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Abstract This paper presents the necessary and sufficient conditions for a kind of discrete-
time robust stochastic optimal control problem with convex control domains. The
classical variational method is invalid in this context because it is an “inf sup problem”.
We obtain the variational inequality with a common reference probability by
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1. Introduction

The stochastic maximum principle (SMP) is one of the major tools used to investigate
stochastic optimal control problems, which was initially studied by Kushner [21, 22]. The basic
idea is to determine the necessary conditions that the optimal control must satisfy. This can be
accomplished by solving a forward-backward stochastic system and minimizing the Hamiltonian
function. Since the pioneering works, different versions of the SMP have been developed, adapted
to different frameworks, and relevant results can be found in Bensoussan [5], Bismut [8], Peng [27],
Cadenillas and Karatzas [9], Yong and Zhou [39] and so on.

However, all of the results mentioned above were focused on continuous-time systems. It is
important to recognize that discrete-time models are prevalent in nearly all branches of the
natural sciences [1, 6]. For example, in engineering applications based on digital hardware, data
are available only in discrete time. Additionally, the statistical decision theory, in which the
state and action spaces are typically finite or countable, has received considerable attention
owing to its applicability in gambling and economic modeling. Moreover, a discrete system can
sometimes be looked upon as an approximation to a continuous time system, see Beissner et al. [4].
Thus, more and more researchers have been devoting their efforts to the topic of discrete-time

Received 12 May 2025; Accepted 19 October 2025; Early access 10 December 2025

© 2025 Shandong University and AIMS, LLC


mailto:hew@sdu.edu.cn.
https://www.aimsciences.org/PUQR
https://doi.org/10.3934/puqr.2025026

590 Wei He

optimal control problem. We could refer the interested readers to [14] and [26] for the discrete-
time deterministic maximum principle. As for the stochastic case, the necessary and sufficient
conditions for the optimal control were derived in [23, 38] and Dong et al. [10] extended the
corresponding results to a mean-field type discrete-time system. More information about the
discrete-time SMP can be found in [18, 20, 35]. Several studies have also investigated discrete-
time linear-quadratic (LQ) problems. For example, [11] presented the solvability condition for a
mean-field LQ problem with a finite horizon, and the infinite horizon case was investigated in [25].
Besides, readers can be referred to [3, 32, 33, 40] for more details.

In control theory, it is commonly assumed that all parameters and the distributions are
perfectly known. However, in reality, due to the statistical estimation issues, there always exists
ambiguity about the underlying models. One of the best-known ways to deal with this ambiguity
is the multiple-priors method where the controller selects the optimal policy with respect to the
most adverse case (see [2, 12]). For instance, in Hu and Wang [19], T is a locally compact Polish
space, which plays the role of a parameter space, and the random elements « € I' represents
different environmental conditions. They assumed that the true law of + is unknown to the
controller but belongs to a family of probability distributions A. Under this model uncertainty setup,
they discussed a stochastic recursive optimal robust control problem through the SMP approach
where the coefficients of the controlled FBSDEs depend on v € T, i.e.

22 =0+ [ b)) dst [ oy (s (5). () dBC),
T T
v (£) = s (24(T)) + / Fy (5 29(5), (), 24 (), u(s)) ds — / 2 (s)dB(s),

and the cost functional is defined by J(u) = sup [y, (0)A(dv). Inspired by this, He et al. [16]
AEA

focused on the maximum principle for a stochastic mean-field type robust control problem under
a similar setup and applied the results to study a mean-variance portfolio selection problem with
model uncertainty. In order to deal with the recursive optimal control problem with ambiguous
volatility, Hu and Ji [17] obtained the SMP in the G-expectation framework introduced by Peng
[28—30]. Also noteworthy, Bielecki et al. [7] firstly developed an adaptive robust control
paradigm incorporating the idea of online learning. For other variations of robust control problems,
we can refer to [13, 15, 24] and references therein.

In this paper, we aim to obtain the maximum principle for the robust control problem in a
discrete-time framework with a convex control domain:

2+ 1) = by (2 (), 6(k) + 7 (O, 2 (), w(k)) Bk + 1),
z4(0) = xo € R",

which can be seen as the discretization of a special case in [19] or the robustness of the problem
in [38]. Compared with [19], the major obstacle is the lack of It6’s formula in the discrete-time case.
Moreover, unlike the Ito’s integral, the product terms involving the noise, such as u(k)B(k + 1),
do not admits zero-mean property. All these will cause trouble for the estimates related to the
state equation and adjoint equation. Fortunately, the solution to the adjoint equation can be
written out explicitly using backward induction, which, together with the independence of B,
gives the required estimates. The deduction of the duality relation also relies heavily on this
explicit solution. In [38] and [10], to ensure that the Hamiltonian system is well-defined, it was
assumed that the integrability of B and u depends on the time horizon N. In contrast, in this paper,
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we remove this restriction using an argument similar to that in [18]. As the problem we focus on
is indeed an “inf sup problem”, the classical variational method used in [38] and [10] cannot be
directly applied here because of the subadditivity of the supremum. We draw support from a
weak convergence approach and the minimax theorem to derive the variational inequality with a
common reference probability for any admissible control, the proof of which relies heavily on the
compactness of the measure set A.

Our main contributions can be summarized as follows. First, the optimal robust control problem
for a discrete-time system is formulated. Second, based on the variational inequality obtained,
the final necessary condition for optimality in terms of the Hamiltonian is derived by using the
duality technique together with Fubini theorem. Furthermore, under additional assumptions, the
SMP is also shown to be a sufficient condition. Finally, we apply the SMP to solve a robust
investment problem, in which the assets are treated discontinuously in the market and the
optimal portfolio is given in an explicit form. In order to get the worst case parameter 6*, we
first let it be underdetermined and then explore it through a classification discussion.

We shall organize the present paper as follows. We present the basic settings and give some
estimates in Section 2. In Section 3, we establish the necessary and sufficient conditions for the
discrete-time optimal control problem under model uncertainty. The last section is devoted to
the study of a discrete-time robust investment problem.

Notation In this paper, for a given set of parameters o, C(a) will denote a positive constant
only depending on these parameters and may change from line to line.

Let N >0 be a fized integer, T ={0,1,...,N—1}, T"={1,...,N} and T" ={0,1,...,N}.
On a complete probability space (Q, F, P), we define a sequence of independent random variables
B ={B(k),k € T'} such that B(k) takes values in R? for any k€T’ and E[B(k)"] <
C(p) < oo for some p>2. Let F, CF be the o-field generated by {B(i),1 <i<k}, ie.,
Fo=10,2} and F, = o {BQ1),...,Bk)} fork=1,...,N.

Assume Uy, Uy,...,Un_1 is a sequence of monempty conver subsets of R™. We call
uw={u(k),k € T} an admissible control if u(k) is an Fy-measurable random variable taking
value in Uy for each k € T and E[Zg:_ol lu(k)|?] < oo with some q > 2. The set of admissible
controls is denoted by U.

2. Problem formulation

Estimating market parameters in financial markets is often challenging, and models with
significant errors in parameters may be impractical. To address this issue, one possible way is to
use the robust model, i.e. to minimize the cost under the worst scenario. This paper contributes
to the maximum principle for the robust stochastic control problems in a discrete time framework.
Let (T, B(I')) be a locally compact Polish space equipped with distance d. To construct the
model uncertainty setup, we use the I'-valued random elements v to represent different market
conditions and regard A as the set of all possible probability distributions of . If T is a
singleton set, the problem coincides with the classical one studied in [23, 38].

Our goal is to find optimal control u* € U, which minimizes the following cost functional:

J(u) = sup/FE

AEA

N-1
Z Iy (ks 2y (), u(k)) + ¢r (24(N)) | A(dY), (1)
k=0

where {z(k),k € T"} evolves as follows:
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2)

2o+ 1) = by (k2 (), (k) + 0 (ks 2 (k). (k) Bk + 1)
z,(0) = 2o € R™.

Here, by(k,-,-) : R" x Uy = R, o (k,,-) : R" x Uy = R4, £ (k) :R" x Uy > R, ¢, :R"
— R are given continuous functions. We proceed to introduce some basic assumptions that will
remain in force throughout the paper.

(H1) For each k€ T and ~ €T, there exists a positive constant L such that |b,(k,0,0)|+
lo(k,0,0)| < L. In addition, by(k,z,u),0(k,z,u) are continuously differentiable in (x,u) and
the derivatives are bounded by L.

(H2) For each k € T and v € T, f,(k,z,u), ¢, (x) are continuously differentiable in (z,u) with
derivatives bounded by L(1 + |z| + |u|), besides | f,(k,0,0)| < L.

