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Abstract   The  model  of  partially  observed  nonlinear  system,  called  extended  Kalman
filter (EKF), and depending on some unknown parameters is considered. An approximation
of  the  unobserved  component  is  proposed.  This  approximation  is  realized  in  two  steps.
First a the method of moments estimator of unknown parameter is constructed and then
this  estimator  is  substituted  in  the  equations  of  extended  Kalman  filter.  The  obtained
equations  describe  the  adaptive  extended  Kalman  filter.  The  properties  of  estimator  of
the  unknown  parameter  and  of  the  unknown  state  are  described  in  the  asymptotic  of
small noise in observations.
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 1.  Introduction

Let us consider the nonlinear partially observed system

dXt = f (ϑ, t, Yt) dt+ εσ (t) dWt, X0 = 0, 0 ⩽ t ⩽ T, (1.1)

dYt = a (ϑ, t, Yt) dt+ b (ϑ, t, Yt) dVt, Y0 = y0, (1.2)

Wt, Vt, 0 ⩽ t ⩽ T f (·) , σ (·) ,
a (·) , b (·) y0 ε ∈ (0, 1]

ϑ ∈ Θ = (α, β) Yt

Xt = (Xs, 0 ⩽ s ⩽ t)

ε→ 0

where  the  Wiener  processes    are  independent,  the  functions 

, initial value   and the parameter   are supposed to be known. The parameter

  is  unknown  and  we  have  to  estimate  the  unobserved  component    by  the

observations  .  The  properties  of  this  estimator  has  to  be  described  in  the

asymptotic of small noise in observations, i.e., as  .

Yt,Remind that if the system is linear w.r.t. 

dXt = f (ϑ, t)Ytdt+ εσ (t) dWt, X0 = 0, 0 ⩽ t ⩽ T, (1.3)

dYt = a (ϑ, t)Ytdt+ b (ϑ, t) dVt, Y0 = y0, (1.4)
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ϑ Yt
m (ϑ, t) = Eϑ (Yt|Xt) m (ϑ, t) , 0 ⩽ t ⩽ T

and    is  known,  then the  mean squared optimal  estimator  of    is  its  conditional  expectation
. The random process   is solution of the well-known Kalman-

Bucy equations [11, 20]:

dm (ϑ, t) = a (ϑ, t)m (ϑ, t) dt+
γ (ϑ, t) f (ϑ, t)

ε2σ (t)
2 [dXt − f (ϑ, t)m (ϑ, t) dt] (1.5)

m (ϑ, 0) = y0 γ (ϑ, t) = Eϑ (Yt −m (ϑ, t))
2with initial  value  .  The function    is  solution of  Riccati

equation

∂γ (ϑ, t)

∂t
= 2a (ϑ, t) γ (ϑ, t)− γ (ϑ, t)

2
f (ϑ, t)

2

ε2σ (t)
2 + b (ϑ, t)

2
, γ (ϑ, 0) = 0. (1.6)

ϑ

m (ϑ, t) , 0 ⩽ t ⩽ T

ε

ε→ 0

ϑ̄ε

ϑ

If    is  unknown  then  the  equations  (1.5),  (1.6)  can  not  be  used  for  the  calculation  of
 and some approximation of these equations is needed. We are interested by

such approximation in the situation where it is possible to suppose that the level of the noise 
in the observations is small, i.e., in the asymptotic  . One possibility is to obtain first some
estimator,  say,    of  the  unknown  parameter  and  then  to  put  it  in  the  underlying  equations
(1.5),  (1.6).  This  behavior seems to be reasonable because if  the estimator has good properties
(small error), then we can expect that the corresponding solutions of these equations will be close
to the true solutions with known  . There are some technical problems with the realization of
such program. First question is the choice of the estimator.

ϑ̂εRecall that the MLE   is defined by the equation

L(ϑ̂ε, X
T ) = sup

ϑ∈Θ
L
(
ϑ,XT

)
. (1.7)

L
(
· , XT

)
Here the likelihood ratio function   is

L
(
ϑ,XT

)
= exp

(∫ T

0

f (ϑ, t)m (ϑ, t)

ε2σ (t)
2 dXt −

∫ T

0

f (ϑ, t)
2
m (ϑ, t)

2

2ε2σ (t)
2 dt

)
, ϑ ∈ Θ.

m (ϑ, t) , 0 ⩽ t ⩽ T

ϑ̂ε = ϑ̂ε
(
XT
)

It  is  known (see  [14])  that  this  estimator  has  good asymptotic  properties  and,  in  particular,  is
asymptotically efficient, but to use it for approximation   can be numerically
difficult  problem. To solve equation (1.7)  we need many solutions of  the equations (1.5),  (1.6)
and even if we found   we cannot put it directly in the equation (1.5) because the

stochastic integral ∫ t

0

γ(ϑ̂ε, s)f(ϑ̂ε, s)

ε2σ (s)
2 dXs

ϑ̄τ,ε

Xτ τ τ ∈ (0, T )

m∗
t , τ ⩽ t ⩽ T ϑ ϑ̄τ,ε

ϑ⋆t,ε, τ < t ⩽ T

m (ϑ, t)

is not well defined. That is why it seems reasonable to construct a consistent estimator   by

observations  ,  where    takes  a  (small)  value    and  then  to  define  the  estimator
 as solution of (1.5), (1.6), where   is replaced by  . Moreover, in this linear

case it was possible to introduce the One-step MLE-process   and to construct an
asymptotically  optimal  in  the  minimax  sens  estimator  of  the  conditional  expectation  .
This program was realized in the works [14, 16] for the linear system (1.3), (1.4).
The  goal  of  the  present  work  is  to  realize  partially  a  similar  program  but  in  the  case  of

nonlinear partially observed system (1.1), (1.2). Of course, there is no more equations like (1.5),
(1.6) and we study, so-called, extended Kalman filter (EKF), which is introduced as follows：
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dmt (ϑ) = a (ϑ, t,mt (ϑ)) dt+
f ′y (ϑ, t,mt (ϑ)) γε (ϑ, t)

εσ (t)
2 [dXt − f (ϑ, t,mt (ϑ)) dt] , (1.8)

∂γε (ϑ, t)

∂t
= 2a′y (ϑ, t,mt (ϑ)) γε (ϑ, t)−

f ′y (ϑ, t,mt (ϑ))
2
γε (ϑ, t)

2

ε2σ (t)
2 + b (ϑ, t,mt (ϑ))

2
, (1.9)

m0 (ϑ) = y0, γε (ϑ, 0) = 0 f (ϑ, t, y) =

f (ϑ, t) y, a (ϑ, t, y) = a (ϑ, t) y, b (ϑ, t, y) = b (ϑ, t)

subject  to  initial  values  .  It  is  easy  to  see  that  if 
, then these equations coincide with the system

(1.5), (1.6).
ϑ mt (ϑ) , 0 ⩽ t ⩽ T

Yt mt (ϑ) −→ Yt ε→ 0

ϑ [0, τ ] τ < T

ϑ∗τ,ε
m⋆
t,ε

m⋆
t,ε − Yt

If   is known then the random process   can be considered as the estimator of
. It is shown below that under mild regularity conditions   as  . In the case

of unknown   this parameter is estimated on the learning interval  , where   with the
help of method of moments estimator   and then this estimator is substituted in the equations
(1.8),  (1.9).  The obtained solution of  (1.8) we denote  .  Thus we obtain the adaptive EKF
and  then  we  describe  in  Theorem  1  (main  result  of  this  work)  the  asymptotics  of  the  error

.  Therefore  the  construction  of  adaptive  Kalman  filter  or  adaptive  EKF  requires  at
least  two  steps:  estimation  of  unknown  parameters  and  description  of  the  adaptive  filter  after
substitution of  these estimators in the equations of  Kalman filtration (in the linear case) or in
equations similar to equations of Kalman filtration (for EKF).

Yt
ε = 0

ε = 0

y0

ε1/2

The statistical  problems with partially observed systems considered in this work belong to a
wide class of problems related with hidden Markov processes. The different models with discrete
and continuous time observations can be found in the works [4, 6, 20, 21]. The EKF for diffusion
processes like (1.1), (1.2) but with small noise in both equations were studied in the works [1, 10,
12,  13,  23,  26−28]  and  many  others.  The  exhaustive  study  of  EKF  with  small  noise  in  both
equations and in observations equation only can be found in [2]. In all these works it is shown
that  the  EKF  are  consistent,  i.e.,  the  solutions  of  the  corresponding  Kalman  type  equations
converge to the value   and if the system depends on some unknown parameter then there exist
consistent estimators.  Note that in these models  the limit ( )  system is  deterministic.  The
studied  here  system in  the  limit  ( )  is  random.  The  behavior  of  the  EKF of  the  partially
observed systems like (1.1), (1.2) was studied in the work [3], where the upper and lower bounds
on the mean squared error  of  estimation of  the initial  value   were  proposed.  The parameter
estimation problem by uniformly discretized observations of slightly simplified model (1.1), (1.2)
was considered in the works [7, 8] and the rate of convergence of the proposed there estimator
was  .
There  exists  a  large  engineering  literature  on  the  adaptive  Kalman  and  extended  Kalman

filters (AEKF). The examples of AKF and AEKF and their applications in different situations
can be found in the works [5, 9, 22, 24, 25].
Remark that the properties of parameter estimators for the linear models like (1.5), (1.6) but

with small  noise  in  both equations  were  described in  [15, 19]  and for  the  model  (1.5),  (1.6)  in
[14].  The  asymptotically  optimal  in  minimax  sense  AKF  was  proposed  in  [16].  The  similar
asymptotically optimal adaptive Kalman filters were studied in the asymptotics of large samples
in [17] (homogeneous system, ergodic case) and [18] (hidden auto-regressive time series).

 2.  EKF and regularity conditions

ε ∈ (0, 1) , ε→ 0We have the partially observed system (1.1), (1.2) with the small noise ( ) in
observation equation only. The equations of EKF similar to (1.5), (1.6) are
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dmt (ϑ) =

[
a (ϑ, t,mt (ϑ))−

f ′y (ϑ, t,mt (ϑ)) f (ϑ, t,mt (ϑ)) γε (ϑ, t)

ε2σ (t)
2

]
dt

+
f ′y (ϑ, t,mt (ϑ)) γε (ϑ, t)

ε2σ (t)
2 dXt, m0 (ϑ) = y0, (2.1)

∂γε (ϑ, t)

∂t
= 2a′y (ϑ, t,mt (ϑ)) γε (ϑ, t)−

f ′y (ϑ, t,mt (ϑ))
2
γε (ϑ, t)

2

ε2σ (t)
2 + b (ϑ, t,mt (ϑ))

2
, (2.2)

γε (ϑ, 0) = 0with the initial value  .
Introduce some notations

ġϑ (ϑ, t, y) =
∂g (ϑ, t, y)

∂ϑ
, g′t (ϑ, t, y) =

∂g (ϑ, t, y)

∂t
, g′y (ϑ, t, y) =

∂g (ϑ, t, y)

∂y
,

ġ′ϑy (ϑ, t, y) =
∂2g (ϑ, t, y)

∂ϑ ∂t
, . . .

g (ϑ, t, y) ∈ C i,b
ϑ g (·) i

ϑ i = 0 Cg
|g (ϑ, t, y)| ⩽ Cg

  means that the function   has   continuous bounded derivatives with respect

to   etc. If   then this condition means that the function is bounded and we denote   such
constant that  .

CConditions 

(C1) f (ϑ, t, y) , a (ϑ, t, y) , b (ϑ, t, y) ∈ C1
t f (ϑ, t, y) ∈ C2,b

y , a (ϑ, t, y) , b (ϑ, t, y) ∈
Ci,by , i = 0, 1.

  The functions    ,   and   

(C2) f ′y (ϑ, t, y) σ (t) , b (ϑ, t, y)

cy > 0, cσ > 0, cb > 0

  The functions  ,   are separated from 0, i.e., there exist constants
 such that

f ′y (ϑ, t, y) > cy, σ (t) > cσ, b (ϑ, t, y) > cb.

(C3) f (ϑ, t, y) , b (ϑ, t, y) , f ′y (ϑ, t, y) ∈ C2,b
ϑ c4 > 0,

c5 > 0

  The functions  . There exists constants 

 such that

ḟ ′yϑ (ϑ, t, y) > c4, ḃ (ϑ, t, y) > c5.

ε→0 3.  Asymptotics ( ) of EKF

γε (ϑ, t)

t ∈ [t0, T ] t0 > 0

It can be shown (see Lemma 2 in [14]) that the solution   of Riccati equation (2.2) for
the values   and any   has the following limit in probability

lim
ε→0

sup
t0⩽t⩽T

∣∣∣∣f ′y (ϑ, t,mt (ϑ)) γε (ϑ, t)

ε
− b (ϑ, t,mt (ϑ))σ (t)

∣∣∣∣ = 0.

