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Abstract   In  this  paper,  we  investigate  the  mean  square  and  quasi-sure  exponential
stabilization of stochastic differential equations driven by G-Brownian motion, leveraging
discrete-time  feedback  observations.  We  introduce  a  discrete-time  feedback  control
mechanism within the drift part and demonstrate the existence of a threshold  . This
threshold ensures the stability of the controlled system for any discrete step size   that is
less than  . To validate our control strategy, we present an illustrative example.
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 1.  Introduction

Over the past decade, Peng’s G-expectation framework [9−14] has revealed novel probabilistic
structures with applications in financial  risk assessment and uncertainty quantification. Within
this framework, the G-Brownian motion and the corresponding Itô-type stochastic calculus have
been established. On this foundation, numerous scholars have studied the existence, uniqueness,
and properties of solutions to the following equation driven by G-Brownian motion:

dx(t) = b(t, x(t))dt+ hij(t, x(t))d⟨Bi, Bj⟩t + σ(t, x(t))dBi
t, (1.1)

(⟨Bi, Bj⟩t)t⩾0 i, j = 1, 2, . . . , d d-dimensional
(Bt)t⩾0

where  ,    is  the  mutual  variation  process  of  the   G-
Brownian motion  . We refer readers to [1, 3, 15, 17] and the references therein for further
insights.
Stability  is  a  critical  issue  in  the  study  of  stochastic  differential  equations.  While  numerous

studies have explored the stability of solutions to stochastic system (1.1), we refer readers to [4,
18, 20] for further details. Notably, the work of Li et al. [6] outlined the sufficient conditions that
lead to the exponential instability of the solution for stochastic system (1.1). When the solution
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u(t, x([t/τ ]τ))

of  the  stochastic  system  is  unstable,  the  design  of  a  control  term  to  achieve  stability  is  an
interesting topic. Recently, the discrete-time state feedback control proposed by Mao et al. [7, 8]
has emerged as a novel control strategy for the investigation of stabilization issues. Motivated by
the  aforementioned  works,  in  this  paper,  we  aim  to  design  a  discrete-time  feedback  control

  in  the  drift  term of  system (1.1),  such  that  the  stochastic  system driven  by G-

Brownian motion under control:

dx(t) = [b(t, x(t)) + u(t, x([t/τ ]τ))]dt+ hij(t, x(t))d⟨Bi, Bj⟩t + σ(t, x(t))dBi
t (1.2)

[t/τ ] t/τ

u(t, x([t/τ ]τ)) x(t)

0, τ, 2τ, . . .

u(t, x(t))

is stable. Here,   is the integer part of  . The key feature here is that the feedback control

  is  designed  based  on  the  discrete-time  observations  of  the  state    at  times

 This approach is significantly different from the stabilization by a continuous-time
(regular) feedback control  , which is based on the current state. It is more realistic and

less costly in practice.

H∞

|x(t)− x([t/τ ]τ)|2

|x(t)− x([t/τ ]τ)|2

eλtV (t, x(t)) λ

|x(t)− x([t/τ ]τ)|2

H∞

τ̄ > 0

τ < τ̄

Under the classical linear expectation framework, the Lyapunov method is a powerful tool in
the stability analysis of stochastic differential equations. This method substantiates the stability
of system solutions by constructing a Lyapunov functional. It first establishes the   stability
of  the  solution,  then  leverages  this  to  demonstrate  mean  square  stability.  In  this  paper,  we
intend  to  investigate  the  stability  of  the  stochastic  system  (1.2)  by  the G-Lyapunov  method.
However,  in  the  process,  the  cancellation  of  the  term    necessitates  the

construction of a highly complex G-Lyapunov functional, which may possess certain imperfections.
Precisely, in order to cancel the term  , one would need to take a G-expectation

there.  Unfortunately,  unlike  the  classical  linear  expectation,  G-expectation  requires  positive
homogeneity  (see  Preliminaries),  which  makes  the  cancellation  impossible  to  implement.
Consequently, this paper proposes several modifications to address these issues. Specifically, we
apply  the G-Itô’s  formula  to  ,  and choose  an appropriate  constant    to  offset  the

