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Abstract This paper explores the optimal consumption, life insurance, and investment
strategies of an individual under the influence of habit formation. We assume that the
individual can invest in a risk-free asset, a stock, and an index bond in the financial market,
where the stock price follows the 4/2 stochastic volatility model. The primary aim of this
paper is to maximize the expected utility of consumption, total bequests, and terminal
wealth before retirement or death; the utility of consumption is derived from actual
consumption exceeding the established habitual consumption level. By applying the
dynamic programming method, we derive the Hamilton—Jacobi-Bellman (HJB) equation
that the value function satisfies, obtain the asymptotic solutions for the optimal consumption,
life insurance, and investment strategies using the asymptotic expansion method, and
prove the corresponding verification theorem. Furthermore, we provide numerical
examples to analyze the influence of consumption habit patterns and model parameters
on the individual’s optimal strategies.
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1. Introduction

In recent years, the issues of investment and consumption have occupied a significant position
in financial theory and practice, attracting the attention of numerous scholars. [29] made
pioneering contributions to the research on optimal consumption and investment strategies.
Subsequently, [10, 14], and others conducted in-depth explorations under different market
assumptions, investigating optimal investment and consumption strategies. [36] investigated

optimal consumption decisions and life insurance choices under uncertain lifetimes, while [32]
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explored consumption, investment, and life insurance expenditure decisions using the dynamic
programming methods. [31] further discussed optimal life insurance purchase, consumption, and
investment decisions under uncertain lifetimes. Further studies on consumption, investment, and
multiple life insurance purchases were conducted by [1, 7, 23] and [35].

However, these studies often use the geometric Brownian motion model to simulate the price
processes of risky assets. Further investigation of asset price characteristics has revealed that the
geometric Brownian motion model fails to accurately describe the true trends of asset prices,
thus impacting the optimal decision-making results. The emergence of stochastic volatility
models has addressed the inadequacy of constant volatility in depicting the volatility trends
inherent in the price processes of risky assets. Therefore, to capture the complex volatility of the
stock market, [13, 24] and [26] examined optimal decision-making problems using the Heston
stochastic volatility model. In order to address the limitations of the Heston stochastic volatility
model in capturing extreme volatility scenarios, [20] proposed the 3/2 stochastic volatility model.
Subsequently, [6, 37] and [38] conducted related research based on this model. Nevertheless, this
model fails to capture the price dynamics of assets with low volatility. To jointly address the
limitations of the Heston stochastic volatility model and the 3/2 stochastic volatility model, [16]
proposed the 4/2 stochastic volatility model, which combined the 1/2 stochastic volatility model
introduced by [19] and the 3/2 stochastic volatility model. [8] studied optimal investment
strategies under the 4/2 stochastic volatility model.

Additionally, many scholars have found that individuals’ consumption behavior is often
influenced by their past consumption levels. Incorporating the concept of habit formation
enhances the realism of the model, thereby enabling a more precise characterization of individuals’
consumption behavior. For instance, [28] was the first to discuss the influence of past
consumption levels on current consumption. Subsequently, [11] incorporated consumption habits
into the Merton model, and [2] explored consumption and insurance strategies under habit formation.
Moreover, [7, 27] and [39] incorporated habit formation into the analysis of personal life
insurance demand. They examined the optimal consumption, life insurance, and investment
strategies and analyzed the impact of consumption habits on these decisions.

In the practical economic environment, inflation influences the levels of market prices, the
purchasing power of consumers, and the cost of living for individuals. [5] emphasized that
considering inflation risk is crucial for long-term investors. [22] indicated that individuals with long-
term financial plans should consider both mortality and inflation risk. Inflation risk can generally
be hedged through liquid inflation-linked index bonds (hereinafter referred to as “index bonds”),
as discussed in [22] and [30].

Building upon but distinct from the studies of [8] and [27], this paper makes four main
contributions. First, we examine the optimal consumption, life insurance, and investment
strategies under the impacts of habit formation and inflation, where the stock price process
follows the 4/2 stochastic volatility model, thus extending the existing literature. Secondly, the
analytical solution for the optimal strategies under the 4/2 stochastic volatility model cannot be
obtained because of the complicated nonlinearity of the partial differential equation. We further
employ an asymptotic expansion technique as illustrated in [18] to derive an asymptotic solution
for these strategies. Thirdly, we provide and prove a verification theorem to ensure that the
solutions obtained from the HJB equation are indeed optimal for the optimization problem. Finally,
we provide numerical examples to analyze the impact of different habit formation models and
varying model parameters on optimal strategies.

The rest of this paper is structured as follows. Section 2 proposes some necessary assumptions
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and describe the model. Section 3 derives the HJB equation by applying the dynamic
programming principle and obtain the asymptotic solutions with a slow varying volatility component.
Section 4 utilizes numerical simulations to separately demonstrate the impact of different habit
formation models and changes in model parameters on optimal consumption, life insurance
expenditure, and investment. Finally, Section 5 presents our conclusions. Detailed information on
some proofs can be found in the Appendix.

2. Model formulation

We assume that an individual retires at time 7. Under this assumption, trading occurs
continuously and there are no transaction costs or taxes. The uncertainty is represented by a
complete probability space (Q,}", {]-'(t)}te[o’T},P) that supports Brownian motions W (¢t) :=
(Ws(t), Wr(t)) and W,(t). Here, Wi(t) is independent of Wg(t) and W,(t) (the specific
formulations of these Brownian motions are introduced in Section 2.1). Furthermore, the natural
filtration {F(t)}.c[0,17, generated by Brownian motions Ws(t), Wi(t), and W,(t), satisfies the
usual conditions and represents the information available up to time ¢. All stochastic processes
and random variables are defined in the filtered probability space (Q, FAF®) }eejo, ) P). In this
work, the prime denotes the transposition of a matrix.

2.1 Financial market

Assume that the individual can invest in a risk-free asset, a stock and an index bond. The risk-
free asset with a constant rate of nominal return R follows the ordinary differential equation

dBo(t) = RBo(t)dt, Bo(O) = By > 0. (21)

The price process of the stock S(¢) is given by the 4/2 stochastic volatility model as follows:

dS(t) =R + & (av(t) + b)] S(t)dt + <a u(t) + 2@) S(t)dWs(t),

S(O) =S5y > 0, (2.2)

where x € RT is the control parameter of excess return, and a,b € RT. The stochastic volatility
v(t) is defined by the CIR model:

dv(t) =a (b —v(t)) dt + o1/ o(t)dW,(t), v(0) = v >0,

where @,b, 01 € RT denote the mean-reversion speed, long-run mean, and volatility of volatility,
respectively. Parameter pg, € (—1,1) is the correlation coefficient of the Brownian motions
Ws(t) and W, (t). In addition, the Feller condition 2ab > ¢? is also satisfied to keep the
processes v(t) strictly positive.

