Probability, Uncertainty and Quantitative Risk https://www.aimsciences.org/PUQR
Vol. 10, No. 4, 2025, 569-588 DOI:10.3934/puqr.2025025

American barrier option pricing with floating interest rate
based on uncertain fractional differential equations

Miao Tian', Wenxiu Gong* ", Yesen Sun®

'School of Sciences, Fast China University of Science and Technology, Shanghai 200237, China
*College of Mathematics and Systems Science, Shandong University of Science and Technology,
Qingdao 266590, China

3School of Arts and Sciences, Guangzhou Maritime University, Guangzhou 510725, China

Email: tianmiao@ruc.edu.cn, gongwz0807Q@Qsdust.edu.cn, sunyesen@gzmtu.edu.cn

Abstract Pricing barrier options pose a significant challenge in financial derivative
valuation because they are activated only when the underlying asset reaches a
predetermined barrier. The first-hitting time model was employed to characterize the
activation process. In addition, the pricing of American barrier options with a floating
interest rate is dynamically represented by an uncertain fractional differential equation.
The study derives price formulas for various American barrier options, including up-and-
in call, down-and-in put, up-and-output, and down-and-out call options. The proposed
model enhances the accuracy of capturing the long-tail distribution and tail risk of
financial markets, thereby addressing their complexity and nonlinearity. Furthermore, the
predictor-corrector method is utilized to compute the numerical prices for the barrier
options with floating interest rates, supplemented by illustrative numerical examples.
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1. Introduction

Barrier options are derivative contracts with an additional condition that must be satisfied for
the option to be exercised or specific payout features to be triggered. The barrier is typically
defined in relation to the underlying asset price, often denoting a predetermined price level
that the asset must reach or surpass to activate the option. Barrier options play a critical role
in financial derivatives, enabling complex portfolio strategies and serving as adaptable risk
management tools. Consequently, accurate pricing of barrier options is essential. The pricing of
these options is a complex research area, and selecting an appropriate model is crucial for reliable
price estimation. Furthermore, parameter estimation and intricate numerical computations
within the model pose considerable challenges.
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Barrier option pricing employs several common methods. The Black—Scholes model [1] and
some extension methods [5-6,17] are straightforward and suitable for pricing European barrier
options. However, they are less effective for complex barrier conditions, such as those in the
Americanbarrier options. Monte Carlosimulation-based methods offer high flexibility,accommodating
all types of barrier options [28], but require numerous simulations to achieve accurate results,
thereby incurring high computational costs. Tree-based pricing methods can approximate barrier
option prices and provide dynamic visualization over time [27]. However, they struggle to
effectively address complex barrier conditions and high-dimensional problems. Although many
researchers use stochastic differential equations in probability theory to model price changes for
barrier option pricing, their methods often fail to capture the nuances of real financial markets.

Barrier option pricing within the framework of uncertainty theory [13] is an active research area.
Uncertain differential equations (UDEs) effectively account for uncertainty and risk factors in
financial markets. Incorporating uncertainty into pricing models enables a more precise
assessment of market volatility and risk premiums. Pricing formulas for European [13], American
[2], and American barrier options [4] are derived from Liu's stock model [13]. The uncertain mean-
reverting stock model [15] improves long-term price predictions, facilitating pricing formulas for
lookback options [20], barrier options [19], and other derivatives. Sun and Su [18] expanded this
model by incorporating floating interest rates. When UDEs lack analytic solutions, numerical
methods such as Euler [23], Runge—Kutta [21], and Adams [22] are employed. The UDE framework,
which is grounded in rigorous mathematics and statistics, supports accurate option pricing. This
method yields precise option prices and risk indicators, enhancing investment decisions and risk
management, whether through analytical or numerical solutions.

In 2015, Zhu [25] introduced the application of uncertain fractional differential equations
(UFDEs) to finance, demonstrating the existence and uniqueness of their solution. Jin et al. [7-8§]
explored the extreme values and time integrals of UFDE solutions and applied them to the price
of American options and zero-coupon bonds, respectively. Building on this, Jin et al. [9-10]
investigated the first-hitting time (FHT) of UDE solutions and applied it to price Asian barrier
options. Jin and Yang [11] utilized the a-path to establish the monotonicity theorem of UFDEs,
deriving pricing formulas for European and American options. However, when UFDEs lack
analytic solutions, the predictor-corrector method is applied to obtain numerical solutions [7—11]
because of its high accuracy.

