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Abstract The model of partially observed nonlinear system, called extended Kalman
filter (EKF), and depending on some unknown parameters is considered. An approximation
of the unobserved component is proposed. This approximation is realized in two steps.
First a the method of moments estimator of unknown parameter is constructed and then
this estimator is substituted in the equations of extended Kalman filter. The obtained
equations describe the adaptive extended Kalman filter. The properties of estimator of
the unknown parameter and of the unknown state are described in the asymptotic of
small noise in observations.
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1. Introduction

Let us consider the nonlinear partially observed system

AX, = f(0,t,Y,)dt +eoc () dW,, Xo=0, 0<t<T, (1.1)

dY; =a (9,6, Y1) dt + b (9,t, Y1) dVi, Yo = yo, (1.2)

where the Wiener processes Wy, V5,0 <t < 7T are independent, the functions f(-),o(:),
a(-),b(:), initial value yo and the parameter ¢ € (0, 1] are supposed to be known. The parameter
¥ €0 = (a,B) is unknown and we have to estimate the unobserved component Y; by the
observations Xt = (X5,0 < s <t). The properties of this estimator has to be described in the
asymptotic of small noise in observations, i.e., as ¢ — 0.

Remind that if the system is linear w.r.t. Yz,

AX, = f(9,0)Yydt + 20 () dW,, Xo=0, 0<t<T, (1.3)

AY; = a(9,1) Yydt +b(0,¢)dV;, Yo = yo, (1.4)
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and ¥ is known, then the mean squared optimal estimator of Y; is its conditional expectation
m (9,t) = By (Y;|X*?). Therandom process m (9, ), 0 < t < T issolution of the well-known Kalman-
Bucy equations [11, 20]:

dm (0,1) = a (9,t) m (9, ) dt + W [dX; — £ (9,¢)m (0, 1) dt] (1.5)
e“0o

with initial value m (9,0) = yo. The function v (9,t) = Ey (Y; —m (9,¢))* is solution of Riccati

equation

o (W,t) _

5 2a (0,t) (ﬂ,t)—wm(mﬂ ~(9,0) = 0. (1.6)
t e20 (t

25 )2

If ¥ is unknown then the equations (1.5), (1.6) can not be used for the calculation of
m (9,t), 0 <t <T and some approximation of these equations is needed. We are interested by
such approximation in the situation where it is possible to suppose that the level of the noise ¢
in the observations is small, i.e., in the asymptotic € — 0. One possibility is to obtain first some
estimator, say, 9. of the unknown parameter and then to put it in the underlying equations
(1.5), (1.6). This behavior seems to be reasonable because if the estimator has good properties
(small error), then we can expect that the corresponding solutions of these equations will be close
to the true solutions with known 1. There are some technical problems with the realization of
such program. First question is the choice of the estimator.

Recall that the MLE 9. is defined by the equation

L@, XT)=sup L (9,X7). (1.7)
9eO

Here the likelihood ratio function L ( X T) is

L(v,x7) —exp</ SACULACY) ( /f 252 )Zdt>, 0 € o.

It is known (see [14]) that this estimator has good asymptotic properties and, in particular, is

asymptotically efficient, but to use it for approximation m (9,t), 0 <t < T can be numerically
difficult problem. To solve equation (1.7) we need many solutions of the equations (1.5), (1.6)
and even if we found V. = U, (X T) we cannot put it directly in the equation (1.5) because the

stochastic integral

/t 7(1§sa s)f(ésv s) dx
0 20 (s5)? °

is not well defined. That is why it seems reasonable to construct a consistent estimator 1§T,5 by
observations X7, where 7 takes a (small) value 7 € (0,7) and then to define the estimator
my, 7T <t<T as solution of (1.5), (1.6), where ¥ is replaced by ¥, .. Moreover, in this linear
case it was possible to introduce the One-step MLE-process J; ., 7 <t <T and to construct an
asymptotically optimal in the minimax sens estimator of the conditional expectation m (¢,t).
This program was realized in the works [14, 16] for the linear system (1.3), (1.4).

The goal of the present work is to realize partially a similar program but in the case of
nonlinear partially observed system (1.1), (1.2). Of course, there is no more equations like (1.5),
(1.6) and we study, so-called, extended Kalman filter (EKF), which is introduced as follows:
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(0, my (9)) 7 (8, )

dmy (9) = a (9, t,my (9)) dt + e [AX, — f (0, t,mq (9))dt], (1.8)
L9, my (9))% e (9, 1) )
W:Qa; (0,t,m (9)) ve (9,1) — fy (0F 52((7()]5))2v (@.%) +b (0, t,my (9))7, (1.9)

subject to initial values mg (¢) = yo, Ve (9,0) =0. It is easy to see that if f(J,¢,y)=
f@ )y, a(@,t,y)=a(d,t)y, b(I,t,y) =b(V,t), then these equations coincide with the system
(1.5), (1.6).

If ¥ is known then the random process m; () ,0 < ¢ < T can be considered as the estimator of
Y;. It is shown below that under mild regularity conditions m; () — Y; as ¢ — 0. In the case
of unknown ¥ this parameter is estimated on the learning interval [0, 7], where 7 < T with the
help of method of moments estimator 97 . and then this estimator is substituted in the equations
(1.8), (1.9). The obtained solution of (1.8) we denote m; .. Thus we obtain the adaptive EKF
and then we describe in Theorem 1 (main result of this work) the asymptotics of the error
my . — Y;. Therefore the construction of adaptive Kalman filter or adaptive EKF requires at
least two steps: estimation of unknown parameters and description of the adaptive filter after
substitution of these estimators in the equations of Kalman filtration (in the linear case) or in
equations similar to equations of Kalman filtration (for EKF).

The statistical problems with partially observed systems considered in this work belong to a
wide class of problems related with hidden Markov processes. The different models with discrete
and continuous time observations can be found in the works [4, 6, 20, 21]. The EKF for diffusion
processes like (1.1), (1.2) but with small noise in both equations were studied in the works [1, 10,
12, 13, 23, 26—28] and many others. The exhaustive study of EKF with small noise in both
equations and in observations equation only can be found in [2]. In all these works it is shown
that the EKF are consistent, i.e., the solutions of the corresponding Kalman type equations
converge to the value Y; and if the system depends on some unknown parameter then there exist
consistent estimators. Note that in these models the limit (¢ = 0) system is deterministic. The
studied here system in the limit (¢ = 0) is random. The behavior of the EKF of the partially
observed systems like (1.1), (1.2) was studied in the work [3], where the upper and lower bounds
on the mean squared error of estimation of the initial value yy were proposed. The parameter
estimation problem by uniformly discretized observations of slightly simplified model (1.1), (1.2)
was considered in the works [7, 8] and the rate of convergence of the proposed there estimator
was ¢'/2.

There exists a large engineering literature on the adaptive Kalman and extended Kalman
filters (AEKF). The examples of AKF and AEKF and their applications in different situations
can be found in the works [5, 9, 22, 24, 25].

Remark that the properties of parameter estimators for the linear models like (1.5), (1.6) but
with small noise in both equations were described in [15, 19] and for the model (1.5), (1.6) in
[14]. The asymptotically optimal in minimax sense AKF was proposed in [16]. The similar
asymptotically optimal adaptive Kalman filters were studied in the asymptotics of large samples
in [17] (homogeneous system, ergodic case) and [18] (hidden auto-regressive time series).

2. EKF and regularity conditions

We have the partially observed system (1.1), (1.2) with the small noise (¢ € (0,1),e — 0) in
observation equation only. The equations of EKF similar to (1.5), (1.6) are
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y (0, t,my (0)) f (0,8, my (9)) e (9,1)

dmy (19) = |a (197 b, my (19)) - 24 (t)2

dt

+ f;; (197 tv my (’19))278 (193 t)
e20 (t)

dXy, mg (9) = yo, (2.1)

L0, t,my (9))% e (9, 1)
0% Dt) _ ot (9,t,my (9) e (9,8) — LB O 0Oy @), (22)
ot ’ e2o (t)
with the initial value v, (¢,0) = 0.
Introduce some notations
: dg (W, t,y) dg (W, t,y) dg (V,t,y)
919( I 7y) 6’[9 ) gt( ) 731) at ) gy( I ay) 8y b
g (9,t,y)
./ _ ) )
oy (ﬁ,t,y) - 99 Ot ’

g(v,t,y) € ‘Kg’b means that the function g (-) has ¢ continuous bounded derivatives with respect

to ¥ etc. If 4 = 0 then this condition means that the function is bounded and we denote C, such
constant that |g (9,t,y)| < Cy.