Remark 2.1 Note that a and b are the main control parameters of the 4/2 stochastic volatility
model. When a=1 and b=0, the 4/2 stochastic volatility model is reduced to the Heston
stochastic volatility model (see [19]). When a =0 and b =1, the 4/2 stochastic volatility model is
reduced to the 3/2 stochastic volatility model(see [20]).

Based on the works of [4] and [22], the commodity price level I(t) is expressed as follows:
dI(t)

T = pr(t)dt + &4 dW (t), 1(0) = I, > 0, (2.3)

where /17 (t) represents the instantaneous expected inflation rate, and o5 = (o7prs,01\/1 — pig)’,
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with o7 > 0 denoting the volatility of the inflation rate. p;g is the correlation coefficient between
financial risk and inflation risk. Let r(¢) stand for the real interest rate at time t; consequently,
the index bond’s behavior follows this dynamics:

dBs(t) dI(t)

By = "0 T = ) () de+ AW (2), (2.4)

In this study, we focus on how habit formation influences optimal strategies. Following the
approach of [22], we assume that p;(t) = pr and r(t) = r < R are constants.

2.2 Life insurance

Assume that the individual’s lifetime is uncertain. Let 7 denote the death time of the individual,
which is a non-negative random variable defined on the probability space (€0, F,{F(t)}:e(0,1], P)-
Furthermore, 7 is independent of the Brownian motions Wg(t), W, (t) and Wi(t). Let A(t) (see
[3]) be a hazard function at time t, which is defined as follows:

A(t) = lim Pt<rT <t+€|7'>t).
€0 €

S(s,t) = P{r > s|T >t} represents the probability that the individual survives at time ¢ and
also at time s(s>t). From the definition of the force of mortality, we can see that the
probability of 7 > s given 7 >t is

S(Sa t) =e fts )\(u)du-

Thus, f(s,t) is defined as the probability that the individual dies at time s, conditional on
he/she having survived to ¢,

Flsit) = Als)e™ fo At

For mortality risk, the individual can hedge it by purchasing life insurance, paying a life
insurance premium at a nominal rate py(t) continuously. Upon the individual’s death at time ¢,
the Dbeneficiary receives an insurance benefit of py(t)/((t), where ((t) represents the
deterministic premium-insurance ratio. It is important to note that py(t) could be negative; in
such a scenario, [12] suggested that py(t) resembled a term life annuity, as the wealth
(amounting to —px(t)/¢(t)) upon death was exchanged for cash inflows while alive. Conversely,
[22] considered py () a pension annuity.

2.3 Habit formation

Following [21] and [34], we assume the individual’s preference exhibits internal habit formation.
The habit level at time ¢ is defined as

t
h(t) = hoe %2 + & / e 2% ¢(5)ds. (2.5)
0

That is,
dh(t) = (€1c(t) — E2h(1)) dt. (2.6)

At time ¢, the individual’s consumption is denoted by ¢(t), with hg representing the initial level
of habit. Notably, the value of hg is influenced by the level of social development, with higher
social development generally corresponding to a greater hg. Typically, & > 0 measures the
individual’s inclination to maintain the current level of consumption; a larger £; indicates greater
desire to sustain the current consumption level in the future. & > 0 measures the individual’s
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tendency to forget past consumption; a larger & indicates a higher degree of forgetfulness
regarding past consumption.

2.4 Wealth process and optimization problem

During the period [0,7], the individual earns income from the nonfinancial market at a

nominal rate of Yy (t). Define the real rate of income as y(t) = YIN(S) Let mo(t), m1(t), and mwa(t)

be the respective portfolio weights on the risk-free asset, stock, and index bond, respectively,
such that m(t) + 71 (t) + m2(t) = 1. Furthermore, let X (¢) denote the individual’s nominal wealth.
The dynamics of X (t) can be described using the following expression:

dXN (t) = T (t)XN (t) dg)o(g) + 71 (t)XN (t)(giit; + o (t)XN (t) dBBll(Eft)) - CN(t)dt
—pn(t)dt + yn(t)dt, ¢ € min{r, T}. (2.7)

Let X(¢t) = XIN t()t) represent the real wealth process. Applying the It6 formula, we obtain the
individual’s real wealth process. In other words, for all ¢ € min{7,T}, the real wealth X(¢)

evolves as follows:
dX(t) = (rX(t) —c(t) —pt) +y(t))dt + X (t)7'ndt + X (t)7'TdW (), (2.8)

where 7(t) := (mo(t), m1(t)),
R—r—p+o?

n(v(t)) = R+ k(av(t) +b) —r — pur + 07 — prsor (a u(t) + b) 7

v(t)
—0IpIS _Ulm
B(v(?)) = <a\/@+ \/%> —0IpIs _Ulm

Definition 2.2 (Admissible strategy) A strategy (c,p, ) := {c(t),p(t), w(t),t € [0,T]} is said to
be admissible if

(1) vt € [0,T], {c(t)}, {p(t)} and {m(t)} are adapted to {F(t)}icior);

(2) E[fy c(t)d] < oo, E[fy p(t)dt] < oo, E[fy X2(1) || m(t) ||? df] < oo;

(3) (2.8) has a pathwise unique strong solution for all (t,z,v) € [0,T] x R x Rt where || - ||
denotes the Euclidean norm of a vector.

Denote the set of all admissible strategies by I1.

Next, we examine the optimization problems. Define II(¢) as the set of all admissible strategies
within the time interval [¢t,T]. For any given admissible strategy (c,p, ) € II(¢), we establish
the value function at time ¢ as follows:

TAT
V(t,z,v,h) = max E, [/ a1e PO (e(s) — h(s)) ds
(e,p,m)€(t) t
p(7)
¢(7)

where E.[| = E[|X(¢t) = z,v(t) =v,h(t) = h]; o >0,i=1,2,3 are constants; p is the time
preference rate; Iy.y represents the indicator function; Ui(x),i =1,2,3 are the utility functions (see

+ aze PO, <X(T) + )I{Tg} +aze T OU (X (D) Lpary [, (2.9)

[22]), which are strictly increasing, concave, and continuously differentiable and have the
following forms:
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U;(0+) = Ilil(l)l+ U;(z) =00, U;(c0)= lim U,(x)=0.

