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Abstract We study the uniqueness of solutions of backward stochastic differential
equations (BSDEs), which generator verifies |F(t,y, 2)| < az + Bely| + 0¢12] + f(|y])|2]?,
where «y, (B¢, 0; are positive processes and the function f is positive, continuous and
increasing. The uniqueness of solutions of such BSDEs is derived in two situations, when
F is locally Lipschitz and when F' is jointly convex. As a byproduct: we show the
existence of viscosity solutions to the associated semilinear partial differential equations,
which can contain nonlinearity that has quadratic growth in the gradient of the solution.
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1. Introduction

Let (W;)ogi<r be a d-dimensional Brownian motion defined on a filtered probability space
(€, F, (Ft)iepo,r),P). Here, (F;)o<i<r stands for the P-completion of filtration generated by W.
Let F:[0,T] x QxR xR?+— R be a progressively measurable process. Let ¢ be a R-valued

random variable which is measurable with respect to Fr. Consider the BSDE
T T
Y}:£+/ F(s,YS,Zs)ds—/ Zs - dWs, (1.1)
t t

the random variable £ is called the terminal condition and F' is called the generator or the driver.
We denote BSDE (¢, F') a BSDE with driver F' and terminal condition . The BSDE(E, F) is
called a quadratic BSDE if F' has at most a quadratic growth with respect to z. We call £ the
bounded terminal value, if £ € S (see the definition of the space in Section 2).

Nonlinear backward stochastic differential equations were first introduced in [27] and solved in
the case where F' is uniformly Lipschitz in both of its variables, y and z. Since then, extensive
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research has been conducted to explore various properties related to BSDEs, including the
existence of solutions under conditions weaker than the Lipschitz assumption, as well as their
connections to partial differential equations (PDEs), optimal control, finance, and insurance. A
class of particular interest is the BSDEs with quadratic growth in the control variable z. Such
BSDEs have a wide range of applications, including utility maximization problems, quenching
problems (see [11, 24, 25]), and gas flow in porous media (see [18, 19]), among others. The
problem of existence of solutions was first studied for bounded terminal conditions in [23], where
the author demonstrated the monotone stability of quadratic BSDEs. In [6], the authors explored
the existence of solutions in the case of an exponentially integrable terminal value by combining
the localization method with monotone stability.

In [23], the uniqueness of the solution is established in the case where £ is bounded and F' is
locally Lipschitz continuous. In [7], the uniqueness of unbounded solutions to quadratic BSDEs is
studied, assuming that & possesses all exponential moments and that the driver F is Lipschitz
continuous in y, and either convex or concave in z. This result was further strengthened in [9]
by assuming that £ admits certain exponential moments in LP with p greater than a constant ~.
The critical case p =+ was discussed in [10]. The problem of uniqueness of the solution with a
non-convex generator was addressed in [28] for Markovian BSDEs with a Lipschitz continuous
generator. In [17], a BSDE with a coefficient exhibiting quadratic growth of the form P(|y|)|z|?,
where P is a specific polynomial form, and satisfies a Lipschitz property, was considered. In [3],
the existence of solutions was established for BSDEs with an £2-integrable terminal value, where
the quadratic part of the generator is dominated by f(|y|)|z|?, with f being globally integrable
and locally bounded. Moreover, the uniqueness of the EZ-solution was proved in [3] for the
particular case in which the generator has the form f(|y|)|z|?.

In [1], the existence of solutions is established for a quadratic BSDE (QBSDE) where the
quadratic part of the generator is dominated by f(|y|)|z|?, with f being measurable. The case in
which f is globally integrable was also considered in [1], and the existence of an L! -solution was
established when the terminal value is merely L'-integrable. A particular case with a generator
of the form f(|y|)|z|> and a bounded terminal value was discussed in [30]. In [2], BSDEs with a
singular quadratic term of the form § % were studied. Moreover, the uniqueness of solutions was
investigated under the assumption that the terminal value is bounded.

Other results concerning the solvability of quadratic BSDEs can be found in [4, 8, 9, 14, 20, 26].
An extensive overview of QBSDEs is provided in the recent paper [15].

In this paper, we are concerned with the problem of the uniqueness of the solution of equation
(1.1) in the case of a bounded terminal value, and the generator F satisfies the following conditions:

o |F(t,y,2)| <o+ Bilyl + 02| + f(ly])|z]?, where ay, B;, 0; are some positive processes.

e For every (t,y,v',2,2') € [0,T] x R? x R?? and every § € (0,2)

[F(t,y,2) = F(t.y', 2)| < wy [(L+ ]2 + 12y — v/]
+ oz [L4+ (f(yl) + £(y'D) (12l + [2'D] |z = 21,

e For every (t,w), F(t,w,.,.) is jointly convex.

Under the second condition, we borrow the technique used in [17]. This method allows us to
obtain uniqueness in the space of bounded solutions, such that the stochastic integral
Jo Zs - AW, is a BMO martingale. Our uniqueness result generalizes the one obtained in [17]. As
a consequence, we also prove the existence of viscosity solutions for the corresponding quadratic
PDEs. When the driver F' is jointly convex, we derive a dual convex representation for the
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component Y of the solution, which further ensures uniqueness. Moreover, we demonstrate that
the comparison principle for solutions follows from the uniqueness and domination arguments.
We note that the comparison of solutions has been established in the specific case
F(t,y,z) = klz| + f(y)|2|? in [1, 3, 30].

The paper is organized as follows. In Section 2, we provide definitions, notations, and
preliminaries, and recall the so-called domination method as presented in [1]. In Section 3, we
establish the uniqueness and comparison of solutions in the case of a locally Lipschitz generator,
and prove the existence of viscosity solutions to the associated quadratic PDEs. Section 4 is
dedicated to the uniqueness and comparison of solutions, as well as the existence of viscosity
solutions when F' is jointly convex.

2. Preliminaries

The following notations will be used.
e C := the space of continuous and F;-adapted processes.
® SP := the space of continuous, F;-adapted processes 4 such that
[llsr :=E (supgeicr l@e[P) 7 < o0.
® S := the space of bounded measurable processes.
e [? := the space of F;-adapted processes ¢ satisfying foT lps|?ds < +oo P-a.s.
o MP:= the space of F;-adapted processes ¢ satisfying

lelame :==E |:<IOT \<p3|2ds> 2] < +o0.

e 3 := the space of uniformly integrable martingales M with My = 0 satisfying
1
[M]| = sup [[E((M)7 — (M) /F:)|| 3= < o0,

where the supremum is taken over all stopping times 7 € [0,7].

® BMO:= the space of F;-adapted processes Z such that fo Zs - dWj is in the space B.

For the sake of completeness, we briefly recall the domination argument and provide its proof.
This technique is used in [1] to directly derive the existence of solutions to BSDE (1.1), without
relying on a priori estimates or approximations. Here, it is used to derive a comparison result
when the uniqueness of solutions holds.

