277n+1 E% 27rn+1 277rn+1
T4:(*?5in,j +?5acUi7j )+?(5;cUi,j *5in7j )

~2
o1 n+1
S T g2 > bt (A-6)
lk—i|=1
since %féiﬁfjl = sup,, %%52(71”;1 > %f(sgﬁfjl Similarly, we have
6'\5 n+1
Ts<—5% D € (A7)
2h ,
l1=jl=1
The term T can be treated as
Ty = (~b1208, U7+ 1202, U7 ) + bz (98,0757 = 02, U7 (A.8)
(b n n > n n >
=T 92 * ((eijll,j+1 + Gijfl,jq) * H(b12) + (5¢I11,j71 + ‘fij11,j+1) * H(_b12))
|/l;12| n+1 n+1
oz | 2 Gyt Do e
lk—i|=1 li—jl=1
n a 7+l a 7+l
< bip <5szz‘,j = 02U ) ; (A4.9)

where we have used b:;&;y(z"fl = max{@éjyﬁffl,bﬁégyﬁffl > Elzégyﬁ[jjl and the
definitions (3.8b) and (3.8¢). H(-) is the Heaviside function.
Substituting the above three terms into (A.5), we get, by Assumption (4.1), that
~2 _|p ~2
/ o1 — |bi2| ni1 03 — |bo n+1
"< - 252 Z ki T T op2 Z €i SO
Ik if=1 1=

Therefore, (4.9) is true, and the scheme (3.7) is monotone. O
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