T—r 00

(2.9) illustrates that the individual’s utility is derived from three aspects: c(t) — h(t), the
difference between real consumption ¢(t) and real habit level h(t); X(7) + %, the total legacy
in the event of premature death; and X(7T'), the terminal wealth at retirement time. Thus, ay,
g, and ag signify the weights assigned to the three utility factors. It is important to highlight
that we assume that consumption habits do not influence the utility of terminal wealth in
equation (2.9). For similar settings, refer to [25].

Applying the law of iterated expectation, (2.9) can be rewritten as follows (for detailed derivation,
see Appendix A). This transformation simplifies the following calculations.

T
Vit = i B [ O (o o0 0
P t

+ a2 A(s)U2 (X (s) + 2’8) )ds + age™ i oHMdugr (X (T)) || (2.10)

3. Solution for the optimization problem

3.1 HJB equation

We assume U, (x) is a power utility exhibiting constant relative risk aversion (CRRA):

g

Ui(z) = 5= Uz), i=1,2,3,

where 0 (6 < 1,6 #0) is the relative risk aversion coefficient. Subsequently, we apply the
dynamic programming method to address the individual’s optimization problems related to habit
formation. For convenience, weintroduce C1%21 := C12.21([0, T] x R x RT x R*) = {p(¢,z,v,h) :
¢(-,z,v,-) is once continuously differentiable for ¢ on [0,7] and h on R*, o(t,-, -, h) is twice
continuously differentiable for z on R and v on R*}.

Under the real habit level given by (2.6), we define a differential operator: for any function
o(t,z,v,h) € CH221

APtz 0,h) = = (p+ A(t)) ¢ + ¢ + (re + y(t) — ¢ —p + 7'nz) @5 + (§1¢ — k) ¢n

- 1 1
+a (b - v) Oy + 571"22'7rz2g0m + —020Qyy + 01VVTpg T By, (3.1)

2
where
b I
n= <R—r—u1—|—af, R+I€(a’l)+b)—T—,LL[-’{-J%—[)]SJ](G\/E-’- \ﬁ)) ,
—0IpIS —ory/1 7[)%5 —0I1pPIS
E: @:

b b
(aﬁ+ W)O']pjs *O’]\/I*P%S 7 (aﬁ—l— ﬁ)—O']pIS
Py Pts Pus Phs Pov, Pez, and @y, represent the partial derivatives of ¢(t,xz, v, h) with respect
to (w.r.t.) the corresponding variables.
According to the principle of stochastic dynamic programming, the corresponding HJB
equation of the value function (2.10) can be obtained by
p

ma APV (t,x,v,h) + a U(c—h +o<)\tU<x+)}=0, 3.2
(c,p,w)é(n(t){ e ) +enlle—h)+ el 50 (32)
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with the boundary condition
V(T,z,v,h) = asU (z).
To solve the optimal consumption, life insurance, and investment problem outlined in (3.2), we
first solve the function V (¢, xz,v, h). Here, recall that U(z) = %, 0<1,6#0.
Let us suppose that f/(t,x,v,h) is a solution for the HJB equation (3.2) satisfying V}, < 0,
V, >0, and V,, < 0; then, the following are the first-order optimal conditions:

1

cF(t) = h+ (V_Oflvh> 7 : (3.3)
1
) = ("
p<”““‘<a}mw> - ¢, (3.4
N\ — ]' VI N — v VI’U
= (2%) o= oo (=% ' @0y 0 o (3.5)
Substituting (3.3), (3.4) and (3.5) into (3.2) yields the following:

Vi— (0 4+ A0))V + )z + 1z +y(t) — h) Vo + (&1 — &) BV +a (b—v) V,

1-6 5 /- N = ) 1 - (BX) n V2
P L00r (7, — ) 4 L (aaay T gyt - ) n e
o 0 2 View
1 ‘7 ]- - 2 - Y ~m7j
+ 50TV, — Sotu, @' (5) ! ‘I)gm — o1vopsen’ (BX) @ Vau (3.6)
We assume that a solution for (3.6) has the form
- Y (t,2,h)°
V(12,0 1) = m(t,0) P (3.7)
with the boundary conditions m(T,v) = a3 and Y (T, z,h) = x. Then,
- Y9 -
Ve=mi— +mY*Y,, Vi =mY T,
- Yo o Yo
Vo = mUTv Viw = m’U’UTa Vo = mUY571Y3?7
Ve=mY Y, Vie=mY° 1Y, +m(6—1)Y°2y2 (3.8)

where V =V (t,z,v,h), m = m(t,v) and Y =Y (t, , h). By substituting (3.8) and (3.7) into (3.6),
we obtain the following;:

Y5 Y(S
My~ (p+ At)) ms + (C()z + 7z +y(t) — h) mY? Y, + (& — &) hmY° 1Y),
1—-6 L S 1-4 1 5 5
+ Tall—a (771}/*671};m o glmyéflyh) =1 5 (a2>\(t)) =3 C(t)ﬁm%Y‘sz—l
. YO 1, meY®  o1vopsen’ (B%) 7 &m,YOV?2
Y(S—lY a(b— Y — -2 VU _ T
+m v+a(b—v)m 5 T30 VYoo 1 (5 DY2
r(uxn) ! yoy?2 1 B 2002 m2Y Y2
n ( ) n m z _ (221) 1 & 01VPs5, My z —0. (3.9)
2 YYou +(6—1)Y2 2 mY Y, +m(d —1)Y2

Let us assume that m(t,v) is given by

m(t,v) = f(t,v)' 72, (3.10)
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_1
with boundary condition f(7,v) = a3’ . Then, it follows that
mt:(1_§)f_6ft7 mv:(l_(s)f_éf’m