Lemma 2.1 (The domination argument [1]). Let F be continuous in (y,z) for a.e. (t,w).
Assume that the BSDE(E, F') satisfies the following domination conditions.

There exist two BSDEs with parameters (&1, Fy) and (&2, Fy) such that:

(D1) &1 <€E<&

(D2) BSDE(¢1, Fy) and BSDE(é, Fy), respectively, admit solutions (Y, Z1) and (Y?,Z%),
satisfying:

(a) Y1 <Y?2,

(b) for every (t,w), y € [V} (w), Y2(w)] and z € RY,

(i) Fi(t,y,2) < F(t,y,2) < Fa(t,y,2)

(i) |F(t,0,9,2)] < () + Co(w)2I?
where C and n are Fy-adapted processes such that C is continuous and n satisfies for a.s w,
Jo Ins(w)lds < oc.

Then, the BSDE(E, F) admits a solution (Y,Z) such that Y' <Y <Y?2. Moreover, the
BSDE(¢, F) has mazimal and minimal solutions, denoted Y™ and Y™, respectively, such that
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YIyYym <YM Y2,

Proof Using Theorem 3.2 in [13] with L=Y! and U =Y?, there exists a process
(Y,Z,K*,K~) such that (Y, Z) belongs to C x £ and (Y, Z, KT, K~) satisfies the subsequent
system, for t € [0, T,

T T
K=£+/’F@J;&kb—/ Z. . AW,
t t
T T
+/ dKj—/ dK;,
t t
Vi<T, Y!<Y,<Y2 (2.1)

T T
/ (Y, = YHdK; = / (Y2 - Y)dK; =0, as.,
0 0

K=Ky =0, K" K~ are continuous nondecreasing,
dK* 1LdK~.

Moreover, equation (2.1) has a minimal solution and a maximal solution.
It remains to prove that dK™ =dK~ =0. Since Y is a solution to the BSDE(&2, Fy),
applying Tanaka’s formula to (Y2 — ;)" we get that

t
(V2 -Y)" = (Y5 - Yo)* +/ Lvesv[F(s,Ys, Z) — Fo(s, S, Z2)]ds
0

¢ ¢
+/ Liyesy, (dKS —dK) +/ Livesy,y (22 = Z,) - dW,
0 0
+L{(Y?-Y),
where LO(Y? —Y) stands for the local time of the process (Y2 —Y) at 0.

Since (Y2 —Y;)* = (Y2 — V), we identify the terms of (Y2 — Y;)* with those of (Y2 —Y}) to
derive that:

(Zs — Z)1y2oy,y =0 for ae. (s,w),

and
t t
/ Lyyeoy (dKS —dKD) = LY(Y? - Y) +/ Liveoy [Fa(s, Y2, Z2) = F(s,Ys, Zs)]ds.
0 0

Since fot Liy2—y,3dK =0, it follows that
t t
0<LY(Y?-Y) +/ Livecyy [Fa(s,Y2,22) — F(s,Ys, Zy))ds = 7/ Lye—y,ydK; <O0.
0 s 0 ° )

Thus, fot lyy2—y,)dK; =0, which implies that dK~ =0. Arguing similarly, we get that
dK™* = 0. Hence, (Y, Z) is a solution to the (non-reflected) BSDE (&, F). O

We consider the following assumption:
(A1) The mapping (y, z) — F(t,y, z) is continuous for a.e (t,w), and for any (y,z) € R x R?
it holds that:

[E(t,y, 2)| < e+ Belyl + F(JyD)=l,
where ay, B are some (F;)-adapted processes which are positive and f is a real valued function

which is continuous, increasing and positive on R .
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Next, we present the main lines of the existence result of solutions for BSDE (1.1) obtained in
[1] under the assumption (A1).
We set

g(t,y,2) == ar + Bely| + f(lyD)I=1*. (2.2)

Theorem 2.2 (Existence). Let (Al) be satisfied. Assume, moreover, that &, fOT asds, and
fOT Bsds are bounded. Then, the BSDE (1.1) admits a solution (Y,Z) € §° x BMO, such that
Y9 <Y <YY, where Y9 andY ~9 are solutions of BSDE(£T, g) and BSDE(—£7, —g), respectively.

Proof The idea consists in using Lemma 2.1 and [1, Proposition 3.1]. We consider the two
solutions constructed in [1, Proposition 3.1], which satisfy Y ~9 < Y9. Then, Lemma 2.1 applied
to & =€, & =£1, Fy = —g and Fy = g yields the existence of a solution (Y, Z).

Since &, fOT asds, and fOT Bsds are bounded, then a standard computation shows that Y is

bounded. We shall show that E (fOT \ZS|2ds) < oo. Put

K(y) = / exp( / fr dr)
:/OzK(y)exp (Q/Oyf(r)dr> dy (2.3)

satisfies the differential equation 1v”(z) — f(2)v'(z) = 1 on R and has the following properties:

Then, the function

v and v’ are positive on R, and the function x — v(|z|) belongs to C?(R). For N >0, we
define 7 :=inf{t > 0: fo [0 (Y5)[?|Zs|?ds = N} AT. Tto’s formula applied to v(]Y;]) gives that
for every t € [0,T],

o([Yal) = v([Yinrn|) + / TN[sgn< o (Yo F (s, Yo, Z2) — »

50 (VaDIZ s

—/0 " (Y (V) Zs - AW,

Using assumption (A1) and the fact that $v”(z) — f(z)v'(z) = § on R, we get
1 tATN

tATN tATN
o[ ZPas < oWan it [ o s (v ds= [ sme (V) 2, .
0 0 0

Since fOT agds, fOT Bsds, and Y are bounded, we conclude by Fatou’s lemma that

T
IE/ |Zs|? ds < o0.
0

Now, we prove that the process (f(;5 Zs - dW;)o<icr is a BMO martingale. By Ito’s formula, we
obtain that for any F;-stopping time 7 < T,

T
v<|YT|>=v<\YT|>+/ [1 (Yal)|Zo[? — sgn(¥a)o! (V) (s, Ve Z0) |ds

T
+ / sen (Yo' (Va)Zs - AW,

Using the fact that Y is bounded and Z € M?, then passing to the conditional expectation, we obtain
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T T
E ( / |zs|2ds/f7> <C+E (/ (o, +Bs|Y.s)v’(3GI)}dS/FT> ,

where C' is a positive constant. Again, using the boundedness of Y, fOT agds, and fOT Bsds, we
get that (fot Zs - dWy)o<i<r is a BMO martingale. O

3. Uniqueness of solutions when the generator is locally Lipschitz

This section presents the uniqueness and comparison of solutions for the BSDE (1.1) under the
following assumption:

(A2) There exist constants c, Ky, £, > 0 such that for each (¢,w,y,y',z,2’) € [0,T] x 2 x R?x
R? x R? || fOT F(t,0,0)dt|| s~ < ¢, and for every § € (0,2)
Pty 2) = F(t,y', 2)| < sy [(L+[21° + /1)y — ']
+ 5z [1+ (F(yD) + f(y'D) (21 + D] |z = 2],

where f is a real valued function which is continuous, increasing and positive on R .