Introduce the notation:

γ∗ (ϑ, t) =
b (ϑ, t,mt (ϑ))σ (t)

f ′y (ϑ, t,mt (ϑ))
, γ◦∗ (ϑ, t) =

b (ϑ, t,m◦
t (ϑ))σ (t)

f ′y (ϑ, t,m
◦
t (ϑ))

.

m◦
t (ϑ) mt (ϑ) ε→ 0

C1 C2

Here    is  the  limit  of    as  .  This  convergence  is  described  below  in  the
Lemma 1 (see as well (3.7)). Note that the conditions   and   are sufficient for the proof. The
similar result see in [26].

t ε−1γε (ϑ, t) γ∗ (ϑ, t)For these values of   we replace   by   in all further study of this model. This
will essentially simplify calculations related with the adaptive EKF.

mt (ϑ) YtThe equation for estimate   of   became
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dmt (ϑ) = a (ϑ, t,mt (ϑ)) dt+
f ′y (ϑ, t,mt (ϑ)) γ∗ (ϑ, t)

εσ (t)
2 [dXt − f (ϑ, t,mt (ϑ)) dt]

= a (ϑ, t,mt (ϑ)) dt+
b (ϑ, t,mt (ϑ))

εσ (t)
[dXt − f (ϑ, t,mt (ϑ)) dt] , t0 ⩽ t ⩽ T. (3.1)

mt (ϑ) , ṁt (ϑ) =
∂
∂ϑmt (ϑ) ,

t0 ⩽ t ⩽ T m◦
t (ϑ) , ṁ

◦
t (ϑ) , t0 ⩽ t ⩽ T

Consider  the  limits  in  probability  of  the  random  functions 

, which we denote as  .

C t0 ∈ (0, T ]Lemma 1  Let the conditions   be satisfied, then for any   the following relations hold

f (ϑ, t,m◦
t (ϑ)) = f (ϑ0, t, Yt) , m◦

t (ϑ0) = Yt,

ṁ◦
t (ϑ) = − ḟϑ (ϑ, t,m

◦
t (ϑ))

f ′y (ϑ, t,m
◦
t (ϑ))

, ṁ◦
t (ϑ0) = − ḟϑ (ϑ0, t, Yt)

f ′y (ϑ0, t, Yt)
.

(3.2)

m◦
t (ϑ) , t0 < t ⩽ TProof  The limit   can be described as follows. We have

dmt (ϑ) = a (ϑ, t,mt (ϑ)) dt+
b (ϑ, t,mt (ϑ))

εσ (t)
[f (ϑ0, t, Yt)− f (ϑ, t,mt (ϑ))] dt

+ b (ϑ, t,mt (ϑ)) dWt.

Hence ∫ t

t0

b (ϑ, s,ms (ϑ))

σ (s)
[f (ϑ0, s, Ys)− f (ϑ, s,ms (ϑ))] ds

= ε

[
mt (ϑ)−mt0 (ϑ)−

∫ t

t0

a (ϑ, s,ms (ϑ)) ds−
∫ t

t0

b (ϑ, s,ms (ϑ)) dWs

]
(3.3)

ε→ 0 t ∈ [t0, T ] ,and the limit as   is: for all ∫ t

t0

b (ϑ, s,m◦
s (ϑ))

σ (s)
[f (ϑ0, s, Ys)− f (ϑ, s,m◦

s (ϑ))] ds = 0 (3.4)

[. . .] b (ϑ, s) > cb, σ (t) < Cσbecause the expression   in RHS of (3.3) is bounded, the functions   and
the equality (3.4) is possible iff

f (ϑ0, s, Ys) = f (ϑ, s,m◦
s (ϑ)) , t0 ⩽ s ⩽ T. (3.5)

C2 f (ϑ, t, y) y

f (ϑ0, t, Yt) = f (ϑ0, t,m
◦
t (ϑ0)) m◦

t (ϑ0) = Yt

By the condition   the function   is strictly monotone (increasing) in   and therefore
the equation   has a unique solution  .
Recall that the relation similar to (3.2) we had in the linear case (1.1), (1.2) too (see the proof

of Lemma 3 in [14])

f (ϑ0, s)Ys = f (ϑ, s)m◦
s (ϑ) , t0 ⩽ s ⩽ T.

m◦
t (ϑ)We suppose that the limit   of the solution of (3.1) is an Itô process with some stochastic

differential

dm◦
t (ϑ) = Atdt+DtdVt, m◦

t0 (ϑ) ,

At, Dt, t0 ⩽ t ⩽ T

mt (ϑ)−m◦
t (ϑ) → 0

m◦
t (ϑ)

then we use the equality (3.5) to define the random processes  . The last step
will be to show that  . Therefore if this convergence was proved we can say
that the assumption that   is an Itô process was reasonable.
This stochastic differential we write with the help of (3.2) as follows:
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f ′t (ϑ, t,m
◦
t (ϑ)) dt+ f ′y (ϑ, t,m

◦
t (ϑ)) dm

◦
t (ϑ) +

1

2
f ′′yy (ϑ, t,m

◦
t (ϑ))D

2
t dt

= f ′t (ϑ0, t, Yt) dt+ f ′y (ϑ0, t, Yt) a (ϑ0, t, Yt) dt+
1

2
f ′′yy (ϑ0, t, Yt) b (ϑ0, t, Yt)

2 dt

+ f ′y (ϑ0, t, Yt) b (ϑ0, t, Yt) dVt.

At DtHence   and   are defined by the equation

dm◦
t (ϑ) = A (ϑ, t,m◦

t (ϑ)) dt+
f ′y (ϑ0, t, Yt) b (ϑ0, t, Yt)

f ′y (ϑ, t,m
◦
t (ϑ))

dVt, t0 ⩽ t ⩽ T, m◦
t0 (ϑ) ,

i.e.,

At = A (ϑ, t, y) =
f ′t (ϑ0, t, Yt)− f ′t (ϑ, t, y) + f ′y (ϑ0, t, Yt) a (ϑ0, t, Yt)

f ′y (ϑ, t, y)

+
f ′′yy (ϑ0, t, Yt) b (ϑ0, t, Yt)

2 − f ′′yy (ϑ0, t, y)D
2
t

2f ′y (ϑ, t, y)
,

Dt =
f ′y (ϑ0, t, Yt) b (ϑ0, t, Yt)

f ′y (ϑ, t,m
◦
t (ϑ))

.

ṁt (ϑ)The equation for   we obtain by the formal differentiation of the equation (3.1)

dṁt (ϑ) =
[
ȧϑ (ϑ, t,mt (ϑ)) + a′y (ϑ, t,mt (ϑ)) ṁt (ϑ)

]
dt+ Ḃϑ (ϑ, t) dWt

+
Ḃϑ (ϑ, t)

εσ (t)
[f (ϑ0, t, Yt)− f (ϑ, t,mt (ϑ))] dt

− Bϑ (ϑ, t)

εσ (t)

[
ḟϑ (ϑ, t,mt (ϑ)) + f ′y (ϑ, t,mt (ϑ)) ṁt (ϑ)

]
dt,

where

Ḃϑ (ϑ, t) = ḃϑ (ϑ, t,mt (ϑ)) + b′y (ϑ, t,mt (ϑ)) ṁt (ϑ) .

Therefore ∫ t

t0

[
Ḃϑ (ϑ, s)

σ (s)
[f (ϑ0, s, Ys)− f (ϑ, s,ms (ϑ))]

]
ds

−
∫ t

t0

b (ϑ, s,ms (ϑ))

σ (s)

[
ḟϑ (ϑ, s,ms (ϑ)) + f ′y (ϑ, t,mt (ϑ)) ṁt (ϑ)

]
ds

= ε

[
ṁt (ϑ)− ṁt0 (ϑ)−

∫ t

t0

[
ȧϑ (ϑ, s,mt (ϑ)) + a′y (ϑ, t,mt (ϑ)) ṁt (ϑ)

]
ds
]
.

The first integral converges to zero (see (3.4)) and we obtain the limit∫ t

t0

b (ϑ, s,m◦
s (ϑ))

σ (s)

[
ḟϑ (ϑ, s,m

◦
s (ϑ)) + f ′y (ϑ, s,m

◦
s (ϑ)) ṁ

◦
s (ϑ)

]
ds = 0, t0 < t ⩽ T.

Hence

ḟϑ (ϑ, t,m
◦
t (ϑ)) + f ′y (ϑ, t,m

◦
t (ϑ)) ṁ

◦
t (ϑ) = 0, ṁ◦

t (ϑ) = − ḟϑ (ϑ, t,m
◦
t (ϑ))

f ′y (ϑ, t,m
◦
t (ϑ))

. (3.6)

ϑ

ϑ = ϑ0

The  last  equality  can  be  obtained  as  well  by  the  differentiation  in    of  the  equation  (3.5).  If
, then

ṁ◦
t (ϑ0) = − ḟϑ (ϑ0, t,m

◦
t (ϑ0))

f ′y (ϑ0, t,m
◦
t (ϑ0))

= − ḟϑ (ϑ0, t, Yt)
f ′y (ϑ0, t, Yt)

.

□
mt (ϑ)−m◦

t (ϑ) ṁt (ϑ)− ṁ◦
t (ϑ)Let us study the differences   and  . Denote
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Γ◦ (ϑ, t) =

√
b (ϑ, t,m◦

t (ϑ))σ (t)

f ′y (ϑ, t,m
◦
t (ϑ))

, Γ◦ (ϑ0, t) =

√
b (ϑ0, t, Yt)σ (t)

f ′y (ϑ0, t, Yt)
,

∆◦ (ϑ, t) =
b (ϑ0, t, Yt) f

′
y (ϑ0, t, Yt)

b (ϑ, t,m◦
t (ϑ))f

′
y (ϑ, t,m

◦
t (ϑ))

, ∆◦ (ϑ0, t) = 1,

Ḃϑ (ϑ, t) = ḃ (ϑ, t,mt (ϑ)) + b′y (ϑ, t,mt (ϑ)) ṁt (ϑ) ,

Ḃ◦
ϑ (ϑ, t) = ḃ (ϑ, t,m◦

t (ϑ))−
b′y (ϑ, t,m

◦
t (ϑ)) ḟϑ (ϑ, t,m

◦
t (ϑ))

f ′y (ϑ, t,m
◦
t (ϑ))

,

R◦ (ϑ, t) =
f ′′yy (ϑ, t,m

◦
t (ϑ)) ḟϑ (ϑ0, t,m

◦
t (ϑ))

f ′y (ϑ0, t,m
◦
t (ϑ))

− ḟ ′ϑy (ϑ, t,m
◦
t (ϑ))−

Ḃ◦
ϑ (ϑ, t)

b (ϑ, t)
f ′y (ϑ, t,m

◦
t (ϑ)) ,

Π◦ (ϑ, t) =
R◦ (ϑ, t)

f ′y (ϑ, t,m
◦
t (ϑ))

+
Ḃ◦
ϑ (ϑ, t)

2

b (ϑ, t,m◦
t (ϑ))

2 , Π◦ (ϑ0, t) =
R◦ (ϑ0, t)

f ′y (ϑ0, t, Yt)
+

Ḃ◦
ϑ (ϑ0, t)

2

b (ϑ0, t, Yt)
2 ,

Λ◦ (ϑ, t) =
b (ϑ0, t, Yt) f

′
y (ϑ0, t, Yt)

b (ϑ, t,m◦
t (ϑ)) f

′
y (ϑ, t,m

◦
t (ϑ))

[
Ḃ◦
ϑ (ϑ, t) ḟ

′
yϑ (ϑ, t,m

◦
t (ϑ))

b (ϑ, t,m◦
t (ϑ)) f

′
y (ϑ, t,m

◦
t (ϑ))

− R◦ (ϑ, t)

f ′y (ϑ, t,m
◦
t (ϑ))

−
Ḃ◦
ϑ (ϑ, t) f

′′
yy (ϑ, t,m

◦
t (ϑ)) ḟϑ (ϑ, t,m

◦
t (ϑ))

b (ϑ, t,m◦
t (ϑ)) f

′
y (ϑ, t,m

◦
t (ϑ))

2

]
,

Λ◦ (ϑ0, t) =
Ḃ◦
ϑ (ϑ0, t) ḟ

′
yϑ (ϑ0, t, Yt)

b (ϑ0, t, Yt) f ′y (ϑ0, t, Yt)
−
Ḃ◦
ϑ (ϑ0, t) f

′′
yy (ϑ0, t, Yt) ḟϑ (ϑ0, t, Yt)

b (ϑ0, t, Yt) f ′y (ϑ0, t, Yt)
2 − R◦ (ϑ0, t)

f ′y (ϑ0, t, Yt)
.

O (ε) ε−1O (ε)Below the expressions like   are understood in probability, i.e., it means that   is
bounded in probability.

