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Abstract Let B = {BF t >0} be a fractional Brownian motion with Hurst index
0 < H <1, and let B={B,t > 0} be an independent Brownian motion. In this study,
we investigate the parameter estimation of a mixed fractional Black-Scholes model

t t
Sﬁ:S§I+u/O Sfds+a/0 sta(B, + B,

where ¢ >0, p € R are two unknown parameters. Using quasi-likelihood estimation,
when the system is observed at some discrete time instants {t; = th,i =0,1,2,...,n},
we give estimations of the parameters p and o provided h = h(n) — 0, nh — oo and
h'*7n — 1 for some v >0, as n — co. We present the asymptotic normality of the
estimators based on the velocity of nh'tY — 1 tending to zero as n tends to infinity. Finally,
we perform numerical calculus and simulations using factual data from the stock market
to verify the effectiveness of the established estimators.
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1. Introduction

By mixed fractional Brownian motion, we mean a linear combination of different fractional

Brownian motions. In this paper, we examine the special form

M"* =B +aB, t>o0,
where B = {By,t >0} is a Brownian motion, B¥ = {BH ¢t > 0} is an independent fractional
Brownian motion with Hurst index H € (0,1), and « # 0 is a real number. In 2001, Cheridito [10]
showed that the process M« = {M t > 0} is not a semimartingale if H € (0, $U(3,3]
that it is equivalent to v/1 + a2 times Brownian motion if H = % However, when H € ( %, 1), he

showed that the process M is a weak semimartingale, which is equivalent to Brownian motion.
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As an application, that study considered the price of a European call option for an asset driven
by mixed fractional Brownian motion AM#:®. Meanwhile, in 2007, Bender et al [6] showed that
the following mixed model is arbitrage-free with regular portfolios:

dsf = pSHdt + oS (dBy + adB/), SE >0, (1.1)

if >0 and H € (%, 1), where p,0 are two unknown parameters. For results related to the
mixed model we refer to, see, among others, Androshchuk and Mishura [2], Azmoodeh let al [3]
and Cheridito [11]. Tt is known that a type model driven by a Black-Scholes fractional Brownian
motion with % < H <1 probably cannot be equipped with an economically sensible class of
arbitrage-free portfolios that is rich enough for pricing purposes. However, one can define the
market by using the Wick-Ito integral, such that the type of market is complete and arbitrage-free.
Other studies of the Black-Scholes model associated with fractional Brownian motion include in
Bender and Elliott [5], Biagini [7], Bjork-Hult [8], Cheridito [11], Elliott and Chan [14, 15], Greene-
Fielitz [17], Hu-Oksendal [21], Necula [24], Lo [22], Mishura [23], and Rogers [29], as well as the
references therein.

Meanwhile, the classical Black-Scholes formula is one of the most important outcomes of the
study of continuous time models in finance. However, the fitness of the model has been
questioned based on the assumption of constant volatility, since empirical evidence shows that
volatility actually depends on time in a way that is not predictable. This is sometimes identified
as the reason for inaccurate predictions made by the Black-Scholes formula. The need for better
ways of understanding the behavior of many natural processes has motivated the development of
dynamic models of these processes that consider the influence of past events on current and
future states of the system. This view is especially appropriate for the study of financial variables
since predictions about their evolution rely strongly on knowledge of their past. It would be of interest,
then, to use such a mixed model to study certain questions associated with the Black-Scholes model.

In this study, we consider parameter estimation of (1.1) with H € (0,1) and « = 1 using quasi-
likelihood estimation. We assume the integrals concerning Brownian motion and fractional
Brownian motion are the Ité6 and fractional It6 integrals, respectively. Thus, we can give the
solution of (1.1) with H € (0,1) as follows:

SH = 5§ exp {0 (B + By) + pt — %JQ (" + t)} , t=0, (1.2)

which is called geometric mixed fractional Brownian motion (gmfBm, in shortly). Denote
1
=log S/ —logS§' = o (B + B;) + pt — 502 (" +1)
for ¢ > 0 and let gmfBm be observed at some discrete time instants {t; =ih,i=0,1,2,...,n}
satisfying
h=h(n)—0, nh—oo, h'™n -1

for some v >0, as n tends to infinity. Denote YtH = thj —thil. We get a quasi-likelihood

function of parameter u and o? as follows:

L1(/~L702) L= HfYH YH
i=1

n

1

1 2
o/21(h + h2H) (VT —ph+ =0? (2 — t2H h
11;[10 2w h+h2H) XP{ 202 (h 4 h2H) ( t; ph+ 20 (z + ) 7
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where fyH() is the density of the random variable YtH = XH XH . By using the quasi-

2

likelihood functlon we determine that the estimators (i, and 6, of 1 and 0 = o° satisfy the

following equations:

fn hz(i Zl

0, = — | —20nh+2 n2ﬁ2+zn:( QZ T — finh 2 ,
=1

Z(Ei)Q i=1

where £, = t; — t;_1 + tfH — t?fl and h = h + h2H

Our main aim is to study the asymptotic behaviors of the two estimators. Many studies have

>
—_
3
—
—_
w
=

investigated parameter estimation questions associated with the classical model. Few, however,
use the quasi-likelihood method for the parameter estimation of stochastic equations. Given the
Gaussian nature of the samples, we can expect the estimators to contain the characteristic of the
quadratic variation of the sample trajectory. This means that when proving the asymptotic
behavior of the estimators, the relevant characteristics of fractional Brownian motion can be used,
which is convenient for research. Of course, we can also directly use p-variations to estimate
these parameters; however, this is not easy to use in the case of multiple parameters. Obtaining
these asymptotic behaviors requires certain interesting properties of fractional Brownian motion.

The rest of this paper is organized as follows. In Section 2, we present some preliminaries for
fractional Brownian motion and the mixed Black-Scholes model. Section 3 and Section 4 give the
strong consistency and asymptotic normality of the estimator 6, respectively. We discuss the
two asymptotic behaviors in two cases where the parameter p is known and unknown. To prove
the two asymptotic behaviors, we need two results for fractional Brownian motion. When the
observation interval is finite, these results are known, but when the observation length nh tends
to infinity, these results are also valid. In Section 5, we discuss the asymptotic behavior of the
estimator ji,. In Section 6, we perform numerical validation and conduct empirical analyses of
the estimators of [, and 0,,. Finally, in Appendix 7.1 and 7.2, we prove some of the lemmas
used in Section 3 and Section 4. This study is the first to introduce the quasi-likelihood function
into parameter estimation for the Black-Scholes formula driven by mixed fractional Brownian motion.
Additionally, we provide the asymptotic behavior of the estimators over an infinite interval.
Numerical simulations demonstrate the effectiveness of this method for parameter estimation.
We compare it with the classical Black-Scholes formula, highlighting the advantages and
applicability of our findings for financial data modeling and empirical analysis.

2. Preliminaries

In this section, we briefly recall some basic results for fractional Brownian motion and mixed
fractional Brownian motion. For more on this material, see Bender [4], Biagini et al [7], Cheridito-
Nualart [12], Gradinaru et al [18], Hu [20], Mishura [23], Nourdin [26], Nualart [28], and Tudor [30],
as well as the references therein.

2.1 Fractional Brownian motion

A zero mean Gaussian process B = {B/ 0 <t < T} defined on a complete probability space
(92, F, P) is called fBm with Hurst index H € (0,1) if B¥ =0 and
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_ % [tZH +52H _ |t— SIQH}

for t,s > 0. Let H be the completion of the linear space £ generated by the indicator functions

E[B/'B]

ljo,¢,t € [0, T] with respect to the inner product
(Ljo,s]s Ljo,)m = % [ 4 2 — |t — s[?H]
The application
£500 B(e) = [ plojas

is an isometry from &£ to the Gaussian space generated by B and can be extended to #.
Denote by S the set of smooth functionals of the form

F = f(B"(¢1), B"(¢2),...., B (¢n)),

where f € Cg°(R") (f and all its derivatives are bounded) and ¢; € H. The derivative operator
D (the Malliavin derivative) of a functional F' of the form above is defined as

DUF = Z af (B" (1), B (92),... B" (9n)) ;.

The derivative operator D is then a closable operator from L?(Q) into L?(Q;H). We denote
by D2 the closure of S with respect to the norm

|Fll2 = \/EIFP? + E| DHFZ,.

The divergence integral 6% is the adjoint of the derivative operator D . That is, a random
variable u in L?(€;H) belongs to the domain of the divergence operator §, denoted by
Dom(6%), if

E (DT F u)n| < ¢l|F|| 120
for every F' € D2, In this case 6 (u) is defined by the duality relationship
E [F§" (u)] = E(D" F,u)y (2.1)

for any F € D%2. We use the notation
T
6 (u) = / u dBH
0

to express the Skorokhod integral of a process u. The indefinite Skorokhod integral is defined as
fot u,dBH = 5H(u1[0’t]). If a process u is adapted, the integral is defined as the fractional Ito

integral and the Itd formula

Lo
B (B, s)dBY / = H/ s2H 1
f(B,t) = f(0,0) / é,s)dé—koat s)ds + 82f ds
holds for all ¢ € [0,7] and f € C**}(R x R,).

