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Abstract This paper presents a closed-loop numerical algorithm for the quadratic
optimal control problem of a linear mixed system that combines both deterministic and
stochastic controls. The core idea is to numerically solve two Riccati equations by using
linear quadratic theory. Based on these numerical solutions, a feedback-type
discretization method for the original problem is developed, along with an analysis of its
convergence rate. A significant advantage of the proposed method is that it avoids the
computation of backward stochastic differential equations associated with Pontryagin’s
maximum principle, leading to notable improvements in computational efficiency. This
work builds upon the theoretical framework established by Hu and Tang (Probab. Uncertain.
Quant. Risk, 4 (2019), Paper No. 1) and focuses on its numerical implementation.
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1. Introduction

Let T>0 and W ={W(¢):¢t >0} be a one-dimensional standard Brownian motion on a
complete probability space (2, F,F,P), where F = {]:t}t>0 is the natural filtration of W,
augmented by all the P-null sets in F. Our objective is to efficiently approximate the optimal

control u*(-) = (uj(-),u3(-)) that minimizes the cost functional

T
T (u() :E[/O ((Qa(t), 2(t)) + (Rywr (), ur (1)) + (Rawa(t), ua (1)) dt]
+E[(G(T),2(T))]

(1.1)

subject to the mixed controlled system
da(t) = [Az(t) + Biui(t) + Bauo(t)] dt
+ [Cz(t) + Diuy(t) + Daua(t)] dW(t), Ve [0,T], (1.2)
z(0) =z .
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Here G,QeS", A, CeR"™™, By, D ecR™0 By DycR"™=2 R €S, RyeSt,
u(-)%(u1(+), uz()) is a control variable, and the admissible control set for the system (1.2) is

Uag2L*(0,T;RD) x LE(0,T; R®).

Note that there are two controllers in (1.2): uj(-) can impose a deterministic action, i.e.,
ui(-) € L%(0,T;R%), while wus(-) represents a stochastic action, i.e., wua(-) € L2(0,T;R).
Consequently, we refer to (1.2) as a mized controlled system. The mixed linear quadratic optimal
control problem (MLQ problem, for short) of concern can be formally stated as follows:

Problem (MLQ) For a given zo € R™, find u*(-)=(uj(-),u3(:)) € Uaq such that

T () =, inf T(u().

MLQ problems serve as a prototype of mixed control problems, which combine deterministic
and stochastic elements, and are of particular interest in modern control theory due to their
broad applications in finance, engineering, and large-scale network systems. These problems arise
in scenarios where the behavior of a system is influenced by two controllers owning different
information, extending the classical framework by introducing additional complexity (see e.g., [6,
9,12, 17, 23)).

The first rigorous study of Problem (MLQ) was conducted in [9], where the maximum
principle was derived, leading to two Riccati equations that form the foundation for both open-
loop and closed-loop solutions. As a special case of Problem (MLQ), the linear quadratic optimal
control problems governed by mean-field systems (MF-LQ problems) were firstly studied in [23],
where two controllers were connected by the relation us(-) = E[uz(-)]. [9] addressed both the open-
loop and closed-loop solvability of Problem (MLQ). More precisely, the unique open-loop
solvability of Problem (MLQ) is equivalent to the unique solvability of a coupled forward-
backward stochastic differential equation (FBSDE) (see [9, Theorem 1] or Lemma 2.1). In contrast,
the closed-loop solvability is characterized by the solvability of two underlying differential
Riccati equations; see (2.5), (2.6) and Lemma 2.5, or [9, Section 3].

Two strategies can be employed to numerically solve Problem (MLQ) — the open-loop
approach and the closed-loop approach. For the open-loop approach, the reader can refer to [8]
for PDE systems, [2, 4, 7, 19] for SDE systems, [5, 11, 13, 14, 16] for SPDE systems, and the
references therein. For the closed-loop approach, see [3, 10, 15, 21, 22] and so on.

For Problem (MLQ), both previously mentioned approaches can be adopted. However, two
key challenges arise when implementing the open-loop approach in the stochastic setting: (1)
decoupling the forward-backward stochastic differential equations (FBSDEs) (1.2), (2.2), (2.3),
and (2.4) for Problem (MLQ); and (2) solving a family of backward stochastic differential
equations (BSDEs) numerically (see e.g., [2, Section 3] and [13, Algorithm 5.1]). Despite
considerable effort, existing numerical methods for solving BSDEs remain unsatisfactory. Till now,
there do not exist universally acknowledged, effective, and reliable methods in the literature.

In contrast, the closed-loop approach, based on the Riccati framework, offers significant
advantages in MLQ problems. First, it avoids solving the coupled FBSDEs and reduces the
computational burden, especially in high-dimensional settings. Second, the closed-loop approach
provides robust control, ensuring stability and reliable performance while offering a practical
solution to MLQ problems.

In this work, we adopt the closed-loop approach to design an efficient algorithm. For Problem
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(MLQ), the theoretical backup is Lemma 2.5, and the following is the outline of the closed-loop
based scheme for Problem (MLQ):

(i) Discretization and error estimate for Riccati equation (2.5)

Relying on the relationship between (2.5) and a stochastic LQ problem (see Problem (SLQ) in
Section 3), we adopt the “first discretization, then optimalization” strategy to discretize Problem
(SLQ) and obtain Problem (SLQ), governed by controlled stochastic difference systems. Thereby,
a difference Riccati equation (3.8) corresponding to Problem (SLQ), can be regarded as an
approximation of the differential Riccati equation (2.5). This strategy has been successfully used
to numerically solve stochastic LQ problems with proven convergence rates (see [18, 21]).

(ii) Discretization and error estimate for Riccati equation (2.6)

Compared to the Riccati equation (2.5), equation (2.6) depends on P;(-). While we establish a
relationship between (2.6) and a deterministic LQ problem (see Problem (DLQ) in Section 3),
this derived LQ problem remains dependent on P;(-). Thus, we apply the Riccati discretization
from step (i) to the “first discretization, then optimization” strategy, resulting in Problem
(DLQ),. The corresponding discrete Riccati equation (3.15) for Problem (DLQ), serves as
an approximation to Riccati equation (2.6). A first-order convergence rate is established in
Theorem 3.10 This approach has also been successfully applied to MF-LQ problems (see [20]).

