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|F (t, y, z)| ⩽ αt + βt|y|+ θt|z|+ f(|y|)|z|2
αt βt θt f

F F

Abstract   We  study  the  uniqueness  of  solutions  of  backward  stochastic  differential
equations (BSDEs), which generator verifies  ,
where  ,  ,    are  positive  processes  and  the  function    is  positive,  continuous  and
increasing. The uniqueness of solutions of such BSDEs is derived in two situations, when
  is  locally  Lipschitz  and  when    is  jointly  convex.  As  a  byproduct:  we  show  the

existence of viscosity solutions to the associated semilinear partial differential equations,
which can contain nonlinearity that has quadratic growth in the gradient of the solution.
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 1.  Introduction

(Wt)0⩽t⩽T d-dimensional
(Ω,F , (Ft)t∈[0,T ],P) (Ft)0⩽t⩽T P-completion W

F : [0, T ]× Ω× R× Rd 7→ R ξ R-valued
FT

Let    be  a   Brownian  motion  defined  on  a  filtered  probability  space
. Here,   stands for the   of filtration generated by  .

Let    be  a  progressively  measurable  process.  Let    be  a 
random variable which is measurable with respect to  . Consider the BSDE

Yt = ξ +

∫ T

t

F (s, Ys, Zs)ds−
∫ T

t

Zs · dWs, (1.1)

ξ F

(ξ, F ) F ξ BSDE(ξ, F )

F z ξ

ξ ∈ S∞

the random variable   is called the terminal condition and   is called the generator or the driver.
We denote  BSDE   a  BSDE with  driver    and  terminal  condition  .  The    is
called a quadratic BSDE if   has at most a quadratic growth with respect to  . We call   the
bounded terminal value, if  (see the definition of the space in Section 2).

F y z

Nonlinear backward stochastic differential equations were first introduced in [27] and solved in
the case where   is uniformly Lipschitz in both of its variables,   and  . Since then, extensive 
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z

research  has  been  conducted  to  explore  various  properties  related  to  BSDEs,  including  the
existence  of  solutions  under  conditions  weaker  than  the  Lipschitz  assumption,  as  well  as  their
connections to partial differential equations (PDEs), optimal control,  finance, and insurance. A
class of particular interest is the BSDEs with quadratic growth in the control variable  . Such
BSDEs  have  a  wide  range  of  applications,  including  utility  maximization  problems,  quenching
problems  (see  [11,  24,  25]),  and  gas  flow  in  porous  media  (see  [18,  19]),  among  others.  The
problem of existence of solutions was first studied for bounded terminal conditions in [23], where
the author demonstrated the monotone stability of quadratic BSDEs. In [6], the authors explored
the existence of solutions in the case of an exponentially integrable terminal value by combining
the localization method with monotone stability.

ξ F

ξ F

y z

ξ Lp p γ

p = γ

P (|y|)|z|2

P

Ł2-integrable
f(|y|)|z|2 f

Ł2-solution
f(|y|)|z|2

In [23], the uniqueness of the solution is established in the case where   is bounded and   is
locally Lipschitz continuous. In [7], the uniqueness of unbounded solutions to quadratic BSDEs is
studied, assuming that   possesses all  exponential moments and that the driver    is Lipschitz
continuous in  , and either convex or concave in  . This result was further strengthened in [9]
by assuming that   admits certain exponential moments in   with   greater than a constant  .
The critical case   was discussed in [10]. The problem of uniqueness of the solution with a
non-convex generator  was addressed in  [28]  for  Markovian BSDEs with a Lipschitz  continuous
generator. In [17], a BSDE with a coefficient exhibiting quadratic growth of the form  ,
where   is a specific polynomial form, and satisfies a Lipschitz property, was considered. In [3],
the existence of solutions was established for BSDEs with an   terminal value, where
the quadratic part of the generator is dominated by  , with   being globally integrable
and  locally  bounded.  Moreover,  the  uniqueness  of  the    was  proved  in  [3]  for  the
particular case in which the generator has the form  .

f(|y|)|z|2 f

f L1

L1-integrable
f(|y|)|z|2

δ z2

y

In  [1],  the  existence  of  solutions  is  established  for  a  quadratic  BSDE  (QBSDE)  where  the
quadratic part of the generator is dominated by  , with   being measurable. The case in
which   is globally integrable was also considered in [1], and the existence of an   -solution was
established when the terminal value is merely  . A particular case with a generator
of the form   and a bounded terminal value was discussed in [30]. In [2], BSDEs with a

singular quadratic term of the form   were studied. Moreover, the uniqueness of solutions was

investigated under the assumption that the terminal value is bounded.
Other results concerning the solvability of quadratic BSDEs can be found in [4, 8, 9, 14, 20, 26].

An extensive overview of QBSDEs is provided in the recent paper [15].

F

In this paper, we are concerned with the problem of the uniqueness of the solution of equation
(1.1) in the case of a bounded terminal value, and the generator   satisfies the following conditions:

|F (t, y, z)| ⩽ αt + βt|y|+ θt|z|+ f(|y|)|z|2 αt βt θt● , where  ,  ,   are some positive processes.
(t, y, y′, z, z′) ∈ [0, T ]× R2 × R2d δ ∈ (0, 2)● For every  , and every 

|F (t, y, z)− F (t, y′, z′)| ⩽ κy

[
(1 + |z|δ + |z′|δ)|y − y′|

]
+ κz [1 + (f(|y|) + f(|y′|)) (|z|+ |z′|)] |z − z′|.

(t, ω) F (t, ω, . , .)● For every  ,   is jointly convex.

∫ ·
0
Zs · dWs

F

Under the second condition, we borrow the technique used in [17]. This method allows us to
obtain  uniqueness  in  the  space  of  bounded  solutions,  such  that  the  stochastic  integral

 is a BMO martingale. Our uniqueness result generalizes the one obtained in [17]. As

a consequence, we also prove the existence of viscosity solutions for the corresponding quadratic
PDEs.  When  the  driver    is  jointly  convex,  we  derive  a  dual  convex  representation  for  the
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F (t, y, z) = k|z|+ f(y)|z|2

component   of the solution, which further ensures uniqueness. Moreover, we demonstrate that
the  comparison  principle  for  solutions  follows  from the  uniqueness  and  domination  arguments.
We  note  that  the  comparison  of  solutions  has  been  established  in  the  specific  case

 in [1, 3, 30].

F

The  paper  is  organized  as  follows.  In  Section  2,  we  provide  definitions,  notations,  and
preliminaries,  and recall  the  so-called  domination method as  presented in  [1].  In  Section  3,  we
establish the uniqueness and comparison of solutions in the case of a locally Lipschitz generator,
and  prove  the  existence  of  viscosity  solutions  to  the  associated  quadratic  PDEs.  Section  4  is
dedicated  to  the  uniqueness  and  comparison  of  solutions,  as  well  as  the  existence  of  viscosity
solutions when   is jointly convex.

 2.  Preliminaries

The following notations will be used.
C := Ft-adapted●     the space of continuous and   processes.
Sp Ft-adapted φ●   := the space of continuous,   processes   such that

∥φ∥Sp := E
(
sup0⩽t⩽T |φt|p

) 1
p < ∞. 

S∞●   := the space of bounded measurable processes.

L2 Ft-adapted φ
∫ T

0
|φs|2ds < +∞ P-a.s.●   := the space of   processes   satisfying 

Mp Ft-adapted φ●  := the space of   processes   satisfying

∥φ∥Mp := E
[(∫ T

0
|φs|2ds

) p
2

] 1
p

< +∞. 

B M M0 = 0●   := the space of uniformly integrable martingales   with   satisfying

∥M∥B := sup
τ

||E
(
⟨M⟩T − ⟨M⟩τ/Fτ

)
||

1
2

S∞ < ∞,

τ ∈ [0, T ]where the supremum is taken over all stopping times  .
BMO Ft-adapted Z

∫ ·
0
Zs · dWs B●  := the space of   processes   such that   is in the space  .

For the sake of completeness, we briefly recall the domination argument and provide its proof.
This technique is used in [1] to directly derive the existence of solutions to BSDE (1.1), without
relying  on  a  priori  estimates  or  approximations.  Here,  it  is  used  to  derive  a  comparison  result
when the uniqueness of solutions holds.

F (y, z) (t, ω)

BSDE(ξ, F )

Lemma  2.1  (The  domination  argument  [1]).  Let  be  continuous  in  for  a.e. .
Assume that the  satisfies the following domination conditions.

(ξ1, F1) (ξ2, F2)There exist two BSDEs with parameters  and  such that:
ξ1 ⩽ ξ ⩽ ξ2(D1)  
BSDE(ξ1, F1) BSDE(ξ2, F2) (Y 1, Z1) (Y 2, Z2)(D2)    and ,  respectively,  admit  solutions  and ,

satisfying:
(a) Y 1 ⩽ Y 2  ,
(b) (t, ω) y ∈ [Y 1

t (ω), Y 2
t (ω)] z ∈ Rd  for every ,  and ,

(i) F1(t, y, z) ⩽ F (t, y, z) ⩽ F2(t, y, z)  
(ii) |F (t, ω, y, z)| ⩽ ηt(ω) + Ct(ω)|z|2  

C η Ft-adapted C η a.s ω∫ T

0
|ηs(ω)|ds < ∞

where  and  are  processes such that  is  continuous and  satisfies  for  ,

.

BSDE(ξ, F ) (Y, Z) Y 1 ⩽ Y ⩽ Y 2

BSDE(ξ, F ) Y M Y m

Then,  the  admits  a  solution  such  that .  Moreover,  the
 has  maximal  and  minimal  solutions,  denoted  and ,  respectively,  such  that
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Y 1 ⩽ Y m ⩽ Y M ⩽ Y 2 .