Remark 3.1 One can readily notice that, under assumption (A2), the generator F satisfies
assumption (A1). In the sequel, the function g will denote the function that majorizes F, as
endowed by assumption (A2).

The following theorem establishes the uniqueness of the solution to the BSDE (1.1).

Theorem 3.2 (Uniqueness). Let assumption (A2) hold. Assume, moreover, that & is bounded.
Then, the BSDE (1.1) admits a unique solution (Y,Z) € 8 x BMO such that Y9 <Y < Y9,
where Y9 and Y9 are solutions of BSDE(£T, g) and BSDE(—£7, —g), respectively.

Proof Let (Y,Z) and (Y’,Z’) be two solutions of the BSDE (1.1) in the space §® x BMO
such that Y79 <Y, Y/ <Y9. Weset §Y; =Y, — Y/ and 6Z; = Z; — Z] and define the processes:

F(ta }/tv Zt) - F(t7 Yt/7 Zt)
Iy = Y — v Liy,—vyy#0}s

cimex ([ t ras). (3.1)

_F@Y/ Z) - F(t, Y, Z})

A = Zy — Z) 1117, .
t Z, — 71 (%t = Z1) 11 2,~ 2140}
For a local martingale M, we denote its stochastic exponential by:
1
E(M) :=exp <MT - 2<M>T> . (3.2)

Using assumption (A2), we get
Adl < r2(L+ 2f (YD (2] + [ Z2]))-

Hence, for every stopping time 7 € [0, T], we obtain

T T T
E </ |At|2dt/}}> <CT +CE (/ \Zt|2dt—|—/ Z;|2dt/fT> < o0, (3.3)

where C is a positive constant depending on k., f and |[Y’||ge. Since [;Z,-dW, and
Js 2% - AW, are BMO martingales, [; Ay - dW is also a BMO martingale.
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Furthermore, the BMO properties ensure that the stochastic exponential £ ( fo A ~dWS) is a
true martingale, and there exists p > 1 such that £ (fo Ag - dWS) e LP.

We now consider a new probability Q = & (fo A, - dWS) P. By Girsanov’s theorem, the process
defined by W, =W, — fot Ay ds is a Q-Brownian motion.

Uniqueness of Y We have

T T
5Yt:/ F(S,)/S,Zs)—F(S,Y;,Z;)ds—/ 0Zg-dWs.
t t
Using It6’s formula, we get
T T T
edY; = / es (F(s,Ys, Zs) — F(s,Y!, Z0))ds — / es6Zy - dW, — / es['s0Y,ds.
t t t
Rewriting the previous equation under the probability Q, we obtain:
T T ~ T
€Y, = / es (F(s,Ys,Zs) — F(s,Y!, Z) —T's0Y,) ds — / es0Zg - dW, — / €07 - Nyds
t t t
T T R
= / es (F(s,Ys,Zs) — F(s,Y!,Z) —T's0Ys — 0 Zs - Ag) ds — / €02 - dWs .
t t
On the other hand, since

F(s,Ys,2) — F(s,Y!, Z) = T6Y, — 6Zy - Ay =0,

» L8

it follows that
T ~
e 0Y; —|—/ es0Zs-dW, =0, Q-a.s. (3.4)
t

Next, we claim that ftT es0 - dWS is a true martingale under Q. Indeed,

T
Eq V les|2[57, 2ds
0
. T
g </ As.dWs) sup |es\2/ |6Z4)%ds
0 0<s<T 0
: P13 T q
< [E {5 (/ As -dWs> ” lIE l sup |es|? (/ |5Z3|2ds> ]
0 0<s<T 0
: r1t & T SN
< [E [5 (/ AS-dWs> ” [IE[ sup |es|2q7"” E (/ |6232ds>
0 0<s<T 0

Since fo Zs - dWy is a BMO martingale, it follows that

T
E [ sup es|2‘"] <E lexp <2q7"/<;y/ 1+ QZS|6ds>] < 00.
0<s<T 0

Since fo 6Zs-dWy is  also a BMO martingale, for every ¢>2, we have
1
E[(fy |5ZS|2ds)q} " < 0.
It follows that

<E

1
a
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T
Eg / les|?[6Z,|2ds | < +o0.
0

Passing to the conditional expectation with respect to F; in (3.4), we obtain that e;0Y; =0
Q-a.s. and P-a.s. Taking into account the continuity of e; and §Y;, we deduce that there exists
aset A C Q with P(A) = 0 such that

forall t€[0,7], weMA ew)>0.

It follows that for any ¢ € [0,7T], Y; =Y/ P-a.s.

Uniqueness of Z Using equation (3.4) and the It0 isometry, we get Eqg (fOT |es|2|5ZS\2ds) =0,

which implies that |§Z;] = 0ds ® dP-a.e. Hence, Zs = Z. ds ® dP-a.e. The proof is complete. O

Remark 3.3 A result analogous to Theorem 3.2 is presented in Theorem 2.8 of [16] for multi-
dimensional quadratic BSDEs. Notably, Theorem 2.3 establishes a local uniqueness property,
while global uniqueness is addressed in Theorem 2.6 under an additional assumption on the driver.

We now present a comparison of solutions, which will be used to establish the existence of
viscosity solutions.

Proposition 3.4 Let (Y1, Z1) and (Y2, Z?) be two solutions of BSDE(&1, Fy) and BSDE(&;, Fy),
respectively, assumed to belong to S® x BMO, and such that Y9 <Y1, Y2 <Y9. We assume,
moreover, that the conditions of Theorem 3.2 are satisfied, and that

& <& and Fi(t, Y2 Z2) < F(t, Y2 Z%)  dt x dP-a.e.
Then, for every t € [0,T], we have Y;} <Y? P-as.
Furthermore, if & < & or Fy(t,Y2,Z2) < Fa(t,Y2, Z2) on a set of positive dt @ dP-measure
then Yy < Y.

Proof We set 6Y; =Y, —-Y?, §Z; =2} —272, 66=¢& —&, and O6F, = Fi(t, Y2, Z7)—
Fy(t,Y2, Z2) for each t € [0,T]. We define

YL ZY) — Ryt Y2, Z) t
Ft = 1(, to t) 1(7 to t)l{ytl_yt’z;éo}, €t = eXp (/ F5d8>,
0

Sftl_y;Q

Fl(t,}/E,Ztl)fFl(ta}/t27ZtQ) 1 2
Ay = |ZL — 722 (zi — Z7) Ly 2~ z2 |20}
t t

We proceed as in the proof of Theorem 3.2 to show that there exists a probability measure Q
equivalent to P, and a Q-Brownian motion W such that

T T
e 0Y; = eTéff/ A .dWP+/ es0Fyds,
t t

=Eg

T
6T5§+/ esO0F, ds/]—‘t] .
t

Using the facts that e; >0, 06 <0, and 0F; <0, we get e;dY; <0, which implies that
§Y; =Y! = Y2 <0 Q-as and also P-a.s.

