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Abstract This paper investigates the optimal investment problem for hybrid pension
plans in a financial market with jump-diffusion risky assets, where both the contribution
and the benefit are adjusted based on the plan’s performance, and risks are shared across
different generations. The investment in a risk-free asset and two risky assets is carried
out by the managers of the pension fund. The model of risky asset is assumed to be
modulated by a compound Poisson process, with the two risky asset price processes
correlated through a common shock. The objective of this study is to seek the optimal
investment strategies and risk-sharing arrangements for plan trustees and participants
that minimize the costs associated with unstable contribution risks, unstable benefit risks,
and discontinuous risks. By applying the stochastic optimal control approach, the closed-
form expressions of the optimal strategy and value function are derived. Numerical
examples are provided to analyze the effects of parameters on the optimal strategies. In
the context of the hybrid pension plan, these strategies effectively facilitate
intergenerational risk-sharing.
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1. Introduction

As population aging intensifies, pension management has become a mainstream research topic
worldwide. In the literature, pension schemes are categorized into three distinct types: defined
benefit (DB) pension plans, defined contribution (DC) pension plans, and hybrid pension plans.
In a DB plan, trustees assume the financial responsibility and accountability for managing the
risks associated with the plan, while in a DC plan, participants hold individual accounts and
bear the entirety of the longevity and investment risks. However, neither of these plans is ideal
in response to the challenges faced. This is because although DB schemes may be optimal for
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retirees as they pay the maximum payouts, the trustee bears all contribution and financial risks.
This may not result in the optimal solution for the trustees. In contrast, DC plan participants
bear all contribution and financial risks. Potentially low financial returns from the investment
portfolio, coupled with a meager contribution rate, may lead to insufficient pension payments
upon retirement, posing an unfavorable scenario for plan members. Thus increasing attention is
given to new alternatives that can provide better risk sharing for both participants and plan trustees.
An optimal pension scheme should ensure ample benefits for participants while fostering
equitable risk-sharing between them and the plan trustees.

Recently, hybrid pension plans that combine the features of both DB and DC pension plans
have been investigated. Hybrid pension plans are widespread across the world. They strike a
balance between the two "polar extremes" of purely DC and purely DB pension schemes. This middle-
ground position endows them with significantly more flexibility, making them a popular choice.
The main objective of the research, reported by [1], is to deepen the understanding of risk
sharing and hybrid pension plans in contrast to traditional final salary and pure DC plans.
Subsequently, an array of hybrid plans has been conceptualized by pension experts and
thoroughly examined in the relevant literature, expanding the field’s understanding and possibilities,
for example, the defined ambition (DA) plan ([2] and [3]), the target benefit plan ([4]), the risk-
sharing DB plan ([5]) and the national defined contribution (NDC) plans ([6] and [7]). [§]
provided an overview of the types and development of hybrid pension plans around the world.
Additionally, it described in-depth four different hybrid pension plans as case studies. These
include the hybrid DB plans in the Netherlands, the non-financial DC plan in Sweden, cash
balance plans in the United States, Canada and Japan, and the Riester plan in Germany.

The hybrid pension plans offer enhanced retirement security on a sustainable, stable, and
economically viable foundation, featuring risk distribution across various age groups for optimal
balance and security. We focus on the portfolio allocation decisions together with pension policies,
which are intergenerational risk-sharing rules, to dynamically adjust the pension fund’s financial
position. Intergenerational risk-sharing can significantly enhance overall welfare. [9] proved that
intergenerational risk transfer was welfare-improving for all current and future generations in a
collective pension scheme compared with participants in individual schemes. [10] found that well-
structured intergenerational risk sharing via collective schemes could be welfare-enhancing above
the optimal individual benchmark. [11] studied intergenerational risks and cost sharing for a
variety of collectively funded pension plans and found that pension schemes with a well-
structured volatility-risk-adjusted component could be welfare enhancing for entry and future
cohorts. Besides, there are other studies in the literature that tried to find optimal contributions
and/or benefit adjustment policies within hybrid pension funds, such as [12], [13] and [14].

This paper extends previous research to a jump-diffusion model for risky asset prices, wherein
the counting processes exhibit interdependence through a shared shock mechanism, and the
Brownian motions are assumed to be correlated. This improved framework offers a more subtle
depiction of the complex dynamics in financial markets. Indeed, this type of model offers a more
realistic portrayal of the actual financial market, as it acknowledges that information frequently
arrives unexpectedly, triggering sudden jumps in stock prices. Furthermore, it recognizes that
certain pieces of information can generate a common shock across multiple risky assets,
exemplified by fluctuations in interest rates or oil prices. Research on common shock problems
have been extensively discussed in the past years, as documented in references [15], [16], [17], and
[18]. Under the criterion of maximizing the expected exponential utility, [16] considered the
optimal reinsurance strategy in a risk model with two dependent classes of insurance business
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under the variance premium principle. [15] considered the problem of optimal reinsurance with
two dependent classes of insurance risks in a regime-switching financial market. Within the mean-
variance framework, [17] studied the optimal reinsurance and investment problem in a financial
market with a jump-diffusion risky asset, where the insurance risk model was modulated through
a compound Poisson process, and the two jump-number processes were correlated through a
common shock. Then, [18] extended their work to the optimization problem of maximizing the
expected utility of terminal wealth with the constraint that the optimal reinsurance strategy lies
in the unit interval. Therefore, the model adopted in this study is more practical and reasonable.
Undoubtedly, it renders the optimization problem more intricate and challenging.