L = Y 1 U = Y 2

(Y, Z,K+,K−) (Y, Z) C × L2 (Y, Z,K+,K−)

t ∈ [0, T ]

Proof  Using  Theorem  3.2  in  [13]  with    and  ,  there  exists  a  process
 such that   belongs to   and   satisfies the subsequent

system, for  ,

Yt = ξ +

∫ T

t

F (s, Ys, Zs)ds−
∫ T

t

Zs · dWs

+

∫ T

t

dK+
s −

∫ T

t

dK−
s ,

∀ t ⩽ T, Y 1
t ⩽ Yt ⩽ Y 2

t ,∫ T

0

(Yt − Y 1
t )dK

+
t =

∫ T

0

(Y 2
t − Yt)dK

−
t = 0, a.s.,

K+
0 = K−

0 = 0, K+,K− are continuous nondecreasing,

dK+⊥dK−.

(2.1)

Moreover, equation (2.1) has a minimal solution and a maximal solution.
dK+ = dK− = 0 Y 2

t BSDE(ξ2, F2)

(Y 2
t − Yt)

+

It  remains  to  prove  that  .  Since    is  a  solution  to  the  ,
applying Tanaka’s formula to   we get that

(Y 2
t − Yt)

+ = (Y 2
0 − Y0)

+ +

∫ t

0

1{Y 2
s >Ys}[F (s, Ys, Zs)− F2(s, Y

2
s , Z

2
s )]ds

+

∫ t

0

1{Y 2
s >Ys}(dK

+
s − dK−

s ) +

∫ t

0

1{Y 2
s >Ys}(Z

2
s − Zs) · dWs

+ L0
t (Y

2 − Y ),

L0
. (Y

2 − Y ) (Y 2 − Y ) 0where   stands for the local time of the process   at  .
(Y 2

t − Yt)
+ = (Y 2

t − Yt) (Y 2
t − Yt)

+ (Y 2
t − Yt)Since  , we identify the terms of   with those of   to

derive that:

(Zs − Z2
s )1{Y 2

s =Ys} = 0 for a.e. (s, ω),

and ∫ t

0

1{Y 2
s =Ys}(dK

+
s − dK−

s ) = L0
t (Y

2 − Y ) +

∫ t

0

1{Y 2
s =Ys}[F2(s, Y

2
s , Z

2
s )− F (s, Ys, Zs)]ds.∫ t

0
1{Y 2

s =Ys}dK
+
s = 0Since  , it follows that

0 ⩽L0
t (Y

2 − Y ) +

∫ t

0

1{Y 2
s =Ys}[F2(s, Y

2
s , Z

2
s )− F (s, Ys, Zs)]ds = −

∫ t

0

1{Y 2
s =Ys}dK

−
s ⩽ 0.∫ t

0
1{Y 2

s =Ys}dK
−
s = 0 dK− = 0

dK+ = 0 (Y, Z) (ξ, F )

Thus,  ,  which  implies  that  .  Arguing  similarly,  we  get  that

. Hence,   is a solution to the (non-reflected) BSDE .  □
We consider the following assumption:
(A1) (y, z) → F (t, y, z) a.e (t, ω) (y, z) ∈ R× Rd  The mapping   is continuous for    , and for any 

it holds that:

|F (t, y, z)| ⩽ αt + βt|y|+ f(|y|)|z|2,
αt βt (Ft)-adapted f

R+

where  ,   are some   processes which are positive and   is a real valued function
which is continuous, increasing and positive on  .
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(A1)

Next, we present the main lines of the existence result of solutions for BSDE (1.1) obtained in

[1] under the assumption  .

We set

g(t, y, z) := αt + βt|y|+ f(|y|)|z|2. (2.2)

(A1) ξ
∫ T

0
αsds∫ T

0
βsds (Y, Z) ∈ S∞ ×BMO

Y −g ⩽ Y ⩽ Y g Y g Y −g BSDE(ξ+, g) BSDE(−ξ−,−g)

Theorem  2.2  (Existence).  Let  be  satisfied.  Assume,  moreover,  that , ,  and

 are bounded. Then, the BSDE (1.1) admits a solution , such that

, where  and  are solutions of  and , respectively.

Y −g ⩽ Y g

ξ1 = −ξ− ξ2 = ξ+ F1 = −g F2 = g (Y, Z)

Proof  The  idea  consists  in  using  Lemma  2.1  and  [1,  Proposition  3.1].  We  consider  the  two
solutions constructed in [1, Proposition 3.1], which satisfy  . Then, Lemma 2.1 applied

to  ,  ,   and   yields the existence of a solution  .

ξ
∫ T

0
αsds

∫ T

0
βsds Y

E
(∫ T

0
|Zs|2ds

)
< ∞

Since  ,  ,  and   are  bounded,  then  a  standard  computation  shows  that    is

bounded. We shall show that  . Put

K(y) :=

∫ y

0

exp
(
−2

∫ z

0

f(r)dr
)
dz.

Then, the function

v(x) :=

∫ x

0

K(y) exp
(
2

∫ y

0

f(r)dr
)
dy (2.3)

1
2v

′′(x)− f(x)v′(x) = 1
2 R

v v′ R+ x 7−→ v(|x|) C2(R) N > 0

τN := inf{t > 0 :
∫ t

0
|v′(Ys)|2|Zs|2ds ⩾ N} ∧ T v(|Yt|)

t ∈ [0, T ]

satisfies the differential equation   on   and has the following properties:

  and    are  positive  on    and  the  function    belongs  to  .  For  ,  we

define  .  Itô’s  formula  applied  to   gives  that

for every  ,

v(|Y0|) = v(|Yt∧τN |) +
∫ t∧τN

0

[
sgn(Ys)v

′(|Ys|)F (s, Ys, Zs)−
1

2
v′′(|Ys|)|Zs|2

]
ds

−
∫ t∧τN

0

sgn(Ys)v
′(|Ys|)Zs · dWs .

(A1) 1
2v

′′(x)− f(x)v′(x) = 1
2 RUsing assumption   and the fact that   on  , we get

1

2

∫ t∧τN

0

|Zs|2 ds ⩽ v(|Yt∧τN |) +
∫ t∧τN

0

(αs + βs|Ys|)v′(|Ys|) ds−
∫ t∧τN

0

sgn(Ys)v
′(|Ys|)Zs · dWs .∫ T

0
αsds

∫ T

0
βsds YSince  ,  , and   are bounded, we conclude by Fatou’s lemma that

E
∫ T

0

|Zs|2 ds < ∞.

(
∫ t

0
Zs · dWs)0⩽t⩽T

Ft-stopping τ ⩽ T

Now, we prove that the process   is a BMO martingale. By Itô’s formula, we

obtain that for any   time  ,

v(|YT |) = v(|Yτ |) +
∫ T

τ

[
1

2
v′′(|Ys|)|Zs|2 − sgn(Ys)v

′(|Ys|)F (s, Ys, Zs)

]
ds

+

∫ T

τ

sgn(Ys)v
′(|Ys|)Zs · dWs .

Y Z ∈ M2Using the fact that   is bounded and  , then passing to the conditional expectation, we obtain
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E

(∫ T

τ

|Zs|2ds/Fτ

)
⩽ C + E

(∫ T

τ

[(αs + βs|Ys|)v′(|Ys|)]ds/Fτ

)
,

C Y
∫ T

0
αsds

∫ T

0
βsds

(
∫ t

0
Zs · dWs)0⩽t⩽T

where   is a positive constant. Again, using the boundedness of  ,  , and  , we

get that   is a BMO martingale.  □

 3.  Uniqueness of solutions when the generator is locally Lipschitz

This section presents the uniqueness and comparison of solutions for the BSDE (1.1) under the
following assumption:

(A2) c, κy, κz > 0 (t, ω, y, y′, z, z′) ∈ [0, T ]× Ω× R2×
Rd × Rd ∥

∫ T

0
F (t, 0, 0)dt∥S∞ < c δ ∈ (0, 2)

  There exist constants   such that for each 

, , and for every 

|F (t, y, z)− F (t, y′, z′)| ⩽ κy

[
(1 + |z|δ + |z′|δ)|y − y′|

]
+ κz [1 + (f(|y|) + f(|y′|)) (|z|+ |z′|)] |z − z′|,

f R+where   is a real valued function which is continuous, increasing and positive on  .

(A2) F

(A1) g F

(A2)

Remark  3.1  One  can  readily  notice  that,  under  assumption ,  the  generator  satisfies
assumption .  In  the  sequel,  the  function  will  denote  the  function  that  majorizes ,  as
endowed by assumption .

The following theorem establishes the uniqueness of the solution to the BSDE (1.1).

(A2) ξ

(Y, Z) ∈ S∞ ×BMO Y −g ⩽ Y ⩽ Y g

Y g Y −g BSDE(ξ+, g) BSDE(−ξ−,−g)

Theorem 3.2  (Uniqueness). Let assumption  hold. Assume, moreover, that  is bounded.
Then, the BSDE (1.1) admits a unique solution  such that ,
where  and  are solutions of  and , respectively.

