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Abstract In this paper, we study the path-regularity and martingale properties of the set-
valued stochastic integrals defined in our previous work [4]. Such integrals have some
fundamental differences from the well-known Aumann-It6 stochastic integrals, and are
much better suitable for representing set-valued martingales, whence potentially useful in
the study of set-valued backward stochastic differential equations. However, similar to the
Aumann-It6 integral, the new integral is only a set-valued submartingale in general, and
there is very limited knowledge about the path regularity of the related indefinite integral,
much less the sufficient conditions under which the integral is a true martingale. In this paper,
we first establish the existence of right- and left-continuous modifications of set-valued
submartingales in continuous time, and apply the results to set-valued stochastic integrals.
Moreover, we show that a set-valued stochastic integral yields a martingale if and only if
the set of terminal values of the stochastic integrals associated to the integrand is closed
and decomposable. Finally, as a particular example, we study the set-valued martingale
in the form of the conditional expectation of a set-valued random variable. We show that
when the random variable is a convex random polytope, the conditional expectation of a
vertex stays as a vertex of the set-valued conditional expectation if and only if the
random polytope has a deterministic normal fan.
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1. Introduction

Set-valued functions have been used extensively in various fields including optimization,
control theory, economics, and finance (cf. [5, 8, 15, 18, 19, 33], to mention a few). The concepts
of random set or a set-valued random wvariable ([32]), as well as set-valued stochastic processes,
appear also naturally in measuring risks of multivariate positions in finance. The systematic
study of these subjects is naturally based on the theory of set-valued stochastic analysis, and
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many useful properties of vector-valued stochastic analysis have been extended to the set-valued
case (including the notions such as Aumann-Ito integral) within this theory. We refer the reader
to the well-known books [25, 27] and the references cited therein for the history and basic
knowledge of the theory.

However, due to some fundamental differences between the (metric) space of sets and that of
vectors, many important and delicate issues in vector-valued stochastic analysis still cannot find
the appropriate counterparts in the set-valued case; and many natural questions regarding the set-
valued processes (especially set-valued martingales), albeit elementary, remain unanswered in the
current literature. The main purpose of this paper is to give answers to some of these questions
that are potentially useful for the development of the theory and its applicability.

To illustrate some of the main issues, let us consider a by now ubiquitous example that
motivated this work. Consider a financial market with multiple currencies. Due to the bid-ask
spread caused by, say, transaction costs, it was argued that an efficient way to super-hedge the
“risk” of holding these currencies at a given future date 7" > 0, defined as a random vector &r
whose components denote the number of physical units (hence numéraire-free), is to look for a
portfolio process (&;)icjo,7] that can compensate for the risk of &7 (cf. [23]). Denoting the set of
feasible choices of & by R:({r), t € [0,T], the family (R:):epo,7r7 has been shown to be a set-
valued dynamic risk measure ([11, 15]), a notion that has also been used for systemic risk measures,
although mostly in the static setting so far (cf. [5, 7, 16]). In the univariate case, a set-valued
risk measure has the simple form R;({r) = [pi(&r), +00) for some scalar risk measure p;, and
continuous time dynamic scalar risk measures have a strong connection to the so-called backward
stochastic differential equations (BSDE) (cf. [30, 36]). However, the set-valued counterpart of
such connection is a widely open problem. An earlier work ([38]) suggests that the naive idea of
using multidimensional BSDEs together with vector-valued risk measures results in either losing
important aspects of risk measures or having trivial coordinate-based risk measures. On the other
hand, a representation result of the discrete-time set-valued dynamic risk measures via backward
stochastic difference inclusions and/or equations was established in [3] and the first well-
posedness result for set-valued BSDEs has been given in our recent paper [4]. This paper can be
considered as a continuing effort in this direction.

The initial study of the continuous-time counterparts of the aforementioned dynamic
structures has also brought up some challenging questions to set-valued stochastic analysis. A
simple but intriguing example, which also shows up naturally in the study of set-valued BSDEs
in [4], is the conditional expectation (in the sense of [22]) of a set-valued random variable with
respect to a given filtration. Under sufficient integrability assumptions on the set-valued random
variable, this process is well-defined and it is a set-valued martingale (cf. [20—22]). However, to date,
there does not seem to have been any detailed study of the structure and characterization of this
simplest set-valued martingale. For example, if the set-valued random variable is in the form of a
random polytope with random vertices, then would this martingale be generated by the vector-
valued martingales obtained by taking the conditional expectations of the random vertices?

It turns out that this is not a trivial question to answer using the currently available literature
on set-valued stochastic analysis. It is well-known that in the case when the underlying filtration
is “Brownian”, the celebrated martingale representation theorem provides a stochastic integral
representation for every square-integrable martingale. The set-valued analog of this problem,
often in terms of the Aumann-Itdé stochastic integral and/or its generalized version, was studied
in [24, 27]. However, as we shall see below, the notion of Aumann-Itd stochastic integral has
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some serious deficiencies from the martingale representation point of view.

To make our point more clearly, let us state some facts regarding the Aumann-It6 stochastic
integral (cf. e.g., [27]) that we have pointed out in our recent work [4]. Let us denote the
indefinite Aumann-It6 integral by I?(Z) = fot ZdB = fOT Z1j91dB, 0 <t < T, where Z is some
appropriately measurable set-valued process (cf. [9, 24] or [27]). We should first note that, while
this integral has some similarities with the usual vector-valued It6 integral, it does not have the
L2-isometry property. In fact, it is always stochastically unbounded in the L2-sense unless Z is a
singleton. Consequently, in order for an Aumann-It6d integral to be a non-singleton stochastically
bounded set-valued martingale, the so-called generalized Aumann-Ité stochastic integral is
introduced (cf. [27]) so that the integrand Z is allowed to be a set of progressively measurable
processes that is not necessarily decomposable (see Section 2.2 for details). However, besides the
immediate drawback of lacking the elementary temporal additivity property (i.e., in general, one
only has I9(Z) C IP(Z) + IL(Z) and the equality holds when Z is decomposable), a much more
serious issue is that it is strongly restricted by the so-called “singleton test” (see, e.g, [21, 39]).
That is, if the process (I?(Z)):>0 is a set-valued martingale with I§(Z) = {0}, then it must be a
singleton(!). Such a result essentially nullifies the existing set-valued martingale representation
theorem in [26], and eliminates the possibility of building a theory of truly set-valued backward
SDEs based on the existing framework of stochastic analysis.

In our recent work [4], we proposed a further generalization of the Aumann-It6 integral so that
it allows for the (non-singleton) initial values and can be used to represent a truly set-valued
martingale in a temporally pointwise manner. However, such a representation is still a far cry
from the desired martingale representation theorem for two important reasons. First, due to the
lack of the much needed “path-regularity” of the set-valued stochastic integrals, the representing
integral is unique only up to modifications. Second, since the generalized set-valued stochastic
integral only produces set-valued submartingales similar to the Aumann-Itd integral, the
martingale representation theorem provides only an injection from the collection of set-valued
martingales to that of set-valued stochastic integrals, a much weaker result than its vector-
valued counterpart.

In this paper, we are aiming at an in-depth study of set-valued (sub)martingales and
stochastic integrals through the following questions that may be of independent interests in their
own rights:

(i) Does a set-valued stochastic integral always admit a modification with certain path
regularity in the Hausdorff sense?

(ii) When will a set-valued stochastic integral be a martingale?

(iii) How to characterize the martingales that are in the form of conditional expectations of
terminal values by the set-valued stochastic integrals, which are submartingales in general?

To elaborate more on the motivations of these questions, we first note that unlike the vector-
valued stochastic integrals the path regularity of the set-valued integral is quite non-trivial, due
mainly to the nature of “decomposability”. In fact, the set-valued literature lacks such results
with two exceptions, to the best of our knowledge. In [13, 14], the existence of cadlag
modifications for set-valued supermartingales and martingales are obtained in a Banach space
setting under strong uniform boundedness assumptions. On the other hand, path-regularity
results for set-valued submartingales (e.g., stochastic integrals) would facilitate the discussion of
various types of joint measurability in stochastic analysis and the study of SDEs.

To answer question (i), we first study the path-regularity issue in a more general setting of
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continuous-time submartingales under an arbitrary filtration. We shall alternately use two ways
of “scalarizing” a set-valued submartingale: its “set norm” process (i.e., the maximum norm of a
point in the submartingale at each time) and its support function process (i.e., the maximum
value of a linear function over the submartingale at each time). Since both processes are real-
valued submartingales, the usual Martingale Convergence Theorem can then be used to establish
some fundamental path regularity results for set-valued submartingales. Under the usual
conditions on the filtration, we shall argue that a set-valued submartingale admits a right-
continuous modification if and only if its expectation function is right-continuous. Surprisingly,
we can also show that, under an augmented and left-continuous filtration, the same result holds
for the “left-continuous” counterpart, which is not the case for real-valued submartingales since a
submartingale restricted to a compact interval may not be uniformly integrable in general. This
seemingly paradoxical contrast between the theory of real-valued and set-valued submartingales
underscores a crucial observation: a real-valued submartingale does not form a (singleton) set-
valued submartingale(!) as the former is defined via the usual ordering of real numbers, whereas
the latter uses the “subset” relation between sets.

It is worth noting that, while not the main focus of the current work, the path-regularity for set-
valued submartingales actually plays an important role in the proof of pathwise uniqueness for set-
valued stochastic differential equations in the forward (cf. [2, 28]) and backward cases (cf. [4]).
As a concrete application, in Remark 4.5, we outline the proof of one such uniqueness result for
the set-valued BSDE in [4]. We leave the exploration of the forward case to future work.

To answer question (ii), we argue that the only set-valued stochastic integrals that yield
martingales are those for which the terminal values of the “trajectory integrals” (the vector-
valued stochastic integrals of the selectors of the integrand) form already a decomposable closed
set. That is, the lack of martingale property for a set-valued stochastic integral is due to lack of
decomposability. To the best of our knowledge, such a result, albeit conceivable, is novel.

Finally, as a continuation of (ii), question (iii) is motivated by the following simple issue: given
a random polytope at the terminal time, being a martingale, its conditional expectation process
can be expressed as a stochastic integral. On the other hand, we may also consider the vector-
valued conditional expectations of its vertices. The question is whether the conditional
expectations of the vertices remain vertices of the conditional expectation of the random
polytope at all times. We shall first study the case in greater generality, that is, the given set-
valued random variable is convex but not necessarily polyhedral. We show that the conditional
expectation of the given random set is the closed convex hull of the conditional expectations of
its measurable selections if and only if the latter process is a set-valued martingale. Then, we
narrow down to the case of a random polytope and show that these equivalent conditions are
also equivalent to the random polytope having a deterministic normal fan, i.e., while the vertices
of the polytope are random, they have the same sets of supporting directions (a.k.a. normal cones)
with probability one. This observation seems to be new and it provides a bridge between set-
valued stochastic analysis and convex geometry, which could be discovered further in future studies.

The rest of the paper is organized as follows. In Section 2, we provide some preliminaries on set-
valued analysis with a special focus on set-valued martingales in discrete time. Section 3 is on set-
valued reverse submartingales in discrete time and it serves as a preparation for the right-
continuity result in continuous time. In Section 4, we study the existence of the path limits and
the regularity properties of set-valued submartingales in continuous-time. We focus on the set-
valued stochastic integral in Section 5 and characterize the cases where it gives a set-valued
martingale. In Section 6, we compare a set-valued martingale and the closed convex hull of a
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sequence of vector-valued martingales, which yields a set-valued submartingale. As a special case,
we consider the conditional expectation of a convex random polytope in Section 7 and show some
links between set-valued stochastic integrals and normal fans.

2. Preliminaries on set-valued analysis

In this section, we recall some important notions about the convergence of sets, set-valued
measurable functions, and set-valued martingales in discrete time.

Throughout this paper, we will consider set-valued functions whose values are subsets of the
Euclidean space RY, where d € N. To begin with, given nonempty sets C, D, a function
f:C — D, and a subset A C C, we write f[A] := {f(x): © € A} for the image of A under f; we
define its indicator function 14: C — {0,1} by 1la(x)=1 if x€ A and by 1la(z)=0 if
x€ A°:=C\ A. If C is a topological space, then clg(A) (resp. int¢(A), bde(A)) denotes the
closure (resp. interior, boundary) of A in C. For each n € N, the unit simplex in R™ is denoted
by A"l de, A" li={reR":ry,...,r, 20; > r;=1}. If C is a vector space, then
conv(A) denotes the convex hull of A and we have

conv(A) = {ani: zh, .z e A re A" ne N}.
i=1

2.1 Convergence of sets

Let us denote (-,-) and |-| to be the inner product and Euclidean norm on R?, respectively;
and Bga(r) := {z € R%: |2| < r}, 7 > 0. In particular, we write Bra := Bga(1) for simplicity. For
C C R4, we denote Z(C) to be the Borel g-algebra on C; and we denote €(R?) (resp. ¥(R?),
 (R?)) to be the set of all nonempty and closed (resp. closed convex, compact convex) subsets
of R%. We shall also fix a countable dense subset # of Bga such that 0 ¢ 7.

For C € € (R%), we define the distance function d(-,C): R? — Ry by d(z,C) := infyec |z — yl,
r € R%; and for C, D € €(RY), let h(C, D) := sup,cc d(x, D). We define the Hausdorff distance
between C, D by h(C,D):=max{h(C,D),h(D,C)}; we also define ||C| :=h(C,{0})=
sup{|z|: x € C}. It is well-known that (see [10, §3.2])

h(C,D) = S;@ |d(x,C) — d(x, D)]. (2.1)

Furthermore, we define the support function s(-,C): R? — (—o0, +00] associated to C' by

s(z*,C) = sup (z*,x), z* € R
zeC
We should note that a closed convex set is uniquely identified by its support function. Indeed, as
a consequence of separating hyperplane theorem, the support function is monotone in the sense
that, for C,D € 9(R%), C C D if and only if s(z*,C) < s(z*,D), * € R?. Furthermore, if
C, D are bounded, then we also have (see [10, Theorem 3.2.7])

h(C,D)= sup |s(z*,C)— s(z*,D)|. (2.2)

T*€EBpa

Finally, for a given sequence of sets (Cp,)nen in € (RY), we define the sets (with ng := 0)
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liminfC,, := {x eR?: z = lim z,; YneN: z,, € Cn},
n— o0

n—oo

n— oo

limsup C,, := {x eR%: x = klim Tn,; Vk€Ning € Nyng > ng_1, Tp, € an}.
—00

Using these notions, we may introduce several modes of convergence for sets.