Taking ¢ = 0 and using the fact that 66 <0 or §F; < 0, we obtain that §Yy =Yy — YZ < 0.
This completes the proof. a
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3.1 Existence of viscosity solutions for quadratic PDEs with locally Lipschitz nonlinearities

In this subsection, we apply the uniqueness result for BSDEs to demonstrate the existence of a
viscosity solution to quadratic partial differential equations. We place our BSDE in a Markovian
framework and proceed to prove the associated nonlinear Feynman-Kac formula. For
(t,z) € [0,T) x R?, we introduce the system below:

S S
XbT = x4 / b(r, X1%)dr + / o(r, X5*)dW,,
t t

T T (35)
YT = h(XE®) + / Fr, X1, Y57, 255 dr — / 20 . W,
We consider the following PDE:
0
5+ Lult.2) + F(t,2,ult. ), o' Voult. ) = 0, 56
w(T,z) = h(x),
where L is the infinitesimal generator of X%* defined by
0?
L—thx——l— Zaa ,]txaaxj (3.7)

1,j=1

We make the following assumptions:
(A’2) The map (¢,z) — F(t,z,0,0) is bounded, F is continuous, and for every (¢, x,y,v’, z,2') €
[0,7] x R x R? x R x R? and every § € (0,2)
[F(t,,y,2) = Ft, 2,9/, 2") <y [(1+ 121 +12'1) ] 1y = /|
+ 6z [L+ (F(lyl) + £UY'D) (=] +12'D] |z = 2],

where f is a real valued function which is continuous, increasing, and positive on R, .

(A3) b:[0,T] x R — R? and o :[0,T] x R — R?¥9 are continuous functions, and there
exists ¢ > 0 such that: |b(t,z)| + |o(t,z)| < (1 + |z|), for every (t,z) € [0,7] x R?.

(A4) The forward SDE of system (3.5) satisfies the pathwise uniqueness property.

(A5) The function h : R? — R is continuous and bounded.
It was shown in [1] (see the proofs of Theorem 3.1 and Corollary 3.2) that the uniform bounds
for the norms of (Y%® Z%%) depend only on the bounds of &, fOT a.ds, and fOT Bsds. The

following lemma states this result.

Lemma 3.5 Let assumptions (A’2) and (A3) — (A5) be satisfied. Then,

sup Y5 g0 + ||/ Zb* . AWy o < oo. (3.8)
(t,x)€[0,T) xR 0

Proposition 3.6 Let (A'.2) and (A3)— (A5) be satisfied. Let (X"*, Y4 Zb%) be the unique
solution of the system (3.5). Then, the function (t,z) — u(t,x) = Y,"" is continuous.

Proof Let (t,,7,)nen be a sequence that converges to (¢,z) in [0,7] x R?, and consider the
system (3.5) with initial condition (t,, ). The following holds:

T T
vinmn < n(0) + [l ) F G X v 2 syar — [z aw,,

We define
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pr _ X YE5 20) = Fln Xfoon Yot 20)
T Yo _yinen [ybe _ytnoen oy LTI,

e, = exp (/ Fffdv) ,
0 (3.9)

tn,T tn,Tn t,x tn,T tn,Tn tn,Tn
F(T7X7,n’ n’Y;n7 W7ZT )_F(T7X7,n’ n’Y;n7 717ZT717 71)
2

AT =
r |Z£’$ _ Z£7Laaj'rr.

X (Zf‘,x _ Zﬁn’z") 1{‘Zi‘x—Zﬁn’mn‘#0}1[tn7T] (T) .

Clearly,
AT < ke (L4 2f (1Y) (1207 + 1 2i))

and

||/ A AW o <c\/f+0|\/ Zﬁ”‘-dWSHBMo—i—CH/ Ztn - AW, o,
0 0 0

where C' is a constant depending only on k., f, and ||[Y*"*"||ge. Hence, [; A} -dW, is a BMO
martingale, Q" =¢& ( fo AL dWs) P is a probability measure equivalent to P, and
wl =w, - fot A”ds is a Q"-Brownian motion.

Put §Y" := Y}* — Yl and 6§27 := ZL* — Z!»®n . We have:

oY) = g(Xz") — g(Xz"")

T
+ L l[t,T] (T’)F(T, Xﬁ’a:, Y;ﬂt’z, Zf,’z) — ]-[tn,T] (T)F(’r‘, Xﬁ"’x" , }/;t"’z", Zﬁ"’“)dr (310)

T
e
Using It6’s formula and rewriting the previous equation under the probability Q", we get:
€Y = e oYy
T
[ ()P XY ZE7) = 1y () X Y, Z0) e

— /T e (TmOY + 627 - A) dr — /T enszr - dwe" .
) ’ (3.11)
We shall compute the quantity
Ly (r)F'(r, X0 Y00, Z%) = Lpg, ) (r)F (r, X Yo, Zim o) — TROY, — 627 - AT,
which appears in the previous equation.
We have
Loy (r) F(r, Xp® Y08, Z0%) = Lgg, ) () F (r, X Y, Zym®n) — TISY, — 627 - AT
= 1) (Pl XE7 Y07, 207) = F(r, Xt Y1, 74)
+ (L (1) = Lpg, (7)) F(r, Xgmmn Y Z07).

Arguing as above, we show that [ e'dZ)" - dWwQ@" is a Q"-martingale.

We define
t 1 t
& = exp (/ Al AW, — f/ A?er) ,
0 2 Jo
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and
R = 1y (r) (F(r, XP%, Y07, Z6%) — F(r, Xtn®n Yo%, Z0%))
+ (1{2577“] (7‘) — 1{,51”'1“] (7’)) F(r, Xﬁ’“x",Y;"’w", Zf,’m) .