(Y, Z) (Y ′, Z ′) S∞ ×BMO

Y −g ⩽ Y, Y ′ ⩽ Y g δYt = Yt − Y ′
t δZt = Zt − Z ′

t

Proof  Let   and   be two solutions of the BSDE (1.1) in the space 
such that  . We set   and   and define the processes:

Γt :=
F (t, Yt, Zt)− F (t, Y ′

t , Zt)

Yt − Y ′
t

1{Yt−Y ′
t ̸=0},

et := exp
(∫ t

0

Γsds
)
,

Λt :=
F (t, Y ′

t , Zt)− F (t, Y ′
t , Z

′
t)

|Zt − Z ′
t|2

(Zt − Z ′
t) 1{|Zt−Z′

t|≠0}.

(3.1)

MFor a local martingale  , we denote its stochastic exponential by:

E(M) := exp
(
MT − 1

2
⟨M⟩T

)
. (3.2)

(A2)Using assumption  , we get

|Λt| ⩽ κz(1 + 2f(|Y ′
t |)(|Zt|+ |Z ′

t|)).

τ ∈ [0, T ]Hence, for every stopping time  , we obtain

E

(∫ T

τ

|Λt|2dt/Fτ

)
⩽ CT + CE

(∫ T

τ

|Zt|2dt+
∫ T

τ

|Z ′
t|2dt/Fτ

)
< ∞, (3.3)

C kz f ∥Y ′∥S∞
∫ .

0
Zs · dWs∫ .

0
Z ′
s · dWs

∫ .

0
Λs · dWs

where    is  a  positive  constant  depending  on  ,    and  .  Since    and
 are BMO martingales,   is also a BMO martingale.
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E
(∫ ·

0
Λs · dWs

)
p > 1 E

(∫ ·
0
Λs · dWs

)
∈ Lp

Furthermore, the BMO properties ensure that the stochastic exponential    is a

true martingale, and there exists   such that  .

Q = E
(∫ ·

0
Λs · dWs

)
P

W̃t := Wt −
∫ t

0
Λsds Q-Brownian

We now consider a new probability  . By Girsanov’s theorem, the process

defined by   is a   motion.

YUniqueness of  　We have

δYt =

∫ T

t

F (s, Ys, Zs)− F (s, Y ′
s , Z

′
s)ds−

∫ T

t

δZs · dWs .

Using Itô’s formula, we get

etδYt =

∫ T

t

es (F (s, Ys, Zs)− F (s, Y ′
s , Z

′
s)) ds−

∫ T

t

esδZs · dWs −
∫ T

t

esΓsδYsds .

QRewriting the previous equation under the probability  , we obtain:

etδYt =

∫ T

t

es (F (s, Ys, Zs)− F (s, Y ′
s , Z

′
s)− ΓsδYs) ds−

∫ T

t

esδZs · dW̃s −
∫ T

t

esδZs · Λsds

=

∫ T

t

es (F (s, Ys, Zs)− F (s, Y ′
s , Z

′
s)− ΓsδYs − δZs · Λs) ds−

∫ T

t

esδZs · dW̃s .

On the other hand, since

F (s, Ys, Zs)− F (s, Y ′
s , Z

′
s)− ΓsδYs − δZs · Λs = 0 ,

it follows that

etδYt +

∫ T

t

esδZs · dW̃s = 0, Q-a.s . (3.4)

∫ T

t
esδZs · dW̃s QNext, we claim that   is a true martingale under  . Indeed,

EQ

[∫ T

0

|es|2|δZs|2ds

]

⩽ E

[
E
(∫ ·

0

Λs · dWs

)
sup

0⩽s⩽T
|es|2

∫ T

0

|δZs|2ds

]

⩽
[
E
[
E
(∫ ·

0

Λs · dWs

)p]] 1
p

[
E

[
sup

0⩽s⩽T
|es|2q

(∫ T

0

|δZs|2ds

)q]] 1
q

⩽
[
E
[
E
(∫ ·

0

Λs · dWs

)p]] 1
p
[
E
[

sup
0⩽s⩽T

|es|2qr
]] 1

qr

E
(∫ T

0

|δZs|2ds

)qr′


1
qr′

.

∫ ·
0
Zs · dWsSince   is a BMO martingale, it follows that

E
[

sup
0⩽s⩽T

|es|2qr
]
⩽ E

[
exp

(
2qrκy

∫ T

0

1 + 2|Zs|δds

)]
< ∞ .

∫ .

0
δZs · dWs q ⩾ 2

E
[(∫ T

0
|δZs|2ds

)q] 1
q

< ∞

Since    is  also  a  BMO  martingale,  for  every  ,  we  have

.

It follows that
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EQ

[∫ T

0

|es|2|δZs|2ds

]
< +∞ .

Ft etδYt = 0

Q-a.s. P-a.s. et δYt

A ⊂ Ω P(A) = 0

Passing  to  the  conditional  expectation  with  respect  to    in  (3.4),  we  obtain  that 
 and   Taking into account the continuity of   and  , we deduce that there exists

a set   with   such that

for all t ∈ [0, T ], ω ∈ Ω\A et(ω) > 0 .

t ∈ [0, T ] Yt = Y ′
t P-a.sIt follows that for any  ,    .

Z EQ

(∫ T

0
|es|2|δZs|2ds

)
= 0

|δZs| = 0 ds⊗ dP-a.e Zs = Z ′
s ds⊗ dP-a.e

Uniqueness of  　Using equation (3.4) and the Itô isometry, we get  ,

which implies that  . Hence,    . The proof is complete.  □
Remark 3.3  A result analogous to Theorem 3.2 is presented in Theorem 2.3 of [16] for multi-

dimensional  quadratic  BSDEs.  Notably,  Theorem  2.3  establishes  a  local  uniqueness  property,
while global uniqueness is addressed in Theorem 2.6 under an additional assumption on the driver.

We now  present  a  comparison  of  solutions,  which  will  be  used  to  establish  the  existence  of
viscosity solutions.

(Y 1, Z1) (Y 2, Z2) BSDE(ξ1, F1) BSDE(ξ2, F2)

S∞ ×BMO Y −g ⩽ Y 1, Y 2 ⩽ Y g

Proposition 3.4  Let  and  be two solutions of  and ,

respectively, assumed to belong to , and such that . We assume,

moreover, that the conditions of Theorem 3.2 are satisfied, and that

ξ1 ⩽ ξ2 and F1(t, Y
2
t , Z

2
t ) ⩽ F2(t, Y

2
t , Z

2
t ) dt× dP-a.e.

t ∈ [0, T ] Y 1
t ⩽ Y 2

t P-a.s.Then, for every , we have 

ξ1 < ξ2 F1(t, Y
2
t , Z

2
t ) < F2(t, Y

2
t , Z

2
t ) dt⊗ dP-measure

Y 1
0 < Y 2

0

Furthermore,  if  or  on  a  set  of  positive 

then .

δYt = Y 1
t − Y 2

t δZt = Z1
t − Z2

t δξ = ξ1 − ξ2 δFt = F1(t, Y
2
t , Z

2
t )−

F2(t, Y
2
t , Z

2
t ) t ∈ [0, T ]

Proof  We  set  ,  ,  ,  and 

 for each  . We define

Γt :=
F1(t, Y

1
t , Z

1
t )− F1(t, Y

2
t , Z

1
t )

Y 1
t − Y 2

t

1{Y 1
t −Y 2

t ̸=0}, et := exp
(∫ t

0

Γsds
)
,

Λt :=
F1(t, Y

2
t , Z

1
t )− F1(t, Y

2
t , Z

2
t )

|Z1
t − Z2

t |2
(
Z1
t − Z2

t

)
1{|Z1

t −Z2
t |≠0}.

Q
P Q-Brownian WQ

We proceed as in the proof of Theorem 3.2 to show that there exists a probability measure 
equivalent to  , and a   motion   such that

etδYt = eT δξ −
∫ T

t

esδZs · dWQ
s +

∫ T

t

esδFsds,

= EQ

[
eT δξ +

∫ T

t

esδFs ds/Ft

]
.

et > 0 δξ ⩽ 0 δFt ⩽ 0 etδYt ⩽ 0

δYt = Y 1
t − Y 2

t ⩽ 0 Q-a.s P-a.s
Using  the  facts  that  ,  ,  and  ,  we  get  ,  which  implies  that

 and also  .

t = 0 δξ < 0 δFt < 0 δY0 = Y 1
0 − Y 2

0 < 0Taking   and using the fact that   or  ,  we obtain that  .

This completes the proof.  □
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 3.1  Existence of viscosity solutions for quadratic PDEs with locally Lipschitz nonlinearities

(t, x) ∈ [0, T ]× Rd

In this subsection, we apply the uniqueness result for BSDEs to demonstrate the existence of a
viscosity solution to quadratic partial differential equations. We place our BSDE in a Markovian
framework  and  proceed  to  prove  the  associated  nonlinear  Feynman-Kac  formula.  For

, we introduce the system below:
Xt,x

s = x+

∫ s

t

b(r,Xt,x
r )dr +

∫ s

t

σ(r,Xt,x
r )dWr,

Y t,x
s = h(Xt,x

T ) +

∫ T

s

F (r,Xt,x
r , Y t,x

r , Zt,x
r )dr −

∫ T

s

Zt,x
r · dWr.

(3.5)

We consider the following PDE:
∂u

∂t
+ Lu(t, x) + F (t, x, u(t, x), σt∇xu(t, x)) = 0,

u(T, x) = h(x),
(3.6)

L Xt,xwhere   is the infinitesimal generator of   defined by

L :=

d∑
i=1

bi(t, x)
∂

∂xi
+

1

2

d∑
i,j=1

(σσt)i,j(t, x)
∂2

∂xi∂xj
. (3.7)

We make the following assumptions:
(A′2) (t, x) 7→ F (t, x, 0, 0) F (t, x, y, y′, z, z′) ∈

[0, T ]× Rd × R2 × Rd × Rd δ ∈ (0, 2)

  The map   is bounded,   is continuous, and for every 
 and every 

|F (t, x, y, z)− F (t, x, y′, z′)| ⩽ κy

[(
1 + |z|δ + |z′|δ

)]
|y − y′|

+ κz [1 + (f(|y|) + f(|y′|)) (|z|+ |z′|)] |z − z′|,

f R+where  is a real valued function which is continuous, increasing, and positive on .