(H3) There exists a modulus of continuity % : [0,00) — [0,00), i.e. a continuous, semiadditive,
nondecreasing real function satisfying ¥ (0) = 0, such that

|X7(k,$7’u,) - Xv(hxlvul)' < ¢(|x - CC/| + ‘u - u’|),
forany k € T,z,2" € R",u,u’ € Uy, € T, where x,, represents all the derivatives in (H1) and (H2).
(H4) For each R > 0, there exists a modulus of continuity g : [0,00) — [0, 00) such that
X~ (K, 2 u) = X (R, z,u)] < Yr(d(Y,7), YVEET, |2 Jul <R, 7,9 €T,
where x, can be b,(k,z,u),0,(k,x,u), fy(k,x,u), d,(x) and their derivatives with respect to

(x,u).

(H5) A is a weakly compact and convex set of probability measures on (I, B(T")).

The following two lemmas reveal that the control system (1)—(2) is well-defined under the
assumptions above.

Lemma 2.1 Suppose (H1) hold. Then for any uw €U, p € [2,q|, the equation (2) admits a
um’que solution © = {z(k),k € T"} satisfyz’ng

Z\x,y |p]<C(Lp,dN \x0|”+Z(|u )P +1by (k00|”+Z|a (k,0,0)|" )] (3)

i=1

Moreover, if we further assume (H4), then v — (k) is continuous in the following sense:
N

Z | (k xv’(k)IQ] =0. (4)

k=0

111’1(1) sup E
TV d(y)<e

Proof Using Assumption (H1) and the independence of B, we could get for each k € T

E [|e, (k + 1)I’] < C(p)E [w (k2 ( |p+Z\o b, (), w(k)|” [ B (k + D)

< O(L.pE [mwp T Ju(R)P + [by (£, 0,0)”

+ Zd: (|a:7 )P+ u(k) [P+ |0, (k,0,0)|p)|Bi(k + 1)1’}

=1
d
<C(L,p, d)E llww(k)p + |u(R)P + b (k,0,0)[" + Y |07, (k,0, 0)|p] :
=1

Then, (3) can be obtained by induction. For notational simplicity, set a(k) =z (k) — z/ (k).
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From (2), we have
4 1) = by Gt 8,0 = by Gk () )

+Z ( (k, 2y (k), u(k)) — oty (k, 2 (K), u(k)))Bl(k+ 1)
/01 Ouby (k2 (), u(h)) dpa(kﬁ)—&—é /Olaxag, (ko2 (1), u()) dpai) Bk + 1)
+ AL +ZD k)Bi(k +1),

where a2 (k) = 2 (K) + p (24(K) — 2 (k) A2, () = by (b, 4 (K), u(k)) — by (4 (K), (k)
and nyyfy,(k) is defined similarly. According to the derivation of (3), we deduce that

N N-1 d
B S laP| < CaME| X (147, 0P + 31035, 0F) |
k=0 k=0 i=1
In what follows, it remains to prove
N—1 d _
lm sup B |3 (147, (0P + 30 |D1::/<k>|2)] =0, (5)
d(v,7')<e k=0 i=1

Assumption (H4) implies that for each R > 0,
A7 (R)| < $r(d(7,7)) + C(L)(l + |z (k)] + IU(k)l) (I{|xw<k>|>R} + I{|u<k>|>R})~

Using Holder’s inequality, Young’s inequality together with (3), we obtain

[Z |z (k)| I{|u(k)|>R}] []; |z (k)| r [NZ: } ’

N—1 _ ~
< (2g] OO 1= 2g| ,; ] )7
< C(L,N,q,d,z)R° 7"

Applying the same argument to other terms of A7 _, (k) and D;Y;,(k), we conclude that

N-1

> (147, ) + i D% (k)2)

k=0

E

< C(L, N, g, dswo) ([0n(d(y, /)2 + BT ), YR > 0.

Letting € — 0 and then R — oo gives (5). O

Lemma 2.2 Set y,(0)= [Zk o Jv (kyxy(k),u(k)) + ¢, (:v,Y(N))} for simplicity. Under
assumptions (H1), (H2) and (H4), y4(0) € Cy(T).

Proof The boundedness comes immediately from Assumption (H2) and estimate (3). It

suffices to prove that the function v — y,(0) is continuous. By simple calculation, we could get
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13,(0) = 4/ (0)] < E[NZ (|/ 0ty (kat (1), 0(8)) dpah)|-+ 17 (1))
k=

0
+] / 0.0, (w4 (N)) dpa(W)| + [ (2, (V) = 6 (2 (W)

I
where F) (k) = fy (k,zy(k), u(k)) — fy (k,2+(k),u(k)). Note that from Assumption (H2) we have
Oufy (o a? (), ulk)) | < D)1+ [y ()] + s ()] + ()] )
In addition, with the help of Assumption (H4), it holds that

|E7 ()| < ¥r(d(7,7") + C(L) (1 + |2y (k) + [w(k)?) (Lo, (05 R} + L(juti) > RY)-

Thus, using an argument similar to that in the proof of Lemma 2.1, we finally get

N 1 - 2 g
15,(0) = 9 (0)] < C(L, N, g, d20) (E[ Y la(k) 2| + [wr(d(r. 7] + BT).
k=0

The desired result follows from (4). O

In conclusion, our aim is to characterize the optimal condition for the following discrete-time
robust stochastic control problem
minimize  J(u), *)
*
subject to u €U,
which is in fact an “inf sup problem”. The admissible control u* = {u*(k),k € T} solves (x)

is called an optimal control, and the corresponding system state is denoted by
at = {ai(k), ke T"}.
3. The maximum principle

Take u = {u(k),k € T} as an arbitrary element of U. Since {Uj}p . are convex sets, the
perturbed control u® := u* + &§(u — u*) € U for any & € (0,1). The trajectory associated with u’
is denoted by z% = {xi(k‘), k € T"}. For simplicity, we introduce some short-hand notation

bf/(k) = b7<k’x:(k)7U*<k))a (b:(N) = ¢y (.%‘;(N)) ) bi(k> = b“/(ka mg(k)’ué(k))v
and the other functions and their derivatives can be denoted similarly.
3.1 Variation along an optimal pair

In order to derive the first-order necessary condition, we first introduce the variational equation.
Foreach k€ T,

d
T (k + 1) = 0,67 (K2 (k) + 0,05 (R)i(k) + > {0507 (k)2 (k) + 00 (k)a(k) } B (k + 1), "

where 4(k) = u(k) — u*(k). Owing to the derivation of (3) and boundedness of the derivatives
in (H1), the variational equation (6) admits a unique solution Z. = {Z,(k),k=0,1,...,N}
such that
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N

Dl (k)

k=0

E < C(L,p,d,N)E

Ni (Tt + Iu*<k)|”)] - M)

k=0

In fact, we could write out the explicit solution to (6). Set
M, (k) = 9,07 (k +Za o2 (k) Bl (k+ 1), T, (k) = (6ub* +Za o7 (k) B’ k+1)) (k). (8)

Then, (6) can be rewritten as Z,(k + 1) = M, (k)Z (k) + T, (k). Since Z~(0) = 0, using induction
yields for k=1,...,N
k—2 k-1

z,(k) =T, (k=) + > [ M), (9)

i=0 j=i+1
where we suppose Z;:IOH =0.

Lemma 3.1 Suppose that (H1)-(H3) are satisfied. Then, we have

N

D

k=0

(k) — 3 (8)
Y v =
fim up 7 o

Proof For k € T, denote %g(k) =61 (29 (k) — a%(k)) — (k) for convenience. From (2) and

g g
(6), we have

d
Bk+1) = %( (05 (k) — b () + ; 03 (k) B(k + 1)) — (905 (k) (k)
d
+ 0% (K ) 3 (0007 (k)2 (k) + By (K)a(k)) B (k + 1), (10)
=1

Setting 2£°(k) = x% (k) + pd(Z3 (k) + Z,(k)), u?®(k) = u*(k) + pd(u(k) — u*(k)), we only deal
with the diffusion term in detail. Note that

d
%Z ) B0+ 1) = 3 (Bny ()75 8) + 90 () () = (1)) B+ 1)
*Z/ 0o (k)2 (k) B (k+1dp+ZG‘“ )B'(k + 1),
where ag’é’i(k) = Uff’i(k,x,’;’é(k),up"s(lﬂ)) and

GO (k) = /0 1 (2089 (k) — D03 () )2, () dp + /0 1 (9,024 (K) — 00 (1)) (k) — " (k).

The drift part can be dealt with in the same way, and denoting ég(k) similarly as Gg(k)7 (10)

can be rewritten as
0 (k+1) = / B,b2° (k)T (k) dp+G2 (k +Z/ 8,05 (k)7 (k) B (k+1) dp—|—z G2 (k) B (k-+1).