Myy = =0 (1= 8) fOH 24+ (1= 0) f7° fow- (3.11)
By inputting (3.11) into (3.9) and simplifying, we derive the following:
e L R e T a AL
s s SR —&)Y,, o (SR V2
+ (o2 A(1) 77 (1) 7T Y + 4(1&_ 562) ?h - 2((1 _)5) L YY,, + Z:(gf_ 1) Y2
7 ; ’ AN v6Y12
+a( - U) fv + 0’1’U (fvv - J;-) -n (22 ) ' (I)Yz:;/\ffg 1) YTZfU
1 ’ A% o(1—2¢ Ya:2 3
— 5otund, @ (%) 1<§YMY(+ (6)1)1@2]} = (3.12)
Let us assume that Y (¢,x,h) is given by
Y(t,z,h) =x+ A(t) + B(t)h,
Y(T,z,h) =2, A(T)=0, B(T)=0, (3.13)
then, the first- and second-order partial derivatives of Y (¢, z, h) are obtained as follows:
=A'(t) + B'(t)h, Yin= B(2),
Y,=1, Yy =0. (3.14)
Substituting (3.14) into (3.12), we obtain the following:
B OR2: [0 BP 2 P MY T2 SO
ft+176'x+A(t)+ B(t)h Rl U z+ A(t) + B(t)h !
8 B(t)(& —&)h (22) 'n, 1 ( B f)
1—5x+A(t)+B(t)hf+ 2(1—6)* f+ 710 { fur f
AN 6 1 ’ AN 3
—o1vVvpsom’ (EX) ! @ﬁfv + §vap?gv<1> (=% ! ‘I)(Sf?
F ol (1= 6B)TT +a(b—v) fo+ (a2(6)) 77 ((6)7T =0, (3.15)
which means
1) 1) 1)
o[ 125 60+ ) £ 30|+ [ T 07 + T Egu0F + AM0)
i ) )
R B O - 12 s (6 - &) BOS + BOM)] =0, (3.16)
where
A oy ] 5 1 5
w(t0) = f - 2D 0BT (16 B1)7 + (0aA) ™ ()
1, n—1 ) _ 7 1, f2
+§77 (22) nmf-i-a(b—v) fv+§0'1’l) (fvv_ f)
o ops (55) @0 f, 1 Lotupd, @ (m3) psls (3.17)
1VUPSuT G172 1VP5y I .

Drawing inspiration from (3.16) and (3.17), we present (3.18), (3.19) and (3.20) as follows:
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1)
13 (C@)+r) f+ M(t,v) =0,
AT+ (O + AWM(E) =0,
Lpwr - 2pr (6 - @) BOF + BOMEY) =0

Furthermore, we have
At)— (@) +r)Alt) +y(t) =0, with A(T) =0,
B({t)+ (& —&—(C@#)+7)B(t)—1=0, with B(T)=0.

We can obtain the following information:

T
AW = [yl
t

T
B(t) = —/ e_ fts[§2_£1+c(u)+7’]dud8.
t

According to (3.17) and (3.18), we have
—1

S +r)—p=At) o' (ZX) n
ft+l -3 + 2(1—6)2

)

f+al™ (1-&BE)™

boto (02,8 (B2) '@~ 1) /2
2f

' [a (b—) + 0 (55)" @ps(vl"_lg’é] fut

+ %a%vfw + (Ozg)\(t))ﬁ C(t)% =0.

The above formula can be written as follows:

bt (02,8 (B2) '@~ 1) /2

(Lo+ L1+ Lo) f + 0,

2f
where
LOf =a (l_) - U) fv + %U%Ufmn
5 —p—2A s’ (28 = 5
Lif=for |JOFD 2220 ”2((1_;)2 | 4 al (1- BT

+ (aA() T ¢(8) 7T,

So1/opsom’ (E) ' @

Laf = 1-06

o

119

(3.18)
(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

We opted to utilize an asymptotic method due to the complexities involved in obtaining an

exact solution for the nonlinear partial differential equation (3.24). In fact, [15] has already

proposed this method to solve the nonlinear partial differential equations with multi-scale

stochastic volatility models, examining a two-factor stochastic volatility model driven by a fast

mean-reverting diffusion and a slowly varying diffusion. Building on [15], we explore the optimal

consumption, life insurance, and investment strategies in the next subsection.
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3.2 Asymptotic solution for the slow varying volatility component

In this subsection, we assume that v¢(¢) obeys the following equation:
dv(t) = ea (b — v(t)) dt + Vear1/ve(t)dW, (1), (3.28)
in which € is a small parameter.
Applying (3.28) to (3.24) and replacing a (b—v) and o1y/v with ea (b—v) and eo1\/v,
respectively, (3.24) can be written as follows:
€doiv (p%vtﬁ' (EE')_l ® - 1) (fo)?

(GL() + L1 + \@Lg) fE + 2f€ = O, (329)
where Lo, Ly, Ly are given by (3.25)—(3.27). It is assumed that a solution to (3.29) can be
expressed in the following form:

fet,v) = fO@,0) + VefO(t,v) + ef D (t,v). (3.30)
Additionally, substituting (3.30) into (3.29), we obtain

Lif© 4 /e (L f® + Loy @) + €<Lof(0> + Ly f@ 4 Ly f®

soto (3,0 (5) @ —1) ( 50’)2
+ 2£(0)

=0. (3.31)
Collecting the same order of the terms in (3.31), three equations can be presented as follows. For
the term of €Y, we have
Lif© =0, with fO(T,0)=al>. (3.32)
For the term of /e,
Lif® + Lof® =0, with fO(T,0) = af " (3:33)
For the term of €, the equation satisfies

2
so2v (p2,® (=) @ —1) (0
Lof© + Ly f® + Loy @ + — Gl 2f)<o) J) =0,

with  fO(T,0) =l °. (3.34)

In the subsequent lemmas, we aim to solve the three equations presented in (3.32), (3.33) and
(3.34).

Lemma 3.1 The solution to (3.32) can be obtained as follows:
1 T s
f(o)(t,’l)) _ OééféeftT G1(s,v)ds +/ Go(s)eft Gl(y,v)dyds’ (335)
¢

where Go(t) and G1(t,v) can be found in (3.37) and (3.38), respectively.
Proof Utilizing (3.26), (3.32) can be rewritten as follows:

S+ —p=At) | o (BZ) " n] o . s
1-5 T 2(1—05) ]f +a; " (1-&B(1))

+ (a2 ()T C(8) 7T =0, (3.36)

1+



Probability, Uncertainty and Quantitative Risk 121

_1
with the boundary condition f(©)(T,v) = a3 . To simplify the notation, we make the following

definitions,
Go(t) = af™™ (1 - & B(1) ™7 + (asA(1) 75 ¢(1)7T, (3.37)
W) —p= D) o (EX) '
Gi(t,v) = - + R (3.38)
then, (3.36) becomes
2 Gt 0) SO+ Golt) = 0. (3:39)

We can think of the formula (3.39) as a non-homogeneous ordinary differential equation with
respect to ¢ and boundary condition f©(T,v) = a3 °; (3.35) can be easily obtained, thus the

lemma is verified. O

Lemma 3.2 The solution to (3.33) can be derived as follows:
1 T s
FO(t,0) = ag‘éeftT Ga(s,0)ds +/ Ga(s,v)el Grlw)dyqg (3.40)
t

where G1(t,v) and Go(t,v) are given by (3.38) and (3.52).