Conditions ¥

(61) The functions f (9, t,9),a (9,t,y), b(9,1,y) € Ci, f(9,t,y) €C2P and a (V,t,y), b(V,t,y) €
Cib i =0,1.
Yy ) b

(¢2) The functions f, (V,t,y), o (t),b(9,t,y) are separated from 0, i.e., there exist constants
cy > 0,c60 > 0,c > 0 such that
fo (O ty) > ¢y o (t) >coy b(D,t,y) > cp.

(¢3) The functions f(9,t,y),b(J,t,y), f, (V,t,y) € C?g’b. There exists constants c4 > 0,
cs > 0 such that

fg//ﬁ (ﬁ’t,y) > Cy4, b(ﬂatvy) > Cs.

3. Asymptotics (e—0) of EKF

It can be shown (see Lemma 2 in [14]) that the solution ~. (9,¢) of Riccati equation (2.2) for
the values t € [tg, T| and any to > 0 has the following limit in probability

li fg// (797 ta my (19)) Ve (197 t)
1im  sup

e—0 to<t<T £

—b(W,t,me (9)) o (t)] = 0.

Introduce the notation:
e (9.1) = b(9,t,m (V) o (t) b(9,t,mg () o (t)
’ fy @0, t,me (9)) 7 fy (0,t,mg (9))

Here my (9) is the limit of my(¥) as e — 0. This convergence is described below in the
Lemma 1 (see as well (3.7)). Note that the conditions %7 and %, are sufficient for the proof. The
similar result see in [26].

v (0,t) =

For these values of ¢ we replace e~ 17, (9,t) by . (9,t) in all further study of this model. This
will essentially simplify calculations related with the adaptive EKF.
The equation for estimate my (¢) of ¥; became
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dmy (¥) = a (9, t,m; (9)) dt +

£ (0,t,m ((19))7* (9,1) [dX, — f (0, t,my (9)) dt]

o (t)?
b (197 t, my (19))
o (t)

Consider the limits in probability of the random functions my (9), g (9) = %mt (),
to <t < T, which we denote as m{ (¢), m§ (9), to <t < T.

= a(9,t,my (¥))dt + [AX; — F (9, t.me (9))dl], to<t<T.  (3.1)

Lemma 1 Let the conditions € be satisfied, then for any tg € (0,T)] the following relations hold
f (19’ta m? (19)) = f (7907t’ i/t) ) m? (190) =Y,
_f’l9 (ﬂatam? (19)) f’l? (ﬁOat7}/1I> (32)
f@/] (197t7m§ (19))7 fgg (ﬂo,t,Y;)
Proof The limit mg (9), to <t < T can be described as follows. We have
b (9, t,my (9))
o(t)

rivg () = g (Yo) = —

dmy (19) =a (19, t,my (79)) dt + [f (7907 L, K) - f (197 t,my (19))] dt
+ b (19, t, my (79)) th

Hence

/tt M [f (790787)/5) - f(ﬁa S, Ms (19))] ds

o o)

=ahmm—mam—/%w&mmMM—/%w@mammm; (3.3)

to t(]

and the limit as e — 0 is: for all ¢ € [tg, T,

Eh(9,s,me (9 °
/ @ 5ms WD) 11y 6,2 — £ (9, 5,m2 (9))]ds = 0 (3.4)
to a (S)
because the expression [...] in RHS of (3.3) is bounded, the functions b (49, s) > ¢, 0 (t) < C, and
the equality (3.4) is possible iff
f (Wo,8,Ys) = f (0, s,ms(¥), to<s<T. (3.5)

By the condition %> the function f (4,¢,y) is strictly monotone (increasing) in y and therefore
the equation f (¥o,t,Y:) = f (Yo, t, mg (Jp)) has a unique solution mg (¢dy) = Y.

Recall that the relation similar to (3.2) we had in the linear case (1.1), (1.2) too (see the proof
of Lemma 3 in [14])

fWo,8)Ye=f(0,5)mS(9), to<s<T.

We suppose that the limit mg (9) of the solution of (3.1) is an Itd process with some stochastic
differential

dmg (9) = Aydt + DydV,, mg (9),

then we use the equality (3.5) to define the random processes Ay, Dy, to <t < T. The last step
will be to show that m; (¢) — m§ (9) — 0. Therefore if this convergence was proved we can say
that the assumption that my () is an It process was reasonable.

This stochastic differential we write with the help of (3.2) as follows:
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fL@,t,mg (0) dt + £, (9,8, my (9)) dmy (9) + %f{/y (9,t,my (0)) Didt

1
= ft/ (1903 t7)/t) dt + fg/; (ﬂ05t7}/t) a (ﬁOat7)/t) dt + §fgl/ly (1907ta Yt) b (190) t7)/;5)2 dt
+f@,/ (1907t7}/t)b(1907tayt) d‘/t

Hence A; and D; are defined by the equation
f; (1907 ta )/f) b (1907 tv }/t)

fy (0,t,mg (9))

dmy (9) = AW, t,m; (9))dt + dVi, to<t<T, my (V),

ie.,
[ (Do, t,Y) — f1 (9, t,y) + f! (90,t,Y; Yo, t, Yy
pee Aty T YD 0.0 1, 001,V (1.0
Iy (0.t y)
g/;/y(ﬁ()vtayvl-f)b(ﬁ()?tvn)2_fyyy(ﬁ(htay)D?
2f, (0,t,y) ’

[y (Do, t, Y1) b(Jo,t,Yr)
fy (0, t,mg (9))
The equation for 7i2; (¥) we obtain by the formal differentiation of the equation (3.1)
drng (9) = [ag (9,1, my (9)) + d, (9, t,my (9)) e (9)] dt + By (9, 1) AW,
By (9,1)
eo (t)
By (¥,1)
a0 (t)

D, =

[f (Do, 8, Y) — f (9,8, m (9))] dt

[ Fo (9,6, me (9)) + £, (D, t,my () 1y (19)] at,

where
Bﬁ (197 t) = by (197 t,my (19)) + b; (197 t,my (19)) Ty (19) :
Therefore

Bo@5) r 90 ) — 10, 5,m (ﬁ))}] ds

/t: o (s)

) / b(9,5,ms (1))

o o)

[ (0, 5,m (9)) + 5 (0., (9)) 110 (9)] s

¢
=¢ {mt (9) — g, (9) — / [ag (0, s,my (9)) + a, (9, t,my (9)) 1724 (V)] ds} .
to
The first integral converges to zero (see (3.4)) and we obtain the limit

/t W [f'ﬁ (0, 5,m2 (9)) + f1 (9, 8,mS (9)) 10 (19)} ds=0, to<t<T.
Hence

fo (9, t,m7 (9)) + £} (9,t,m7 (9)) g (9) =0, 1y (V) = —W'

The last equality can be obtained as well by the differentiation in ¢ of the equation (3.5). If
¥ = vy, then

(3.6)

- o __fl?(,l?()vtvmg(’ﬁ())) :_fﬂ(ﬁoatvyz)
o) = = G tme 0) T (Bont. Vo)

Let us study the differences my (9) — mg () and iy (9) — g (9). Denote
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Fo(ﬂ,t):\/ (W, £, my (¥ ))0)@)7 ° (9, 1) = M,

fy (0,8, mg (V) fh (00,1, Y7)
b(Yo,t,Yr) £y, (Do, t, Y2)

b(9,t,mg (9))f, (9,t,mg ()’

By (9,t) = b(d,t,mq (9)) + V), (19, t,my (0)) i (9)

by, (0,t,mg (9)) fo (9,t,m5 (V)

(0,8, mg (9)) ’

A° (0, t) = A° (99,1) =1,

BS (0,t) = b (0, t,m$ (9)) —

"0, t,me (9)) fo (9o, t,me (9 . . 30 (9,t) ., .
e (0.0 = LR I G Dy 0t () = S 0,0t ),
R° (9,1) B (9,t)? R° (9, 1) BS (¥0,1)°
I (0,1) = J1 (0,1, mg (9)) * b(9,t,mo () I (o, ) = fi 00,6, Y1) b(90,t,Y,)*
A° (9.1) = (1907t’yt) ;(190,757)/}) B19 (19 t) ( t,myg (19))
O:8) = 50, tomz (@) £, (9,6, me (9] | 5098, mg (9)) 5, (0, £,z (9))
R By(0,0) fy, (0,6,m5 (9)) fo (9., mg (9))
iy (0:t,mg (9) wmm<»gmawww ’
A° (19 t) _ B; (ﬁovt) f;ﬂ (ﬁoatan) . Bi(; (1907t> 7;/7; (190at,}/t> fﬁ (190,7575/2) . R° (190,75)
v b(o,t,Y2) £}, (D0, t, Y1) b(¥o,t,Yy) f) (Do, t,Y;)? £l (D0, t,Y)

Below the expressions like O (g) are understood in probability, i.e., it means that e 1O (g) is

bounded in probability.