=1 (11)

Hence, proceeding identically as to derive (3), we obtain the following estimate
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N N-1 N d )
E [Z |fi<k>|2] <C(Ld, N)E[ P (GHEEDS |Giﬂ<k>|2)],
k=0 k=0 i=1

which combines with (7) and the boundedness of the derivatives in (H1) gives
N N-1
~ 2 *
SR m[| <o,d NE lz (T + fu W)] : (12)
k=0

k=0
Using Assumptions (H1) and (H3), we get for each R >0

E

d
GR)P + D216 (k)P < CLyd) (|7, (R)? + [uk) = (0)) ((26R)? + L),

where Ir = Iz (k)12 () >R} + L{jute)—u* (b)| >R} - By virtue of (7) and (12) and using the same
techniques as in Lemma 2.1, it holds that

sulle[Nzl <|é§y(1f)|2 + i Gg%k)ﬁ)] < C(L,N,q,d) (1/)(25]%)2 4 R%)
e k=0 i=1

Sending § — 0 and then R — oo implies the final conclusion. O

Let us define

9 (0) =E

and
AV = {)\ e AlJ(u*) = /Fyf/(O))\(dﬁy)}.

It is worth noting that the set A" is not empty. Indeed, for any &, = 5w, we could find a
sequence of A" € A such that

OO RHUNCOERCS

1
om’

Since A is weakly compact, there exists a subsequence {\™J };C:l converging weakly to some

A1 € A. Then, the following equation comes immediately from the result of Lemma 2.2
3w = [ w000 = tim [ 43004 @) (14)
r J—oeJr

which implies \; € A",

If T is a singleton set, from Lemma 2.2 in [38], the variational inequality can be given directly
with respect to ngj(O). However, things get more complicated when we consider the robust case
because of the subadditivity of the supremum. As a consequence, the weak convergence method
is required, and the following lemma is indispensable.

Lemma 3.2 Under Assumptions (H1)-(H4), the function v — %(0) is continuous and bounded.
Proof The proof will be given in the appendix. |
Now let us display the main contribution of this subsection.

Theorem 3.3 Let Assumptions (H1)—(H5) hold. Then, for each u € U, there exists a reference
probability \* € A*" such that
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u‘s — u*
ﬂ)aﬂ):ﬁﬂ@”“”:prW®Mm»

AEAU"

lim
d—0

Proof The proof is based on the idea of Lemma 3.6 in [19]. We only present a brief overview
here. Denote g5(0) := 0~ (y3(0) — y2(0)) — 7%(0).
Step 1 (}irr%) sup |§,‘§(0)| = 0) We could decompose ﬂfsy(O) in a similar way to Efsy(k +1) (see (11)
—U~er

in Lemma 3.1) as follows:

/a¢p5 (N)Z(N)dp + C3(N +Z /an ] ( )dp+05(k))

=0

yv( (15)

where

1 1
€)= [ (0:8270) = 0o 50) 2, ()dp+ [ (0250 = 08509 (ulh) = u (1)
Note that, by Assumption (H2) and the fact 6§ (z.(k) + ifsy(k')) = xfsy(k) — x5 (k), we could get for
any R >0,

G5 (k)| < O (L) (|2 (k)] + [ulk) —u* (K)]) [w(%R) + (L g (k)] + [ulk)] + oy (k)| + |U*(k)|)IR]

Then, a simple calculation gives

N
C3 (N |+§ym < 1+ 3 (13,0 F + 125 ()2 + |23 (R)?)

k=0
—1

2

+ 3 (1w ) + Ju(k) )] (£(26R) + In).

=0

b

In view of the estimations (3), (7) and (12), using similar analysis as in Lemma 3.1, we could get

N—-1
lim E |[CS(N)| + > |C3(k)
k=0

6—0

which together with (15) and Holder’s inequality implies
1. ~8
Jim sup 155(0)]

N N-—1
hmmm[/|%w |®+§;/Wf“ ) 3 3 (k)] + 15 n+§)@wﬂ

veF h—0
N-1

C(LN)hmsupE[JrZN:( k)2 + | (k )+ (Iu )+ [u*(k )] [Z\ }

6—=0yer k=0 k=0
(16)

The desired result comes immediately from the result of Lemma 3.1.
Step 2 (The weak convergence method) For any A € A" in view of the definition of cost

functional (1), we notice that
5 > [ AOM), T = [ 50M).

which implies

J(u) = J(uw) / y3(0) — y2(0)
5 ~ I 5

A(dw)::J4<@3<o>+-g:«»>x<dv»
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From the result of Step 1, it follows that [ ﬂfy(O))\(d'y) = o(1), i.e. for any A € A%,

U(S _ u*
liminfw >/ng:‘(0))\(dfy). (17)

6—0

Next, we will confirm that the reverse inequality is also true. Note that, there exists a
sequence &, — 0 such that

5 _ * On — *
lim sup u) — J(w) = lim M

5—0 o n—00 On

Proceeding in a similar manner as to derive (14), we could find A5, satisfying
Tt = [0, (@), T > [ 500, (@)
Therefore, using the result of Step 1 again, we can demonstrate that

i 20D i [ 0) 4 720 @) = i [ 9O, @)

6—0 d n—oo Jp n— 00

Due to the weak compactness of A, there exists a probability A\* such that \s, — A". Then it

follows from the result of Lemma 3.2 that

qu o u*
limsup% g/rg:;(()))\“(d’y). (18)

6—0

Furthermore, with the help of the subadditivity of the supremum and the definition of weak

convergence, we obtain

) = [ xan)

+] [ s.@0) = [ 53002, (@)
Jr‘/yV )As, (dy) — /Fy /\“dv)

< lim <’J J(udn)

n—oo

< . o *
<2 Jim sup 15 (0) = 5.0)
iningosup5 (@7 )+ 195y |)
N-1
< lim supC(L,d, N,z (1+E[ k)2 +u* (k)| )D%
n~>oo,,/€r k:O
= ()7

where we have used (12), (16), and (46) in the last inequality. That is A* € A%, which together
with (17) and (18) gives the final result. O

Nevertheless, the necessary condition gotten in Theorem 3.3 is inconvenient in practice,
because the reference probability depends on the u given in advance. In what follows, we go one
step further with the help of minimax theorem to obtain the variational inequality with a
common reference probability.

Theorem 3.4 (Variational inequality) Suppose that Assumptions (H1)—(H5) hold. Then, there
exists a reference probability \* € A" such that
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inf /F 2 (0)A"(dy) = 0.

ueU

Proof Firstly, we need to verify f(u,)):= [3%(0)A(dy) satisfies the conditions of the
minimax theorem (see Theorem B.1.2 in [31]). A" inherits the convexity and weakly
compactness of A. And, from (6) and (13), it is easy to deduce that

7o ()7 = 7 (0) + (1= 7)gy (0), for 7 € [0,1], u, u' €U,
which means £(u, A) is convex with respect to u. Besides, recalling (6), we have for each k € T
2 1) = 2 (k1) = 0,05 (k) (2% (k) — 2% (k) ) + 0ub (k) (u(k) — o' ()
d
Z {a o2 ( (k) — 2" (k:)) + 0,07 (k) (u(k) - u’(k)) } Bi(k + 1),
7(0) — ' (0) = 0.
Following similar steps as to derive (3), we obtain

N
E | |z(k) — 74 (k)P < C(L,p,d,N)E [Z lu(k ] .
k=0

Combining this with (H2), (3), (13) and Holder’s inequality, we could get the continuity of ¢
with respect to u, i.e.,

£, X) = 0!, )] < sup]g2(0) — 5 (0)

[Zm (e \+Z|3f (k) — 22 (k)

T 1.7 (N |4V a-s:’w)@

< C(N)E [N21|a *<k>|2+|am¢*<N>2];E[i|f:<k>a-sx’<k>|2%
kN 1 1 N-1 0 1
[Z\ WF3 (02| B[ Y fulk) = (k)2
=0 k=0

< O(L, N, d, mg,u*)E[ Z (k) — u'(k)ﬂ 7

Therefore, it follows from the minimax theorem and the result of Theorem 3.3 that

inf sup £(u,\) = sup inf l(u,A) >

uel yepu Aepuw uet
In accordance with the definition of supremum, for any ¢,, = ﬁ, there exists a A™ € A%
such that
inf [ g ON"(dy) > sup inf [ GHOAY) - o= >~
u€U F reAwr weld Jp T om = gm’

Since A" is weakly compact, we could find a subsequence {A™ };C:l that converges weakly to
some \* € A% . From this it follows that



600 Wei He
[ mox ) = tm [ gEom @) > o
r J=7ooJr
where we have used the fact 7(0) € Cy(T") in Lemma 3.2. This completes the proof. O
3.2 Adjoint equations and necessary conditions for optimality
Introduce the following adjoint equation, which is a discrete time backward stochastic

differential equation for k =0,..., N — 2:

d
P,(k)=E [(axbi;(k +1)) T Py(k+1) + Z(azo—;ﬂ’(k +1))TQH(k+1) + Oufi(k+ 1) | Fil
=1

d
Q. (k) =E [((c%bi;(k + 1) Py (k+ 1)+ > (005 (k+ 1)) Q4 (k + 1)
i=1

+(0.£5(k+ 1)) Blk+ )T |7
P,(N = 1) =E [(9,¢5(N)) " | Fa-a]
Qs (N = 1) = E[(0:63(N)TBIN)T | Fy-a].