This study has several contributions. Firstly, the model we considered is set within an
overlapping generations’ economy, in contrast to the classic hybrid pension model. This
characteristic enables risk-sharing among all generations. Secondly, we introduce jumps into the
price dynamics of risky assets and consider the dependence of shared shocks between two jump-
diffusion risky assets. Such a model is more in line with the actual financial market environment.
In reality, information often arrives unexpectedly, which typically results in a jump in stock prices.
Moreover, certain information can trigger a common shock to risky assets. Finally, we present
numerical examples to demonstrate the influence of parameters on the optimal strategies.

The rest of this paper is organized as follows. In Section 2, we introduce the financial market
model and the framework for the hybrid pension plan. In Section 3, we present the optimal
investment problem for the hybrid pension and derive closed-form solutions using the dynamic
programming principle. In Section 4, we provide a special example to study the optimal
investment problem for the hybrid pension when the single risky asset follows a jump-diffusion
model. In Section 5, we analyze the numerical impacts of model parameters on the optimal strategies.
Finally, our conclusions are presented in Section 6.

2. Model formulation

2.1 Financial market

Let (Q,F, {Ft}tefo,r], P) be a complete filtered probability space with the filtration {F;}+cjo,77,
that is, F; contains the information about the financial market and the information about the
salary of the members at their retirement time ¢, which is available to the sponsor of the pension
plan.

We consider that the financial market consists of a risk-free asset (bond) and two risky assets
(stocks). The price process of the bond Sy(t) is given by

dSo(t) = rSp(t)dt, Sp(0) =1, (2.1)
where constant r > 0 denotes the interest rate of the bond. The price processes of the other two
stocks S;(t)(¢ = 1,2) are modeled using the following jump-diffusion processes

dSi(t) = S,-(t—)[,u,-dt + O'idWi(t) + OéidLi(t)], 51(0) = 8,0, (22)
where s;o is the deterministic initial price, u; is the appreciation rate of the stock, o; and «; are
the volatility coefficients for Brownian motion and the jump process, respectively. u;, o; and a;
are positive constants. Additionally, Wy (t) and W5(t) are independent standard Brownian motions.
Then, the jump processes are given by

My (t) My (t)
Lit)= > X, and Ly(t)= Y;,
i=1 ;
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where M;(t) is a counting process for class j(j = 1,2). We assume that {X;};>1 and {Y;};>1 are
two sequences of independent random variables representing the jump amplitudes of the two
risky assets’ prices Si(t) and S3(t), respectively, and they are independent of the counting
processes M (t) and Ms(t), respectively. Let X and Y be generic random variables with the
same distributions as X7 and Y7, and denote their distribution functions by Fx(x) and Fy(y),
respectively. Following [18], we further assume that {X;,i > 1} and {Y;,¢ > 1} are i.i.d. with
values in (—1,00), which guarantees the positivity of the stock prices after each jump. Moreover,
the first moments are finite and given by F[X;] =w; and E[Y;] = uz, and the second moments
are finite and given by E[X?] = 37 and E[Y;?] = 3. The dependence between the two counting
processes is introduced via a common-shock structure. Specifically,

My(t) = Ni(t) + N3(t) and  Ma(t) = Na(t) + Ns(1),

where Ni(t), Na(t) and Ns(¢) are independent Poisson random processes with parameters As,
Ay and s, respectively. Therefore, the jump processes generated by these two classes of risky
assets take the following form

N1 (t)+Ns(t) N2 (t)+N3(t)
Lity= > X; and Ly(t)= Y Y
i=1 =1

It is readily apparent that the interdependence between these two classes of risky assets is
attributable to a common shock governed by the counting process N3(t).

2.2 Basic plan settings

We consider the hybrid pension system consisting of working-stage and retirement-stage
participants, and make the following plan settings. For the population, we develop a continuous
deterministic framework considering that age and time are continuous variables. In a hybrid
pension plan, all members are assumed to enter the system at age xy and retire at age x,.. Based
on actual situations, due to the decline in fertility rate and the increase in life expectancy, the
mortality rate decreases over time t, while it increases with age z. According to [19], the
mortality hazard rate of cohort aged x at time ¢ is given by

p(x,t) = A+ Bo*= 51,

which is a modification of Makeham’s Law because it is not only age-dependent but also time-
dependent. A and B are both constants. A represents the baseline mortality rate, while B is
typically associated with the rate at which mortality increases; it reflects how mortality changes
as age progresses. 6 serves as the growth factor for mortality with increasing age. w is a positive
parameter called the longevity parameter, which shows the longevity trend. In other words, the
human life expectancy increases by one year every w year.

Remark 2.1 From the mortality hazard rate above, we can get that the higher w, the slower
longevity trend becomes. According to [19], for the Furopean Union(EU)-countries, the human
life expectancy will increase by about 7.5 years over the next 50 years, which means w =~ 6.67.

Moreover, the improvement in life expectancy is largely attributed to the expansion of the
maximum age. Knell analyzed ‘record female life expectancy’ in [20], spanning from 1840 to 2000.
A distinct trend emerged from this analysis, showing an almost perfectly linear progression. This
trend is characterized by the highest value of female life expectancy across all countries with
available data for the period. According to [14], we assume that the maximum age m(t) increases
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linearly:

where mg is the initial maximum survival age, and £ is the increase factor of the maximum
survival age.