2.2 Mixed fraction Black-Scholes model

Let B={B;,t >0} and B = {B O} be mutually independent Brownian motion and
fractional Brownian motion with Hurst index H € (0,1) defined on the same probability space
(Q, F, P), respectively. The linear combination



Probability, Uncertainty and Quantitative Risk 527

M (a,8) =aB; +bBf, t>0

is called mixed fractional Brownian motion, where (a,b) # (0,0). Cheridito [10] showed that the
process M is a weak semimartingale which is equivalent to the product of a constant and a
Brownian motion if a # 0 and % < H < 1. Thus, a market based on mixed fractional Brownian
motion is complete and arbitrage-free.

Consider geometric mixed fractional Brownian motion (gmfBm, for short)

ST = ST exp {ut -~ %(12 (a®t + **7) + o (aB; + be)}

with t >0 and 0< H <1, where ¢ >0 and p € R. Clearly, when b=0, the process is
geometric Brownian motion, and when a = 0 it is called the geometric fractional Brownian motion.
Then, based on the Itd formula [1] we show that it is the solution of the equation

t t t
S ZSé{—F,u/ sfds+aa/ Sdes+ba/ sfaBl (2.2)
0 0 0
with S# >0 and 0 < H < 1. This model is called the mixed fractional Black-Scholes model,
where the integral with respect B is the classical It6 integral and the integral fg SHAB, is the
fractional Ito integral. See Mishura [23] and Hu-Oksendal [21] for additional research associated
with this model.

For simplicity, throughout this paper, we let a =b =1 and H be known. The known Hurst
index H means that the nature of the noise is basically clear, which is reasonable for the
likelihood estimation of the model but not perfect. However, because of length considerations, we
assume that the Hurst index H is known. We will consider in future research the case in which
the Hurst index H is unknown and where parameters a and b are unknown. Denote
f(t) =Bt — 2o (t > 0) with 8=p — 102 and

X =1logSH —log SH
1
=0 (B +B{") + ut — 502 (t+¢7)
=0 (B, + B + f(b). (2.3)

Now, let gmfBm S¥ = {SH t>0} be observed at some discrete time instants {t; = ih,

1=0,1,2,...,n} satisfying the following conditions:

(C1) h="h(n) {0 and nh — 400 as n — oo;
(C2) There exists v > 0 such that nh'*? — 1 as n — oo.

For the sample {Xﬁ — ngl ,i=1,2,...n} we consider the logarithm quasi-likelihood function

n

.1 1.\?
log L1 (,0) = —g log6 — glog27rh = S Z (X,f - Xfﬁl — ph + 2012) (2.4)

=1

with 6 =02, where & =t; —t; 1 + 27 — 120 = h 4427 — 28 and h=h+ h*?. Then, by
taking the partial derivatives of (2.4) with respect to u and 6, respectively, we derive the quasi-
likelihood equations as follows:

81nL1 h n ( H H 1 A>
)= LN (XH_XH  _uh4=0f; ) =0, 25
) eh; R GRS (2.5)
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dln Ly - (X=X - ph)?
) = —o = o - 0. 2.6
o =g hz; ; 26%h 20

Thus, by solving equations (2.5) and (2.6) we show that the quasi-likelihood estimators (fiy, 6y,)

satisfy the equations

X Il < ~(wvn v 1,

Hn = %Zl Xti _XtFl +§9n i)
i=

R R n R n 2
—2nh+2, |n2h2 + 3002 Y (X - X[, — jinh) 2.7)

b, =

for every n > 1 and 0 < H < 1. If both ¢ and 6 are known, this system of equations directly
gives estimates of p and 6. However, if both p and 6 are unknown, we can also obtain estimates
of u and 6 by solving the system of equations as follows. By simplifying the first equation in (2.7),
we get

Loy 1 &y L,

where f, = 3(1+ (nh)?#~1). Substituting (2.8) into (2.7), and performing the necessary
computations and simplifications, we obtain the equation

n 2
R - 1
pn(0,)* + dnhanb, = day, Z} (thj -x7 - nXt{{) : (2.9)
where p, = o, — 4np2h? with «, = 2:(12)2 When H € (0,1)U(3,1) we solve this quadratic

=1
equation (2.9) to yield the explicit estimator of # by substituting it into (2.8), we obtain the
estimator (fin, 0,) of (u,6):

n 2
. . 1
n=—XH —2nh +2 |n2h2 + p, X2 _xH _~x ,
fin = — + = nh+2, |n2h2+p ?:1 ( h e T o tn)
(2.10)

n 2

. 1 R . 1

0, = — | —2nh +2, |n2h2 + n§j<XH—XH —Xn>
Pn P Py b i1 n t

for every n > 1. When H = %, we have p, = 0 and the random variables

Xg—ngl NN((u—az)h,Zaz), 1=1,2,...n

are independent identical distributions.Then, the above logarithmic quasi-likelihood function is a
classical logarithm likelihood function, and we have

o1 B 2 B
— — xH_ Pn (XH_XH)_ n_(xH)2
Hn = LRt + 2nh — ti ti-1 2n2h( )
. 1 & 2 1
f, = — (XH—XH)——XHQ.
2nh ; b ti-1 2n2h( tn)

The asymptotic behavior of the two estimators can be easily established. Thus, in the

(2.11)
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discussion later in this paper, unless otherwise stated, it is assumed that H # %

3. Strong consistency of the estimator 6,

In this section, we obtain the consistency of the estimator 0,, in two cases. To obtain the

strong consistency of the estimator 9 =62, we need some lemmas; their proofs are given in

n»
Appendix 7.1. Using the strong law of large numbers for nonnegative random variables
introduced by Etemadi [16], we can give the following strong laws of large numbers associated

with fractional Brownian motion:

Lemma 3.1 Let B ={Bf t >0} be a fractional Brownian motion with Hurst index
0<H<1 and let t; =ih,i=0,1,2,...,n, such that the condition (C1) holds. Then, with
probability one, we have

n 2
G, (BT) := nh12H S (BE-BE) —1 (n—o0),
i=1

Proposition 3.2 Let the conditions of Lemma 3.1 and the condition (C1) hold. Denote
1 & 2
HY ._ H H
In (X ) T ph(CH)AL Z (sz o Xti—l)
i=1

(i) If 0 < H < &, we have J,(X™) — % almost surely, as n tends to infinity.
(i) If § < H < 1 and the condition (C2) holds with 0 <~ < 15— . Jn(X™) converges to o*

almost surely, as n tends to infinity.

(iii) If 1 <H<1 and the condition (C2) holds with v= 17— . Jo(X) converges to

a? + 4H 0’ almost surely, as n tends to infinity.

The proof of the proposition is given in Appendix 7.1. From the above proposition, we find
that J, (XH) is a strongly consistent estimator of o2 for 0< HC< % Moreover, for % <H<I1,
if the conditions (C1) and (C2) hold with 0 <~ < 17—,
estimator of o2. For 1 < H < 1, if the conditions (C1) and (C2) hold with v =

statement (iii), we can get the following estimator of 6 = o2:

. 4H -1 4H?
= — 1+ ——J(XH) -1
en 2H2 (\/ + 4H— IJIL( ) )

and the estimator is strongly consistent.

Jn (XH ) is a strongly consistent

m , based on

Corollary 3.3 Let 0 > 0 be known. If 0 < H < % and the condition (C1) holds, then

2 1 - H " )2 2
H, = m (log; (th — Xtifl) — log(no?)

is a strongly consistent estimator of H.

Corollary 3.4 Let 0 >0 be known and 1 < H < 1. If the conditions (C1) and (C2) hold with
then

o 200 (XT) = 0®) + VAU (XT) — 0?)? — o (Jn (XTT) — 0?)

v = 4H27

is a strongly consistent estimator of H.
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3.1 Case I: p is known

Now, we consider the consistency of the estimator 6,, given in (2.7) under the parameter u
being known. In this case, we have

b, = 2nh ( 1+An(H)71> (3.1)

(£:)?

o

=1

for every n > 1, where
A, (H) = #i(f)?zn:(XHfXH fuh)g. (3.2)
n?h? = i=1 " A
Lemma 3.5 Let i and H € (0,3) U (3,1) be known and let the condition (C1) hold.

(i) For 0 < H < %, we have lim A,,(H) =0 a.s.

27 n—0

(ii) For < H <1, if the condition (C2) holds with 0 < v < 17— , lin%) AnL(H) =0 a.s.
n—

The proof of Lemma 3.5 is given in Appendix 7.1.
Theorem 3.6 Let p be known and the condition (C1) hold.

(i) If0O< H < % , the estimator 0, is strongly consistent.
(i) If 3 <H <1 and condition (C2) holds with 0 <~ <
strongly consistent.