To enhance the accurate characterization of nonstationary financial data, explain random
fluctuations, capture long-tail distributions, and solve the inherent tail risk in financial markets,
an uncertain fractional differential model with floating interest rates is introduced. The model is
designed to capture the complex and nonlinear characteristics of financial markets. This study
specifically extends the UFDE and FHT models for four American barrier options in detail for
the first time. The prediction-corrector method was used to solve UFDE. Compared with
previous studies using numerical methods such as the Euler, Runge—Kutta, and Adams methods,
the proposed method achieves higher convergence and accuracy in solving fractional differential
equations, effectively enhancing the accuracy of the calculation of American barrier option
pricing and supporting improved investment decision-making and risk assessment. The remainder
of this study is organized as follows: Section 2 provides the essential definitions and theorems of
the UFDE and the uncertain fractional FHT model. Section 3 derives pricing formulas for
American barrier options using the inverse uncertainty distribution (IUD). Section 4 provides
numerical examples of the American barrier option price calculation. Section 5 concludes the study.
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2. Preliminary

This section introduces some relevant knowledge and theorems of UFDE in uncertainty theory,

which will use in this study.
2.1 Uncertain fractional differential equation

Definition 2.1 (Liu [13]) An uncertain process C; is called a canonical Liu process if

(i) Co =0, and almost all sample paths are Lipschitz continuous,

(ii) Cy has stationary and independent increments,

(iil) every increment Csiy — Cs is a normal uncertain variable with an uncertainty distribution

) = (14

The Wiener and Liu processes can be distinguished by the following two aspects. First, nearly
all sample paths of the Wiener process are continuous but nondifferentiable, whereas those of the
Liu process are Lipschitz continuous, exhibiting greater smoothness. Second, the increments of
the Wiener process follow a Gaussian distribution, whereas those of the Liu process follow an
uncertainty distribution.

Zhu [25] introduced two types of UFDEs based on uncertainty theory. In this study, we only
focus on Caputo-type UFDE.

Definition 2.2 (Zhu [25]) Let Cy be a canonical process. Suppose that f and g: [0,+00] x R — R
are two functions. Then
dcC
“DPY, = f(t,Y3) +g(t. Vo) 1)
Y so =y, k=0,1,....,m—1.

For the Caputo type, it is called a UFDE. The solution of equation (1) is
m—1

tk 1 ¢ —1 1 ‘ p—1
Yt — ; % —+ 1‘(29)/0 (t — T)p f(T, YT)dT + @/@ (t - 7) g(T, YT)dCTa (2)

+oo

where m — 1 < p < 'm, m is a positive integer, and I'(p) = fo tr—te~tdt is the gamma function.

The existence and uniqueness of the solution to the UFDE (1) is shown in [26].
Furthermore, let f(¢,Y;) = (m1—a1Yy), ¢(t,Y;) =01, and k=0, equation (1) can be
transformed into

. B dCy
{ DP)/; = (m1 — 0,1}/15) + Ulﬁ, (3)
Yilt=0 = vo-
Y
Applying Mittag—Leffler function E, 4(y) = > e, m to the solution of (3), Lu and Zhu
p q

[14] deduced

t
Y: =yoEp1(—ait?) + / my(t — T)p_lEp,p(—al (t—71)P)dr
0

t
+ / o1(t — s)pflEpyp(fal(t —7)P)dC;.
0

For any p, ¢ > 0 and complex number y, E, ,(y) is a convergent series [12,16].
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Let f(t,Y:) = a2Y; and g(¢,Y:) = 02, equation (1) can be transformed into

dcC
{ ey )

th|t:0 = Yo,

the solution is

t
th = yoEpyl(agtp) + / UQ(t — T)pilEpyp(ag(t — T)p)dCT. (6)
0

Definition 2.3 (Liu [13]) Assume that Z is a Boolean system containing elements z1,za, ..., zn.
A Boolean function h is called a structure function of Z if

Z =1 if and only if h(z1,22,...,2n) = L.