We take the conditional expectation with respect to F, in equation (3.11) to derive

[Eqn (e50Y"/Fs)| =

)

T
Egn <e%5Y{f—&-/ efRfdr/]—"s>

T
[Eqn (0YS"/Fs)| < Eqn ((6?)_16? |6Y7 | + ()™ sup 6?/ R?dr/fs> ;

s<r<T

T
6V B (Er/F)| < E <5Te% <|6Y{f| +/ |R?|dr> /]—"S> ,

T
0V < R (sTén <6YT"| + / |R:f|dr> /E) 7

where €” := supgc < <rexp ([, Tydv). Since [jAZ-dW, is a BMO martingale, it follows
from the second point of Lemma A.1 that &y € L?', for some p’ > 1. Applying Hélder’s inequality,

T
6Y"| < E7'R <5Te% <5Y;f| +/ Rfdr> /]-'S> )
T P »
E((é”)p <|5Y{J+/ Rfdr) /]-'s>] )

Again, by the second assertion of Lemma A.1, it follows that:

T p %
E((én)p <|6YT”|+ / |R:f|dr> /a)] 7

where Cp is constant depending on p’ and || [; A% - dW,| Bao- Applying Jensen’s inequality for

we obtain:

vl < &m (g7 17,)

SY2| < Gy

concave functions and Doob’s inequality, we obtain:

T p 2] %
sup |0V 2 < CZ | sup [E ((én)p <6YT"|+ / |R:f|dr> /E)]
0

0<s<T 0<s<T

T P 2
sup E((é”)r <|§Y{l|+/ |R?|dr) /J:s)] :
0<s<T 0

T P 2
sup E((é”)p <|(5ij‘+/ Rf|d7‘> /}"s>] ,
0<s<T 0

1
2p P

=

E| sup [0Y"]?| < CZE

p
L0<s<T

Tl

E| sup [0Y[?
lo<s<T

<C |E

E| sup [0Y"[?

L0<s<T

- - T
<CLC |E | (em* <|5Yﬁ|+/ IR?IdT>
] 0

Again, by applying Holder’s inequality with ¢ and ¢’, we obtain:
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T 2p P
IE( sup |6Ys"|2> < CE,,C E [ (en)?P <|5YT”| +/ |Rf|dr> )
0

0<s<T

e T 2pq | ra
gcg/c[E(e%)Z‘m’] "R <|5Y$|+/ |R:}|dr> .
0

By the second part of point 4 in Lemma A.1, we find that:
T 2pq ;7
E ( sup |5Y;”|2> <CLCC |E <|6YT"| +/ |R”| dr) ,
0

0<s<T

where C” is a constant that depends only on 4§, p, ¢" and || [, ZL* - AW, Bumo-
On the other hand, by assumption (A’.2), we have:
|R?| = |1[t,T] (T) (F(T, Xﬁyx’ Yrtﬂc’ Zﬁ7x) - F(T7 Xafmxn’ Yrtx’ fox))
+ (L1 (r) = L, 1y (r) Fr, Xt Yimwn Z57))]

<|F(r, X77,0,0)] + 2| F(r, X[, 0,0) + ea[[Y ' [ so + o Y5 [[5 + 3] 2272,

where ¢1, co, and c3 are positive constants that are independent of n.

Using the continuity and boundedness of the functions h and (t,z) — F(t,«,.,.), the
convergence of (X'=*n) (see Proposition B.1), and Lebesgue’s dominated convergence theorem,
we conclude that

T 2pq T 2pq
lim E ||y R = lim E || |W(X5") - h(XpEo R'd = 0.
Jim_ <| by ) Jim <|<T> (el + [ Ry
It follows that
lim E( sup |YI* — Yst"’x”|2) =0.
Since,
|'§/;in7wn _ }/it’x|2 < 2E|y;t:,wn _ Y;TCF + 2E|Yt:w _ Y;t,x|2
< 2E ( sup |sztn,mn _ Y'St,.r|2> 4 QED/tt,a; _ }/tt,x|2.
0<s<T "
The result follows by taking the limit as n — oo. |

We now state and prove the main result of this subsection, which establishes the existence of a
viscosity solution to the quadratic PDE (3.6).

Theorem 3.7 Let assumptions (A'2), (A3), and (A5) be satisfied. Then, the function
(t,z) = u(t,x) = Y,'" is a viscosity solution to the PDE (3.6).

Proof We will show only that wu is a viscosity subsolution. Let ¢ € C+2 ([O,T] X ]Rd) and let
(t,7) € [0,7] x R? be a local maximum of (u — ¢). We assume that u(f,z) = ¢(f,z) and

—(t,2) + Lo(t, ) + F(t,7,u(t,7),0'Vp(t,T)) < 0.

It follows that there exists a >0 such that, for each (t,z) € [t,{+ a] x B(Z,«), we have
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u(t,z) < ¢(t,z) and

g—f(t,x) + Lo(t,x) + F(t,x,u(t,x),0c'V(t,z)) < 0. (3.12)

Define
r=inf{t >1: | X" 2| > a} A (E+a),
and
(Vi Z0) = (V32 e Zi8,), te[Li+al.
As shown in [23], the Markov property of X%® and the uniqueness of the backward component

imply that

- o t+a _ L t+a B
Y; = u(r, X5%) + / L (s)F(s, X0% u(s, X57), Z,)ds — / Zs - dWs.
t ¢

T

Using It6’s formula, we show that the process

(Vs Z0) i= (0t X05) 1o ()0 Vot X0 ) ) o € [T+ al,

solves the BSDE
. _ t+a dp o t+a
Y: = (7, th_’z) _ / 1[5771(5) <8t + Lga) (s’X?I)ds — / Zg - dWs.
t t

Since ¢(t,z) and (%—f—l—L(p) (t,z) are continuous functions in a compact neighbourhood
around (t,Z), then there are bounded. Consequently, Y is bounded, and we can show that

(ff Z - dWs) is a BMO martingale on [f,7 + a]. Since Y — Y satisfies the following BSDE
~ A~ I = I = {+a ~ A
Y, -Y, = U(Ta X:"z) - QO(T’ X:',I) - / (Z9 - ZS) ’ dWS
¢

t+a B B B 690 _
+/ 1[5,7](8) <F(53X£)$,U(S7X§’w)v ZS) + (at + LLP) (S,X?I)) ds,
t

it follows that

where

F(SaX§_7fau(8vX.§’i)7Zs) _F(SaX.g’ivu(&Xt_’i)aZAs) > 5
Z— Z.P (Zs = 2Lz, 2,01

Ay =1f(s)

As previously, ff A, - dW, is a BMO martingale, and W, =W, — f; A,dr is a Brownian motion.
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It follows that

~ A~ — T = t+a ~ A~ ~
Y, -Y, = U(Ta X‘zt-vz) - 90(7—? X-zt-vz) - / (ZS - ZS) ’ dWS
t

t+a _ o R o
+/ l[f,T] <F(57X£’I7U(S7X;7x)a ZG) + <?§: + LQD) (Ssz’x)> ds.
t

Taking the expectation with respect to F; and following the argument used in the proof of
Proposition 3.4 for ¢t =, and considering that v < ¢ and the strictness of inequality (3.12), we
obtain Y; < Y7, and thus u(f, #) < ¢(f, z). This contradicts the assumption that u(f, z) = ¢(£,z),
and therefore, u is a viscosity subsolution. |

4. Uniqueness of solutions with convex generators

In this section, we will establish the uniqueness and comparison results for the solutions of the
BSDE (1.1). We will focus on the case where the function F exhibits quadratic growth and is
jointly convex in the variables (y,z). Subsequently, we will apply these results to solve the
corresponding quadratic semilinear PDE.