We denote the survival function by p(x,t), which is the probability that a cohort entering the
system at time t — (x — xg) survives to age z. The survival function is described by

pla,t) = e~ Jo D gy <o <mt),
and thus the survival function can be expressed as
p(z,t) =€~ Jo 770 p(zotust—(z—z0)+u)du

— exp {—A(ac — z0) — %(ex—%t _ 9(1—i)xo+i(:c—t))} o <z < m(t). (2.3)

Let n(t) be the entry rate that describes the density of sizes of new cohorts entering working

life at the age of zy during time ¢. Then, the density of those attaining age x at time ¢ is

n(t — (z — xzo))p(x,t), © > xo. The function n(t) follows the Malthusian population growth model,

which is given by n(t) = nge™, where ng represents the density of new entrants at age xo at
time ¢ = 0, and « denotes the growth rate of new entrants.

Remark 2.2 t — (z — xg) is the time at which this cohort joined the pension system. The value
of t — (x — xg) could be negative, meaning that a member whose age is x at time t > 0 joined the

pension system T — xy Years ago.

The pension trustees receive contributions from the active members, and the total number of
active members who make contributions at time ¢ is given by
Ty
NC(t) = / n(t — (z — zo))p(x, t)dz. (2.4)
o
Simultaneously, the pension plan provides retirees’ benefits, and the total number of retirees
who receive the benefits at time ¢ is

m(t)
NB(t) = / n(t — (z — z0))pla, £)dz. (2.5)

Here, for active individuals, they receive wage income, which is normalized to 1 during the
working period. Then, the total contribution income can be expressed as follows:
Ty
TC(t) = / n(t — (z — xzo))p(z, t)e(t)de = NC(t)c(t), (2.6)
o

and the total benefit payment is

m(t)
TB(t) = / n(t — (z — xo))p(x, t)b(t)de = NB(t)b(t), (2.7)
where ¢(t) and b(t) represent the contribution amount and the income amount at time ¢, respectively.
The specific forms will be presented in the next section.

Remark 2.3 Equations (2.4) and (2.5) can be observed in some specific conditions. For instance,
the model studied in [4] can be reinstated by setting the parameter k = 0. This setting implies
that the entry rate remains constant, at n(t) =ng. When w = oo, it signifies that the force of
mortality is solely dependent on age, consistent with the findings presented by [12].
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2.3 Hybrid pension scheme

The pension fund trustee is responsible for the asset-liability management. Assume that the
dollar amounts invested in the two stocks are m(t) and mo(t) at time ¢, and then the amount
invested in bond is F(t) — m1(t) — m2(t). The dynamics of the wealth process F(t) can be
described by

AF(t) = m(t) d;’l 1&? +mo(t) d;; 2((5) FIF() = mi() — mo(b)] dgo((:))

= [m(t) (1 — ) + m2(t)(u2 — ) + rF(t) + NC(t)e(t) — NB(t)b(t)]|dt + o171 (8)dW(t)
+ ooma(t)dW(t) + aamy (¢)dLy (t) + apma(t)dLa(t),  F(0) = fo,
or it can be rewritten as follows:

AF(t) = [ (t) (i — 1) + ma (&) (p2 — 1) + 1F(t) + NO(E)e(t) — NBE)b(®)]dt + oy ()W (t)

+ 0'27T2(t)dW2(t) + /D

+[TC(t) — TB(t))dt

alﬂ'l(t)lel(dzl,dt) + / agﬂ'g(t)ZQNQ(dZQ,dt)
Dy

+ //Ds(aﬂn(t)zq + aama(t)22) N3(dz1, dze, dt), F(0) = fo, (2.8)

where Np(dz1,dt), Na(dza,dt), N3(dzi,dze,dt) are independent Poisson random measures, and
D1, Dy are measurable subsets of R := R\ {0} and Dj is a measurable subset of R? \ E with

E = {(z,0) :J:E]R}U{(O,y) cy € R} (2.9)

Next, we introduce a hybrid pension model that effectively manages pension risks and shares
the distribution across different generations. Our model is inspired by the hybrid pension plan
studied in [19], where the surplus (deficit) between the total contribution income and the total
benefit payments increases (decreases) the accumulation of the pension fund. Meanwhile, the
accumulation is dynamically allocated to two risk-free assets and a risky asset.

Consider the target contribution ¢ and target benefit b set at time 0, within a finite time
interval spanning from 0 to 7', where T represents the terminal time. For each age cohort,
denoted by x, the target liability equals the difference between the present values of risk-free
benefits and the yet-to-be-paid risk-free contributions.

fOT(NB(t)be” — NC(t)ce™)e 7t=@=z)dt, =z, >z > w0,

L(z) = (2.10)

fOT NB(t)beTte (= (@=20)) ¢, m(t) > x>z,

where 7 is the target instantaneous growth rate of the target contribution and benefit. The
target liabilities of the fund can be calculated as the sum of the liabilities for each age cohort.

z, T
L= / / (NB(t)be™ — NC(t)ce™)e "t (@=20)) q¢dy
o 0

m(t) T
+ / / NB(t)beTte "t~ (@=20) qtdy. (2.11)
Z, 0

Given the static age composition of the fund and the fixed target benefit level, the target
liability L remains constant over time. In fact, when the fund is fully invested in the risk-free asset,
the actual liability coincides exactly with the target liability L. If the fund is invested in risky assets,
such as equity investments, there may arise asurplus or deficit in funding relative to the target liability.
The fund surplus is defined as the difference between assets and the target liability level:

SP(t) = F(t) — L. (2.12)
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It is worth noting that hybrid pension schemes may accrue surpluses or deficits, resulting in
intergenerational transfers and thus facilitating the sharing of intergenerational risks.