Proof From (3.26) and (3.27), (3.33) can be rewritten as follows:
So1vopsen’ (55) ' @
1-9¢

1 _
with the boundary condition f)(T,v) = a3 °. Differentiating n’ (22') "® with respect to v,
we obtain
o(n (=%) " @)
ov

£+ Gt o) f + Got) + 7 =0 (3.41)

=(R—7— pr +07) (92(v)g5(v) — 01pr591(v))

v (R —r—pr+ 0’%) (PIS (av% + bv’%) - 01) g5 (V)
o1 (1— pl) (av + b)?

_PISY (pzs (av% + bv‘%) - 01) g30(v)

(1= p3s) (av+b)*
v (g30(v)g5(v) + g3(v)g50(v))
(1 - p3s) (av +b)?
96(v), (3.42)

_|_

- 01p1592(v)93 (v)

+93(v)ga(v)gs(v) +

where

B (av — b) (,015 (av% + bv_%) — 01>
g1(v) = (L= ) @0 1 D) , (3.43)

(av — b) (01 — 3p1S (av% + bv_%>)
o1 (1= pl) (av +b)°

g2(v) = , (3.44)

b
g3(v) = R+ k(av+b) — 7 — py + 07 — prsor (aﬁ—f— ﬁ) , (3.45)
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1 1 3

930 (V) = ak — SPIS91 (av_5 — bv_i) , (3.46)
ga(v) = —2 = (3.47)

B - P (v + ) |
g5(v) = av? +bv"z — OIPIS, (3.48)

1 _1 _3
g5 (V) = 3 (av —bv ) . (3.49)
Secondly, based on (3.38), we obtain
-1

R ci ) B, 0 (77’ (Zx) q’) s ) (3.50)

A v 2(1— ) v 2(1—5)2 " '

Meanwhile,

fmg()) = fz()O) (ta U)

1 T T R s
=af tell @t [16 (s [ Gols)el 00 76 (g0 duds

1 T
— ol 6 (T —t) 962(U)eftT Gr(sw)ds | / Go(s)dgs(v) (25 — 1) J7 Grwo)du g
2(1—0) ! 2(1—0)

Based on (3.41) and (3.51), define

-1
brsyops (E2) @,
1-6 >

The formula (3.41) can be seen as an ordinary differential equation with respect to ¢, with the
1

Ga(t,v) = Go(t) + (3.52)

boundary condition f()(T,v) = a;°. Therefore, (3.40) follows easily, confirming the lemma. O

Lemma 3.3 The solution for (3.34) is given by
o T .
FO(t,v) =i’ ot Grlsw)ds —|—/ Gs(s,v)eld Grw)dygg (3.53)
t

where the definitions of G1(t,v) and G3(t,v) can be found in (3.38) and (3.59), respectively.
Proof From (3.25)-(3.27) and (3.37)—(3.38), (3.34) can be rewritten as follows:

—1
o) 4 Soveoson’ (B5) @

2
oiv
7f1w + 1-46 v

@ 4Gy (1 0) fP + Go(t) +a (b—v) fO + :
2
sotv (v, @ (=)@~ 1) (1)

2f(0)

+

=0, (3.54)

_1
with the boundary condition f®)(T,v) = aj=*.

First, we define

’ n-1
Galt:0) = Golt) +8 (5~ 0) 1 + Sotosty + TV (BE) 2y
soto (3,8 (5%) @ - 1) (féo))z

2f(0) ’

n (3.55)
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in which Go(t), féo) can be found in (3.37) and (3.51).
Then, based on (3.51), we further differentiate to obtain
O — Ot v)

VU VU

— 1—3 1(s,v)ds _|_ Gv d
Qs 72(1—5)2 Jou(v) + go (v 10(8,v)ds

5 T s s
—_— s) (s — #) s G1(yv)dy v v Wy .
Tt G <g6v<>+g<;<>/ta .00y ) d
B R Gl BVAR NS ST =1) o
= O3 me] Gi(sv)d <!]6v(?1) + 2(1 — (5)296 ('U))
L ' s) (s — t) el Grlyw)dy v M 200 s
+2“_®2l Gols) (s — 1) o)+ D))
= s(t,0), (3.56)

where according to (3.42)—(3.49),

oo (v) = (R =7 — pr +07) (920(0)g5(v) + 92(v)g50 (v) = 0115910 (V))
((R—7r—pr+0%) gso(v) — o1pr5930(v)) (PIS (3%% + bv*é) - 201)
201 (1 pis) (av + b
(R—r—pr +0%) gsuw(v) — 01p159300(v)) (PIS (av% + bv%) - UIU)
o1 (1 - ps) (av +b)’
2a (01p15930(v) — (R—71 — pur + 0%) g5(v)) (ﬂls (av% + bv%> — aw)
o1 (1= pi) (av +b)°

9300IPIS (PIS (301}% + bv*é) - 201)
- 207 (1= pi) (av +b)*
— 01p15930(0)92(V) + g30(v)ga(v)g5(v) + g3(v) (940(v)g5(v) + ga(v)g50 (V)

+

+

— 01p15920(v)g3(V)

n v (9300 (v)g5 (V) + 930 (v)g50 () + g30(V)gs(v)  2avg3y(v)gs(v)
(1= pis) (av + b)® (1= pis) (av + b)°
4 V(G500 (1)g5(v) + 950 (V)50 (1)) + 950 (V)95 (v) 200950 (v)95(v)
(1= p3g) (av+b)* (1 - p3g) (av+b)*

and

¢ (PIS (av% + bv*%> - 0'1) + 1p1s (av —b) (av*% - bv*%)

grole) = o1 (1= 3s) (@ + D)’
3a (av — b) (p;s (av% + bv_%> — 01)
o1 (1 p2g) (av +b)* ’
a (01 - %pls (av% + bvié>) — %pls (av —b) (av’% - bvfg)
g2v(v) =

o1 (1— pig) (av+b)°
(av —b) (01 - fpls (av% +bv*%>>
o1 (1= p2g) (av +b)*

)
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1
G3uw (V) = 1/)1501 (av_% — 3by‘3> ,
3a(av—b) —a(av+Dd
gav(v) = ( B ) ( 1 )a
(1= pis) (av +b)

(Sbv_% — av_%) .