4.1 Uniqueness of solutions of the BSDE (1.1) with a convex generator

We introduce the following assumptions:
(H1) F is continuous in (y, z) for a.e (t,w), and fulfilling for all (y,z) € R x R<:

[E(ty, 2)] < aw+ Belyl + bel ] + f(lyD)]=1%,

where ay, f;, 0; are some (F;)-adapted processes which are positive, and f is a real valued
function which is continuous, increasing, and positive on R .

(H2) For every (t,w) € [0,T] x Q, F(t,w,.,.) is jointly convex.

We put

9(t,y, 2) = ar + Belyl + Oelz| + F(lyD)]=I*.

According to [1], under the assumption (#1), and that &, 3, fOT agds, and fOT 6%ds are bounded,
the BSDE (1.1) admits a solution (Y,Z) such that Y9 <Y < Y9, where Y9 and Y9 are,
respectively, solutions to BSDE(£™, §) and BSDE(—£7, —g).

We denote by F* the convex conjugate of F, defined as follows:

F*(t,w,b,a) == sup (by+a-z—F(t,w,y,z)).
(y,2)ERXRE

In the following proposition, we provide a representation of the solution Y of the BSDE (1.1)
using the convex conjugate of F'. This representation will serve to establish the uniqueness result.

Proposition 4.1 Let (H1) and (H2) be satisfied. Furthermore, assume that &, 3, fOT agds, and
fOT 62ds are bounded. Then, every solution (Y,Z) of the BSDE (1.1), in 8% x BMO and
satisfying Y 9 <Y < Y9, admits the following convex dual representation:

Y; = esssup Eqge

T
eftT bs dsg _ / eJi bs ds (u, by, ay)du|Fy | (4.1)
a,b t

where the supremum is taken over progressively measurable processes a:[0,T] x Q+ R? and
b:[0,T] x QR such that [ as-dW; is in the space B, and [b] < sup;e(o 7y |5tl-
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Proof Let (Y,Z) be a solution of the BSDE (1.1) in S x BMO such that Y9 <Y < Y¥9.
Let b be a real-valued progressively measurable process satisfying [b| < supyc(o 1 |8:], and a an

R?-valued progressive process such that fo as - AWy is a BMO martingale. By It0’s formula, we have:
T T u T u
Y, = eli bsdsg / el b A5 (b, Y, — F(u, Yy, Z,)) du — / elitbs ds 7 aw,.
t t

Since fo as - dWy is a BMO martingale, we consider the equivalent probability

T 1 /7
Q* :==exp / as - dWy — f/ |as|2 ds | P.
0 2 Jo

It follows that the process B; = W; — fot a,du is a Brownian motion. We now rewrite the

previous equation under the probability measure Q%,

T T
Y, — eftT b ds§ _/ oli bs ds (buYu 4 ay - Zy — F(u,Yy, Zy,)) du _/ o bs dsZu -dBy
t

t

T T
Y, > el b dsg _/ el b S (u, by, a,)du _/ eli't- 47, . dB,
t t

Y; > esssupEqe

T
eftT bs dsg _ / efi bs dsF*(u,bu,au)du|ft
a,b t

By the convexity of F, there exist a(t,w) and b(t,w), which can and will be chosen to be

progressively measurable (see [12, 29]) such that:
F(t,Yy, Zy) = b)Yy + @y - Zy — F*(t, by, ay). (4.2)
Let us show that |b] < || SUPepo, 7] Billse -
If 6] > || supyepo,7] Btlls=, then for any y, z it holds that
F*(t,bs,a1) 2 by + ar - 2 — ar = Bely| — 0:]2| — f(|y])]=[*.
Taking z = 0 and y = nb; yields
F*(t,be,ae) = nbe|([be] — B) —

tending n to infinity, we obtain a contradiction with the fact that F*(t,b;,a;) is finite. Thus,

b < [ supyefo, 7y 1Bt s~ -
We consider a sequence of stopping time given by:

Tn :—inf{s}t,/ |Zu|2du>n}/\T~

t

Since fo Zs-dB, is a BMO martingale, the sequence 7, increases to T' as n goes to infinity. We

will show that |, TATn

. |as|?ds is bounded. By the definition of F* and assumption (H1) we have:

F*(t,b,a) > —a; +a -z — 0]z — £(0)]2]?.
It follows that

2
F*(t,b,a) > max{—a; — 9,52 +a-z— |z|2 - f((])\z|2} = —oy — 9? + o

2eR A1+ f(0)) (43)
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Let € be a constant such that 0 < e < m. We use the previous inequality to derive:

1 — 2 - 2 — 2
. —— < F*(t, by, 0? — ,
(s ) o < (0830 +

< —F(t, Y, Z:) + b Yy +dt'Zt+at+9t2 —6‘@t|27

<20y + 02 + 2B,|Y3| + 04 Zi| + FUYID|Ze)? + @y - Zy — e|ag|?,

<

20475 + 9? + 2,8t|}/t| + et‘Zt| + f('Y;fD|Zt|2 + sup {at . Zt — €|&t|2},
at
1
<204 + 07 + 2B, Y3| + 04| Zi| + F(IVA)|Ze)* + £|Zt\2,
< Cay + CO? + CBYy| + CO| Z| + CL(Y))|Ze | + C| 2|2, (4.4)

where C is some positive constant. Hence, we conclude that ftTM" |as|%ds is bounded. Consequently,
fd ag -dWs is a BMO martingale, where a":=alp,, and Q%" is a probability measure

equivalent to P. By It6’s formula applied to efi" bads Y, and Girsanov’s transformation, we can derive:
TNATH L T/\T” u T -
}/; = eft bs dSYT/\Tn — / eft bs ds (buYu —+ Ay - Zu — F(U,Yu, Zu)) du
t

TNATy -
—~ / eli'b 4oz, 4B,
t

Y; < Egan

yYur Yu
t

T
eftT b dsYT/\Tn . / ef;" b ds px (u b a”)du|ft] ,

where the last inequality follows from equality (4.2) and the fact F*(t,b",a") < 1jo ., F*(t, 0, a).
Now, due to the continuity of Y, it follows that the sequence Yra,, converges to Yr P-a.s.
Taking n — 400, we obtain:

Y: < sup Ege
a,b

T
eftT bs dsg _/ eftu bs dsF*(u’ bu;au)dulft] .
t

This completes the proof. O

We now state and prove the uniqueness result for solutions to the BSDE (1.1).

Theorem 4.2 Let conditions (H1) and (H2) be satisfied. Assume moreover that &, 3, fOT agds,
and fOT 02ds are bounded. Then, for every solution (Y,Z), (Y',Z') of the BSDE (1.1), in
S8 x BMO and satisfying Y =9 <Y, Y' < Y9, the processes Y and Y’ are indistinguishable, and
Z =7"dt @ P-ae.