(iii) Discretization of Problem (MLQ) and convergence rate

Inspired by the feedback law of the optimal control to Problem (MLQ) stated in Lemma 2.5,
we combine the Euler method and approximations of (2.5), (2.6) to propose a discrete feedback
scheme

w7 (tr) = My pElz, (1)),
u2,‘r(tk> = M2,k (xr(tk) - ]E[‘rT(tk)]) + MS,kE[xT(tk)]v k=0,1,....,N -1,

where M, j is given in (4.2) for i =1,2,3,k=0,1,...,N — 1. Furthermore, we derive that

s i) — (@l < Cr. B max (o) — e ()] < €Y7
see Theorem 4.3.

This paper advances the study of MLQ problems by developing numerical methods that
efficiently solve the underlying Riccati equations and provide a precise feedback control scheme.
The remainder of this paper is organized as follows: In Section 2, we introduce some notations,
review both the open-loop and closed-loop strategies for Problem (MLQ), and present several
frequently used results. In Section 3, we adopt the *first discretization, then optimization”
strategy to discretize two underlying Riccati equations, (2.5) and (2.6), related to Problem (MLQ),
and prove the convergence rates. In Section 4, applying the closed-loop strategy, we propose a
Riccati-based algorithm for Problem (MLQ) and derive the convergence rate. Finally, we
validate the theoretical findings with numerical examples.

2. Preliminaries

In this section, we introduce the notations and results used throughout the study. Let S™
denote the set of n x n symmetric matrices, S' the set of n x n positive semidefinite matrices,
and S, the set of n x n positive definite matrices. A matrix A is written as A >0 if it is
positive definite, and as A > 0 if it is positive semidefinite. For any matrix-valued function
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R(-):[0,T] — S™, we use R(:) > 0 to indicate that R(-) is uniformly positive definite, i.e., there

exists a ¢ >0 such that R(t) >dI, for all t€[0,7]. For any matrix A, we define
| A|[2+/p(AT A), where p denotes the spectral radius. Additionally,

[ e ar < o<,

T
©(+) is F-adapted and E{/O lo(t)]1 dt} < oo}.

L*(0,T; Rfl)é{<p: [0,7] — R

L%(O,T;Rb)é{@ L [0,7] x Q — R

Let Z, = {tn}ff:o C [0,T] a time partition with step size 72 max,—01,. N1 {tnt1 — tn}, and
define A,W2W (t,) — W(t,_1) for all n=1,...,N. Given the time partition Z,, we define
v:[0,T)—Z; by

I/(f):tk Vte [tk,tk+1), k=0,1,...,N—1. (2.1)

For simplicity, we choose a uniform partition, i.e., 7 = %, and 7 < 1.
Throughout this work, we make use of the following assumptions:
(H Q>0,R >0,R,>0,G>0.
The results presented in this work remain valid for general partitions and time-varying
deterministic coefficients, provided that the following assumptions are satisfied:
(H1) Q(-) 2 0, Ri(-) >0, Ro(-) >0, G > 0.
(H2) A(-), B1(+), Ba2(-), C(-), D1(-), D2(), Q(-), R1(-), Ra(-) satisfy the Lipschitz condition.
The following presents the maximum principle for Problem (MLQ); see [9, Theorem 1].

Lemma 2.1 Under the assumption (H), Problem (MLQ) admits a wunique optimal pair
(m*(),u*()) € LZ(0,T;R™) x Uyq. Moreover, the following costate equation admits a unique

solution:
dp(t) = —[ATp(t) + CTq(t) + Qz* ()] dt +q(t) AW (1), Vte[0,T], 2.2)
p(T) = Ga*(T), '
and the optimal control w*(-) = (ui(:), u3(-)) satisfies the following optimality condition
BIE[p(t)] + D{E[q(t)] + Riuj(t) =0, Vte[0,T], (2.3)
By p(t) + Dy q(t) + Rouj(t) =0, Vte[0,T]. (2.4)

The above lemma provides the open-loop strategy for Problem (MLQ). However, to propose
an effective algorithm, our primary focus is on obtaining the closed-loop optimal control strategy,
i.e., the optimal control in the form of state feedback. Before proceeding, we introduce two
differential Riccati equations related to Problem (MLQ) (omitting the time variable ¢; see e.g., [9])

Pi+PA+ATPL+CTPIC+Q— (PBy+CTPDy)A; (P)(PyBy +CTPIDy) " =0, (25)
P (T) =G, '
and
Py + PyA(P) + AT (PP, + Q(P) — P,B(P)A~Y(P)BT (P,)P, =0,
(2.6)
PQ(T) = G7
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where for any P € ST}

Ai(P)2R; 4+ D, PD;, i=1,2,

A(P)2A,(P) — D] PDyA; Y (P)DJ PD; ,

U(P)2P — PD,A; Y (P)D, P,

QP)2Q + CcTU(P)C — CTU(P)D: A" (P)D]U(P)C, @7
A(P)2A — B,A; Y (P)DJ PC — [By — B2A; ' (P)Dy PDiJA~Y(P)D] U(P)C,

B(P)2 (By, B1 — BoA; ' (P)DJ PDy)

A(P)2 <A2(<)P> K(OP )>.

Remark 2.2 In essence, the Riccati equation (2.6) is fundamentally similar to the Riccati
equation discussed in [9, (31)], differing only in terms of the notation employed.

For any P € S, it is obvious that A;(P) > R; >0 for i =1,2. In what follows, we tend to
consider the positive definiteness and semi-definiteness of Q(P), A(P) and A(P). To achieve this

objective, we need the following auxiliary lemma.

Lemma 2.3 Let €S}, and ReST,. Then for any D € R"™ ™, the following matriz
inequality holds:

F'-D@R+D'FD)"'D" > 0.

Proof The assertion can be derived directly through the following calculation:

F'-DWR+DTFD)"'DT 0 W F71 0 wT
0 R+D'FD) ~ 0 R
: F=1 0
along with the fact that 0 R >0, and

wa I, —-D(R+D'"FD)"'D'F —-D(R+DTFD)!
- D'F I

is invertible. O

Lemma 2.4 Let the assumption (H) hold. Then for any P € ST, it holds that

~

A(P) > Ry, A(P)> diag{Rs,Ri}, Q(P)>Q. (2.8)

Proof By applying Lemma 2.3 with D = P%D27 R = Ry and F = I, we have
R(P) = Ai(P) = DI PA[PID,] [Ry + (P2 Dy) (P2 D)) ' [PED:] " PED,
> Ay(P) — D] P2 P3(t)D,
=Ry,
which is the first assertion.