The reliability index is an uncertain measure of how well the system works, i.e.,
Rel = M{h(z1,22,...,2,) =1},

where the Boolean system is composed of a series of elements with only two possible states. The
Boolean function is defined on a Boolean system that outputs a Boolean value based on the input
Boolean values. The uncertain measure M is a function defined on the o-algebra L, satisfying
the  following  conditions: — ()M(T)=1; (2)M(0)=0; (3)VA, B e L, M(A) < M(B);
(4)VA1, Ao, - € L, AN Ay =0, M(UA;) =S M(4;).

2.2 The a-path of uncertain fractional differential equation

Definition 2.4 (Lu and Zhu [14]) Consider UFDE
dcC

“DPY; = f(t,Y1) + g(tYi) (7)
The initial value is yo. Its a-path satisfies the fractional differential equation
CDPYS = [(6, YY) + |g(t, V)| Ha), Y5 = yo, (8)
3
where 0 < a <1, ®~1(a) = £ln e
T l-a
Equation (3) has an a-path
Xta = yoEp)l(—thp) + (m1 + 01<I>_1(a))tpEp’pH(—altp), (9)
and equation (5) has an a-path
Y;a = yoEp,l(agtp) + 02(I>_1(a)tpEp,p+1(a2tp). (10)

Theorem 2.1 (Lu and Zhu [1}]) Assume that Y: and Y* are the solution and a-path of the
UFDE (7), respectively, then

MY, <Y, Vi) =q,
MY, > Y2, Wi =1-a.

Theorem 2.2 (Lu and Zhu [14]) Let Y and Y,* be the solution and a-path of the UFDE(7),
respectively, the solution Yy has an 1UD as follows:

U o) = Y
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Theorem 2.3 (Yao [24]) For any time 7 >0, and strictly increasing (decreasing) function
F(y), the supremum

sup F(¥;)

0<t<r

has an IUD

v = s FOE) (W) = s FOR)

o<t ot
and the infimum

inf F(Y;)

ot

has an IUD

0<t<T T 0<t<T

U l(a)= inf F(Y) (qf—l(a)z inf F(Yf”‘));
the time integral

| iy

0
has an IUD

vt = [rora (v = [TRoa).

2.3 First-hitting time of solution

For any given level [, the time at which an uncertain process Y; reaches | depends on its path.
Thus, the FHT 7 is an uncertain variable and is defined as follows:

7 = inf{t > 0|Y; = }.

Let F(Y:) be a monotone function of the UFDE solution Y;. The FHT 7; at which Y; hits the
given level [ has an uncertainty distribution U(7) as follows [9]. When F(Y;) is strictly increased,

1—inf{a€(0,1)| sup F(Yf“)}l}, if I > F(Yy),
U(r) = e (1)
sup{ae(0,1)| inf F(Yt‘")él}, it i < F(Yp).

0<t<r

When F(Y;) decreases strictly,

sup {a € (0,1)| sup F(Y)*) > l}, it i > F(Yp),
0<t<T

U(r) = (12)
1—1nf{a€ (0,1)|051£TF(Y,5 )él}7 if | < F(Yp).

2.4 Uncertain fractional first-hitting time model

Assume that R, is the interest rate, Y; is the stock price, B is the barrier level, and 7 is the
first time that Y; touches off the barrier level. The R; and Y; are governed by the uncertain
fractional FHT model
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dCyy

‘DP*R; = (my — a1 R) + Ul?’ Ri|i=o = 7o,
dC:
CDszt:agY;g—i—Jng, }/tlt:O:yOv (13)

7 =inf{t > 0|Y; = B},

where m1, a1, as, 01, and o are positive real number, 0 < p1,ps < 1, Cy; and Cy; are independent

Liu processes. According to equations (9) and (10), the a-path of the FHT model is given by
R} = 1oEp, 1(—a1t’") + (m1 + a1~ (@) tP Ep, py41(—art??), (14)
Yta = yOEpz,l(GQtp2) + UQ(I)_l(a)tszpg,sz,-l(aQth).

3. American barrier option pricing

We assume that the stock price and interest rate are determined by model (13). A barrier
option is a financial contract that activates or expires when the underlying asset price reaches
the barrier level. The barrier options are classified as knock-in or knock-out.