C t0 ∈ (0, T ]Proposition 1  Let the conditions   be satisfied, then for any   the following relations
hold

mt (ϑ)−m◦
t (ϑ)

Γ◦ (ϑ, t)
√
ε

= ξt,ε −∆◦ (ϑ, t) ηt,ε +O
(
ε

ν
2

)
, (3.7)

mt (ϑ0)− Yt
Γ◦ (ϑ0, t)

√
ε
= ξt,ε − ηt,ε +O

(
ε

ν
2

)
,

ṁt (ϑ)− ṁ◦
t (ϑ)

Γ◦ (ϑ, t)
√
ε

=⇒ Π◦ (ϑ, t) ξt + Λ◦ (ϑ, t) ηt. (3.8)

ξt,ε ⇒ ξt ∼ N (0, 1/2) ηt,ε ⇒ ηt ∼ N (0, 1/2) ξt, 0 < t ⩽ T

ηt, 0 < t ⩽ T ξt, 0 < t ⩽ T ηt, 0 < t ⩽ T

Here  ,   ,  r.v.’s    are  independent,  r.v.’s
 are independent and r.v.’s   and   are independent too.

Proof  The equation (3.1) can be written as follows:

dmt (ϑ) = a (ϑ, t,mt (ϑ)) dt+
b (ϑ, t,mt (ϑ))

εσ (t)
[f (ϑ0, t, Yt)− f (ϑ, t,m◦

t (ϑ))] dt

+
b (ϑ, t,mt (ϑ))

εσ (t)
[f (ϑ, t,m◦

t (ϑ))− f (ϑ, t,mt (ϑ))] + b (ϑ, t,mt (ϑ)) dWt

= a (ϑ, t,mt (ϑ)) dt+
b (ϑ, t,mt (ϑ))

εσ (t)
[f (ϑ, t,m◦

t (ϑ))− f (ϑ, t,mt (ϑ))] dt

+ b (ϑ, t,mt (ϑ)) dWt

= a (ϑ, t,mt (ϑ)) dt−
b (ϑ, t,mt (ϑ))

εσ (t)
f ′y (ϑ, t, m̃t (ϑ)) [mt (ϑ)−m◦

t (ϑ)] dt

+ b (ϑ, t,mt (ϑ)) dWt,

Probability, Uncertainty and Quantitative Risk 449



|m̃t (ϑ)−m◦
t (ϑ)| ⩽ |mt (ϑ)−m◦

t (ϑ)|where  . Therefore

d [mt (ϑ)−m◦
t (ϑ)] = [a (ϑ, t,mt (ϑ))−A (ϑ, t,m◦

t (ϑ))] dt

−
f ′y (ϑ0, t, Yt) b (ϑ0, t, Yt)

f ′y (ϑ, t,mt (ϑ))
dVt + b (ϑ, t,mt (ϑ)) dWt

− b (ϑ, t,mt (ϑ))

εσ (t)
f ′y (ϑ, t, m̃t (ϑ)) [mt (ϑ)−m◦

t (ϑ)] dt. (3.9)

Zt = mt (ϑ)−m◦
t (ϑ)− Ct + FtIntroduce the random process  , where

Ct =

∫ t

t0

b (ϑ, s,ms (ϑ)) dWs, Ft =

∫ t

t0

f ′y (ϑ0, s, Ys) b (ϑ0, s, Ys)

f ′y (ϑ, s,ms (ϑ))
dVs.

ZtThe equation for   is

dZt = [a (ϑ, t,mt (ϑ))−A (ϑ, t,m◦
t (ϑ))] dt−

b (ϑ, t,mt (ϑ))

εσ (t)
f ′y (ϑ, t, m̃t (ϑ))Zt dt

+
b (ϑ, t,mt (ϑ))

εσ (t)
f ′y (ϑ, t, m̃t (ϑ)) [Ft − Ct] dt.

Therefore the solution of this equation is

Zt = Zt0Ψ(t, t0) +
1

ε

∫ t

t0

Ψ(t, s)
b (ϑ, s,ms (ϑ))

σ (s)
f ′y (ϑ, s, m̃s (ϑ)) [Fs − Cs] ds

+

∫ t

t0

Ψ(t, s) [a (ϑ, s,ms (ϑ))−A (ϑ, s,m◦
s (ϑ))] ds

= Ft − Ct +
1

ε

∫ t

t0

Ψ(t, s)
b (ϑ, s,ms (ϑ))

σ (s)
f ′y (ϑ, s, m̃s (ϑ)) [Fs − Ft] ds

+

∫ t

t0

Ψ(t, s) [a (ϑ, s,ms (ϑ))−A (ϑ, s,m◦
s (ϑ))] ds+O

(
e−

c
ε

)
+

1

ε

∫ t

t0

Ψ(t, s)
b (ϑ, s,ms (ϑ))

σ (s)
f ′y (ϑ, s, m̃s (ϑ)) [Ct − Cs] ds+ Zt0Ψ(t, t0) ,

where we used the abbreviations

Ψ(t, s) = exp
(
−1

ε

∫ t

s

q (v) dv
)
, q (t) =

b (ϑ, t,mt (ϑ))

σ (t)
f ′y (ϑ, t, m̃t (ϑ))

t > t0and the following property of the integral ( ).

1

ε

∫ t

t0

Ψ(t, s)
b (ϑ, s,ms (ϑ))

σ (s)
f ′y (ϑ, s, m̃s (ϑ)) ds

= Ψ(t, 0)
1

ε

∫ t

t0

Ψ(s, 0)
−1 b (ϑ, s,ms (ϑ))

σ (s)
f ′y (ϑ, s, m̃s (ϑ)) ds

= Ψ(t, 0)

∫ t

t0

dΨ(s, 0)
−1

= 1−Ψ(t, t0)

= 1 +O
(
e−

c
ε (t−t0)

)
,

c > 0with some  .
Denote as well

q∗ (t) =
b (ϑ, t,mt (ϑ))

σ (t)
f ′y (ϑ, t,mt (ϑ)) , Ψ∗ (t, s) = exp

(
−1

ε
(t− s) q∗ (t)

)
.

450 Yury A. Kutoyants



t > t0We have the estimates ( )

Zt0Ψ(t, t0) = O (ε) ,

∫ t

t0

Ψ(t, s) [a (ϑ, s,ms (ϑ))−A (ϑ, s,m◦
s (ϑ) , Ys)] ds = O (ε) .

G (s) , t0 ⩽ s ⩽ T

tε = t− εν s > tε ν ∈ (1/2, 1)

To  obtain  these  estimates  and  to  study  the  other  integrals  below  we  use  the  following  well
known device  used,  for  example,  in  the  proof  of  Lemma 1  in  [14].  Let   be  a
bounded function and  ,  , where  . We have the estimate

q (t) ⩾ cbcy
Cσ

= κ∗ > 0,

cb, cy C2 σ (t) ⩽ Cσwhere the constants   are from the condition   and  . Hence

Ψ(t, s) ⩽ e−
κ∗
ε (t−s)

and ∫ tε

t0

Ψ(t, s)G (s) ds ⩽
∫ tε

t0

e−
κ∗
ε (t−s)G (s) ds ⩽ e−

κ∗
ε1−ν

∫ tε

t0

G (s) ds = O
(
e−

κ∗
ε1−ν

)
.

Then ∫ t

t0

Ψ(t, s)
b (ϑ, s,ms (ϑ))

σ (s)
f ′y (ϑ, s, m̃s (ϑ))G (s) ds

=

∫ tε

t0

Ψ(t, s)
b (ϑ, s,ms (ϑ))

σ (s)
f ′y (ϑ, s, m̃s (ϑ))G (s) ds

+

∫ t

tε

Ψ(t, s)
b (ϑ, s,ms (ϑ))

σ (s)
f ′y (ϑ, s, m̃s (ϑ))G (s) ds

=

∫ t

tε

Ψ(t, s)
b (ϑ, s,ms (ϑ))

σ (s)
f ′y (ϑ, s, m̃s (ϑ))G (s) ds+O

(
e−

κ∗
ε1−ν

)
.

O
(
e−

κ∗
ε1−ν

)
O (ε)As  the  terms  like    will  be  added  to  more  large  errors  we  will  write    to

simplify the exposition.

G (·) µ ∈ (0, 1]Lemma 2  If the function   is Hölder of order   then

1

ε

∫ t

t0

Ψ(t, s)
b (ϑ, s,ms (ϑ))

σ (s)
f ′y (ϑ, s, m̃s (ϑ))G (s) ds = G (t) +O (εµ) . (3.10)

o (εµ)Proof  Omitting terms of order   we can write∣∣∣∣1ε
∫ t

tε

Ψ(t, s)
b (ϑ, s,ms (ϑ))

σ (s)
f ′y (ϑ, s, m̃s (ϑ))G (s) ds−G (t)

∣∣∣∣
⩽ 1

ε

∫ t

tε

Ψ(t, s)
b (ϑ, s,ms (ϑ))

σ (s)
f ′y (ϑ, s, m̃s (ϑ)) |G (s)−G (t)| ds

⩽ C

ε

∫ t

tε

e−
κ∗
ε (t−s) |t− s|µ ds ⩽ C

∫ κ∗(t−tε)
ε

0

e−uuµdu εµ ⩽ C εµ.

G (·)These estimates allow us to write for such functions   the representation (3.10). □
[tε, t]We have on the interval   the estimates

|q∗ (t)− q (s)| =
∣∣∣∣b (ϑ, t,mt (ϑ))

σ (t)
f ′y (ϑ, t,mt (ϑ))−

b (ϑ, s,ms (ϑ))

σ (s)
f ′y (ϑ, s, m̃s (ϑ))

∣∣∣∣
⩽ C |t− s|+ C

∣∣f ′y (ϑ, t,mt (ϑ))− f ′y (ϑ, t, m̃s (ϑ))
∣∣

⩽ C εν + C |mt (ϑ)−ms (ϑ)|+ C |ms (ϑ)−m◦
s (ϑ)| .
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Hence
Zt = mt (ϑ)−m◦

t (ϑ)− Ct + Ft

= Ft − Ct +
1

ε

∫ t

tε

Ψ(t, s)
b (ϑ, s,ms (ϑ))

σ (s)
f ′y (ϑ, s, m̃s (ϑ)) [Fs − Ft] ds

+
1

ε

∫ t

tε

Ψ(t, s)
b (ϑ, s,ms (ϑ))

σ (s)
f ′y (ϑ, s, m̃s (ϑ)) [Ct − Cs] ds+O (ε)

and we can write

mt (ϑ)−m◦
t (ϑ) =

1

ε

∫ t

tε

Ψ(t, s)
b (ϑ, s,ms (ϑ))

σ (s)
f ′y (ϑ, s, m̃s (ϑ)) [Fs − Ft] ds

+
1

ε

∫ t

tε

Ψ(t, s)
b (ϑ, s,ms (ϑ))

σ (s)
f ′y (ϑ, s, m̃s (ϑ)) [Ct − Cs] ds+O (ε) .

mt (ϑ)−m◦
t (ϑ)We estimate the order of   first. We have

Eϑ0
|mt (ϑ)−m◦

t (ϑ)| ⩽
C

ε

∫ t

tε

Ψ∗ (t, s)Eϑ0
(|Fs − Ft|+ |Cs − Ct|) ds+O (ε)

⩽ C

ε

∫ t

tε

e−
κ∗
ε (t−s) |t− s|1/2 ds+O (ε) = O

(√
ε
)
.

mt (ϑ)−m◦
t (ϑ) = O (

√
ε)Therefore   and

1

t− tε

∫ t

tε

b (ϑ, v,mv (ϑ))

σ (v)
f ′y (ϑ, v, m̃v (ϑ)) dv −→ b (ϑ, t,m◦

t (ϑ))

σ (t)
f ′y (ϑ, t,m

◦
t (ϑ)) = q◦ (t) .

We have as well
1

ε

∫ t

s

b (ϑ, r,mr (ϑ))

σ (r)
f ′y (ϑ, r, m̃r (ϑ)) dr −

(t− s)

ε
q (t)

=
(t− s)

ε

[
O (εν) +O

(
εν/2

)
+O (

√
ε)
]
=

(t− s)

ε1−
ν
2
O (1) =

(t− s)

ε
hε,

hε = O
(
ε

ν
2

)
.