By combining the first assertion and the definition of Ax(-), we get:
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]\(P) > diag {RQ, R1},

which establishes the second desired assertion.
To derive the third assertion, we first apply Lemma 2.3 to derive U(P) > 0. Then, by the fact
that K(P) = Ry + D] U(P)D;, and Lemma 2.3, we arrive at

CTU(P)D;A"Y(P)D]U(P)C
= CTUR(P)[U#(P)D:] [Ry + DIU(P)D:] ™ [D] U(P)]U*(P)C
<c'u(p)C,
and subsequently
QP)>Q+C'UP)IC-CTUP)IC=Q.
That completes the proof. |

Relying on the Riccati equations (2.5) and (2.6), the optimal control for Problem (MLQ)
admits the following feedback form; see [9, Theorem 2].

Lemma 2.5 Under the assumption (H), Riccati equations (2.5) and (2.6) admit unique positive
semidefinite solutions Pi(-) and Py(-), respectively. Moreover, the optimal control u*(-) =
(ui(-),u3(-)) of Problem (MLQ) has the following feedback form:

ui(t) = Mi(O)E[z* ()], us(t) = Ma(t)(a*(t) — E[z*(t)]) + Ms(H)E[z*(t)], Vt€[0,T], (2.9)
where
M2 - A Y(Py) [B] P, + D PiC — D{ PiD:A;*(P1)[B] P, + D; P.C]],
My — A1 (Py)[By Py + Dy PiCY (2.10)
M2 — Ay (P1)[By P>+ Dy PiC' + Dy PyDy M.

In the final part of this section, we state the following result, which will be used frequently in
the sequel.

Lemma 2.6 Let K(-) € C([0,T];R™™) be a function that satisfies the Lipschitz condition. If
K~(") ewists and is uniformly bounded, then K~1(-) also satisfies the Lipschitz condition.

Proof Without loss of generality, suppose that the Lipschitz constant of K(-) is L, and
|[K=1(-)|| < M. Then for any s1,ss € [0,T],

I (s1) = K= (s) | < [T (s1) 1 (52) — K (s1)l[|1 K™ (s2)[| < ML|sz — 51,

which settles the assertion. O

3. Discretization of Riccati equations

In this Section, we mainly propose a discretization scheme for the Riccati equation (2.6) and
prove its convergence rate, which is crucial for designing a Riccati-based algorithm for Problem
(MLQ). Since (2.6) is a P;(-)-dependent equation, we firstly review a numerical scheme for the
Riccati equation (2.5) based on the “first discretization, then optimization” strategy, and then
apply the same strategy to discretize the Riccati equation (2.6).
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For a given uniform partition Z, = {tk}iv:() on [0,T] and any ¢, €Z,, 1 =0,1,...,N —1, we
define the discrete state space X, (¢, T) and the control space U, (t;, T)2U; . (t;,T) x Ua ,(t;,T),
A(t, T {x ) € Li(ty, T;R™) | a(t) = (), VYt € [tr tisr), k=1,...,N =1},
[UlT ti, T)2{u() € L*(t;, T; R™) |u(t) = ulty),Vt € [ty tes1) b =1,...,N — 1},
At T)2{u(-) € LE(t, T R™) | u(t) = u(t), YVt € [te, tygr), k=1,...,N — 1},

and for any 1‘() € X‘r(thT)vu(') ( ( )7”2( )) (tlaT)7

1)l (TZE et 12 ) ,
luO)lo, (10, ( Zuul (1) +TZE s (1)1 )

We now introduce a family of parameterized MLQ problems for any t € [0,T] as follows:
dz(s) = [Az(s) + Biui(s) + Baua(s)]ds + [Cz(s) + Diuy(s)
+ Doug(s)|dW(s), Vset,T], (3.1)
z(t) =z € R,

with the following cost functional
T
Ttz u()) = E[/ ((Qz(s), z(s)) + (Riui(s),u1(s)) + (Roua(s), us(s))) ds} (3.2)
t .
B[(Ga(T), o(T))].
By discretizing the equation (3.1) and the cost functional (3.2), we obtain the following
discrete system equation

27 (th1) = [(In + TA)z- (tk) + TBrut 7 (tk) + TBauz - ()]
+ [Car(t) + Drur 7 (ty) + Doug 7 (tx) | Mg W, k=1,...,N -1, (3.3)
xr(t) =z, € R™,

and a discrete cost functional

T (tw5u-()) = 1Q¥ - Ol oy + | (RE w2, Riws s )15 ) + E[(Gare (T), 24(T))]
(3.4)

Note that when By = D1 =0, R; = 0, only us(-) resp. ug ,(-) are active in the above problems.
Therefore, we introduce the following two families of parameterized stochastic LQ problems:

Problem (SLQ)t Under the condition By = D; =0, R; =0, for any t € [0,T), z; € R™, minimize
J (t,x¢;u(-)) over the admissible control space L2(0,T;R");

Problem (SLQ)? Under the condition B; = D; =0, Ry =0, forany [ =0,1,...,N -1, a4, €
R™, minimize J, (tl7 Ty uT()) over the admissible control space Us . (t;,T).

Problems (SLQ)? and (SLQ)% are standard LQ problems, and their solutions can be found in
[24] and [1], respectively. In fact, Problem (SLQ)% serves as an approximation of Problem
(SLQ)? (see, e.g., [18, 21]), and the following three lemmata hold.

Lemma 3.1 [1, Theorem 4.3] Under the assumption (H), for any 1=0,1,...,N—1,
Problem (SLQ)tTL admits a unique optimal control in the following feedback form:
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ub (ty) = =Gy " Hewi(te), Vhk=1,...,N—1, (3.5)
where
Gu2Ry + 7By PryaBa+ D3 PugaDa, He2By Prgia(ln + AT) + Dy PueaC, (3.6)
and
inf T ta yUur\t)) = P ) )
e et oyt T ur () = (P, zu) (3.7)
where PL,é{PLk}kN:O satisfies the following discrete Riccati equation:
Pl,k = (In + AT)TP17]€+1(I” + A’T) + TCTPL]HJC + TQ
—THL G " He, VE=1,1+1,...,N — 1, (3.8)
Piny=0G.

Lemma 3.2 /21, Lemma 3.3] Let Pi(-) resp. Py, be the solutions of Riccati equations (2.5) resp.
(3.8). Then Pi(-) € C([0,T);S%), P1,. C S}, and there exists a constant C independent of T such
that

sup ||[Pi(t)]| + max <C,
tE[O,T]H (O +_max | 39)
1Pi(t) — Pi(s)|| <Clt—s|, Vt,sel0,T].

As an application of Lemmata 2.4 and 3.2, we obtain the following property:
Corollary 3.3 Let Py(-) resp. Py. be the solutions of Riccati equations (2.5) resp. (3.8). Then

sup e+ _max | fle(Proll <
tel0,T

where o(-) = Q(-), A(-), B(-) and C depend on data.