Define the indicator function as below

(1, ify>B,
R i s (15)

where B is the barrier level.
3.1 American knock-in barrier option

The knock-in barrier option includes the up-and-in and down-and-in barrier options. This
section examines the option of the American up-and-in call barrier. Let X be the strike price, T
and B be the expiration date and barrier level, respectively, and Yy < B. The stock price and
interest rate are determined by the model (13), which captures long-term dynamics. Let f¢,
denote the option price, then

=FE { sup e Jo Bedspy ( sup Yu) (Y —X)+] . (16)
0<t<T 0<p<t

Theorem 3.1 Under the FHT model (13), and at the barrier level B , the reliability index of the

American up-and-in call barrier option is

Rel:./\/l{sup E}B}:l—ﬁ, (17)
0<t<T
where
8= inf{a sup YV > B}
0<t<T
and

Y = yoEp, 1 (ast??) + 02@ 7~ (@)t? By, py 11 (aat??).

Proof The American up-and-in call barrier option is valid which relies on

Ip ( sup Y,L) =1
0<pst
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holds if and only if for arbitrary given ¢ € [0, T], which implies

Ip < sup Yt> =1
0<t<T

The condition is equivalent to the uncertain events M{supg<,<7 Y; > B}, which can also be
described as {7 < T'}. Hence

Relz./\/l{ sup )Q}B}zM{T<T}.

0<t<T

Considering the uncertainty distribution of the FHT that satisfies equation (11),

M{T<T}=U(T):1—inf{oze (0,1)] sup ¥;* 23},

0<t<T
when Yy < B. Let 8 = inf {a € (0,1)|supyc, <7 ¥;* > B}, therefore
M{r<T}=UT)=1-p
where Y is the a-path of the model (13), which can be seen in equation (14),
Vi = Yo Bpy 1 (a2t??) + 0207 H ()72 By, py 11 (a2t™?).
Thus, Theorem 3.1 is proved. O

Theorem 3.2 The price of the American up-and-in call barrier option with a strike price X
and an expiration date T' for model (13) is

1
G = / sup e o B0 (v X)tda
B

0<t<T
where Ry and Y, are the a-path of the UFDE (13),
Ry = roBp, 1(—ait?) + (m1 + 0197 (@)t By, py+1(~art?™),

Y = yoBpy 1 (ast??) + 0207 H ()t By, p, 11 (a2t™?),
and B = inf{a|supyg,; < Yi* 2 B}.
Proof At first, to certify the variable

Zy= sup e JoRedopy ( sup Yu) (Y, - X)*

0<t<T 0<pst
has an a-path
2= sup e Jo o™ da (oiﬁty‘?) (V= X)T
For a sample path Zi(7), let
~1 =0lZ <z, te0, T}, Er = {1z > 27, t€[0,T]},
2 = <Ys, tel0 T}, B = {1V >Ye, tel0,T]},
Ef ={y|Re 2R~ t€0,T]}, Z5 = {7|Re <R/, t€[0,T]}.

Since Z, is monotonic, we obtain
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0<t<T o< <t
< sup e Jo BT ( sup Yf) (v —X)+}
o<t
S{Y, <Y, R >R, te[0,T]}.

Similarly,
= — { sup e*fotdeSIB ( sup Y#> (v, - Xx)t

0<t<T o< u<t

0<t<T o<t

S{Y; > Y Ry <R ™%, te [O,T]}.
According to the independence of Y; and R;, we obtain
M{EF} > M{Y, <Y Ry > R, t€0,T]}
= M{E5} ANM{E5}

= Q.

Likewise,
M{ETY > MY, > Y Ry < R, te0,T]}

= M{Z; } AM{Eg}
=1-a.
Secondly, we have
ME+M{ET=1
by the duality axiom of uncertain measure. Hence
M{ET}=a, M{E[}=1-a.
This proves that Y,* is an a-path of the uncertain variable Y;.