Besides the adjustment of the plan members’ target liabilities (2.11) by linking them to the
fund assets (2.8), the hybrid pension model presented in this paper dynamically and
simultaneously adjusts both the current total pension contributions made by active members and
the benefit payments due to retirees. These adjustments are implicitly influenced by the financial
risks faced by the pension fund, which are reflected in its surplus level or funding ratio.

To achieve our goal mentioned above, we define a simple policy for cohort contribution c¢(t)
and benefit b(t), where the contribution per cohort is a function of the target contribution rate

level ce™ and the funding residual per active cohort f,g((tt)), and the benefit per cohort is a
function of the target benefit rate level be™ and the funding residual per retire cohort f,g((?) ,
SP(t
c(t) = ce™ — aNC’((t)) =ce™ — A\ (1), (2.13)
SP(t)
b(t) = be™ =be™ + Mot 2.14

where A\ (t) = O[%tc),(_t)[‘,)\g(t) = ﬁ’%g(_tf represent the adjustments to the pension contributions
and benefit payments, respectively. The slope coefficients o and [ are the so-called spread
parameters for contribution income and benefit payment, respectively, which change with the
adjustment of the hybrid pension system and thus reflect the speed of absorbing the funding
imbalances. The funding imbalance is immediately and fully absorbed when a =1 or g =1.
More specifically, a fraction « of the funding residual is shared among employees and a fraction
B of the funding residual is shared among retirees. A decrease in the values of « and [ signifies
that a portion of the funding surplus is deferred to future generations, thereby facilitating a
greater degree of risk sharing across generations. In simpler terms, the lower the values of o and
5, the higher the extent to which risks are shared between generations.

The two adjusted processes {c(t);t > 0} and {b(¢t);¢ > 0} describe the pension system over time.
They consist of decisions on contribution and benefit payment for each cohort at time ¢t. When
the underlying fund value experiences gains at time ¢, indicated by a positive fund surplus level
SP(t), which indicates an asset investment outperformance, we anticipate a positive adjustment
in both Ai(¢) and A2(t) policies. This adjustment aims to augment the “promised” benefit
payments while concurrently reducing the “normal” required contributions at that particular
time ¢. When the underlying fund surplus incurs a deficit due to investment losses, we in turn
anticipate negative policy adjustments to both A (t) and MAy(t). Here, increasing the
contributions and decreasing the benefits can rebalance the budget. Overall, high and low asset
returns of the fund are spread over active members and retirees, which implies an
intergenerational risk transfer or sharing.

Definition 1 (Admissible strategy)

A strategy m = {(m1(t), m2(t), M (), A2(t)), t € [0, T} is said to be admissible if

(i) 7 is progressively measurable with respect to {F;}i>0;

(i) Vt € [0,T),m1(t) =0, ma(t) =0, A\1(t)=0, A2(t) =0, and E[fOT(|7r1(t)\2+\772(15)|2)dt]<oo ;
(iii) (m, F™) is a unique strong solution to the stochastic differential equation (2.8).

The set composed of all admissible strategy processes is defined as IT which is not empty.

In the following section, we set a continuous-time optimal investment problem for the hybrid
pension plan.
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3. Optimal investment problem for the hybrid pension

3.1 Optimization problem

Based on the context above, the hybrid pension plan we consider encompasses both active
members who contribute to the fund and retired members who receive pension benefits. Given
that contributions and benefits are subject to changes over time, the trustees of the plan are
required to meticulously formulate asset-allocation strategies, as well as contribution and benefit
strategies, that strike a reasonable balance between the interests of both active contributing
members and retired beneficiaries. Since the pension plan we are considering is a collective
endeavor encompassing various generations, the pension trustees should prioritize the stable and
sustainable operation of the plan, while ensuring that investment risks are shared intergenerationally.

To achieve this goal, in our hybrid pension model, the pension trustees seek a robust optimal
strategy, m, that minimizes the expected discounted cost of unstable contribution risk, unstable
benefit risk, and discontinuity risk over the time horizon [¢,T]. The model setting is consistent
with [4] and [12]. We propose a cost function that consists of three parts. The first part is the
deviation between the actual contribution and the target contribution. The second part is the
deviation between the actual benefit and the target benefit. The third component is introduced
to capture the plan’s discontinuity risk, which stems from intergenerational transfers that are
either too high or too low. We therefore specify a terminal fund goal, given by fye™”, and
measure the discontinuity risk as the squared deviation between the actual terminal value of the
fund, F(T'), and this terminal fund goal. Under such circumstances, a welfare cost arises due to
the discontinuous accumulation risk. Hence, the objective is to minimize the deviations within
the finite time horizon [t,T]. The objective function can be expressed as follows:

v, )= miHE{ /t ' [Vl(C(U) —ce™)?e ™ + 72 (b(u) — be”)Qe—Tﬂ du

TE
F(t) = f}, (3.1)

where II is a set of all admissible strategies of m = {(1(t), m2(t), A\1(t), A2(t)),t € [0, T]}. The non-
negative constants vy, 72, and 73 serve as weight parameters, indicating the relative importance

+ 'YS(F(T) o foerT)2e—rT

of the cost associated with unstable contribution risk, the cost of unstable benefit risk, and the
cost of discontinuous risk within the overall cost function, respectively.

Thus, the optimal investment problem for the hybrid pension plan is established. The pension
trustees aim to find the optimal strategies for asset allocation and for both benefit and
contribution adjustments that minimize the deviations within the finite time horizon.