(19)

Similar to (9), the explicit solution of (19) can also be given. Recalling the definition of M., (k)
in (8) and by backward induction

)

N n—1
Py(k) = E [(azf;‘(kﬂ))“r( > (I M) @f;00)7) | R

n=k4+2 j=k+1

N n—1
Qy(k) =E [@f:(kﬂ)ﬂB(kH)W( S (II M) @f;00)7) Bk +1)T | Fi

n=k+2 j=k+1

(20)
satisfies (19) for k=0,...,N -1 and we suppose 0,f3(N)=0,¢5(N) and JZV: []=0.
Combining (6) and (19), we could see that e

E[9:03(N)2, (V) | Fx-]
~E [ami;(zv) [ambz(N—1)@7(N—1)+8ub:(N—1)(u(N—1)—u*(N—1))
+ Z {0,054 (N = 1)Z5(N — 1) + 0,07 (N — 1)(u(N — 1) — u*(N — 1))} Bi(N)} ‘]-"N_l}
_ E[ 6% (V) | fN,l} (awb;(N —1)2, (N = 1) + 9,b% (N — 1)(u(N = 1) — u* (N — 1)))
+ ZE[ L7 ( N) | Fra] (0037 (N 1) (N = 1) 48,0 (N = 1) (u(N — 1) = (N 1))

d
= (P, (V= 1) T LBy (N = 1) + > (@3N = )T 2s03 (N - 1)a, (N =1)

Mgl

(BN = 1) 0,05 (N=1)+ (@4 (N-1)) 00y (N = 1)) (u(N — 1) —w* (N=1)), (21

=1
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and moreover for k =0,..., N — 2
E [((Py(k +1)) T 0,05 (k + 1) + Zd;(Qf/(k + 1) 0,00 (k+ 1) + 0, f2 (k + 1))@7@ + 1)(;4
:E[Aw(lﬁ—l ( (0,07 (k +Za o2 (k) B (k + 1)) 24 (k)
(D7 (I +Za o2 (k) Bi (k + 1)) (u(k) —u*(k;)))‘]-'k]

d
= (PR T 05 (k) + D (Q4 (k)00 (R)) 2, ()
d

(P )T 0, (k) + D@4 () T0uey () ) (k) — ' (k)), (22)

i=1

where we denote A (k+1)= (Py(k+1))"9, by(k+1)+ Xd:(Qi (k+1)"0, o (k+1) 4 0o f(k

+1) for simplicity in the second line. Hence, putting (21) aI;d (22) together gives

N-1
E[ 2 0: 502y (k) + 0,05 (W) (N)]
k=0
N1 (23)
—E[ 3 ((P,(R) 700 (k) + Z (Q ()T duers (1)) (ulk) = w* ()]
k=0
which reveals the duality relationship between (P, Q) and Z.
Define a Hamiltonian function as below for any k € T
d
Ay (b, w0, Py, Qq) = fy(ky@,u) + (Py, by (K, 2, 1)) +Z< 2/7 'y(k T, u)).
i=1
Then, by (13) and (23), we could rewrite the variational inequality as
N-1
inf / > 0wty (b, 25,0, Py, Qs), (u(k) — u* (K))) | A*(dy) = 0. (24)
ued Jp =0

Remark 3.5 In [38] and [10], to ensure that the Hamiltonian system is well-defined, the
integrability of B and u was assumed to depend on the time horizon N . However, this restriction
can be removed by using arguments similar to those in [18]. More precisely, according to (H2)
and (3), we could get

E [|0:f5(n)]*] < C(L)E [1 + |25(n)|* + |u*(n)[*] < C(L,d, N, o).

Moreover, using Assumption (H1) and the definition of M, (j) in (8), we have for each k € T,

n—1 n

( I 0BG+ <@ [ (1+1BG)

j=k+1 j=k+1



602 Wei He

Then, it follows from Holder’s inequality that

E[I( TT 2,007 @t )7 Btk + 1) by

j=k+1
<efio.r;07) '] TT wa0)7iB6+ vPor]
j=k+1

M

<C(Ld, N[ T (1+BG)P)ulk)?]
J=k+1

[N
SIS

< O(L,d, N, o) ﬁ E{HIB(J‘)IQ]
j=k+1

E[|u(k)|2} < 0,

where the independence of B plays a key role in the last inequality. In view of (20) and the
fact u(k) is Fp-measurable, we conclude that for any wel and ke T, E[|Py(k)||lu(k)|+
|Q~ (R)|[u(k)]] < oo

Now, we are in a position to formulate the main result of this paper, the necessary condition
for optimality of the problem (x).

Theorem 3.6 (Maximum principle) Let Assumptions (H1)—(H5) hold and let u* = {u*(k),k € T}
be an optimal control of problem (x) with x3 = {x%(k),k € T"} being the corresponding optimal
state process. Then, there exists a probability measure \* € A% and a solution (Py,Q~) to (19)
such that for any u € Uy, and k € T the following inequality holds:

/F (Oute (b 2% ", Py Qs), (1 — u (B)) N (dy) > 0, dP-ae. (25)

Proof It suffices to prove that (25) can be derived from (24). For any k€7, O € F, and
u € Uy, taking u(i) = w*(¢) when i # k and u(k) = ulp + u*(k)Ige, then (24) becomes
inf / E[(@u%(k,xfﬂu*,PmQy), (u—u*(k)))Io | X*(dy) > 0. (26)
r

ueU

To shorten the notation, we set 9,7 (k) = 0,52, (k, 2%, u*, Py, Q~). Then, in order to get (25),
we should exchange the order of integration in (26). For this purpose, we need to check that
0, (k) satisfies the conditions of the Fubini theorem.

First, we focus on the integrability. Note that

/FE (10w (R) [l — w* (K)[] A*(dv) < supE [Iaufé‘(k)lu — (k)] + |(Py () 1[0 (k) ||u—u” (k)]

d

+ 3 (Q(k)) T0uos (k) [u — U*(k)] :

i=1
According to Assumption (H2) and the estimate (3), we get

1
2

E (|0 £ (8)] [u* (8)]] < CDE [1+ |23 (®)]* + Ju* (0] E [ju* (0))* < C (L,d, N, 0).

Since 9,b%(k) and 8,0%"(k) are Fp-measurable and bounded, by a similar argument as in
Remark 3.5, we derive that
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E[K&(k)fﬂaub* )llu* (k |+Z|Ql DT 0u03 (B)]u* (0)]| < C(L,d, N, ).

As for the measurability of 0,72 (k), we could construct a measurable sequence to
approximate it following the procedure in the proof of Lemma 3.9 in [19]. To be specific, since T’
is a Polish space, the tightness of A follows from the Prokhorov theorem. Then, for each fixed
n > 1, we could find a compact set .S, such that \*(vy € (S,)¢) < % and a sequence of open balls

T77
{B (’yt, %) }tzl such that S, C UtTilB ('yt, ﬁ) Based on Partitions of unity theorem (see [34]),

there exists a partition of unity {h1,...,hs,} on S, subordinate to the cover. Choose 7} such
that he(y;) > 0 and define

(0w )y Za A (k)b (V) (e,

It can be verified that for any k € T, (9,72 ),(k) is B(I') x Fx-measurable. It remains to show
the convergence result when 7 — co. The analysis above reveals that the diameter of the support
dia(supp(ht)) < % Thus, if hi(vy) # 0, then, J(ﬁm) < % Therefore, by simple calculation, we
could get

Ty

JE[@u),0-a.0 00| @< [ >

+/F]E[

< sup IE{
d(v)<t

£) = 0,75 (B)| | he(0) e,y (@)

;(k)]] Tye(s,y M (d)

. 1
o (k) - au‘%ﬂ’y’(k)H + C(L7 da Na ‘TO)Ea
where we have used the fact A\*(y € (S,)¢) < % in the last inequality. If we claim

hrn sup E[
d('v v')<e

o (k) — 8uj‘fi;i(k)” -0, (27)

which will be proved in the lemma below, then the measurability of 9,7 (k) holds.
Consequently, using the Fubini theorem, we conclude that for any k € T, O € Fj