Moreover, according to Theorem 3.1, supgc;<r Yﬁ = B. Since supgc;<r V"
> SUPg<i<T Y; = B holds when « > (8 is satisfied.

is an increasing

function of «, supg<,;<r V3
Therefore, the pricing formula is

1
< :/ sup e Jo BTy, < sup Y:‘) (Y — X)Tda
0 0<t<T

B O<t<T -

For the American down-and-in put barrier option, the stock price and interest rate are
determined using the FHT model (13). Let X be the strike price, T and B be the expiration
date and barrier level, respectively, and Yy > B. Let f%. denote the option price, then

/P =E [ sup e~ Jo Rads (1 (0 inf Y, )) (X — Y;)ﬂ . (18)

0<t<T <p<t

Theorem 3.3 Under the FHT model (13), and at the barrier level B, the reliability index of
the American down-and-in put barrier option is given by the following:
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Rel:M{ inf Y}<B}:ﬂ7 (19)
0<t<T
where
= 1 @ <
B sup{aloglglngYt < B}
and

Y= yOEpz,l(GQtpz) + ‘72‘1)_1(Oé)tp2Ep2,p2+1(a2tp2),

Proof The American down-and-in put barrier option is valid which relies on

Ip ( inf m) =0
o<t

holds if and only if for arbitrary given ¢ € [0, T], which implies

Ip ( inf Yt> =0.
0<t<T
This is equivalent to the uncertain events M{info<;<r Y; < B}, which can also be described as
{r < T}. Hence,

Relz/\/l{ inf Yth}zM{T<T}.
0<t<T
Considering the uncertainty distribution of the FHT that satisfies equation (11),
= = 1 @ <
M{r <T}=U(T) = sup {ae (0,1)\0<1£1<fTY;5 \B}

when Yy > B. Let 8 =sup{«a € (0,1)|infoci<cr V™ < B}, therefore
M{r < T} =U(T) = 6,
where Y is the a-path of the FHT model (13), which is expressed in equation (14),
Y = yoBp, 1 (ast?) + 0207 ()t By, p, 11 (aat™).
Thus, Theorem 3.3 is proved. O

Theorem 3.4 The price of the American down-and-in put barrier option with a strike price X
and an expiration date T for the model (13) is

B
b= / sup e~ Jo s (X -y Tda
0 O<IKT

where RY and Y,* are the a-path of the UFDE (13),
Rta = roEphl(—alt’“) + (m1 + 01<I>71(oz))tp1Ephplﬂ(—altpl),

Vi = yoEp, 1(ast??) + 02@ 7 ()17 By, p, 11 (a2t??),
and B = sup{a|infoi<r V¥ < B}.

Proof At first, to certify that the following variable

Z, = sup e Jo Rsds (1 —Ip ( inf YM>> (X -Y)T

0<t<T ogpst
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578
has an a-path
ZyY = sup e~ Jo B0 ds (1 —Ip ( inf Y1 O‘>) (X -yt
0<t<T 0<pust
Let
te 0T}, By ={ylZ> 27, t€[0,T]},

‘—‘1 - {’Y|Zt < Ztaa
==Y, 2 Y7 te0,T)}, 5 =i <Y te0,T]},
=5 = {1k, > R™, te[0,T]}, =5 = {7|R: < RI™%, te[0,T]}.

D3 =

Since Z; is monotonic, we derive

tRSds(l_IB( inf y)>.(X—Yt)+

=+ — -/
E =< sup e Jo
1 {Ogth okt
< sup e o R,™%ds <1 —Ip < inf Y1 O‘)) (X - Ytl_a)Jr}
o<tLT ogpust

S{Y, > Y, " R >R te[0,T]}.

Similarly,

{ sup e~ Jo Rads (1[3( inf Y)> (X =Y)"
N7

0<t<T
t 1—a
> sup e Jo R ds (1 1 inf YI=@) ). (X -yl )t
ogth B o<ust P ( t )

S {Y, <Y R, <R te€[0,T]}.

According to the independence of Y; and R;, we obtain
MEN>M{Y, >V, R >R/ te[0,T]}
= M{Z3} AM{E]}

= Q.

€ 0,71}

Likewise,
P> MI{Y, <Y, R, <R°,

= M{Z; } AM{Eg}

=1-a.

M{Z

In addition, M{E]} + M{Z] } =1 by the duality axiom of uncertain measure. Hence
M{EfY=a, M{E[}=1-qa.

This proves that Y* is an a-path of the uncertain variable Y;
o
© is an

Moreover, according to Theorem 3.3, we have inf0<,g<TY;t = B. Since infygic7Y,
< infogegr Y; = B holds when « < [ is satisfied.

increasing function of «, infycicr Y,®
Therefore, the formula is

1

o= sup e o BTN (1 (inf vITY) ) (X - YY) da
v 0 0<t<T oust
B
= / sup e Jo s (X - v Tda.