Proposition 1 Let the conditions € be satisfied, then for any tyg € (0,T] the following relations
hold

W =&e = A (0, ) me + O (7)), (3.7)
my (o) =Yy v
m_gta nts+o( )

W = 11I° (9,1) & + A° (9, 1) ne. (3.8)

Here & .= & ~N(0,1/2), ne = n ~N(0,1/2), rv.’s &, 0 <t <T are independent, r.v.’s
N, 0 <t < T are independent and r.v.’s &, 0 <t < T and ny, 0 <t < T are independent too.

Proof The equation (3.1) can be written as follows:
b(0,t,my (9))
eo (t)

f (9,t,mg (9)) — f(0,t,my (9))] + b (I, t,my (V) dWy

dmy (9) = a (9, t,m, (7)) dt + [f (Do, 8, Y1) = f (9,8, m7 (9))] dt

b (9, t,my (9))
go (t)
b (9, t,my (9))

S O (9) — £ (0, me ()]

=a (9, t,m (9))dt +
+ b (9, t,me (9)) dWy
=a(9,t,m; (9))dt —

+ b (197 ta my (19)) th7
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where |my (9) — m$ (9)| < |my (9) — mg (9)|. Therefore
d[my (9) —=mg (9)] = [a (9, t,mq (9)) — A (D, ¢, m (9))] dt
fy (Do, t,Y1) b (Do, t,Yr)
fg:/ (197 t,my (19))
b (9, t, me (9))
 eo(t)

d‘/t + b (?9’ ta my (19)) th

£ (0, ¢, (9)) [my (9) — mg (9)] dt.

Introduce the random process Z; = my () — mg () — Cy + Fy, where

/ fy (D0, 8,Y5) b (o, 5, Y5)
to

[ (9, 5,mg (9)) dv;.

Cy = /bﬁ'sms(ﬁ1 dW,

The equation for Z; is
b (9, t,ms ()

dZ; = [a (9, t,m¢ (9)) — A(9,¢,m7 (9))] dt — eo (t)

f;; (197 t? mt ('19)) Zt dt

b(ﬁ’ t,my (19)) / -
T(t)fy (0, t,me () [y — Cy] dt.

Therefore the solution of this equation is

Zy = Z1, ¥ (1, 10) +§/t U (t,s) W

+Awwgmw@mmmwa@mﬂmnm

F1 (0, 5,105 () [Fs — Cy] ds

1 [t b
:Ft—Ct—kf/ \I/(t,s)(—
€ Ji, o)

+/t U (t,s)[a(9,s,m, (9) — AW, s,m ()] ds+ O (e7¢)

L[ b(d,5,m (9)) ,,
+a/to‘1’(t’5)U(S)fy(ﬂas,ms())[ot Clds + Zi, W (1, 1o)

where we used the abbreviations
1/t b (¢, t, my (9 .
v —eo (-2 [a@a). =" g 1, @)
e Js o (t)
and the following property of the integral (¢ > t).

1[m@@bmﬁmﬂmfw@mamms

c 7 (s) v
- \Il(t,())é/t U (5,0)" Wf; (9, 5,15 (9)) ds

t

= xp(w)/ AW (s,0)"" =1 — W (£, )
to

71+0( (t= tf’)),

with some ¢ > 0.
Denote as well

b (9, t,me (V)

g« (t) = o (1)

B0t ), () = (-2 - 9)2.0).
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We have the estimates (¢ > )
t
Zy, ¥ (t,t0) = O (e), / U (t,s)[a(d,s,ms (9) = A, 5,m2 (9),Y5)] ds = O (e).
to
To obtain these estimates and to study the other integrals below we use the following well
known device used, for example, in the proof of Lemma 1 in [14]. Let G (s), tc < s< T be a

bounded function and t. =t —&”, s > t., where v € (1/2,1). We have the estimate

ChCy
>
q(t) = c

=Ky > 0,

o

where the constants ¢, ¢, are from the condition 45 and o (t) < C,. Hence

U(t,s) < e~ e (t=9)

and
/ta U (t,s)G(s) ds < /tE e TG (s) ds < e" T /lﬁE G(s)ds=0 (efs%“) .
Then
/t Ut s) Wf; (0, 5,774 (9)) G (5) ds
= [T M s )6 (6) s

_ /ttq;(t,s) Wf;(ﬁ,s,ms (9)G(s) ds+0 (7).

As the terms like O (67%) will be added to more large errors we will write O (g) to
simplify the exposition.

Lemma 2 If the function G (-) is Holder of order p € (0,1] then

l/t w (1, 5) 25 O 5 (9)) G (s) ds = G (1) + O (). (3.10)

€ o (s)
Proof Omitting terms of order o (¢#) we can write

1 [t b(¥,s,ms (1)) ,, 5
g/ts‘ll(t,s)U(s)fy(ﬂ,s,ms(ﬁ))G(s) ds — G (1)

L[ b, s,me (),
St /t Ut ) == Sy sms )G (5) = G (0)] ds
C t

2| s |t — s ds < C/ e “utduet < Cet.
€ Jt. 0

rx(t—te)

N

These estimates allow us to write for such functions G (-) the representation (3.10). O

We have on the interval [t.,t] the estimates

b (v ) b (v s (VU
C |t - S| +C ’fg// (ﬁvtamt (19)) - fgll (ﬁatams (19))|
Ce”+ Clmg (9) —ms (9)] + C ms (9) —mg (9)].

g+ (t) — g (s)| = fy (9,5, (9))

<
<
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Hence
Zt :mt(ﬂ) *m? (19) *Ct+Ft

r o g g t@sms @) o Rl
=R Cot [ wie ) MO 0,0 ) - Fla
1

t b(d,5,my (9) ,
+€/tsq/(t7s)U(s)fy(ﬂ"g’mS(ﬂ))[Ct_cs]dS-l—O(E)

and we can write

e (0) = mf 0) = 2 [ wie.s) OO o ) [, - Fds

c o (s)
L[ b(d,s,my (9) ,
+ 2 /ts W (t,s) Tfy (0, 5,4 (1)) [Cy — C]ds + O (¢).

We estimate the order of my () — m$ () first. We have

C

Eo, s () = 5 (0) —/wts)EmwF B +1C. - Gl ds+ 0 (&)

N

f/ “EE o[V ds + 0 (e) = O (V).
Therefore my (9) — mg (9) = O (y/€) and

1 ("o, v,my (9)) - b(d,t,ms (9)) ,, o
t—t. /ta o (v) fy (9, v,y (9)) dv — Tfy (9,t,m; (9)) =q° (¢) .

We have as well

D[RO g o, ) ar - g )

o(r) 5

_(t—9) [O(EDH_O(EV/Q) +O(ﬁ)} _ (21—77)0(1) _(t=s)
hE:O({:‘%)-

To study these integrals we use the elements of the proof of Lemma 1 [14], which allow us to

N

©
™

write

L v M o s o) [ - ds

€ o (s)
- é/ﬁ U (t,5) Wﬂ, (9, 5, 1 (19))/ b(W,r,my (9)) AW, ds
— } te—%(t—s)[lI(t) hs]b<1978>m8 (79)) / 5.1 k m s
_e/t * ol fy (0,5, 5(19))/8 b(0,r,m, (9))dW, d
_ bw’;@t)w)) 1 (0,1, (9)) /t o~ He=5)a(®) / b (0, m, (9)) AW, ds (140 (%))
Wf (19 £, 17 (19)) /t e_%(t—s)q(t) [Wt_Ws] ds (1+O(E%))
B W, t,me (9)) o (t) [T .
f\/ e, e a1+ 0(60)
_\f\/ f, Mmt( )) &75(14—0(6 ).



Probability, Uncertainty and Quantitative Risk 453

where we changed the variable s =1 — -Zvu and denoted wy . (u) =/ Q(t [W Wi_ )] the
Wiener process.
Note that

(t—te)a(t) (t—te)a(t)
€ £

e " wye (u) du = / e dwye (u) + O (e %)
0 0

:>§t:/oooe“ dwt(u)~N<O,;).