Definition 2.1 Let C,Cy,Cs,... € €(RY). We say that
(a) (Cp)nen Wijsman converges to C if lim,_,o d(z,C,,) = d(x,C) for every x € R?
(b) (Cn)nen Hausdorff converges to C if limy, oo h(Cy,C) =0,
(¢) (Cp)nen scalarly converges to C if lim,_,o s(z*,C,) = s(z*,C) for every x* € Bpa ,
(d) (Cn)nen Painlevé-Kuratowski converges to C if C = liminf,,_, . C,, = limsup,,_, ., Cy.

We now summarize some well-known connections between these modes of convergence which
will be useful in our discussions below.

Proposition 2.2 [37, Theorems 1, 2, 6], [21, Proposition 2.5 Let C,Cy,Cy,... € €(RY) and

consider the following properties:
(a) (Cp)nen Hausdorff converges to C'.

b) lim,, .« d(z,C,) = d(z, C) uniformly in x € RY.
¢) lim, 00 8(z*, Cp) = s(z*, C) uniformly in * € Bya.
d) (Cp)nen Painlevé-Kuratowski converges to C.
e) (Cp)nen Wijsman converges to C.
f) (Cr)nen scalarly converges to C.

) limy, 00 s(x*, Cy) = s(a*, C) for every x* € #'.
Then, the following results hold.
(i) In general, (a) = (b) = (¢), (@)= (d), (¢) = (f) = (9).
(ii) Suppose that C,Cy,Cs, ... € 4(RY). Then, (d) < (e) as well.
(iii) Suppose that C,Cy,Cy, ... € K (R?). Then, (a) <= (c) = (f) <= (g) as well.

(
(
(
(
(
(g

We also have the following Bolzano-Weierstrass property for compact subsets of R?:

Proposition 2.3 Let (Cy,)nen be a sequence of nonempty compact subsets of R, If (Cy)nen is
bounded, i.e., sup,cy ||Cn|| < +00, then there exists a subsequence (Cp,)ren and a nonempty
compact set C CR? such that (Cp, )ren Hausdorff converges to C. If we further have that
(Cp)nen is in # (RY) , then C € # (R?).

Proof The first claim is by [21, Proposition 2.2]. The second claim follows from the fact that
X (RY) can be embedded as a closed convex cone in a Banach space thanks to Hormander’s
theorem; see [10, Theorem 3.2.9]. O

2.2 Set-valued measurable functions

Let us fix a probability space (2, F,P). When A is a collection of subsets of Q, we denote by
o(A) the o-algebra on Q generated by A. Let G be a sub-c-algebra of 7. We denote by IIg(2)
the set of all G-measurable finite partitions of . We denote by IL%(Q,Rd) the set of all
G-measurable random vectors &: Q — R? that are distinguished up to P-almost sure (a.s.) equality.
For p>1, we denote by LZ c(Q, R?) the set of all geLg(Q,Rd) that are p-integrable, i.e.,

E[|¢[P] < +oo; we also write LP := LE.(Q,RY). A set K C L%(Q,R?) is called G-decomposable if
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&1y + Clge € K for every €, € K and A € G. In general, the smallest G-decomposable superset
of K is given by

decg(K) = {Zm&; .M e K (A, €TIg(Q); ne N} (2.3)
i=1

and we call it the G-decomposable hull of . When K C LP for some p > 1, we say that IC is
bounded in LP if supgcx E[|{[P] < +o0o and dominated in 1P if there exists £ € P such that
[¢] < £ P-as. for every ¢ € K.

The next result is concerned with the relationship between being dominated and bounded for
sets of random vectors.

Lemma 2.4 Let G be a sub-o-algebra of F ,p>1, and K C LY o (9, R?) be a nonempty set. Then,
the following are equivalent:

(i) K is dominated in LP.

ii) decg(K) is dominated in ILP.

iv) decg () is bounded in ILP.

(
(iii) clpr decg(K) is dominated in 1LP.
(
(v) clpe decg(K) is bounded in LP.

Proof The equivalences (i)« (iii)<(v) are given by [27, Theorem 3.3.5]. The implications
(iii)= (i), (ii)=(i), (v)=(iv) are trivial as K C decg(K) C clpr decg(K). To complete the proof,
we check (iv)=(v). Suppose that (iv) holds and let 7 :=supgcqe, (k) E[[§F] < +oo. Let
¢ € clpr decg(K). Then, there exists a sequence (£™),¢cn in decg (K) that converges to € in LP. Hence,
E[|£[P] = limy 00 E[|€™]P] < r and (v) follows. O

We say that a set-valued function Z: Q — € (R?) is G-measurable if {w € Q: Z(w)NC # 0} €
G, for every C € €(R?); the set of all such functions is denoted by £9(Q, % (R%)). It can be
checked that the scalar function ||Z|| is G-measurable whenever = is G-measurable. A random
vector & € ]Lg(Q,Rd) is called a measurable selection of = if P{{ € =} =1; the set of all
measurable selections of Z is denoted by Sg(E). For p > 1, let SZ(E) := Sg(Z) NLP; we say that
E is p-integrable if S5(Z) # 0 and it is p-integrably bounded if E[||Z[|”] < +oc0. We also define

AE(Q,CRY) = {2 € L(Q,ERY)): SE(E) # 0},
LPQ,E(RY) = {E € L3(QERY): E[|E]*] < +o0}.

We list some main results on set-valued measurable functions in the next theorem.

Theorem 2.5 Let G be a sub-o-algebra of F and p > 1

(i) [32, Theorem 1.4.1, Proposition 2.1.4] Let =€ ZJ(Q,C(R?)). Then, SY(E) #0. If = is
p-integrably bounded, then SG(Z)= S§(E) and Z has bounded values P-a.s. In particular,
ZHQ,ERY) C AL, F(RY).

(ii) [32, Proposition 2.1.7) Let Z e &% (2,4 (RY)). Then, SH(E) is a nonempty (strongly)
closed subset of ILP. Moreover, Z has convez values P-a.s. if and only if Sé(E) 18 a conver set; =
is p-integrably bounded if and only if SS(E) 18 bounded in LLP.

(iii) [82, Proposition 2.1.4) Let 2,1 € £3(Q,¢(RY)) (resp. @/ (Q,€(R?)) ). Then, 2=7T
P-a.s. if and only if S§(Z) = Sg(Y) (resp. SH(E) = S5(T) ).
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(iv) [82, Theorem 2.1.18] Let E € Z£F(Q, 4 (R?)) and suppose that Z has convex values P-a.s.
Then, = has compact values P-a.s. if and only if SS(E) s a weakly compact set.
(v) [82, Theorem 2.1.10] Let K CLE(QLRY) be a nonempty closed set. Then, K is

G-decomposable if and only if there exists Z € #F(Q,€(R?)) such that K = S5(Z).

In view of Theorem 2.5(iii), we may assume that the members of .Z9 (2,4 (R?)) are identified
up to P-a.s. equality similar to the case of random vectors. For p>1, we denote by
LE(Q, A (RY)) the set of all E € £F(Q,%4(R?)) with compact convex values P-a.s.

Finally, we review the notion of conditional expectation for set-valued random variables.
Given E € 12, € (R?)), the set E[E] := clga({E[£]: £ € SL(Z)}) is called the (closed) Aumann
integral of Z. It is easy to check that the set {E[£|G]: & € S§(2)} is G-decomposable. Hence, by
Theorem 2.5(v) (see also [32, Theorem 2.1.71]), there exists a unique set-valued random variable
E[Z|G] € @3 (2,4 (R?)) such that S(E[E|G]) = clui({E[£|G]: € € SE(E)}). Moreover, if Z is
p-integrable (vesp. p-integrably bounded),thensois E[Z|G] and we have SE(E[Z|G]) = clu» ({E[|G]:
£ € S5(2)}) (resp. SG(E[E|G]) = {E[£|G]: € € SE(Z)}); if E has convex (resp. compact convex)
values P-a.s., then so does E[Z|G].

2.3 Set-valued submartingales in discrete time

Let G = (Gn)nen be a discrete-time filtration on (Q,F,P), and let Goo:=V cyGn =
0(Unen9n). A discrete time set-valued (stochastic) process is a collection (Z,)nen with
E, € 22N EC(RY)), neN. It is called G-adapted if Z, GXSH(Q,‘K(Rd)), conver if Z, €
L2(Q,9(RY)), integrable if =, € FH(Q,E(RY)), and integrably bounded if Z,, € L-(Q, € (RY)),
for each n € N.

With these notions, we are ready to define set-valued submartingales.

Definition 2.6 A G-adapted integrable set-valued process (E,)nen is called a set-valued
G-submartingale (resp. set-valued G-supermartingale ) if E[Z,11|G,] 2 E, (resp. E[Z,41]

Gn] CE, ) P-a.s. for each n € N, it is called a set-valued G-martingale if it is both a set-valued
G-submartingale and a set-valued G-supermartingale.

Remark 2.7 By definition, it is clear that a vector-valued G-martingale (§,)nen can be viewed
as a singleton set-valued G-martingale. But there is a dramatic distinction between real-valued
and set-valued submartingales. Indeed, if (&,)nen 18 a real-valued G-submartingale , then it holds
that E[§n+11Gn] = &n , n € N. But this by no means implies that E[{&,41}|Gn] 2 {&n} as sets, and
hence ({€n})nen is not a set-valued G-submartingale. It is interesting to note that as singleton set-
valued process the desired “inclusion” only holds when (&,)nen 18 actually a G-martingale.

We collect some basic observations about set-valued martingales in the next proposition.

Proposition 2.8 (i) [32, Ezample 5.1.2(i)] Let T € L+, 9(RY) and set =, :=E[Y|G,] for
each m € N. Then, (2,)nen is an integrably bounded convex set-valued G-martingale.

(ii) [82, Theorem 5.1.5(i)] Let (E,)nen be an integrably bounded conver G-submartingale . Then,
(IEZnlDnen is a real-valued G-submartingale.

(iii) [32, Theorem 5.1.5(iii)] Let (En)nen be an integrably bounded convex G-martingale (resp.
submartingale, supermartingale). Then, for each x* € R? | the sequence (s(z*,Z,))nen 45 a real-
valued G-martingale (resp. submartingale, supermartingale).



Probability, Uncertainty and Quantitative Risk 479

We would like to remark here that, unlike the real-valued setting where submartingales and
supermartingales are negatives of each other, whence in a sense “symmetric”, in the set-valued
case submartingales and supermartingales have to be studied separately as is clear from
Definition 2.6. However, in this paper, we shall focus more on the set-valued submartingale for
two reasons. First, the important and frequently used “scalarization” procedure in this paper:
(En)nen — (||En|)nen only preserves the submartingale property, thanks to Proposition 2.8(ii).
Second, the main objective of this paper is the path-regularity of the set-valued stochastic integrals,
which are set-valued submartingales in general (see Lemma 5.9). Bearing these in mind, in the
rest of the paper, we shall consider only set-valued submartingales and martingales, and leave
some of the non-trivial supermartingale cases to future studies.

We end this section by recalling a set-valued version of Martingale Convergence Theorem.

Theorem 2.9 [21, Theorem 4.5 Let (E,)nen be a convex set-valued G-submartingale , such
that the family {||=,|: n € N} is bounded in LL(Q,R). Then, there exists a set-valued random
variable Zo EXQIM(Q,%/(Rd)) such that lim,_,. 2, = Eo in the Hausdorff sense, P-a.s.
Furthermore, if {||2,]]: n € N} is uniformly integrable, then the Hausdorff convergence also holds
in LY.

3. Set-valued reverse martingales in discrete time

In this section, we establish a key tool for the study of path-regularity of continuous time set-
valued martingales: the convergence theorem for reverse set-valued martingales.

Let G_ = (G_n)nen be a reverse filtration, that is, each G_,, is a sub-c-algebra of F such
that G_1 2G 22D ... We define G_ :=(),cyG-n. A set-valued process (Z,)nen is called
G_-adapted if =, is G_,-measurable for each n € N. A G_-adapted integrable set-valued
process (E,)nen is called a set-valued G_-submartingale (resp. set-valued G_-supermartingale)
if E[E,]G_(nt1)] 2 Eng1 (resp. E[E,]|G_(nt1)] € Eng1) P-as. for each n € N, it is called a set-
valued G_-martingale if it is both a set-valued G _-submartingale and a set-valued
G_-supermartingale.

It is easy to check that Remark 2.8 extends naturally for reverse filtrations. The following is
the reverse version of Theorem 2.9, as well as a set-valued generalization of the convergence
theorem for real-valued reverse submartingales (cf. [12, Theorem V.4.19]). To the best of our
knowledge, it is new. Also, as we pointed out before, the set-valued submartingales and real-
valued submartingales are fundamentally different (see Remark 2.7), so the condition in the set-
valued version is actually weaker than the real-valued case. We provide a detailed proof for the
interested reader.

Theorem 3.1 Let (2,,)nen be a convex integrably bounded set-valued G_-submartingale. Then,
{lIEn|l: » € N} is wuniformly integrable and there exists a set-valued random variable
B € .Zg{w (2, 2 (RY)) such that lim,, o0 =, = Eo , in the Hausdorff sense P-a.s. and in L*.