3.1.1 Optimal investment strategies
In this section, using the standard stochastic control approach, we solve the optimal
investment problem for the hybrid pension and derive closed-form expressions of the optimal policy.
The variational operator on any function V' (¢, f) is defined as follows:

AV (t, f) = Vi + %(Wfdf +m305)Vip + (AT +72A5) e
+ [m(p =)+ ma(pe — 1) +7f + NC(t)(ce™ = A1) = NB(t)(be™ + Ao)]Vy
+ ME[V(E f+amX) =V, )]+ ME[V(E f + amY) = V(, f)]
+ /\5E[V(t7 J+oamX + O‘ZWQY) - V(ta f)}a (32)
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where Vi, Vi, Vi are partial derivatives of V (¢, f).
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According to the principle of stochastic dynamic programming, the Hamilton—Jacobi—Bellman

(HJB) equation can be derived as follows:
21611111,!27 V(t, f)=0.

(3.3)

We present the optimal asset allocation, contribution and benefit adjustment policies for the

optimal investment problem (3.1) in the following theorem.

Theorem 3.1 For the optimal investment problem (3.1), the optimal asset allocation policy,

contribution and benefit adjustment policies are given, respectively, by

’/Tik(ta f) - gO(f + Q(t))a
T3t f) = g1 (f + Q1))

Nt f) = %Nc(t)P(t)(f +Q(1)),

N5(t, f) = %NB(wP(t)(f +Q()),

as we denote that
CCq — C2C3 CC3z — C1C4

go = cicog —c2’ g1 = cicog —c2’

where

c1 =207 + 2230337 + 2050262, 3 = 202 + 2\40367 + 2Xs05 32,

cg=p1 — 7+ 20qu1(As + Xs), ¢4 = o — 1+ 2a0us(Ag + As),

c = 20:1U1Us.
The corresponding value function is given by

V(t, f) = e " P()(f + Q1))

where the expressions of P(t) and Q(t) are given below. We denote that

ga(t) = 73<Ngft) + Ni(t)

g4 = A3BTg5 + 38397 + 201 00uiuagogr + 201U go + 202usg) .-

), g3(t) = NC(t)ce™ — NB(t)be™,

Then, P(t) and Q(t) can be expressed as follows:

1
P(t) = )
gig) +(1- Qig))e—¢(T—t)
3 — r
Q(t):7g32§a)(1ier(T t))*foe t’

where
¢ = go(p — 1)+ g1(uz2 — ) + ggoi + g0 + (2engour + g7 )As
+ (20429‘1’&2 + a%g%ﬂ%))\4 + g4)\5.
Proof To solve (3.1), we conjecture that the solution takes the following form:

V(t, f) = e " P(t)(f + Q1))
P(T)=1, Q(T)=—foe',

(3.4)
(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)



146 Jianyu Huo, Qing Zhou

whose partial derivatives are

Vi =3 (P = rP(1)(f + Q(1)* + 2P(1)Qu(f + Q(1))]

Vi =2y3e” " P(t)(f + Q(1)), (3.13)
Vi = 27367”]3(75).
Besides, from (3.12), we get
E[V(ta f + 0117T1X) - V(t’ f)]
= y3e " P(t) [2armus (f + Q(z)) + odwifE]
EV(t, f + agmY) = V(t, f)]
= y3e " P(t) [200moua(f + Q(z)) + o373 53], (3.14)

EV(t, f+ a1mX + azmY) = V (¢, f)]
= y3e " P(t) 37232 + o373 B3 + 2a Ty U U

+2(rmiur + agmaug)(f + Q(z))].

Substituting (3.13) and (3.14) into (3.2), we have
Vit, ) = (P = rP)(F + QU+ 2POQ(S + Q1) + PO) (72652 + 7365)
" Aj“ PU)(S + QS + il — 1) + malias — 7)
+NC( )(ce™ — X)) — NB(t)(be™ + \3)]

P(t)As2a1mus (f + Q1)) + o377 B7] + P(t) Aa[20mous (f + Q(t)) + abm3 53]

P(t)As[ain? B + abm3 85 + 201 apmimauyug + 2(camiug + aamaug)(f + Q(x))).
(3.15)

To obtain the optimal investment strategies n5 (¢, f) and 5 (¢, f), first, we let

h(my,m) = P(t)(m5 87 + m3635) + P(t)(f + Q1)) [m1 (1 — 1) + ma(p2 — 7))
+ P()As2anmun (f + Q(1)) + afni 1] + P(t)Aa[2a0mouz(f + Q(1)) + a3 3]
P(t)As[ain?Bi + aims s + 20 oy Toug ug + 2(c miug + asmous)(f + Q(x))].

Differentiating h(my, 7o) with respect to 7 and o respectively, we obtain

ah(ﬂ.h 71-2)
D (202 + 2X30282 + 2502 82)m,
+ 20 a0urugms + (f + Q)1 — r + 200u1 (A3 + As5)],
Oh(my,m
# — (203 + 2\403B2 + 225026
+ 201 aguiugmy + (f + Q1)) [z — 7 + 200uz(As + As)],
. (3.16)
1,712
5777% =207 + 2X302 67 + 2 502 33,
8}12(7717 71'2)
o =205 + 2\40563 + 2\503 33,
ORAmLT2) _ o
87'(17'(2 .
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Second, we ensure that h(m, ) is a convex function with respect to m; and 7s.
To prove that h(m, ) is a convex function with respect to m and o, it is sufficient to prove

that the Hessian matrix of h(wy,m2) is positive definite. The Hessian matrix is

82h(7r1,7r2) 82h(7r1,7r2)
_ aﬂf Om1 07y
H 62]7,(71'1,7{'2) 82}1(71‘1,71'2)
OOy 6#%
_ 20’% + 2)\30{%ﬂ12 + 2)\50[%&12 2001 o U Us
20[10[271111,2 20’% + 2)\404%[3% + 2A50é%ﬁ§ ’

Next, we can split the matrix into the following form

202 2001 U U 2030287 + 2\502 3% 0
H= 2 + 232 2452 | -
2001 QiU Us 205 0 240505 + 2X50535

The second half is a positive definite matrix, while the first half can be derived from the
Cauchy—Schwarz inequality, as stated in [17]. The details are as follows.