To study these integrals we use the elements of the proof of Lemma 1 [14], which allow us to
write

1

ε

∫ t

tε

Ψ(t, s)
b (ϑ, s,ms (ϑ))

σ (s)
f ′y (ϑ, s, m̃s (ϑ)) [Ct − Cs] ds

=
1

ε

∫ t

tε

Ψ(t, s)
b (ϑ, s,ms (ϑ))

σ (s)
f ′y (ϑ, s, m̃s (ϑ))

∫ t

s

b (ϑ, r,mr (ϑ)) dWr ds

=
1

ε

∫ t

tε

e−
1
ε (t−s)[q(t)+hε]

b (ϑ, s,ms (ϑ))

σ (s)
f ′y (ϑ, s, m̃s (ϑ))

∫ t

s

b (ϑ, r,mr (ϑ)) dWr ds

=
b (ϑ, t,mt (ϑ))

εσ (t)
f ′y (ϑ, t, m̃t (ϑ))

∫ t

tε

e−
1
ε (t−s)q(t)

∫ t

s

b (ϑ, r,mr (ϑ)) dWr ds
(
1 +O

(
ε

ν
2

))
=
b (ϑ, t,mt (ϑ))

2

εσ (t)
f ′y (ϑ, t, m̃t (ϑ))

∫ t

tε

e−
1
ε (t−s)q(t) [Wt −Ws] ds

(
1 +O

(
ε

ν
2

))
=

√
ε

√
b (ϑ, t,mt (ϑ))σ (t)

f ′y (ϑ, t, m̃t (ϑ))

∫ (t−tε)q(t)
ε

0

e−u wt,ε (u) du
(
1 +O

(
ε

ν
2

))
=

√
ε

√
b (ϑ, t,mt (ϑ))σ (t)

f ′y (ϑ, t, m̃t (ϑ))
ξt,ε
(
1 +O

(
ε

ν
2

))
,
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s = t− ε
q(t)u wt,ε (u) =

√
q(t)
ε

[
Wt −Wt− εu

q(t)

]
where  we  changed  the  variable    and  denoted    the

Wiener process.
Note that ∫ (t−tε)q(t)

ε

0

e−u wt,ε (u) du =

∫ (t−tε)q(t)
ε

0

e−u dwt,ε (u) +O
(
e−

c
ε

)
=⇒ ξt =

∫ ∞

0

e−u dwt (u) ∼ N
(
0,

1

2

)
.

wt (·) wt1 (·) wt2 (·) t1 ̸= t2

ξt, t0 < t ⩽ T

Here   is some Wiener process and the Wiener processes   and   for any 
are independent. Therefore the random variables   are independent.
For the first integral we have the similar relations

1

ε

∫ t

tε

Ψ(t, s)
b (ϑ, s,ms (ϑ))

σ (s)
f ′y (ϑ, s, m̃s (ϑ))

∫ t

s

f ′y (ϑ0, r, Yr) b (ϑ0, r, Yr)

f ′y (ϑ, r,mr (ϑ))
dVr ds

=
b (ϑ, t, m̄t (ϑ)) f

′
y (ϑ, t, m̃t (ϑ)) f

′
y (ϑ0, t, Yt) b (ϑ0, t, Yt)

εσ (t) f ′y (ϑ, t, m̄t (ϑ))

×
∫ t

tε

e−
1
ε (t−s)q(t) [Vt − Vs] ds

(
1 +O

(
ε

ν
2

))
=

√
ε

b (ϑ0, t, Yt) f
′
y (ϑ0, t, Yt)

b (ϑ, t, m̄t (ϑ)) f ′y (ϑ, t,mt (ϑ))

√
b (ϑ, t, m̄t (ϑ))σ (t)

f ′y (ϑ, t, m̃t (ϑ))
ηt,ε

(
1 +O

(
ε

ν
2

))
=

√
ε ∆(ϑ, t)

√
b (ϑ, t, m̄t (ϑ))σ (t)

f ′y (ϑ, t, m̃t (ϑ))
ηt,ε

(
1 +O

(
ε

ν
2

))
.

Here

ηt,ε =

∫ (t−tε)q(t)
ε

0

e−u vt,ε (u) du, vt,ε (u) =

√
q (t)

ε

[
Vt − Vt− εu

q(t)

]
and

ηt,ε =

∫ (t−tε)q(t)
ε

0

e−u dvt,ε (u) +O
(
e−

c
ε

)
=⇒ ηt =

∫ ∞

0

e−u dvt (u) ∼ N
(
0,

1

2

)
.

wt (·) vt (·) ηt1 , ηt2 ,

t0 ⩽ t ⩽ T t1 ̸= t2

The  Wiener  processes    and    are  independent  and  the  random  variables 
 for any   are independent too.

We obtained the representation

mt (ϑ)−m◦
t (ϑ)√

ε
=

√
σ (t) b (ϑ, t, m̄t (ϑ))

f ′y (ϑ, t, m̃t (ϑ))

[
ξt,ε −

b (ϑ0, t, Yt) f
′
y (ϑ0, t, Yt)

b (ϑ, t, m̄t (ϑ))f ′y (ϑ, t,mt (ϑ))
ηt,ε

]
+O

(
ε

ν
2

)
=

√
σ (t) b (ϑ, t,m◦

t (ϑ))

f ′y (ϑ, t,m
◦
t (ϑ))

[
ξt,ε −

b (ϑ0, t, Yt) f
′
y (ϑ0, t, Yt)

b (ϑ, t,m◦
t (ϑ))f

′
y (ϑ, t,m

◦
t (ϑ))

ηt,ε

]
+O

(
ε

ν
2

)
= Γ◦ (ϑ, t) [ξt,ε −∆◦ (ϑ, t) ηt,ε] +O

(
ε

ν
2

)
.

mt (ϑ)−m◦
t (ϑ) ≈

√
ε mt (ϑ) m̃t (ϑ)

m◦
t (ϑ)

Note  that  as  ,  we  replaced  in  this  expression    and    by
.

ϑ = ϑ0 m◦
t (ϑ0) = YtIf  , then   (see (2.4)) and

mt (ϑ0)− Yt = Γ◦ (ϑ0, t) [ξt,ε −∆◦ (ϑ0, t) ηt,ε]
√
ε
(
1 +O

(
ε

ν
2

))
= Γ◦ (ϑ0, t) [ξt,ε − ηt,ε]

√
ε
(
1 +O

(
ε

ν
2

))
.
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Therefore we can formally evaluate the error

Eϑ0
(mt (ϑ0)− Yt)

2
= σ (t)Eϑ0

[
b (ϑ0, t, Yt)

f ′y (ϑ0, t, Yt)

]
ε+O

(
ε1+

ν
2

)
= Eϑ0γ∗ (ϑ0, t) ε+O

(
ε1+

ν
2

)
.

Eϑ0
γ∗ (ϑ0, t)

Yt mt (ϑ0)

Hence  the  function    asymptoticaly  plays  the  same  role  as  in  the  linear  case,  i.e.,
describes the mean squared error of estimation   by  .
Let us denote

P (ϑ, t, y, z) = a (ϑ, t, y)−A (ϑ, t, z)

ṁt (ϑ)− ṁ◦
t (ϑ) ϑand consider now the difference  . The derivative in   of (3.9) yields the equation

d [ṁt (ϑ)− ṁ◦
t (ϑ)]

= Ṗϑ (ϑ, t,mt (ϑ) ,m
◦
t (ϑ)) dt+P

′
y (ϑ, t,mt (ϑ) ,m

◦
t (ϑ)) ṁt (ϑ) dt+P ′

z (ϑ, t,mt (ϑ) ,m
◦
t (ϑ)) ṁ

◦
t (ϑ) dt

+
f ′y (ϑ0, t, Yt) b (ϑ0, t, Y−)

f ′y (ϑ, t,mt (ϑ))
2

[
ḟ ′yϑ (ϑ, t,mt (ϑ)) + f ′′yy (ϑ, t,mt (ϑ)) ṁt (ϑ)

]
dVt

−

[
Ḃϑ (ϑ, t) f

′
y (ϑ, t, m̃t (ϑ)) + b (ϑ, t,mt (ϑ)) ḟ

′
ϑy (ϑ, t, m̃t (ϑ))

]
εσ (t)

[mt (ϑ)−m◦
t (ϑ)] dt

− b (ϑ, t,mt (ϑ))

εσ (t)

[
f ′y (ϑ, t,mt (ϑ)) ṁt (ϑ)− f ′y (ϑ, t,m

◦
t (ϑ)) ṁ

◦
t (ϑ)

]
dt+ Ḃ (ϑ, t) dWt

= Q (ϑ, t) dt+ Ḃϑ (ϑ, t) dWt −
b (ϑ, t,mt (ϑ))

εσ (t)
f ′′yy (ϑ, t, m̄t) ṁt (ϑ) [mt (ϑ)−m◦

t (ϑ)] dt

−

[
Ḃϑ (ϑ, t) f

′
y (ϑ, t, m̃t (ϑ)) + b (ϑ, t,mt (ϑ)) ḟ

′
ϑy (ϑ, t, m̃t (ϑ))

]
εσ (t)

[mt (ϑ)−m◦
t (ϑ)] dt

+
f ′y (ϑ0, t, Yt) b (ϑ0, t, Yt)

f ′y (ϑ, t,mt (ϑ))
2

[
ḟ ′yϑ (ϑ, t,mt (ϑ)) + f ′′yy (ϑ, t,mt (ϑ)) ṁt (ϑ)

]
dVt

− b (ϑ, t,mt (ϑ))

εσ (t)
f ′y (ϑ, t,m

◦
t (ϑ)) [ṁt (ϑ)− ṁ◦

t (ϑ)] dt
(
1 +O

(√
ε
))

Q (ϑ, t)with obvious notation for  . Here we used the relations

f (ϑ0, t, Yt)− f (ϑ, t,mt (ϑ)) = f (ϑ, t,m◦
t (ϑ))− f (ϑ, t,mt (ϑ))

= f ′y (ϑ, t, m̃t) (m
◦
t (ϑ)−mt (ϑ)) = f ′y (ϑ, t,m

◦
t ) (m

◦
t (ϑ)−mt (ϑ))

(
1 +O

(√
ε
))
.

Introduce the function

R (ϑ, t) = −f ′′yy (ϑ, t, m̄t) ṁt (ϑ)−
Ḃϑ (ϑ, t)

b (ϑ, t,mt (ϑ))
f ′y (ϑ, t, m̃t (ϑ))− ḟ ′ϑy (ϑ, t, m̃t (ϑ)) .

Then we can write

d [ṁt (ϑ)− ṁ◦
t (ϑ)] = Q (ϑ, t) dt+

b (ϑ, t,mt (ϑ))R (ϑ, t)

εσ (t)
[mt (ϑ)−m◦

t (ϑ)] dt

+
f ′y (ϑ0, t, Yt) b (ϑ0, t, Yt)

f ′y (ϑ, t,mt (ϑ))
2

[
ḟ ′yϑ (ϑ, t,mt (ϑ)) + f ′′yy (ϑ, t,mt (ϑ)) ṁt (ϑ)

]
dVt

− b (ϑ, t,mt (ϑ))

εσ (t)
f ′y (ϑ, t,m

◦
t (ϑ)) [ṁt (ϑ)− ṁ◦

t (ϑ)] dt

+ Ḃϑ (ϑ, t) dWt

(
1 +O

(√
ε
))
.
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Introduce the notations

Ċt =

∫ t

t0

Ḃϑ (ϑ, s) dWs,

Ḟt =

∫ t

t0

f ′y (ϑ0, s, Ys) b (ϑ0, s, Ys)

f ′y (ϑ, s,ms (ϑ))
2

[
ḟ ′yϑ (ϑ, s,ms (ϑ)) + f ′′yy (ϑ, s,ms (ϑ)) ṁs (ϑ)

]
dVs.

Żt = ṁt (ϑ)− ṁ◦
t (ϑ)− Ċt − ḞtThen for the process   we obtain the equation

dŻt =
b (ϑ, t,mt (ϑ))R (ϑ, t)

εσ (t)
[mt (ϑ)−m◦

t (ϑ)] dt−
b (ϑ, t,mt (ϑ))

εσ (t)
f ′y (ϑ, t,m

◦
t (ϑ)) Żtdt

+Q (ϑ, t) dt− b (ϑ, t,mt (ϑ))

εσ (t)
f ′y (ϑ, t,m

◦
t (ϑ))

[
Ċt + Ḟt

]
dt.

t > t0Therefore ( )

Żt =

∫ t

t0

Ψ(t, s)Q (ϑ, s) ds+
1

ε

∫ t

t0

Ψ(t, s)
b (ϑ, s,ms (ϑ))R (ϑ, s)

σ (s)
[ms (ϑ)−m◦

s (ϑ)] ds

+ Żt0Ψ(t, 0)− 1

ε

∫ t

t0

Ψ(t, s)
Ḃϑ (ϑ, s)

σ (s)
f ′y (ϑ, s,m

◦
s (ϑ))

[
Ċs + Ḟs

]
ds

=
R (ϑ, t)

f ′y (ϑ, t,m
◦
t (ϑ))

[mt (ϑ)−m◦
t (ϑ)]− Ċt − Ḟt

+
1

ε

∫ t

tε

Ψ(t, s)
Ḃϑ (ϑ, s)

σ (s)
f ′y (ϑ, s,m

◦
s (ϑ))

[
Ċt − Ċs

]
ds

+
1

ε

∫ t

tε

Ψ(t, s)
Ḃϑ (ϑ, s)

σ (s)
f ′y (ϑ, s,m

◦
s (ϑ))

[
Ḟt − Ḟs

]
ds+O (ε) .

Here we used the slightly different notation

Ψ(t, s) = exp
(
−1

ε

∫ t

s

q (r) dr
)
, q (t) =

b (ϑ, t,m◦
t (ϑ))

σ (t)
f ′y(ϑ, t,m

◦
t (ϑ))

and the estimates

Żt0Ψ(t, 0) = O
(
e−

c
ε

)
,

∫ t

tε

Ψ(t, s)Q (ϑ, s) ds = O (ε) .