G-Lyapunov functional. What we need are estimates of the term  , rather than

its elimination. Additionally, there is no need to prove the   stability. Finally, we prove that
there  exists  a  constant  ,  such  that  the  controlled  stochastic  system (1.2)  is  mean  square
exponentially stable and is quasi-sure exponentially stable when the discrete step size  .
The  rest  of  this  paper  is  organized  as  follows.  In  Section  2,  we  introduce  some  preliminary

results and notations in G-expectation framework. In Section 3, we prove the main theorem. Finally,
in Section 4, we provide an example to validate the obtained theory.

 2.  Preliminaries

In  this  section,  we  introduce  the  notations  and  preliminary  results  that  will  be  utilized
throughout the paper. Further details can be found in [2, 5, 9, 14].

Rn n-dimensional
|x| x N

Cb,lip(R
n)

Rn x ∨ y = max{x, y} R+ = (0,+∞) AT

A Sd d× d-dimensional

Throughout this paper, we will use the following notation. Let   denote the 
Euclidean space, and let   denote the Euclidean norm of a vector  . Let   denote the set of

integers.  Denote  by    the  space  of  all  bounded  real-valued  Lipschitz  continuous

functions  defined  on  .  Let    and  ,  let    denotes  the

transpose of matrix  , and let   be the space of all   symmetric matrices.

ΩT = C0([0, T ];R
d) Rd-valued [0, T ]

w0 = 0

●    denotes  the  space  of    continuous  functions  on    with
, endowed with the distance
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d(w1, w2) :=

∞∑
N=1

2−N (( max
0⩽t⩽N

|w1
t − w2

t |) ∧ 1).

Bt(w) = wt B(ΩT ) σ-algebra ΩT  is the canonical process. Let   denote the Borel   of  .

Lip(ΩT ) := {φ(Bt1 , ..., Btn) : t1, t2, . . . , tn ∈ [0, T ], φ ∈ Cb,Lip(R
d×n)}.● 

Ê X,Y ∈ Lip(ΩT )According  to  [14],  there  exists  a  sublinear  functional    such  that  for  ,  the
following properties hold:

Ê[X] ⩾ Ê[Y ] X ⩾ Y.(i)   if 

Ê[C] = C C ∈ R.(ii)   for 

Ê[X + Y ] ⩽ Ê[X] + Ê[Y ].(iii) 
Ê[λX] = λÊ[X] λ ⩾ 0.(iv) Positive homogeneity:   for 

(Ω, Lip(ΩT ), Ê) X ∈ Lip(ΩT )The triplet   is referred to as a sublinear expectation space, and   is

termed a random variable.
(Bt)t⩾0

G(A) = Ê(BT
1 AB1) A ∈ Sd

Moreover,  the  canonical  process    (which  called  a  G-Brownian  motion  with
 for  ) satisfies:

s, t > 0 Bt+s −Bt Bs Bt+s −Bt

(Bt1 , Bt2 , . . . , Btn) n ∈ N 0 ⩽ t1 ⩽ t2 ⩽ . . . ⩽ tn ⩽ t

(i)  For  each  ,    and    are  identically  distributed  and    is
independent from   for each   and  ;

Ê[Bt] = Ê[−Bt] = 0 limt↓0 Ê[|Bt|3]t−1 = 0(ii)   and  .

Ê σ2 = −Ê[−|Bi
1|2] ⩽ Ê[|Bi

1|2] =
σ̄2, i = 1, 2, . . . , d. d = 1 B1

B1 ∼ N({0}, [σ2, σ̄2])

In this context,   is referred to as the G-expectation. We have 
  Specifically,  when  ,    follows  the G-normal  distribution,  denoted  by
.

• Lp
G(ΩT ) Lip(ΩT ) ∥X∥p,G = (Ê[|X|p])

1
p p ⩾ 1    is the completion of   under the natural norm  ,  .