Lemma 3.4 [18, Theorem 4.1] Under the assumption (H), for the solution Py(-) of differential
Riccati equation (2.5) and the solution Py . of the discrete Riccati equation (3.8), there exists a
constant C independent of T such that

k:{)I,llE,L.}.(.,N |Prx — Pri(te)] <Cr. (3.10)

To design a Riccati-based scheme for Problem (MLQ), we need to solve the Riccati equation
(2.6). To achieve this, we further introduce two families of parameterized deterministic LQ
problems, using A(-), B(-), Q(-), A(-) as defined in (2.7).

Problem(DLQ)" For any given ¢ € [0, 7], z; € R™, minimize the cost functional
T
Ttz u(s)) = /t <Q(s)x(s),x(s)> + <R(s)u(s),u(s)> ds + <G:c(T),:E(T)> ,

over the admissible control set L?(0,T;R*), where x(-) denotes the state of the following system:

{Cb(s) = A(s)z(s) + B(s)u(s), Vselt,T],

o) = a1, (3.11)



Probability, Uncertainty and Quantitative Risk 623

Problem(DLQ)" For a given z;, € R", minimize the cost functional
\7T(th Tty 3 UT) =T [<Qkx7(tk)7 xr(tk)> + <Rkur(tk)7 uT(tk)>] + <G$T(T)7 xT(T)> 5

k=l

over the admissible control set Uy ,(¢;,T), where z,(-) denotes the state of the following system:

Tr(thy1) = (In + TAR) 2, (tk) + 7Brur(ty), Vk=1,...,N—1, (3.13)
. (t) = x4, , |
with
Ay=A(Piy),  Be=B(Pu),  Qu=QPix), Ri=APx).  (314)

By Lemmata 2.4 and 3.2, Q(-) is positive semidefinite and R(-) is uniformly positive definite.
Thus, standard LQ theory implies that, for any ¢ € [0,7], Problem (DLQ)! admits a unique
solution, and it is straightforward to verify that the corresponding differential Riccati equation is
precisely (2.6). Similarly, for any [ = 0,1,..., N — 1, Problem (DLQ)% has a unique optimal control.
We naturally derive the discrete Riccati equation corresponding to Problem (DLQ)Y ,

Py = (I + Axm) " Pojp1(In + A7) + 7Q1 — TH, G " Hee, Vh=11+1,...,N -1,
Py =G, (3.15)
Hi = By Pajy1(In + Ax7), Gp = Ry, + 7B} P21 By,
which serves as an approximation of (2.6). Based on (3.15), Problem (DLQ) admits a unique
optimal control in the following feedback form:

ut(ty) = =G, "Hyxt(ty), k=101+1,...,N—1. (3.16)
The following result shows the regularity of solutions to Riccati equations (2.6) and (3.15).

Lemma 3.5 Let P(-) resp. Pa. be the solutions to Riccati equations (2.6) resp. (3.15). Then

there exists a constant C independent of T such that

sup |Po(t)]| + max [[Poll<C,
refo.1) =01, N (3.17)
|Po(t) = Pas)| <Clt —sl, Vt,s € [0,T].

Proof (1) Let (z*(:),u*()) and (#%(:),u%(:)) be the optimal pairs of Problems (DLQ)’ and
(DLQ)% | respectively. Then

u(-)eLy(ltf,T;Rh)j(t’xt; u()) = j(t,xt; u ()) = (Pa(t)zs,x¢), Vte[0,T], (3.18)

inf T (t, ey ur (1)) = T (t, 2,5 ui () = (Pogay,, xy,), VI1=0,...,N. 3.19
uT(-)Efbrll,T(tz,T)j (l Ty, 5 U ()) J. (l Ty, ur( )) < 2,1Tt, xtl> ( )

For the system (3.11) of Problem (DLQ)? , by setting u(-) = 0, we conclude that
x(s) = ®i(s,t)ay, Vse[t,T],

where ®1(-,t) is state transition matrix, i.e.,
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dq)l (S, t)
ds
O, (1) = I,.

= A(s)®q(s,t), Vselt,T],

The assumption R; >0, Ry >0 and Lemma 2.4 imply that ||A(-)|| < C, which, along with the
stability property of ODEs, leads to

sup [lz(s)[| < sup [|@1(s, )] - [Jae] < Cllwe]- (3.20)
se(t,T] s€[t,T]

Now, by applying the Cauchy-Schwarz inequality, together with (3.20) and Corollary 3.3, we
deduce that

0 < (Pa(tyaa) < T(ti0) = [ (QUe)as).as)) ds+ (Ga(T).a(T)) < Cla?,

Subsequently,

sup ||P:(t)|| < C.
t€[0,T]

Similarly, we can derive maxp—; 11, n |[In + TAk|| <1+ C7. Then by taking u.(-) =0 in

(3.13), we have

.....

k—1
max (6] < (1 Cr)*fan| < Clla . (3.21)

Thus, by applying (3.19) and (3.21), we find that
<C.

max
1=0,1,...,N

The first assertion is proved.
(2) Relying on the Riccati equation (2.6), the fact that Py(-) € C([0,7];S7), together with
Lemma 2.4 and Corollary 3.3, we have

sup |[AP)] + QA O) |+ [ BEM)] + A (o) <c

t€(0,T]
which yields
t
1P2(t) — Pa(s)]| < / ClIP(r)l| + 1 Pa(r)[*]dr < CJt — 5.
That completes the proof. |

Lemma 3.6 For any t € [0,T], suppose that (m*(),u*()) is the optimal pair of Problem
(DLQ)". Then there exists a constant C such that

sup [[lz"(s)[| + lu™(s)[I] < Cllll

selt,T] (3.22)
[ (s1) — a"(s2) [l + lu*(s1) — u*(s2)[| < Clsy — safllaell, Vs1,82 €[t T].