Further

1

ε

∫ t

t0

Ψ(t, s)
Ḃϑ (ϑ, s)

σ (s)
f ′y (ϑ, s,m

◦
s (ϑ))

∫ t

s

Ḃ (ϑ, r) dWr ds

=
Ḃϑ (ϑ, t)

2

εσ (t)
f ′y (ϑ, t,m

◦
t (ϑ))

∫ t

tε

Ψ(t, s) [Wt −Ws] ds
(
1 +O

(
ε

ν
2

))
=

√
ε
Ḃϑ (ϑ, t)

2

σ (t)
f ′y (ϑ, t,m

◦
t (ϑ)) q (t)

−3/2
ξt,ε
(
1 +O

(
ε

ν
2

))
=

√
ε

Ḃϑ (ϑ, t)
2

b (ϑ, t,m◦
t (ϑ))

2

√
b (ϑ, t,m◦

t (ϑ))σ (t)

f ′y (ϑ, t,m
◦
t (ϑ))

ξt,ε
(
1 +O

(
ε

ν
2

))
,

and
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1

ε

∫ t

t0

Ψ(t, s)
Ḃϑ (ϑ, s)

σ (s)
f ′y (ϑ, s,m

◦
s (ϑ))

[
Ḟt − Ḟs

]
ds

=
√
ε
Ḃϑ (ϑ, t) f

′
y (ϑ0, t, Yt) b (ϑ0, t, Yt)

σ (t) f ′y (ϑ, t,mt (ϑ)) q (t)
3/2

[
ḟ ′yϑ (ϑ, t,mt (ϑ))

+f ′′yy (ϑ, t,mt (ϑ)) ṁt (ϑ)
]
ηt,ε

(
1 +O

(
ε

ν
2

))
=

√
ε
Ḃϑ (ϑ, t) f

′
y (ϑ0, t, Yt) b (ϑ0, t, Yt)

√
σ (t)

b (ϑ, t,m◦
t (ϑ))

3/2
f ′y (ϑ, t,m

◦
t (ϑ))

7/2

[
ḟ ′yϑ (ϑ, t,m

◦
t (ϑ)) f

′
y (ϑ, t,m

◦
t (ϑ))

−f ′′yy (ϑ, t,m◦
t (ϑ)) ḟϑ (ϑ, t,m

◦
t (ϑ))

]
ηt,ε

(
1 +O

(
ε

ν
2

))
.

These relations allow us to write

ṁt (ϑ)− ṁ◦
t (ϑ) =

R (ϑ, t) Γ◦ (ϑ, t)

f ′y (ϑ, t,m
◦
t (ϑ))

[
ξt,ε −

b (ϑ0, t, Yt) f
′
y (ϑ0, t, Yt)

b (ϑ, t,m◦
t (ϑ))f

′
y (ϑ, t,m

◦
t (ϑ))

ηt,ε

]√
ε

+
Ḃϑ (ϑ, t)

2

b (ϑ, t,m◦
t (ϑ))

2

√
b (ϑ, t,m◦

t (ϑ))σ (t)

f ′y (ϑ, t,m
◦
t (ϑ))

ξt,ε
√
ε

+
Ḃϑ (ϑ, t) f

′
y (ϑ0, t, Yt) b (ϑ0, t, Yt)

√
σ (t)

b (ϑ, t,m◦
t (ϑ))

3/2
f ′y (ϑ, t,m

◦
t (ϑ))

7/2

[
ḟ ′yϑ (ϑ, t,m

◦
t (ϑ)) f

′
y (ϑ, t,m

◦
t (ϑ))

−f ′′yy (ϑ, t,m◦
t (ϑ)) ḟϑ (ϑ, t,m

◦
t (ϑ))

]
ηt,ε

√
ε +O

(
ε

1+ν
2

)
.

Hence

ṁt (ϑ)− ṁ◦
t (ϑ)

Γ◦ (ϑ, t)
√
ε

=
R◦ (ϑ, t)

f ′y (ϑ, t,m
◦
t (ϑ))

[
ξt,ε −

b (ϑ0, t, Yt) f
′
y (ϑ0, t, Yt)

b (ϑ, t,m◦
t (ϑ))f

′
y (ϑ, t,m

◦
t (ϑ))

ηt,ε

]

+
ḃϑ (ϑ, t,m

◦
t (ϑ)) f

′
y (ϑ0, t, Yt) b (ϑ0, t,m

◦
t (ϑ))

b (ϑ, t)
2
f ′y (ϑ, t,m

◦
t (ϑ))

[
ḟ ′yϑ (ϑ, t,m

◦
t (ϑ))

f ′y (ϑ, t,m
◦
t (ϑ))

−
f ′′yy (ϑ, t,m

◦
t (ϑ)) ḟϑ (ϑ, t,m

◦
t (ϑ))

f ′y (ϑ, t,m
◦
t (ϑ))

2

]
ηt,ε +

Ḃϑ (ϑ, t)
2

b (ϑ, t,m◦
t (ϑ))

2 ξt,ε +O
(
ε

ν
2

)
=

[
R◦ (ϑ, t)

f ′y (ϑ, t,m
◦
t (ϑ))

+
Ḃϑ (ϑ, t)

2

b (ϑ, t,m◦
t (ϑ))

2

]
ξt,ε

+
b (ϑ0, t, Yt) f

′
y (ϑ0, t, Yt)

b (ϑ, t,m◦
t (ϑ)) f

′
y (ϑ, t,m

◦
t (ϑ))

[
Ḃϑ (ϑ, t) ḟ

′
yϑ (ϑ, t,m

◦
t (ϑ))

b (ϑ, t,m◦
t (ϑ)) f

′
y (ϑ, t,m

◦
t (ϑ))

− R◦ (ϑ, t)

f ′y (ϑ, t,m
◦
t (ϑ))

−
Ḃϑ (ϑ, t) f

′′
yy (ϑ, t,m

◦
t (ϑ)) ḟ

′
yϑ (ϑ, t,m

◦
t (ϑ))

b (ϑ, t,m◦
t (ϑ)) f

′
y (ϑ, t,m

◦
t (ϑ))

2

]
ηt,ε +O

(
ε

ν
2

)
= Π◦ (ϑ, t) ξt,ε + Λ◦ (ϑ, t) ηt,ε +O

(
ε

ν
2

)
.

ϑ = ϑ0Therefore if  , then this expression is simplified and we have
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ṁt (ϑ0)− ṁ◦
t (ϑ0)

Γ◦ (ϑ0, t)
√
ε

=⇒ R◦ (ϑ0, t)

f ′y (ϑ0, t, Yt)
[ξt − ηt] +

Ḃ◦
ϑ (ϑ0, t)

2

b (ϑ0, t, Yt)
2 ξt

+
Ḃ◦
ϑ (ϑ0, t)

b (ϑ0, t, Yt)

[
ḟ ′yϑ (ϑ0, t, Yt)

f ′y (ϑ0, t, Yt)
−
f ′′yy (ϑ0, t, Yt) ḟϑ (ϑ0, t, Yt)

f ′y (ϑ0, t, Yt)
2

]
ηt

=

[
R◦ (ϑ0, t)

f ′y (ϑ0, t, Yt)
+

Ḃ◦
ϑ (ϑ0, t)

2

b (ϑ0, t, Yt)
2

]
ξt +

[
Ḃ◦
ϑ (ϑ0, t) ḟ

′
yϑ (ϑ0, t, Yt)

b (ϑ0, t, Yt) f ′y (ϑ0, t, Yt)

−
Ḃ◦
ϑ (ϑ0, t) f

′′
yy (ϑ0, t, Yt) ḟϑ (ϑ0, t, Yt)

b (ϑ0, t, Yt) f ′y (ϑ0, t, Yt)
2 − R◦ (ϑ0, t)

f ′y (ϑ0, t, Yt)

]
ηt

= Π◦ (ϑ0, t) ξt + Λ◦ (ϑ0, t) ηt.

□
Corollary 1   The representations (3.7), (3.8) allow us to write

1

Γ◦ (ϑ, t)
√
ε

df (ϑ, t,mt (ϑ))

dϑ
= K (ϑ, t,m◦

t (ϑ)) [ξt,ε −∆◦ (ϑ, t) ηt,ε]

+ f ′y (ϑ, t,mt (ϑ)) [Π
◦ (ϑ, t) ξt,ε + Λ◦ (ϑ, t) ηt,ε] +O

(
ε

ν
2

)
=
[
K (ϑ, t,m◦

t (ϑ)) + f ′y (ϑ, t,mt (ϑ))Π
◦ (ϑ, t)

]
ξt,ε +O

(
ε

ν
2

)
+
[
f ′y (ϑ, t,mt (ϑ)) Λ

◦ (ϑ, t)−K (ϑ, t,m◦
t (ϑ))∆

◦ (ϑ, t)
]
ηt,ε. (3.11)

Here

K (ϑ, t, y) = ḟ ′ϑy (ϑ, t, y)−
f ′′yy (ϑ, t, y)

f ′y (ϑ, t, y)
.

Indeed we have

d
dϑ
f (ϑ, t,mt (ϑ))

=
d
dϑ

[f (ϑ, t,mt (ϑ))− f (ϑ0, t,m
◦
t (ϑ0))]

=
d
dϑ

[f (ϑ, t,mt (ϑ))− f (ϑ, t,m◦
t (ϑ))]

= ḟϑ (ϑ, t,mt (ϑ))− ḟϑ (ϑ, t,m
◦
t (ϑ))

+ f ′y (ϑ, t,mt (ϑ)) ṁt (ϑ)− f ′y (ϑ, t,m
◦
t (ϑ)) ṁ

◦
t (ϑ)

= ḟ ′ϑy (ϑ, t, m̃t) [mt (ϑ)−m◦
t (ϑ)] + f ′y (ϑ, t,mt (ϑ)) [ṁt (ϑ)− ṁ◦

t (ϑ)]

+
[
f ′y (ϑ, t,mt (ϑ))− f ′y (ϑ, t,m

◦
t (ϑ))

]
ṁt (ϑ)

=
[
ḟ ′ϑy (ϑ, t, m̃t) + f ′′yy (ϑ, t, m̃t) ṁt (ϑ)

]
[mt (ϑ)−m◦

t (ϑ)]

+ f ′y (ϑ, t,mt (ϑ)) [ṁt (ϑ)− ṁ◦
t (ϑ)]

=
[
ḟ ′ϑy (ϑ, t,m

◦
t (ϑ)) + f ′′yy (ϑ, t,m

◦
t (ϑ)) ṁt (ϑ)

]
[m◦

t (ϑ)−m◦
t (ϑ)]

+ f ′y (ϑ, t,m
◦
t (ϑ)) [ṁt (ϑ)− ṁ◦

t (ϑ)] +O
(√
ε
)

=

[
ḟ ′ϑy (ϑ, t,m

◦
t (ϑ))−

f ′′yy (ϑ, t,m
◦
t (ϑ))

f ′y (ϑ, t,m
◦
t (ϑ))

]
[m◦

t (ϑ)−m◦
t (ϑ)]

+ f ′y (ϑ, t,m
◦
t (ϑ)) [ṁt (ϑ)− ṁ◦

t (ϑ)] +O
(√
ε
)

= K (ϑ, t,m◦
t (ϑ)) [m

◦
t (ϑ)−m◦

t (ϑ)] + f ′y (ϑ, t,m
◦
t (ϑ)) [ṁt (ϑ)− ṁ◦

t (ϑ)] +O
(√
ε
)
.

The substitution of (3.7), (3.8) here gives (3.11).
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 4.  Empirical quadratic variation of the trend coefficient

δε=ε, ti+1= ti + φε, φε=ε
2/3 Nτ,ε=

[
τ
φε

]
Introduce the same statistic as in the linear case [16] ( ,  )

Ψτ,ε =

Nτ,ε−1∑
i=0

(
Xti+1+δε −Xti+1

δε
− Xti+δε −Xti

δε

)2

, 0 < τ ⩽ T.

Remind that

Xti+1+δε −Xti+1

δε
and

Xti+δε −Xti

δε

δε → 0 Xt ti+1 ti

Ψτ,ε

are asymptotic  derivatives  ( )  of    at  the  points    and    respectively  and  the  sum
 is the quadratic variation of these “derivatives”.

Ψτ,ε

f (ϑ0, t, Yt)

f (ϑ0, t, Yt)

Note  that    converges  to  the  limit  of  the  quadratic  variation  of  the  trend  coefficient
. To obtain the expression for this limit we first write the formal expansions and later

in the proof of Lemma 1 we give the detailed proof. The quadratic variation of   is the

limit of the following sum
Nτ,ε−1∑
i=0

[
f
(
ϑ0, ti+1, Yti+1

)
− f (ϑ0, ti, Yti)

]2
=

Nτ,ε−1∑
i=0

[
f
(
ϑ0, ti, Yti+1

)
− f (ϑ0, ti, Yti)

]2
+ o (1)

=

Nτ,ε−1∑
i=0

f ′y(ϑ0, ti, Ỹti)
2
(
Yti+1

− Yti
)2

+ o (1)

=

Nτ,ε−1∑
i=0

f ′y(ϑ0, ti, Yti)
2 b (ϑ0, ti, Yti)

2 (
Vti+1

− Vti
)2

+ o (1)

−→
∫ τ

0

f ′y(ϑ0, t, Yt)
2 b (ϑ0, t, Yt)

2 dt = Ψτ (ϑ0) .