Proof The proof follows the idea of that of [12, Theorem V.4.19], with some extra steps to
deal with the special set-valued nature. To begin with, we first note that, by a reverse version of
Proposition 2.8(ii), (||2,]|)nen is a positive reverse G_-submartingale, thus by [12, Theorem
V.4.19] it is uniformly integrable and hence converges to a random variable mq, € Léioo, both
P-a.s. and in L'. We denote Ny to be the exceptional P-null set here.

Next, for each n € N, we have E[Z,] € # (R?) since =, is integrably bounded. Moreover, the
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submartingale property implies that E[Z;] D E[Z,] O ... Hence, D := 1, .y E[E,] # 0, thanks to
Cantor’s intersection theorem. Furthermore, for each z* € %', the reverse version of Proposition
2.8(iii) implies that (s(z*,Z,))nen is a real-valued G_-submartingale, and by the definitions of
set D and the support function s(z*,-), it is easy to check (cf, e.g., [32, Theorem 2.1.35]) that
TilrelgE[s(x*,En)] = Tilrelgs(x*,IE[En]) > s(z*, D) > —o0.

Therefore, the real-valued reverse martingale convergence theorem implies that (s(z*,Z,))nen
converges to a random variable s% € L§ ., both P-a.s. and in L'. We denote N+ to be the
exceptional P-null set, for each z* € #.

Now let us define N'=NoU (Uyepy Na+), and Q:=Q\N. Then, P(Q) =1 and, as a
convergent sequence, (||Z,(w)|)neny is bounded, for w € Q. Then, by Bolzano-Weierstrass
Theorem (Proposition 2.3), there exists a subsequence (E,,(w))reny that converges to some
C(w) € # (R%) in the Hausdorff sense. Since Hausdorff convergence implies scalar convergence,
we have

2 (w) = lim s(z*,2,(w)) = lim s(a*, E,, (w)) = s(z*,C(w)), z*e€¥.
n—00 k— o0
This in turn implies that (2, (w))nen itself converges to C(w) in the Hausdorff sense, thanks to
Proposition 2.2. We can thus denote Z.(w) := C(w), w € Q. Setting =, (w) := {0} for w e N
we can extend Z,, to all , so that (Z,),eny Hausdorff converges to E., P-a.s. Furthermore,
note that s(z*,Z.(w)) = s% (W), weQ, for all z* € # and s% is G_.-measurable. We
conclude that s(x*,Z.) is G_-measurable for all * € # . That is, E. is G_-measurable.

Finally, note that |||Z,]| — |E«|l| < h(En, Ex) for each n € N, (||E,]])nen converges to ||Zo|

P-a.s. Then, by Fatou’s lemma and the submartingale property, we have

E[|2).] = B[ lim 2] < liminfE[Z, ] < supB{|Z, ] = B[S )] < +oo,

that is, =, is integrably bounded. Moreover, note that h(Z,,Zs) < [|Zn]| + [|Zo|| for each
n €N, and (||Z,])neny is uniformly integrable, we see that (h(Z,,ZEx))nen is uniformly
integrable as well. This, together with the fact that (h(Z,,Z«))nen converges to 0, P-a.s.,

implies that the convergence is in L' as well, i.e., (£, )nen Hausdorff converges to 2o, in L. O

4. Set-valued submartingales in continuous time

In this section, we study the path-regularity for set-valued submartingales in continuous time.
We begin by introducing some basic definitions. Let D € %([0,+00)) be a nonempty index set.
We will later take either D =[0,4+00) or D =[0,7] for some T > 0. We denote by Leb the
Lebesgue measure on (D, #(D)). Let F = (Fi)iep be a filtration on (€, F,P). Unless otherwise
stated, we do not assume that F satisfies the usual conditions (i.e., right-continuous and augmented,
cf. e.g., [12]) in general. We denote by L2(D x ©,R9) the set of all F-progressively measurable
processes z = (z)iep taking values in R? that are distinguished up to Leb ® P-almost
everywhere (a.e.) equality and by L2(D x Q,R%) the set of all z € LY(D x Q,R¢) such that
E[[, |z]*dt] < +oo.

A set-valued function ®: D x Q — € (R?) can be identified as a family ® = (®;);cp, where
D (w) := B(t,w) for each (t,w) € D xQ; in this case, ¢ is called a set-valued (stochastic)
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process (with index set D) if &, € £%(Q, € (RY)) for each t € D. We say that a set-valued
process ® is F-progressively measurable if it is measurable with respect to the F-progressive
o-algebra on D x €, the collection of all such processes is denoted by (D x Q, % (R)). The
definitions of F-adaptedness, convexity, p-integrability and p-integrable boundedness (p > 1) are
analogous to the discrete-time case. Set-valued F-submartingales, supermartingales, and
martingales with time-index D can be defined naturally following Definition 2.6. Furthermore, it
is easy to see that Proposition 2.8 extends naturally to the continuous-time setting.

4.1 Left- and right-limits of set-valued submartingales

In the rest of this section, we consider the case D = [0,400). Our first result provides the
existence of all left- and right-limits of a set-valued submartingale with probability one.

Lemma 4.1 Let (M;)i>0 be a convex and integrably bounded set-valued F-submartingale. Then,
with probability one, the following limits exist in the Hausdorff sense:

M;_:= lim M,, t>0;, Mg:= lim M, >0
reQ,rtt reQ,rlt

Proof The scheme of the proof is similar to that of Theorem 3.1. We first consider the
“scalarization” my := ||M¢||, ¢ > 0. Since (m¢)i>o is a real-valued F-submartingale, by [12,
Proposition V.7.14], there exists a set Qg € F such that P(Q) =1 and, for w € Qp, the limits
mi—(w) = lim,cq ¢t M (w), t > 0, and myy (w) := limyegrie mr(w), t = 0, exist and are finite.

Next, we consider another “scalarization”: for a* € #, define s¥ := s(z*, M,), t > 0. Again,
since each (s7 )0 is a real-valued F-submartingale, there exists a set - € F such that
P(Q,+) = 1 and the limits 57" (w) := lim,eq+ 57 (w), ¢ > 0,and s7, (w) = lim,eq e 57 (w),t >0,
exist and are finite, whenever w € Q.

Let us now focus on the left limit case, as the right limit case can be argued similarly. To this
end, denote = QN (Nyeey Qav), so that P(Q) =1. For t >0, let (r,(t))neny C Q be such
that r,(t) 1t as n — oco. Since for w € Q, it holds that lim, . HMT"(t)(w)H =my_(w), the
sequence (M, (+)(w))nen is bounded. Applying Bolzano-Weierstrass Theorem (Proposition 2.3),
we can find a Hausdorff convergent subsequence (Mmk t)(W))ken, and denote its limit by
Ai(w) € #(R?). Now, by using the relationship between Hausdorff convergence and scalar
convergence (see Proposition 2.2), we can show that, if w € Q, then for every 2* € # it holds that

ST = lim s(@’, My(w) = lim s(a*, My, (@) = Jim s(@*, My, () = (@, Ar(w)).

Finally, we note that if (7,(¢))neny C Q is another sequence such that 7, (¢) T ¢ as n — oo, then
the same argument shows that, for w € Q, and every z* € #', we have
nh—?go S(.’I}*, Mfﬂ(t)(w)) = St'L:(W) = nll_)ngo S(l’*, Mrn(t)(w)) = 8(1'*7 At(&)))

Since Hausdorff convergence and scalar convergence are equivalent on .# (R?) (see Proposition
2.2(iii)), we conclude that (M, ) (w))nen Hausdorff converges to Ai(w). In other words, the

limit is free of the choice of the rational sequence converging to ¢, and thus M;_ = A;, P-a.s.
An almost identical argument also shows that M;; = A; € L°(Q, # (RY)) exists, we leave it to
the interested reader. O

4.2 Existence of right-continuous modifications

In light of the vector-valued martingale theory, we now try to turn the temporally sectional
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result Lemma 4.1 into the first path-regularity result for the set-valued submartingales. As before,
although the arguments mostly follow the standard stochastic analysis, we would like to
emphasize the special properties based on the nature of set-valued (multi)functions.

Let (M;)i>0 be a set-valued F-submartingale. Let (M;_)i>0, (My4)i>0 be the families of set-
valued random variables in Lemma 4.1, defined on the P-a.s. set Q; and set M; (w)=
My (w) := {0}, w € Q¢, for definiteness. Then, we have the following result.

Theorem 4.2. Suppose that the filtration F = (F;)i>0 satisfies the usual conditions. Let
(M)i>0 be a convex and integrably bounded set-valued F-submartingale.

(i) For each t>0, we have My € L% (Q, 4 (RY) and M; C My, P-a.s.; moreover,
My = My P-a.s. if and only if the function r — s(a*,E[M,]) is right-continuous at v =t for
every x* € W'

(ii) The process (Mi4)i>0 is a Hausdorff cadlag (right-continuous and left-limited with respect
to Hausdorff convergence), convex, and integrably bounded set-valued F-submartingale. If we
further assume that (My)i>o0 s a set-valued F-martingale , then so is (M1 )i>0.-

Proof Let t > 0. First note that, since P(Q2) = 1, we have () € F; by the augmentedness of F.
Thus, it follows from Lemma 4.1 that M, is F;;-measurable, whence F;-measurable by the right-
continuity of F. We now follow our “scalarization” scheme to carry out the proof.

(i) Step 1 Let t>0 and (r,(t)nen CQ be such that r,(t)]}t as n—oo. Let
G_ = (G-n = Fr, (t))nen- Then, (M, (s))nen is a convex integrably bounded G_-submartingale.
By Theorem 3.1, the sequence (HMrn(t)H)nEN is uniformly integrable, (M, ))nen Hausdorff
converges to M;, in L!, and the limit M;, is convex and integrably bounded. Hence,
My € f}t(Q,%(Rd)).

Step 2 For each z* € #, we define s? := s(z*, M,), r > 0. Then (s¥ ),>¢ is a real-valued
F-submartingale by Remark 2.8(iii). Hence, by [12, Theorem V.4.19], we have

7 < sfjr P-a.s. (4.1)
On the other hand, the Hausdorff convergence of (M, ())nen in Step 1 implies that
sfj; = lim sf*(t) = s(z*, lim M, ) =s(z*, My;) P-as., (4.2)
n—oo " n— oo )

and (4.1) readsas s(z*, M;) < s(a*, My ), P-a.s. Since # C Bpa is dense, the continuity of the support
functions yields s(z*, M) < s(z*, My ), for all 2* € Bra, P-a.s. To wit, My C My, P-as.

Step 3 Continuing from Step 2, we see that M;= M,; P-as. if and only if
s(x*, My) = s(x*, Myy) P-a.s. for every z* € # . By [12, Theorem V.4.19], the latter condition is
equivalent to the right-continuity of r+— E[s(z*,M,)] at r=1t for every z* & # . Since
E[s(z*, M,)] = s(z*, E[M,]) by [32, Theorem 2.1.35], the second part of (i) follows.

(ii) We first note that the integrable boundedness, F-adaptedness, and convexity are already
argued in (i), and the path regularity is by construction. Thus, it remains to check the
submartingale property of (M, ),>0. To this end, let 0 < w < ¢ and z* € #. We claim that

s(x*, Myy) < Els(z", My )| Fu] P-as. (4.3)

By Step 1 of (i), s(z*, My4) is F,-measurable. Hence, to show (4.3), we fix an arbitrary A € F,
and show that E[las(x*, Myy)] < E[14E[s(z*, M;y)|Fy]], or equivalently, E[las(z*, M,+)] <
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E[las(z*, Myy)]. Let (rn(u))nen, (rn(t))nen be sequences in Q such that w < r,(u) <t <
rn(t) for every n €N and rp(u) L u, r,(t) |t as n — oco. Note that (M, (s))nen Hausdorff
converges to My, in L' and, by (2.2), for each n € N, we have

|s(z*, M, 1)) — s(x*, My )| < W(M,, ), Myy) P-as.

Hence, (s(z*, M, 1)))nen converges to s(z*, M;;) in L. Similarly, (s(z*, M, (4)))nen converges
to s(a*, M,y ) in L'. In particular, we get

E[las(z*, Myy)] = lim E[las(z™, M, ()] < lim E[14E[s(z", M, )| Ful]

n—00 n— oo

= nhﬁn;Q E[las(z*, M,, )] = E[las(z™, M;1)] P-as.,
where the inequality is by the submartingale property of (s(z*, M,;)),>0. Therefore, (4.3) follows.
Finally, since s(a*,E[M;|F,]) = E[s(z*, M4 )|Fu] by [32, Theorem 2.1.72], we conclude that
sz, Myy) < s(z*, E[M;|F,]) for every o* € Bra P-a.s., that is, M,y C E[M,;|F,] P-a.s. Hence,
(M,4)r>0 is an F-submartingale. When (M, ),>¢ is an F-martingale, the inequality in (4.1)
becomes an equality so that (M,4),>0 is an F-martingale. O

As an immediate consequence of Theorem 4.2, we extend a well-known theorem for real-valued
martingales to the set-valued setting: Fvery martingale has a cadlag modification.

Corollary 4.3 Suppose that F is a filtration that satisfies the usual conditions. Let (M;)i>o be
a convex and integrably bounded set-valued F-submartingale such that t — s(x*,E[M;]) is right-
continuous for every x* € W . Then, it has a Hausdorff cadlag modification (]\th)t>0 , e,
(Mt)@o is a convex and integrably bounded set-valued F-submartingale with P{M; = Mt} =1
for every t > 0 and the following properties hold with probability one:

(a) M,_ exists for every t >0,

(b) M, exists and M, = My, for every t > 0.