ﬁ , then the estimator 0, is

Proof Clearly, we have

h a.s. _ 1 1 a.s.
5 Cilel 2Hﬁ (o’Btn +oB!" + Bnh — 202(nh)2H> %0 (n— 00)

nh
for H € (0, 3] and
h

a.s. 1 1 a.s.
— X2 = (oBt” + 0B + pnh — 02(nh)2H> —0 (n—o0)
nh " n " 2

for H € (1,1), provided the conditions (C1) and (C2) hold with 0 <y < 57— . It follows from

(3.1), Lemma 3.5, the fact v/1+x — 1 ~ 1z (z — 0) and Proposition 3.2 that

b, M A= L Zn: (xt—xi1, - Mh)Q

Do (t)? nh =
- L an(xg . G ou zn:(X{j -x )+ ;ﬁh;
nh = nh ;= h
= Tm(:;)/\ljn (x™) - QthﬁXg + ,uzf;j L% 6% (n— o0) (3.3)
for 0 < v < ﬁ < ﬁ This completes the proof. |

3.2 Case II: p is unknown

Here, we assume the parameters 4 and o are both unknown and obtain the strong consistency
of the estimator 6,, given by (2.10). In this case, when H € (0,2) U (3,1) we have that

0, = 2;;15 ( 14+ A, (H) - 1) (3.4)
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n N
for every n > 1, where 3, = (1 + (rh)?*"71), p,, = a,, — 4nB2h* with o, = Y- ({;)? and
i=1

n 2
N N 1
Bt = LS (Xl - xll - 1x,) 35

2,2
n*h* i

Lemma 3.7 Let condition (C1) hold.

(i) For 0 < H < %, we have lim A, (H)=0 a.s.

(i) For : <H <1, if condmon (C2) holds with 0 < v < 17— hgnOAn(H) =0 a.s.
The proof of Lemma 3.7 is given in Appendix 7.1.

Theorem 3.8 Let p be unknown, and let condition (C1) hold.

(i) For 0 < H < %, the estimator 0,, is strongly consistent.
(ii) For 1 5 <H< 1 , if condition (C2) holds with 0 < v < 4H 5, then 0,, is strongly consistent.

Proof The conditions in statement (i) or statement (ii) imply that

1 a.s.
(aBtn + 0B + pnh — 202(nh)2H> =0 (n— o0).

Lo 1
i Vi

Based on (3.4), the fact v/1+z — 1~ 2 (2 — 0) and Proposition 3.2, we have

. n 1 2
6, < (XH X - th>
i1 n
1 - H H 2 1 H\2 a.s. 2
= Z(Xt,- - X ) - —=(X)T =07 (n—oo)
nhi= ’ n?h "
for all H € (0,%) U ($,1). This completes the proof. O

4. Asymptotic normality of the estimator 6,
In this section, we consider the asymptotic distribution of 0,,.
Proposition 4.1 Let the conditions in Lemma 3.1 hold.
(i) For 0 < H < 3 we have
Vi (Gp(Bf) —1) — N (0,2 + Ay)  (n— o0)
in distribution, where

> 2
Z (n+1)? + (n—1)2H —2n?H)",

(ii) For H = 2, we have

n

o (GuBT) —1) N <o, Z) (n— o)

in distribution.
(iii) For 2 < H <1, we have
2H2(2H — 1)
2-2H Hy _
n (Gn(B") = 1) — 173

in L? , where Zy denotes a Rosenblatt random variable with E(%y)? = 1.
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The lemma is an insignificant extension for some known results, and its proof will be omitted
(see, for example, Theorem 5.4, Proposition 5.4, and Theorem 5.5 in Tudor [30]). In fact,
t, =nh =T < co0. Such convergence has been studied and can be found in Breuer and Major [9],
Dobrushin and Major [13], Giraitis and Surgailis [19], Nourdin [25], Nourdin and Reveillac [27]
and Tudor [30]. Meanwhile, for more material on the Rosenblatt distribution and the related process,
see Tudor [30].

4.1 Parameter p is known

Here, we obtain the asymptotic distribution of én, provided p is known. Based on (2.7),
Lemma 3.5, and the fact vI+ 2 —1 =12+ 0 (2?) (z — 0), we get

nh -1

2nh

+ 72?:1({i)20(An(H)2) Vn
_ h(2H)/\1 oy o) h "
_\/ﬁ< e (X) a) ]!

O(An(H)?) - v/n (4.1)

h2
2

= n
h\f

2nh
(t:)?

+

i=1
under the conditions of Lemma 3.5.
Lemma 4.2 Let J,(X*) be defined in Proposition 3.2.
(i) For 0 < H < 1 , we have
v (Jo (X7) = 0) — {

N(0,(2+ Au)o?), 0<y<1—4H,
N (0%, (24 An)ot), y=1-4H

in distribution, as n tends to infinity.
(ii) For 2 < H <1, we have

Vi (Jn (X)) = 6%) — N (0,20")  (n— ),

provided 0 <y < (4H — 3) A gg— . Moreover, when v = (4H — 3) A 55— . we have

N(O’720'), 4H — 3<8H T
Vi (o (XT) = 62) 5 AN (50%0" 204) AH =3 > e
NU+4H ot 20), 411173:8}1_3

in distribution, as n tends to infinity.
The proof of Lemma 4.2 is given in Appendix 7.2.

Lemma 4.3 Let the conditions (C1) and (C2) hold and denote

forall0 < H <1 andn >1, where A, (H) is given in Lemma 3.5.
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(i) For0O<H < %,if0<y<3—4H, wehaveyllii%En(H)zo a.s.
(ii) F0r§<H<1,ifO<7<ﬁ,wehave}lig%En(H):O a.s.
The proof of Lemma 4.3 is given in Appendix 7.2.
Theorem 4.4 Given 0 < H < 1, let 11 be known and let the conditions (C1) and (C2) hold.
(i) Let 0 < H < 1. We then have

\/5(9 _0_2)_>{N(0(2+)\H) Y, 0<y<1-4H,

N( 2+)\HU), vy=1-4H

in distribution, as n tends to infinity.
(i) Let 3 < H < 1. If0 <y < (4H — 3) A 57— , we then have

vn (én — 02> — N (0, 204)

in distribution, as n tends to infinity. If v = (4H — 3) A ﬁ , we then have

N(02 204) 4H -3 < 8H ot
\/ﬁ(énfffz)*> N 411—LII rot, 2‘7) AH =3 > g7,
N (0% + fig0t201), AH -3 = g

in distribution, as n tends to infinity.

Proof Clearly, we have

0, 0<~vy<3—4H,
lim Vnh?2 = 0, v =3—4H,
+o00, v>3—4H

for 0 < H < %, moreover, lim n2H=3p =0 for 0 < H < %. It follows from the facts,

n—oo
1

W

almost surely for all 0 < H < 1 , that

1
W2pB, —0, —h'"BT —0 (n— o)

Jn

h 1 1
X'H a.s. hl—2H X’H h1—2H B BH h— = 2 h 2H
hf vn b vn T8t T 05, +fn 20 (nh)

0, 0<~v<3—-4H,
— < B, v=3—4H,
+o00, v>3—4H

for all 0 < H < % almost surely. Combining (3.3), (4.1), Lemma 4.2, Lemma 4.3 and Slutsky’s

theorem, we obtain statement (i).

Now, we consider the case % < H < 1. Similar to statement (i), we have that

0, 0<vy<1, 0, 0<7v< 177
: _ _ : 2H—132H _ |
Jim. Vnh =<1, v =1, and  lim n*"72h% = 411, v = =t (4.2)

U.S

Based on the convergence hm TBt ="0 and nh_)ngo TB 20 for 0 <y < 2H 7, we get that
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o oymes X L (aBt +oBH + Bnh 102(nh)2H)
Y T 2

0, 0<7v< 77 (4.3)
1 _ 1
Y727 YT am-n
+00, > g
as n tends to infinity. Thus, statement (ii) follows from (3.3), (4.1), Lemma 4.2, Lemma 4.3 and
Slutsky’s theorem, since 8H173 < 4H171 <1l< 2H 7, provided % < H<1. O

At the end of this subsection, we consider the asymptotic distribution of 0,, with i < H < %.
We have
4H—1+4~

Vb2 = (ph! 1) TR too

with % < H <1 and v > 0, as n tends to infinity. However, similar to (4.1), we also have that

N (én _ g% h172H02)
“E/n < lil zn: (thi[ - thil - ,Uh)z —0? - h12HO'2> + 2En(H)

nh—1
h(2H)/\1

= ( Ju (X))~ o2 - h12HU2>

h h?
—2p——XH 4+ P ——/n+ 25, (H 4.4
uh\/ﬁ tn TH h\f (H) (4.4)

for all n > 1. Similarly, we have

3—4H+~y
VRRHITL = (np17) T T oo

with H < % and v > 0, as n tends to infinity. Then we also have that

Jn (én _ o2 h2H—10,2)

1 2 _ -

-2 /n (m& > (XH XA uh) P 102> + 25, (H)
7

_ Jn(XH)_O_Q_hQH—10_2>

R T f+2~n() (4.5)

forall n > 1.
Lemma 4.5 Let the conditions in Proposition 3.2 hold.

(i) For 3 < H < 3, we have

N (0,20%), 0<y< )
Vi (T (XH) = 0% = p2H152) —>{ ( ot >4 \ BN
N(mCT,QCT), :m

in distribution, as n tends to infinity.

(ii) For H = 2, we have

logn (Jn (X%) — o2 — \/502> — N (07 ZU4>
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in distribution, as n tends to infinity, for all 0 < v < %
(iif) F07’ 1 < H < =, we have
N(0,(2+A 0 3—4H,
Vi (T (XH) = 02 — pl=2Hg2) (2( + Ai)ot), <7<
N (82,24 Au)o*), y=3—4H

in distribution, as n tends to infinity.