[ B 0utr 10w = w1 |3 a) = | [0, 00, (= w (@t >0,
T T
which is equivalent to

B[ [ (0,809, = @)X (@) | ] 2 0

Finally, (25) comes immediately from the fact that [.(0,27(k), (u—u*(k)))A*(dy) is
Fi-measurable. O

It is noteworthy that, unlike the It6’s integral, the product terms involving the noise do not
admit the zero-mean property and this will cause trouble to the proof of (27). The deduction
presented in the following lemma relies heavily on the explicit solution of the adjoint equation
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given in (20) and the independence of B.
Lemma 3.7 Under Assumptions (H1)—(H}4), the claim (27) holds.
Proof From the definition of Hamiltonian function, we obtain

0,7 (k) — D, 5 (R)| < C(LYIP, (k) — Py (k)] + | Py (0)]19,55 (k) — 9,53 ()]
+10u 5 (k) = 0u 5 (k)] + C(L)|Q (B) = Qqy ()] (28)
- 1Qy () 10u0 (k) = D0 ()]

Using an analysis similar to that discussed in the appendix, we have

N-1
lim  sup ]E[ 3 (|8ubi;(k:) — Db (R)|* + 10407 (k) — Duc™, (k)| + 00 £ (k) — auf;,(kﬂﬂ — 0.

e—0 ~
d(v,y')<e k=0

(29)

Then, we only need to focus on the terms related to Q. Recalling (20), we could get for any
keT,

E| 10y (0100309 - 240 ()]

<10, £5 6 + DB+ 1)]0,0306) ~ 2u03, (1) )

n—1

N
SB[ CTT M) 0nf5 ) B+ D110u5 ) ~ 0, ()]

n=k+2 j=k+1

With the help of (29), Holder’s inequality together with the independence of B, it is easy to verify

that the first term tends to zero when d(v,~’) — 0. Similarly, we derive that for any k € T

n—1

B[ TT 13 G)10.£5 LGk + 1003 06) — a0, (1)
j=k+1
<E[|0: 3P B[ T] 05G)PBG:+ DII0,05 (k) = uo (0)]
= 1 (31)
< C(Ld, N,wo,uw B[ T (14 [BG)R)0ue (k) = duoy ()]
j=k+1
< O(Lyd, Noao,u”) [T E[1+1BG)P| E[10u05(k) = oy (B)P]
J=k+1
which implies the second term of (30) tends to zero when d(v,~') — 0. In view of (20),
E(1Q- (k) — Q (k)] < EU (@t b+ 1)T = @uf5 (b + 1)) Bl + 1>T\]
|2 (I s )

n=k+2 j=k+1
N

- nl:[l M“/’(j)T)(amf:,k/(n))T)B(k-i-1)T‘:|.

n=k+2 j=k+1
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Proceeding identically as to derive (31), we have for any k € T

E“( nl:[l My ()T (0 f5(n)) T — nl:[l My(j)T((“)xfj,(n))T)B(k+1)TH

j—k+1 j=k+1
[ N0 5 () = D £, (M| Bk + 1)}
j= k+1 1 - 1 (33)
<E[|o.f;m) = 0. £5 )] B[ TT 1M, ()PIBG + 1))
j=k+1
< 11 =+ 1B0P] B [lout;m - 2.0

j=k+1
A direct computation yields that
n—1 n—1 n—1
| TT w67 = I 07| =] 3 [on6)T - H M) TT M 0]
j=k+1 j=k+1 j=k+1 i=k-+1 I=j+1

where Hf:k+1[] =1 and H" 1[] = 1. Using Holder’s inequality again, we could get

E|:|M’Y(j)MW/(j)| H | My (4)] H | M, (D)]102.f5 (n )IIB(k+1)I}

i=k+1 I=j+1
1 j—1 1
<E[10.f5) 2] "E|[ag,() = M O TT 16 ()2 I s R+
i=k+1 I=j+1 (34)
< C(L,d, N, wo,u")E[| M, () — My ()| '] "B H M (3)]* H ML OF 1B + D]
1=k-+1 l=5+1
< C(L,d, N, o, u* H ]E[lJr\B r DM M,y,(j)|4r.
1=k+1
Then, in spirit of the definition of M, (j) in (8), we obtain
{306 - 3,60 < c@fs[jouns ) - 0 )]
d % i (35)
+ > E[|0:057 () — 007 G| E[1BIG + DI }
1=1

Putting (32)—(35) and (29) together, we could see that E[|Q7(k) - QA,/(k)q converges to zero

as d(7y,7') — 0. Dealing with the terms related to P in (28) identically, we finally conclude that
(27) holds. O

3.3 Sufficient conditions for optimality

The maximum principle gives a minimum qualification for the candidate optimal solution. It is
natural for us to investigate whether the given control is indeed optimal. Thus, in this subsection,
let us give the sufficient conditions for optimality of problem (x).

Theorem 3.8 Let (H1)-(H5) hold and suppose that the control u* = {u*(k),k €T} and
N e A% satisfy
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/<a I, (kaxfw 7P’yaQ’Y)’ (U - u*(t)»)‘*(d’)/) Z Oa Yu € Uk> dP—a'e'a

where x is the trajectory corresponding to u* and (P, Q~) is the solution of (19). Further, we
assume for any v € T,

(H6) The function ¢ is convex in x, and the Hamiltonian J€, is convex with respect to (z,u).
Then, u* is an optimal control of problem (x).

Proof Forconvenience, we denote by (k) = by (k, z~(k), u(k)), and similarly for the other functions.
Set @~ (k) = z(k) — 2% (k) for any k € T". Then, from (2), we infer that

iy (ke + 1) = 0,07 ()is (k) + (bw(k) — b (k) — 8$b§(k)§;7(k)) + 0,07 (k)i (k) B (k + 1)
d
+ 37 (o4 (k) = 03 () = 020 (R)iy (k) ) BY (K + 1)
=1
3,(0) = 0.
Noting that \* € A%, then, for any u € U, it follows from the convexity of ¢ in (H6) that

7w =7 > [ (17(0) = 930)) 3" (@)

N-1

- [ 3 (550 £500) +65(N) = 83 ¥ (@) (36)
> [ E[z_: (08 = £58)) + 023 (N) (a3 (N) = 23 (V) ) |A* (d).

Proceeding identically as to obtain (21), we could derive that
E[0:04(N)i (N) | Fyi]
d
- ((PW(Nfl))Té)xbi‘;(Nf1)+Z(Q§(N71))T8zaj;’i(N - 1))@,Y(N —1)
' (37)
+ (PN =1)T (bV(N —1) = (N = 1) — 9,5 (N — 1)d (N — 1))
d
D (@Q(N-1)T (ag(zv_m — 0P (N=1) = 0,07 (N — 1) (N — 1)),
=1
and moreover k =0,...,N — 2
E [@jﬁ*(k +1)is (k + 1)‘&]

= (P (k) " 0,5 (k +Z Q)T D (k) )y (k) + (P ()T (b (k) = b5 (k) — Db (k) () )

(@ ()T (0 (k) = 03 () — Doy (k) () ).
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Combining (37) and (38) indicates that

N-—1
E[ D 05 (R)ay (k) + 0,05 (N )i (N)]
k=0

k=0
— (P (k)T 015 (k) + i@;(k)mﬂ;»i(k))W)H
That is )
N-1 N-1
B[S (10 - £509) + 0.5 (N)a, ()] =B X (o0 - ) - 0wt ()2, )] |
k=0 k=0
which together with (36) and the convexity of 72, in (H6) gives
N—-1
() = J(u*) > / E[ > (0 -2 m) - aﬁ;(k)@(k)ﬂ N (d)
' Lg=o
>/E[Nlauyfj(k)(u(k) - u*(k))dt] X (dy) = 0.
T " k=0
The proof is complete. O

4. Applications in finance

4.1 Discrete-time robust investment problem

In what follows, we shall apply the maximum principle obtained to deal with a robust
investment problem. Assume that there is a market with a bond and m risky stocks treated
discontinuously under different market conditions v € I". Their prices are subject to the following
equations for any k € T:

SOk +1) — S°(k) = e(t)S°(k), S°(0) > 0,
d
Si(k+1) — S (k) = pd, (k)SL (k) + Y B2 (k)SL(k)B(k+1), S5(0)>0, i=1,...,m,
j=1

where E[B(k+1)|Fx] =0, E[B(k+1)? | F.] =1.The interest rate e(k) >0 is a bounded
deterministic function and ui(k), Bij (k) are bounded random variables. We denote the investor’s

total wealth at time k by (k) and note that it has dynamics given by

d
o (k+1) = (1 + e<k))x7(k) + (uv(k:) - e(k;)lm)Tu(k:) £ 3Bk Tulk) Bk + 1)
z,(0) = z(0) > 0,

where p1 (k) = (pd(k), ..., w2 (k) ", BI(k) = (B (K), ..., 809 (k)" 1 = (1,...,1) " and u(k) =
(u(k),...,u™(k))" stands for a portfolio of the investor at time k. Notably, c,(t) and 54 (t)
should also be uniformly continuous with respect to v to ensure that Assumption (H4) holds.
The objective of the investor is to find an admissible portfolio u = {u(k),k € T} which
minimizes the difference from a given benchmark ¥ = {¥(k),k € T} and meanwhile maximizes
the expected terminal wealth under the worst scenario. That is to solve the following robust
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single objective optimal control problem:

minimize J(u) = supyep /F E B Z::()l G, (k) (u(k) - \Il(k)>2 — H,yz:,y(N)} A(dw),

subject to uel and (z,(-),u(-)) satisfy (39),

(xx)

where ¥(k) and G, (k) > 0 are bounded random variables and H, is a positive constant. In this
case, the Hamiltonian reduces to

%ﬁhawpw@n=(0+ew0m+mxmﬂuya+§§wamﬂuQa+;hwmu—m@ni

where A, (k) = py (k) — e(k)1,, and (P, Q) satisfies
(k) =E[(1+e(k+ 1)) Pk +1) | ], PN —1) = E[-H, | Fx 1],
Q. (k) =E [(1 +e(k+ 1))P7(l<; T 1BE+1)T ]—"k} L Qy(N —1) =E [-H,B(N)T | Fn_1].

To explicitly express the optimal solution to this problem, in what follows, we only focus on
the simplest case where I"' = {1,2}. For instance, the stock market is either a bullish one (v =1)
or a bearish one (7 = 2), and the coefficients of stock prices are definitely different in these two cases.
Suppose that the probability of the market being in a bullish one is 6. It will be difficult to
predict the market situation, therefore, so the specific value of 6 is always unknown. Then, the
related probability distribution set is A = {\?: 6 €[0,1]}, where X’ represents a probability
measure such that \?({1}) =6 and A\°({2}) = 1 — 6. From Theorem 3.6 and the convexity of
€, , there exists a probability measure A" e A" such that

/6 % 7 'ya 7P77Q7))\9*<d7) — 0, dP—a.e.,

that is

J(u*) = eil[tpl] (0y1(0) + (1 = 0)y5(0)) = max(y;(0),y5(0)) = 0"y7(0) + (1 — 67)y3(0),  (40)

where y,(0) = E[% N G (k) (u(k) — U (k))? — H,zy (N)] and moreover
070,77 (k) + (1 = *)3 Ay ()

= 07y (k) P, +9*Zﬂ] (HQ](E) +0"G () (w* (k) — w(k))

j=1 (41)
d
+ (1= 0%)Aa(k) Pa(k) + (1 - 6) Y B3(1) s )G2(k)( (k) — \Il(k:)) —0.
j=1
%twﬁﬁmwu—m%v“{m,A:m b1, B =[5 @}7H=F+
Z2 H2
P= ]IZ; , Q= gj and ©* = [9; % E 0| Then (41) can be rewritten as

d
Z Q) + G (k) (u* (k) — ¥(k)) =0, (42)
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where P(k) solves

P(k) =E[(1+e(k+1))P(k+1) | Fe|, P(N ~1) =E[-H | Fy_1],

(43)
Q(k) =E [(1 +elk+ 1))P(k +1BE+1D)T | fk} L Q(N—1)=E[-HBN)" | Fx_1].
In addition, (39) turns to
a(k+1) = (1+e(k)) (k) + Ak +Zﬁﬂ Bk+1), keT. (44)
Indeed, we could write out the explicit solution of (43):
“H L4e(i), if 0<k<N -2
py— | AL e . Q) =0, VkeT,
—H, if k=N-—1
which together with (42) gives
N-—-1
w*(k) = W(k) + (G” (k) 'AM)O H [ (1+e(i), keT. (45)
i=k+1

Theorem 4.1 There exist a constant 8* and an admissible control u* satisfying (40) and (42).
Moreover, the u* defined by (45) is an optimal portfolio for the robust investment problem (x).

Proof Let 6* be underdetermined first. From the arguments above, (42) holds for any
u*(k,0%), 0* € [0,1] defined by (45). Next, we will discuss whether there exists 6* satisfying (40)
in three situations to further verify the optimality of {u*(k,0%),k € T}.

Case 1 If y7(0,1) > y5(0,1), the above robust investment problem reduces to a classical one
and (1,u*(k,1)) is indeed the optimal solution.

Case 2 If y7(0,0) < y3(0,0), similarly, one could check that (0,u*(k,0)) solves (40) and (42),
which implies its optimality.

Case 3 If y7(0,1) < y3(0,1) and y7(0,0) > y3(0,0), we claim that 0" +— y3(0,60") is continuous

n [0,1]. Then, according to the intermediate value theorem, there exists 0* € (0,1) satisfying
41(0,6%) = y2(0,67).

Consequently, the corresponding (6%, u*(k,6*)) is the desired solution.
In fact, recalling the definition of y3(0,6*), we could get
N-1

y§(079f)—y§(0795)<C(N,‘I’7GW,HV)(E[@(N,9§) 22 (N, 65) ] ( [ u* (k, 07)] }
. k:ol
N ERE [Zlu (k.07) = (. 05)F] )
k=0

Moreover, recalling (39) and proceeding identically as to derive (3), we obtain
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E [|2X(N,07) — 2% (N,03)|] < C(e, p, 8, N,d)E

N—-1
k=0

Thus, it suffices to show the continuity of 6* — u*(k,6*). It is easy to verify that G? (k) is
bounded and continuous with respect to #* and

(G% (k)™ = (G (k)™ = (G% (k)™ (G (k) — G" () ) (G (k)

which together with G. (k) > 0 indicates the boundedness and continuity of §* + (G% (k))~*.
By adding and subtracting terms, it follows from (45) that for any k € T,
(O, 87) — " (I, )
N-1

< (@ ()~ (@% (k) ) AR)OTH [] (1-+¢(0)
i=k+1
N—-1
+(@% (k) Ak (01 - 03)H [T (+e@)
i=k+1
< C(A, G, H)[07 — 03],
which implies the claim holds. |

4.2 Numerical simulation

It is worth noting that most related studies only address the existence of an optimal parameter
(see [16, 19]), similar to our approach in the proof of Theorem 4.1. Recently, drawing support
from the Lyapunov equations, Wang and Xing [36, 37] derive a more explicit representation of
the optimal cost vector, which facilitates the precise computation of the optimal parameter using
numerical techniques. Because of the lack of I1t6’s formula, the situation may differ in our discrete-
time case. Fortunately, the optimal control given by (45) is not wealth-dependent and then the
optimal wealth given by (39) can be written out explicitly using the backward induction argument.
We present a simple numerical example here to illustrate how to obtain 6* and further optimal
solutions by combining (39), (40) and (45). Assuming that the corresponding coefficients are all time-
invariant, set d=m =1, e(k) =0.0001, p;(k)=0.001, ps(k)=0.003, Bi(k)= B2(k)=0.01,
z(0) =1, G1(k) = Ga(k) =0.01, ¥(k) =0, H; =1.9, Hy = 1.8, and N = 100. In such settings,
using numerical algorithms, we obtain that yi(0,0%) =y3(0,0%) = —1.9273 at 6* = 0.67543.
Figure 1 shows 20 different sample trajectories of the optimal state z7(k) and z5(k).

Optimal state trajectory-system 1 Optimal state trajectory-system 2
(gamma=1, mul=0.001) (gamma=2, mu2=0.003)

— Expected trajectory

— Expected trajectory

0 20 40 60 80 100 0 20 40 60 80 100
Time step k Time step k

Figure 1 Twenty sample trajectories of the optimal state
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Appendix

The proof of 7 (0) € Cy(T")

Proof of Lemma 3.2 From Assumption (H2) and estimations (3) and (7), the boundedness is clear.