Proof Consider (Y,Z) and (Y',Z') two solutions of BSDE (1.1). By combining the
representation (4.1) with the continuity of the paths of Y and Y’, we obtain the uniqueness of
the component Y. The uniqueness of Z follows by applying Itd’s formula to |Y; — Y/|?. O

The following theorem provides a comparison of solutions to the BSDE (1.1). It will be proved
by combining the uniqueness of solutions with the domination argument. The proof employs a
different technique than the one used to establish Proposition 3.4.

Theorem 4.3 (Comparison theorem). We consider generators Fy and Fy satisfying assumptions
(H1) and (H2). Moreover, assume that &, &, S, fOT asds, and fOT 0,2ds are bounded. Let
(Yl,Zl), (YQ,ZQ) be the respective solutions of BSDE(&, Fy) and BSDE(&2, Fy), which are
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assumed to belong to € S x BMO.

We further assume that & <&, Fi(t,y,z) < Fa(t,y,2) dt®@dP-a.e. Then, Y} <Y?,
0<t<T, P-a.s.

If, moreover, Fi(t,Y2, Z2) < Fy(t,Y?,Z%) on a set A of positive dt @ dP-measure, then we
have Y} < Y2 dt ® dP-a.e. on the set A.

Proof We have
T T
vieas [ RGyLz)as- [zhaw,
t t
T T
}/152 = 62 +/ FQ(saY527ZE) ds _/ Z? ' dWé
t t

We set
h(t,y, z) == —ar = Belyl = Ocl2| = f(lyl)|2*  and g(t,y,2) := ar + Bely| + 04|z + F(Jy])|=[>.
We notice that
h(tvy7z) g Fl(tvyvz) g F2(t7y7z) < g(tayvz) (45)

The BSDE (—&;, h) has a solution (Y",Z"), and the BSDE (£, g) has a solution (Y9, 29).
We apply the domination argument, Lemma 2.1, to conclude that the BSDE({;, F») has a
solution (Y, Z) such that:

Y'Y <Yf, vtelo,T).
By the uniqueness of the solution, we obtain:
VP <SY2YS, vte0,T).

We apply the domination argument once again, using the BSDE (&2, F3) and the BSDE
(=&, h) to show that the BSDE (¢;, Fy) admits a solution (Y, Z) such that:

V<Y, <Y2, te0,T).
By the uniqueness property, it follows that:
Y} <Y2, te[0.1).

We now prove the second part of Theorem 4.3. According to Theorem 3.2 in [13], with
L=Y" and U=Y?, the reflected BSDE({(, Fy,Y" Y?) has a solution (Y,Z,K+,K™)

satisfying the following system:

T T T T
Yt:§1+/ Fl(s,Y;,Zs)ds—/ Zs~dWs+/ dKj—/ dK 7,
t t t t

VEST, Y!<Y, <Y?,
T T 4.6
/ (Y; = YdE, = / (Y2~ Y)dK; =0, as., (46)
0 0
KO+ =K, =0, K',K~ are continuous nondecreasing,
dKT1dK™.

For all 0 <r <t < T, we have
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t t
Ytz_ytzyrz_yr_/ [Fa(s,Y2,22) — Fi(s,Ys, Z)] ds+/ (22 - z,) - aw,
™ T

t t
+/ dKj—/ dK; .

Tanaka’s formula shows that

t
Y2-v) =(v?-v) - / Liyesy,y [Fa(s, Y2, 22) — Fi(s,Ys, Z,)] ds

t t
+/ Lyvesy,y (22 = Z,) - AW, +/ Lyesy,y (dKS —dK])

1 1
+o L (VP =Y) = SL (VP -Y).

It follows that

t

0=— [ Lyyveovy [Fas, Y2 Z2) = Fi(s,Ys, Z5)] ds

—

t

t
+ 1{Y32=Ys} (ZS2 — Zs) -dW; +/ ].{ys2=ys} (dKj — dK;)

—

1
LY (Y?2-Y) + 5LQ (Y?-Y).

N | =

Hence,
1 zZ2-7) = P
(v2=v.} ( : S) 0 ds x dP-a.e.

It follows that

t t
O:*/ ]'{Ys2:Ya'} [FQ(S’};Q’Z?)—F1(57Y;2’Z§)] ds+/ 1{Y52:Ys} (dK:r*dK:)

1 1
L (V2 =Y) + 5L (Y -Y).

Since [ 1{y2_y,;dK;} =0, it holds that
¢ 1 1
0< / Livaoy,y [Fa(s, Y2, Z2) — Fi(s, Y2, Z2)] ds+ §L? (Y?-Y) - §L8 (Y?-Y)
T

. (4.7)
- —/ l{yfzys}dK; § O

Hence, we conclude that dK~ =dK* =0, which means that (Y,Z) is a solution of the
BSDE(&1, Fy). By the uniqueness of solutions, we obtain that (Y!, Z1) = (Y, Z). From equation
(4.7), we get:

t
/ 1{Yf:Ysl} [F2(573/527Z52') - Fl(S,YéQ,ZE)] ds =0.

We conclude that Y! < Y2 on the set A.

4.2 Application to quadratic PDEs with convex nonlinearities

In this subsection, we use the uniqueness result for BSDEs obtained in the previous subsection
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to study the solvability of parabolic PDEs with convex nonlinearities. We establish the existence
of a viscosity solution to the following PDE:

ou "
e + Lu(t,x) + F(t,u(t,x),0c"'Vyu(t,z)) =0,
u(T, ) = h(z),

(4.8)

where L is the operator given by (3.7).
We consider the following forward-backward SDE:

Xte :x—!—/ b(r,Xﬁ’z)dr—F/ o(r, X" dW,,
t t

T T
ver = nxe) + [ Ry ziar— [z aw,

S

We introduce the following assumptions:
(H3) The functions b : [0,T] x RY = R? and o : [0,7] x R? — R¥*? are continuous, and there
exists ¢ > 0 such that:

b(t, )| + |o(t,2)] < c(1+|z]), forevery (t,2) € [0,T] x R%

(H4) Pathwise uniqueness holds for the forward SDE of system (4.9).

(H5) The mapping h : R? — R is continuous and bounded.

Under assumptions (H1) — (H5), the system (4.9) has a unique solution (X%% Y% 7Z4%) The
next proposition states the continuous dependence of the solution Y*® on the parameters (t,z).

The proof follows similarly to that of [2, Lemma 4.3].

Proposition 4.4 Let the hypotheses (H1) — (H5) be satisfied, and assume that (3, fOT agds, and

fOT 02ds are bounded. Then, the function (t,z) — u(t,z) := Y is continuous.

Proof Let (¢t",2") be a sequence converging to (¢,z) and assume, without loss of generality,
that " | t. Proposition 4.1 yields that for each (t,x) € [0,T] x R?, the solution (Y** Z%®) of
the BSDE (h(X"?), F') can be represented as follows:

Y = esssup Ega

a,b

T
ejt b dsh(X;iz) _/ €ffu bs dSF*(u,bu,au)du‘Ft‘| , (4.10)

t

where the supremum is taken over progressively measurable processes a : [0,7] x Q — R? and
b:[0,T] x @ — R such that a is in BMO, and |b| < supy;<r |B:|. Since the quantity ¥;"* is
deterministic, the equality (4.10) becomes:

T
v} = sup Ege [eff b h(XPT) — / eli" b dsF*(u,bu,au)du} (4.11)
a,b t

By the definition of F* and assumption (#1), we have for every a, b:
F*(t,b,a) > —ay.