Here w (+) is some Wiener process and the Wiener processes wy, (1) and wy, (+) for any ¢1 # t2
are independent. Therefore the random variables &;, tg <t < T are independent.
For the first integral we have the similar relations
1 [t b(9,s,ms(9)) _ tf(’ (Yo, 7, Y) b (90,7, Y,)
é:/tg\ll(t,s)U(s)fy(19,5,7718(19))/5 Y KNG dV, ds
b (0, t,my (0)) fy (9,8, me (9)) f) (Do, £, Y2) b (Do, 1, Y3)
o (t) fy (9,t,my (9))

t
X / e~ 2= [y, V] ds (1+ O (7))
te

= ve

b (Yo, t, Y1) f; (90,1, Y2) \/b(ﬂ,t,mt(ﬁ))a(t) ne (140 ()

b (197 ta mt (19)) f{; (197 t7 me (19)) fq; (197 ta ﬁlt (19))

19, ,’ﬁ’Lt 19 g z

Here

(t—te)a(t)

e t
Mte = e " Ut,e (’LL) du, Ut,e (’LL) = % |:V; — Vi qa(ztl)]

and

(t—te)q(t)
€

e o 1
Nee = e du (u)+0(e77) = = / e “duy (u) ~ N <O, 2) )
0 0

The Wiener processes w; (-) and v (-) are independent and the random variables 7y, ,n:,,
to <t < T for any t; # to are independent too.
We obtained the representation

mi (0) —mg (9) _ [o ) b(0,t,m; (V)
Ve fy (0,8, (0))

)
()(191“71(19)){{E B
fr@.tmg (9)) [°° b (06, mf (9

b (0,1, Y1) ;(7907?5 Vi) ¥
{ "Bty (0) ) (0.8 tw))”“]*o( )

)
b(o,t,Y2) £, (Yo, t, Y2) y
TACARAC)) ”} TO(E)

y
=T°(0,t) [&c — A° (9, 8) mec] + O (7).
Note that as my (9) — m (J) ~ /e, we replaced in this expression my (J) and my (9) by
mg (9).
If ¥ =g, then m? (%y) =Y; (see (2.4)) and
my (9o) =Yy =T (Jo,t) [§r,e — A° (Yo, 1) mt,e] 8(1+O(%))
=T1° (D0, 1) [€r.c — Mt.c] \f(l +0(e2)).
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Therefore we can formally evaluate the error

b (9o, 1, Y3) ] -
—_— €+O 13 2
fyl; (7907taY;5) ( )

= Ey,7s (90,1) e+ 0 (172).

Eg, (m: (60) — ¥)* = o (1)E, [

Hence the function Ey,7v. (99,t) asymptoticaly plays the same role as in the linear case, i.e.,
describes the mean squared error of estimation Y; by my (dg).
Let us denote
P(ﬁvtaywz) = a(ﬂatvy) - A(’ﬂ7tvz)
and consider now the difference 1y () — g (). The derivative in ¢ of (3.9) yields the equation
d [rig (9) — 1y (0]
= Py (0, t,m; (), m$ (9)) dt+P; (0, t,my (9) ,my (9)) 1y (9) dt+P. (9, t,my (9) ,my (9)) g (9)dt
f?; (1907tayz)b(1907tay7> ] 7 .
Bt @ L Ot O+ £, Ot ) e ()] 4V,
(B0 (0.0) £ (0,870 (9)) + b (9, t.me (9)) f, (9,300 (9))]
eo (t)

- PO 4y 0,8 (0)) v (0) ;0,00 (0)) 37 (0)] e+ B (9. 0) @V

b(ﬁ’t?mt (19)) " _ . o
oy ()i (9) e (9) —mg (9)]db

) [Bﬁ (0,t) £ (0, t, 1 (9)) + b (3, t,m¢ (9)) f{gy (9, t,my (79))} (e () — mg (9)] dt

eo (t)
fg; (1907t7}/t)b(190,tayrt) ] 17 .
7 0t O [ o (0, my (9)) + f11 (0,8, my (9)) ring (19)] av;

b(9,t,my (V) ,,

— T 0t (9) v (9) =i (9]t (140 (VE)

= Q (9,t)dt + By (9,t) dW; —

with obvious notation for @ (1J,t). Here we used the relations
f(Wo,t,Ye) = f (0, 8,my (9)) = [ (9, 8,mg (9)) — f (9,8, mq (9))
= fy (0,t,m0) (mg (9) —my (9) = f, (9,1, mg) (mg (9) —my (9)) (1+ 0 (VE)) -
Introduce the function
By (9,1)

R(0,t) = —fll, (0, t,11,) 1y (0) — b (0, t,my (V)

fg// (ﬁvta my (19)) - fll9y (ﬁvtvmt (7‘9)) .

Then we can write
b (9, t,my (V) R (9,¢)
eo (t)
f; (¥0,t,Y:) b(Y0,t,Ys)
(9, t,my (9))°
(@t me (9))
eo (t)
+ By (0,£) AW, (14 0 (Vz)) .

d vy (9) =g (9)] = Q (9, 1) At + [my (9) —my (9)] dt

10 (0,tsme (9)) + £, (9, t.m (9)) 100 (9)] Vs

fy (0, t,mi (9)) [rivg (9) — rig (9)] dt
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Introduce the notations
. t .
Ct / Bﬁ (19 S)

fy (Yo, s,Ys) b (0, s,Y5) " .
/0 £ (9,5, ma ( 0))? [fyﬁ (0, 8,ms (9)) + fyy (9, 5,mg (9)) 102 (19)} dvs.

Then for the process Z; = 1y (9) = mg (9) — C, — F, we obtain the equation

a2, = PRI IR o, (9) . )] e = 2L 00 (0) Z
Q1) dt — W fy (0,6,m (0)) [Co+ B
Therefore (¢ > to)
7y = /t:\I/(t,s)Q(ﬁ,s) ds—s—i/t:\lf(t,s) b(’g’s’mj,((i;)mﬂ’s) [ms (9) —mg (V)] ds

- 2 (1,0) — %/ﬁ (1, 5) Bi((i’)s)f; (0.5,m3 (9)) [Cs + ] ds

Bﬁ (’19, S

o (s)

_ R(ﬁvt) m _mo o
- fé (,19’ 7m§( ))[ t(ﬂ) t(’ﬂ)] Ct
e
3

t
t
|
te
t

! By (9,5) 1 o L
+6/t5\1’(t’8) i(s) fy (9, s,mg () {Ft_ps}dﬁo(g).

Here we used the slightly different notation

vt = (-1 [amar). g ="TE0EOD o s )

U
(t5) P20 g (0)) [~ €] as

and the estimates

Further

1 [t Bﬂ(ﬂ,s) , o L.
€/tO\I/(t,s) g 0 (19))/5 B (9, r)dW, ds

oo t
_ Bzéﬁ(};) 119, t,me (ﬁ))/ts (1, 5) (Wi — Wi]ds (140 (%))

By,
=VETow

— e By (9,1)° b(9,t,mg (9)) o (t) s
-V b(9,t,ms (0))2\/ £ (0, 8,ms (9)) §e(1+0(e2)),

fo (@0, t,ms (9)) q (8) "% &0 (140 (%))

and

455
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i/ttqf (t,s) BZ((iss)f; (0, 5,m2 (V) [Ft _ F] ds

(9,t) fy, (Do, t,Y:) b (Do, t,Yr)

o (8) £} (9, t,me (9)) g (1) o

+ 1y, (0, t,my (9)) 1 (9)] mie (140 (7))

By (9,1) £ (90,1, Y2) b (90, £, Yy) /o ()
b(9,t,mg (9)*° f1(0,t,mg (9))7/

13y Ot.mg () fo (9,6,m (9)| mee (140 (7))

_\fBﬁ

9, t,my (9))

— 2

(10 (0,8, (9)) £ (9, 1,5 (9))

These relations allow us to write

mt (ﬁ)_mto (19) _ R(ﬁ7t)ro (ﬁvt) |: _ b(ﬂ07t }/t)fg// (ﬂOatvift)

f1 @, t.mg (9)) b (9,6, mg (0) [, (0,4, m (9)) T

By (9,1)’ \/b(ﬂtmt( Do) . -

| ve

b0, t,ms ()2 \ S (9,t,mg (9))

By (9,t) fy (00,8, Y1) b (00,8, Ys) /o
+
b (9, t,mg (9)) f1 (9, ¢, mg (0)) /

—Fy @t (9)) fo 9, t,mi (0)] e VE +0 (757

Do 0.t @) £ (0,1m )

Hence
mt (19) m;’ (19) _ R° (19,2‘:) é_ _ b(ﬁ07ta}/t> fgg (ﬂOatax/t) :|
To(0,6) Ve (0 tmg (0) |7 b(0,6,mg (0) ! (0, t,mg (9)) "

by (9,t,m§ (9)) £} (90, t,Y2) b (Yo, t, m§ (9))
b(0,4)° £, (9,t,mg (1))
o Ot me (9) fo (9,8,mg (9))
£ (0, t,mg (9))?