(A3) b : [0, T ]× Rd → Rd σ : [0, T ]× Rd → Rd×d

c > 0 |b(t, x)|+ |σ(t, x)| ⩽ c(1 + |x|), for every (t, x) ∈ [0, T ]× Rd

  and   are continuous functions, and there
exists   such that:  .

(A4) (3.5)  The forward SDE of system   satisfies the pathwise uniqueness property.
(A5) h : Rd → R  The function   is continuous and bounded.

(Y t,x, Zt,x) ξ
∫ T

0
αsds

∫ T

0
βsds

It was shown in [1] (see the proofs of Theorem 3.1 and Corollary 3.2) that the uniform bounds
for  the  norms  of    depend  only  on  the  bounds  of  ,  ,  and  .  The

following lemma states this result.

(A′2) (A3) (A5)Lemma 3.5  Let assumptions  and  −  be satisfied. Then,

sup
(t,x)∈[0,T ]×Rd

∥Y t,x∥S∞ + ∥
∫ ·

0

Zt,x
s · dWs∥BMO < ∞. (3.8)

(A′.2) (A3) (A5) (Xt,x, Y t,x, Zt,x)

(3.5) (t, x) 7→ u(t, x) := Y t,x
t

Proposition  3.6  Let  and  −  be  satisfied.  Let  be  the  unique
solution of the system . Then, the function  is continuous.

(tn, xn)n∈N (t, x) [0, T ]× Rd

(3.5) (tn, xn)

Proof  Let   be a sequence that converges to   in  , and consider the
system   with initial condition  . The following holds:

Y tn,xn
s = h(Xtn,xn

T ) +

∫ T

s

1[tn,T ](r)F (r,Xtn,xn
r , Y tn,xn

r , Ztn,xn
r )dr −

∫ T

s

Ztn,xn
r · dWr.

We define
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Γn
r =

F (r,Xtn,xn
r , Y t,x

r , Zt,x
r )− F (r,Xtn,xn

r , Y tn,xn
r , Zt,x

r )

Y t,x
r − Y tn,xn

r

1{Y t,x
r −Y tn,xn

r ̸=0}1[t,T ](r),

enr = exp
(∫ r

0

Γn
vdv

)
,

Λn
r =

F (r,Xtn,xn
r , Y tn,xn

r , Zt,x
r )− F (r,Xtn,xn

r , Y tn,xn
r , Ztn,xn

r )

|Zt,x
r − Ztn,xn

r |2

×
(
Zt,x
r − Ztn,xn

r

)
1{|Zt,x

r −Ztn,xn
r |≠0}1[tn,T ](r) .

(3.9)

Clearly,

|Λn
r | ⩽ kz

(
1 + 2f(|Y tn,xn

r |)
(
|Zt,x

r |+ |Ztn,xn
r |

))
,

and

∥
∫ ·

0

Λn
s · dWs∥BMO ⩽ C

√
T + C∥

∫ ·

0

Zt,x
s · dWs∥BMO + C∥

∫ ·

0

Ztn,xn
s · dWs∥BMO,

C kz f ∥Y tn,xn∥S∞
∫ .

0
Λn
r · dWr

Qn = E
(∫ ·

0
Λn
s · dWs

)
P P

WQn

t = Wt −
∫ t

0
Λn
s ds Qn-Brownian

where   is a constant depending only on  ,  , and  . Hence,   is a BMO

martingale,    is  a  probability  measure  equivalent  to  ,  and

 is a   motion.

δY n
s := Y t,x

s − Y tn,xn
s δZn

s := Zt,x
s − Ztn,xn

sPut   and  . We have:

δY n
s = g(Xt,x

T )− g(Xtn,xn

T )

+

∫ T

s

1[t,T ](r)F (r,Xt,x
r , Y t,x

r , Zt,x
r )− 1[tn,T ](r)F (r,Xtn,xn

r , Y tn,xn
r , Ztn,xn

r )dr

−
∫ T

s

(
Zt,x
r − Ztn,xn

r

)
· dWr .

(3.10)

QnUsing Itô’s formula and rewriting the previous equation under the probability  , we get:

ens δY
n
s = enT δY

n
T

+

∫ T

s

enr
(
1[t,T ](r)F (r,Xt,x

r , Y t,x
r , Zt,x

r )− 1[tn,T ](r)F (r,Xtn,xn
r , Y tn,xn

r , Ztn,xn
r )

)
dr

−
∫ T

s

enr (Γ
n
r δY

n
r + δZn

r · Λn
r ) dr −

∫ T

s

enr δZ
n
r · dWQn

r .

(3.11)

We shall compute the quantity

1[t,T ](r)F (r,Xt,x
r , Y t,x

r , Zt,x
r )− 1[tn,T ](r)F (r,Xtn,xn

r , Y tn,xn
r , Ztn,xn

r )− Γn
r δY

n
r − δZn

r · Λn
r ,

which appears in the previous equation.
We have

1[t,T ](r)F (r,Xt,x
r , Y t,x

r , Zt,x
r )− 1[tn,T ](r)F (r,Xtn,xn

r , Y tn,xn
r , Ztn,xn

r )− Γn
r δY

n
r − δZn

r · Λn
r

= 1[t,T ](r)
(
F (r,Xt,x

r , Y t,x
r , Zt,x

r )− F (r,Xtn,xn
r , Y t,x

r , Zt,x
r )
)

+
(
1[t,T ](r)− 1[tn,T ](r)

)
F (r,Xtn,xn

r , Y tn,xn
r , Zt,x

r ) .∫ ·
0
enr δZ

n
r · dWQn

r Qn-martingaleArguing as above, we show that   is a  .

We define

Et := exp
(∫ t

0

Λn
r · dWr −

1

2

∫ t

0

|Λn
r |2dr

)
,
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and

Rn
r := 1[t,T ](r)

(
F (r,Xt,x

r , Y t,x
r , Zt,x

r )− F (r,Xtn,xn
r , Y t,x

r , Zt,x
r )
)

+
(
1[t,T ](r)− 1[tn,T ](r)

)
F (r,Xtn,xn

r , Y tn,xn
r , Zt,x

r ) .

FsWe take the conditional expectation with respect to   in equation (3.11) to derive

|EQn (ens δY
n
s /Fs)| =

∣∣∣∣∣EQn

(
enT δY

n
T +

∫ T

s

enrR
n
r dr/Fs

)∣∣∣∣∣ ,
|EQn (δY n

s /Fs)| ⩽ EQn

(
(ens )

−1enT |δY n
T |+ (ens )

−1 sup
s⩽r⩽T

enr

∫ T

s

|Rn
r | dr/Fs

)
,

|δY n
s | . |E (ET /Fs)| ⩽ E

(
ET ẽn

(
|δY n

T |+
∫ T

s

|Rn
r | dr

)
/Fs

)
,

|δY n
s | ⩽ E−1

s E

(
ET ẽn

(
|δY n

T |+
∫ T

s

|Rn
r | dr

)
/Fs

)
,

ẽn := sup0⩽s⩽r⩽T exp
(∫ r

s
Γv dv

) ∫ ·
0
Λn
s · dWs

ET ∈ Lp′
p′ > 1

where  .  Since    is  a  BMO  martingale,  it  follows

from the second point of Lemma A.1 that  , for some  . Applying Hölder’s inequality,

we obtain:

|δY n
s | ⩽ E−1

s E

(
ET ẽn

(
|δY n

T |+
∫ T

s

Rn
r dr

)
/Fs

)
,

|δY n
s | ⩽ E−1

s E
(
Ep′

T /Fs

) 1
p′

[
E

(
(ẽn)p

(
|δY n

T |+
∫ T

s

|Rn
r | dr

)p

/Fs

)] 1
p

.

Again, by the second assertion of Lemma A.1, it follows that:

|δY n
s | ⩽ Cp′

[
E

(
(ẽn)p

(
|δY n

T |+
∫ T

s

|Rn
r | dr

)p

/Fs

)] 1
p

,

Cp′ p′ ∥
∫ ·
0
Λn
s · dWs∥BMOwhere   is constant depending on   and  . Applying Jensen’s inequality for

concave functions and Doob’s inequality, we obtain:

sup
0⩽s⩽T

|δY n
s |2 ⩽ C2

p′

 sup
0⩽s⩽T

[
E

(
(ẽn)p

(
|δY n

T |+
∫ T

0

|Rn
r | dr

)p

/Fs

)]2 1
p

,

E
[

sup
0⩽s⩽T

|δY n
s |2
]
⩽ C2

p′E

[ sup
0⩽s⩽T

E

(
(ẽn)r

(
|δY n

T |+
∫ T

0

|Rn
r | dr

)p

/Fs

)]2 1
p

,

E
[

sup
0⩽s⩽T

|δY n
s |2
]
⩽ C2

p′

E[ sup
0⩽s⩽T

E

(
(ẽn)p

(
|δY n

T |+
∫ T

0

|Rn
r | dr

)p

/Fs

)]2 1
p

,

E
[

sup
0⩽s⩽T

|δY n
s |2
]
⩽ C2

p′C

E
(ẽn)2p

(
|δY n

T |+
∫ T

0

|Rn
r | dr

)2p
 1

p

.

q q′Again, by applying Hölder’s inequality with   and  , we obtain:
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E
(

sup
0⩽s⩽T

|δY n
s |2
)

⩽ C2
p′C

E
(ẽn)2p

(
|δY n

T |+
∫ T

0

|Rn
r | dr

)2p
 1

p

,

⩽ C2
p′C

[
E(ẽn)2pq

′
] 1

pq′

E(|δY n
T |+

∫ T

0

|Rn
r | dr

)2pq
 1

pq

.