• Mp,0
G (0, T ) ηt(w) =

∑N−1
k=0 ξk(w)I[tk,tk+1)(t), ξk ∈ Lp

G(Ωtk)

0 = t0 ⩽ t1 ⩽ . . . ⩽ tN−1 ⩽ tN = T, p ⩾ 1

    is the space of simple process:   where  ,

.

• Mp
G(0, T ) Mp,0

G (0, T ) ∥η∥Mp
G(0,T ) = [

∫ T

0
Ê[|ηt|p]dt]

1
p    is the completion of   under the norm  .

η ∈ Mp
G(0, T ) p ⩾ 2 d-dimensional

(Bt)t⩾0

∫ t

0
ηs dBi

s i = 1, 2, . . . , d. η ∈
Mp

G(0, T ) p ⩾ 1
∫ t

0
ηs ds and

∫ t

0
ηs d⟨Bi, Bj⟩s,

(⟨Bi, Bj⟩t)t⩾0 d-dimensional
(Bt)t⩾0 i, j = 1, 2, . . . , d.

Let    for  ,  then  stochastic  integral  with  respect  to  the 

G-Brownian motion   can be well  defined as  ,   Similarly, for 

 with  ,  the following integrals can also be defined: 

where   denotes  the  quadratic  variation  process  of  the   G-Brownian
motion  , 

P ⊂ M(ΩT )

(ΩT ,B(ΩT ))

Lemma  2.1  ([14])  There  exists  a  weakly  compact  subset ,  the  set  of  probability
measures on , such that

Ê[ξ] = sup
P∈P

EP (ξ) for all ξ ∈ L1
G(ΩT ).

C ÊDefinition 2.1  The capacity  associated with  is defined by

C(A) := sup
P∈P

P (A), A ∈ B(ΩT ).

C(A) = 0 A ∈ B(ΩT ) AIf  for , we call  a polar set. If a property holds outside a polar set, we say
that the property holds quasi-surely (q.s.).

P ∈ P Ê
E

Remark  2.1  When  there  exists  a  unique  probability  measure ,  the  G-expectation 
reduces to the classical linear expectation . Consequently, the G-Brownian motion simplifies to
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σ2 = σ̄2

⟨B⟩t = t

the classical Brownian motion. In this case, the volatility parameters become equal, i.e., ,
and the quadratic variation of the Brownian motion is given by  .

X ∈ Lp
G(ΩT ), p ⩾ 1 M > 0Lemma 2.2 (Markov’s inequality) Let . Then, for each constant ,

C(|X| > M) ⩽ Ê[|X|p]
Mp

.

p ⩾ 2 η ∈ Mp
G(0, T ) C ′′

p

p

Lemma 2.3 ([3]) For  and , there exists a positive constant  depending on
 such that

Ê
[

sup
0⩽u⩽T

∣∣∣∣∫ u

0

ηrdBi
r

∣∣∣∣p] ⩽ C ′′
pT

p
2−1

∫ T

0

Ê|ηr|pdr.

p ⩾ 1 η ∈ Mp
G(0, T ) C ′

p

p

Lemma 2.4 ([3]) For  and , there exists a positive constant  depending on
 such that

Ê
[

sup
0⩽u⩽T

∣∣∣∣∫ u

0

ηrd⟨Bi, Bj⟩r
∣∣∣∣p] ⩽ C ′

pT
p−1

∫ T

0

Ê|ηr|pdr.

 3.  Exponential stability of the solutions

n-dimensionalConsider an   stochastic differential equation (recall that we use Einstein summation
convention) given by

dx(t) = b(t, x(t)) dt+ hij(t, x(t)) d⟨Bi, Bj⟩t + σi(t, x(t)) dBi
t, (3.1)

x(0) = x0 ∈ Rn b, hij , σi : R
+ ×Rn → Rn

b(·, x), hij(·, x), σi(·, x) ∈ M2
G([0, T ];R

n) M2
G([0, T ];R

n)

n-dimensional M2
G(0, T )

with  the  initial  condition  .  Here,   are  functions
satisfying  ,  where    denotes  the  space  of

 stochastic processes such that each component belongs to  .
C1,2([0,+∞)×Rn, R+) V (t, x)