R0, By (9,t)° ¢
0, 6mg @) " b0, 6,me (9)2]

fg:ﬁ (19) t, m(t) (19))
fy 0. t,mg (9))

By (9,1)° .
et — 2 &+ 0 (g2
", b (0, t,m? (19))2 . ( )

By (0,t) ) (0, t,mg (0

b(ﬂ()vt’y;ﬁ) fg; (ﬁOatayt) ( )
b(0,t,mg (ﬂ))f (0,8, mg (0))

TRt me (9) 1, (0, 6 mg (9))

O R@W) Bo(0.) f, (9.t,mp (9)) g (9, t,m (9))
fl/l (ﬁ,t,mt" (19)) (19 t mt ( )) f:; (&t,mf (19))2 Nt,e + @) (5 )

=1r (ﬂat) gt,s +A° (19725) Nt,e + O (6%) .

Therefore if ¥ = g, then this expression is simplified and we have
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my (U my (U R° (9g,t BS (9
i&dkwﬁﬁ@igmwgwﬁ&§&
BS (0o, t) [fr9 Wo.t.Y2)  f1 (00,8, Y3) fo (00,8, Y2)
b(Wo.t.Y:) | f) (Do, Ys) 1 (90,8, Y2)° n
_ | B (o,t) BS (¥0,1)° - Bj (0o,t) f19 (90,1, Y3)
£ (00, 6,Y2) b (00,1, V) b(Jo,t,Yy) fy (Do, 1, Y2)
B (Bout) (90,6 Y0) fo (90,6 Y)  R® (d0,1)
b (90,t, ) f1 (90,1, Y2)? [y (00,1, Y7)
=1I° (Yo, t) & + A® (Jo, 1) s
O
Corollary 1  The representations (3.7), (3.8) allow us to write
o P ) (o, (0) e - A° (0.0) e
+ fy (0 t,my (9)) [I1° (0,8) &e + A° (9,8) mec] + O (2
= [K (0,t,mg (9)) + ;(ﬁtmt(ﬁ))ﬂo(ﬁt]fte (5)
+ [fy (0,6, me (9)) A° (9, 1) — K (9,8, mg (9 9,t)] Mee. (3.11)
Here

GRS
£y ty)

K(ﬂat7y) = f1/9y (’ﬂztvy) -

Indeed we have

d
51 (0, (9)

= S 1F Ot (9) = f (ot (90)]
d o
= SO, () — 9,102 ()]

= fo (0,t,me (9)) = fo (9, t,m (0))
+ Ly (0,8, me (0)) e (0) = £, (9,8, my (9)) iy (V)
= [y (0, t,170) [me (9) = m (9] + f (9, 8,my (9)) [rne (9) — g ()]
+ [fy (9,t,me (9) = £, (9,8, mg (9))] ring (9)
) -

= [Fhy @stim0) + £, (98, 500) 1 (9)] (e (9) = mg (9)]
+ 3 (9.8, my (9) g (9) = g (9)
:ﬂmmwwwmwtmw ¢ (9)] Im? (9) = m (9)]
+ £y (0,t,m; (9)) [ (9) = 1 (9)] + O (V)

= [ 72, 0.tm ) - %ﬁﬁgﬁxh £ ()~ m ()

+ [y (0, t,mg (9)) e (9) — iy (9)] + O (Ve)
= K (9, t,m; (9)) [mg (9) —my (19)] + £y @0, t,mg (9)) e (9) — 10y (9)] + O (Ve) -

The substitution of (3.7), (3.8) here gives (3.11).
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4. Empirical quadratic variation of the trend coefficient

Introduce the same statistic as in the linear case [16] (5. =¢, tir1=t; + ¢z, e =62/ N, .= {é} )

N;—1 2
- X 46, — X Xt,+(5 — X
WT — i+1 e i+l i e i , 0 < < T

Remind that

Xtyprv6. — Xty and Xi;16. — Xy
58 68
are asymptotic derivatives (6 — 0) of X; at the points ¢;,11; and t; respectively and the sum
U, . is the quadratic variation of these “derivatives”.

Note that W,. converges to the limit of the quadratic variation of the trend coefficient
f (99,t,Y:). To obtain the expression for this limit we first write the formal expansions and later
in the proof of Lemma 1 we give the detailed proof. The quadratic variation of f (Jo,t,Y;) is the
limit of the following sum

Ny.—1

Z [f (Yo, tiv1,Yerry) —f(ﬁo,tuYti)]Q
N

= > [f (ot Yary) — F Worti, )] +0(1)
=0
N,.—1

ST W0t Vi) (Yo, — Ya)  +0(1)
=0

N;.—1
Z f;(,ﬂovti7}/ti)2 b(1907tiay;ti)2 (‘/ti+1 - Vvtl>2 + 0(1)
=0

— [ 130t b (00, Yi) dt = . (90).
0

Here the function ¥, (¢),9 € O is defined by the last equality.
Let us denote

T 2 T
= 2/0 o ®)dt, m (%) = g/0 £1 (90,8, Y2)? b (90,1, ) dt,
73 (Vo) = / Fo W0, 6, Y1)2 b (90,1, Y1)" dvy, 7 () = m1 + m2 (Vo) + 73 (Do)
0

where v, 0 < t < 7 is some Wiener process.

Details of this convergence are given in the following proposition.

Proposition 2 Let the condition 61, be satisfied, then

Upe =W, (Fo) + P40 (27), 7P (W = Wy (9)) = 7 (90)

and for any p > 0 there exists a constant C' = C, > 0 such that

sup By, [¥, . — U, (o) < CeP/3.
Yo EO

The random variable 7c is defined below in (4.3)-(4.6) and (4.7).
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Proof The proof follows the main steps of the proof of the Proposition 1 in [16]. Let us
consider first the simplest case just to see how this rate of convergence can be obtained. Put
f (o, t,y) =y, a(@Wo,t,y) =0, o(t) =1, b(Yo,t,y) =1, 7=1. Then ¥, =1 and the observed
process is

dX; =Vidt +edW;, Xg=0, 0<t<L

Denote

1
gti+l,5 = ﬁ [Wti+1+§5 - Wti+1:| ~ N(Ov 1)7 Agti,s = gti+1,e - gti,s)
5
1 i+t1+0
Mit1.e = 53/2/t [‘/8 - Wi+1:| ds ~ N(07 1/3) ’ Anti,a = Mtigr,e — Mtie-
e it1

Then we can write

B Nr.e 1 tit1+0e 2
Tre=2 6/ Vads + =t - 6/ 7t

NTE
= 2 < h = Vi + V0D, + \/(TA&“>
N7 e NT,E 2 NTE
= [‘/;514»1 - W1]2 + 55 Z Ant% Z Agt + 2\/> Z W1+1 - Ant
1=0 =0
7'5 NTE
Z Vieen = Vi | A&, +22 > Ay, AG, . (4.1)
=0

By Ito formula

NT,E NT,E NT,E t'H»l
[V}l+1 - 1]2 = (tit1 —ti)+22/ (Vs = Vi, )dVs =14 /o O(1) (4.2)
i=0 i=0 i=0 Vi
because

NT,E

2
tit1
:Z/ (s—ti)ds:&.
i=0 7t 2

i

NT,E ti+1
> / (Ve = Vi,) dVa
i=0 “ti

For the second term we have

N75 NTE
’ 2 ’ 2
o S S Y s MY I (]
E

1=0 1=0 1=0

We have as well

NT,s
pe Y AL —2, PR Z Ag = (2+0(1).
i=0 Octpe
For the other terms in (4.1) we obtain the relations
N ? B 6
€
4€2E Agti eAnti e - ’ € gt’L e T/tb s O (1) ?
Z: Y ' Z \ Pe
N 2 N

IS £
E Vi —V.]Ag | = ~Vi,]A £
(Se art [ tit1 tl] ftz,g e \/a « 1+1 ft \/5—5

1= 7
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Remark that

1 ti+0e
E [‘/;51‘4-1 - V;fj A77t7:,5 =E [%7 - Wi+1] 77157:,5 = WE [V;q - V;H-l] /t [V; - V;fl] ds
I 2 Vo

and therefore

Oc

N‘r,e
\/E Z [‘/ti+1 - V;fl] Anti,s = _507 (2 + 0(1)) :
i=0 €

Therefore the main terms are

82

0c e

@T,E:1+¢@0(1)+Z—50(1)+ 0(1).

If we write two equations of balance for J. = 9 and ¢, = &

e S e?
Pe = —, - = )
Pe Pe detpe

then we obtain the values ¢ =1 and | = 2/3, i.e., . =€ and . = g2/3,
Now we repeat the given above calculations but for the model (1.8), (1.9) with description of
the corresponding errors. We omit for instant 9.