0 0<t<T -
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3.2 American knock-out barrier option

The American up-and-out put barrier option was analyzed. Let Yy < B, the stock price and
interest rate are determined by an uncertain fractional FHT model (13). Let fP, denote the
option price, then

to= | s 5 (11 (sup v,) ) Cr- v, (20)

0<t<T o<t

Theorem 3.5 Under the FHT model (13), and at the barrier level B , the reliability index of
the American up-and-out put barrier option is given by

Rel = M{ sup Y; < B} =5, (21)
0<t<T
where
8= inf{a| sup Y > B}
0<t<T
and

)/ta = yOEpz,l(QQt‘D2) =+ 0'2@71(Oé)thEp27p2+1(a2tp2).

Proof The American up-and-out put barrier option is valid if the condition

Ip ( sup Y#) =0
0<pst

holds if and only if for an arbitrary given ¢ € [0, 7], which implies

Ip ( sup Yt> =0.
0<t<T

This is equivalent to the uncertain events M{supy<,<7 Yy < B} which can also be described as
{r > T}. Hence

Relz/\/l{ sup Y}<B}:M{T>T}.

0<t<T

Considering the uncertainty distribution of the FHT that satisfies equation (11),

M{T}T}zl—U(T)zinf{ae (0,1)] sup Y~ 23}

0<t<T
when Yy < B. Let 8 = inf {a € (0,1)|supyc,<r ¥;* > B}, therefore
M{r>T}=1-U(T) =5,
where Y, is the a-path of the FHT model (13), which expressed in equation(14),
Y = yoEp, 1(aat??) + 09®@ ()P E,, 1, +1(ast??).
Thus, Theorem 3.5 is proved. O

Theorem 3.6 The price of the American up-and-out put barrier option with a strike price X
and an expiration date T for model (13) is

B t fen
p :/ sup e Jo RAds(X — Y*) da
0

uo
0<t<T
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where RY and Y, are the a-path of the UFDE (13),
Ry = roEp, 1(—ait?) + (m1 + 0187 () )7 By, p, 41(—art™),

Y = yoBp, 1(ast?) + 02@~ ()P Ep, 4, 41 (a2t??),

and B = inf{a|supgg,cr Vi = B}.
Proof Similar to Theorem 3.4, the uncertain variable is given by the following

yzmpeﬁ&“0@<mmY0)anﬁ
0<t<T o<ust
has an a-path

YS = sup e~ Jo Ri7"ds (1 —Ip ( sup Yl}_o‘>) (X =Yt

0<t<T 0<pu<t
According to Theorem 3.5, we obtain supg<;<r Yt’B = B. Since supgg;<r ¥;" is an increasing
function of «, supg<;<r Yy < supgci<r Ytﬂ = B holds when o < f is satisfied.
Therefore, the formula is

1
&:/‘wpf&man_@<wpmﬂﬁyX—ﬁﬂﬁw
0

0<t<T o< p<t

B
:/ sup e Jo Rds(x — V) Tda
0 0<t<T

We analyzed the American down-and-out call barrier option under the UFDE (13). Let Yy, > B

and fg denote the option price, then

fo,=E| sup e o Bdsp( inf v, ). (v —X)T|. (22)
0<t<T ogpust 0

Theorem 3.7 Under the FHT model (13), and at barrier level B, the reliability index of
American down-and-out call barrier option is

Rel = M{ inf Y, >B}=1-5, (23)
where
pr— i o <
5= sup{al it vi" < )
and

Vi = Yo Bpa 1 (ast??) + 0207 H ()2 By, py 11 (a2t??).

Proof The American down-and-out call barrier option is valid which relies on

s (Oiﬁf@ Yi ) =1

holds if and only if for an arbitrary given ¢ € [0, 7], which implies

IB ( inf Y;;) =1.
o<t<T

This is equivalent to the uncertain events M {sup0<t<T Y, > B}, which can also be described as



Probability, Uncertainty and Quantitative Risk 581

{r > T}. Hence,
Relz./\/l{ inf Yt>B}=M{72T}.
0<t<T
Considering the uncertainty distribution of the FHT that satisfies equation (12),
>TY=1— —1- i o<
M{r>T}=1-U(T)=1-sup {a € (0, 1)|0<1£1£TY,5 < B}

when Yy > B. Let 8 =sup{«a € (0,1)|infoci<r ¥;* < B}, therefore
Mr>2T}=1-UT)=1-p
where Y, is the a-path of the FHT model (13), which can be seen in equation (14),
Y = yoBp, 1 (ast?) + 0207 ()t By, p, 11 (ast™).
Thus, Theorem 3.7 is proved. O