Jsuw (V) =

=] =

Third, from (3.40) and (3.50), we obtain
£ = £P(t,v)

1 T T .
:aéfseff,TGl(s,u)ds. t le(s,v)ds+/t G2,U(S”U)e-[t G1(y.v)dy 44

T s
+ / G2 (Sa U)efts G (y,v)dy . / le(y7 U)dyds
t t

T
_ 0431%5 1) (T — t) 96 ('U) eftT G1(s,v)ds + / GQU(S, ’U)efts Gl(y,v)dyds
2(1—46)> ¢

I /T GQ(Sa U)ég6(v)2(5 — t) efts G1(yﬂ))d'£/d5
’ 2(1-9)
£ go(t,v), (3:57)

where

-1
_ So1psen’ (==) '@ n 501 psuy/v 0 <"’ (2x) q’)

(0)
Gz(t ) 2(1—68) v v 1-0 v Jo
—1
| Srpsuv/on (B3) " @
= v
bopsm’ (BX) '@ 801ps0\/0
= 2(1=0) Vo g7(t,v) + 17_596(?))97(@”)
So1psey/om (527 @
nps /o (BE) @ (3.58)
1-6
Ultimately, using (3.54), we define
Lo Vopsen” (X)) @
Gs(t,) = Golt) + @ (5~ v) 0 + sotur + 27 1_(5 )2
2
Sojv (,02S7j¢" (EZ')_l P — 1) ( 50))
+
2£(0)
- o2vugs(t,v)  do1vopsem’ (X '
= Golt)+ 3 (b= 0) gr(t.v) + T20t) | S orsen () @,

50%1}( o' (=) - 1) g3 (t,v)

n . (3.59)
2£(0)
The formula (3.54) becomes

2 4Gy (t,v) f<2 + Gs(t,v) =0, (3.60)

with the boundary condition f®) (T, v) = a3 . Using the method for solving (3.39), (3.53) can

similarly easily obtained, and the proof is complete. |
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Theorem 3.4 Let us assume that for any t € [0,T], X (t) + A(t) + B(t)h(t) > 0. Under the real
habit level, a solution to HJB equation (3.2) with the boundary condition V(T,z,v,h)=

asz - I&—é(ag > 0,0 < 1,5 #0) is given by

(z + A(t) + B(t)h)°
5 .

The definitions of A(t) and B(t) can be found in (3.21) and (3.22). fe(t,v) = fO(t,v)+

VefD(t,v) +efA(t, ), FOt, ), fD(t,v) and fFP(t,v) can be found in (3.35), (3.40) and (3.53).

Candidate optimal consumption and life insurance premium rates are given by

V(t,x,v,h) = (f(t,v)"°

(3.61)

e g, X))+ A(t) + Bt)h(t) on 5
s fet,v) (1 - §1B(t)) ’ (3.62)
p(t) = HEZEETOMD (0™ 7 - ) (3.63)

fe(t,v)

Candidate optimal portfolio weights invested on the risk-free asset, stock, and index bond can be

written as follows:
X (t) + A(t) + B(t)h(t)

i) = SO AGE BN o w)guafo) + (R = s +07) o ()
+ 01p50VV <(aﬁ + \% - UIPIS> g10(v) — Gzpzsgn(v)) } , (3.64)

g3(v) .
(1= pis) (av® + )

(1) = X(t) + At) + B(t)h(t)

i} -9 X0 [(R—r—m—i—a?)gm(v)+

01P50V/V (a\/ﬂ—&— % — O'Ip]S)

+ 2 - UlpsvﬁUIPIsglo(U)] ; (3.65)
(1= ps) (avo+ &)
and
L X EAWEBOMO[ 03(0)
0=t (1=0)X(1) {93( ol (1 p3s) (avi+ &)
o150/ | a/v + iv -0
+ re ( v IZIS> — 01psuVVo1p15910(V)
(1= p3s) (avi+ )
+ 01psuVU <(a\/z7—|— \% - 01P15> g10(v) — 01,013911(1)))
+ (R =7 = pur + 1) (g10(v) + g1 (v)) ], (3.66)
where

pIS (a\/ﬁ‘f' \%) — o7

o1 (1 p3s) (avi+ )

gio(v) = (3.67)
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(a\/ﬂ+ %) (a\/+ ) o1prs + o7

911(”) = (368)
o2 (1 - ) (v + &)
Proof Combining (3.3), (3.8), (3.10), (3. 13) and (3.30) and Lemmas 3.1-3.3, we obtain
o)
( mY°o-1y, — 1mY5 1Yh>
<f1 JY(S 1 _ fl 5Y(§ 1> 6 1
— h(t)+ ol (X <>+Am B(Hh(1)) (f<(t,0)) " (1 - &B() ™
_ X(t)+ AW +BOh(t) (o \TT
= Ao+ Fe(t0) Q@B@) / (3:69)

where the definitions of A(t) and B(t) can be found in (3.21) and (3.22). Combining (3.4), (3.8),

(3.10), (3.13), (3.14), and (3.30) and Lemmas 3.1-3.3, we obtain the following results:
=<%A >‘ X ()
- (e ) Cit) ~ <X
leKIC ) Cit) — (X0
= AL B a7 - X0 (3.70)

By applying (3.5), (3.8), (3.10), (3.13), and (3.14), we obtain
7 (1) = (mo(t), m(t))’

_ n-1 LL o n—1 /o PSv va
=— (=) "X( 0. (zx) @ “FX(t) o
- (EZ') n ( /) 1 Poy\/vpsy mY?3-1Y,
N X(t) X(t) mYo=1Y,, +m (6 — 1) Y0-2Y?2
_ =2 'n + (== L ®o1\/ups, YY,
a X(t) X(t) VYoo + (6 — 1) Y2
_[==) " n (2) " ®01ups, | X(t)+ A(t) + B(t)h()
Sl X® X(t) 1-0
n—1 n—1 X A B(t)h
= {(22 ) n + (22 ) @a1ﬁP5v} (t> —2—1 (?)—;((tgt) (t>

Thus, we obtain (3.64), (3.65), (3.67), and (3.68). By incorporating mo(t) + 71 (¢) + m2(t) =1
along with (3.64) and (3.65), we obtain (3.66). Thus, the theorem is verified. ]
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Theorem 3.6 verifies that a solution for the HIJB equation (3.2) is indeed the solution for the
problem (2.10). We first introduce a lemma (see [9] and [17]).