Proof (1) By substituting the feedback representation of the optimal control for Problem (DLQ)*
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u'(-) = =R7BT Py(-)a*(-) = =AN(P) BT (P1) P ()a" () (3.23)

into the system equation of Problem (DLQ)! , we have

{xE; _ [A(P1) = B(P)A"Y(P)BT (P)Py(s)] 2" (s), Vs € [t, 7], (3.24)

On the other hand, by Lemmata 2.4, 3.5 and Corollary 3.3, we know that the coefficient of (3.24)
is uniformly bounded. Subsequently, the stability property of the solution to ODE (3.24) yields

sup 2" (s)[| < Cllzel - (3.25)

set,T]
Then, by applying the feedback representation (3.23) again,
sup ||u (s)ll < it [II/_\_l(PﬁBT(Pl)Pz(S)H Nlwell] < Cllaell

set, T

That settles the first assertion of (3.22).
(2) By applying the assertion (3.22); and the state equation (3.11), we obtain

¥ (s1) — 2" (s2)[| < / N [ A(s)z* (s) + B(s)u*(s)|| ds < C|s1 — sz - (3.26)

In what follows, we prove the u(-)-part in (3.22),. Based on the feedback form (3.23), for any
s1, 82 € [t, T, it follows that:

Ju* (1) = (s2) | < A7 (Pr(s2)) = A7 (PuCso) |- | BT (Pa(on) Paisn)a”(s0) |
A7 (B snu IBT (Pu(s0) = BT (PiGsa)) |- Paton)a” 0] o
+[|A7H (Pa(s) |- | BT (Pr(s2) |- [|Palor) = Palsa)]| - " (s1)]
AT B BT (Pr(s) - IBa(s2)] -l (1) = 2" (s2)]

Hence, to derive the Lipschitz continuity of u*(-), we only need to address the same property for
A=1(Py) and B(P,). For the former one, we have

||1_\_1(P1(81)) — A (Pu(s2)) |

H< e oAgl(Pl(Sz)) x1<p1<51>)0x1(p1<52>)>u

= max {[|A7" (Pi(s1)) = A7 (Pu(s2)) | A (Pa(on) = A (Pas2))
Lemma 3.2 implies that
[A2(Py(s1)) = Aa(Pi(s2)) || = [ID3 [Pi(s1) = Pi(s2)]D2|| < Cls1 — s,
which, along with A3(P;) > Ry and Lemma 2.6, leads to
1A (Pr(s1)) = A3 (Pr(s2)) | < Clst — 52|
By a similar argument
IA7} (Pa(s1)) = A7 (Pa(s2) )| < Clst = s2].
Hence,
1A= (Pr(s1)) = A7 (Pr(s2)) | < Cls1 — s2] - (3.28)

By the same argument and Lemma 3.2, it follows that:
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1B(Pi(s1)) = B(Pu(52))]]
=[|(0 BaA;"'(Pi(s2))DJ Pi(s2)Dy — BaAy ' (Pi(s1))DJ Pi(s1)Dy)||
S<IBell - [[A7 1 (Pa(s2)) — A3 (Pi(s1))]| - [|[ D2 Pa(s2)Da | (3.29)
+{[B2AZ (Pi(s1) Dy || - [1Pu(s2) = Pu(sa)ll - |1 D1
< Clsy — s2.
Finally, by combining (3.26), (3.27), (3.28), (3.29) and Lemma 3.5, we conclude that
[[u”(s1) = u™(s2)[l < Cls1 = salllze] -
That completes the proof. |
Lemma 3.7 For any 1=0,1,...,N —1, suppose that (xj(),u*()) is the optimal pair of
Problem (DLQ)tTL . Then there exists a constant C independent of T and | such that

* *
< .
e 27 ()l + p A [Juz () || < Clle, |

Proof By applying the feedback representation of the optimal control stated in (3.16) and the
state equation (3.13), we find that
ak(ty) =(In + TAp—1 — TBr_1G;  Hi—1) ki (tr—1)
l ~ - (3.30)
= H (In + TAj - Tngj /Hj)xtl .
j=k—1
Here, the product is taken in the backward order, and we adopt the convention that an empty

product equals the identity matrix, i.e.,
l

H (In+7'zzlj 7TBJ'GJ»_17:[J’) =1,.
j=i—1

Based on (3.14), (3.15) and Lemmata 3.2, 3.5, we can deduce that

max ||l + TAy — 7ByG, "Hi|| < 1+Cr,
k=L141,....N

where C is independent of 7. Hence,

k—1
cmax L [er (6] < (L €| < Clla .

Subsequently, by applying the feedback representation (3.16) again, we have

* < >—177y * < )
e max ol < max (16 Hillllz? (E0)ll] < Cllay |
That completes the proof. a

Lemma 3.8 Let u*(-) be the optimal control of Problem (DLQ)", and z.(-) denote the solution
to the discrete state equation (3.13) with u,(-) =u*(-). Then there exists a constant C

independent of T and | such that

max H:Z‘T(tk)H < Cthl

)

e max () = @ (t)| < Crfla |-
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Proof (1) By taking u,(-) =v*(-) in (3.13) and applying induction, we have
Tr(thsr) = (In + TAR) T, (ty) + 7 Byu* (ty)
= (I, + Tz‘_lk)(fn + TAk—l)-i'r(tk—l) + (In + Tf_lk)Tkalu* (tkfl) + TBku* (tk)

1 k j+1

= H(I” +TA)Ts, + Z H(In + 7A;)BjTu*(t;).

i=k =l i=k

Then the uniformly bounded property of A. and B. derived in Corollary 3.3, along with Lemma
3.6, yields

N-1j+1
e o] € Qe o+ 3 L0+ erierf e < |
j=t i=

which is the first assertion.
(2) Setting e, = T, (tx) — x*(t), we find that

||€k+1 - ek?” = HTAij(tk) + TBkU*(tk) — [x*(tk-‘,-l) _ -T*(tk,)]H
< /tw (144]] 1o (5) — 2(00)| + | As) — A - l2* ()]

+ ([ Al 2" () = 2™ (@) + [ B(s) = Bi| - [Ju(s)]]

+ HB’CH ) | u*(s) — U*(tk)‘” ds
= /MZIj(s) ds.
te =1

For terms I5(-) and I4(-), by Lemmata 3.2 and 2.4, we have that Ay(Py(-)),A1(P1.), A5 (Pi(Y)),
A;H(Py.) and A~L(PL() ,K’l(Pl,.) are uniformly bounded. Combining this with the matrix
identity

K'-L'=KYL-K)L!,

valid for any invertible matrices K and L, and using (3.12), (3.14), (3.9), and Lemma 3.4,

we obtain
|A(s) — Ag|| + || B(s) — Bi|| < C7.
Hence, we conclude by (3.22); in Lemma 3.6 that
Ir(s) + I4(s) < CTthl H .
For terms I5(-) and I5(-), Lemma 3.6 leads to

Iy(s) + 05(9) < _mac (14l + [Bell) - (Ju () = o @) + |2 () = 2 (@) )] < ]

By combining these estimates, we arrive at
lewrall < (1 +Cr)llexll + €72 ||z, ||,
which, together with discrete Gronwall’s inequality, yields

max |lex| < C7l|ay, ||
k=l,i+1,...,N
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That completes the proof.