According to the Cauchy—-Schwarz inequality

(&) < (54) (5)

we let x1 = 01,91 = Q102U To = 09, Y2 = a1auy, and we can get |o203 — afa3uiui| = 0. So
the first half is a positive definite matrix.

Thus, the Hessian matrix is a positive definite matrix. Therefore, the minimizer
(w5 (t, f), 75 (t, f)) is the solution of the equations

(202 +2X302 82 + 2502 82) 1 + 201 g uamy = —(f + Q(t))[1u1 — 7 + 2c1u1 (A3 + X5)],
(20’% + 2)\404%6% + 2)\504%5%)71’2 + 201 vuiugm = —(f + Q(t))[/,ég —-r—+ 2042U2()\4 + /\5)]

That is
{ mi(tS) = ( + QU)FEEE) = aolf +Q(), s
(4 f) = (f + Q)(£5529) = g1 (f + Q(1)).
Besides, differentiating (3.15) with respect to A; and Ay respectively, we get
Xt ) = 3 -NCWPOS + Q). (3.18)
N3t f) = ENBWP)(f + Q1) (3.19)

272

Denote

2 2
92(t) = s (Nc;ft) + Ni(t)

g1 = A3 B7g8 + a3 B397 + 201 azuiusgogr + 201U go + 200usg: .

> . g3(t) = NC(t)ce™ — NB(t)be™,

Substituting (3.17), (3.18) and (3.19) into (3.15), we have
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min 7V (t, f) = y5e~"{ (P + (g0 = 1) + g1 (12 = 1) + (2019001 + 0393 BD)As

+ Qoaguus + 036 BN + 607 + 6303 + 0% ) P(0) — 2 p(e)?) g2
2[(Pt + (901 — 1) + g1(p2 — 1) + (21 gowr + @395 87) A3

+ (2angius + o378 + 630 + 6703 + 90 P(O) — 2 P()2) Q)

+ 2950, — 2 + 0s0)] 1

+ (Pt + (go(ur =) + g1(p2 — 1) + (201 gous + aTg357) A3

t
+ (20ng1us + 036780 + 0307 + 0303 + 90 P(0) — D Py Q()?

+ P()Q)(2Q: — 2rQ(t) + g5(1)) }- (3.20)

According to (3.3), we let the coefficients of f2, f be zero, which leads to the following system
of differential equations:

Py + [go(pr — ) + g1(p2 — 1) + 9307 + g0 + (201gour + afgiB7)As

+ Qangin + a3028)M + 9] P(0) — 20 Py = o (3.21)
2Q: — 2rQ(t) + gs(t) = 0.

The differential equations (3.21) with boundary conditions in (3.12) can be easily solved; thus,
this theorem is verified. O

4. Special Case

In this section, we discuss a specific case in our model by examining the optimal investment
problem for hybrid pension funds within a jump-diffusion model. In this specific case, we assume
that the pension trustees’ investment assets consist of a risk-free asset and a risky asset. The
price process of the risky asset S3(t) follows a jump-diffusion model.

N(t)
ng(t) = S3(t) Mgdt + 0'3de + d Z Z; s Sg(O) =353 >0, (41)

where s3> 0 is the initial price of the risky asset; pus and o3 are positive constants and
represent the expected return and the volatility of the risky asset, respectively; N(t) represents
the number of jumps of the risky asset price within the time interval [0,¢] and follows the
homogeneous Poisson process with the intensity A; Z; is the ¢th jump amplitude of the risky
asset price, and Z;, ¢ =1,2,..., are independent and identically distributed random variables
with the distribution function Fz(z). Here, Z is a generic random variable. Similar to what is
presented in [18], the jump sizes Z; are assumed to be an i.i.d sequence with values in (—1,00).
Furthermore, there are finite first-order moment FE[Z;] =us and second-order moment
E[Z}] = 3. Similar to [21], we assume that {W3(t)}ico,r), {N(t)} e, and {Z;,i > 1} are
independent.

Then, we define the following compound Poisson process Z Z using the Poisson random
measures N(-,-) on Q x [0,T] x [—1,00):
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N(t)

t o)
>z :/ / zN (ds,dz), Vte[0,T].
i=1 0 J-1

In this case, if v(dt,dz) = AdtdFz(z), we have

t oN]
= / / zv(ds,dz), Vte[0,T],
0 J-1

and v(-,-) is the compensator of the random measure N(-,:). Therefore, the compensated
measure N = N(,-) — v(-,-) is related to the compound Poisson process Zij\;(lt) Z,; as follows:

N(#)

// zN (ds, dz) ZZ ~E ZZ . Vtelo,T].