By the second part of point 4 in Lemma A.1, we find that:

E
(

sup
0⩽s⩽T

|δY n
s |2
)

⩽ C2
p′CC ′

E(|δY n
T |+

∫ T

0

|Rn
r | dr

)2pq
 1

pq

,

C ′ δ p q′ ∥
∫ ·
0
Zt,x
s · dWs∥BMOwhere   is a constant that depends only on  ,  ,   and  .

(A′.2)On the other hand, by assumption  , we have:

|Rn
r | = |1[t,T ](r)

(
F (r,Xt,x

r , Y t,x
r , Zt,x

r )− F (r,Xtn,xn
r , Y t,x

r , Zt,x
r )
)

+
(
1[t,T ](r)− 1[tn,T ](r)

)
F (r,Xtn,xn

r , Y tn,xn
r , Zt,x

r )|
⩽
∣∣F (r,Xt,x

r , 0, 0)|+ 2|F (r,Xtn,xn
r , 0, 0)

∣∣+ c1∥Y tn,xn∥S∞ + c2∥Y t,x∥S∞ + c3|Zt,x
r |2,

c1, c2 c3 nwhere  , and   are positive constants that are independent of  .
h (t, x) 7→ F (t, x, ., .)

(Xtx,xn)

Using  the  continuity  and  boundedness  of  the  functions    and  ,  the
convergence of   (see Proposition B.1), and Lebesgue’s dominated convergence theorem,
we conclude that

lim
n→+∞

E

(|δY n
T |+

∫ T

0

Rn
r dr

)2pq
 = lim

n→+∞
E

(|h(Xt,x
T )− h(Xtn,xn

T )|+
∫ T

0

Rn
r dr

)2pq
 = 0.

It follows that

lim
n→+∞

E
(

sup
0⩽s⩽T

|Y t,x
s − Y tn,xn

s |2
)

= 0.

Since,

|Y tn,xn

tn − Y t,x
t |2 ⩽ 2E|Y tn,xn

tn − Y t,x
tn |2 + 2E|Y t,x

tn − Y t,x
t |2

⩽ 2E
(

sup
0⩽s⩽T

|Y tn,xn
s − Y t,x

s |2
)
+ 2E|Y t,x

tn − Y t,x
t |2.

n → ∞The result follows by taking the limit as  .  □
We now state and prove the main result of this subsection, which establishes the existence of a

viscosity solution to the quadratic PDE (3.6).

(A′2) (A3) (A5)

(t, x) 7→ u(t, x) = Y t,x
t

Theorem  3.7  Let  assumptions , ,  and  be  satisfied.  Then,  the  function
 is a viscosity solution to the PDE (3.6).

u φ ∈ C1,2
(
[0, T ]× Rd

)
(t̄, x̄) ∈ [0, T ]× Rd (u− φ) u(t̄, x̄) = φ(t̄, x̄)

Proof  We will show only that   is a viscosity subsolution. Let   and let

 be a local maximum of  . We assume that   and

∂φ

∂t
(t̄, x̄) + Lφ(t̄, x̄) + F (t̄, x̄, u(t̄, x̄), σt∇φ(t̄, x̄)) < 0.

α > 0 (t, x) ∈ [t̄, t̄+ α]×B(x̄, α)It  follows  that  there  exists    such  that,  for  each  ,  we  have
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u(t, x) ⩽ φ(t, x) and

∂φ

∂t
(t, x) + Lφ(t, x) + F (t, x, u(t, x), σt∇φ(t, x)) < 0. (3.12)

Define

τ = inf{t ⩾ t̄ : |X t̄,x̄
t − x̄| ⩾ α} ∧ (t̄+ α),

and

(Ỹt, Z̃t) = (Y t̄,x̄
t∧τ , 1[t̄,τ ]Z

t̄,x̄
t∧τ ), t ∈ [t̄, t̄+ α].

Xt,xAs shown in [23], the Markov property of   and the uniqueness of the backward component
imply that

Ỹt = u(τ,X t̄,x̄
τ ) +

∫ t̄+α

t

1[t̄,τ ](s)F (s,X t̄,x̄
s , u(s,X t̄,x̄

s ), Z̃s)ds−
∫ t̄+α

t

Z̃s · dWs.

Using Itô’s formula, we show that the process

(Ŷt, Ẑt) :=
(
φ(t,X t̄,x̄

s∧τ ), 1[t̄,τ ](s)σ
t∇φ(t,X t̄,x̄

t∧τ )
)
, t ∈ [t̄, t̄+ α],

solves the BSDE

Ŷt = φ(τ,X t̄,x̄
τ )−

∫ t̄+α

t

1[t̄,τ ](s)

(
∂φ

∂t
+ Lφ

)
(s,X t̄,x̄

s )ds−
∫ t̄+α

t

Ẑs · dWs.

φ(t, x)
(

∂φ
∂t + Lφ

)
(t, x)

(t̄, x̄) Ŷ(∫ .

t̄
Ẑs · dWs

)
[t̄, t̄+ α] Ỹ − Ŷ

Since    and    are  continuous  functions  in  a  compact  neighbourhood

around  ,  then  there  are  bounded.  Consequently,    is  bounded,  and  we  can  show  that

 is a BMO martingale on  . Since   satisfies the following BSDE

Ỹt − Ŷt = u(τ,X t̄,x̄
τ )− φ(τ,X t̄,x̄

τ )−
∫ t̄+α

t

(Z̃s − Ẑs) · dWs

+

∫ t̄+α

t

1[t̄,τ ](s)

(
F (s,X t̄,x̄

s , u(s,X t̄,x̄
s ), Z̃s) +

(
∂φ

∂t
+ Lφ

)
(s,X t̄,x̄

s )

)
ds,

it follows that

Ỹt − Ŷt = u(τ,X t̄,x̄
τ )− φ(τ,X t̄,x̄

τ )−
∫ t̄+α

t

(Z̃s − Ẑs) · dWs

+

∫ t̄+α

t

1[t̄,τ ](s)
(
F (s,X t̄,x̄

s , u(s,X t̄,x̄
s ), Z̃s)− F (s,X t̄,x̄

s , u(s,X t̄,x̄
s ), Ẑs)

)
ds

+

∫ t̄+α

t

1[t̄,τ ](s)

(
F (s,X t̄,x̄

s , u(s,X t̄,x̄
s ), Ẑs) +

(
∂φ

∂t
+ Lφ

)
(s,X t̄,x̄

s )

)
ds

= u(τ,X t̄,x̄
τ )− φ(τ,X t̄,x̄

τ )−
∫ t̄+α

t

(
Z̃s − Ẑs

)
· (dWs − Λsds)

+

∫ t̄+α

t

1[t̄,τ ](s)

(
F (s,X t̄,x̄

s , u(s,X t̄,x̄
s ), Ẑs) +

(
∂φ

∂t
+ Lφ

)
(s,X t̄,x̄

s )

)
ds,

where

Λs = 1[t̄,τ ](s)
F (s,X t̄,x̄

s , u(s,X t̄,x̄
s ), Z̃s)− F (s,X t̄,x̄

s , u(s,X t̄,x̄
s ), Ẑs)

|Z̃s − Ẑs|2
(Z̃s − Ẑs)1{|Z̃s−Ẑs|2 ̸=0}.∫ .

t̄
Λr · dWr W̃s = Ws −

∫ s

t̄
ΛrdrAs previously,   is a BMO martingale, and   is a Brownian motion.
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It follows that

Ỹt − Ŷt = u(τ,X t̄,x̄
τ )− φ(τ,X t̄,x̄

τ )−
∫ t̄+α

t

(
Z̃s − Ẑs

)
· dW̃s

+

∫ t̄+α

t

1[t̄,τ ]

(
F (s,X t̄,x̄

s , u(s,X t̄,x̄
s ), Ẑs) +

(
∂φ

∂t
+ Lφ

)
(s,X t̄,x̄

s )

)
ds.

Ft̄

t = t̄ u ⩽ φ

Ỹt̄ < Ŷt̄ u(t̄, x̄) < φ(t̄, x̄) u(t̄, x̄) = φ(t̄, x̄)

u

Taking  the  expectation  with  respect  to    and  following  the  argument  used  in  the  proof  of
Proposition 3.4 for  , and considering that   and the strictness of inequality (3.12), we
obtain  , and thus  . This contradicts the assumption that  ,
and therefore,   is a viscosity subsolution. □

 4.  Uniqueness of solutions with convex generators

F

(y, z)

In this section, we will establish the uniqueness and comparison results for the solutions of the
BSDE (1.1).  We will  focus on the case where the function   exhibits quadratic growth and is
jointly  convex  in  the  variables  .  Subsequently,  we  will  apply  these  results  to  solve  the
corresponding quadratic semilinear PDE.

 4.1  Uniqueness of solutions of the BSDE (1.1) with a convex generator

We introduce the following assumptions:
(H1) F (y, z) a.e (t, ω) (y, z) ∈ R× Rd    is continuous in   for    , and fulfilling for all  :

|F (t, y, z)| ⩽ αt + βt|y|+ θt|z|+ f(|y|)|z|2,

αt βt θt (Ft)-adapted f

R+

where  ,  ,    are  some    processes  which  are  positive,  and    is  a  real  valued
function which is continuous, increasing, and positive on  .