If we further assume that (My)i>o is a set-valued F-martingale , then so is (Mt)t>o-

Proof Let M, = My, for each t > 0. Then, all the claimed properties for (Mt)t>o follow
directly from Theorem 4.2. O

Another important fact in stochastic analysis is that all martingales have a continuous
modification when the filtration F is Brownian, thanks to the martingale representation theorem
and the continuity of stochastic integrals. Although the direct imitation does not work in the set-
valued case, we are nevertheless able to prove the following result for set-valued martingales, by
again taking advantage of the scalarization procedure through support functions.

Theorem 4.4 Let (By);>0 be a standard Brownian motion with values in R™ , where m € N.
Suppose that F is the natural filtration generated by B and it satisfies the usual conditions. Let
(Mi)i>0 be a conver and integrably bounded set-valued F-martingale . Then, it has o Hausdorff
continuous (continuous with respect to Hausdorff convergence) modification (M)iso , i.e.,
(]\Z[t)t>0 satisfies the properties in Corollary 4.8 and it has Hausdorff continuous paths with
probability one.

Proof Since (My);>0 is an F-martingale, the mapping ¢ — s(z*, E[M,]) is a constant, for every
x* € W . By Corollary 4.3, (M;);>0 has a Hausdorff cadlag modification (Mt)@o. Next, for fixed
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x* € W, consider §f* = s(m*,Mt), t > 0. Since (Mt)t;() is Hausdorff cadlag, the real-valued
F-martingale (57 );>o is cadlag. By the classical martingale representation theorem, (57 )i>o has
a continuous modification (Ef*)tgo. Since both processes are determined by their values at
rational times, they are indeed indistinguishable. Hence, (§f*)t>0 has continuous paths P-a.s.
Finally, let ¢ > 0 with ¢ € Q and 2* € # . Since (57 );>0 has continuous paths, we have
s(x*, M) =57 =57 = Tel@n;ﬁs(a: M,) = s(z*,M,_) P-as.
Thus, M, = M,_, t € QN (0,00), P-a.s. Since (Mt)t>0 is Hausdorff cadlag, this implies that
M, = ]\;Lpr = lim,cqg,ryt M, = lim,eq,ryt M,_ = M,_, for all t> 0, P-a.s. That is, (Mt)t>0 has
Hausdorff continuous paths with probability one. a

Remark 4.5. As an immediate application of Theorem 4.4, we can conclude Hausdorff
continuity for the solution of the following set-valued BSDE introduced in [4, Definition 6.1]:
Yt =

:+/Tf(s,YS)ds‘]-'t . telo,T). (4.4)
t

Here, 2 € L2 (Q, 4 (RY)) is a terminal condition, f: [0,T] x Q x A (RY) — A (RY) is a driver
function that satisfies [{, Assumption 6.2], and the integral is understood in the set-valued
Lebesgue sense, see [4, Section 3.2]. A solution of this set-valued BSDE is defined as a set-valued
process Y € Z2([0,T] x Q, . (R?)) that satisfies the equality in (4.4) P-a.s. for each t € [0,T].
By [4, Theorem 6.8], such a solution exists and is unique up to modifications; moreover, it is
constructed as the limit of the Picard iteration (Y™)nen in Z2([0,T] x Q, # (RY)) defined by
Y =0 and

Y;(") _—

T
E+/ f(s7Y5("‘”)ds‘ft , te€[0,T], neN.
t

Due to the temporal additivity of the integral (fOT = fot + ftT ), it follows that
t
Y+ [ 16 ¥ s —BET VIR te 0,T)
0

where Z(—1) .= E—i—fOT f(s7Ys("_1))ds. By [27, Corollary 4.2.1], the indefinite integral
(fot f(s,Yg(nfl))ds)te[O’T] has a Hausdorff continuous modification. Since Z(—1 E,,S,”]Q_-T(Q7
K (RY)), the set-valued martingale (E[E(”’1)|Ft])te[0)qﬂ] also has a continuous modification by
Theorem 4.4. Note that, by the translation invariance (cf. [29, Proposition 1.3.2]) and triangle
inequality for the Hausdorff distance, we have

h(y(n) Yt(-:f)L <Y(n) / f(s, Y(n 1) dvat-:—lil / (s, Y n—1) >
(n—1) (n) e (n—1)
< h E[ |‘7:t] t+h f('Sv}/s )dS
0
(n) t+h
+h thh+/ F(s, Y )ds, V1) + /st” D
0

= h(E[E"V|F], B[ 1)|ft+h])+h</ f(s, Y Y)ds / f(s, v 1))d>

0
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for every t € [0,T] and h € R with t + h € [0,T]. Thanks to this calculation, it follows that Y™
has a continuous modification. Finally, being the limit of the sequence (Y("))neN , the process Y

has a continuous modification as well. In particular, we conclude that the set-valued BSDE (4.4)
has a P -a.s. pathwise-unique solution in Z2([0,T] x Q, # (R)).

4.3 Existence of left-continuous modifications

Complementing the discussion of Section 4.2, we now study the existence of left-continuous
modifications of set-valued submartingales, which turns out to be slightly more involved.

We begin by the following observation in the real-valued martingale theory: although under
the usual conditions, every real-valued martingale has a cadlag modification, the left-continuous
analog does not hold in full generality when one replaces the right-continuity of the filtration by
left-continuity.

Lemma 4.6 Suppose that F = (Fy)i>0 is an augmented and left-continuous filtration, that is,
Fi=Fi = 0(U,cy Fr) for each t > 0. Let (n;)i>0 be a real-valued F-submartingale.

(i) For each t>0, we have ni— <1 P-a.s.;moreover, n— =n P-a.s. if and only if
r— En,] is left-continuous at r = t.

(i) Suppose that n, >0 P-a.s. for each t > 0. Then, we have n,— € Ly, (Q,R) for each t > 0.
Moreover, (m—)t>0 s a caglad (left-continuous and right-limited) real-valued F-submartingale ,
where My— = 1.

Proof (i) Let ¢ > 0. By [12, Proposition V.7.14], there exists a set 0 € F such that P(Q) = 1
and, for every w € Q, the limits 7, = lim,eq 1 7 (W), t > 0, and 94 = limeq 1 Nr(w), t = 0,
both exist and are finite. Again, we set n—(w):=0, t >0, and 4 (w):=0, t >0, for every
w € Q°. Since F is augmented, we have Q) € Fy C F,_ C F,. Hence, the definition of 1, implies
that it is F;_-measurable, whence F;-measurable.

Let (7, (t))nen C Q be such that r,(t) 1t as n — co. By the submartingale property, we have

Moty < B¢l Fr ] P-as., nelN. (4.5)
Next note that 7 = \/, .y Fr, +) and n; is F;_-measurable. By Lévy’s upward theorem, we have

lim E[nt|]:rn(t)] = E[’I]t']:t_] =T P-a.s.
n—00

Since limy, 500 Ny, (1) = Nt~ P-a.s., letting n — oo in (4.5) yields n;— <17; P-a.s. In particular,
n— = n P-a.s. if and only if Eln,—] = E[n,], that is, r — E[n,] is left-continuous at r = t.

(ii) Let t,(rn(t))nen be as in (i). Since 7, is integrable, the family (E[n:|F, )])nen is
uniformly integrable. Then, the positivity assumption and (4.5) imply that the family (1, ())nen
is also uniformly integrable. Hence, by the real-valued submartingale convergence theorem [12,
Theorem V.4.5], (7, 1))nen converges to 7;—, both P-as. and in L'. In particular,
n— € Ly (O, R).

The F-adaptedness and integrability of (1,_),>0 are already established. It remains to check
the submartingale property. Let 0 < u <t. We show that 7, < E[n_|F,] P-a.s., which is
equivalent to having E[n,—14] < E[E[n;—|F.]14], that is,

Elp,_14] <E[p_14], A€ F. (4.6)
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First, suppose that u > 0. Let us fix s <u and take A € F,. Let (r,(u))nen, (7n(t))nen be
sequences in Q such that s < r,(u) <u <ry(t) <t for every n € N and r,(u) T u, ro(t) Tt as
n — 00. Since (1, (u))nen converges to n,— in L' and (1,, (;))nen converges to n,— in L', we have

E[u-14] = lim En,., lal < lim E[E[n,., )| Fr, @lal = lm B[, )1a] = E[n;-14],

where the first and last equalities follow since (strong) convergence in L! implies weak
convergence in L!, the inequality follows by the submartingale property of (7,),>0, and the
second equality follows since A € Fy C F,., (u). Hence, (4.6) holds for every A € F,. It follows
that (4.6) holds for every A € |J,_,, Fs. Let & be the collection of all sets A € F for which (4.6)
holds. As an immediate consequence of monotone convergence theorem, & is closed under

s<u

increasing and decreasing sequences of sets. Hence, it is a monotone class. Since |J._, Fs is an

s<t
algebra of sets, by monotone class theorem, we get F, = F,_ C . Therefore, (4.6) holds for
every A € F, when v > 0. When u = 0, the same argument works in a simplified way by taking
rn(u) = 0 for each n € N. Hence, the proof of the submartingale property of (1,_),>¢ is complete.

Finally, suppose that (7,),>0 is an F-martingale. Then, r — E[n,] is a constant function and

we have n,_ =, P-a.s. for each 7 > 0 by (i). Hence, (7,—)r>0 is an F-martingale. O

Despite the lack of a general integrability result for the left-limits of a real-valued submartingale,
we are able to prove the following left-continuous analog of Theorem 4.2 for set-valued
submartingales. As we will see in the proof, this is possible by exploiting the uniform
integrability of the positive submartingale given by the “set norm” of the given set-valued
submartingale.

Theorem 4.7 Suppose that F = (Fi)i>0 is an augmented and left-continuous filtration. Let
(My)¢>0 be a convex and integrably bounded set-valued F-submartingale. Let Q € F be the P-as.
set in Lemma 4.1. Set My_ := My. For definiteness, set M;_(w):={0}, t>0, and
My (w):={0},t >0, for every w € Q°. Then, we have the following results.

(i) For each t>0, we hae M,_ € £} (0, (RY) and M, C M; P-as.; moreover,
M;_ = My P-a.s. if and only if the function r — s(x*,E[M,]) is left-continuous at r = t.

(ii) The process (My_)i>0 is a Hausdorff caglad, convex, and integrably bounded set-valued
F-submartingale. Furthermore, if (M;)i>o is a set-valued F-martingale , then so is (My_)i>0.

Proof Let ¢t > 0. Since ) € F is a P-a.s. set, it belongs to Fy C F; by the augmentedness of
F. This and Lemma 4.1 imply that M;_ is measurable with respect to F;. Since F;_ = F; by
the left-continuity of F, we conclude that M;_ is F; -measurable.

(i) Step 1 Let ¢ >0 and (7,(¢))nen be a sequence in Q such that r,(t) Tt as n — oo. Let
G = (Gn = Fr,,(t))nen. Note that (M, ())nen is a convex integrably bounded G-submartingale
in discrete time. Note that, by the submartingale property of (|| M,||),>0, we have 0 < || M, || <
E[||M|||F,, )] P-as. for each n e N. Since ||M|| € L', the family {E[|M¢||F,,]: n € N} is
uniformly integrable. It follows that the family {HMrn(t) H : n € N} isalso uniformly integrable. Hence,
by Theorem 2.9, (M, ())nen converges to M;_ in the Hausdorff sense in L' (in addition to
P-a.s.) and we have M;_ € .2 (Q,2¢(R?). Here, note that Go =F_ =F;. Hence,
M,_ € £} (0, (RY)).

Step 2 Let 2* € # and define s* := s(z*, M,) for each r > 0. Note that (52 ),>¢ is a real-
valued F-submartingale by Remark 2.8(iii). Hence, by Lemma 4.6, we have

7 <57 P-as. (4.7
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On the other hand, for every sequence (7, (t))nen in Q with r,(¢) T ¢ as n — oo, we have

sf: = nhﬂn;Q sf;(t) = s(x*,nlgrrgo Mrn(t)) =s(z*, M;_) P-as., (4.8)
where the second equality follows since Hausdorff convergence implies scalar convergence. Hence,
(4.7) reads as s(z*, My_) < s(z*, M;) P-a.s. Since # is dense in Bra and the support functions
are continuous in z*, we conclude that s(a*, M;_) < s(z*, M;) holds for every z* € Bga with
probability one. Equivalently, M;_ C M, P-a.s.

Step 3 By the reasoning in Step 2, we also have that M;_ = M; P-a.s. if and only if
s(x*, My_) = s(x*, M) P-as. for every z* € # . By Lemma 4.6, the latter condition is
equivalent to the left-continuity of rw— E[s(z*,M,)] at r =t for every z* € # . Since
E[s(z*, M,)] = s(z*,E[M,]) by [32, Theorem 2.1.35], the second part of (i) follows.

(ii) Integrable boundedness, F-adaptedness, and convexity are already shown in (i). Path
regularity is by construction. It remains to prove the submartingale property of (M,_),>¢. Let
0<u<tand z* € #. We claim that

sz, My—) < E[s(z*, My_)|F,] P-as. (4.9)

By Step 1 of (i), s(z*, M,,—) is F,-measurable. Hence, to show (4.9), we fix an arbitrary A € F,
and show that E[las(z*, M,_)] < E[14E[s(z*, M;_)|F,]], or equivalently, E[ls(z*, M,_)] <
E[1as(z*, M;_)]. Let (rn(u))nen, (rn(t))nen be sequences in Q such that r,(u) < u < r,(t) <t
for every n € N and r,(u) T u, rn(t) Tt as n — oo. Note that (M, (¢))nen Hausdorff converges
to M;_ in L! and, by (2.2), for each n € N, we have

|s(z*, My, +)) — s(x*, My )| < h(M,., 1), My—) P-as.