With a similar procedure to that in the proof of Lemma 3.8, we derive the following result:

Lemma 3.9 Let u*(-) be the optimal control of Problem (DLQ)", and Z(-) denote the solution
to the state equation (3.11) with u(-) = uk(-). Then there exists a constant C independent of T

such that

sup [[Z()]| < Cllaw |,
te(t,T)

e[ — @@l < el

The following estimate on the difference between Ps(-) and Ps . is the main result of this section,
which will be used to design an algorithm for Problem (MLQ); see Theorem 4.3 and Algorithm 1.
Theorem 3.10. Let Py(-) and Ps. be the solutions of Riccati equations (2.6) and (3.15). Then
there is a constant C independent of T such that
- <Cr.
l:éfll?}f,zv ||P2(tl) P2,z|| <Cr
Proof Let (z*(-),u*(-)) and (2%(-), u%(-)) be the optimal pairs of Problems (DLQ)* and (DLQ)¥ ,
respectively. Then, there are two possible cases.
Case (1) (Po(ti)ws,,ws,) < (Poaxy,, Tt)
In this case, combining with Lemmata 3.2, 3.6, and 3.8, we arrive at
<P2,lxtz ) xtz> - <P2(tl)xtzaxtz>
- j‘r (tla Tty Uj.()) - j(tla Tty U*())
< j‘r (tla xtl 5 U* (V())) - j(tlv 'Ttl ) U*())

N—-1 tht1 ~ B B B
<> / [HQI@ — QW) - 12 te)I* + (IR Z- () || + |QE)z* (E)) - |2+ (tx) — x*(2)
k=l Ytk

+ IR = RO [l (81 + (1REw )]+ 1REw (O] - [lu*(te) — u*(t)II} d
+ (IGz (D) + |G=*(D)]]) - |7-(T) — 2*(T)|
< Ol |17

Ca‘se (2) <P2(tl)‘rtl7xtl> 2 <P2,lxt17xtl>
In this case, by taking the argument of Case (1) and combining with Lemmata 3.2, 3.6, and

3.9, we have
<P2(tl)'rthtz> - <P2,l'rthtz> < CTthz H2 :
Hence, a combination of these two cases yields
|<(P2(tl) - PQ,l)mtlaxtzM < CT”xtz ||2 ;

which leads to the desired assertion. O

4. Discretization of Problem (MLQ) and its convergence rate

Based on P;. and P ., which are approximations of P;(-) and Ps(-) respectively, and inspired
by Lemma 2.5, we propose the following feedback-type approximation for optimal control u*(-)

of Problem (MLQ):
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{ul,f(tk) = My 1 E[z-(t)], (41)
g 7 (tr) = Mo g (2 (tr) — Bl (t)]) + Mz 1 E[z, (tx)], k=0,1,...,N -1,
where
My 2 — AN (Piy)[BY Poy + D PLxC — D PrxDoAs (Pri)[By Poy + Dy PriCl],
Msy 2 — Ay (Py) [B) P + Dy POl (4.2)
M & — Ay (P1y)[By Poy + DJ Py yC + Dy Py DMy ],

and P; ., P, . solve difference Riccati equations (3.8) and (3.15), respectively. Before deriving the
convergence of the proposed control in (4.1), we present some auxiliary results.

Lemma 4.1 For {M;(")}?_, and {M;.}3_, defined in (2.10) and (4.2), respectively, it holds that

sup max [|M;(t)]|+ max  max |[M;x| <C
tefo,7)=1,2,3 k=0,1,...,N—1i=1,2,3 (4 3)

max sup  max ||M;(t) — M| <Ct '
k=0,1,..., N— ltE[tk thy1) i=1,2,3

b

where C is independent of .

Proof The first assertion can be directly derived by Lemmata 2.4, 3.2, and 3.5. Below, we
prove the second assertion. Set

®(t) = B Py(t) + D{ Pi(t)C — Dy Py(t)D2A5" (Pi(t))[By Pa(t) + Dy Pi(t)C],
@y = B Py, + D] P, ,C — D] Py . DyA; (P 1)[By Pa + Dy PrC].
A direct calculation leads to
O(t) — O(tx) :B;—[Pz(t)—sz] +DT[P1( ) — Pii|C
— D' [P1(t) = Pri) D2A5 H (PL(t))[By Pa(t) + Dy Pr(t)C]
— D Py ;DA (Pi(t) Dy [Pre — Pi(t)]| DoAy  (Pr i) [ By Pa(t) + Dy Pi(t)C]
— DI PLDoA; (Pu) (BT [Po(t) = Pa] + DI [Pi(t) — PLelC).

Then Lemmata 3.2, 3.4, and 3.5, together with Theorem 3.10, imply that
sup [|[®(t)]|+ max ||| <C
S [#0]+, 2]

sup  ||P(t) — @(tx)|| < C7.

max
k=0,1,...,N—1 te€[th thy1)

Similarly, we can derive

~ L
max sup |[[ATH(Pi(t) — AT (Pug)|| < CT.
k=01, s N=1 4ty trs1) H ( ) ||
Subsequently, these three estimates and Lemma 2.4 yield

0N 1t€[ts,:,1tpk+l) ([ My (t) = M|

—1
< k:O,If,l.a,.,N 1te[ti1ftpk+l)HA (A1) = AT (P1.r) H X _thax ||‘I’k||

+ A O(t) — P(t
S AT (P D) ] > :0’13?%*%6[21,15“)” (t) (k)ll
<Cr.
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Following a similar procedure, we have
Moy (t) — M. + || Ms(t) — M. <C
o5y s M0~ M|+ ¥te) = M) < Cr

This completes the proof. O

Lemma 4.2 Suppose that (m*(),u*()) is the optimal pair of Problem (MLQ), and x.(-) is the
state of (3.3) with 1 =0, where u,(-) is given by (4.1). Then

sup [[E[2*(®)][| + _max [|E[z,(t)]|| < Cllzoll,
te[0,T) =0,1

max sup Ex*t]—E[m*(tk)] < Crfoll,
k=0,1,...,.N— 1t€[tk,tk+1)|| H (44)

. 2 2
B[ sup O] +E[, o flor(6)]] < Cllol?.

E[|ja*(t) — 2*(s)||"] <C|t — slllzo®, Vt,s€[0,T].

Proof (1) For the state equation (3.1), by applying the optimal feedback control (2.9) and
then taking expectations on both sides of the equation, we have

E[z*(t)] = zo + /Ot(A + B1M; + BoM3)E[z*(s)] ds, Vit e[0,T].