Indeed, making full use of Holder’s inequality

[Zw M) — )]+ 3 10 £2 (R [22(08)] + 026 (N[22 V)

k=0 k=0
1
2
[ZVC i

m\»—A

N-—1
[Zlaxf (k)2 + 10265, (V)]
k=0

N—1 1 N-1 1
+C(NE[ Y l0uf; (k) 2] E [Z (R + u ()1%)] (46)
e N—1 :?\7 1 N-1 1
<C(Ld,NE[1+ Y [u (k) Z W] E] Y (k) + o (0)?)]
k=0 k= k=0

=2

< CO(L,d, N, x0>(1 +E[ _1(\u(l<;)|2 + |u*(k)\2)D < .
0

>
Il

Then, the following proof of continuity is divided into two steps.
Step 1 (v — z,(k) is continuous for any k € T") Set a(k) = z,(k) — (k). From (6), if we

denote N, . (s) = (agcb;(k) - 8$b§,(k))j7(k) + (aub;(k) - aub;,(k)) (u(k) — u*(k)), and N, (k)

similarly for the diffusion term, then we have for any k € T
Ak +1) = 9,07 (k)a(k) + Ny (k +Z(a o (k)alk) + Ni (k))Bi(kH). (47)
Using the derivation of (3), it suffices to prove
N-1 d ‘
lim sup E[ Z <|NAWI (k)% + Z |N;w’(k)2>} =0 (48)
d(’y v)<e k=0 i=1

by making full use of Assumptions (H3) and (H4). Indeed, taking the first part of N’m’ (k) for

example, we note that
[Z 0.85(8) ~ 0,05, ()12, (0| < 28 [Z 0, (k <k,x;<k>,u*<k>>|2|w>|2]
k=0

28 | 3 [uby 5, (), () ~ amb:,<k>|2xv<k>|ﬂ .
k=0

Then, thanks to Assumption (H4) and analyzing similarly as in Lemma 2.1, we could get

N-1
lim sup E[ Z 0.5 (k) — 8$b71(k,xi;(k;),u*(k:))|2|jv(k‘)|2 =0.

e—0 5,
d(v,y')<e k=0
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As for the second part, it follows from (H3) that, for each € > 0, we could find a £ > 0 such that
if |23 (k) — a2, (k)| <&, then |0:b. (23 (k), u* (k) — 0.b2, (k)| < e, that is

:
(R, () () = 0285 (B)| < €4 CUL) s 392, )11 (49)

Thus, by the result of Lemma 2.1 and the estimation (7), we derive that,

N-1
lim  sup IE[ > [0abyy (k2% (), u* (k) —azbfy,(k)|2|x7(k)2]
dra<e Lizo

< C(L,N,d,q) lim (|e|2+§2;q sup E[be -z, )|}q) =0.

e—0
d(v)<e

Treating other terms in a same way, we could conclude that (48) holds.
Step 2 (The continuity of v — 7(0)) By (13), it is clear that

N—-1
74(0) - 5(0) = E [axqs:, (Na(N) + 3 0, f2 (B)adk) + K] , (50)
k=0

where K. = Z::_Ol [(0e1;00) = 015020 (B) + (0u() = Buf (1)) (k) — ()] +
(@cgbi;(N) - 8x¢;,(N))£7(N). Observe that, for any R > 0,

1 15 () = O fo (k5 (), ()|
<Yr(d(y,7) + C(L) (1 + |2 (k)| + uw* ()]) (Tgjaz (k)2 8) + Tjur (k)2 R))-

Furthermore, like (49), we have
Ou [ (K, 25 (), u™ (k) — O [ (k)‘ < e+ CL) (14 |25 (B)| + [w (0)] + |23 (B) ) {12z (k) —a2, (k)] 56}

Combining the above two inequalities shows that

N—
o[ o000
<<1/’R(J( +\€|) lZVM ]
+ C(L)E[Nz:l (1+|fﬂv(/€)|2+|fﬂ§(k)|2+|$§'(’f)|2+|U*(k)2>IR,5]1
k=0

where Igp¢ = I{\z;(k)DR} + I{ju= (k)= R} +I{|I;(k)_gc:/(k)|>§}. Therefore, a similar argument as
Lemma 2.1 together with the estimates (3) and (7) gives

hm sup IE“KW,Y |] < C(L,N,q,d,zp) lim (|e| + sup ¢gr(d (’y 7))
—0 ~ e—0
d(v,y')<e d(v,7)<e

+ R +§2;qq sup E[Z\J; )}“f)

d(v")<e
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Going back to (50), with the help of Hélder’s inequality, we conclude that
N N-1 . N 1
U —U * ® 2 _ 2
50 - 70 < C@NM{E[1+ 3 ke 098 + X o 0F] B[ Y la?]” + B[l ().
k=0 k=0 k=0
Hence, the required result comes immediately from the continuity of v — Z- (k) proven in Step 1. O

Acknowledgements

Research supported by China Postdoctoral Science Foundation (Grant No. 2024M761781), the Natural Science
Foundation of Shandong Province (Grant No. ZR2024QA186), the Fundamental Research Funds for the Central Universities.

References

[ 1] Aoki, M. Optimization of stochastic systems: topics in discrete-time systems. Elsevier, 2016.

[ 2] Bauerle, N., and Glauner, A., Distributionally robust Markov decision processes and their connection to risk
measures, Mathematics of Operations Research, 2022, 47(3): 1757-1780

[ 3] Beghi, A., and D’alessandro, D., Discrete-time optimal control with control-dependent noise and generalized
Riccati difference equations, Automatica, 1998, 34(8): 1031-1034

[ 4] Beissner, P., Lin, Q., and Riedel, F., Dynamically consistent alpha-maxmin expected utility, Mathematical
Finance, 2020, 30(3): 1073-1102

[ 5] Bensoussan, A., Maximum principle and dynamic programming approaches of the optimal control of partially
observed diffusions, Stochastics: An International Journal of Probability and Stochastic Processes, 1983, 9(3):

169-222

[ 6 ] Bertsekas, D., and Shreve, S. E. Stochastic optimal control: the discrete-time case (Vol. 5). Athena Scientific,
1996.

[ 7] Bielecki, T. R., Chen, T., Cialenco, I., Cousin, A., & Jeanblanc, M., Adaptive robust control under model
uncertainty, STAM Journal on Control and Optimization, 2019, 57(2): 925-946

[ 8 ] Bismut, J. M., Conjugate convex functions in optimal stochastic control, Journal of Mathematical Analysis and
Applications, 1973, 44(2): 384-404

[ 9] Cadenillas, A., and Karatzas, 1., The stochastic maximum principle for linear, convex optimal control with
random coefficients, SIAM journal on control and optimization, 1995, 33(2): 590624

[10] Dong, B., Nie, T., and Wu, Z., Maximum principle for discrete-time stochastic control problem of mean-field type,

Automatica, 2022, 144: 110497

[11] Elliott, R., Li, X., and Ni, Y. H., Discrete time mean-field stochastic linear-quadratic optimal control problems,
Automatica, 2013, 49(11): 32223233

[12] Gilboa, I., and Schmeidler, D., Maxmin expected utility with non-unique prior, Journal of Mathematical
Economics, 1989, 18(2): 141-153
[13] Gonzslez-Trejo, J. 1., Herndndez-Lerma, O., and Hoyos-Reyes, L. F., Minimax control of discrete-time stochastic

systems, STAM Journal on Control and Optimization, 2002, 41(5): 1626—1659

[14] Halkin, H., A maximum principle of the Pontryagin type for systems described by nonlinear difference equations,
SIAM Journal on control, 1966, 4(1): 90-111

[15] Hansen, L. P., Sargent, T. J., Turmuhambetova, G., and Williams, N., Robust control and model
misspecification, Journal of Economic Theory, 2006, 128(1): 45-90

[16] He, W., Luo, P., and Wang, F. Maximum principle for mean-field SDEs under model uncertainty. Applied
Mathematics and Optimization, 2023, 87(3), 59.

[17] Hu, M., and Ji, S., Stochastic maximum principle for stochastic recursive optimal control problem under volatility
ambiguity, STAM Journal on Control and Optimization, 2016, 54(2): 918945