Hence, (s(z*, M, 1)))nen converges to s(z*, M;_) in L. Similarly, (s(z*, M, (4)))nen converges
to s(z*, M,_) in L'. In particular, we get

E[las(z*, My_)] = lim E[las(z", M, )] < lim E[1AE[s(z*, M, ))|Fu]]

n—oo n— oo
= nhﬁrr;(} E[l1as(z™, M,, )] = E[las(z™, M;_)] P-as.,
where the inequality is by the submartingale property of (s(z*, M, )),>0. Therefore, (4.9) follows.
Finally, since s(z*,E[M;_|F,]) = E[s(z*, My_)|F.] by [32, Theorem 2.1.72], we conclude that
s(x*, My—) < s(a*,E[M;_|F,]) for every z* € Bga P-a.s., that is, M, C E[M,_|F,] P-a.s. Hence,
(My_)r>0 is an F-submartingale. When (M,),>0 is an F-martingale, the inequality in (4.7)
becomes an equality so that (M,_),>o is an F-martingale. O

The next two corollaries complement Corollary 4.3.

Corollary 4.8 Suppose that F is a filtration that is augmented and left-continuous. Let (My)i>o
be a convexr and integrably bounded set-valued F-submartingale such that t — s(xz*,E[M,]) is left-
continuous for every x* € W . Then, it has a Hausdorff caglad modification (Mt)t>0 , i.e.,
(My)i>0 is a convex and integrably bounded set-valued F-submartingale with P{M, = M,} =1
for every t > 0 and the following properties hold with probability one:

(a) M,_ exists and M,_ = M, for every t > 0.

(b) M,y exists for every t > 0.
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If we further assume that (My);>0 is a set-valued F-martingale , then so is (Mt)t;()-

Proof Let M, = M,_ for each ¢ >0. Then, all the claimed properties for (Mt)t>0 follow
directly from Theorem 4.7. |

Corollary 4.9 Supposethat F is a filtration that is left-continuous and satisfies the usual conditions.
Let (My)i>0 be a conver and integrably bounded set-valued F-submartingale such that
t — s(z*, E[M,]) is continuous for every x* € ¥ .

(i) Then, it has a Hausdorff continuous modification (My)iso , i-e., (My)i=o is a conver and
integrably bounded set-valued F-submartingale with P{M; = ]\th} =1, t>0, and the following
property holds: Mt_, MH exist and My_ = M, = MH_ P-a.s. for every t > 0. (Here, My_ = Mo.)

(ii) If we further assume that (My)¢>o is a set-valued F-martingale , then so is (M;)>.

Proof Let M, := M, for each t > 0 as in the proof of Corollary 4.3. Since t +— s(z*, E[M;]) is
right-continuous for every z* € # ', the process (]\th)t>0 is a Hausdorff cadlag modification of
(M;)¢>0. Let M, := M,_ for each t>0 as in the proof of Corollary 4.8. Note that
t s s(z*, E[M;]) = s(z*, E[M;]) is left-continuous for every z* € # . Hence, the process (M;)i>o
is a Hausdorff caglad modification of (M;);>0. Moreover, since (M; )0 is Hausdorff right-continuous,
so is (Mt)t>o- It follows that (Mt)t>o is a Hausdorff continuous modification of (M;)>o. O

Remark 4.10 While the existence of Hausdorff cadlag and caglad modifications for set-valued
submartingales can be of independent interest, their applicability is particularly needed in the
context of set-valued stochastic integrals, which are only set-valued submartingales in general. As
will be studied in Section 5, these integrals are defined up to a.s. equality pointwise at each time
t > 0 and their joint measurability as set-valued processes is not guaranteed a priori. In Theorem
5.15, we will be able to prove the existence of a Hausdorff caglad modification for a fairly general
class of set-valued stochastic integrals while the existence of a Hausdorff continuous modification
will be guaranteed within a more restrictive class; see also Remark 5.16 for a more technical discussion.

5. Set-valued stochastic integrals and martingale properties

In this section, we study the set-valued stochastic integrals recently introduced in [4]. The
main difference between this stochastic integral and the Aumann-Itod integral is that it allows for
non-singleton initial values at ¢ = 0, and hence particularly useful for the study of set-valued
backward stochastic differential equations. We shall first recall the definition and construction of
the integral and prove some properties that will be useful for future discussions. Then, we show that,
unlike their vector-valued counterparts, set-valued stochastic integrals are set-valued
submartingales in general and we characterize those stochastic integrals that are true set-valued
martingales.

In what follows we consider a probability space (2, F,P) on which is defined an
m-dimensional Brownian motion B = (Bj)c[o,r], where T' > 0 is a given horizon. We assume

that F = (F;).ep0,1) is generated by the Brownian motion B and it satisfies the usual conditions.
5.1 Set-valued stochastic integration

Let us introduce the space Z@™ := R% x L2([0,T] x Q,R¥™). Given (z,z) € Z&™, we define

a continuous F-martingale J(z, z) = (J:(z, 2))tecjo, 1] by
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t

Ji(x, 2) = x—i—/ zsdBs, t€[0,T). (5.1)
0

Definition 5.1 [, Section 5.5 Let R C %’g’m be a nonempty set, t € [0,T]. The stochastic
integral of R over the interval [0,t] is defined as the P-a.s. unique set-valued random variable

fot_ RAB € 72 (Q,¢(RY)) that satisfies

t
sz ( / RdB) = clp» decr, (J[R]).
0—

Remark 5.2 When R = {z} x Z for some x € R? and Z C L2([0,T] x Q,R™*™) | we have
¢ ¢
/ RdAB = {z} +/ ZdB,
0- 0

where fot ZdB € 42 (Q,C(R?)) is the P-a.s. unique set-valued random variable such that

t t
S_%:t (/ ZdB) = Cl]Lz dec;t ({/ zsst: z € Z})
0 0

fg ZdB is called the generalized Aumann-Ité stochastic integral; see [27, § 5.2]. In [26, Theorem
4.2], it is shown that every set-valued F-martingale M with My = {0} can be represented as
M, = fot ZdB P-a.s. for each t € [0,T], where Z CL2([0,T] x Q,R¥*™) is a nonempty set.
However, the condition that My is a singleton is quite restrictive; indeed, it is shown in [39,
Lemma 3.1] (see also [21, Proposition A.1]) that a set-valued random variable whose expectation
is a singleton is needed a random singleton. Using a set of pairs R C %g’m as an integrand has
the advantage of handling multiple initial values simultaneously, hence wyielding a more
satisfactory integral for the representation of martingales as we will see in Section 5.2.

Remark 5.3 Continuing with Remark 5.2, we note that the “left limit at zero” notation
fot_ RAB for the stochastic integral emphasizes that the integrand involves the tnitial values x
appearing in pairs (x,z) € R. Hence, the integral fot_ RdAB should be considered as a cumulative
quantity over [0,t], rather than an increment over (0,t]. In particular, fot_ ’RdB|t:0 # {0}. This
is in contrast to the generalized Aumann-Ito stochastic integral fot ZdB (cf. [27, § 5.2]) in which

the integrand consists only of processes z to be integrated with respect to the Brownian motion
over (0,t] , and fg ZdB|,_, = {0}.

We prove some basic properties of the set-valued stochastic integral next. These properties are
easy to check and they extend their analogs for the generalized Aumann-Itd stochastic integral
recalled in Remark 5.2.

Proposition 5.4 Let R C %g’m be a nonempty set and t € [0, T]. The following properties hold:
(i) [y clgaxr2(R)AB = [;_RAB P-a.s.

(ii) fot_ conv(R)dB = clga conv(fot_ RdAB) P-a.s. Further, if R is convex, then so is fot_ RdAB.
(iii) Denoting (z*,R) := {({(z*,x), (x*,2)): (z,2) € R} for x* € Bra , we have

¢ ¢
3(35*7/ 'RdB) zsup/ (z*,R)dB P-a.s.
0 0—
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(iv) If R is countable, say, R = {(x%,2%): i € N}, then
t
/ RAB = clpa({J;(2%,2%): i € N}) P-a.s.
0—

Proof (i) We first claim that Ji[clgayp2(R)] C clp2(J[R]). Indeed, let (27, 2")nen be a
sequence in R that converges to some (z,z) € %g,m in R? x 2. Then,

E[|$(x”,z”) — Ji(x, z)|2] = E[|$($” —z,2" — z)\z]

t 2 t
<2(|x"—x|2+E“/ (2 — z5)dB; }) :2<|x"—x|2+E[/ z?—z52d5}>
0 0

for each n € N. Hence, (Ji(2™,2"))nen converges to Ji(z,z) and the claim follows. With this
and the definition of the set-valued stochastic integral, we have

Sz ( /0 t_ cla (R)dB) = cl2 decr, (Fi[cliz(R)]) C clz decr, (F4[R]) = S, ( /0 t_ RdB).

The inclusion 5% (fot_ cl2(R)dB) 2 S;_-t(fg_ RdB) is trivial, so these sets are equal, proving (i).
(ii) By the linearity of the mapping J;, we have J;[conv(R)] = conv(J;[R]). Then,

t
Sz (/ conv(R)dB) = clp2 decr, (Ji[conv(R)]) = clp2 decg, conv(T:[R])
0—

t
= clp2 conv clp2 decr, (J[R]) = cly2 conv (S%t (/ RdB))
0—

t
= SZE (cle conv (/ RdB)),
0—

where the third equality is by [6, Corollary 7.6], the last equality is by [27, Theorem 2.3.5].
(iii) Let 2* € Bga and A € F;. First, note that

E[s(x*,/t RdB)lA} zlE{sup{@*,x): e /t RdB}lA}
— sup {E[<x*,g>1A]: e st (/Ot RdB)}

=sup {E[(z",£)14]: & € cl2 decr, (:[R])}
= sup{E[(z",§)14]: € € decr, (L[R])},

where the second equality is by [22, Theorem 2.2] and the fourth is by the continuity of
expectation on 2. Then, using (2.3), we obtain

o [ man)u

= sup {El(w*,Z%(zi,zi)lA,imA>] : (xi,zi)?zl CR, (A, €llx(Q), ne N}

i=1
sup {E

Z$(<x*7:€l>7 (%, Zi>)1AiﬂA1 : (xiv Zi)?:l CR,(A)ie, €115 (Q2), n€ N}
=1
= sup {E[£14]: € € decr, (J[{(z", R)])}

sup {]E[gu]: teS%, </Ot (a:*,R)dB)} = ]E{lAsup/t <x*,R>dB},
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where the fourth equality is by the continuity of expectation on L2 and the fifth is by [22,
Theorem 2.2]. Since A € F; is arbitrary, we get s(x*, fot_ RdB) = sup fot_ (z*,R) P-as.
(iv) Let R = {(a%, 2%): i € N}. We have

sz (/ RdB> = clz decr, ({J(2',2"): i € N}) = S% (clga({ T (2", 2"): i € N})),
0—

where the last equality is by [27, Theorem 2.3.2]. Hence, the result follows. O
5.2 Integral representation of set-valued martingales

Let M = (Mi)icjo,r) be a convex set-valued F-martingale. A d-dimensional F-martingale
y = (ye)iepo,r) is called a martingale selection of M if y, € Sy, (M) for every t € [0,T]. By [31,
Proposition 2], M has at least one martingale selection. Moreover, as an F-martingale, it has a
cadlag (right-continuous and left-limited) modification so that it corresponds to a unique
member of L2([0,7] x Q,R?). Let us denote by MS(M) # @ the collection of all such members.
We also write P;(y) := y: whenever y is a vector-valued process and ¢ € [0, 7.

Before we proceed, we first give an important result regarding the connection between the
selections of M; and the t-projection of MS(M) at each fixed time ¢ € [0,T].

Lemma 5.5 [27, Lemma 3.5.3] Let M be a convex set-valued F-martingale. Then, for every
t €[0,T], it holds that Sk, (My) = cl1 decr, (P[MS(M)]).

The next proposition characterizes the square-integrable boundedness of M.

Proposition 5.6 Let M be a convex set-valued F-martingale. Consider the following conditions:
(i) M is square-integrably bounded.

(ii) My is square-integrably bounded.

(iii) Pr[MS(M)] is a dominated subset of 2.

(iv) It holds Pp[MS(M)] C L2

(v) For every y € MS(M) , we have E[sup,c(o 7y [y:]*] < +00.

We have (i) < (ii) < (iii) = (iv) < (v).

Proof The implications (i) = (ii), (iii) = (iv), and (v) = (iv) are trivial.

(ii) = (i): Suppose that My € ZZ (Q,.# (R?)). By the continuous-time version of Remark 2.8,
the real-valued process (||MtH2)te[O,T] is an F-submartingale. Hence, E[||M,||*] < E[|Mz7|*] <
+oo for every t € [0,7], i.e., M is square-integrably bounded.

(ii) = (iii): Suppose that My € Z2 (Q,.# (R%)). For each y € MS(M), since yr € S%_(Mr),
we have |yr| < |[Mr|| P-a.s. Then, My € £7 (€, %(R%)) implies that Pp[MS(M)] is dominated
in L% (Q,RY).

(iii) = (ii): Suppose that Ppr[MS(M)] is dominated in L?. Then, by Lemma 2.4, the sets
decx, (Pr[MS(M)]), clpz decz, (Pr[MS(M)]) are dominated and bounded in 2. On the other hand,
by Lemma 5.5, we have clp: decz, (Pp[MS(M)]) = Sk (Mr). We argue that

clpr decy, (Pr[MS(M)]) = cly2 decgs, (Pr[MS(M))). (5.2)

Indeed, let (¢")nen be a sequence in decr, (Pr[MS(M)]) that converges to some ¢ € Lk (Q,R%)
in L', hence also in probability. Since decz, (Pr[MS(M)]) is dominated in L2, the sequence
(|¢™?)nen is uniformly integrable. Hence, by [12, Exercise IV.4.13], ((")nen is convergent in L2.
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By the uniqueness of limits in probability, the L2-limit must be ¢. This completes the proof of
the inclusion C in (5.2) and the reverse inclusion is trivial. Hence,

Sk (Mr) = cli2 decg, (Pr[MS(M)]) C L?,

so that S% (Mg) = Sk (Mr) and this set is bounded in L?. Therefore, by Theorem 2.5(ii), My
is square-integrably bounded.