Then, the uniformly bounded property of M;, Ms derived in Lemma 4.1 and Gronwall’s
inequality imply that

sup [|E[z"(1)] || < Clloll -
te[0,T]

For the discrete equation (3.3), the optimal feedback control (4.1) yields

{E[SET(thrl)] = [(In + TA) + TB1M1,k + TBQM&k]E[wT(tkﬂ =: \I’kE[;CT(tk)] , (4.5)

Elz,(0)] = 0.

By taking into account Lemma 4.1, we have maxy—9,1,... nv—1 || Vx| <1+ C7. Consequently,

cmax (B fe,(6)]]] < (1 +Cr)Y ol < Claol|

(2) By (4.4); and Lemma 4.1, it is straightforward to derive the following
max sup  ||E[z*(t)] — E[z* ()] ||

k=01, . N=1 e[ty t41
t
< max sup |A+ BiMy + By Ms|| - ||E[z*(s)]|| ds
k=01,.... N=1ye(ty trr1) Jts

< Crllaoll,

that is (4.4),.
(3) By substituting the feedback representations (2.9) and (4.1) into the state equations (3.1)
and (3.3), respectively, we have

da* () = [(A + ByMa)z* () + [BiMy — ByMy + BQMS}E[x*(t)H dt
+ {(C + DyMy)a* (1) + [Dy My — DyMy + DgMg]E[x*(t)]] Aw(t), Vte[0,T],

x*(0) = zo,
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and
x‘r<tk+1) = [In +TA+ TBQMQJC] {,CT(tk)
+ 7[B1 My, — BoMs ), + BoMs i, |E[z. (tr)] + [[C + Do Mo |z (tr,) (46)
4.6
+ I:DlMl,k - D2M2,k + D2M3,k:|E|:xT(tk)}:|Ak+1VV7 Vk = 07 17 s 7N -1,

z-(0) = zg.

Then, Lemma 4.1, (4.4); and the stability property of SDEs yield

T
B[ sup [lo" (@] <C[llzol? + / B[ (0)]]|" ) < Clizoll*.

tel0,T

Based on the difference equation of z.(-), Lemma 4.1, (4.4); and discrete Gronwall’s inequality,
we can deduce for any £k =0,1,..., N — 1 that

E (|- (tes1)]]
< ]E{ H [I, +TA+ TBgMz,khr(tk)HQ + T2H [BiM, — BoMs + BoMs | E [z, (t,)] ||2
+ 27|y + TA + 7By My g ||| B My g — BoMs i + BoMy i ||| E[z-(8)] ||
+ ’7'|| [C + D2M2?k]x7(tk)|‘2 + TH [DlMl,k — D2M2,k + D2M3,k]E[1’T(tk)] H2 (47)

127 C + DaMa ||| Dy My s — DaMa g + DoMs||[Efr (t4)] yﬁ}

< (1+Cr)E[[lor (00)[|*] + Cr|[Bla (8] |
<

where C is independent of 7 and k.
Then, the following representation of z,(-) to (4.6)

tk+1 = X + Z |: A+ BQMQJ .’bq-( ) +T[B1M17j — B2M27j —+ BQMgJ]E[iL’T(tj)]}

k
+ Z [ C+ DQMQJ .’I,‘T( ) + [DlMl i DQMQJ + D2M3J]E[ (tj)]i|AJ+1W

7=0
and Lemma 4.1, (4.4);, Doob’s inequality, (4.7), lead to

E[,_ max  flo-(te)]]

|lleoll® + Y Eler (t)17] + 7 B[z ()] ]
< Cllaol?.

This establishes (4.4)s.
(4) (4.4), can be directly derived by (4.4); and (4.4)s. O

The following are the convergence rates for the Riccati-based discretization of Problem (MLQ).

Theorem 4.3 Suppose that (m*(),u*()) is the optimal pair of Problem (MLQ), where
uw*(-) = (ui(-),u3(-)), and z-(-) is the state of the discrete system (3.3) with the feedback control
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ur () = (u1,7(+), u2,-(-)) given in (4.1). Then the following error estimates hold:

o Bl (5] — Ble (6] +_ max (g (t) ()| < Crlfeol] "
* 2 * 2 2 :
B[, max [l (t) = o (0) ] + B[, mas [u3(t) = uar (80)]°] < Crileol?.

where C is a constant independent of T.

Proof Since the proof is long, we divide it into three steps.

(1) In this step, we aim to prove the first assertion of (4.8). We begin by adopting a similar
technique as used in the proof of Lemma 3.8. Setting e = E[z*(tx)] — E[z,(tx)], based on state
equations (3.1) and (3.3), we conclude that:

eies — &l

< /t’m [[| (A + By My + By Ms)E[z* (t)] — (A + BiMy g + BaMy ) Elzr ()] dt

tht1
< / [HA + BiMy + BoMs|| - |E[2*(t)] — E[2*(tx)]|| + ||A + BiMy + B2 Ms|| - [[éx]]

123
+ ||BLMy + By Ms — Bi M, . — BoMs || - ||E [z (tx)] M dt
tht1 3
= / > L(t) dt.
t i=1

Lemmata 4.1 and 4.2 lead to

sup [Il(t) +13(t)} < C7|xo]| -
te(tn,trt1)

Thus,
[kl < (1 +Cr)l[ex]l +C72|lao]l

which, together with discrete Gronwall’s inequality, leads to

max @l < Crlal.

This proves the z(-)-part of the assertion (4.8);.
Next, we use the feedback laws (2.9) and (4.1) to derive the u(-)-part of (4.8);, which is shown
by the following calculation and Lemmata 4.1, 4.2

i (tx) — w7 (tx) |
1M (B[ (80)] = Bz ()] || + 1M1 = Ml - [|E[2- (2] ]

(2) In this step, we claim that

omax E[la" (t) = o, (60)|*] < Ozl (19)

Set e, = x*(tx) — x-(tx), and we have
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€k+1 — €k
thy1
= / { [A + BQMQ] [x*(t) —z* (tk)] + [A + BQMQ] er + By [MQ — Mg,k]IET(tk)
tr
+ [BlMl — BQMQ + BgMg]E[I*(t) - I*(tk)} + [BlMl - BQMQ + BgMg]é\k

+ [31 [My — My ;| — Bo[My — Ma ] + B[ M3 — MSkHE[xT(tk)]} dt

41
+ / { [C + Dol [2*(t) — 2*(t)] + [C + Dab]ey + D[ My — My yap(ty)  (410)
tr
+ [D1My — DMy + Dy Ms|E[2*(t) — * ()] + [D1My — DoMs + Dy Ms|ey,

+ [D1[My = My ] = D2 Mz = Ma k] + Da[Ms - Mg,k]}E[xT(tk)]} AW (t)

6

tha1 tht1 6
= / > Jik(t) dt+/ > Kjk(t) dW(t).
tr j tr j=1

j=1
By multiplying éry; on both sides and then taking expectations, we have
E[ (€xt1 — €k, Ert1) |

1 re _ _ _
= §E[\|€k+1||2 — llexll® + llexs+r — ell?]