https://doi.org/10.1287/moor.2021.1187
https://doi.org/10.1287/moor.2021.1187
https://doi.org/10.1016/S0005-1098<span style='cn-spacing:0pt;en-spacing:0pt;justify-protected:true;'>(</span>98<span style='cn-spacing:0pt;en-spacing:0pt;justify-protected:true;'>)</span>00044-2
https://doi.org/10.1016/S0005-1098<span style='cn-spacing:0pt;en-spacing:0pt;justify-protected:true;'>(</span>98<span style='cn-spacing:0pt;en-spacing:0pt;justify-protected:true;'>)</span>00044-2
https://doi.org/10.1016/S0005-1098<span style='cn-spacing:0pt;en-spacing:0pt;justify-protected:true;'>(</span>98<span style='cn-spacing:0pt;en-spacing:0pt;justify-protected:true;'>)</span>00044-2
https://doi.org/10.1016/S0005-1098<span style='cn-spacing:0pt;en-spacing:0pt;justify-protected:true;'>(</span>98<span style='cn-spacing:0pt;en-spacing:0pt;justify-protected:true;'>)</span>00044-2
https://doi.org/10.1016/S0005-1098<span style='cn-spacing:0pt;en-spacing:0pt;justify-protected:true;'>(</span>98<span style='cn-spacing:0pt;en-spacing:0pt;justify-protected:true;'>)</span>00044-2
https://doi.org/10.1016/S0005-1098<span style='cn-spacing:0pt;en-spacing:0pt;justify-protected:true;'>(</span>98<span style='cn-spacing:0pt;en-spacing:0pt;justify-protected:true;'>)</span>00044-2
https://doi.org/10.1137/17M1137917
https://doi.org/10.1137/17M1137917
https://doi.org/10.1016/0022-247X<span style='cn-spacing:0pt;en-spacing:0pt;justify-protected:true;'>(</span>73<span style='cn-spacing:0pt;en-spacing:0pt;justify-protected:true;'>)</span>90066-8
https://doi.org/10.1137/S0363012992240722
https://doi.org/10.1137/S0363012992240722
https://doi.org/10.1016/j.automatica.2022.110497
https://doi.org/10.1016/j.automatica.2022.110497
https://doi.org/10.1016/j.automatica.2022.110497
https://doi.org/10.1016/j.automatica.2022.110497
https://doi.org/10.1016/j.automatica.2022.110497
https://doi.org/10.1016/j.automatica.2013.08.017
https://doi.org/10.1016/j.automatica.2013.08.017
https://doi.org/10.1016/j.automatica.2013.08.017
https://doi.org/10.1016/j.automatica.2013.08.017
https://doi.org/10.1016/j.automatica.2013.08.017
https://doi.org/10.1016/0304-4068<span style='cn-spacing:0pt;en-spacing:0pt;justify-protected:true;'>(</span>89<span style='cn-spacing:0pt;en-spacing:0pt;justify-protected:true;'>)</span>90018-9
https://doi.org/10.1016/0304-4068<span style='cn-spacing:0pt;en-spacing:0pt;justify-protected:true;'>(</span>89<span style='cn-spacing:0pt;en-spacing:0pt;justify-protected:true;'>)</span>90018-9
https://doi.org/10.1016/0304-4068<span style='cn-spacing:0pt;en-spacing:0pt;justify-protected:true;'>(</span>89<span style='cn-spacing:0pt;en-spacing:0pt;justify-protected:true;'>)</span>90018-9
https://doi.org/10.1137/S0363012901383837
https://doi.org/10.1137/S0363012901383837
https://doi.org/10.1137/S0363012901383837
https://doi.org/10.1137/S0363012901383837
https://doi.org/10.1137/0304009
https://doi.org/10.1016/j.jet.2004.12.006
https://doi.org/10.1016/j.jet.2004.12.006
https://doi.org/10.1137/15M1037639
https://doi.org/10.1137/15M1037639

[20]

[21]

22]

[23]

[24]

[29]

[30]

31]

Wei He

Hu, M., Ji, S., and Li, X. Maximum principle for discrete-time stochastic optimal control problem under
distribution uncertainty. arXiv preprint arXiv: 2206.12846, 2022.

Hu, M., and Wang, F., Maximum principle for stochastic recursive optimal control problem under model
uncertainty, STAM Journal on Control and Optimization, 2020, 58(3): 1341-1370

Ji, S., and Liu, H., Maximum principle for stochastic optimal control problem of forward-backward stochastic
difference systems, International Journal of control, 2022, 95(7): 1979-1992

Kushner, H. J., On the stochastic maximum principle: Fixed time of control, Journal of Mathematical Analysis
and Applications, 1965, 11: 78-92

Kushner, H. J., Necessary conditions for continuous parameter stochastic optimization problems, STAM Journal
on Control, 1972, 10(3): 550-565

Lin, X., and Zhang, W., A maximum principle for optimal control of discrete-time stochastic systems with
multiplicative noise, IEEE Transactions on Automatic Control, 2014, 60(4): 1121-1126

Maccheroni, F., Marinacci, M., and Rustichini, A., Ambiguity aversion, robustness, and the variational
representation of preferences, Econometrica, 2006, 74(6): 1447-1498

Ni, Y. H., Elliott, R., and Li, X., Discrete-time mean-field stochastic linear-quadratic optimal control problems,
IT: Infinite horizon case, Automatica, 2015, 57: 65—77

Paruchuri, P., and Chatterjee, D., Discrete time Pontryagin maximum principle under state-action-frequency
constraints, IEEE Transactions on Automatic Control, 2019, 64(10): 4202—4208

Peng, S., A general stochastic maximum principle for optimal control problems, STAM Journal on control and
optimization, 1990, 28(4): 966—979

Peng, S. G-expectation, G-Brownian Motion and related stochastic calculus of It6 type. In Stochastic Analysis
and Applications (pp. 541-567). Springer, Berlin, Heidelberg, 2007.

Peng, S., Multi-dimensional G-Brownian motion and related stochastic calculus under G-expectation, Stochastic
Processes and their Applications, 2008, 118(12): 2223-2253

Peng, S. Nonlinear expectations and stochastic calculus under uncertainty. Springer-Verlag Berlin Heidelberg,
2019.

Pham, H. Continuous-time stochastic control and optimization with financial applications (Vol. 61). Springer
Science & Business Media, 2009.

Pham, H., & Wei, X., Discrete time McKean-Vlasov control problem: a dynamic programming approach, Applied
Mathematics & Optimization, 2016, 74: 487-506

Rami, M. A., Chen, X., and Zhou, X. Y., Discrete-time indefinite LQ control with state and control dependent
noises, Journal of Global Optimization, 2002, 23: 245-265

Rudin, W. Real and complex analysis. Tata McGraw-hill education, 2006.

Song, T., and Liu, B., A maximum principle for fully coupled controlled forward-backward stochastic difference
systems of mean-field type, Advances in Difference Equations, 2020, 2020: 1-24

Wang, G., and Xing, Z., Two-stage linear quadratic stochastic optimal control problem under model uncertainty,
Science China Information Sciences, 2025, 68(9): 1-14
Wang, G., and Xing, Z., Robust optimal control of biobjective linear-quadratic system with noisy observation,

IEEE Transactions on Automatic Control, 2023, 69(1): 303—308

Wu, Z., and Zhang, F., Maximum principle for discrete-time stochastic optimal control problem and stochastic
game, Mathematical Control & Related Fields, 2022, 12(2): 475

Yong, J., and Zhou, X. Y. Stochastic controls: Hamiltonian systems and HJB equations (Vol. 43). Springer
Science and Business Media, 1999.

Zhang, H., Qi, Q., and Fu, M., Optimal stabilization control for discrete-time mean-field stochastic systems, IEEE
Transactions on Automatic Control, 2018, 64(3): 1125-1136


https://doi.org/10.1137/19M128795X
https://doi.org/10.1137/19M128795X
https://doi.org/10.1080/00207179.2021.1889033
https://doi.org/10.1080/00207179.2021.1889033
https://doi.org/10.1080/00207179.2021.1889033
https://doi.org/10.1080/00207179.2021.1889033
https://doi.org/10.1016/0022-247X<span style='cn-spacing:0pt;en-spacing:0pt;justify-protected:true;'>(</span>65<span style='cn-spacing:0pt;en-spacing:0pt;justify-protected:true;'>)</span>90070-3
https://doi.org/10.1137/0310041
https://doi.org/10.1111/j.1468-0262.2006.00716.x
https://doi.org/10.1111/j.1468-0262.2006.00716.x
https://doi.org/10.1016/j.automatica.2015.04.002
https://doi.org/10.1016/j.automatica.2015.04.002
https://doi.org/10.1016/j.automatica.2015.04.002
https://doi.org/10.1016/j.automatica.2015.04.002
https://doi.org/10.1016/j.automatica.2015.04.002
https://doi.org/10.1016/j.automatica.2015.04.002
https://doi.org/10.1016/j.automatica.2015.04.002
https://doi.org/10.1016/j.automatica.2015.04.002
https://doi.org/10.1137/0328054
https://doi.org/10.1186/s13662-019-2438-0
https://doi.org/10.1186/s13662-019-2438-0
https://doi.org/10.1186/s13662-019-2438-0
https://doi.org/10.1186/s13662-019-2438-0
https://doi.org/10.1186/s13662-019-2438-0
https://doi.org/10.1186/s13662-019-2438-0

	1 Introduction
	2 Problem formulation
	3 The maximum principle
	3.1 Variation along an optimal pair
	3.2 Adjoint equations and necessary conditions for optimality
	3.3 Sufficient conditions for optimality

	4 Applications in finance
	4.1 Discrete-time robust investment problem
	4.2 Numerical simulation

	Appendix
	Theproofof\baryuγ(0)\inCb(Γ)

	References