(iv) = (v): Suppose that (iv) holds and let y € MS(M). Since yr € L% (Q,R?), Doob’s
maximal inequality implies that E[sup,c(o 7y [y:|*] < 4E[|yr|?] < +o0. O

Remark 5.7 In the literature (cf. [26, Section 1], [27, Section 2.5]), a set-valued F-martingale
M is called uniformly square-integrably bounded if E[sup,¢o 1y | M;||%] < +o00. However, without
any path-regularity conditions on M , the supremum of (|[M¢||):ejo,r) may fail to be measurable
even if M is F-progressively measurable. In the cited references, this property is only needed to
ensure that condition (iv) in Proposition 5.6 holds. As shown in Proposition 5.6, it is sufficient
to assume that E[||Mr||°] < 400 for this purpose.

Let M = (M;)e[o,r) be a convex square-integrably bounded set-valued F-martingale. By the
standard martingale representation theorem, each y € MS(M) can be written as y = J(z, z) for
. . d,m !
a unique pair (z,z) € Z;"". Let us define

RM .= {(x,z) € %’g’m: J(z,z) € MS(M)} (5.3)

The next theorem provides a representation of set-valued martingales with general (non-singleton)
initial values in terms of the set-valued stochastic integral.

Theorem 5.8 [/, Theorem 5.6 Let M = (My).e[o,1) be a convex square-integrably bounded set-
valued F-martingale. Then, for each t € [0,T] , it holds

t
M, = / RMAB  P-a.s.
O_

5.3 The martingale property of the stochastic integral

We start by establishing the submartingale property of set-valued stochastic integrals.

Proposition 5.9 Let R C %g’m be a nonempty set. We have the following properties:

(i) (fot_ RAB)¢cjo,1) is a set-valued square-integrable set-valued F-submartingale.

(ii) (f(L RAB)eqo,17 is square-integrably bounded if and only if Jr[R] is dominated in 2.

(iil) If R is finite, then (f(; conv(R)dB).epo,1) 5 a convex and square-integrably bounded set-

valued F-submartingale .

Proof (i) By definition, the indefinite integral is F-adapted and square-integrable. To check
the submartingale property, let 0 < s <t < T'. Note that

Sz, (E[ Ot RAB | J-"D = clm{]E[gm]: £ e SE (/Ot RdB)}

— c{EIE|E: € € clis dees, (F[RD)
Dcly2 decr, ({E[E|Fs]: € € T [R]})

— el dec (2.R) = 53, [ Ras).
0
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where the D relation holds since {E[{|F;]: € € cly2 decg, (J[R])} is Fs-decomposable and it is a
superset of {E[¢|Fs]: £ € T[R]}. Tt follows that E[fg_ RAB|F,] 2 [;_RdAB P-a.s.

(ii) For each t € [0,T], by Theorem 2.5(ii), foi RdAB is square-integrably bounded if and only
if decr, (J[R]) is a bounded set in L2. By Lemma 2.4, this holds if and only if J;[R] is
dominated in 2. Hence, the “if” part of the result follows. For the “only if” part, it is sufficient
to note that J;[R] is dominated in 1.? whenever Jr[R] is dominated in IL? by conditional Jensen’
s inequality.

(iii) Suppose that R = {(a',21),..., (2™, 2")} with n € N. Let £ := Y1 | |Jr(z?,2")| € L%, Let
(z,2) € conv(R). Hence, (z,2) =Y i, i(z?, 2*) for some A € A"~!. Then,

T, 2)] = D NTr(@', 2] < NlTr(@,2)] <Y g =€,
i=1 i=1 i=1

so that Jr[conv(R)] is dominated in 2. By (iii), it follows that (f(; conv(R)dB).eo, 1) is square-
integrably bounded. The result follows by (i) and (ii). O

Our aim is to characterize all integrands for which the indefinite integral is a convex square-
integrably bounded set-valued F-martingale. We begin with a collection of useful properties
regarding the selections of a set-valued martingale.

Proposition 5.10 Let M = (M;)icjo,r) be a convex square-integrably bounded set-valued
F-martingale. Then, the following properties hold:

(i) Let &€ S% (Mr) and define an F-martingale y = (yi)icpo,r) by ye = E[E|F] for each
t €1[0,T]. Then, y, € S%, (M) for each t € [0,T]. In particular, y € MS(M).

(ii) It holds RM = {(z,2) € Zg™: Jr(x,2) € S%_(Mr)}.

(ili) For each t €[0,T], it holds S%, (M) = J[RM]; in particular, J[RM] is closed and
Fi-decomposable .

Proof (i) By martingale property and the definition of conditional expectation, we have
S%,(My) = 8%, (E[Mr|F]) = {E[¢|F]: € € S7,(Mr)}, te€[0,T].
Hence, the result follows.
(ii) As an immediate consequence of (i), we have
RM = {(x,2) € BE™: T (x,2) € MS(M)}
={(z,2) € %g’m: Ji(z, 2) € SF, (M) for every t € [0,T]}
={(z,2) € BE™: Tr(x,2) € 5% (Mr)}.

(iii) First, let ¢ = T. The D part of the equality follows directly from (ii). To prove the C part,
let £ € S% (Mr). Let y be the martingale defined by (i). We have y € MS(M). Moreover,
y=J(z,z) for some (z,z) € %g’m by the standard martingale representation theorem. Hence,
by (ii), we have (z,2) € RM and ¢ = yr € Jr[RM].

Next, let ¢ € [0,T]. As in the proof of (i), we have

S%,(My) = {E[§|F]: € € S%, (M)} = {E[¢|7): € € Tr[RM]}
= {E[Jr(z,2)|F]: (z,2) € RM} = Z[RM],

where the second equality is by the case ¢t = T and the third is by the definition of RM . O
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The next proposition complements Proposition 5.10(iii).

Proposition 5.11 Let R C %g’m be a nonempty set, let t € [0,T). If Jr[R] is Fr-decomposable,
then Ji[R] is Fi-decomposable .

Proof Suppose that Jr[R] is Fr-decomposable. Let (z!,2!), (22,2%) € R and A € F;. Since
A € Fr as well, we may write Jr(at, 2114 + Jr(22, 22)14c = Jr(23,23), for some (23,2°%) € R.
Then, taking conditional expectations with respect to F; yields J;(a!,21)14 + Ji (22, 2%)14c =
Ji(x3,23) € Ji[R]. That is, J;[R] is Fi-decomposable. ]

The next theorem is the main result of this subsection and it characterizes all integrands for
which the set-valued stochastic integral is a set-valued martingale.

Theorem 5.12 Let R C %g’m be a nonempty set such that Jr[R] is conver and dominated in
L2. Then, the following are equivalent:

(i) Jr[R] is closed and Fr-decomposable.

(ii) Ji[R] is closed and Fi-decomposable for every t € [0,T].

(iii) (f(L RAB)¢cjo,1) is a set-valued F-martingale.

In this case, (fOi RAB)¢cjo,1) s a conver square-integrably bounded set-valued F-martingale

that admits a Hausdorff continuous modification.

Proof The implications (iii)= (i) and (iii)=(ii) follow by Proposition 5.10(iii). The implication
(ii)= (i) is obvious. We check (i)=-(iii) next. Let M; := fot_ RdAB, t € [0,T)]. Let t € [0,T]. Under

(i), we have

S7, (E[Mr|F]) = cliAE[E|F): € € SF, (Mr)} = cli2{E[¢|F]: € € clpz decr, (Tr[R])}
= cl2 {E[E|Fi): € € Tr[R]} = clpz (K[R]) = el decr, (T[R]) = S%, (M),

where the third and fifth equalities are by Proposition 5.11. Hence, M; = E[My|F;] and (iii) holds.
The last sentence of the theorem is by Proposition 5.9(ii) and Theorem 4.4. O

5.4 Regularity of the stochastic integral

According to Definition 5.1, the set-valued stochastic integral over [0,¢] is defined as an
Fi-measurable set-valued random variable that is P-a.s. unique for each fixed ¢ € [0, 7. In particular,
the martingale representation in Theorem 5.8 works P-a.s. for each t € [0,7T]. Without further
regularity, it is not clear how to make sense of the collection ( f(;i RdB)¢co,7] as an indefinite integral,
i.e., a measurable set-valued stochastic process.

In this subsection, using the general regularity results of Sections 4.2, 4.3, we will prove that set-
valued stochastic integrals have regular, hence measurable, modifications in situations where the
integrand can be expressed as the convex hull of a countable family.

We first prove an auxiliary result that is helpful in calculating the expected value of the
maximum of finitely many random variables.

Lemma 5.13 Let G be a sub-c-algebra of F and let (y,...,(, € LE(Q,R) with n € N. Then,

Z 1a,Gi Z 7h’Ci]

sup E
) Li=1 i=1

(A} €llg (R

—]E{ max Q} = sup E
i€{l,..., n} nesg(Aml)
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and both suprema are attained.

Proof The < part of the first equality is trivial. To see the > part, let us define

B; = {CZ: max }Cj}eg, ZE{].,,’I’L}

je{1,...,n

Then, we may write max;e(1, 3 G = ;g 14,Gi, where (A;)7_; € IIg(Q2) is defined by
A =B €3, AQZ:BQ\Aleg, RN AnZ:Bn\(Alu...UAnfl)Eg. (54)

Hence, the > part of the first equality of the lemma follows. To see the second equality, we
apply [22, Theorem 2.2] to get

sup E
neS2(An-1)

:E{ max CZ],

i€{l,...,n}

n
> omiG
i=1

R

—1
a€A™T iy

where the second equality holds since the maximum value of the convex combination of finitely

many real numbers is the maximum of these numbers. This completes the proof of the equalities.

As a byproduct, we have shown that the first supremum is attained at (A4;)_; defined in (5.4)

and the second supremum is attained at the corresponding vector n = (14,,...,14,) € SZ(A™1).

O

Next, we prove the continuity of the set-valued stochastic integral when the integrand is
generated by a finite set.

Lemma 5.14 Let Rg%ﬁf”” be a nonempty finite set. Then, (fOi conv(R)dB)cpo, 1] has a

Hausdorff continuous modification.

Proof Let R := {(z% 2"):4 € {1,...,n}} for some n € N. For each z* € Bga and ¢ € [0,77, let

us define
gar (1) 1= s(x*,JE { /O t_ conv(R)dB} )

By the submartingale property of stochastic integrals (Proposition 5.9(i)), g+ is increasing.
Let z* € Bra and t € [0,7]. We have

g (t) =E _s (;v*, /Ot_ COHV(R)dB>:| =E [s (x*7 clga conv (/Ot_ RdB))]

:]E-s(;v*,/t RdBﬂ =E[s(z* {J(2",2"): i € {1,...,n}})] (5.5)

¢
=E| max ((x*7x’> —|—/ <;U*,z§>st>}7
_ie{l,...,n} 0

where the first equality is by [32, Theorem 2.1.35], the second is by Proposition 5.4(ii), the third
is by the fact that the support function of a set and that of its closed convex hull are identical,
and the fourth is by Proposition 5.4(iv).

By Proposition 5.9, ( f(f_ conv(R)dB).cpo,) is a convex square-integrably bounded set-valued

F-submartingale. Let z* € #. We claim that g,- is continuous so that (fot_ conv(R)dB);eo, 1
has a Hausdorff continuous modification by Corollary 4.9.
Let t >0, § > 0 be such that ¢t + § < T'. Since the function g~ is increasing, we have
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9o (t +0) = gux (B)| = gur (£ +0) — g (t)

max (x*,2") + / (x*, z)d By
ie{l,..., n} 0

Let (A;)i-, € r,, () be a partition such that

B 1 B
o ] e[S ]

whose existence is guaranteed by Lemma 5.13. Then, by Cauchy—Schwarz—Bunyakovski
inequality and It isometry, we have

Zu [ s, / t+5|<x*,z;‘>|2dsD

Letting § — 0, the sum on the right of the above inequality converges to zero. This establishes

=E

1
n 2

<> <P(Ai)E

i=1

the right-continuity of gJ.. By replacing ¢t + ¢ with ¢ — § and following similar arguments, its left-
continuity follows as well. |

The next theorem is the main result on the regularity of set-valued stochastic integrals.

Theorem 5.15 Let R C %g’m be a nonempty countable set.

(i) Suppose that Jr|R| is dominated in 1L2. Then, (f(f, conv(R)dB)iejo,r) has a Hausdorff
caglad modification.

(ii) Suppose that the following summability condition holds:

o [e e} T
E ZWT(Q;Z‘,ZZ’)F] => <|xi|2+E /O |z§|2dsD < 4o00. (5.6)
i=1

i=1
Then, (fOZ conv(R)dB).epo,1) has a Hausdorff continuous modification.

Proof Let us write R = {(2%2%):i € N}. For convenience, we define R":= {(z%,2"):
i€{l,...,n}}. For each 2* € Bra and t € [0, 7], we also define

g (t) == s<x*,E[/t conv(R”)dB] > neN; gp(t) = s(x*,E Ut conv(R)dB} )

(i) By the submartingale property of stochastic integrals (Proposition 5.9(i)), ¢, n € N, and
gz~ are increasing functions. By the proof of Lemma 5.14, ¢7. is also continuous for each n € N.
Let t € [0,T]. By (5.5) in the same proof, we have

¢
g (1) = E{ max ((m*,z’) +/ (x*, zi>st)}
i€{l,...,n} 0

Similarly, we also have

Gor(t) = E {Sup ((:s*,:ci) + /Ot (z*, z§>d38)} (5.7)

ieN

Moreover,
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lim g™ (t) = lim E{ max }(<az*,x”>+/0t (x*,z@stﬂ

n—00 n—00 ie{l’,,,)n

= E[i"éﬁ (<w*7xi> + /Ot <x*,2§,>d35>} = go- (1),

where the first equality is by (5.5), the second is by monotone convergence theorem, and the last
is by (5.7); the limit here is indeed a supremum since (g2 (¢))nen is an increasing sequence. Then,
for each r € R, we have
{t €[0,T): go(t) <7} = () {t €[0,T]: g (t) <7}
neN

Since g2 is a continuous function for each m € N as shown in the proof of (i), the above
intersection is a closed set. It follows that g,~ is an increasing lower semicontinuous function; hence,
it is a left-continuous function.