Theorem 3.8 The price of American down-and-out call barrier option with a strike price X
and an expiration date T' for model (13) is

1
fio :/ﬁ OE?ET( Jo B7Ms(y2 — X)*da

where Ry and Y, are the a-path of the UFDE (13),
Ry = 10Ep, 1(~a1t?) + (my + 01@7 ()17 Ep, py 1 (—art™),

Vi = Yo Bpy 1 (a2t??) + 0207 H ()72 By, py 11 (a2t™?),
and B = sup{a|infoi<r V¥ < B}.
Proof At first, we can certify that the following variable

Zy = sup e~ o Redspp ( inf Yu) (Y, - Xx)*

0<t<T OSpst

has an a-path

7 = sup e Jo R dspy ( inf Ya> (Y = X)T,
0<t<T Ospst
whose proof is similar to Theorem 3.2.
Moreover, since infoci<7 Y™ is an increasing function of o, we have infoci<r Y, = B according
to Theorem 3.7. Hence, only when o > 3 is satisfied can infocicr Y® > infocecr Y/ = B holds.
Therefore, the formula is

1
fe :/ OquTe* Jo R s ( inf Y:‘) (V2 — X)tda
0 \t\

1
:/ sup effotRifads(Yto‘—X)*da.
B 0<t<T |

In this section, the proposed method is used to calculate the prices of the American up-and-in
put, down-and-in call, up-and-out call, and down-and-out put barrier options. For example, in
the case of the down-and-out put barrier option, the IUD of

Ig ( inf Yt) (X —vp)t
0<t<T
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cannot be derived. The other four types of barrier options will be investigated in future work.

4. Numerical simulation

The numerical method is essential because it is difficult to get the analytical solution of UFDE.
This study needs to solve the fractional differential equation to obtain the IUD Y;* and Rjf*. The
predictor-corrector scheme proposed by Diethelm et al. [3] is a proven, highly accurate, and
convergent method for solving fractional differential equations. Jin et al. [7] reported a maximum
absolute error of approximately 1073 between the analytic and numerical solutions. Therefore,
we employ the predictor-corrector scheme in our following computation.

We designed the algorithm to calculate the American up-and-in call option, applying a similar
approach to the other three barrier option types.

Step 1 Set the parameters of option yg, r9, a1, mi, o1, as, o2, p1, p2, X, B, T.

Step 2 Let 0<t; <---<t, <---<T. Applying predictor-corrector method, calculate Y
and [, which is the minimum value of « that satisfies

sup Y > B.
0<t<T

Step 3 Let a = a+ Aa, and Aa = 0.01.

Step 4 For a fixed «, t,, applying predictor-corrector method, calculate Rtl_a and

tn tn
exp (_/ Ri_ad8> (Y;fi — K)+ = exp <— R;_ad8> maX(Y;‘i — X, O)
0 0

Step 5 Calculate
tn
Zo = max <exp </ R;ads> max(YS — X, 0)> .
0<tn <T 0

Step 6 Return to Step 3, while o + Aa < 1.

Step 7 Calculate the price
1-8
Aa
¢ =Y Zala.
i=1

Example 1 Under the model (13), the parameters are
ro = 0.03, my = 0.10, a; = 0.50, o1 = 0.04, p; = 0.50,

Yo = 4.0, as = 0.4(), g9 = 0.3(), P2 = 0.50, X = 5, T=1.

The price of the American up-and-in call barrier option at barrier level B =6 is f_, = 1.5127.

Figure 1 shows the price fS; of the American up-and-in call barrier option under the model of
(13) for various parameters. Figure 1(a) shows that the price of the American barrier option
increases with the expiration date of 7. This is because the American barrier option provides
more profit opportunities. Figures 1(b) and 1(c) show that the price of the American barrier
option decreases with respect to the strike price X and the barrier level B, reflecting a reduced
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Figure 1 f¢, with different parameters

likelihood of profit. This price dynamic is consistent with the change in option pricing under the
Black-Scholes model. Figure 1(d) presents the option price changes with the orders p; and po,
with p; having a significant impact on the price.