Lemma 3.5 Assume that V (t,z,v,h) is given by (3.61), then for any t € [0,T],

E[V2(t, X (t),v(t), h(t))] < oo, (3.71)
E[V2(t, X (t),v(t), h(t))] < oo, (3.72)
E[V2(t, X (t),v(t), h(t))] < co. (3.73)

Proof First, by deriving the expression for V(t,z,v,h) from (3.61) and following the proof
process outlined in [33], we substitute (3.62), (3.63), and (3.64)—(3.66) into (2.8), yielding the
following result:

d (X(#) + A(t) + B(t)h(1))
X(t) + A(t) + B(t)h(t)

:<<(t)+r fgftv +—5(n ) ' 0+ 01v0ps, @ (22’)1n))dt
L (%) + oVops,® (&) aw (o),

1-9¢
where gia(t) = af ™ (L= &B() 7T + (a2A(6) 7 (1)

Then, we can obtain

X(t)+ A(t) + B(t)h(t) = (X(0) + A(0) + B(0)h(0)) - exp </Ot Q(u)du+

n (2 + o1yops,® ()
. AW () |, (3.74)
where
9 L ’ N ’ n-
Q) =(¢(t)+r— ﬁ1(1€ )) + ﬁ [ (EZ ) ' N+ 01vV/vps,® (EE ) 177}
0 (B%) n+201V0p50® (3F) 0+ o0}, @ (3F) '@ 575)
2(1-0)° '

is a deterministic and bounded function of [0, T]. Then, by substituting (3.74) into (3.61), since

E |exp (2677’ (=) +o1Vups® (2) W(t)>

1-946

(1-9)*

we can obtain E[V2(t, X (t),v(t), h(t))] < oo under the strategies (3.62), (3.63), and (3.64)(3.66).
Since A(t) and B(t) are bounded functions on [0,T], together with (3.74), we can similarly
prove that the conclusions (3.72) and (3.73) are true. O

o <2§2 W (BX) 0+ 201 Y0ps,® (BX) 0+ orops, @ (B) <I>t> ,

Theorem 3.6 Assume that for any t € [0,T], X(t) + A(t) + B(t)h(t) > 0. Under the habit level,
if V(t,x,v, h) is a solution for the HJB equation (3.2) with the boundary condition
V(T,z,v,h) = as - %S(ag >0,0 <1,6#0), then the value function V(t,z,v,h) =V (t,z,v,h),
and the optimal strategies are given by (3.62), (3.63), and (3.64)—(3.66).
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Proof First, for any admissible strategy =,
/ V5, X (), 0(s), h(s)) X () ()W (2),
is a martingale (see [40]) by (3.72). By (3.73),
/O (5, X (), 0(s), h(s))or /(ST (s),
is also a martingale. Therefore, applying the Dynkin formula, we obtain the following results:

E, [e— sz(P“(u))duf/(ﬂX(T),v(T),h(T))] —V(t,a,v,h)

:]Et

T
/ - ff(p+>‘(u))du./41‘7(s, X(s),v(s), h(S))d8‘|

t

< - K

/tT e (pHAG))du (alU (c(s) — h(s)) + aa(s)U <X(s) + p(s)>) dS] , (3.76)

where U(z) = %, 0 < 1,6 # 0. Consequently, we derive

f/(t,x,u h)
> E, [ /t " ol oA (alU (c(s) — h(s)) + aa\(s)U <X(s) + ’28)) ds
e S eRA W) (P X (T) Y(T), h(T))}
=, [/tT efi (pPrA(w))du (alU (c(s) = h(s)) + aaA(s)U <X(s) + ?8)) ds
e ftT(pJ“\(“))d“agU(x)} . (3.77)

By taking the supremum w.r.t. (¢, k,7) in (3.77) and combining with (2.10), we have

Vt,x,v,h) = V(t,x,v,h). (3.78)

Moreover, under the strategy (c,k,n), the inequalities in (3.76) and (3.77) become equalities.
We have

V(t,z,v,h)
’ J2 (pFA(w))du k(s)
=E, ele P aqU (c(s) — h(s)) + aA(s)U | X(s) + 5) ds
t
+e” ff,T(/"f‘)\(u))d“Vl (T, X(T),v(T), h(T))]
< V(t,x,v,h). (3.79)
Finally, we derive that f/(tw,v, h) =V (t,z,v,h) by combining (3.78) and (3.79). O

4. Numerical analysis

Based on the previous analysis, we have derived asymptotic solutions for optimal consumption,
life insurance, and investment that maximize the individual’s objective utility function. This
section systematically analyzes the impact of habit formation and model parameters on these
optimal decisions through numerical simulations. The analysis is divided into two parts: Section
4.1 investigates the influences of consumption habit parameters, and Section 4.2 analyzes the
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effects of model parameters.

The basic values of the parameters cited in [8, 27] and [33], are listed in Table 1. Based on [27],
we can define the following expressions: A(t) = 0.000959 — 0.00012¢ + 0.000008¢2, ((t) = A(t),
y(t) = 675692975 hy = 0.11X(0).

Table 1 Values of parameters

to T o1 &1 &2 K a b
30 60 0.6612 0.1 0.134 2.9428 0.9051 0.0023
V0 aq [e%] Qs é P 1224 or
0.0328 1 300 300 -1.2 0.87 0.023 0.05
PSv X (0) r € PIS a b R
—0.7689 270270 0.02 0.00001 —0.07 7.3479 0.17 0.04

4.1 Effects of habit formation on the optimal strategies

Inspired by [27], we explore the optimal strategies under four scenarios: nohabit formation, low
habit formation, medium habit formation, and high habit formation. Subsequently, we conduct a
sensitivity analysis of the variations in optimal consumption, life insurance, and investment
decisions among individuals with different degrees of habit formation. The settings of the
consumption habit parameters are based on [27], and the specific details are presented in Table 2.

Table 2 Assumptions of consumption habit parameters

No habit formation Low habit formation Medium habit formation High habit formation
§1=6=0 §1 =6 =01 §1=6=03 §&1=6§ =05

Figure 1 illustrates the optimal consumption paths under the four scenarios in Table 2 by
varying the parameters £; and & while keeping other parameters constant. It can be observed
that the steepness of the optimal consumption path is influenced by the habit parameters. In general,
larger habit parameters correspond to steeper consumption paths in the latter part of the graph.
When & and & are both zero, meaning that habit formation is not considered, the optimal
consumption path is relatively smooth.