Ψτ (ϑ) , ϑ ∈ ΘHere the function   is defined by the last equality.

Let us denote

π1 = 2

∫ τ

0

σ (t)
2 dt, π2 (ϑ0) =

2

3

∫ τ

0

f ′y (ϑ0, t, Yt)
2
b (ϑ0, t, Yt)

2 dt,

π3 (ϑ0) =

∫ τ

0

f ′y (ϑ0, t, Yt)
2
b (ϑ0, t, Yt)

2 dvt, π (ϑ0) = π1 + π2 (ϑ0) + π3 (ϑ0) ,

vt, 0 ⩽ t ⩽ τwhere   is some Wiener process.
Details of this convergence are given in the following proposition.

C1,Proposition 2  Let the condition   be satisfied, then

Ψτ,ε = Ψτ (ϑ0) + πε ε
1/3 +O

(
ε2/3

)
, ε−1/3 (Ψτ,ε −Ψτ (ϑ0)) =⇒ π (ϑ0)

p > 0 C = Cp > 0and for any   there exists a constant   such that

sup
ϑ0∈Θ

Eϑ0
|Ψτ,ε −Ψτ (ϑ0)|p ⩽ C εp/3.

πεThe random variable   is defined below in (4.3)−(4.6) and (4.7).
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f (ϑ0, t, y) ≡ y, a (ϑ0, t, y) ≡ 0, σ (t) ≡ 1, b (ϑ0, t, y) ≡ 1, τ = 1 Ψτ = 1

Proof  The  proof  follows  the  main  steps  of  the  proof  of  the  Proposition  1  in  [16].  Let  us
consider  first  the  simplest  case  just  to  see  how  this  rate  of  convergence  can  be  obtained.  Put

.  Then    and  the  observed
process is

dXt = Vtdt+ εdWt, X0 = 0, 0 ⩽ t ⩽ 1.

Denote

ξti+1,ε
=

1√
δε

[
Wti+1+δε −Wti+1

]
∼ N (0, 1) , ∆ξti,ε = ξti+1,ε

− ξti,ε ,

ηti+1,ε =
1

δ
3/2
ε

∫ ti+1+δε

ti+1

[
Vs − Vti+1

]
ds ∼ N (0, 1/3) , ∆ηti,ε = ηti+1,ε

− ηti,ε .

Then we can write

Ψ̄τ,ε =

Nτ,ε∑
i=0

(
1

δε

∫ ti+1+δε

ti+1

Vsds+
ε√
δε
ξti+1,ε

− 1

δε

∫ ti+δε

ti

Vsds−
ε√
δε
ξti,ε

)2

=

Nτ,ε∑
i=0

(
Vti+1 − Vti +

√
δε∆ηti,ε +

ε√
δε
∆ξti,ε

)2

=

Nτ,ε∑
i=0

[
Vti+1 − Vti

]2
+ δε

Nτ,ε∑
i=0

∆η2ti,ε +
ε2

δε

Nτ,ε∑
i=0

∆ξ2ti,ε + 2
√
δε

Nτ,ε∑
i=0

[
Vti+1 − Vti

]
∆ηti,ε

+
2ε√
δε

Nτ,ε∑
i=0

[
Vti+1

− Vti
]
∆ξti,ε + 2ε

Nτ,ε∑
i=0

∆ηti,ε∆ξti,ε . (4.1)

By Itô formula
Nτ,ε∑
i=0

[
Vti+1 − Vti

]2
=

Nτ,ε∑
i=0

(ti+1 − ti) + 2

Nτ,ε∑
i=0

∫ ti+1

ti

(Vs − Vti) dVs = 1 +
√
φε O (1) (4.2)

because

E

Nτ,ε∑
i=0

∫ ti+1

ti

(Vs − Vti) dVs

2

=

Nτ,ε∑
i=0

∫ ti+1

ti

(s− ti) ds =
φε
2
.

For the second term we have

φε

Nτ,ε∑
i=0

∆η2ti,ε −→ 2

3
, δε

Nτ,ε∑
i=0

∆η2ti,ε =
δε
φε

φε

Nτ,ε∑
i=0

∆η2ti,ε =
δε
φε

(
2

3
+ o (1)

)
.

We have as well

φε

Nτ,ε∑
i=0

∆ξ2ti,ε −→ 2,
ε2

δεφε
φε

Nτ,ε∑
i=0

∆ξ2ti,ε =
ε2

δεφε
(2 + o (1)) .

For the other terms in (4.1) we obtain the relations

4ε2E

Nτ,ε∑
i=0

∆ξti,ε∆ηti,ε

2

=
16ε2

3φε
, ε

Nτ,ε∑
i=0

∆ξti,ε∆ηti,ε =
ε

√
φε

O (1) ,

4ε2

δε
E

Nτ,ε∑
i=0

[
Vti+1

− Vti
]
∆ξti,ε

2

=
8ε2

δε
,

ε√
δε

Nτ,ε∑
i=0

[
Vti+1

− Vti
]
∆ξti,ε =

ε√
δε
O (1) .
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Remark that

E
[
Vti+1 − Vti

]
∆ηti,ε = E

[
Vti − Vti+1

]
ηti,ε =

1

δ
3/2
ε

E
[
Vti − Vti+1

] ∫ ti+δε

ti

[Vs − Vti ] ds

= − 1

δ
3/2
ε

∫ ti+δε

ti

E [Vs − Vti ]
2 ds = −

√
δε
2

and therefore √
δε

Nτ,ε∑
i=0

[
Vti+1 − Vti

]
∆ηti,ε = − δε

φε

(
1

2
+ o (1)

)
.

Therefore the main terms are

Ψτ,ε = 1 +
√
φε O (1) +

δε
φε

O (1) +
ε2

δεφε
O (1) .

δε = εq φε = εlIf we write two equations of balance for   and 

√
φε =

δε
φε
,

δε
φε

=
ε2

δεφε
,

q = 1 l = 2/3 δε = ε φε = ε2/3then we obtain the values   and  , i.e.,   and  .

ϑ0

Now we repeat the given above calculations but for the model (1.8), (1.9) with description of

the corresponding errors. We omit for instant  .

Using elementary expansions we write

Xti+δε −Xti

δε
=

1

δε

∫ ti+δε

ti

f (t, Yt) dt+
ε

δε

∫ ti+δε

ti

σ (t) dWt

= f (ti, Yti) + σ (ti)
Wti+δε −Wti√

δε

ε√
δε

+

∫ ti+δε

ti

[σ (t)− σ (ti)] dWt
ε

δε

+
1

δε

∫ ti+δε

ti

[f (t, Yt)− f (ti, Yti)] dt

= f (ti, Yti) + σ (ti) ξti,ε
√
ε+

1

δε

∫ ti+δε

ti

f ′y (ti, Yti) [Yt − Yti ] dt,

+
1

δε

∫ ti+δε

ti

[f (t, Yt)− f (ti, Yti)] dt+O
(
ε3/2

)
= f (ti, Yti) + σ (ti) ξti,ε

√
ε+

1

δε

∫ ti+δε

ti

f ′y (ti, Yti)

∫ t

ti

a (s, Ys) ds dt

+
1

δε

∫ ti+δε

ti

f ′y (ti, Yti)

∫ t

ti

b (s, Ys) dVs dt+O
(
ε3/2

)
,

= f (ti, Yti) + σ (ti) ξti,ε
√
ε+ f ′y (ti, Yti) b (ti, Yti) ηti,ε

√
ε+O (ε) .

Therefore we have as well the representations

Xti+1+δε −Xti+1

δε
= f

(
ti+1, Yti+1

)
+ σ (ti+1) ξti+1,ε

√
ε

+ f ′y
(
ti+1, Yti+1

)
b
(
ti+1, Yti+1

)
ηti+1,ε

√
ε+O (ε)

and
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Xti+1+δε −Xti+1

δε
− Xti+δε −Xti

δε

= f
(
ti+1, Yti+1

)
− f (ti, Yti) + σ (ti+1) ξti+1,ε

√
ε

− σ (ti) ξti,ε
√
ε+ f ′y

(
ti+1, Yti+1

)
b
(
ti+1, Yti+1

)
ηti+1,ε

√
ε

− f ′y (ti, Yti) b (ti, Yti) ηti,ε
√
ε+O (ε)

= f
(
ti, Yti+1

)
− f (ti, Yti) + f ′t (ti, Yti) ε

2/3 + σ (ti)∆ξti,εε
1/2

+ f ′y (ti, Yti) b (ti, Yti)∆ηti,εε
1/2 +O

(
ε5/6

)
= f ′y (ti, Yti)

[
Yti+1 − Yti

]
+ σ (ti)∆ξti,εε

1/2 + f ′y (ti, Yti) b (ti, Yti)∆ηti,εε
1/2 +O

(
ε2/3

)
= f ′y (ti, Yti) b (ti, Yti)

[
Vti+1

− Vti
]
+ σ (ti)∆ξti,εε

1/2

+ f ′y (ti, Yti) b (ti, Yti)∆ηti,εε
1/2 +O

(
ε2/3

)
.

Hence

Ψτ,ε =

Nτ,ε−1∑
i=0

f ′y (ti, Yti)
2
b (ti, Yti)

2 [
Vti+1 − Vti

]2
+

Nτ,ε−1∑
i=0

σ (ti)
2
(∆ξti,ε)

2
ε

+

Nτ,ε−1∑
i=0

f ′y (ti, Yti)
2
b (ti, Yti)

2
(∆ηti,ε)

2
ε

+ 2

Nτ,ε−1∑
i=0

f ′y (ti, Yti) b (ti, Yti)σ (ti)∆ηti,ε∆ξti,εε

+ 2

Nτ,ε−1∑
i=0

f ′y (ti, Yti)
2
b (ti, Yti)

2 [
Vti+1

− Vti
]
∆ηti,ε ε

1/2

+ 2

Nτ,ε−1∑
i=0

f ′y (ti, Yti) b (ti, Yti)σ (ti)
[
Vti+1 − Vti

]
∆ξti,ε ε

1/2 +O
(
ε5/6

)
.

Note that

π1,ε ≡ φε

Nτ,ε−1∑
i=0

σ (ti)
2
(∆ξti,ε)

2 −→ 2

∫ τ

0

σ (t)
2 dt = π1, (4.3)

ε

Nτ,ε−1∑
i=0

σ (ti)
2
(∆ξti,ε)

2
= 2

∫ τ

0

σ (t)
2 dt (1 + o (1)) ε1/3,

π2,ε ≡ φε

Nτ,ε−1∑
i=0

f ′y (ti, Yti)
2
b (ti, Yti)

2
(∆ηti,ε)

2 −→ 2

3

∫ τ

0

f ′y (t, Yt)
2
b (t, Yt)

2 dt = π2 (ϑ0) ,

ε

Nτ,ε−1∑
i=0

f ′y (ti, Yti)
2
b (ti)

2
(∆ηti,ε)

2
=

2

3

∫ τ

0

f ′y (t, Yt)
2
b (t, Yt)

2 dt (1 + o (1)) ε1/3

(4.4)

and
Nτ,ε−1∑
i=0

f ′y (ti, Yti) b (ti, Yti)σ (ti)∆ηti,ε∆ξti,ε ε = O
(
ε2/3

)
.

It is easy to verify that

Probability, Uncertainty and Quantitative Risk 461



E

Nτ,ε−1∑
i=0

f ′y (ti, Yti) b (ti, Yti)σ (ti)∆ηti,ε∆ξti,ε

2

=

Nτ,ε−1∑
i=0

Ef ′y (ti, Yti)
2
b (ti, Yti)

2
σ (ti)

2
∆η2ti,ε∆ξ

2
ti,ε

⩽ C

Nτ,ε−1∑
i=0

E∆η2ti,ε E∆ξ
2
ti,ε ⩽ C ε−2/3.

Further we have
Nτ,ε−1∑
i=0

f ′y (ti, Yti) b (ti, Yti)σ (ti)∆ξti,ε
[
Vti+1 − Vti

]
=

∫ τ

0

Hε (t) dVt,

Hε (t)where the step function   is

Hε (t) = f ′y (ti, Yti) b (ti, Yti)σ (ti)∆ξti,ε 1l{ti⩽t<ti+1}.