The proof of Lemma 4.5 is given in Appendix 7.2.
Theorem 4.6 Let 3 < H < 2 and conditions (C1) and (C2) hold.

(i) If £ < H < 2, we then have

i _ h2H7102) N {N (0’2‘74) ) 0<y< 8H173’

n(0, — o>
\f( N (c'H?20%), v= g5

m distribution as n tends to infinity.
(ii) If H = 2, we have

i (én —o?— \/E02> — N (O, 904
logn 4
for all 0 < ’y % n distribution, as n tends to infinity.
(ili) For 1 < H < 5, we have
. N(0,(2+ Ag)o?), 0<~v<3—4H,
(it wn) (VO o<
N (0%, (24 Ap)o?), v=3—-4H

in distribution, as n tends to infinity.

Proof Statement (i) follows from (3.3), (4.2), (4.3), (4.5), Lemma 4.3, Lemma 4.5 and Slutsky’s

theorem.
Now, let now H = %. We have

BHE \? (nh) 1
lim E tn 0 _
S <\/nlogn> 00 nlogn 00 logn

provided 0 < v <2 = ﬁ, and

N

Vnh? =0

It follows that
h H a.s. 1 H

hynlogn ™ y/nlogn '
o o 8 o? 3
=—8B ——BH h — h
vnlogn tn Vnlogn ' * \/1ogn\/ﬁ 2\/10gnn

1
. 0, 0<'¥<2
—0oQ, ’7>§
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in probability, as n tends to infinity. Combining (3.3), (4.5), Lemma 4.3, Lemma 4.5 and Slutsky’s
theorem, we obtain statement (ii).
Statement (iii) follows from (3.3), (4.4), Lemma 4.3, Lemma 4.5, and Slutsky’s theorem. O

4.2 Parameter p is unknown

In this subsection, we obtain the asymptotic distribution of én, provided p is unknown. Base
n (2.10) and Lemma 3.7, similar to (4.1), we have

n 2
Vi (0= 0?) % v ( >3 (XJZ’ - X - iXtH> ) 02>
i=1

n

Lk (An(H)>2\/ﬁ

n

—n (hm;w T (X — 02> vn (xH)? 4 ’;fo (An(H))Q Jno (4.6)

n2h

for all H € (0,4)U (4,1), where A, (H) is given in Lemma 3.7. As a corollary of Lemma 3.7, the

following lemma gives the estimation of the remainder term:

W(H) = T (Au(n)” v

Lemma 4.7 Let conditions (C1) and (C2) hold.

[1]:

(i) For 0 < H < 3, we have linbén(H) =0 a.s.
n—
(ii) F0r8<H<f,zf0<7<g;l_lg,wehave}tigbén(f[):

0
1 _1 im = -
(ili) For § <H <1,if0 <y < gg— , we have ilir%)un(H) 0 a.s.

a.s.

The proof of Lemma 4.7 is given in Appendix 7.2.
Theorem 4.8 Let p be unknown and conditions (C1) and (C2) hold.

(i) Let 0 < H < 1. We then have

- N(0,(2+ Am)o?), 0<y<1—4H,
ﬁ(angz)H{N( 2+ Am)ot), v=1-4H

in distribution, as n tends to infinity.
3
(ii) Let 2 < H <1 and 0 <~ < (4H —3) A 55— ;
Jn <9n _ 0—2) — N (0,20%)

we then have

in distribution, as n tends to infinity. If v = (4H — 3) A ﬁ , we then have
N (0%,20%), 4H — 3 < 557,
Vit (0, —0?) — AN (hiot + 5o 204), AH = 3> i,
NU—|—4H U+10 20), 4H—3:8H73

in distribution, as n tends to infinity.

Proof Clearly, as n tends to infinity, we have n2#=3pH — 0 for all 0 < H < %. Moreover, we

also have
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0, 0<~<3—4H,
lim nin' " ={1, ~=3—4H,
n—oo

oo, v>3—4H

for 0 < H < % It follows that

0, 0<~y<3—4H
1 B BH L 1 ’ ’
H_ , "t o o 3;:}1 +ﬁnzh1—H 202 n2H-3pH B, ~=3-—4H,

n%hHXt" nihH ni
oo, v>3—4H,

3 4H . Combining this

in probability for all 0 < H < , as n tends to infinity, since 3 —4H <

with (3.3) (4.6), Lemma 4.2, Lemma 4.7 and Slutsky’s theorem, we obtain statement (1).

Next, for % < H <1, we have
07 O<’Y<ﬁ7

0, 0<~vy<1,
; h _ _ ; 2H-33;2H-1 _ 1
nh_)rrécnﬂ/ﬁ— 1, ~=1, and  lim n in =1, y= el (4.7)
oo, v >1, 00, 7y > 8H 3
It follows from the convergence
BH 2 0, 0< v < Tlf?)’
n _ 2H—212H-1 _ __1
Jim 8 (Lgop) = e == g
+OO, v > 1H-3"
that
1 H a.s. 1 H _ B BH 1 2 2H—— 2H——
— ~ =X +univVh — Zo?n?f i
n%\/z tn ivh tn — n4f \f 12 B
0, 0< v < m,
N S . |
295 8H-3°
00, v > sE=3)
as n tends to infinity. Combining this with (3.3) (4.6), Lemma 4.2, Lemma 4.7 and Slutsky’s theorem,
O

we obtain statement (ii).
Theorem 4.9 Given 1 < H < 2, let p be unknown and conditions (C1) and (C2) hold.

(i) For + < H <3, we have

. N (0,20 0<7v< =,
Vi (b — o = 1217167) — ( . R s
N(4H 10' + 0' 20’)7 ’Y:m

in distribution, as n tends to infinity.

( ) For H = , we have
n j 2 2 79 4
logn (9n a \/EO' ) — N (O, g )

for all 0 < 'y 1 n distribution, as n tends to infinity.
(iii) For < H < %, we have
vn (én  — hleHJQ) — N (0, (24 Ag)o?)

in distribution, as n tends to infinity.
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Proof Let i < H < 3. It follows from (4.7) that

SR R S A Rl U
n4f n4f n4f Zf
By,

Bt
— n n4f 2 2H—*h2H—*
00t

0, O0<~vy<3—-4H,
— B, ~v=3-—4H,
o0, v>3—4H,

in probability for all 3 < H < 3, as n tends to infinity since 1 < 8H — 3 < 3. Thus, statement (i)
follows from Lemma 4.5, Lemma 4.7, (

Jn (én o2 h2H—102)
a.s 1 ¢ H H 1 ? H
=V => (Xti - X/ - th) I
n

3.3), Slutsky’s theorem, and the decomposition

nh =
+2;‘—nho(An( )V A
—Vn (ZJ,L(XH) P h2H102> - T\é’z (x)? + 2%0 (AH(H)2) Vn.o (48)

Now, let H = %. Clearly, the following convergence holds:
BH 2 3 1
lim E(”) = lim % = lim Vh =0,
n— 00 ni ﬂ}/log n n—00 N5 /log n n— 00 log n
1 <1,
lim ni\/ﬁ{o’ 0<~v

n—oo «/logn +oo, y>1,

1
i L p2-dp2Ed gy L g )0 0<v<3;

n—00 410gn T nooo 410gn +o0, > %

It follows that
= tn 3 tn
niVhlogn nivh/logn
1 1

R R A T

ni\/ﬁe/@< tn ¥ 0By, + k= 5o (nh)

1
o 0<71<§,
—0Q, ’)/>§

in probability, as n tends to infinity. Combining this with (3.3), (4.8), Lemma 4.5, Lemma 4.7
and Slutsky’s theorem, we obtain statement (ii).
Finally, for i < H< %, we have

0, 0<n~y< 344

SH—3’
: 2H-3, H 3—4H
4 =
nhm n h 1, =573
> 3—4H

0, V> §H—3
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for % < H < 5. Moreover, we also have 3 —4H < 3 4H . Similarly, combining this with (3.3),

Lemma 4.5, Lemma 4.7 and Slutsky’s theorem, we obtam (iii). O

Remark 4.10 At the end of this section, we will discuss the exact convergence rate of én, that is,

2

the rate at which sequence [— converges to zero almost surely. Taking the known u as an example,

based on the decomposition (4.1) and (7.7), we get
5 s, RN

én—a =" : (Jn(XH)—J2)
hHEAL _ ), h h2  2nh
+ B (CH)AL o* - 2“?){5 + =+ n nA O(An(H)?)
" ;(ti)Q
B (2H)AL 5 .
j=1

for all0 < H <1 andn > 1, where

1 - H g \?
R,(H;1) nh(H)AL Z + nhCH)AL Z (Bti - Btifl) -1
i=1

R(H2 ZHAlz (BH Bg—l)’

2
Rn(H;g) P ’I’Lh(QH)/\l Z li— 1)] )

R, (H;4) = W Z [f (i) — f(tiz1)] ((Bg - B[ )+ (B, - Bti—l)) )

h(2H)/\1 —h 2 _

3 n? 2nh

(£:)?

R, (H;5) =

O(An(H)?)