Vt, Vx, Vxx [0,+∞)×Rn Vxx

Let   denote the space of positive functions   for which the first
and second partial derivatives   are continuous on  , and   satisfies the
local Lipschitz condition. Here,

Vt(t, x) :=
∂V (t, x)

∂t
,

Vx(t, x) :=

(
∂V (t, x)

∂x1
,
∂V (t, x)

∂x2
, . . . ,

∂V (t, x)

∂xn

)T

,

Vxx(t, x) :=

(
∂2V (t, x)

∂xi∂xj

)
n×n

.

b, hij , σi

x(t)

C1, C2, λ V (t, x) ∈ C1,2([0,+∞)×Rn, R+)

Remark 3.1  If the coefficients  satisfy all the necessary conditions outlined in Li et al.
[6],  then  stochastic  differential  equation  (3.1)  admits  a  unique  solution .  Furthermore,  for
some positive constants , assume there exists a function 
such that

C1|x|2 ⩽ V (t, x) ⩽ C2|x|2

and

Vt(t, x) + V T
x (t, x)b(t, x) +G

(
2V T

x (t, x)hij(t, x) + σT
i (t, x)Vxx(t, x)σj(t, x)

)
⩾ λV (t, x).

x(t)According  to  Theorem  5.10  in  [6],  the  solution  of  equation  (3.1)  is  mean  square
exponentially unstable.
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u(t, x([t/τ ]τ))

τ > 0

[t/τ ] = sup{k ∈ N; k ⩽ t/τ}
δt = [t/τ ]τ

We  aim  to  employ  a  discrete-time  feedback  control  strategy  of  the  form    to
stabilize the stochastic system (3.1). Here,   represents the time interval between consecutive
state  observations,  and    denotes  the  integer  part.  For  notational
convenience,  let  .  Consequently,  we  consider  the  following  discrete-time  feedback
control system:

dx(t) = [b(t, x(t)) + u(t, x(δt))]dt+ hij(t, x(t))d⟨Bi, Bj⟩t + σi(t, x(t))dBi
t, (3.2)

x(0) = x0 ∈ Rnwith the initial condition  .
V (t, x) ∈ C1,2([0,+∞)×Rn, R+) LLet  , and define   as

LV (t, x) := Vt(t, x) + V T
x (t, x)[b(t, x) + u(t, x)]

+G
(
2V T

x (t, x)hij(t, x) + σT
i (t, x)Vxx(t, x)σj(t, x)

)
. (3.3)

In the subsequent analysis, we make the following assumptions:
x, y ∈ Rn M M1(H1) For any  , there exist positive constants   and   such that

|b(t, x)− b(t, y)| ∨ |hij(t, x)− hij(t, y)| ∨ |σi(t, x)− σi(t, y)| ⩽ M |x− y|,

|u(t, x)− u(t, y)| ⩽ M1|x− y|.

λ > 0 λ1 > 0 0 < C1 < C2(H2) There exist constants  ,  , and   such that

LV (t, x) + λ1|Vx(t, x)|2 ⩽ −λV (t, x),

C1|x|2 ⩽ V (t, x) ⩽ C2|x|2.

t ⩾ 0 b(t, 0) = u(t, 0) = hij(t, 0) =

σi(t, 0) = 0.

x(t)

Remark  3.2  To  ensure  stability  for ,  we  assume  that 
 Under  Assumption  (H1),  and  following  the  results  from  [6],  we  obtain  that  the

stochastic system (3.2) admits a unique solution, denoted by .

L(τ) = [8M2(τ2 + σ̄4τ2 + σ̄2τ) + 4τ2M2
1 ]·

e8M
2(τ2+σ̄4τ2+σ̄2τ) τ ⩾ 0 τ 2L(τ) < 1 t ⩾ 0

x(t)

Lemma  3.1  ([16])  Let  assumption  (H1)  hold.  Set 
 for . If  is sufficiently small such that , then for all , the

solution  of stochastic system (3.2) satisfies

Ê[|x(t)− x(δt)|2] ⩽
2L(τ)

1− 2L(τ)
Ê[|x(t)|2].