(H2) (t, ω) ∈ [0, T ]× Ω F (t, ω, ., .)  For every  ,   is jointly convex.
We put

g̃(t, y, z) := αt + βt|y|+ θt|z|+ f(|y|)|z|2.

(H1) ξ β
∫ T

0
αsds

∫ T

0
θ2sds

(Y, Z) Y −g̃ ⩽ Y ⩽ Y g̃ Y g̃ Y −g̃

BSDE(ξ+, g̃) BSDE(−ξ−,−g̃)

According to [1], under the assumption  , and that  ,  ,  , and   are bounded,

the  BSDE  (1.1)  admits  a  solution    such  that  ,  where    and    are,
respectively, solutions to   and  .

F ∗ FWe denote by   the convex conjugate of  , defined as follows:

F ∗(t, ω, b, a) := sup
(y,z)∈R×Rd

(by + a · z − F (t, ω, y, z)) .

Y

F

In the following proposition, we provide a representation of the solution   of the BSDE (1.1)
using the convex conjugate of  . This representation will serve to establish the uniqueness result.

(H1) (H2) ξ β
∫ T

0
αsds∫ T

0
θ2sds (Y, Z) S∞ ×BMO

Y −g̃ ⩽ Y ⩽ Y g̃

Proposition 4.1  Let  and  be satisfied. Furthermore, assume that , , , and

 are  bounded.  Then,  every  solution  of  the  BSDE  (1.1),  in  and

satisfying , admits the following convex dual representation:

Yt = ess sup
a,b

EQa

[
e
∫ T
t

bs dsξ −
∫ T

t

e
∫ u
t

bs dsF ∗(u, bu, au)du|Ft

]
, (4.1)

a : [0, T ]× Ω 7→ Rd

b : [0, T ]× Ω 7→ R
∫ ·
0
as · dWs B |b| ⩽ supt∈[0,T ] |βt|

where  the  supremum  is  taken  over  progressively  measurable  processes  and
 such that  is in the space , and .
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(Y, Z) S∞ ×BMO Y −g̃ ⩽ Y ⩽ Y g̃

b |b| ⩽ supt∈[0,T ] |βt| a

Rd-valued
∫ ·
0
as · dWs

Proof   Let   be a solution of the BSDE (1.1) in   such that  .
Let   be a real-valued progressively measurable process satisfying  , and   an

 progressive process such that   is a BMO martingale. By Itô’s formula, we have:

Yt = e
∫ T
t

bs dsξ −
∫ T

t

e
∫ u
t

bs ds (buYu − F (u, Yu, Zu)) du−
∫ T

t

e
∫ u
t

bs dsZu · dWu.∫ ·
0
as · dWsSince   is a BMO martingale, we consider the equivalent probability

Qa := exp

(∫ T

0

as · dWs −
1

2

∫ T

0

|as|2 ds

)
P.

Bt = Wt −
∫ t

0
au du

Qa

It  follows  that  the  process    is  a  Brownian  motion.  We  now  rewrite  the

previous equation under the probability measure  ,

Yt = e
∫ T
t

bs dsξ −
∫ T

t

e
∫ u
t

bs ds (buYu + au · Zu − F (u, Yu, Zu)) du−
∫ T

t

e
∫ u
t

bs dsZu · dBu

Yt ⩾ e
∫ T
t

bs dsξ −
∫ T

t

e
∫ u
t

bs dsF ∗(u, bu, au)du−
∫ T

t

e
∫ u
t

bs dsZu · dBu

Yt ⩾ ess sup
a,b

EQa

[
e
∫ T
t

bs dsξ −
∫ T

t

e
∫ u
t

bs dsF ∗(u, bu, au)du|Ft

]
.

F ā(t, ω) b̄(t, ω)By  the  convexity  of  ,  there  exist    and  ,  which  can  and  will  be  chosen  to  be

progressively measurable (see [12, 29]) such that:

F (t, Yt, Zt) = b̄tYt + āt · Zt − F ∗(t, b̄t, āt). (4.2)

|b̄| ⩽ ∥ supt∈[0,T ] βt∥S∞Let us show that  .

|b̄| > ∥ supt∈[0,T ] βt∥S∞ y, zIf  , then for any   it holds that

F ∗(t, b̄t, āt) ⩾ b̄ty + āt · z − αt − βt|y| − θt|z| − f(|y|)|z|2.

z = 0 y = nb̄tTaking   and   yields

F ∗(t, b̄t, āt) ⩾ n|b̄t|(|b̄t| − βt)− αt,

n F ∗(t, b̄t, āt)

|b̄| ⩽ ∥ supt∈[0,T ] |βt| ∥S∞

tending    to  infinity,  we obtain a  contradiction with the fact  that    is  finite.  Thus,

.

We consider a sequence of stopping time given by:

τn := inf
{
s ⩾ t,

∫ s

t

|Zu|2du ⩾ n

}
∧ T.

∫ ·
0
Zs · dBs τn T n∫ T∧τn

t
|ās|2ds F ∗ (H1)

Since   is a BMO martingale, the sequence   increases to   as   goes to infinity. We

will show that   is bounded. By the definition of   and assumption   we have:

F ∗(t, b, a) ⩾ −αt + a · z − θt|z| − f(0)|z|2.

It follows that

F ∗(t, b, a) ⩾ max
z∈Rd

{−αt − θ2t + a · z − |z|2 − f(0)|z|2} = −αt − θ2t +
|a|2

4(1 + f(0))
. (4.3)
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ϵ 0 < ϵ < 1
4(1+f(0))Let   be a constant such that  . We use the previous inequality to derive:(

1

4(1 + f(0))
− ϵ

)
|āt|2 ⩽ F ∗(t, b̄t, āt) + αt + θ2t − ϵ|āt|2,

⩽ −F (t, Yt, Zt) + b̄tYt + āt · Zt + αt + θ2t − ϵ|āt|2,
⩽ 2αt + θ2t + 2βt|Yt|+ θt|Zt|+ f(|Yt|)|Zt|2 + āt · Zt − ϵ|āt|2,
⩽ 2αt + θ2t + 2βt|Yt|+ θt|Zt|+ f(|Yt|)|Zt|2 + sup

at

{
at · Zt − ϵ|at|2

}
,

⩽ 2αt + θ2t + 2βt|Yt|+ θt|Zt|+ f(|Yt|)|Zt|2 +
1

4ϵ
|Zt|2,

⩽ Cαt + Cθ2t + Cβt|Yt|+ Cθt|Zt|+ Cf(|Yt|)|Zt|2 + C|Zt|2, (4.4)

C
∫ T∧τn
t

|ās|2ds∫ ·
0
ans · dWs an := a1[0,τn] Qan

P e
∫ u
t

b̄sdsYu

where   is some positive constant. Hence, we conclude that   is bounded. Consequently,

  is  a  BMO  martingale,  where    and    is  a  probability  measure

equivalent to  . By Itô’s formula applied to   and Girsanov’s transformation, we can derive:

Yt = e
∫ T∧τn
t

b̄s dsYT∧τn −
∫ T∧τn

t

e
∫ u
t

b̄s ds (b̄uYu + āu · Zu − F (u, Yu, Zu)
)
du

−
∫ T∧τn

t

e
∫ u
t

b̄s dsZu · dBu

Yt ⩽ EQan

[
e
∫ T
t

bns dsYT∧τn −
∫ T

t

e
∫ u
t

bns dsF ∗(u, bnu, a
n
u)du|Ft

]
,

F ∗(t, bn, an) ⩽ 1[0,τn]F
∗(t, b, a)

Y YT∧τn YT P-a.s
n → +∞

where the last inequality follows from equality (4.2) and the fact  .
Now,  due  to  the  continuity  of  ,  it  follows  that  the  sequence    converges  to    .
Taking  , we obtain:

Yt ⩽ sup
a,b

EQa

[
e
∫ T
t

bs dsξ −
∫ T

t

e
∫ u
t

bs dsF ∗(u, bu, au)du|Ft

]
.

This completes the proof.  □
We now state and prove the uniqueness result for solutions to the BSDE (1.1).

(H1) (H2) ξ β
∫ T

0
αsds∫ T

0
θ2sds (Y, Z) (Y ′, Z ′)

S∞ ×BMO Y −g̃ ⩽ Y, Y ′ ⩽ Y g̃ Y Y ′

Z = Z ′ dt⊗ P-a.e

Theorem 4.2  Let conditions  and  be satisfied. Assume moreover that , , ,

and  are  bounded.  Then,  for  every  solution ,  of  the  BSDE  (1.1),  in

 and satisfying , the processes  and  are indistinguishable, and
.

(Y, Z) (Y ′, Z ′)

Y Y ′

Y Z |Yt − Y ′
t |2

Proof  Consider    and    two  solutions  of  BSDE  (1.1).  By  combining  the
representation (4.1) with the continuity of the paths of   and  , we obtain the uniqueness of
the component  . The uniqueness of   follows by applying Itô’s formula to  .  □
The following theorem provides a comparison of solutions to the BSDE (1.1). It will be proved

by combining the uniqueness of  solutions with the domination argument.  The proof  employs a
different technique than the one used to establish Proposition 3.4.