To get a higher yield, let the amount of money invested in the risky asset be denoted by = (t),
and the amount invested in the risk-free asset be denoted by A(t) — 7 (t), where A(t) is the size
of the pension fund for each surviving member at time ¢. Therefore, the dynamics of the wealth

process A(t) can be described by

dA(t) = 7(t) d;; 3&? + [A(t) — 7 ()] dSS"(( )) [TC(t) — TB(t)]dt
= [7(t)(u3 — ) + T A(t) + NC(t)c(t) — NB(t)b(t)]dt 4 osm(t)dWs(t)
+ /_ 1 7(t)zN (dt,dz), A(0) = (4.2)

The optimal investment problem is the same as (3.1) and is given by
T
V(t, a) = min E{/ ['71 (C(U) — CQTt)Qe—ru =+ 72(b(u) _ be'rt)Qe—ru} du
t

3 (A(T) — age’T)2e T | A(t) = a}. (4.3)

Then, the variational operator on any function V (¢, a) is defined as follows:

A"V (t,a) =V, + 7TU3VM+(1>\%+72)\§)6_”

+ [ (ug —7r)+7ra+ NC(t)(ce™ — A1) — NB(t)(be™ + \2)|V,
+AEV(t,a+7Z) —V(t,a)], (4.4)

where V;, V,,, Vi, are partial derivatives of V (¢, a).

Theorem 4.1 For the optimal investment problem (4.3), the optimal asset allocation policy,

contribution and benefit adjustment policy are given, respectively, by

T (t,a) = —gs(a+ Q(t), (4.5)
At a) = %NC(t)P(t)(a +Q)), (4.6)
N(t,a) = QL,;NB(ﬂP(t)(a +Q(t)), (4.7)

where
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M3 — 7+ 2)us3
95 = 75
2(03 +A63)

and the corresponding value function is given by
V(t,a) = yze " P(t)(a+ Q1)

where P(t) and Q(t) are given by

1
P(t):%g+<1_%g)e—¢<T—t>’
2(t)
gB(t)_g r(T_ T
Qt) = = F—2 (1= 3 T) — foe,

where

NC(t)? N NB(t)?
Al V2

b — _ 2 2 202
= —gs5(u3 — 1) + 0395 + Ag5 B3 — 2Agsus.

g2(t) = 7 ). 9s(t) = NC(t)ee™ = NB(t)be™,

Proof We try to speculate on the solution in the following form:
V(t,a) = e " P(t)(a + Q(t))?,
P(T)=1, Q(T)= —ape"".
The partial derivatives of V (¢,a) are

Vi = yse " [(Po = rP(t)(a+ Q(t)* + 2P(1)Qi(a + Q(1))]
Vo = 293¢ 7" P(t)(a + Q(1)),
Viaa = 2y3e "L P(1).

From (4.12), we get

ElV(t,a+nZ)—V(t,a)] =vze " P(t) [2mus(a + Q(t)) + 7° B3] -
Substituting (4.13) and (4.14) back into (4.4), we have
AV (t,a) = (P, — rP(t))(a® + 2Q(t)a + Q(t)*) + 2P(1)Qs(a + Q(t))

+ P(t)(a+Q)[r(uz — ) +ra+ NC(t)(ce™ — \;) — NB(t)(be™ + X\2)]

Y1AT + 723

+ P(t)r?0? + AP(t)[2mps(a + Q(t)) + 7203 + -

According to the first-order optimality conditions, we get

7 (t,a) = —(a + Q(t))m = —gs(a+Q(t)),

Ni(t,a) = %NC(t)P(t)(a +Q(1),

At a) = ;—;’QNB(t)P(t)(a + Q).

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)
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%Et)g + M), g3(t) = NC(t)ce™ — NB(t)be™, and inserting

72
(4.16), (4.17) and (4.18) into (4.4), we obtain

Assuming that go(t) = ’Y3<

: ™ —r t
grnelﬁuzf V(t,a) = vse t{[Pt + (—g5(us —r) + a§g§ + /\ggﬁg — 2A\gsu3)P(t) + g2 )P(t)z]aZ

+2[(Py + (—gs5(us — r) + 0395 + \g3 B3 — 2Agsuz) P(t) +

+ (gs(t) — %@)P(t) —rP()Q(t) + 2P(t)Q¢a

+ [(Py + (—g5(ps — r) + 0395 + Ag5 B3 — 2Agsus) P(t) +

+ (000~ 28 Pty - rPQ) + 2P0QIQ( ) (119)

According to the principle of stochastic dynamic programming, the HJB equation can be
derived as follows:

Hlellr_[l% V(t,a)=0. (4.20)

Let the coefficients of a2, a be zero, which leads to the following system of differential equations

Py 4 (—gs5(ps — 1) 4+ 0393 + Ag2 B3 — 2Agsus) P(t) + ggit)P(t)z =0,
(50 - 21 20 + 20, =0 (121)

The differential equations (4.21) with boundary conditions in (4.12) can be easily solved; thus,
this theorem is verified. O

5. Numerical illustrations

In Section 3, we have established the explicit expression of the optimal investment allocation
and adjustment strategies of both the contribution and benefit for each cohort in the hybrid
pension model. In this section, we present some numerical examples to illustrate the impact of
important parameters on the optimal results.

The parameter settings in the numerical simulation are mainly in line with those in the
literature [19] and [22]. For the age and time-dependent survival function, we set A4 = 2.2x
1074,B=2.7+107%,60 = 1.124. Meanwhile, we set w = 4, which translates to an increase in the
average life expectancy by one year every four years.

In the pension market aspect, the age of new entrants into the pension system is denoted as
xg = 25, while the retirement age is x, = 65. At the initial time ¢ =0, the number of new
entrants is ng = 10, and the initial fund accumulation stands at fy = 3000. The time horizon is
T = 20. Additionally, the target contribution is ¢ = 0.1, and the target benefit is b = 0.7. This
setup outlines the key parameters influencing the pension system’s dynamics. The target growth
is 7 = 0.02. We assume that the weight parameters of vy =4,v, =4, and y3 =1 and we vary
these values to analyze their impact.