M=

=1

for al 0< H<1 and n>1. We can easily obtain the exact convergence rates of R,(H;3),
R, (H;4), and R,(H;5). However, the exact convergence rate of R, (H;1) is still quite difficult.
This, along with some related issues, will be addressed in a forthcoming paper.

5. Asymptotic behavior of estimator /.,
In this section, we consider the strong consistency and asymptotic distribution of fi,.

Theorem 5.1 Let H € (0,1) and condition (C1) hold. If o > 0 is known, the estimator given by
(2.7)

X L ~(wn wm L1,
fin = o 2 (st =it + 300
1s strongly consistent, and

(nh) =13 (fi, — p) — N (0,0?) (5.1)

in distribution, as n tends to infinity.
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Proof Based on the laws of the iterated logarithm of Brownian motion and fractional

Brownian motion, we have

B, Bl

a.s. for all a > % and g > H. It follows that
o (Btn + Btl—i) a.s.

by, — [t = —0
K H nh
and
_HIAL /A o (B, +Bli
(nh)A=EAF (, — ) = M — N(0,0?)
in distribution, as n tends to infinity, by Slutsky’s theorem. O

Lemma 5.2 Given 1 < H < 1. Let o > 0 be unknown and conditions (C1) and (C2) hold. Then,
the estimator 0,, given by (2.10) satisfies

(nh)2H-1 (én - 0—2) LR (5.2)
as n — oo , provided one of the following conditions holds:
(i) 3<H<1and0<~vy<(4H —3) A 57—
(i) 3<H<3 and 0 <~ < g7—5-
Proof When 2 < H < 1, based on (i) in Theorem 4.8 have that
(nh)2H—1 (én _ 02) _ p2H-3p2H-1 Jn (én _ 02)
_ (nhl—w) SE= n*ilfz(fﬁ;?)v n (én - 02) a5 0,
as n — oo, provided 0 < v < (4H — 3) A 57— -
When 1 < H < 2, based on (i) in Theorem 4.9 have that
(nh)2H-1 (én _ 02) — (nh)?H -1 (én _ g2 h2H710_2) | p2H-1pAH =22
_ p2H-3p2H-1 Jn (én _ o2 h2H—10_2) 4 p2H-1pAH=2 2
50
as n — oo, provided 0 < v < ﬁ.
When H = 2, based on (ii) in Theorem 4.9, we have that

(nh)?H-1 (én - 02) = /hlogn -, /% (én  — h2H_102) + v/nho?
a.s. 0

asn—)oo,provided0<'y<%. O
Theorem 5.3 Let conditions (C1) and (C2) hold, and let o > 0 be unknown.

(i) If 0<H<31, the estimator fi, given by (2.10) is strongly consistent, and when
0 <~v<3—4H, we have

Vah (o — ) % N (o, (1+ 1{HZ%}) (n — o).
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(ii) If 2 <H <1 and 0 <~ < (4H — 3) A g7—5  the estimator fu, given by (2.10) is strongly
consistent and
(nh) ' (fi — p) 55 N (0,0%)  (n — 00).

(iii) If % < H < i and 0 <y < 2H 1 A SH 3, the estimator fi, given by (2.10) is strongly

consistent and
(nh) ' (i — ) <55 N (0,0%)  (n = o0).
Proof For (i), base on Theorem 3.8 and the fact

b= 5+ (AP = 5 (0 )

1
2

we have that

N iy _ O my , 1 L5 om 5
Mn = nhXt" + Bnbn = h (Bt” + Bt”) + h (Btn 20’ (tn) + 5,6,
g 1 .5.
:%(Btn‘f‘Bli)"Fﬁ—* 2mh)? 4 B — B+ S0 = (5.3)

as n — oo. It follows from Theorem 4.8 and the fact that
1

1 a.s.

vnh
with 0 < H < 3 that
(nh) =00 (f, — ) = mhmn - u)

in distribution, as n tends to infinity, provided 0 < v < 3 —4H. This completes the proof of
0<H<:
When i < H K< %,

—=B{l + BV B (b —02) — N (0,0%)

(”h)%(ﬂn —p) = \/— FBH + B,Vnh (én — 02) + %(nh)QH_% (9n — 02)
— N(0, (1 +1(g_1ya?)

For (ii), based on Theorem 4.8 and Lemma 5.2, we have that

. 1 - o 1 1 .
Mn = %Xg + Bnbpn = nh (Btn + Btli) + nh (ﬂtn - 202(tn)2H> ~+ Bnbn
1/ 1 . .
=+ % (B, +BfT) + 3 (on - 02) + 5 ()2 (an . 02) “sy (5.4)
as n — oo. Combining this with Theorem 4.8 and
1 5. 1

with % < H <1, we get that

(nh) = H (i, — ) = a(f}z;ﬂ n o(tht?H n %(nh)I*H (én - 02) (nh) (9 - 02)

— N(0,0?)
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in distribution, as n tends to infinity. Similarly, we can obtain (iii). O

6. Simulation

Here, we present a comprehensive evaluation of the proposed parameter estimation method for
the mixed fractional Brownian motion model, based on both numerical simulations and empirical
analysis.

6.1 Numerical simulations

First, we should clarify that for all figures presented below, the sample size is set to n = 1000,
the time step is chosen as h = 0'—\/%1, and the set values are p =4 and 02 = 9. In the analysis of
the asymptotic distribution, the number of trials-that is, the number of simulated sample paths
is also set to num_trials = 1000. To ensure notational uniformity, we reiterate that 6 = o2
throughout the subsequent discussion. To assess the effectiveness and robustness of the proposed

estimation method, we design two primary experimental scenarios:

(1) Case with partially known parameters

o In the case where parameter p is known, we estimate parameter o and analyze its
estimation path and asymptotic distribution. The figures present the estimation paths and
asymptotic distribution for ,, under the condition that H = 0.4 (Figure 1(c)-Figure 1(d)) and
H = 0.6 (Figure 2(c)-Figure 2(d)).

e In the case where parameter ¢ is known, we estimate parameter p and examine its
estimation path and asymptotic distribution. Similarly, Figures present the estimation paths and

30 0.18 T r
= Empirical distribution
25 0.16 ?'hteqiet%ggl normal
daistribution
20 = 0.14
15 Z 012
5
g <. 0.10
5 % 0.08
0 *§ 0.06
5 ~0.04
-10 0.02
-15 0
0 2 4 6 8 10 -5 0 5 10 15
t fin
(a) Figure of fix b) Asymptotic distribution of fi.
Y’ H
20 0.40 T
= Empirical distribution
18 0.35 = Theoretical normal
16 ) distribution
>
14 2 0.30
8 015
6 £ 0.10
A 0.
4
9 0.05
0 0 .
0 2 4 6 8 10 5 10 15 20
t 6.
(c) Figure of 0., d) Asymptotic distribution of 6.
ymp

Figure 1 Asymptotic behavior of estimators fi, and 6, when one parameter is known under H = 0.4
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20 0.18 T T
= Empirical distribution|
18 0.16 = Theoretical normal 4
distribution
16 2 0.14
14 Z 012
12
. T 010
< 10 ho
7 0.08
8 3
6 < 0.06
=
4 R 0.04 ]
0 0
0 2 4 6 8 10 -5 0 5 10 15
t fin
(a) Figure of fin (b) Asymptotic distribution of fin
16 0.50 T u .
y 0.5 T E
distribution
12 =
2]
10 8
< 8 z
%
6 el
2
4 a9
2
0
0 2 4 6 8 10 4 6 8 10 12 14
t 0.
(c) Figure of 0. (d) Asymptotic distribution of 6.,

Figure 2 Asymptotic behavior of estimators fi, and 6,, when one parameter is known under H = 0.6

asymptotic distribution of fi, when H = 0.4 (Figure 1(a)-Figure 1(b)) and H = 0.6 (Figure 2(a)-
Figure 2(b)).

(2) Case with completely unknown parameters

e In this scenario, where both p and o are unknown, we estimate both parameters
simultaneously and analyze their estimation paths and asymptotic distributions. The figures
present the estimation paths and asymptotic distribution of f, and 0, when H = 0.4 (Figure 3)
and H = 0.6 (Figure 4).

These simulations are conducted using Monte Carlo methods in MATLAB, with the generated
samples following the noise structure and path characteristics specified by the mixed fractional
Black-Scholes model.

In addition, to investigate the asymptotic behavior of the proposed estimators for different
sample sizes, we consider three sample sizes: n = 1000, 2000, and 3000. We carry out a
comparison of theoretical variance with empirical variance, as well as the corresponding errors, is
carried out. The specific experimental design is outlined as follows:

e Table 1: Theoretical variance, empirical variance, and their errors for parameter p when
0 =9 is known.

e Table 2: Theoretical variance, empirical variance, and their errors for parameter 6 when
u =4 is known.

e Table 3: Joint analysis of the variance estimates and errors for both parameters when g and
0 are unknown.