F1 F2

(H1) (H2) ξ1 ξ2 β
∫ T

0
αsds

∫ T

0
θs

2ds(
Y 1, Z1

)
,
(
Y 2, Z2

)
BSDE(ξ1 F1) BSDE(ξ2 F2)

Theorem 4.3  (Comparison theorem). We consider generators  and  satisfying assumptions
 and .  Moreover,  assume  that , , , ,  and  are  bounded.  Let

 be the respective solutions of ,  and , ,  which are
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∈ S∞ ×BMOassumed to belong to .
ξ1 ⩽ ξ2 F1(t, y, z) ⩽ F2(t, y, z) dt⊗ dP-a.e Y 1

t ⩽ Y 2
t

0 ⩽ t ⩽ T P-a.s
We  further  assume  that ,  .  Then, ,

, .
F1(t, Y

2
t , Z

2
t ) < F2(t, Y

2
t , Z

2
t ) A dt⊗ dP-measure

Y 1
t < Y 2

t dt⊗ dP-a.e A

If,  moreover,  on  a  set  of  positive ,  then  we
have  . on the set .

Proof  We have

Y 1
t = ξ1 +

∫ T

t

F1(s, Y
1
s , Z

1
s ) ds−

∫ T

t

Z1
s · dWs,

Y 2
t = ξ2 +

∫ T

t

F2(s, Y
2
s , Z

2
s ) ds−

∫ T

t

Z2
s · dWs.

We set

h(t, y, z) := −αt − βt|y| − θt|z| − f(|y|)|z|2 and g(t, y, z) := αt + βt|y|+ θt|z|+ f(|y|)|z|2.

We notice that

h(t, y, z) ⩽ F1(t, y, z) ⩽ F2(t, y, z) ⩽ g(t, y, z). (4.5)

(−ξ−1 h) (Y h, Zh) (ξ+2 , g) (Y g, Zg)

ξ2 F2

(Ỹ , Z̃)

The BSDE  ,   has a solution  , and the BSDE  has a solution  .

We  apply  the  domination  argument,  Lemma  2.1,  to  conclude  that  the  BSDE( ,  )  has  a
solution   such that:

Y h
t ⩽ Ỹt ⩽ Y g

t , ∀t ∈ [0, T ].

By the uniqueness of the solution, we obtain:

Y h
t ⩽ Y 2

t ⩽ Y g
t , ∀t ∈ [0, T ].

(ξ2, F2)

(−ξ−1 , h) (ξ1, F1) (Ŷ , Ẑ)

We  apply  the  domination  argument  once  again,  using  the  BSDE   and  the  BSDE
 to show that the BSDE  admits a solution   such that:

Y h
t ⩽ Ŷt ⩽ Y 2

t , t ∈ [0, T ].

By the uniqueness property, it follows that:

Y 1
t ⩽ Y 2

t , t ∈ [0, T ].

L = Y h U = Y 2 ξ1, F1, Y
h, Y 2 (Y, Z,K+,K−)

We  now  prove  the  second  part  of  Theorem  4.3.  According  to  Theorem  3.2  in  [13],  with
  and  ,  the  reflected  BSDE( )  has  a  solution 

satisfying the following system:

Yt = ξ1 +

∫ T

t

F1(s, Ys, Zs)ds−
∫ T

t

Zs · dWs +

∫ T

t

dK+
s −

∫ T

t

dK−
s ,

∀ t ⩽ T, Y h
t ⩽ Yt ⩽ Y 2

t ,∫ T

0

(Yt − Y h
t )dK+

t =

∫ T

0

(Y 2
t − Yt)dK

−
t = 0, a.s.,

K+
0 = K−

0 = 0, K+,K− are continuous nondecreasing,

dK+⊥dK−.

(4.6)

0 ⩽ r ⩽ t ⩽ TFor all  , we have
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Y 2
t − Yt = Y 2

r − Yr −
∫ t

r

[
F2(s, Y

2
s , Z

2
s )− F1(s, Ys, Zs)

]
ds+

∫ t

r

(
Z2
s − Zs

)
· dWs

+

∫ t

r

dK+
s −

∫ t

r

dK−
s .

Tanaka’s formula shows that(
Y 2
t − Yt

)+
=
(
Y 2
r − Yr

)+ −
∫ t

r

1{Y 2
s >Ys}

[
F2(s, Y

2
s , Z

2
s )− F1(s, Ys, Zs)

]
ds

+

∫ t

r

1{Y 2
s >Ys}

(
Z2
s − Zs

)
· dWs +

∫ t

r

1{Y 2
s >Ys}

(
dK+

s − dK−
s

)
+

1

2
L0
t

(
Y 2 − Y

)
− 1

2
L0
r

(
Y 2 − Y

)
.

It follows that

0 =−
∫ t

r

1{Y 2
s =Ys}

[
F2(s, Y

2
s , Z

2
s )− F1(s, Ys, Zs)

]
ds

+

∫ t

r

1{Y 2
s =Ys}

(
Z2
s − Zs

)
· dWs +

∫ t

r

1{Y 2
s =Ys}

(
dK+

s − dK−
s

)
− 1

2
L0
t

(
Y 2 − Y

)
+

1

2
L0
r

(
Y 2 − Y

)
.

Hence,

1{Y 2
s =Ys}

(
Z2
s − Zs

)
= 0 ds× dP-a.e.

It follows that

0 =−
∫ t

r

1{Y 2
s =Ys}

[
F2(s, Y

2
s , Z

2
s )− F1(s, Y

2
s , Z

2
s )
]
ds+

∫ t

r

1{Y 2
s =Ys}

(
dK+

s − dK−
s

)
− 1

2
L0
t

(
Y 2 − Y

)
+

1

2
L0
r

(
Y 2 − Y

)
.∫ t

r
1{Y 2

s =Ys}dK
+
s = 0Since  , it holds that

0 ⩽
∫ t

r

1{Y 2
s =Ys}

[
F2(s, Y

2
s , Z

2
s )− F1(s, Y

2
s , Z

2
s )
]
ds+

1

2
L0
t

(
Y 2 − Y

)
− 1

2
L0
r

(
Y 2 − Y

)
=−

∫ t

r

1{Y 2
s =Ys}dK

−
s ⩽ 0.

(4.7)

dK− = dK+ = 0 (Y, Z)

ξ1, F1 (Y 1, Z1) = (Y, Z)

Hence,  we  conclude  that  ,  which  means  that    is  a  solution  of  the
BSDE( ). By the uniqueness of solutions, we obtain that  . From equation
(4.7), we get: ∫ t

r

1{Y 2
s =Y 1

s }
[
F2(s, Y

2
s , Z

2
s )− F1(s, Y

2
s , Z

2
s )
]
ds = 0.

Y 1
s < Y 2

s AWe conclude that   on the set  .

 4.2  Application to quadratic PDEs with convex nonlinearities

In this subsection, we use the uniqueness result for BSDEs obtained in the previous subsection
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to study the solvability of parabolic PDEs with convex nonlinearities. We establish the existence
of a viscosity solution to the following PDE:

∂u

∂t
+ Lu(t, x) + F (t, u(t, x), σt∇xu(t, x)) = 0,

u(T, x) = h(x),
(4.8)

Lwhere   is the operator given by (3.7).
We consider the following forward-backward SDE:

Xt,x
s = x+

∫ s

t

b(r,Xt,x
r )dr +

∫ s

t

σ(r,Xt,x
r )dWr,

Y t,x
s = h(Xt,x

T ) +

∫ T

s

F (r, Y t,x
r , Zt,x

r )dr −
∫ T

s

Zt,x
r · dWr.

(4.9)

We introduce the following assumptions:
(H3) b : [0, T ]× Rd → Rd σ : [0, T ]× Rd → Rd×d

c > 0

  The functions   and   are continuous, and there

exists   such that:

|b(t, x)|+ |σ(t, x)| ⩽ c(1 + |x|), for every (t, x) ∈ [0, T ]× Rd.

(H4) (4.9)  Pathwise uniqueness holds for the forward SDE of system  .
(H5) h : Rd → R  The mapping   is continuous and bounded.

(H1) (H5) (Xt,x, Y t,x, Zt,x)

Y t,x (t, x)

Under assumptions   − , the system (4.9) has a unique solution  . The

next proposition states the continuous dependence of the solution   on the parameters  .
The proof follows similarly to that of [2, Lemma 4.3].

(H1) (H5) β
∫ T

0
αsds∫ T

0
θ2sds (t, x) → u(t, x) := Y t,x

t

Proposition 4.4  Let the hypotheses  −  be satisfied, and assume that , , and

 are bounded. Then, the function  is continuous.

(tn, xn) (t, x)

tn ↓ t (t, x) ∈ [0, T ]× Rd (Y t,x, Zt,x)

(h(Xt,x), F )

Proof  Let   be a sequence converging to   and assume, without loss of generality,
that  .  Proposition  4.1  yields  that  for  each  ,  the  solution   of

the BSDE  can be represented as follows:

Y t,x
t = ess sup

a,b
EQa

[
e
∫ T
t

bs dsh(Xt,x
T )−

∫ T

t

e
∫ u
t

bs dsF ∗(u, bu, au)du|Ft

]
, (4.10)

a : [0, T ]× Ω → Rd

b : [0, T ]× Ω → R a BMO |b| ⩽ sup0⩽t⩽T |βt| Y t,x
t

where  the  supremum  is  taken  over  progressively  measurable  processes    and

  such  that    is  in  ,  and  .  Since  the  quantity    is

deterministic, the equality (4.10) becomes:

Y t,x
t = sup

a,b
EQa

[
e
∫ T
t

bs dsh(Xt,x
T )−

∫ T

t

e
∫ u
t

bs dsF ∗(u, bu, au) du
]
. (4.11)

F ∗ (H1) a, bBy the definition of   and assumption  , we have for every  :

F ∗(t, b, a) ⩾ −αt.

n ∈ N a bFurthermore, by equality (4.11), for each  ,  , and  , we get that:
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Y tn,xn

tn ⩾ EQa

[
e
∫ T
tn

bs dsh
(
Xtn,xn

T

)
−
∫ T

tn
e
∫ u
tn

bs ds(F ∗(u, bu, au) + αu)− e
∫ u
tn

bs dsαu du
]
.

lim infn→∞ Y tn,xn

tn ⩾ Y t,x
t

By using  the  Beppo-Lévy  theorem and the  Lebesgue  dominated  convergence  theorem,  it  holds
that  .

an, bnOn the other hand, let   be such that:

Y tn,xn

tn ⩽ EQan

[
e
∫ T
tn

bns dsh
(
Xtn,xn

T

)
−
∫ T

tn
e
∫ u
tn

bns dsF ∗(u, bnu, a
n
u) du

]
+

1

n
. (4.12)

h Y tn,xn

tn C ⩾ 0Given that   and   are bounded, there exists a positive constant   such that:

EQan

[ ∫ T

tn
e
∫ u
tn

bns dsF ∗(u, bnu, a
n
u) du

]
⩽ C.