Furthermore, by equality (4.11), for each n € N, a, and b, we get that:
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T
Vi " > Ege [ef;/ bsdspy (X; " ) - / elin b ds (B (u, by, ay) + ) — elin s By, du].
tTL

By using the Beppo-Lévy theorem and the Lebesgue dominated convergence theorem, it holds
that liminf, o Vi " > Y"

On the other hand, let a™,b™ be such that:
" o™ Tbnd 7 o™ T u pn g ].
Y < Egan [efm s 5h (XT " ) 7/ eJin b SF*(wa,aZ)du] +—. (4.12)
tn n

Given that h and Ytinln are bounded, there exists a positive constant C' > 0 such that:
T u n
Egar {/ elin VS ds (g b g™ du} < C.
t’!‘L
Arguing as in the proof of inequality (4.3), we obtain:
* n o n 2 n 2 2 2 ‘a’?|2
B (8,6, ai) > m%ﬁ}i{_at —0; +ai -z — |27 = f(0)|2]"} = —ay — 05 + 4
zE

(1+£(0)

i 3lan]?du] < C. According to

(4.13)

Hence, there exists a positive constant C' such that EQa,n[
Girsanov’s theorem, we get that E[é‘fnw;T log (5&”@)] < C, where SﬁfiT :=exp ( fg: al - dW, —
3 ftf la%|? du). Thus, by the criterion of de la Vallée Poussin, (Sfﬁan)n is uniformly integrable,
and therefore there exists K € L' such that (55:7T)n converges weakly to K. Since the sequence
(h (X;n’xn) —h (X;z)) is uniformly bounded and converges to 0 in L?, we use [5, Lemma 2.8]
to get .

|=o

. n T in
limsup E {gta pelim i ds
n—o0 ’

h (X;z) — h (X5

| < tim B[ o |n (X5") = (x5)

where C is a positive constant.

Consequently, for every € > 0, there exists n large enough such that
E g [em bl dsp, (X;‘”) } _E [Eﬁ:Tem bl dsp, (X;n,zn> }
<[l el O (x47) |+ (4.14)

=Egan [ef; bidsp (X;I)} +e.

The previous inequality and (4.12) allow us to show that

y Yur Yy

T
" - . P 1
Vi " < Egan [effﬁ bdep (X5 — / elin b3 ds (o, b a”)du} + = +e
t n

n

T
u 1
< sup EQa |:eft’1;l b dsh (X%I) - / eftn b dSF* (U, bu, au) du:| + —+e.
a,b tn n

We successively let n — +oo and € - 0 to get limsup,, . Y;tnzn <Y, which finishes the
proof of the continuity. O

We proceed to present and prove the main result of this subsection.
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Theorem 4.5 Let (H1)— (H5) be satisfied. Moreover, assume that 3, fOT agds, and fOT 6%ds
are bounded. Then, the function u defined by u(t,x) = Ytt’m 1§ a wviscosity solution of the PDE
(4.8).

Proof We will show that v is a viscosity subsolution. The proof that u is a supersolution can
be carried out in a similar manner. Let ¢ € C*2 ([0,7] x R?) and let (£,z) € [0,T] x R? be a
local maximum of (u — ¢). We assume that:

Dy

5 —L(t,2) + Lo(t,z) + F(t,u(t,z),0'Vo(t,z)) < 0.

It follows that there exists a >0 such that, for each (¢,z) € [t,t+ a] X B(Z,a), we have
u(t,z) < ¢(t,z), and

dp

E(t, x) + Lo(t,x) + F(t,u(t,z),0'Vo(t,z)) < 0. (4.15)
Define
r=inf{t > 1: | X" —z| > al AT+ ),
and
(Ve Z0) = (Yo Y Ziny)s L€ [EE+al.
We have

_ _ t+a _ ~ t+a
Y; = u(r, X0%) + / Lz, (s)F (s, u(s, X07), Zy)ds — / Zs - dWs.
t ¢

By Ito’s formula, the process

(Vi Z0) = (0t X05), Lir () (0" V) (8. X0 ) s € [RT + al,

solves the BSDE
~ - t+a a - t+a
Y;f = @(Ta X?m) - / l[f,‘r] (S) <8t +L ) (SaX.?m)dS - / Zs : dWs (416)
t t

Now we need to apply the comparison theorem to conclude that Y; < Y;. We note that, although
the generator 1z ,(s) (%—f + ch) (s,z) is not necessarily convex, the comparison Theorem 4.3
can still be applied. This is because the convexity property is primarily used to guarantee the
uniqueness of solutions to the BSDE (4.16) (as shown in the proof of Theorem 4.3). However, the

uniqueness of solutions to this BSDE is already ensured by Theorem 3.2.
We have u(r, X5%) < (1, X1%) and

L 0P, 000, 509, 20) < ) (26 5 1) 5,0,

We deduce, with the help of the comparison Theorem 4.3, that u(f,z) = Y; < Y; = o({, Z),
which contradicts our assumptions. Therefore, u is a subsolution. O
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Appendix

A. BMO martingales properties

We recall some properties of BMO martingales, for more details, we refer to [22].

Lemma A.1 1. For a BMO martingale M, the stochastic exponential E(Mr) := exp (Mp—
3(M)1) has expectation 1.

2. For every BMO martingale M, there exists p > 1 such that E(M) € LP. Moreover, there
exists a constant ¢, depending only on p and the BMO norm of M, such that for any t € [0,T], it
holds that

E(EM)7/Fi) < cE(M);. (A1)

3. If | M||g < 1, then for every stopping time T € [0, T
1

Elexp ((M)r — (M)r) /F7] < =7 (A.2)
1—[|M]3
4. If (f(f Zs - dWs> is a BMO martingale, then for any q > 1 it holds that
0<t<T
T q .
E / 1Z,%ds | | < q!||/ Zy - AW, |15
0 0
Furthermore, for each q¢ > 1 and for any ¢ € (0, 2)
T
E |exp q/ |Zs|Fds | | < C* < o0, (A.3)
0

where C* depends on q, € and || [, Zs - AW, ||%.
B. Continuity of (¢,z) — X*

We recall a continuity result for SDE solutions with respect to their initial conditions, proved
in [21].

Proposition B.1 Assume that (A3) and (A4) are satisfied, and let (t,,z,) be a sequence in
[0,T] x R converging to (t,x). Let Xt»® and X" be the unique solutions of the forward SDE
in system (3.5) with initial conditions (t,,x,) and (t,z), respectively. Then, X'*~ converges to
Xt jn §2.
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