Figure 2 illustrates the optimal life insurance premium p*(¢) for individuals with different
habit formation. We observe that the optimal life insurance premium follows a peak-shaped pattern,

15 x 107 5 x 107
— &=0, &=0 — §=0, =0
40 __£=01, =01 4—--&=01,&=01
35| 6=0.3, &=0.3 6=0.3, &=0.3
””” ‘:1:0-:% 52205 e 3 5 §2=0-5
3.0 g
<= 2.5 = 2
9.0 Y
15 S
0 L
1.0
0.5 f 1r
0 1 1 1 1 1 -2 L L L 1 1
30 35 40 45 50 55 60 30 35 40 45 50 55 60
Figure 1  ¢*(¢) under different levels of Figure 2 p*(t) under different levels of

consumption habit consumption habit
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initially increasing and then decreasing when &; and &; are both zero. This conclusion is also
validated by [27]. This could be attributed to the fact that individuals typically have less wealth
in the early stages and are more inclined to leave a positive inheritance. Consequently, they tend
to increase their life insurance premium to avoid leaving any unpaid debts when they pass away.
In contrast, during the later stages of life, as people accumulate wealth and their debt levels decrease,
their life insurance premium payments also tend to decline. Figure 2 also shows that habit
formation can decrease the amount of life insurance purchased under the parameter settings in
the text.

Figures 3 and 4 show that the investment amounts in stock and index bonds increase in the
later stages, which is likely driven by the accumulation of personal wealth. Notably, individuals
with habit formation allocate less to risky investments than those without habit formation in
this late period.

x10°

3.0 5.0
— &=0, &=0
o5 = 6=01,6=01 45
O £=03, 5=03 4.0
ol E=0.5, &=0.5 Rt
= Z 3.0
2 1.5 :\ 2.5
ot w2
. 1.5
05 L N 1.0
= 0.5
0 1 1 1 1 1 0 1 1 1 1 1
30 35 40 45 50 55 60 30 35 40 45 50 55 60
t t
Figure 3 77 (t)X (t) under different levels of Figure 4 7} (t)X (t) under different levels of

consumption habit consumption habit
4.2 Effects of parameters on the optimal strategies
In Figures 5-16, we use the control variable method to examine the impact of parameter

variations on individual optimal decision-making. Specifically, we adjust the value of a single
target parameter while keeping all other parameters fixed.

7 6

6 x 10 35 x 10/
— 0,=0.5 — 0,=0.5
—--0,=0.7 3.0 F—--0,=0.7
S5F - 6,=09 - 6,=0.9

2.5

e e

Figure 5 Effect of o1 on c¢*(t) Figure 6 Effect of o1 on p*(¢)
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4.2.1 Effects of 01 on the optimal strategies

As shown in Figure 5, we find that the individual’s optimal consumption level ¢*(¢t) shows a
relatively increasing trend in the latter stages of the graph as o; decreases. Here o1 represents
the volatility of volatility. At the same time, Figure 6 shows that the individual’s optimal life
insurance premium p*(¢) increases, as does the amount invested in the stock =77 (¢)X(t) and
index bond 73 (¢) X (t), as shown in Figures 7 and 8. This suggests that a decrease in the diffusion
coefficient o1 encourages the individual to increase their investments and expenditures.

8 8
45 x 10 8 x 10
— 0,=0.5 — 0,=0.5
40F—-- =07 7h—--0,=0.7
35l - 0,=0.9 -~ 0,=0.9
. () L
3.0
= 5r
< 2.5

=20
5
15

m, (1) X (1)

1.0
0.5 F
0

Figure 7 Effect of o1 on 7} (¢) X (t) Figure 8 Effect of o1 on 73 (¢) X (t)

4.2.2 Effects of x on the optimal strategies

Based on the analysis of Figures 9-12, we find that as the control parameter of excess return s
increases, Figure 9 shows that the individual has a higher ¢*(¢), while Figure 10 demonstrates
that p*(t) is larger for greater k before ¢ = 38, but becomes smaller for greater x after ¢ = 43.
Figures 11 and 12 indicate that 77(¢)X(¢t) and 73(¢)X(¢) also increase as s increases, which
means that the individual allocates more assets in the stock and the index bond. This suggests
that the increase in k leads the individual to adopt more proactive investing and consumption
behaviors.
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Figure 9 Effect of x on c*(¢) Figure 10 Effect of x on p*(t)

4.2.3 Effects of ps, on the optimal strategies
Based on the analysis of Figures 13-16, it is evident that the correlation coefficient pg,
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between Wgs and W, significantly influences c¢*(¢), p*(¢t), w7(t)X(t) and w3(t)X(t).

illustrated in Figure 13, when the negative correlation between Wg and W, weakens, c*(t) increases.
Similarly, Figure 14 indicates an upward trend in p*(¢), while Figure 15 demonstrates that
7} ()X (t) rises and Figure 16 shows that the optimal investment amount in the index bond also
grows. This suggests that the weakening of the negative correlation coefficient pg, leads to more

aggressive investment and active consumption behavior by the individual.
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5. Conclusion

This study examines individuals’ optimal decisions regarding consumption, life insurance, and
investment with habit formation under inflation. The financial market includes a risk-free asset,
a stock, and an index bond, with the price of the stock following the 4/2 stochastic volatility model.
It is challenging to obtain precise solutions for optimal decisions in the CRRA case. Therefore,
asymptotic expansion techniques are employed to derive approximate solutions. Numerical
results show that different types of consumption habits lead to clear differences in optimal
consumption, insurance, and investment strategies, and that key model parameters significantly
affect these optimal decisions. These findings provide important implications for personal
financial planning, portfolio choice, and life insurance demand. However, this study assumes
deterministic income, which limits its realism. Future research could therefore extend the model
to incorporate stochastic income, which would require more complex derivations.

Appendix

A The derivation process of (2.10)

Proof of (2.10) Using the law of iterated expectation, (2.9) can be rewritten as follows:

TAT
V(t,x,v,h) = Et[ / e PO (e(s) — h(s)) ds
t

max
(c,p,m)€IL(t)

+ age PTI, (X(T) + Zgg?) I <ry + aze " T0U; (X (T) a1y
T

T
= omon B [ T 00 o) - ) o
—p(T—t) p(T) —p(T—t) 1

+ ange Us X(T) + C(T) I{TgT} + ase Us (X(T)) I{T>T}

T
E; {/ I{ng}ale_p(s_t)Ul (c(s) — h(s))ds
t

= max E;
(c,p,m)€EII(t)

¢(7)

T
=  max )Et [/t S(s,t)are PETIUL (es) — h(s))ds

(cp,m)€lI(t

+ age_p(T_t)Ug (X(T) + p(T)) I{TgT} + Olge_p(T_t)Ug (X(T)) I{T>T}:|‘|

+ / aze "0, (X (s) +§8> f(s,t)ds + aze " T=DU; (X(T)) S(T, t)}
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T
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T "s
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then, we can obtain (2.10). O
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