Arguing as in the proof of inequality (4.3), we obtain:

F ∗(t, bnt , a
n
t ) ⩾ max

z∈Rd
{−αt − θ2t + ant · z − |z|2 − f(0)|z|2} = −αt − θ2t +

|ant |2

4(1 + f(0))
. (4.13)

C EQan

[ ∫ T

tn
1
2 |a

n
u|2 du

]
⩽ C

E
[
Ean

tn,T log
(
Ean

tn,T

)]
⩽ C Ean

tn,T := exp
( ∫ T

tn
anu · dWu−

1
2

∫ T

tn
|anu|2 du

)
(Ean

tn,T )n

K ∈ L1 (Ean

tn,T )n K(
h
(
Xtn,xn

T

)
− h

(
Xt,x

T

))
n

0 L2

Hence,  there  exists  a  positive  constant    such  that  .  According  to

Girsanov’s  theorem,  we  get  that  ,  where 

.  Thus, by the criterion of de la Vallée Poussin,    is uniformly integrable,

and therefore there exists   such that   converges weakly to  . Since the sequence

 is uniformly bounded and converges to   in  , we use [5, Lemma 2.8]

to get

lim sup
n→∞

E
[
Ean

tn,T e
∫ T
tn

bns ds
∣∣∣h(Xtn,xn

T

)
− h

(
Xt,x

T

)∣∣∣] ⩽ C lim
n→∞

E
[
Ean

tn,T

∣∣∣h(Xtn,xn

T

)
− h

(
Xt,x

T

)∣∣∣] = 0,

Cwhere   is a positive constant.
ε > 0 nConsequently, for every  , there exists   large enough such that

EQan

[
e
∫ T
tn

bns dsh
(
Xtn,xn

T

) ]
= E

[
Ean

tn,T e
∫ T
tn

bns dsh
(
Xtn,xn

T

) ]
⩽ E

[
Ean

tn,T e
∫ T
tn

bns dsh
(
Xt,x

T

) ]
+ ε

= EQan

[
e
∫ T
tn

bns dsh
(
Xt,x

T

)]
+ ε.

(4.14)

The previous inequality and (4.12) allow us to show that

Y tn,xn

tn ⩽ EQan

[
e
∫ T
tn

bns dsh
(
Xt,x

T

)
−
∫ T

tn
e
∫ u
tn

bns dsF ∗(u, bnu, a
n
u) du

]
+

1

n
+ ε

⩽ sup
a,b

EQa

[
e
∫ T
tn

bs dsh
(
Xt,x

T

)
−
∫ T

tn
e
∫ u
tn

bs dsF ∗(u, bu, au) du
]
+

1

n
+ ε.

n → +∞ ε → 0 lim supn→∞ Y tn,xn

tn ⩽ Y t,x
tWe  successively  let    and    to  get  ,  which  finishes  the

proof of the continuity.  □
We proceed to present and prove the main result of this subsection.
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(H1) (H5) β
∫ T

0
αsds

∫ T

0
θ2sds

u u(t, x) = Y t,x
t

Theorem 4.5  Let  −  be  satisfied.  Moreover,  assume that , ,  and 

are  bounded.  Then,  the  function  defined  by  is  a  viscosity  solution of  the  PDE
(4.8).

u u

φ ∈ C1,2
(
[0, T ]× Rd

)
(t̄, x̄) ∈ [0, T ]× Rd

(u− φ)

Proof  We will show that   is a viscosity subsolution. The proof that   is a supersolution can
be  carried  out  in  a  similar  manner.  Let    and  let    be  a
local maximum of  . We assume that:

u(t̄, x̄) = φ(t̄, x̄) and
∂φ

∂t
(t̄, x̄) + Lφ(t̄, x̄) + F (t̄, u(t̄, x̄), σt∇φ(t̄, x̄)) < 0.

α > 0 (t, x) ∈ [t̄, t̄+ α]×B(x̄, α)

u(t, x) ⩽ φ(t, x)

It  follows  that  there  exists    such  that,  for  each  ,  we  have
, and

∂φ

∂t
(t, x) + Lφ(t, x) + F (t, u(t, x), σt∇φ(t, x)) < 0. (4.15)

Define

τ = inf{t ⩾ t̄ : |X t̄,x̄ − x̄| ⩾ α} ∧ (t̄+ α),

and

(Ỹt, Z̃t) = (Y t̄,x̄
t∧τ , 1[t̄,τ ]Z

t̄,x̄
t∧τ ), t ∈ [t̄, t̄+ α].

We have

Ỹt = u(τ,X t̄,x̄
τ ) +

∫ t̄+α

t

1[t̄,τ ](s)F (s, u(s,X t̄,x̄
s ), Z̃s)ds−

∫ t̄+α

t

Z̃s · dWs.

By Itô’s formula, the process

(Ŷt, Ẑt) :=
(
φ(t,X t̄,x̄

s∧τ ), 1[t̄,τ ](s)(σ
t∇φ)(t,X t̄,x̄

t∧τ )
)
, t ∈ [t̄, t̄+ α],

solves the BSDE

Ŷt = φ(τ,X t̄,x̄
τ )−

∫ t̄+α

t

1[t̄,τ ](s)

(
∂φ

∂t
+ Lφ

)
(s,X t̄,x̄

s )ds−
∫ t̄+α

t

Ẑs · dWs. (4.16)

Ȳt̄ < Ŷt̄

1[t̄,τ ](s)
(

∂φ
∂t + Lφ

)
(s, x)

Now we need to apply the comparison theorem to conclude that  . We note that, although

the  generator    is  not  necessarily  convex,  the  comparison  Theorem  4.3

can still  be  applied.  This  is  because  the convexity property is  primarily  used to  guarantee  the
uniqueness of solutions to the BSDE (4.16) (as shown in the proof of Theorem 4.3). However, the
uniqueness of solutions to this BSDE is already ensured by Theorem 3.2.

u(τ,X t̄,x̄
τ ) ⩽ φ(τ,X t̄,x̄

τ )We have   and

1[t̄,τ ](s)F (s, u(s,X t̄,x̄
s ), Ẑs) < −1[t̄,τ ](s)

(
∂φ

∂t
+ Lφ

)
(s,X t̄,x̄

s ).

u(t̄, x̄) = Ȳt̄ < Ŷt̄ = φ(t̄, x̄)

u

We  deduce,  with  the  help  of  the  comparison  Theorem  4.3,  that  ,
which contradicts our assumptions. Therefore,   is a subsolution.  □
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 Appendix

 A. BMO martingales properties

We recall some properties of BMO martingales, for more details, we refer to [22].

M E(MT ) := exp (MT−
1
2 ⟨M⟩T

)
1

Lemma  A.1  1.  For  a  BMO  martingale ,  the  stochastic  exponential 
 has expectation .

M p > 1 E(M) ∈ Lp

c p M t ∈ [0, T ]

2. For  every  BMO martingale ,  there  exists  such  that .  Moreover,  there
exists a constant , depending only on  and the BMO norm of , such that for any , it
holds that

E (E(M)pT /Ft) ⩽ c E(M)pt . (A.1)

∥M∥B < 1 τ ∈ [0, T ]3. If , then for every stopping time 

E [exp (⟨M⟩T − ⟨M⟩τ ) /Fτ ] <
1

1− ∥M∥2B
. (A.2)(∫ t

0
Zs · dWs

)
0⩽t⩽T

q ⩾ 14. If  is a BMO martingale, then for any  it holds that

E

[(∫ T

0

|Zs|2ds

)q]
⩽ q!∥

∫ ·

0

Zs · dWs∥2qB .

q ⩾ 1 ε ∈ (0, 2)Furthermore, for each  and for any 

E

[
exp

(
q

∫ T

0

|Zs|εds

)]
⩽ C∗ < ∞, (A.3)

C∗ q ε ∥
∫ ·
0
Zs · dWs∥2Bwhere  depends on ,  and .

(t, x) → Xt,x
 B. Continuity of 

We recall a continuity result for SDE solutions with respect to their initial conditions, proved
in [21].

(A3) (A4) (tn, xn)

[0, T ]× Rd (t, x) Xtn,xn Xt,x

(tn, xn) (t, x) Xtn,xn

Xt,x S2

Proposition B.1  Assume that  and  are satisfied,  and let  be  a sequence in
 converging to . Let  and  be the unique solutions of the forward SDE

in system (3.5) with initial conditions  and , respectively. Then,  converges to
 in .
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