The results show that as the sample size increases, the discrepancy between theoretical and



544

10

-10
20
£ 230

-50
-60
-70

12

10

Figure 3 Asymptotic behavior of estimators fi, and 6, when both parameters are unknown under H = 0.4

10

& -15

12

10

Figure 4 Asymptotic behavior of estimators fi, and 6, when both parameters are known under H = 0.6
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Table 1 Comparison of theoretical and empirical variances of fi,, under known 6§ = 9 and Various Hurst Indices

n = 1000 n = 2000 n = 3000
a Theoretical Empirical ~Abs. Error Theoretical Empirical ~Abs. Error Theoretical Empirical ~Abs. Error
0.2 9.000000 8.770946 0.229054 9.000000 8.916261 0.083739 9.000000 8.908694 0.091306
0.4 9.000000 9.348421 0.348421 9.000000 9.062997 0.062997 9.000000 8.963374 0.036626
0.6 9.000000 9.270003 0.270003 9.000000 9.116029 0.116029 9.000000 8.944521 0.055479
0.75  9.000000 9.386669 0.386669 9.000000 8.926289 0.073711 9.000000 8.972941 0.027059
0.8 9.000000 8.881655 0.118345 9.000000 9.080995 0.080995 9.000000 8.934139 0.065861

Table 2 Comparison of Theoretical and Empirical Variances of 6, under known © =4 and Various Hurst Indices

n = 1000 n = 2000 n = 3000
H Theoretical Empirical Abs. Error Theoretical Empirical ~Abs. Error Theoretical Empirical =~ Abs. Error
0.2 0.20041 0.19950 0.00091 0.100210 0.090650 0.009560 0.066800 0.067570 0.000770
0.4 0.16829 0.18314 0.01485 0.084143 0.081240 0.002903 0.056095 0.059520 0.003425
0.6 0.17510 0.31716 0.14206 0.126380 0.087612 0.087612 0.058414 0.088453 0.030039
0.75 1.57470 1.25890 0.31574 0.719330 0.692630 0.026695 0.508230 0.486390 0.021847
0.8 1.33020 0.24190 1.08830 0.775520 0.146890 0.628630 0.565070 0.102580 0.462490

Table 3 Comparison of Theoretical and Empirical Variances of én and fi, under Various Hurst Indices and Sample Sizes

H Estimator ; n= ,1(,)00 : n= ,2(,]00 - n= ?(']00
Theoretical Empirical Abs. Error  Theoretical Empirical Abs. Error  Theoretical Empirical Abs. Error
0.2 ?An 0.20041001 0.17950421 0.02090580  0.10020501 0.08074054 0.00956 0.06680 0.06757 0.00077
An 0.15412187 0.06279792 0.0913295  0.01843240 0.02171838 0.01946447 0.06680334 0.05460320 0.01220013
04 ?n 0.084143  0.078907  0.01485 0.005236  0.079468  0.004675 0.056095  0.052597  0.003498
fn 2.846050  2.210418  0.635631 2.012461  1.570847  0.441614 1.643168  1.311402  0.331766
0.6 ?n 0.162000  0.169141  0.007141 0.081000  0.077786  0.003214 0.05841 0.08845 0.03004
fn 3.582965  6.731692  3.148727 2.715379  4.955863  2.240484 0.210170  0.489641  0.279472
075 ?n 1.122 1.3004 0.17836 0.83225 0.69426 0.13798 0.78326 0.69741  0.085841
fn 4.0249 4.1408 0.11588 2.846 2.8633 0.017266 2.3238 2.4213 0.097489
0.8 ?n 0.104205  0.081000  0.023205 0.149289  0.162000  0.012711 0.064852  0.054000  0.010852

Hn 4.307408  2.832263  1.475146 3.769689  2.444855  1.324833 3.208035  2.308841  0.899194

empirical variances diminishes, and the estimation errors decrease significantly, further evidence
of the asymptotic consistency and convergence properties of the proposed estimation method as
the sample size grows.

Furthermore, our preliminary analysis of a broad set of publicly listed companies indicates
that the Hurst exponents estimated via the R/S method are typically within the range of
H €[0.5,0.75]. For clarity and representativeness, we focus on H = 0.6 as a typical case and
present the estimation paths and asymptotic distributions under both experimental settings,
which have broader applicability. In addition, we include various plots for H = 0.6 when H < %,

offering supplementary visual illustrations and analyses.
6.2 Empirical analysis

To further evaluate the performance of the model and estimation method in a real-world
market setting, we conduct an empirical analysis using data from a representative stock in the
Chinese A-share market, Hailan Home (stock code: 600398). This analysis is based on the mixed
fractional Brownian motion Black-Scholes model, with parameter estimation carried out using
our proposed approach.

The historical daily closing price data for this stock are obtained from the Tushare Pro platform,
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covering the period from December 28, 2001, to April 7, 2025. We perform data cleaning and
preprocessing using Python.

Once the data are prepared, we first use the R/S method to estimate the Hurst exponent of
the stock’s return series, yielding a value of H = 0.6275, suggesting the presence of long-memory
effects in the time series. Following this, we estimate the key model parameters [, and 0, are

estimated using the quasi-likelihood estimation framework proposed in this paper in Figure 5.
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Figure 5 Parameter estimation and simulation results for stock 600398

To facilitate a more intuitive assessment of the model’s fit, we generate simulated price
trajectories based on the estimated parameters using MATLAB and compare these with the
actual observed closing prices. The results indicate that the model captures the overall price
dynamics well, further validating the applicability and effectiveness of the proposed estimation
method for real financial data.

Furthermore, we simulate the stock price trajectories using both the proposed mixed fractional
Brownian motion-driven model proposed in this paper and the classical Black-Scholes model.
Figure 6 presents the comparative results are presented in the figure below. As shown, the
proposed model exhibits a superior fit to the actual price dynamics, especially in capturing the
volatility clustering and long-memory characteristics of the price process. These findings further
demonstrate the advantages and applicability of our model for financial data modeling and

empirical analysis.
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Figure 6 Comparative prediction of stock 600398 under the mixed fractional and classical Black-Scholes models
7. Appendix

7.1 Proofs of lemmas in section 3

In this appendix, we provide proofs of the lemmas in section 3. In 1983, Etemadi [16]
introduced a strong law of large numbers for nonnegative random variables as follows:

Lemma 7.1(Etemadi [16]). Let {{,} be a sequence of nonnegative random variables with finite

n
second moments and S, = > & , such that
i=1

n -1 n
(i) the sequence {w, = E&,} satisfies (Z wi> wp, — 0 and > w; — 00 asn — oo.
i= i=1

(ii) the following series converges:

Z 2 ZCOV gn,gz)

i=1

Then, as n — o0, ESS"
Lemma 7.2 Forall0 <r' <s' <r <sand0< H <1 we have

R I e =) (1)

Proof When 0 < H < 1, the lemma is obtained in the proof of Lemma 3.3 in Yan et al. [31].
Now, we assume that 3 < H < 1 and define the function z ~— F, ;(z) on [/, s'] by
Fro(z)=(r—x)*" — (s —2)*
for 0 <1’ < s’ <r <s. Thanks to the mean value theorem, we see that there are £ € (1/,s") and
n € (r,s), such that
28 (B = BI")(BJ — B)] = Fr.s(s') = Fr.s(r)
=2H(s' =) [(s = *"71 = (r = "]
= 2H(2H — 1)(s' —r')(s =) (n — ™" "

WV
o

which gives
I _
(s —1r")(s—r) (72)

E[(BI - B! (BY - B < ooy

This completes the proof.
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Proof of Lemma 3.1 When H = %, the lemma follows from the strong law of large numbers.
Now let H € (0,4)U (3,1). Then, the sequence {E(Bf — Bff )2} satisfies the condition (i) in
Lemma 7.1. Meanwhile, by the fact

BB~ B (B — BIL 2| = n* + 2 (B(B - BI_,)(Bf! —B{f_l)f

77,1

with n > ¢ and Lemma 7.2, we see that

S [Cov (Bl — B )% (Bl - BI )| = S0 |B [(80 - B 50 - Bl - h
i=1 i=1
i 2
=2)" (BB} - BB - B{L))
=1

=20 +2 (BB - B_)(BI!_, 7B112> +2Z( E(BI - B )(ngLBf_l))2

n—2
< 2hH 4 (2 — 22H)2pdh 4 opiH Z

=1

1
(n—1—i)t—4H
n—2 1
= ptH 2+(2—22H)2+2§:j4_ﬁ
j=1
H<f

o

Ch4H
< { Ch3(1 +logn), H
Ch*HptH=3, 3 < H <1
for all n > 1. It follows that

00 1 n PR o ‘
; (S, BB - B2} ;‘C"V (Bl = BIL.(BY — BILY) | < o0

for all H € (0,%) U (3,1). Thus, condition (ii) in Lemma 7.1 holds, and the lemma follows. O

Lemma 7.3 Let H € (0,2)U (3,1) and denote

Kn(H) = (1 — (i — 1))

i=1

for n>1. Then, the limit lim (Kn(H) fn4H*1) is finite and monzero for 0 < H g% and
n—oo
K,(H)—n*-1=0 (n4H’1) for all H € (i, 1), as n tends to infinity.