By Proposition 5.9, ( f(i conv(R)dB).epo,r) is a convex square-integrably bounded set-valued
F-submartingale. Therefore, by Corollary 4.8, ( fot_ conv(R)dB);cpo,r] has a Hausdorff caglad
modification.

(ii) Let C([0,T]) be the set of all continuous real-valued functions on [0,7] equipped with the
supremum norm. Note that g € C([0,T]) for each n € N and (g% )nen converges to g pointwise.
We show that (¢%)nen is a Cauchy sequence in C([0,7]) so that the convergence to g is also
uniform. Let m,n € N with m > n. Then, we have

sup. ng (t) = gp- ()] = sup (gi:(t) — gy« (t))
te[o,T te[0,T

= sup](E{ max <x*,jt(xi,zi)>]—E{ max <x*,jt(xi,zi)>]>.

te[0,T ie{l,...,m} ie{l,...,n}

By Lemma 5.13, there exists (A%)™, € I1£,(Q) such that

E[ie{qlffm} (@*, Tu(a,2")) } [Z Lae (2™, Ji(a’ Z))]

and we also have

IELGFax <z*,$(zi,zi)>} = sup [Zm T2,z )>]

n€SE (A1) [T

Let us define 77* € S% (A1) by 7!

t
L e Snes yvlk i €{1,...,n}. Then, we have

sup [gyx(t) — gy (1)]

t€[0,T]
= sup Lye(z * Tzt 2| — sup nilx*, Jp(xt, 2
te[O,T]( lz 4 g >] nESZ, (An-1) Z « >
< sup E ZlAt NVACED) Z (@, Ji(x, Z)>]
t€[0,T] i=1 i=1
- B[S0 a0 A 3 et )
t€[0,T] i—1 i=n+1

Note that, for each i € {1,...,n}, we have
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1A§+"'+1Aﬁn 1A;+1+~--+1A§n
Lo+ +1a ) N

Ly — 7 =1y (1 -
since A} N AL =0 for every j € {n+1,...,m}. Therefore,

sup [gyx(t) — gz (t)| < sup E
te[0,T] te[0,7T]

Z 1A§ <.13*, ‘71&(1,1’ ZZ)>‘|

1=n+1
1
m m ] 2
< sup E Z [T (z*,2%)|| < sup |E Z |T: (2, 25 2 .
te[0, 7] [, 21 t€l0,T] imnt1

Note that E[|J;(z¢, 2)[?] = |2*|? +E[f0t |2|2ds] for each i € {n +1,...,m}. Then, we get

o) -5 ]

1=n+1

m
sup [g () — g3 ()] < ( Y P +E

te[0,T] i—nt+1

The last upper bound converges to 0 as n, m — oo thanks to the summability condition (5.6). Hence,
(g2 )nen is a Cauchy sequence in C([0,7]) and its pointwise limit g,« is also its uniform limit,
thus a continuous function. This verifies the hypothesis of Corollary 4.9 and the existence of a
Hausdorff continuous modification follows. O

Remark 5.16 To follow up on Remark 4.10, we would like to highlight the connections between
the results in this section and the general path-regularity results in Section 4:

(i) As the proof of Theorem 5.15 reveals, the left-continuity of the function gz« follows
naturally from the submartingale property of the integral (fot_ conv(R)dB);cpo,r], which makes
Corollary 4.8 applicable to obtain a Hausdorff caglad modification.

(ii) Under the stronger summability condition (5.6), we also guarantee the continuity of gu»,
hence the existence of a Hausdorff continuous modification follows by an application of Corollary 4.9.

(iii) On the other hand, we are not aware of an interesting case where only the right-continuity
of g.~ 1s guaranteed. Because of this, we do not have a direct application of Corollary 4.3
yielding a cadlag modification in this section.

(iv) Finally, when the set-valued stochastic integral (f(L RAB)cjo,1) is guaranteed to be a set-
valued martingale as in Theorem 5.12, the existence of a Hausdorff continuous modification
follows immediately from Theorem 4.4, which is a consequence of Corollary 4.3.

6. Set-valued stochastic integral vs. conditional expectation

Let 2 € Z% (2, (R?)) be a given set-valued random variable. It induces a convex and square-
integrably bounded set-valued F-martingale M = (My)icjo,r) by M;:=E[E|F], t<€0,T].
Thanks to the set-valued martingale representation theorem (Theorem 5.8) and the path
continuity result (Theorem 4.4), there exists an integrand RM C %’g’m such that
M, = fot_ RMdAB, t € [0,T], with probability one. However, the set R is typically uncountable
and it is desirable to rewrite fg_ RMAB in terms of the stochastic integral of a countable family in
L™ Tt is easy to see that S2.(2) = Pp[MS(M)] and MS(M) = {(E[£|F:])icpor: € € SF,(2)}-

On the other hand, thanks to the convexity of =, one can find a sequence (£');en in 5% (E)
that gives a convex Castaing representation of =, i.e., Z(w) = clga conv({¢*(w): i € N}) for
P-a.e. w € Q (cf. [27, Theorem 2.3.1]). Then, by [27, Corollary 2.3.2, Theorem 2.3.5],
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5%, (E) = cli2 conv decr, ({€': i € N}). (6.1)

Moreover, for each i € N, there exists (z%,2?) € RM such that J;(x?, 2%) = E[¢!|F], t € [0,T],

with probability one. Let R® := {(2% z%): i€ N}. In particular, {¢':i € N} = Jr[R¢]. By
Proposition 5.4(ii), we have

t t
/ conv(RY)dB = clga conv(/ ’RCdB> P-as., te[0,T].

Remark 6.1 Since (foi RMdB)te[O,T] is a conver and square-integrably bounded set-valued
F-martingale , by Theorem 4.4, it has a Hausdorff continuous modification. Moreover, by
Theorem 5.15, (fot_ conv(RC)dB)te[ovT] has a Hausdorff caglad modification.

We will first show that the set-valued stochastic integrals of R and R® coincide at time 7.
As a preparation, the next lemma shows that the closed convex hull of the decomposable hull of
a set in L2 consists of random convex combinations of its elements.

Lemma 6.2 Let G be a sub-o-algebra of F and let K C Lé(Rd) be a nonempty set. Then,
clp2 conv decg(K) = cly2 decgeonv(K)

i=1

- clm{ZAigi: Ae SG(A" ) (M., ("eK;ne N}.

Proof The first identity is given by [6, Corollary 7.6]. Let A denote the set of all random
convex combinations of K, i.e., the last set in the lemma. By [6, Corollary 7.5], the closed convex
G-decomposable hull of a subset of IL% (R9) contains all random convex combinations of its elements.
This implies that A C cl 2 decgeconv(K). To see the converse, let us observe that 4 is a convex,
G-decomposable set and we have K C A. Hence, decgconv(K) C A so that clp2 decgconv(K)
C clp2(A). With this, the second identity in the lemma follows. O

Proposition 6.3 We have f0T7 RMdAB = foji conv(RY)dB = Z P-a.s. Moreover,

52 (Z) =clpe {Z NJr(t, 2" X e S5 (A1), ne N}. (6.2)

i=1

Proof By (6.1) and Lemma 6.2, (6.2) follows immediately. On the other hand,

T T
S;—T (/ Conv(’R,C)dB> = clj2 conv <S§-T (/ RCdB>>

= cly2 conv decr, ({Jr(z’, 2"): i € N})

= cle{Z)\ijT(xi,zi): A€E ST (A", ne N},

i=1

where the last equality follows by Lemma 6.2. Since Jr(z?,2z%) = ¢ P-a.s. for each i € N, the
integrals fOT_ RMAB, fOT_ conv(R®)dB have the same set of square-integrable selections; hence,
they are equal P-a.s. O

The next lemma is helpful in some calculations to follow. It extends the following simple fact
to the set-valued case: for integrable real-valued random variables «, 8 satisfying a < § P-a.s.,
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we have o = f P-a.s. if and only if E[a] = E[5].

Lemma 6.4 Let ', 2% € Z% (Q,0¢(RY)) with Z' C 2% P-a.s. Then, Z' = =% P-a.s. if and
only if E[Z'] = E[Z2].

Proof Clearly, Z! = =2 P-a.s. implies E[Z!] = E[Z2]. Conversely, suppose that E[Z!] = E[Z?].
Let z* € # . Since Z' C 22 P-a.s., we have s(z*,Z!) < s(2*,Z?) P-a.s. Since E[Z!] = E[Z?], by
[32, Theorem 2.1.35], we have E[s(z*,Z!)] = s(a*, E[Z}]) = s(z*, E[Z?]) = E[s(z*,=?)]. Therefore,

*x =1

s(z*,Z1) = s(2*,=?) P-a.s. Since z* € # is arbitrary, we get Z! = Z2 P-a.s. O
We collect some easy consequences of Proposition 6.3 in the next corollary.

Corollary 6.5 We have the following results:
(i) For every t € [0,T],

t n
E[ RMdB} = My =E[g] = cle{Z EN¢E]: A€ SE (A", ne N}.
0-— i=1

(ii) It holds foo_ conv(R)dB = clga conv({z’: i € N}) P-a.s.

Proof (i) This is an immediate consequence of (6.2) in Proposition 6.3.
(ii) By the definition of the set-valued stochastic integral, we have

0 i=1

0 n
Sz (/ conV(RC)dB) = clp2 {Z nix':m € SF (A" ) n € N} = clga conv({z’: i € N})

since JFy-measurable random variables are deterministic P-a.s. O

Due to Proposition 6.3, it is very tempting to expect that the integrals fot_ RMdAB and
fg_ conv(RC)dB are equal at each t < T as well, thus yielding a representation of the set-valued
martingale M in terms of a countable family of integrands. However, we will show that the
former integral is a superset of the latter in general (Theorem 6.6) and we will show that the
equality works only in some exceptional cases (Theorem 6.7, Theorem 7.6).

Theorem 6.6. Let t € [0,T]. Then, with probability one, we have

t
REAB = clpa ({E[¢'|F,]: i € N}),
07

/t RMAB = ﬂ {:c e R?: (z*,z) <E{SUP<I*,5i> Ift]};

z*€EBya ieN

i particular, we have

/t RMdB = E[E|F] 2 clga conv({E[¢'|F]: i € N}) = /t conv(R®)dB. (6.3)
0— 0—

Proof The first equality is a direct consequence of Proposition 5.4(iv) since J;(z%,2%) =
E[¢!|F;] P-a.s. for each i € N and ¢ € [0, T].
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Let ¢ € [0,T]. Using (6.2) in Proposition 6.3, we obtain

Sz, </0 RMdB> = S.%—'t(E[ELFt]) = ol {E[¢|F): € € S%,(2)}

= Cl]Lz {E

ingift] i A€ SE (A1), ne N}.
=1

Let 2* € # . Then, we have

E{s(x/ot_ RMdB)lA] :E[sup {(w*,x): x € /Ot_ RMdB}lA]

=sup {IE[(:U*m)lA]: n € Ss. (/Ot_ RMdB)}
=sup {E[(z",n)14]: n € 5%, (E[E|F]) }

=sup {E[(z*, E[¢|F])1a]: € € S7,(5)}
=sup {E[(z*, E[¢|F])14]: € € cl2 conv decr, ({¢': i € N})},

where the second equality is by [22, Theorem 2.2], the fourth is by the properties of conditional
expectation, and the fifth is by (6.1). Then, by Lemma 6.2 and the continuity of expectation,

t n
E{s(m/ RMdB)lA] = sup {IE <xElZ Aigim] >1A] tAEST (A" Y ne N}
0— i=1
= sup {IE <9c ZAigi>1A] tAEST (AMY), ne N}
=1
= sup sup {E <x*,Z)\i§i>lA] A€ S?:T(Anl)}.
1=1

neN
To evaluate the inner supremum in the last line, we use [22, Theorem 2.2] to interchange the

expectation and the supremum. Then, we obtain

t
E[s <x*,/ RMdB) 1,4} =supE
0— neN

acAn—1

sup (2%, Zamu]
i=1

—q E ; *, 7 1

supE| sup 2 eula’€) ]

= SléglE[maX{@*,&l%...,<x*7£”>}1A]

_E [sup (@, e‘m] _E {E [sup (@, 5f>|ft} 1A] ,
€N 1€EN

where the third equality is by the simple observation that the maximum value of the convex
combination of finitely many real numbers is their maximum, the fourth is by monotone
convergence theorem. Since A € F; is arbitrary, we conclude that s(z*, fot_ RMdAB) =
E[sup,cy (z*, %) F:] P-a.s. Since # is countable, we have this equality for every z* € # with
probability one; let Qg € F; be the P-a.s. set here. To extend this property to the whole set Bra,
let «* € Bgra. Then, there exists a sequence (z*™),eny in # that converges to z*. Note that
sup;ey (2%, &%) < 2| P-a.s. for each n €N and we have |Z| € L% (Q,R). Hence, by the

conditional version of dominated convergence theorem and the continuity of s(-, fOZ RMAB), we
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t t
s<x / RMdB> — lim s(m” / RMdB)
0— n—00 0—

= lim ]E[sup <x*’”,€i>|ft} :]E[sup <$*a§i>|ft]

n—00 €N €N

obtain

holds on Q. Therefore, s(x*, fOi RMAB) = Elsup;cy (v, &%) |F] for every z* € Bra on Q. For
every closed convex set C' CR? we may write C = ﬂm*eBRd {z e RY: (2%, 2) < s(a*,0)}.
Applying this for C' = fot_ RMdB yields the second equality in the theorem.