(4.11)
tpt1 O tpt1 O
:E|:/ Z<Jj,k(t)7ék+1> dt} +E|:/ Z<Kj,k(t)7ék+l> dW(t)] .
e j=1 e j=1
For E[ft:““ (J1k(t), €rt1) dt} , Lemma 4.2 and the Cauchy-Schwarz inequality lead to
tht1 tet1
B[ [ (a®.eun) ] < B[ [T 7 0) " @)+ flewsa | ]
tr tr
_ 2
< C72||@ol* + CTE[||ers1 || 7] -
Using the same approach for the remaining terms, we get
tpt1 O
E[/ 3 (Tj(t), ) dt} < Cr2|lao? + CrE[||ex])? + llexsall?] - (4.12)
tr j=1

For E[ ti’“*l(Kl,k(t),ékJrl) dW(t)] , we can arrive at

tht1 tht1
E< K1 k(1) dW(t),ék+1> = E</ Ky (t) AW (1), €41 — ék>
tr

tr

1 tr41
< ggElllenss -]+ e[ [ o) - o t0) ]

.
1
< E[lErn - &x||”] + Cr2llao?.

Similarly, for the remaining terms, we have

6

fert _ 1 _ _ 12 2 2 _ 2

IE{/ Z(Kj k() €kt1) dW(t)] <6 % E]E[Hekﬂ - ekH | +Cr2||zol? + CTE[|lex]?] , (4.13)
tr j=1

where C is independent of 7.

A combination of estimates (4.11)—(4.13) then leads to
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Efllex+1lI”] < @+ CE[[lexl*] + C7[lzoll,
which, together with discrete Gronwall’s inequality, yields

— 12 2
k:(I)I,llé,l.}.(.,NE[Hek” | <Crllaol?. (4.14)

That completes the proof of (4.9).
(3) We now proceed to prove the (4.8),. Based on (4.10) in step (2), we know that

toy 6 tey1 6
Chy1 = Z / Jjj(t)dt + / ZKj,g(t)dW(t)
te j=1

Subsequently, by applying Doob’s inequality and the It6 isometry, we arrive at

E[kzo?%X - lers1ll?]

<C]E[ max HZ/WZW dtH ,_max HZ/WZ (AW (t H]
<c ; {E[ [ g issace7at] +2[ [ g Kya(0lPar] |

Based on Lemmata 4.1, 4.2 and (4.8);, (4.9), it follows that

DBl 5O+ DBl < Crllzol®
j=1 j=1

and

6 6
DBl + DBl @)I) < Cr?llzol® -
j=3 j=3

Thus, we obtain

= 12 2
E[ _max [[e] | <Crllzol®. (4.15)

=0,1,...,

Finally, by applying feedback laws (2.9), (4.1) and Lemmata 4.1, 4.2, as well as estimates (4.14),
(4.15), we have

B[ max fu3(te) — e ()]

<[, max M= M) PE[ mas flas(t)]7) + B[ max fle]?] + max e]?]
< Crllzo))?-
That completes the proof. |

Remark 4.4 The feedback control given in (4.1) is not necessarily the optimal control for the
discretization version of Problem (MLQ). However, Theorem 4.3 suggests that this control can
approzimate the optimal control of Problem (MLQ) to a certain degree.

Based on (4.3), we propose the following Riccati-based algorithm to solve Problem (MLQ)
numerically.
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Algorithm 1 The explicit Euler algorithm for Problem (MLQ) based on Riccati equations

Fix the time partition Z, and step size 7.

1. Caleulate {Py ,}5_ and {Pz 5}, by using difference Riccati equations (3.8) and (3.15).

2. Determine {IE[:):.,— (tk)] }kN:() and {ul’k}]kv;(} by using the feedback law (4.1) and discrete state equation (3.3). Specifically,
compute {E[z-(t;)]}N_ by (4.5), and then apply (4.1) to derive {ul’k}gziol.

3. Obtain {zr(tx)}_, and {uz,-r(tk)}]k\:()l by employing (4.1), (3.3) and {E [z (tx)] }szo: Firstly, solve (4.6) to obtain

{IT (tk)}szo, and then compute {u2,7—(tk)}g:_01 by using (4.1).

In what follows, we present three examples to demonstrate the effectiveness of the Algorithm 1.
Example 4.5 involves a time-invariant system with R'-valued state, whereas Example 4.6 deals
with a time-varying system. For each example, a figure consisting of six subfigures is provided.
The first four subfigures show: (1) expectation of reference and approximate state, (2) reference
and approximate deterministic control uy(-), (3) one path of reference and approximate state,
and (4) one path of reference and approximate stochastic control us(-). The remaining two
subfigures show the convergence rates of ui(-) and E[z()] in (5), with Tpesr =277, and of ua(-)
and z(-) in (6), with 7er =277 and M = 1000 Monte Carlo samples, respectively. Example 4.7
considers a system with a 100-dimensional state and demonstrates the convergence rates of both

the state and control. These rates are consistent with the theoretical results presented in
Theorem 4.3.

Example 4.5 Let n=¢,=0=1,T=1,20=1, A=1, Bi=1, Bo=1, C=0, D; =1,
Dy = %, Q=0 R = %, Ro =1, G=1. The numerical approzimations of the optimal tuple
(z(-), (w1 (-), u2(+))) and their convergence rates to the optimal tuple are presented in Figure 1.
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Figure 1 Numerical results for Example 4.5

10!

Example 4.6 Let n=/0,=0y=1, T=1, zo=1, A=%7 B =1, B =1, C:%, Dy =1,

Dy=1, Q=5 R =1, Ry = %, G =1. The numerical approximations of the optimal tuple

(z(+), (u1(-),us2())), together with their convergence rates, are presented in Figure 2.

Example 4.7 Let n = 100, fl == 62 = 3, T = 17Q == 1100, Rl == .[37 R2 = 2[37 and G = IIOO- The
remaining matrices, with dimensions determined by the context, are randomly generated from a

uniform distribution on [107°, 1 —107°]. In Figure 3, the convergence rates of ui -(-), Elz.(-)],

z,(+) and ua . (-) are presented, with Tef = 277 and M = 1000 Monte Carlo samples.
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Figure 2 Numerical results for Example 4.6
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