Wt, 0 ⩽ t ⩽ T Vt, 0 ⩽ t ⩽ TRecall that   and   are independent Wiener processes. Therefore∫ τ

0

Hε (t)
2 dt =

Nτ,ε−1∑
i=0

f ′y (ti, Yti)
2
b (ti, Yti)

2
σ (ti)

2
∆ξ2ti,ε (ti+1 − ti)

−→ 2

∫ τ

0

f ′y (t, Yt)
2
b (t, Yt)

2
σ (t)

2 dt

because

E

Nτ,ε−1∑
i=0

f ′y (ti, Yti)
2
b (ti, Yti)

2
σ (ti)

2 (
∆ξ2ti,ε − 2

)
(ti+1 − ti)

2

=

Nτ,ε−1∑
i=0

E
((

f ′y (ti, Yti)
4
b (ti, Yti)

4
σ (ti)

4 (
∆ξ2ti,ε − 2

))2)
(ti+1 − ti)

2

⩽ C ε2/3.

Therefore ∫ τ

0

Hε (t) dVt =⇒ π̃ (ϑ0) , Eπ̃ (ϑ0)
2
= 2

∫ τ

0

f ′y (t, Yt)
2
b (t, Yt)

2
σ (t))2dt

and we obtained
Nτ,ε−1∑
i=0

f ′y (ti, Yti) b (ti, Yti)σ (ti)∆ξti,ε
[
Vti+1 − Vti

]√
ε = O

(√
ε
)
.

G (t) = f ′y (t, Yt)
2
b (t, Yt)

2For estimation of the next term we denote   and write

ε3/2
Nτ,ε−1∑
i=0

f ′y (ti, Yti)
2
b (ti, Yti)

2 [
Vti+1 − Vti

]
∆ηti,ε

=

Nτ,ε−1∑
i=0

G (ti)
[
Vti+1

− Vti
] [∫ ti+1+ε

ti+1

[
Vs − Vti+1

]
ds−

∫ ti+ε

ti

[Vs − Vti ] ds

]

=

Nτ,ε−1∑
i=0

G (ti)
[
Vti+1

− Vti
] ∫ ti+1+ε

ti+1

[
Vs − Vti+1

]
ds

−
Nτ,ε−1∑
i=0

G (ti)
[
Vti+1 − Vti

] ∫ ti+ε

ti

[Vs − Vti ] ds

≡ S1,ε − S2,ε
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with obvious notations. We have

ES2
1,ε = E

Nτ,ε−1∑
i=0

G (ti)
[
Vti+1

− Vti
] ∫ ti+1+ε

ti+1

[
Vs − Vti+1

]
ds

2

=

Nτ,ε−1∑
i=0

EG (ti)
2 [
Vti+1

− Vti
]2 E(∫ ti+1+ε

ti+1

[
Vs − Vti+1

]
ds

)2

⩽ C ε3.

S2,ε Vti+1 − Vti+ε
∫ ti+ε
ti

[Vs − Vti ] ds

S1,ε

For the second sum   we first note that   and   are independent

and can be estimated as the sum  . Therefore it is sufficient to study

S3,ε =

Nτ,ε−1∑
i=0

G (ti) [Vti+ε − Vti ]

∫ ti+ε

ti

[Vs − Vti ] ds.

We have

ES2
3,ε ⩽ C

Nτ,ε−1∑
i=0

E
(∫ ti+ε

ti

[Vti+ε − Vti ] [Vs − Vti ] ds
)2

⩽ Cε

Nτ,ε−1∑
i=0

∫ ti+ε

ti

E [Vti+ε − Vti ]
2
[Vs − Vti ]

2 ds ⩽ C ε10/3.

Finally we obtain

ε1/2
Nτ,ε−1∑
i=0

f ′y (ti, Yti)
2
b (ti, Yti)

2 [
Vti+1 − Vti

]
∆ηti,ε = O

(
ε2/3

)
.

Consider now the term (see (4.2))
Nτ,ε−1∑
i=0

G (ti)
[
Vti+1 − Vti

]2
=

Nτ,ε−1∑
i=0

G (ti) [ti+1 − ti] + 2

Nτ,ε−1∑
i=0

G (ti)

∫ ti+1

ti

[Vs − Vti ] dVs

=

Nτ,ε−1∑
i=0

G (ti) [ti+1 − ti] + ε1/3
∫ τ

0

Rε (s) dVs, (4.5)

where we denoted

Rε (s) = ε−1/3G (ti) [Vs − Vti ] 1l{ti⩽s<ti+1}.

We have ∫ τ

0

Rε (s)
2 ds = ε−2/3

Nτ,ε−1∑
i=0

G (ti)
2
∫ ti+1

ti

[Vs − Vti ]
2 ds

=

Nτ,ε−1∑
i=0

G (ti)
2
µi,ε (ti+1 − ti) (1 + o (1)) −→ 1

2

∫ τ

0

G (s)
2 ds.

Here

µi,ε = ε−4/3

∫ ti+1

ti

[Vs − Vti ]
2 ds =

∫ 1

0

vi,ε (r)
2 dr, i = 0, 1, . . .

1
2 vi,ε (r) , 0 ⩽ r ⩽ 1are i.i.d. random variables with mean   and   are independent Wiener processes.

Therefore
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π3,ε ≡ ε−1/3 2

Nτ,ε−1∑
i=0

G (ti)

∫ ti+1

ti

[Vs − Vti ] dVs =⇒ π3 (ϑ0) , (4.6)

Eπ3 (ϑ0)
2
=

∫ τ

0

f ′y (t, Yt)
4
b (t, Yt)

4 dt.

π3 (ϑ0)The random variable   can be written in the integral form

π3 (ϑ0) =

∫ τ

0

f ′y (t, Yt)
2
b (t, Yt)

2 dvt,

vt, 0 ⩽ t ⩽ τwhere   is some Wiener process.
For the term

Nτ,ε−1∑
i=0

G (ti) (ti+1 − ti) =

Nτ,ε−1∑
i=0

f ′y(ti, Yti)
2b (ti, Yti)

2
(ti+1 − ti)

in (4.5) we write
Nτ,ε−1∑
i=0

f ′y(ti, Yti)
2b (ti, Yti)

2
(ti+1 − ti)−

∫ τ

0

f ′y(t, Yt)
2b (t, Yt)

2 dt

=

Nτ,ε−1∑
i=0

∫ ti+1

ti

[
f ′y(t, Yt)

2b (t, Yt)
2 − f ′y(ti, Yti)

2b (ti, Yti)
2
]
dt

= 2

Nτ,ε−1∑
i=0

∫ ti+1

ti

f ′y(t, Yt)b (t, Yt)
[
f ′′yy(t, Ỹt)b (t, Yt)

+f ′y(t, Yt)b
′
y(t, Ỹt)

] ∫ t

ti

b (s, Ys) dVs dt+O
(
ε2/3

)
= 2

Nτ,ε−1∑
i=0

∫ ti+1

ti

f ′y(t, Yt)b (t, Yt)
2 [
f ′′yy(t, Yt)b (t, Yt)

+f ′y(t, Yt)b
′
y (t, Yt)

]
[Vt − Vti ] dt+O

(
ε2/3

)
= 2ε

Nτ,ε−1∑
i=0

f ′y(ti, Yti)b (ti, Yti)
2 [
f ′′yy(ti, Yti)b (ti, Yti) + f ′y(ti, Yti)b

′
y (ti, Yti)

]
η̃i,ε +O

(
ε2/3

)

= ε1/3
Nτ,ε−1∑
i=0

Lε (ti) η̃i,ε (ti+1 − ti) +O
(
ε2/3

)
,

Lε (ti)where the two last lines define   and we denoted

η̃i,ε = ε−1

∫ ti+1

ti

[Vt − Vti ] dt ∼ N (0, 1/3) .

We have

E

Nτ,ε−1∑
i=0

Lε (ti) η̃i,ε (ti+1 − ti)

2

=
1

3

Nτ,ε−1∑
i=0

ELε (ti)
2
(ti+1 − ti)

2
= O

(
ε2/3

)
.

Hence

ε1/3
Nτ,ε−1∑
i=0

Lε (ti) η̃i,ε (ti+1 − ti) +O
(
ε2/3

)
= O

(
ε2/3

)
.
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Finally,

Ψτ,ε = Ψτ (ϑ0) + πε ε
1/3 +O (1) ε2/3, πε = π1,ε + π2,ε + π3,ε,

ε−1/3 (Ψτ,ε −Ψτ (ϑ0)) =⇒ π (ϑ0) .
(4.7)

O (1)The term   here has finite all polynomial moments. □

 5.  Method of moments estimator

ϑ∗εThe method of moments estimator (MME)   can be introduced by the equation

Ψ∗
τ,ε = Ψ∗

τ

(
ϑ∗τ,ε

)
, (5.1)

Ψτ,ε Ψτ (ϑ)where we slightly modified the definitions of   and 

Ψ∗
τ,ε =

Nτ,ε−1∑
i=i0

(
Xti+1+ε −Xti+1

ε
− Xti+ε −Xti

ε

)2

, (5.2)

0 < t0 < τ < T, ti+1 − ti = ε2/3, i0 =
[
t0
ε2/3

]
, Nτ,ε =

[
τ
ε2/3

]
[A] AHere  ,   is integer part of  .

The random function

Ψ∗
τ (ϑ) =

∫ τ

t0

f ′y(ϑ, t,mt (ϑ))
2 b (ϑ, t,mt (ϑ))

2 dt, ϑ ∈ Θ

mt (ϑ) , t0 ⩽ t ⩽ Tis continuous with probability 1. The random process   is solution of the equation

dmt (ϑ) = a (ϑ, t,mt (ϑ)) dt+
b (ϑ, t,mt (ϑ))

εσ (t)
[dXt − f (ϑ, t,mt (ϑ)) dt] , mt0 (ϑ) . (5.3)

mt0 (ϑ)

Ψ∗
τ (ϑ) Ψ∗

τ,ε

t0 ∈ (0, τ)

Here  the  initial  value    is  solution  of  the  system  (2.1),  (2.2).  As  the  equation  (3.1)  is

simpler to solve than (2.1), (2.2) we start these two statistics   and   from the moment

.

ϑ∗τ,ε
ε Xτ = (Xt, 0 ⩽ t ⩽ τ) [ψm, ψM ]

We have to make several remarks concerning the definition (5.1)−(5.3) of the MME  . For a

given   and observed trajectory   we obtain a random interval  , where

ψm = inf
ϑ∈Θ

Ψτ (ϑ) , ψM = sup
ϑ∈Θ

Ψτ (ϑ) .

Ψ∗
τ,ε ̸∈ [ψm, ψM ]If  , then (5.1) has no solution and has to be replaced by the definition

ϑ∗τ,ε = α1l{Ψτ,ε<ψm} + ϑ̄τ,ε1l{ψm<Ψτ,ε<ψM} + β1l{Ψτ,ε>ψM}, Ψτ,ε = Ψτ
(
ϑ̄τ,ε

)
.

Ψτ,ε < ψm

Ψτ,ε > ψM

Note that in the case of the consistent estimation the probabilities of the events   and
 are asymptotically negligible.

mt0 (ϑ)

y0 a (ϑ, t,mt (ϑ))

The equation (5.3) can be simplified as follows. The initial value   can be replaced by

any other value, say,   and the trend coefficient   can be omitted. Let us explain

why (5.3) can be replaced by

dm∗
t (ϑ) =

b (ϑ, t,m∗
t (ϑ))

εσ (t)
[dXt − f (ϑ, t,m∗

t (ϑ)) dt] , m∗
t0 (ϑ) = y0, t0 ⩽ t ⩽ τ. (5.4)

vt = m∗
t (ϑ)−mt (ϑ) v4tConsider the difference   and the equation for 

dv4t
dt

= −4b (ϑ, t,m∗
t (ϑ))

εσ (t)
v3t [f (ϑ, t,m

∗
t (ϑ))− f (ϑ, t,mt (ϑ))]− 4v3t a (ϑ, t,mt (ϑ)) .

We have
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Eϑ0
v4t = Eϑ0

(
m∗
t0 (ϑ)− y0

)4 − 4

∫ t

t0

Eϑ0
v3sa (ϑ, s,ms (ϑ)) ds

−
∫ t

t0

4

εσ (s)
Eϑ0v

3
sb (ϑ, s,m

∗
s (ϑ)) [f (ϑ, s,m

∗
s (ϑ))− f (ϑ, s,ms (ϑ))] ds

= Eϑ0

(
m∗
t0 (ϑ)− y0

)4 − ∫ t

t0

4

εσ (s)
Eϑ0

v4sb (ϑ, s,ms (ϑ)) f
′
y (ϑ, s, m̄s) ds−

− 4

∫ t

t0

Eϑ0
v3sa (ϑ, s,ms (ϑ)) ds

⩽ C − 4cbcy
εCσ

∫ t

t0

Eϑ0v
4
sds+ 4

∫ t

t0

Eϑ0v
4
sds+ 4

∫ t

t0

Eϑ0a (ϑ, s,ms (ϑ))
4 ds

⩽ C − 2cbcy
εCσ

∫ t

t0

Eϑ0
v4sds

ε fg ⩽ fk + gm

f > 0, g > 0 k−1 +m−1 = 1 Eϑ0

∣∣v3sa (ϑ, s,ms (ϑ))
∣∣ ⩽ Eϑ0

v4s+

Eϑ0
a (ϑ, s,ms (ϑ))

4
k = 4/3 m = 4

for  sufficiently  small  .  Here  following  [26],  Lemma  2.1  we  used  the  estimate  ,
where   and  , which allows us to write 

, i.e.,   and  .