Proof Clearly, we have

n 1\ 2H 2
Ko (H) — n*f—1 = Zile <1 _ <1 _ > ) _ pAH-1
i
i=1

=N i (2Hi + 0 (i72)) -t

i=1
— AF? Ziszz _ptH-L g2 Zi“]’?’ + ZZAHAO (i’S)
i=1 i=1 i=1
— AF2pAH1 Zn: i e l—l T AH2pAH 22 = 3‘1
i1 \" i=1 "

" ; <;>4H_1 0(i%) = 0 ()
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for all H € (i, 1), as n tends to infinity, since

n i 4H-2 1 1 1
li c== [ M Pdr = :
ngr;o; (n) n /0 v Y |

This completes the proof.

O
Lemma 7.4 Let H € (0,3)U (3,1) and f(t) = Bt — 20> Denote
1 " 2
\IIH(n) = nh<2H)A1 Z [f (tl) - f(tzfl)] )
i=1
where t; = ih with conditions (C1) and (C2). Then, lim Vp(n) =0 for 0 < H < 5, and
n—roo
O, 0< v < ﬁ,
. 2
Jim Wy (n) =9 g0t 7= g5
+0o0, V> 1
forall%<H<1.
Proof From the proof of Lemma 7.3, it follows that, as n tends to infinity
1 n
\I/H(n) _ BQhQ_QH o ﬁozhn2H_1 + ZU4 Z ((ti)zH _ (ti—1)2H)2
i=1
1 1
= BZh* 72— Bohn® T 4 S o R K (H) — 0
n
forall 0 < H < % Moreover, when % < H <1, we have
O7 0< v < ﬁ,
. 2H, 2H—1 _ _ 1
+00, V> 31>
and
0, 0< Y < ﬁ,
: 4H-1, 4H-2 _ _ 1
100, ¥ > 153
which imply
1 O7 0< v < ﬁ,
_ 22 2;2H, 2H—1 4 4H-1 H? _ 1
Uy (n) = B2h — Bo*h*n + ot WKL (H) — § ot 7—@7
+00, V> 1Ea
for all as n tends to infinity. O

Proof of Proposition 3.2 Recall that
X =0 (Be+B") + f(t), t=>0,
where f(t) = 0t — %O’thH with 8 =p— %02. It follows that

o? - 2 o? - 2
JIn (XH) :WZ(Bti_Bti—l) +WZ(35_3571)
i=1 i=1
202 & [ 1 - 2
+ nhH)AL Z (Btz' - Btz‘—l) (Bti - Bti_l) + nhCH)AL Z [f () = (ti-1)]
i=1 i=1

b SO ) — £ (i) (B = BEL) + (B~ BL)) (73)
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foral0< H<landn>1
When 0 < H < %, based on Cauchy’s inequality, Lemma 7.4 and Lemma 3.1 we can show that

n

2
s (35050 (o0

B 1 n 1 n 2 a.s.
<h1 2H%Z(Btl—Btrl)QWZ<B5_B£I’I) —>07
i1 i=1

o SNF )~ f ol (BE - BIL) + (B~ Bi )
i=1

a.s.

—0

as n tends to infinity. It follows from (7.3), Lemma 7.4 and Lemma 3.1 that
Jn (XH) 25 62 (7.4)

for all 0 < H < 3, as n tends to infinity. This shows that (i) holds. Similarly, we can obtain (ii)
by using (7.3), Lemma 7.4, and Lemma 3.1. |

Proof of Lemma 3.5 Clearly, we have that

n

1 N 1
- E (ti)Q _ h2 + 2h2H+1n2H—1 + 7h4HKn(H) ~ h2 (75)
n n

1=1

forall 0 < H < 1 by Lemma 7.3. It follows from Proposition 3.2 and convergence

1 1
h3 2H XH h3 QHn(UBtn+UBt}z)+ﬁh4_2H 2 2h3 2H— 1_>0 (’I’L-)OO)

that

a.s h2 4H " a.s

A, (H) W C - <Z(X{j — X[ ) —2unX[ + ;ﬂhzn) %0 (n— 00)
=1

for all H € (0, 3). This gives (i). When § < H < 1, Lemma 7.3 implies that

> () =0 (n*72) (O(nh)* ™ + O(nh)' 2" + 1) = *0 (n* %) (n— 00) (7.6)

i=1

1
n
and

o 1 _ -
h4H 1 4H SXt{{ h4H 1 4H 3(0’Btn+0'B£)+ﬁh4Hn4H 2—*0'2h6H 1n6H 3

=0 (n ). ih (oBy, +0BH) + O (n~ )
n n
1 9 _2-7(6H=3)\ gq.s.
—500(71 Ty )—)O (n — o0)

for 0 <y < ﬁ < 4H 5. It follows from Proposition 3.2 that

n
An(H) S Cpt-1pti=3 <Z(Xf — ngl)Q - 2,uth + ,u2h2n>
i=1

:Ch4H71n4H72Jn(XH) 2ILLh4H 1 4H 3th+lu2h4Hn4H 2 a.s. 25400 (n%OO)

: 1 2
since 77— < gp—3 < 4H 5. This gives (ii). O

forall £ <H <1and 0<v< 15—
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Proof of Lemma 3.7 Let H € (0,3) U (3,1). Then, we have

L, (b1
2 2

n

pn = a, —4nBEih? = Z(})Q — 4nh? . (

i=1

— Z(ti2H _ t?fl)Q _ h4Hn4H—1 — h4H (Kn(H) _ TL4H_1) — h4HO (Tl4H_1) (’I’L N OO)
i=1

by Lemma 7.3. It follows that

n 2 n 2
X _ Pn H ~vH l as. 4H -3 H ~yH l
A, (H) = Y > <Xti X nth) Cn*H=3%" (Xti Xt nXt”>

i=1 i=1
= Ch*Hpt =27 (XH)y —Oon*T=4(X, )2 250 (n — o0)

forall 0 < H < %, based on the fact that
1 a.s.
n?H=2x, =np?H=2 (aBtn + O'Btli) + Bhn?H-1 — 502h2Hn4H_2 —0 (n—o0).

This obtains (i).
Similarly, when % < H < 1, we have

1 1
h2H—1n2H—2th — p2Hp2H-1 (h (JBtn + UBtHn) +B> _ 502h4H—1n4H—2
n

_1-(2H-1)y 1—(4H—2)y

1 1 s.
:O(n T) — (0B, + 0B + B ) — =0°0 (n_T> %0
nh 2
forall 0 < v < Tl—z’ as n tends to infinity. It follows that

n 2
X a.s. — —_ 1
A, (H) < cptH—2ptt=3 E‘_l (Xg -x[T - nth>
= CpH I =2 g (X HY — ORI 24X, )2 2250 (n — o0)

forall 1 < H <1 and 0 <y < ;57— . This obtains (i) and the lemma follows.

7.2 Proof of lemmas in section 4

Proof of Lemma 4.2. Based on (7.3), we find that
Vv (I (X)) = o?)
0_2 n 9 0_2 n " " 9 ,
- \/ﬁ <’flh(2H)/\1 Z (Bt’ o Bt"'*l) + W Z (Btz - Bti—l) -
i=1 i=1
VRhEHAT £ t " s 0
1 n )
T = ema Z [f (ti) — f (tiz1)]
V/nhEH)A —
20 n
T mhEIAT DL () — f ()] ((B{j —Bf" )+ (B, - Bti_l)) (7.7)
" i=1

foral0< H<1and n > 1.
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(i) Let 0 < H < 3. Clearly,

2
1 . C
lim —r B (Z (By, — B, ,) (B{j - Bgl)> = lim K172 = (7.8)

n—oo nhiH — n— 00
1=

and Lemma 7.4 imply that

h1—2H n

= lim —om Z [f () = f (t-))* = 0. (7.9)

We now need to estimate the term

Mnlf H) = — B (Z 7 (6) = f (1)) (B - Bf»)

= nth Z ti 1)]2
T nh12H Z [f(t:) = fta—)] [f(t5) = f(t-0)] R(2, 5) (7.10)

for all H € (0,3), where R(i,j) = (j — i+ 1) + (j —i — 1)* — 2(j — i)>/. Based on the mean
value theorem, we get that

n

Anf )] = Tim o 7(60)] [S017() — 75 1)IRAL )

j=2
j=2

- %0-2 lim h|B—c?HE [0+ (n—2)" —2(n-1)*"| =0

n— oo

for some &; € (tj_1,t;), =2,3,...,n and

1

Anf B 2)] s = Tim | S™ (70 — f(ta )] () — £t 1)IRG.)
2<i<j
< lim h2—2H Z |5 2H£2H 1||,3 2H 1’Rz
= n—oo ]
2<i<g
n—1
_ 1.2 2-2H g2H -1
= UnILII;oh z;w | R(i,n)
1 n—1
2 2-2H 2 2H—1
< 5o lim h 22 8+ o H((i — 1)h)*" ") R(i,n)
n—1
< 502 lim h; (18R =21 4+ 0%) R(i,n) = 0

n—oo
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forall 0 < H < % and some &; € (t;—1,t;) since the series
o0

Z ((n + 1)2H + (’I’L _ 1)2H _ 2n2H)

n=1
converges. It follows that lim, . An(f, H) =0 for all 0 < H < %
o 0, 0<~y<1—4H,
1-2H 1—4H+
Vaht T G (B) = (nhM) T pT e G (B — {1, y=1-—4H,
+o0, v>1-—4H,

almost surely, as n tends to infinity.
Combining this with (7.7), (7.8), (7.9), Propostion 4.1, and Slutsky’s theorem, we get that