Example 2 Under the model (13), the parameters are
ro = 0.03, m; =0.10, a; = 0.5, o1 =0.04, p; = 0.80,
yo = 0.50, ag =0.05, g2 =0.50, p, =0.80, X =3, T =0.50.
The price of the American down-and-in put barrier option at barrier level B = 0.45 is

/P =1.0812.

Figure 2 shows the price f%. of the American down-and-in put barrier option under different
parameters. Figures 2(a), (b), and (c) show that the price f%, increases with the expiration date
T, strike price X, and barrier level B. A higher barrier level B or longer expiration date T
increases the likelihood of the barrier being reached, enhancing the opportunity for profit. Figure 2(d)
shows the variation in the option price with the orders p; and ps, with p; having a significant

impact on the price.

Example 3 Under the model (13), the parameters are
ro = 0.03, my; =0.10, a; =0.50, o1 =0.04, p; = 0.50,
Yo = 4.0, ag = 0.40, g9 = 0.50, P2 = 0.50, X = 9, T=1.
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The price of the American up-and-out put barrier option at barrier level B = 6 is fP = 0.3414.

uo

Figure 3 shows the price fP  of the American up-and-out put barrier option under different
parameters, as modelled in (13). Figure 3(a) shows that the price of the American barrier option
is inversely proportional to the expiration date T. Figures 3(b) and (c) show that the price of
the American barrier option is directly proportional to the strike price X and barrier level B. A
higher barrier level or shorter expiration date reduces the likelihood of the barrier level being reached,
thereby increasing the opportunity for profit. Figure 3(d) shows the variation in option price
with the orders p; and ps. It also can be seen that the option price changes obviously
corresponding to the order p;.

Example 4 Under the model (13), the parameters are
ro = 0.03, my = 0.10, a; = 0.50, o1 = 0.04, p; = 0.80,

yo = 0.50, ag =0.05, 092 =0.50, po =0.80, X =0.40, T =1.
The price of the American down-and-out call barrier option at barrier level B = 0.45 is

f5, = 0.2524.

Figure 4 shows the price fj, of the American down-and-out call barrier option under various
parameters, as modelled in (13). Figure 4(a) shows that the price of the American barrier option
increases with the expiration date T'. Figures 4(b) and (c) show that the price of the American
barrier option is inversely proportional to the strike price X and barrier level B. Figure 4(d)
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shows the variation in option price with the orders p; and po, with p; having a more significant
impact on the price than ps.

5. Data application

Due to the difficulty in obtaining barrier option data in the market, we constructed a barrier
option based on the 50ETF option. We selected the 50ETF data from January 19, 2018, and
assumed a barrier level of 3.15. Based on the historical data of interest rates and underlying assets,
we use the least squares method to estimate the parameters as follows:

my =0.01, a3 =0.39, oy =0.01, p; = 0.01,

az =0.01, oo =0.04, ps = 0.62.

With an initial interest rate of ro = 0.057, an initial underlying asset price of yo = 3.113, and
X = 2.9, we considered the expiration dates of January 24, February 28, March 28, June 27, and
September 26, 2018, corresponding to T =5, 40, 68, 159, 238 days. To demonstrate the
effectiveness of the model, we predicted option prices for longer maturities with expiration dates
of October 26, November 26, and December 26, 2018. Figure 5 shows the trend of the up-and-in
call American barrier option price across different expiration dates, demonstrating an increase
with longer maturities 7', which is consistent with the conclusion in Example 1.

Price
(o=l
(el
(=2}

0 n n n n n
01/24 02/28 03/28 06/27 09/26 10/26 11/26 12/26
Time

Figure 5 The barrier option price with different expiration date

6. Conclusion

This study examines the pricing of American barrier options with floating interest rates, using
the FHT model as its foundation. By leveraging the uncertain fractional differential equation, a
more precise depiction of market uncertainty was obtained. This study derives pricing formulas
for four types of American barrier options: up-and-in call, down-and-in put, up-and-out put, and
down-and-out call options. In addition, a numerical algorithm based on the predictor-corrector
method was developed, complemented by illustrative numerical examples. Future research will
broaden the scope by examining the pricing dynamics of four additional barrier options.
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