Using elementary expansions we write

Xips, = Xy, 1 [UH0e o
M:—/ f(tY) dt+§/ o () dW;
t € Jt;

5 5 ).,
o ) Wti+55 — Wt,; 13 titoe g
ff(tuYti)JFU(tz)T\/EJr . [U(t)*a(tl)]dwtg

1 ti+0e
by [0 - £ ) d
e Jt,
1 ti+0e
(S R RV (R AUS AL R AR
e Jt,

ti+0e
sx [ e s a0 (47)
£ t;

i

= f(ti,Ya,) + 0 (t) &, eV/E + 5&/

t;

t;+0c t
fg; (tqu)/ a(‘SvYS) ds dt
ti

1 ti+0e
Jr(sf/ f{,(tuy;t,)/ b(s,Y,) dV dt+0<g3/2)7
e Jt; .

i

= f(ti,Yy,) + o (t:) &, eVE+ fp (i, Vi) b (86, Y2,) ne, e V/E+ O (g).

t
i

Therefore we have as well the representations

Xti+1+5a - X
de

it f (ti+17 }/ti+1) + o (tiJrl) 5ti+17€\/g

+ fg,/ (ti-‘rl) }/t'iJrl) b (ti+17 }/ti+1> 77t,i+1,5\ﬁ + 0 (E)

and
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Xtiit6. — Xtips B X145, — Xy,
Oc 5.
= f (tix1, Yeory) = f (6, Y2,) + 0 (tig1) &rir o VE
0 (1) Eten/E+ f1 (ip1, Yo ) b (fit, Yies) Mo a e v/E
— fy (60, Y2) b (£, Ye) miy e VE + O (e)
= F (1 Yin) = F (6, Y) + (0,2 05 + 0 (1) Ay, 2
+f (t:, Y2,) b (tithi)Anti,&l/z +0 (55/6>

= [l (ti,Y,) [Yery, — Yo ] + 0 (6) A&, e + [ (4, Y2,) b (£, Ys,) Any, €2 + O (52/3)
f (i, Y2,) b (8, Y2,) [V;:i+1 - V}J + o (t;) Afti,eEl/Q
+ f (t“Y't ) (t“YL) Aﬂt,;,saflm +0 (52/3> )

Hence
Nye—1 N;c—1
2
Z £ Y20 (8, Y0)? Vi, — Vi ]+ D o (t)* (A&, )% e
1=0
N,,E 1
+ > F (Y b (4, Ye)? (A, o) e
Nye—1
+2 3 fr (. Ya) b (6, Y2,) 0 (8) A, A, e
=0
Ny—1
+2 ) f (Y2 b (4, Ye,)? Vi, — Vi, ] Amg, €2
=0
N, .—1
20 S Ya) b (V) 0 () [Viey, — Vi] AG, e €72+ 0 (7).
=0
Note that
Ny e—1 -
e = Pe Z o (t)? (Aﬁti,5)2—>2/ o) dt =, (4.3)
i=0 0
TE_l T
£ Z 2 (A&, ) :2/ o (t)?dt (1+0(1)) /3,
0
N:—1 9 [T
Moo= Y [yt Vi) bt Ye) (M) — 2 [ (6 Y) (Y dt = m (D), (44)
1=0 0
N-.—1 9 [T
e D Sy Ya) b (1) (A o) = 5 / £y (Y b (6, Y0)" dt (14 0(1)) /°
=0 0
and
Nye—1
Z .f:l// (tia Ytz) b (tia }/tz) o (tl) Anti,EAfti,E e=0 (62/3) .
1=0

It is easy to verify that



462 Yury A. Kutoyants

N —1 2
E ( fo (80, Ye,) b (i, Ye,) o (t:) Ane, A&,
= Efg// (ti’}/ti)2b(ti7yti)20(ti)2 A’?Z,eAﬁi,E

<C EAn? _EAE (< Ce /3

Further we have

N;e—1

Z fy t7,7)/t tl7)/tl)o'(t’t) Afti,s [‘/tq',+1 - ‘/I‘,J :/ H€ (t) d‘/tv
0

where the step functlon H.(t) is
H. (t) = fg; (ti7 Y;z) b (tiv YL) g (tl) Agti,E n{t¢<t<t7‘,+1}‘
Recall that W;, 0 <t < T and Vi, 0 <t < T are independent Wiener processes. Therefore

T "'5 -1
| Hr = 3 )00 (0 A (1~ 1)
0
—>2/ ()b (1Y) 0 ()2 dt
0
because
2
( o (i, Ye, )2 b(t:,Ye,)? o () (AEE . —2) (tigr — 1)
N, 2
Z ( (t:, Vo) b (t:, Vo) o (t:)° (Afi,e—z)) )(tm—ti)Q
<C e
Therefore

[ m@avi = w0, B0 =2 [ @10 o)
0 0

and we obtained

7— 571

Z f tm}/t tlaY;fi> ( )A&/ 5[mz+1 _VL]\/‘E:O(\@)

For estimation of the next term we denote G (t) = f; (t, Y;)?b(t,Y;)” and write
Nyo—1

e Nt Y2) b (6, Y2,)” Vi, — Vi) Ay, e

1=0
Nre—1 tiy1+e tite
= Z G(tl> [V;fq‘,+1 - ‘/;7] / [V Vvtu-l] - / [V; - V;fm] ds]
i=0 tit1 t;
Nre—-l tiy1+e
= Z G z+1 - z] / [V ‘/terl]
tit1
N"'=5 1 ti+e
- Z G( ) [V;fwd _VJ / [V;_Vvtl]ds
i=0 ti

= Sl,e — So.c

)
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with obvious notations. We have

Nre—1 tit1+e ?
BS2 =B Y Gt [V, — Vi) / [V = Vi, ] ds
1=0 it+1
Nyo—1

9 tit1+e 2
— EG (t;)? [Viy,, — Vi] E / Vi = Vi, ]ds| <C&°
i=0 tit1

For the second sum S3. we first note that V;, ., —V;, ;. and ftt_H_E [Vs — V4,]ds are independent

and can be estimated as the sum S; .. Therefore it is sufficient to study
Nye—1

t;+e
Sie= > G WViee—Vil [ Vo= Vids
i=0 ti
We have
Nre—1 tite 2
B3, <C Y B ( [ Wire = vid v - i) ds>

i=0 2

Nee=l itite
s e / E[Viise — Vi [Vs — Vi) ds < O "%

1=0 ti

Finally we obtain
Nyo—1
51/2 Z fgl/ (tia thl)z b (ti7 Y—tz)z I:W-H»l - ‘/tz] Antiﬁ =0 (‘52/3) :
=0

Consider now the term (see (4.2))

Ny -1 Nye—1 Ny -1 b
2 ,
> G Vi Vil = 3 Gl 42 3 Gl [ - Vilav,
=0 i=0 =0 t;
Noo—1 .
= G () [tita —ti]+51/3/ R. (s)dVi, (4.5)
i=0 0

where we denoted

R, (8) = 5_1/3G (tl) [VS - V;fL] n{ti<s<ti+1}'

We have
T Nre—1 tit1
[ reras=e2r Y Gt [ vl as
0 i=0 b
Nyo—1 1
= Y G it~ 1) (14 0() — 5 [ G ds
=0 0
Here

a3 bita o ! . 2 .

Hie =€ Vi =V, ds = Ve (r)?dr, i=0,1,...
ti 0

1

are 1.i.d. random variables with mean 5

and v; ¢ (r),0 < r < 1 are independent Wiener processes.

Therefore
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75_1

tit1
Ty = V32 Z Gt / Ve — V4,1 dVy = 73 (¥0), (4.6)

Ers (1)’ / £ Vi) b (1, Vo) dt.
The random variable 73 () can be written in the integral form
(00) = [ £ (607 b(6.Y5) dus,
0

where v, 0 <t < 7 is some Wiener process.
For the term

Ny.—1 Ny.—1
Z G (i) (tiy1 — i) = Z f;’,(tiaYti)Qb(ti,ﬁi)Q (tig1 —t3)
i—0 i=0

n (4.5) we write

Z Fy(ti, Ye)?b (6, Y2,)? (tiga — 1) — / ' (6, Y)%b (¢, Y2)* dt
Ny —1 i1
= > / Py YD (1.2 — (00, Y3)% (1, ¥, ]

=2 Z /’“fytyt (t.¥:) [ 75,0, ¥b (1Y)

a0 7] [ b vav. s o (20)
t

i

=2 Z / £ Ya)b (8, Y2)? [£10 (1 Yob (1, Y2)

(8l (Y0 Vi = Vi) dt+0 (£21°)
Nyeo—1
=2 Z f;(t’n Y:f;)b (tia YVti)Q [fg;/y(tla}/tl)b(tu}/m) =+ f;(tza }/tb)b; (ti7 }/tb):l ﬁi@ +0 (52/3)

7— 5_1

PRV Z Vifie (tig1 — i) + O (52/3) ’
where the two last lines define L. (¢;) and we denoted

tit1
Tic :5—1/ [V, = Vi,] dt ~ N (0,1/3).

i

We have

Hence
N-r,a*

ST L () ie (tinn — 1) + O (%) =0 (7).

i=0
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Finally,
\IIT,E =V, (190) + e 51/3 +0 (1) 52/37 Te = T1e + T2+ M3 e, (4 7)
e 3 (Wr e — s () = 7 (Do) - '
The term O (1) here has finite all polynomial moments. O
5. Method of moments estimator
The method of moments estimator (MME) 9% can be introduced by the equation
=W (97), (5.1)
where we slightly modified the definitions of ¥, . and U, (9)
NT‘E_l 2
Xty e — Xy, Xitj4e — Xy,
U* = il S S — 2 I 5.2
e 2 (P 8 52
=10

Here 0 <tg <7 <T, tip1 —t; =€2/3, i = [8293] , Ny = [5;/3}’ [A] is integer part of A.