Vi (o (X)) = 6%) — N (0,(2+ Ag)o?) (7.11)

forall 0 < H < i in distribution, as n tends to infinity.
(i) Let 3 < H < 1. Based on (7.7), we find that

Vi (J, (X)) = 0?) = 0>/ (G, (B) — 1) + o*v/nh*"71G,,(BY)

202 i 1 n )
+W;(Bti - B,.,) (B -BI) +W;[f (t) — f (ti1)]
2T )~ £ ()] (B, Bu)
20 - H H
* Jah Z [f (t:) = f (ti-1)] (Bt,i - BtH) (7.12)

for all n > 1. First, the strong law of large numbers (Lemma 3.1) implies that
0, 0<~<4H -3,
-1 4H—-3—
kG (BR) = (nh2 ) T nm T G (BE) — {1, 4 =4H — 3, (7.13)
+o00, v>4H —3

almost surely, as n tends to infinity. Next, we have

= lim p*~1 =0, (7.14)

and by Lemma 7.4, we get

2
1 . 5
Jim o E (; [f (t:) = f (ti-0)] (By, — Bti1)> = lm — Z ti1)]" =0 (7.15)
for all 1 < H <1 and 0 <y < 77—. Moreover, from the proof of Lemma 7.4, we can obtain
. ) Osz \ 0<7v < et
Jim th ti)l” =m0t Y=g (7.16)

1
+00, Y > 5E=3
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for all £ < H < 1. Similar to the proof of (7.10), we have

n

An(f Hi 1) = lim e R Z ~VIR(1,5)
j=
1 n
< o?H lim p*H-1. —ZJQH 'R(1,j) = 0?H lim R~ 1p2H=1R(1,n)
n—00 n n—oo
]:
— o2H lim hAH-1,2H-1 N2H _ 9(y — 1)2H
=0 Hnlirr;oh (n*" -2) 2(n —1)*7)
=C lim p*H-1ptH=3 = g (7.17)
n—oo

provided % <H<land 0<vy< ﬁ. Moreover

Ralf, H:2)] < lim ot ST — (o]l ) — (5 )IRG )]
1<J
n—1
1
< : 6H—2 1 2H-1 6H—2,2H—1 2H-1
< Cnh_{rgoh - Z(zg) R(i,j) = Cnll}ngoh Zz R(i,m)
1<J =1
n—1
GH—2 4H—2 . 2H i 1\2H _ _ \2H
07}1—>H;oh Zl —i+ D)+ (n—i-1) 2(n —i)*")
n—1
6H—2, 4H—2 2H | 2H 2H
=C lim h > (k417 4 (k= 1) — 2k2™)
k=1
n—1
C lim h6H 2 4H QZkQH 2 =(C lim hGH_2n6H_3 =0

for all % < H <1, provided 0 < v < ﬁ It follows that

Jim #E <i [£(t:) — f(tiz1)] (BtH - ngl))

=1
= M —m nh2 o0 Z tio1))?
+ lim oo nhz 3 D L to)] [F(8) — F(tj—1)] RG. )
1<
S hm e oE nhz om Z ti)]” + [An(f, Hs 1] + [An(f, H;2)| = 0 (7.18)

for all 0<7<ﬁ. Combining these with (7.12), (7.13), (7.14), (7.15), (7.16), (7.18)

Proposition 4.1 and Slutsky’s theorem, we obtain

Vi (I, (X)) —=6®) — N (0,20")  (n— ) (7.19)

in distribution, provided 0 < v < (4H — 3) A g5 . Moreover, when y = (4H — 3) A g7— , we have
N (02,204), AH -3 < i,
Vit (o (XY = 0?) — { N (250, 204) AH - 3>8H .
N (0% + g0t 201), AH -3 = g

in distribution, as n tends to infinity. |
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Proof of Lemma 4.3 For 0 < H < %, based on the proof of Lemma 3.5, we have

== o= L S (8 (o -, )

i=1 i=1

W on~ s h2H (nh2HJn(XH) - 2,uhXt}Z + ,u2h2n)
2
=C (nihl_HJn(XH) - 2,Lm_%h2_3HX£ + ,uQn%hg_SHn) 20, (7.20)
as n tends to infinity, if 0 <y < 3 —4H and (i) is proved.
Similarly, for % < H < 1, using Lemma 3.5 again, we have
=, (H) S O/ =34 (01 g (X7 — 2uh X + p2h%n)”
2
-y (nQH’%hQH’%Jn(XH) — o ER2H =3 X H 22 4h2H+%) @50, (7.21)
as n tends to infinity, if 0 < v < 8H 5, we can get (ii). O
Lemma 7.5 Let 1 < H <2 and conditions (C1) and (C2) hold. Then, we have
Vi (T, (M7 —1— 1) — N(0,2)

in distribution, as n tends to mfzmty, where MH" = B+ B and
2
T (M) = % Z ((Bti — By )+ (B - Bg;l)) .
i=1

Proof Based on law of large numbers (Lemma 3.1), we find that
Jo(MP) 225 1 (n — 00)
and based on Proposition 4.1 and (7.14)

Vi (Jn (M) =1 = R2H1)
\/ﬁhi{< (Bf—Bfl))z_h_th}

i=1

= Vi (Ga(B) ~ 1) + Ak (G (B™) - 1)

n

2
S B BBl - B
nh
i=1
— N(0,2) (7.22)
in distribution, as n tends to infinity. O

Lemma 7.6 Let 1 < H <1 and conditions (C1) and (C2) hold. Then, we have
Vi (T (MP) — 1= ' 72H) — N(0,2 4 )

in distribution, as n tends to mfmzty, where M = B+ B and

2
(M) = > ((Bi, =B )+ (B = BIL)) .
i=1

Proof Based on the strong law of large numbers (Lemma 3.1), we find that

Jo(MP) 2251 (n — o0)
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and based on Proposition 4.1 and (7.8),

Vi (o (MP) =1 —p'=27)

n

- ﬁzng {((Bti ~ By, )+ (B - Bgﬂ)f he th}
= Vn (Gn(BT) = 1) + vah' 2" (G,(B) — 1)
’ ﬁ i(B t= B ) (B = Bil)
TGz (7.23)

in distribution, as n tends to infinity. O

Proof of Lemma 4.5 Let 3 < H < 3. Based on (7.7), Lemma 7.5, (7.14), (7.15), (7.16), (7.18),
and Slutsky’s theorem, we find that
\/E(Jn (XH) _0_2 _ h2H—1O_2)

N (0,20%), 0<7v< g5,
—>{ (0.27%) BN (7.24)

in distribution, as n tends to infinity.
Let H = 2. Based on (7.23) and Proposition 4.1, it follows that

IOZTL (Jn(M3/4) -1- \/E> = \/@(Gn(B) -1+ \/@ (Gn(BSM) . 1)

1 i 9
p P — B, —B:, )(BI-_Bf Y5 N|[o0:=%
\/Wh ;( 123 tz—l)( ti ti,l) ( 74)

in distribution, as n tends to infinity. Combining this with (7.7), Lemma 7.6, (7.14), (7.15), (7.16),
(7.18), and Slutsky’s theorem, we get that

n (Jn (X3/4> —o? - \/Ea2>

logn
= o2 10271 (Jn(M3/4) —1- \/E) 4 m ; [f (t:) — f (tz’—l)}Q

n

20 N . 3/4 4 r3/4 9
t nTognh ; [f (t:) = f (i) (M" = M;")) — N (o, 404) (7.25)

for all 0 <~ < % in distribution, as n tends to infinity.
When § < H < 1, based on (7.7), Lemma 7.6, (7.8), (7.9), (7.10) and Slutsky’s theorem, we

find that
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\/ﬁ(Jn (XH) _ g2 _ h2H—10_2)

= o2y/n (Ju(MH) — 1= p12H) ¢ \NﬂH Z f i)

+ % Z [f () = £ (tia)] (M — M)

N(0,(2+ A)o*), 0<~y<3—4H, (7.26)
N (8% (24 g)ot), v=3—4H '

in distribution, as n tends to infinity. O

Proof of Lemma 4.7 Let H € (0,3) U (3,1). Based on the proof of Lemma 3.7, we have that

= 'I’Lil ~ 2
=n(H) =~ (Bu(m) Vi
p n 1 2 2
_ Pn H o _ 1L
o 713;7,3 ; <Xt1 Xti—l ’I’Lth) \/’FL
a.s. Vn 2H Hy L 2\’
~ Cn474Hh2H nh™" T (X)) = E(th)

1 2 a.s.
= C (W, (X = o (X, )2) 2 0

for all % <HK % and 0 <y < g;‘g. When 0 < H < %, the above convergence is also true, and
statements (i) and (ii) follow. Similarly, we also have
2
n

2
Pn 1
n(H) = = Z (Xg - Xt{i{—l - nth> \/ﬁ

3),3
n?h? i

[1]:

0. 1 ?

K Optf At = <thn(XH)— n(th)Z’)

_ 2H—3;2H—-1 H 2H-3 2H—— 2 as.
=C (n*"7ap2H2 g (X)) —h (X)) 230

for all £ s<H<land 0<vy< SH 3. This gives (iii), and the lemma follows. O
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