τ̄ τ ∈ (0, τ̄) x(t)

Theorem 3.1  Suppose assumptions (H1) and (H2) are satisfied. Then, there exists a positive
constant  such that  for ,  the solution  of  stochastic  system (3.2) is  mean square
exponentially stable,

Ê[|x(t)|2] ⩽ C2

C1
|x0|2e−γt,

γ = λ− M2
1L(τ)

4C1λ1(1−2L(τ)) > 0.where 

λ > 0 eλtV (t, x(t))Proof  For  , applying G-Itô’s formula to  , we derive that

eλtV (t, x(t)) = V (0, x(0)) +

∫ t

0

eλr[λV (r, x(r)) + LV (r, x(r))

+ V T
x (r, x(r))(u(r, x(δr))− u(r, x(r)))]dr + Pt +Mt, (3.4)

where

Probability, Uncertainty and Quantitative Risk 563



Pt =

∫ t

0

eλr[V T
x (r, x(r))hij(r, x(r)) +

1

2
σT
i (r,X(r))Vxx(r, x(r))σj(r,X(r))]d⟨Bi, Bj⟩r

−
∫ t

0

eλrG(2V T
x (r, x(r))hij(r, x(r)) + σT

i (r,X(r))Vxx(r, x(r))σj(r,X(r)))dr

and

Mt =

∫ t

0

eλrV T
x (r, x(r))σi(r,X(r))dBi

r

are G-martingales.

ab ⩽ λ1a
2 + b2

4λ1
By average inequality ( ) and assumption (H1), we can obtain

eλtV (t, x(t)) ⩽ V (0, x(0)) +

∫ t

0

eλr[λV (r, x(r)) + LV (r, x(r)) + λ1|Vx(r, x(r))|2

+
M2

1

4λ1
|x(δr)− x(r)|2]dr + Pt +Mt. (3.5)

By assumption (H2), we further derive

eλtV (t, x(t)) ⩽ V (0, x0) +

∫ t

0

eλr
M2

1

4λ1
|x(δr)− x(r)|2dr + Pt +Mt. (3.6)

Taking G-expectation on both sides of (3.6) and by (H2), we get

eλtÊ[|x(t)|2] ⩽ 1

C1
eλtÊ[V (t, x(t))] ⩽ 1

C1
Ê[V (0, x0)] +

M2
1

4C1λ1

∫ t

0

eλrÊ[|x(δr)− x(r)|2]dr

⩽ C2

C1
|x0|2 +

M2
1

4C1λ1

∫ t

0

eλrÊ[|x(δr)− x(r)|2]dr. (3.7)

According to Lemma 3.1, we have

eλtÊ[|x(t)|2] ⩽ C2

C1
|x0|2 +

M2
1L(τ)

2C1λ1(1− 2L(τ))

∫ t

0

eλrÊ[|x(r)|2]dr. (3.8)

Then, by Gronwall’s inequality, we obatin

eλtÊ[|x(t)|2] ⩽ C2

C1
|x0|2e

M2
1L(τ)

2C1λ1(1−2L(τ))
t
. (3.9)

Moreover, it follows that

Ê[|x(t)|2] ⩽ C2

C1
|x0|2e

[
M2

1L(τ)

2C1λ1(1−2L(τ))
−λ

]
t
. (3.10)

L(τ) τ > 0

L(0) = 0 limτ→+∞ L(τ) = +∞. τ∗

L(τ∗) = 1
2 J(τ) :=

M2
1L(τ)

2C1λ1(1−2L(τ)) J ′(τ) > 0

J(τ) 0 < τ < τ∗ J(0) = 0

limτ→(τ∗)− J(τ) = +∞. τ∗∗ < τ∗

J(τ∗∗) = λ τ̄ := τ∗∗ τ ∈ (0, τ̄)
M2

1L(τ)
2C1λ1(1−2L(τ)) < λ L(τ) < 1

2

According to Lemma 3.1, it is evident that   is continuous and increasing for  , with
  and    Hence,  there  exists  a  positive  constant    such  that

.  Let  .  A  straightforward  computation  reveals  that  ,

indicating  that    is  continuous  and  increasing  on  ,  with    and
  Consequently,  there  exists  a  positive  constant    such  that

. Let  , then for  , we have   and  .