Therefore

Eϑ0
(m∗

t (ϑ)−mt (ϑ))
4 ⩽ Ce−

2cbcy
εCσ

(t−t0)

and this proves that the difference between the solutions of (5.3) and (5.4) is asymptotically negligible.
This is typical result for such short memory stochastic systems (see Corollary 2.3 and remarks
just after in [26]).

Ψτ (ϑ)Therefore the statistic   can be replaced by

Ψ∗
τ (ϑ) =

∫ τ

t0

f ′y(ϑ, t,m
∗
t (ϑ))

2 b (ϑ, t,m∗
t (ϑ))

2 dt, ϑ ∈ Θ (5.5)

ϑ∗τ,εwith the corresponding definition of the MME  .
ϑ∗τ,εWe will need the estimator   in the next section for the construction of the adaptive EKF

and the direct substitution of it in the EKF leads to the equation with the stochastic integral∫ t

t0

b
(
ϑ∗τ,ε, s,m

∗
s

(
ϑ∗τ,ε

))
σ (s)

dXs.

ϑ∗τ,ε Xτ

0 < t0 < τ < T

t0 τ m⋆
t t ∈ [τ, T ]

As the estimator   depends on the whole trajectory   this Itô integral is not well defined.
To avoid this problem we consider construction of this estimator for the values  ,
where   and   are small and the adaptive filter   will be given for the values  .
Let us denote

Ψ◦
τ (ϑ) =

∫ τ

t0

f ′y(ϑ, t,m
◦
t (ϑ))

2 b (ϑ, t,m◦
t (ϑ))

2 dt, ϑ ∈ Θ,

H (ϑ, t, y, z) = 2
[
ḟ ′ϑy(ϑ, t, y) + f ′′yy(ϑ, t, y) z

]
f ′y(ϑ, t, y)b (ϑ, t, y)

2

+ 2
[
ḃϑ (ϑ, t, y) + b′y (ϑ, t, y) z

]
f ′y(ϑ, t, y)

2b (ϑ, t, y) ,

H◦ (ϑ, t, y) = 2
[
ḟ ′ϑy(ϑ, t, y)f

′
y(ϑ, t, y)− f ′′yy(ϑ, t, y) ḟϑ(ϑ, t, y)

]
b (ϑ, t, y)

2

+ 2
[
ḃϑ (ϑ, t, y) f

′
y(ϑ, t, y)− b′y (ϑ, t, y) ḟϑ(ϑ, t, y)

]
f ′y(ϑ, t, y)b (ϑ, t, y) .

The MME is defined by the equations (5.1)−(5.5).
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DIntroduce the conditions 

(D1) cH > 0 ϑ ∈ Θ, t ∈ [t0, τ ] , y ∈ R  There exists a constant   , which does not depend on   such that

H◦ (ϑ, t, y) ⩾ cH .

(D2) ḟ ′′ϑyy(ϑ, t, y) f
(3)
yyy(ϑ, t, y)  The derivatives   and   are bounded.

C ,D ϑ∗τ,εProposition 3  Let the conditions   be satisfied, then the MME   is consistent and

ε−1/3
(
ϑ∗τ,ε − ϑ0

)
=

π (ϑ0)∫ τ
t0
H◦ (ϑ0, t, Yt) dt

+O
(
ε1/6

)
.

ν > 0

Proof  To prove the consistency we write as usual in such problems the following chain of relations:
for any 

Pϑ0

(
inf

|ϑ−ϑ0|<ν

∣∣ϑ∗τ,ε − ϑ0
∣∣ > inf

|ϑ−ϑ0|⩾ν

∣∣ϑ∗τ,ε − ϑ0
∣∣)

= Pϑ0

(
inf

|ϑ−ϑ0|<ν
|Ψτ,ε −Ψ∗

τ (ϑ)| > inf
|ϑ−ϑ0|⩾ν

|Ψτ,ε −Ψ∗
τ (ϑ)|

)
⩽ Pϑ0

(
inf

|ϑ−ϑ0|<ν

(
|Ψτ,ε −Ψ∗

τ (ϑ0)|+ |Ψ∗
τ (ϑ)−Ψ∗

τ (ϑ0)|
)

> inf
|ϑ−ϑ0|⩾ν

(
|Ψ∗
τ (ϑ)−Ψ∗

τ (ϑ0)| − |Ψτ,ε −Ψ∗
τ (ϑ0)|

))
= Pϑ0

(
2 |Ψτ,ε −Ψ∗

τ (ϑ0)| ⩾ inf
|ϑ−ϑ0|⩾ν

|Ψ∗
τ (ϑ)−Ψ∗

τ (ϑ0)|
)
.

m∗
t (ϑ) = m◦

t (ϑ) +O (
√
ε) ṁ∗

t (ϑ) = ṁ◦
t (ϑ) +O (

√
ε) ṁ◦

t (ϑ) =

−ḟϑ (ϑ, t,m◦
t (ϑ)) f

′
y (ϑ, t,m

◦
t (ϑ))

−1
Ψ∗
τ (ϑ)

Ψ◦
τ (ϑ)

Recall that  ,   (see (3.7), (3.8)) and 

  (see  (3.6)).  Note  as  well  that  the  derivatives  of   and

 are

Ψ̇∗
τ (ϑ) =

∫ τ

t0

H (ϑ, t,m∗
t (ϑ) , ṁ

∗
t (ϑ)) dt, Ψ̇◦

τ (ϑ) =

∫ τ

t0

H◦ (ϑ, t,m◦
t (ϑ)) dt,

Ψ̇◦
τ (ϑ0) =

∫ τ

t0

H◦ (ϑ0, t,m
◦
t (ϑ0)) dt =

∫ τ

t0

H◦ (ϑ0, t, Yt) dt.

Therefore

Ψ∗
τ (ϑ)−Ψ∗

τ (ϑ0) = Ψ◦
τ (ϑ)−Ψ◦

τ (ϑ0) +O
(√
ε
)

= (ϑ− ϑ0) Ψ̇
◦
τ (ϑ̃) +O

(√
ε
)

= (ϑ− ϑ0)

∫ τ

t0

H◦(ϑ̃, t,m◦
t (ϑ̃))dt+O (1)

√
ε

and

Pϑ0

(
2
∣∣Ψ∗

τ,ε −Ψ∗
τ (ϑ0)

∣∣ ⩾ inf
|ϑ−ϑ0|⩾ν

|Ψ∗
τ (ϑ)−Ψ∗

τ (ϑ0)|
)

⩾ Pϑ0

(
2
∣∣Ψ∗

τ,ε −Ψ∗
τ (ϑ0)

∣∣ ⩾ inf
|ϑ−ϑ0|⩾ν

|ϑ− ϑ0|
∣∣∣∣∫ τ

t0

H◦(ϑ̃, t,m◦
t (ϑ̃))dt

∣∣∣∣)
= Pϑ0

(
|Ψτ,ε −Ψ∗

τ (ϑ0)| ⩾
ν cH
4

(τ − t0)
)

= Pϑ0

(
O
(
ε1/3

)
⩾ ν cH

4
(τ − t0)

)
−→ 0.

Probability, Uncertainty and Quantitative Risk 467



Ψ∗
τ,ε = Ψ∗

τ

(
ϑ∗τ,ε

)
The left and right sides of the equation   can be written as follows

Ψ∗
τ,ε = Ψτ (ϑ0) + π (ϑ0) ε

1/3 +O
(
ε2/3

)
= Ψ◦

τ (ϑ0) + π (ϑ0) ε
1/3 +O

(
ε1/2

)
,

Ψ∗
τ

(
ϑ∗τ,ε

)
= Ψ◦

τ

(
ϑ∗τ,ε

)
+O

(√
ε
)
= Ψ◦

τ (ϑ0) +
(
ϑ∗τ,ε − ϑ0

)
Ψ̇◦
τ (ϑ̃) +O

(√
ε
)

and

ε−1/3
(
ϑ∗τ,ε − ϑ0

)
=
ε−1/3

(
Ψ∗
τ,ε −Ψ◦

τ (ϑ0)
)

Ψ̇◦
τ (ϑ0) +O (

√
ε)

=
π (ϑ0)∫ τ

t0
H◦ (ϑ0, t, Yt) dt

+O
(
ε1/6

)
.

□

 6.  Adaptive EKF

Recall that we have the model is

dXt = f (ϑ, t, Yt) dt+ εσ (t) dWt, X0 = 0, 0 ⩽ t ⩽ T,

dYt = a (ϑ, t, Yt) dt+ b (ϑ, t, Yt) dVt, Y0 = y0,

XT = (Xt, 0 ⩽ t ⩽ T ) Y T

ϑ ∈ Θ = (α, β) m⋆
t,ε

Yt
m⋆
t,ε − Yt → 0

where the observed process is   and the diffusion process   is hidden. The

parameter    is  unknown and we have  to  construct  an approximation   of  the
unobserved  component  .  We  expect  that  this  approximation  has  to  be  consistent
( ) and its calculation has to be relatively simple.

[0, T ] [0, t0] [t0, τ ] [τ, T ]

[0, t0] t = 0

ε−1γε (ϑ, t)

γ∗ (ϑ, t) t0 ε−1γε (ϑ, t)

γ∗ (ϑ, t)

Xt, t0 ⩽ t ⩽ τ ϑ∗τ,ε

The observation interval    is subdivided on three intervals:  ,   and  . The
observations  on    are  neglected  because  our  problem  involves  a  boundary  layer  at  .
During this time interval the solution   of the Riccati equation (2.2) exponentially fast
converges  to  the  value  .  Therefore  starting  since   we  can  replace    in  the
equations  (2.1),  (2.2)  by  .  This  simplifies  the  further  calculations.  By  the  observations

 we construct the MME   (see (5.1)−(5.5)).
The adaptive EKF is

dm⋆
t,ε =

b
(
ϑ∗τ,ε, t,m

⋆
t,ε

)
εσ (t)

[
dXt − f

(
ϑ∗τ,ε, t,m

∗
t,ε

)
dt
]
, m⋆

t0,ε, τ ⩽ t ⩽ T.

m⋆
t0,εThe  initial  value    is  arbitrary,  since  it  can  be  proved  that  the  initial  value  leads  to  a

boundary layer term.

C ,DTheorem 1  Suppose that the conditions   are satisfied. Then

ε−1/3
(
m⋆
t,ε − Yt

)
=⇒ − ḟϑ (ϑ0, t, Yt)

f ′y (ϑ0, t, Yt)

π (ϑ0)∫ τ
t0
H◦ (ϑ0, t, Yt)

.

m⋆
t − YtProof  Consider the difference  . We have

m⋆
t,ε − Yt = mt,ε

(
ϑ∗τ,ε

)
−mt (ϑ0) +mt (ϑ0)− Yt

= ṁt,ε

(
ϑ̄
) (
ϑ∗τ,ε − ϑ0

)
+mt (ϑ0)−m◦

t (ϑ0)

= ṁt (ϑ0)
(
ϑ∗τ,ε − ϑ0

) (
1 +O

(
ε1/3

))
+ Γ◦ (ϑ0, t) [ξt,ε − ηt,ε]

√
ε (1 + o (1))

= ṁ◦
t,ε (ϑ0)

(
ϑ∗τ,ε − ϑ0

) (
1 +O

(
ε1/3

))
+ Γ◦ (ϑ0, t) [ξt,ε − ηt,ε]

√
ε (1 + o (1))

= − ḟϑ (ϑ0, t, Yt)
f ′y (ϑ0, t, Yt)

(
ϑ∗τ,ε − ϑ0

) (
1 +O

(
ε1/3

))
+ Γ◦ (ϑ0, t) [ξt,ε − ηt,ε]

√
ε (1 + o (1)) .
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Therefore

ε−1/3
(
m⋆
t,ε − Yt

)
=⇒ − ḟϑ (ϑ0, t, Yt)

f ′y (ϑ0, t, Yt)

π (ϑ0)∫ τ
t0
H◦ (ϑ0, t, Yt) dt

.

□

 7.  Conclusions

ϑ

ε1/2

The  presented  here  AEKF  is  just  a  consistent  approximation  of  the  unknown  conditional
expectation  and  the  question  of  the  construction  of  asymptotically  efficient  approximation  is
always open. The difficulties are related with the absence of closed form equations for conditional
expectation as in the linear case considered in [16]. Remark that if we have approximation of the
conditional expectation (see [2]) and of its derivative w.r.t.  , then it will be possible to use the
One-step  MLE-process  which  provides  the  recurrent  consistent  estimation  of  the  unknown
parameter  and together  with the recurrent  extended Kalman filter  this  couple  can provide the
asymptotically optimal AEKF as it was already done several times for the linear models [16−18].
The first step, of course, has to be the construction of the preliminary estimator of the unknown
parameter with the optimal rate   as in [8].
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