The random function

UE (9) = Tf;(ﬁ,t,mt (9))%b (9, t,m, (9))°dt, V€O

to
is continuous with probability 1. The random process m; (), to < t < T is solution of the equation
b(¥,t,m¢ (V)
o (1)

Here the initial value my, (¢) is solution of the system (2.1), (2.2). As the equation (3.1) is
simpler to solve than (2.1), (2.2) we start these two statistics W () and W _ from the moment
to € (0,7).

We have to make several remarks concerning the definition (5.1)=(5.3) of the MME 9% _. For a
given € and observed trajectory X7 = (X;,0 < ¢t < 7) we obtain a random interval [1,,,, ¥r], where

Ym = f o (9), Yy = sup o (0).

dmy (9) = a (9,t,my (9)) dt + [dX; — f (9,t,me (9))dt],  my, (9). (5.3)

If Wr _ & [thm,¥n], then (5.1) has no solution and has to be replaced by the definition

7‘9?',6 = aﬂ{\y‘r,5<wm} + 15775]1{1/)7n<\1/1',5<w1\/l} + 5]1{\IIT,5>wJ\/I}7 \IIT-,E = \IIT (’57.75) .

Note that in the case of the consistent estimation the probabilities of the events ¥, . < ¢, and
W, . > 1Yy are asymptotically negligible.

The equation (5.3) can be simplified as follows. The initial value my, () can be replaced by
any other value, say, yo and the trend coefficient a (9,t,m; (9)) can be omitted. Let us explain
why (5.3) can be replaced by
b (9, t,mi (9))

go (t)
Consider the difference v; = mj} () — my (¥) and the equation for v}
dv 4b (9, t, m} (9))

FE0)

dmj (9) = [dX: — f (0, t,m; (9))dt], mi (9) =y, to<t<T. (5.4)

v [f @, t.my (9) = f(9,t,me (0))] — 4via (9, mq (9)).

We have
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t
Ey, v} = Ey, (m], (V) — y0)4 - 4/ Eg,via (9, s,mg (9))ds

to

B / af(s) By, v3b (9, 5,m (9)) [f (9,5, (9)) = f (9, 5,m; (9))] ds

— By, (m], (9) — )" 7/t %(S)EW b (0, 5,mq (9)) f1 (0, 5,m) ds—

t
- 4/ Eg,v3a (9, s,m, (1)) ds

to

deyey

eC,
2¢yc

<C - Y [ By,vid
CZO 9o Vs AS

elo

t
<C - EﬂO’U ds+4/ Ey, v, ds—|—4/ Ey,a (9, s,ms (19))4ds

to to

for sufficiently small . Here following [26], Lemma 2.1 we used the estimate fg < f*+ g™
where f >0, g >0 and k= + m~! = 1, which allows us to write Ey, ‘vga (W, s,ms (19))| < By, vi+
Ey,a (9,5,ms (9))", ie., k=4/3 and m = 4.

Therefore

Eg, (m} (9) — m, (9))* < Ce™ 6t (t—t0)

and this proves that the difference between the solutions of (5.3) and (5.4) is asymptotically negligible.
This is typical result for such short memory stochastic systems (see Corollary 2.3 and remarks
just after in [26]).

Therefore the statistic W.- can be replaced by

/ 1, tmy (9)%b(9,t,m; (9))>dt, 9€0© (5.5)

with the corresponding definition of the MME 97 .
We will need the estimator 7 . in the next section for the construction of the adaptive EKF
and the direct substitution of it in the EKF leads to the equation with the stochastic integral

[ 0]
to o (S) °

As the estimator 97 . depends on the whole trajectory X7 this It6 integral is not well defined.

To avoid this problem we consider construction of this estimator for the values 0 <tg <7 < T,
where to and 7 are small and the adaptive filter m} will be given for the values t € [7,T].

Let us denote

U2 () = [ fi(9,t,;m; (9))2b(0,t,mg (9))*dt, 0 €O,

H (0,t,9,2) = 2 | £3,00,4.9) + 11,00, t.9) 2] £,(0.8,9)b (9, 1.9)°
+2 {bﬂ (W@, ) + b, (9,t,1) z} £100,4,9)% (9,4,1) ,
HO (9,6,9) = 2 [ £5,0,6,9) 15 (0, 1,9) = 3,0, 19) Fo(0,4,9)] (0, 1,)°
+2 [by (9. 1,9) £3(0,t,9) = b, (9, 1.9) a0 t.9)| £ (0t 0)b (0, 8,).

The MME is defined by the equations (5.1)—(5.5).
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Introduce the conditions &

(%1) There exists a constant cg > 0, which does not depend on ¥ € O,t € [to, 7],y € R such that
H° (9,t,y) > cq.

(D5) The derivatives fgyy(ﬁ,t,y) and f;%(ﬁ,t,y) are bounded.

Proposition 3 Let the conditions €', 7 be satisfied, then the MME 97 _ is consistent and

1B (g o) 7 (Vo) 1/6
T e =) ftTOHO(1907t,Yt)dt+O(E )

Proof To prove the consistency we write as usual in such problems the following chain of relations:

for any v > 0

Pﬁ)(m%5<u|028__ﬁ0|>|0j§£>u’ﬁﬂg__ﬁd>

-Pp inf W, — O (9 inf (W, — U (9
o (o= W 0>t (- 2 0)])

< . * * I+
<P, (it (10— 03 0] 4192 0) - 0 (90)]

>t (19 0) = 00)] = e - 0 ()] )

— Py, (2 W, W (00) > inf U (9) W (790)> .

I’l9—’l90|21/

Recall that m} (¢) =m$ (9) + O (Ve), m; () = my (9) + O (VVe) (see (3.7), (3.8)) and my (¢) =
—fo (9, t,m2 (1)) [y (0, t,mg ()" (see (3.6)). Note as well that the derivatives of W% (9) and
U2 (J) are

W) = [ @ @) @) B 09) = / " HO (9, t,mS (9)) dt,

e (ﬁo):/TH" (Do, t,mS (9g)) dt = s (Do, t,Y;) dt.
Therefore
U7 () — U7 (9o) = U3 (¥) — L2 (o) + O (Ve)
= (9 — 00) ¥3(9) + O (V2)
= (9 — o) ' He (0, t,m$(9))dt + O (1) Ve
and

* _ * > L3 * _ *
Poy (2005~ 3 00| > int[05 0) - 0 (00

T

> Py, (2 W2, — U (Do) > inf [0 — HO(&,um;(ﬁ))dtD

[9—Bo|>v to
— Py, (|\p — 0 ()] = L (- to))
— Py, (o (51/3) > % (r — t0)> 0.
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The left and right sides of the equation W% = W (97 ) can be written as follows
W=, (9) + 7 () e/ + O (52/3) = U° () + 7 (Po) /3 + O (51/2) :

W (07,) = W2 (95.) + O (VE) = W2 (W) + (0% — do) W2(0) + O (VE)

and
-1/3 U*  — PO (9
g=1/3 (19?;6—190)28 . (V7. » (%) = — ™ (Vo) -1-0(61/6).
: Wo (o) 4+ O (VE) o, He (0,1, Yr) dt

6. Adaptive EKF

Recall that we have the model is
dX; = f (9,6, Y)dt +eo (t)dW, Xo=0, 0<t<T,
d}/t:a(ﬂat7n)dt+b(ﬁat7n)d‘47 Y02y07

where the observed process is X T — (X:,0 <t <T) and the diffusion process Y7 is hidden. The
parameter ¥ € © = («, 8) is unknown and we have to construct an approximation my . of the
unobserved component Y;. We expect that this approximation has to be consistent
(mf.—Y; —0) and its calculation has to be relatively simple.