−γ :=
M2

1L(τ)
2C1λ1(1−2L(τ)) − λ γ > 0Let  , then   and

Ê[|x(t)|2] ⩽ C2

C1
|x0|2e−γt, (3.11)
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x(t)which implies that that   is mean square exponentially stable.

τ < τ̄Theorem 3.2  Suppose the conditions of Theorem 3.1 are satisfied. For , the solution of
stochastic system (3.2) is quasi-sure exponentially stable, i.e.,

lim sup
t→∞

ln |x(t)|
t

⩽ −γ

4
, q.s.

τ ∈ (0, τ̄) lτ ⩽ t ⩽ u ⩽ (l + 1)τ l = 0, 1, 2, . . . , x(lτ)

lτ |a+ b+ c+ d|p ⩽ 4p−1(|a|p+
|b|p + |c|p + |d|p)

Proof  Let  .  For  ,  where    consider    as  the
initial  value  at  time  .  By  applying  the  elementary  inequality  (

) and using assumption (H1), Lemma 2.3 and Lemma 2.4, we obtain

Ê[ sup
lτ⩽t⩽u

|x(t)|2] ⩽ 4Ê[|x(lτ)|2] + 4Ê

[
sup

lτ⩽t⩽u

∣∣∣∣∫ t

lτ

[b(r, x(r)) + u(r, x(δr))]dr

∣∣∣∣2
]

+ 4Ê

[
sup

lτ⩽t⩽u

∣∣∣∣∫ t

lτ

hij(r, x(r))d⟨Bi, Bj⟩r
∣∣∣∣2
]
+ 4Ê

[
sup

lτ⩽t⩽u

∣∣∣∣∫ t

lτ

σi(r, x(r))dBi
r

∣∣∣∣2
]

⩽ 4Ê[|x(lτ)|2] + 8τ

∫ u

lτ

Ê[|b(r, x(r))|2 + |u(r, x(δr))|2]dr

+ 4C
′

2τ

∫ u

lτ

Ê[|hij(r, x(r))|2]dr + 4C ′′
2

∫ u

lτ

Ê[|σi(r, x(r))|2]dr

⩽ 4Ê[|x(lτ)|2] + [8M2τ + 8M2
1 τ + 4M2C

′

2τ + 4M2C ′′
2 ]

∫ u

lτ

Ê
[

sup
lτ⩽t⩽s

|x(t)|2
]
ds,

(3.12)

C ′′
2 , C

′

2where   are constants in Lemma 2.3, Lemma 2.4 respectively.

Applying Gronwall’s inequality, we have

Ê

[
sup

lτ⩽t⩽(l+1)τ

|x(t)|2
]
⩽ C̃Ê[|x(lτ)|2], (3.13)

C̃ = 4e[8M
2τ+8M2

1 τ+4M2C
′
2τ+4M2C′′

2 ]τ .where 

l = 0, 1, 2, . . . ,By Theorem 3.1, for all   we have

Ê

[
sup

lτ⩽t⩽(l+1)τ

|x(t)|2
]
⩽ C̃C2

C1
|x0|2e−lγτ . (3.14)

By Markov’s inequality (Lemma 2.2), we obtain

C

(
sup

lτ⩽t⩽(l+1)τ

|x(t)|2 ⩾ e−
1
2γlτ

)
⩽ C̃C2

C1
|x0|2e−

1
2 lγτ .

l0(w) l > l0(w)Using the Borel-Cantelli lemma, we deduce that there exists a  , such that for  ,

sup
lτ⩽t⩽(l+1)τ

|x(t)|2 ⩽ e−
1
2γlτ , q.s.

lτ ⩽ t ⩽ (l + 1)τThen for  ,

ln |x(t)|
t

=
ln |x(t)|2

2t
⩽ ln |x(t)|2

2lτ
⩽

ln suplτ⩽t⩽(l+1)τ |x(t)|2

2lτ
⩽ −γ

4
. (3.15)

By taking the limit superior (limsup) of inequality (3.15), we obtain a quasi-sure exponential
estimate, that is
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lim sup
t→∞

ln |x(t)|
t

⩽ −γ

4
, q.s.