In the financial market aspect, as shown in Table 1, the parameters for risky assets, such as
the risk-free rate r and the expected value of the jump amplitude p;, are reasonable and
consistent with the real-world financial market conditions.
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Table 1 Parameter settings used in the numerical simulation

T B ) o1 o2 ag a
0.01 0.15 0.12 0.4 0.3 0.1 0.1
Ul u2 B1 B2 A3 A4 A5
0.5 0.5 1 0.5 0.12 0.48 0.2

5.1 Effects of parameters on optimal investment strategies

We first perform numerical analysis on the optimal investment strategies by varying the value
of one parameter while keeping all other parameters constant. In this subsection, 73 (¢) and 73(t)
denote the optimal dollar amounts invested in the two risky assets.

In Figures 1 and 2, we examine the sensitivity of 77 (¢) and 73 (¢) to the parameter T. We find
that the optimal amounts 73 (¢) and 73 (¢) invested in the risky assets increase as T increases.
That is, when the time interval we considered is relatively long, larger amounts are allocated to
the risky asset since the pension system needs more funds to remain sustainable.

3000 2000

—T7=20
,,,,,,,,,,,,,,,,,,,,,,,,,,, . —— T30
B soOF TR — - 740
2500 T T
1600 |
% 2000 F *y 1400
.= — Tl
— 1200 f—o
— —_—
1500 - — ~—
500 ~—_ 1000 | —~——_
T \\\\
1000 J s s 800 5 10 15 \20
0 5 10 15 20 °

. *
Figure 1 Effect of T on 7% (t) Figure 2 Effect of T on 73(t)

From Figures 3 and 4, we can see that the optimal portfolio strategies =i (¢) and w3 (t)
decrease as the value of A5 increases. This is expected, because a greater value of A5 implies a
greater expected number of the jumps, and thus, the investor would rather invest less money to
the risky asset.

2200 1600
=01 S 7,=0.1
2000 F- 24;=0.2 1400 T 1.=0.2
1800f 4=0.5 1200F o T 2=05
= 1600 T T = 1000} —
& 14001 e T *s 800
1200 T _ o 600 F
woof T 400f
300 . . . — T e
0 5 10 15 20 2000 5 10 15 20
t t
Figure 3 Effect of A5 on 7} (t) Figure 4 Effect of A5 on 73 (t)

In Figure 5(a), the parameters are set to A3 = 0.12 and A4 = 0.48, whereas in Figure 5(b), the
parameters are set to A3 = 0.60 and Ay = 0.48. We find that when A5 < A4, the value of 7} (t) is
larger than that of 73(t), and vice versa. This implies that the values of the optimal portfolio
strategies are sensitive to the counting processes.
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Figure 5 Effect of A3 and A4 on 7} (¢) and 73 (t)

5.2 Effects of parameters on optimal adjustment strategies

This subsection examines the effect of changes in the weighting factors 7', 1, and 7 on the
optimal pension adjustment strategies ¢*(t) and b*(t) at a certain time point. The parameters
c*(t) and b*(t) have the following relationships with Aj(¢) and A\(t).

c*(t) = ce™ — «

b*(t) = be™ + 3

SP(t)
NC(t)
SP(t)
NB(t)

ce™ — \i(t),

= be™t + A3 (1).

(5.1)

(5.2)

We first investigate the impact of the time interval T" on the optimal adjustment strategies. In
Figures 6 and 7, a longer time interval leads to lower contribution and higher benefit since there
future uncertainty in the remote future and we have to put sufficient funds to the pension

system to meet the budget.

¢* (1)

0.6

0.5

0.4r

0.3+

0.1

Figure 6 Effect of T' on ¢*(t)
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=
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Figure 7 Effect of T on b*(t)

20

Finally, we investigate the impacts of the weight parameters of unstable contribution ~; and
benefit risk 72 on the optimal policies. In Figures 8 and 9, when ~; is high and ~» is low, this
situation implies a more pronounced focus on alleviating the risk of unstable contributions rather
than that of unstable benefits. Notably, both the contribution and benefit levels maintain
relatively high. This underscores the fact that by ensuring a stable and sufficient level of contribution,
the benefit naturally tends to be satisfactory, demonstrating the inherent balance and

interdependence between these two factors.
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Figure 9 Effect of v1 and 2 on b*(¢)

6. Conclusion

This study has made a significant contribution to the understanding of optimal investment
strategies and risk-sharing mechanisms within hybrid pension plans operating in a complex
financial environment characterized by a jump-diffusion risky asset price model. By modeling the
pension fund’s investments across a risk-free asset and two correlated risky assets, modulated by
a compound Poisson process, the research has successfully captured the dynamics of both stable
and discontinuous risks inherent in such systems. By adjusting contributions and benefits
contingent upon plan performance and facilitating risk sharing across generations, the proposed
framework has demonstrated its effectiveness in minimizing the costs associated with unstable
contributions, benefits, and discontinuous events. The application of stochastic optimal control
techniques has enabled the derivation of closed-form expressions for the optimal investment
strategies and value functions, providing valuable insights into how plan trustees and
participants can navigate the uncertainties of the financial market to achieve long-term stability
and sustainability. The numerical analysis further highlights the adaptability of the optimal
strategies, which dynamically adjust to changes in fund performance, reinforcing the potential for
intergenerational risk-sharing and resilience within hybrid pension plans.
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