The observation interval [0,7] is subdivided on three intervals: [0,%¢], [to,7] and [r,T]. The
observations on [0,¢o] are neglected because our problem involves a boundary layer at ¢ = 0.
During this time interval the solution e~!4. (9,t) of the Riccati equation (2.2) exponentially fast
converges to the value 7, (J,t). Therefore starting since to we can replace ¢ !v. (9,t) in the
equations (2.1), (2.2) by . (9,¢). This simplifies the further calculations. By the observations
Xi, to <t <7 we construct the MME 97 _ (see (5.1)=(5.5)).

The adaptive EKF is

b(V5..t,my,) . .
dm;, = ;U 0 Ll ldXy — f (0 tymp)dt], mp ., T<t<T.

The initial value my _ is arbitrary, since it can be proved that the initial value leads to a
boundary layer term.

Theorem 1 Suppose that the conditions €, 2 are satisfied. Then
fo (90,1, Y7) 7 (Jo)
fi o, t,Yy) [ He (90,8,Y:)
Proof Consider the difference m; —Y;. We have
mi . — Yy =my (95.) —mu (Do) +mi (90) = Yy
=i (0) (05 . — Do) +my (Yo) — my (Vo)

=1 (90) (9. = 90) (140 (%)) +T° (90,) [gr.c = e VE (L4 0 (1)
=17, (o) (V5. = do) (140 (/%)) +1° (W0, ) [g1.c = mecl VE (1 +0(1))

- _m (97, — o) (1 +0 (51/3)) +I° (90, 8) [€re — el Ve(l+0(1)).

g~ 1/3 (mze — Y}) =



Probability, Uncertainty and Quantitative Risk 469

Therefore

fo (Do,t,Yy) 7 (Vo)

=18 (m* V) — — ’
i =) = G ) T (et

7. Conclusions

The presented here AEKF is just a consistent approximation of the unknown conditional
expectation and the question of the construction of asymptotically efficient approximation is
always open. The difficulties are related with the absence of closed form equations for conditional
expectation as in the linear case considered in [16]. Remark that if we have approximation of the
conditional expectation (see [2]) and of its derivative w.r.t. ¢}, then it will be possible to use the
One-step MLE-process which provides the recurrent consistent estimation of the unknown
parameter and together with the recurrent extended Kalman filter this couple can provide the
asymptotically optimal AEKF as it was already done several times for the linear models [16—18].
The first step, of course, has to be the construction of the preliminary estimator of the unknown
1/2

parameter with the optimal rate ¢/ as in [8].

Acknowledgements

I would like to express my gratitude to Referees for helpful comments and suggestions. This research was financially
supported by the Russian Science Foundation research project (Grant No. 24-11-00191).

References

[ 1] Bensoussan, A., On some approximation techniques in non linear filtering, In: Proceedings of June 1986
Workshop, Institute for Mathematics and Its Applications, University of Minnesota, 1986.

[ 2] Bensoussan, A., Stochastic Control of Partially Observable Systems, Cambridge University Press, Cambridge,
1992.

[ 3] Bobrovsky, B.-Z., Zakai, M. and Zeitouni, O., Error bounds for the nonlinear filtering of signals with small
diffusion coefficients, IEEE Transactions on Information Theory, 1988, 34(4): 710-721.

[ 4] Cappé, O., Moulines, E. and Rydén, T., Inference in Hidden Markov Models, Springer, New York, 2005.
[ 5] Chui, C. K. and Chen, G., Kalman Filtering with Real-Time Applications, Springer, Berlin, 1999.
[ 6 ] Elliott, R. J., Aggoun, L. and Moor, J. B., Hidden Markov Models, Springer, New York, 1995.

[ 7] Gloter, A. and Jacod, J., Diffusion with measurement errors. I. Local asymptotic normality, ESAIM: Probability
and Statistics, 2001, 5: 225-242.

[ 8] Gloter, A. and Jacod, J., Diffusion with measurement errors. II. Optimal estimators, ESAIM: Probability and
Statistics, 2001, 5: 243-260.

[ 9] Haykin, S., Adaptive Filter Theory, 5th ed., Pearson Education, Boston, 2014.

[10] James, M. and Le Gland, F., Consistent parameter estimation for partially observed diffusions with small noise,
Applied Mathematics and Optimization, 1995, 32: 47-72.

[11] Kalman, R. E. and Bucy, R. S., New results in linear filtering and prediction theory, Journal of Basic
Engineering, 1961, 83(1): 95-108.

[12] Katzur, R., Bobrovsky, B. Z. and Schuss, Z., Asymptotic analysis of the optimal filtering problem for one-
dimensional diffusions measured in a low noise channel, Part II, SIAM Journal on Applied Mathematics, 1984,
44(6): 1176-1191.

[13] Kutoyants, Y. A., Identification of Dynamical Systems with Small Noise, Kluwer Academic Publishers, Dordrecht,


https://doi.org/10.1109/18.9770
https://doi.org/10.1109/18.9770
https://doi.org/10.1007/BF01189903
https://doi.org/10.1115/1.3658902
https://doi.org/10.1137/0144084
https://doi.org/10.1137/0144084
https://doi.org/10.1137/0144084

470

Yury A. Kutoyants

1994.

Kutoyants, Y. A., On parameter estimation of the hidden Ornstein-Uhlenbeck process, Journal of Multivariate
Analysis, 2019, 169: 248—263.

Kutoyants, Y. A., Parameter estimation for continuous time hidden Markov processes, Automation and Remote
Control, 2020, 81(3): 446—469.

Kutoyants, Y. A., Volatility estimation of hidden Markov process and adaptive filtration, Stochastic Processes
and their Applications, 2024, 173: 104381.

Kutoyants, Y. A., Hidden ergodic Ornstein-Uhlenbeck process and adaptive filter, Statistical Inference for
Stochastic Processes, 2025, 28: 4.

Kutoyants, Y. A., Hidden AR process and adaptive Kalman filter, Annals of the Institute of Statistical
Mathematics, 2024, 77(1): 61-103.

Kutoyants, Y. A. and Zhou, L., On parameter estimation of the hidden Gaussian process in perturbed SDE,
Electronic Journal of Statistics, 2021, 15(1): 211-234.

Liptser, R. S. and Shiryaev, A. N., Statistics of Random Processes II: Applications, 2nd ed., Springer, New York,
2001.

Ljung, L., System Identification: Theory for the User, 2nd ed., Prentice-Hall, New Jersey, 1999.
Marchthaler, R., Adaptive extended Kalman filter (ROSE-Filter) for positioning system, arXiv: 2108.11321, 2021.

Milheiro De Oliveira, P., Approximate filters for a nonlinear discrete time filtering problem with small observation
noise, Stochastics and Stochastic Reports, 1994, 46(1-2): 1-24.

Mishra, A. K., Shimjith, S. R. and Tiwari, A. P., Adaptive extended Kalman filtering for reactivity estimation,
IFAC-PapersOnLine, 2018, 51(1): 702—707.
Ozbek, L. and Efe, M., An adaptive extended Kalman filter with application to compartment models,

Communications in Statistics-Simulation and Computation, 2004, 33(1): 145—158.

Picard, J., Nonlinear filtering of one-dimensional diffusion in the case of a high signal-to-noise ratio, SIAM
Journal on Applied Mathematics, 1986, 46(6): 1098—1125.

Picard, J., Efficiency of the extended Kalman filter for nonlinear systems with small noise, SIAM Journal on
Applied Mathematics, 1991, 51(4): 843—885.

Skorokhod, A. V. and Khasminskii, R. Z., On parameter estimation by indirect observations, Problems of
Information Transmission, 1996, 32(1): 58—68.


https://doi.org/10.1016/j.jmva.2018.09.008
https://doi.org/10.1016/j.jmva.2018.09.008
https://doi.org/10.1016/j.jmva.2018.09.008
https://doi.org/10.1016/j.spa.2024.104381
https://doi.org/10.1007/s11203-024-09321-6
https://doi.org/10.1007/s11203-024-09321-6
https://doi.org/10.1007/s11203-024-09321-6
https://doi.org/10.1016/j.ifacol.2018.05.118
https://doi.org/10.1081/SAC-120028438
https://doi.org/10.1137/0146065
https://doi.org/10.1137/0146065
https://doi.org/10.1137/0146065
https://doi.org/10.1137/0146065
https://doi.org/10.1137/0146065
https://doi.org/10.1137/0146065
https://doi.org/10.1137/0146065

	1 Introduction
	2 EKF and regularity conditions
	3Asymptotics(\bmε\bmarrow\bm0)ofEKF
	4 Empirical quadratic variation of the trend coefficient
	5 Method of moments estimator
	6 Adaptive EKF
	7 Conclusions
	References