 4.  Example

Consider the following one-dimensional stochastic system driven by G-Brownian motion:

dx(t) = b(t, x(t))dt+ h(t, x(t))d⟨B⟩t + σ(t, x(t))dBt, (4.1)

x(0) = x0 B1 ∼ N({0}, [ 12 , 1])with initial value   and  .
Let

b(t, x) = sinx, h(t, x) =
2

1 + t2
x, σ(t, x) =

2t√
1 + t2

x.

b, h, σ M = 2Then it is easy to verify that   satisfy the assumption (H1) with  .
V (t, x) = |x|2Define the Lyapunov function  . The derivative calculation yields

Vt(t, x) + Vx(t, x)b(t, x) +G(2Vx(t, x)h(t, x) + σ(t, x)Vxx(t, x)σ(t, x))

= 2x sinx+G

(
8|x|2

1 + t2
+

8t2

1 + t2
|x|2
)

= 2x sinx+ 4|x|2

⩾ 4|x|2.

Hence, by Remark 3.1, the system (4.1) is mean square exponentially unstable.
Consider  the  following  stochastic  differential  equation  driven  by  G-Brownian  motion  with

discrete time feedback control:

dx(t) = [b(t, x(t)) + u(t, x([t/τ ]τ))]dt+ h(t, x(t))d⟨B⟩t + σ(t, x(t))dBt, (4.2)

u(t, x) = kx, k = −6where  . Then we have

LV (t, x) = 2x[b(t, x) + u(t, x)] +G

(
8|x|2

1 + t2
+

8t2

1 + t2
|x|2
)

= 2x sinx− 12|x|2 + 4|x|2

⩽ −6|x|2. (4.3)

λ1 = 0.5,Selecting   then the assumption (H2) becomes

LV (t, x) + λ1|Vx(t, x)|2 ⩽ −6|x|2 + 2|x|2 = −4|x|2. (4.4)

M1 = 6, λ = 4.Thus, assumptions (H1) and (H2) are satisfied with 
L(τ) < 1

11 τ < 0.01174 J(τ) < 4 τ̄ = 0.01174

0 < τ < 0.01174

Set  ,  which implies   and  .  Choosing  ,  by Theorem
3.2, for  , the control system (4.2) is quasi-sure exponentially stable.

 5.  Conclusion

τ̄ > 0 τ

τ̄

In  this  study,  we  explore  discrete-time feedback control  for  stochastic  systems influenced by
G-Brownian motion. We introduce a novel control mechanism in the drift component, ensuring
the stability of the system. We analyze two stability criteria: mean square exponential stability
and  quasi-sure  exponential  stability.  We  demonstrate  that  there  exists  a  critical  discrete
observation time  , beyond which the system remains stable if the discrete step size   is less
than  .  This  finding  is  validated  through  a  practical  example,  effectively  illustrating  our
theoretical findings.
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V (t, x)

τ̄

While  the  recent  work  [19]  (which  improves  the  results  in  Ren  et  al.  [16])  also  achieves
stabilization  under  discrete-time  feedback  for G-SDEs,  it  employs  a  comparison  method.  This
method necessitates first establishing the stability of a reference equation and then proving that
the controlled system behaves similarly under the G-framework. Our method offers a simplification.
By working directly with the Lyapunov functional  , we provide a direct and self-contained
stability  proof  under G-expectation.  This  direct  Lyapunov  approach,  bypassing  the  need  for  a
reference system, is arguably more straightforward and intuitive than the comparison technique
used in [19], while arriving at the same core conclusion regarding the existence of a step size  .
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