Finally, we show (6.3). The first equality is by the set-valued martingale representation theorem,
the last equality is by Proposition 5.4(ii). Since = = clga conv({¢’: i € N}) P-a.s., the superset
relation in the theorem follows immediately. O

We now characterize the cases where the stochastic integrals of R and conv(R®) coincide.

Theorem 6.7. The following are equivalent:

(i) It holds fOi RMdB = f(;l conv(RE)dB for every t € [0,T] P-a.s.

(ii) (f(L conv(RE)dB)e(o,7) is an F-martingale.

(iil) It holds IE[IOZ conv(R)dB] = clga conv({z: i € N}) for every t € [0,T].

(iv) It holds E[fOT_ conv(R)dB] = clga conv({z’: i € N}).

(v) For every z* € R? and t € [0,T], it holds E[sup,cy (z*, E[€*|F])] = sup;ey (2%, 2%).
(vi) For every x* € R? | it holds Elsup;cy (z*,&%)] = sup;ey (2%, 27).

Proof The implications (i)=(ii), (iii)=(iv), (v)=(vi) are obvious, (ii)=-(iii) is an immediate
consequence of Corollary 6.5(ii).

(ii)=(i): Suppose that (f(f_ conv(RY)dB);e(o,7) is an F-martingale. Then, by Proposition 6.6(ii),

T
RMdAB | F,
0—

t
RMAB =E
07

=E =

T
/ conv(RY)dB | F,

¢
—/ conv(RY)dB  P-a.s.

By the path-regularity of these set-valued processes, (i) follows.
(iv)=(ii): Suppose that E[foi conv(RY)dB] = clga conv({z’: i € N}), i.e.,
E

T 0
/ conv(RY)dB| = / conv(RY)dB.
0- 0-

Since (fot_ conv(R)dB) (0,77 is an F-submartingale, we have

/ " conv(RE)B C E[ / i conv(RC}dB} CE / con(RE)ap

so that, by the tower property of set-valued conditional expectation (cf. [32, Theorem 2.1.74]),

E| [ conv(RY)dB| =E conv(RY)dB| =E|E conv(RY)dB | F;
[ cotnio] 5[ [ Rl |

for each t € [0,T]. On the other hand, the submartingale property gives

t T
/ conv(RY)dB C E / conv(RY)dB | F;| P-as.
0- 0-




Probability, Uncertainty and Quantitative Risk 503

By Lemma 6.4, we get fot_ conv(RY)dB = E[foT_ conv(RY)dB|F;] P-a.s. Hence, (ii) follows.
(ii) < (v), (iv)<(vi): Let z* € # and t € [0,T]. Note that the support function of a set and

¢ t ¢
s(x*7/ conV(RC)dB) = s(x*,/ RCdB> = sup/ (x*,RC)dB
0— 0— 0—

= sup J((z*,2"), (¥, 2")) = sup («*, E[¢'| F])
€N €N

with probability one. Using [32, Theorem 2.1.35], we calculate the support function of the
expectation as

s(m]E[/ot_ conv(RC)dBD = E[s <33/0f_ conv(RC)dB)] = E[igg <x*,E[§ift>}

On the other hand, we have

s(z*, clga conv({z':i € N})) = sup (z*, z) = sup E[(z*, E[¢| F])].
i€N ieN

We have E[fg_ conv(RY)dB] = clga conv({z’: i € N}) if and only if s(x*,E[fOt_ conv(RY)dB]) =
s(z*, clga conv({z': i € N})) for every z* € # . Hence, (iii)« (v) and (iv)« (vi) follow. O

7. Conditional expectations of random polytopes

In this section, we focus on the conditional expectation of a random polytope Z, i.e.,

E =conv({¢},...,&"}) P-as. (7.1)
for some ¢',...,¢" € L% (R?). For P-a.e. w €€, the set of all vertices of Z(w) is a subset of
{&(w),...,&"(w)}. We are interested in the vertices of the set-valued conditional expectation

E[Z|F](w) for t€[0,T) and we raise the following question: does the set {E[¢!|F](w),...,
E[¢™|Ft](w)} cover all vertices of E[Z|F;](w) as t decreases from T to 0? In view of Theorem 6.6,
the answer is negative in general. As a follow-up on Theorem 6.7, we will provide a geometric
characterization of the case where the answer is positive. Finally, we will provide a concrete
example for the latter case.

7.1 Normal fans and type cones

The geometric characterization announced above is related to the notion of a normal fan for a
polytope. For this reason, we first pause our discussion on set-valued stochastic integrals and
review some preliminary notions from polyhedral theory. We refer the reader to [17, 34, 35| for
more details about this subject.

Let D CR? be a set. It is called a cone if r € D for every r >0 and z € D. The convex
conic hull of D is the smallest superset of D that is a convex cone and it is given by

n
cone(D) = {Zn—xi: Tiye..,rn =05 2t 2" € Dy nGN}.
i=1

The set D is called affine if ra! 4+ (1 —r)x? € D for every r € R and x!,22 € D. The affine hull
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of D is the smallest affine superset of D and it is given by

n

aff(D) = {mei: T1,yeeyTn € R; Zm =1;z'...,2"€D; n¢e N}.
i=1 i=1
The dimension of an affine set is defined as that of the subspace aff(D — {z}), where x € D. The
set D is called a halfspace (resp. hyperplane) if it is of the form D = {z € R¢: (z*,x) < r} (resp.
D= {x € R%: (z*,2) =r}) for some z* € R? and r € R. For a set C C R%, we say that D is a
supporting hyperplane of C if D = {z € R?: (z*,z) = s(x*,C)} for some z* € R and C N D # §).

The intersection of a finite number of halfspaces in R? is called a convex polyhedron
(polyhedral set) in R%. Let P be a convex polyhedron in R?. The dimension of P is defined as
that of aff(P) and it is denoted by dim(P). If D is a supporting hyperplane of P, then PN D is
called a face of P. Clearly, every face of P is also a convex polyhedron. A zero-dimensional face
(or its unique element) is called a vertex, a one-dimensional face is called an edge, and a (d — 1)-
dimensional face is called a facet of P. A face F' is called proper if F'# P. If P is also a cone,
then it can be written as P = cone({z!,...,2*}) for some z!,..., 2% € P\ {0} with k € N; in
this case, P is said to be generated by these vectors. A convex polyhedral cone is called simplicial
if it is generated by linearly independent vectors.

Before proceeding further, we provide the definition of a central object for our discussions.

Definition 7.1 [17, Definition 1.1] Let .4 be a collection of convex polyhedral cones in RY. We
say that A is a fan if it satisfies the following properties:

(i) If C € A& and F is a face of C , then F € N .

(ii) If C1,Cy € A, then C1 N Cy is both a face of Cy and a face of Cs.

In this case, A" is called complete if | Joc 4 C = R? ; it is called simplicial if every C € A is
simplicial; it is called essential if {0} € .A". A cone in A is called maximal if it is not a proper
subset of an element of A . Two mazimal cones in A are called adjacent if their intersection is
a facet of each.

Let F C P be a set. Then, the set A (F, P) := {z* € R?: (z*,x) = s(a*, P) for each x € F} is
called the normal cone of P at F. If F={v} for some v € P, then we simply write
N (v, P) := A ({v},P). If Fisa face of P, then .4 (F,P) is a convex polyhedral cone and

dim (A (F, P)) + dim(F) = d.

Moreover, if Fy,Fy are faces of P such that Fy C Fy, then A (Fi,P) 2D A (F3, P). The
collection A'F := {4 (F, P): F is a proper face of P} is called the normal fan of P. It can be
checked that 47 is a fan. Note that the maximal elements of 4T are precisely the normal
cones of P at its vertices. Moreover, dim(P) = d if and only if .#F is essential.

The next lemma will be useful later and should be well-known. Due to lack of a clear reference,
we provide a proof.

Lemma 7.2 Let P CR? be a convex polyhedron and v € P be a vertex of it. For every
x* € intga (A (v, P)), the vertex v is the unique mazimizer of (x*,-) over P, i.e., for every
x € P\ {v}, we have (z*,v) > (z*,x).

Proof To get a contradiction, suppose that there exist a* € intga(.4 (v, P)) and x € P\ {v}
such that (z*,v) = (z*,x) = s(z*, P). Note that P itself is a face that contains both v and =z.
Moreover, the intersection of faces of P is again a face of P. Let F' be the intersection of all
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faces that contain both v and x, which is the smallest such face. Then, z* € A (F, P). Since
dim(F) > 1, we have dim(.4#(F, P)) < d — 1. By Definition 7.1, A (F, P)N A (v, P) is a face of
A (v, P). Since A (F,P)N A (v,P), A (v,P) have different dimensions, they cannot be equal.
Hence, z* € A (F,P)N A (v, P) C bdga(A (v, P)), a contradiction to z* € intga(A (v, P)). O

If P is bounded, then it is called a polytope. A set is a polytope if and only if it is the convex
hull of a finite subset of R?. In this case, every face of P is also a polytope. Moreover, a convex
polyhedron is a polytope if and only if its normal fan is complete.

We may consider two polytopes as equivalent if they have the same normal fan. This
establishes an equivalence relation on the set of all polytopes, whose equivalence classes are given
in the next definition.

Definition 7.3 Let 4 be a complete fan. The set of all polytopes whose normal fan is A is
called the type cone of A .

Let .# be a finite complete fan and let {z*!,... 2**} C R%\ {0} be the set of all generating
vectors of the members of A", where ¢ € N. For each C € .4/, we denote by Jo C {1,...,¢} the
set of indices of the generating vectors of C. Let X* € R‘*? be the matrix whose rows are

o1, .. 2"t Then, every member of the type cone of .4 can be written as
Py = {z € R (29 ) < hj for every j € {1,...,¢}} = {z € RY: X"z < h} (7.2)
for some h=(hi,...,h;) € R’ In this case, we indeed have h; = s(z*7 P,), for every

j €{l,...,£}. However, not every choice of h € R’ yields a member P, of the type cone. We say
that h € R? is admissible if P, is in the type cone of .#". Hence, we may index the members of
the type cone by admissible vectors by defining

TC(A) :={h e R | #Pr = 47},

Suppose that .4 is complete, simplicial, and essential. Then, each maximal cone in .4 is d-
dimensional and it is generated by d linearly independent vectors. Hence, if Cy,Cy € A are
adjacent maximal cones, then there exist ji,jo € {1,...,¢} such that Jo, \ {j1} = Je, \ {J2},
and the set of generating vectors corresponding to Jo, U Jo, = (Jo, N Je,) U {41, 72} is linearly
dependent; let ac,,c,(j) € R, j € Jo, U Jg,, be the unique coefficients such that

> aca@e =0 (7.3)
jGJcl UJ02
and ac, o, (j1) + ac, ¢, (§2) = 2. (The latter condition is there to ensure uniqueness.)
The next result provides an algebraic characterization of TC(.A").

Theorem 7.4 [3/, Proposition 1.1] Let ¥ be a complete, simplicial, and essential fan. Let
h € R Then, he TC(A) if and only if, for every choice of adjacent mazimal cones
Cy,Cy € A, it holds that ZjeJclchz acy,c,(j)h; > 0.

7.2 Random polytopes with deterministic normal fans

We go back to our discussion on set-valued stochastic integrals and consider a random
polytope = as given in (7.1). With the notation of Section 6, we have

t t
/ RMdAB = E[E|F, / RYAB = conv({E[¢HF], ..., B[E"F]}), tel0,T],
0— 0—

with probability one, where R is provided by the set-valued martingale representation theorem
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and RC = {(z1,21),..., (2", 2")} is such that J2(a, 2%) = ¢ for each i € {1,...,n}.

Our aim is to show that the above set-valued stochastic integrals coincide if and only if = has
a deterministic normal fan, up to a P-null set. Before stating the main result, we prove the
following lemma of independent interest.

Lemma 7.5 Let C,D € 9(R?) be with intga(C)#0, CC D, and Leb(D\C)=0. Then,
C=D.

Proof We first claim that intge(C) = intga(D). Since C C D, we have intga(C) C intga(D).
To show the reverse inclusion, it is enough to check that intgre(D) C C. Suppose that there
exists x € intga (D) with x € C, that is, x € intga(D) N C¢. Then, we can find r > 0 such that
{z} + Bga(r) Cintge(D)NCc C D\ C. Since Leb({z}+ Bra(r)) >0, we get a contradiction.
Therefore, we have intge(C) = intga (D). Since C, D are closed convex sets with nonempty interior,
we conclude that C' = clpa(intge(C)) = clpa(intge(D)) = D by [1, Lemma 5.13]. a

Theorem 7.6. The following are equivalent:

(i) It holds fot_ RMdB = fot_ conv(RY)dB for every t € [0,T] P-a.s.

(ii) (foi conV(Rc)dB)te[O)T] is an F-martingale.

(iil) It holds E[fot_ conv(RY)dB] = conv({z?!,...,a"}) for every t € [0,T).

(iv) It holds E[fOTi conv(RY)dB] = conv({z!,... , z"}).

(v)For every z* € R? , t € [0,T], it holds E[max;c(1,...n} (x*,E[¢HF))] = maxX;e(1,....n} (x*, ).

(vi) For every z* € RY | it holds Elmax;eq1,. n} (2%,€")] = maxeqr,. ny (2%, 2%).

(vil) For every x* € RY | there ewists i(x*) € {1,...,n} such that it holds (z*,E[¢'*")|F,]) >
(z*,E[¢YF]) P-a.s. for everyi € {1,...,n} and t € [0,T].

(viii) For every x* € R, there exists i(x*) € {1,...,n} such that it holds (x* & =)) > (x*, €%)
P-a.s. for every i € {1,...,n}.

(ix) For each i € {1,...,n} and t € [0,T], the normal cone of E[Z|F;] at E[¢H|F] is P-a.s.
deterministic and free of t, i.e., there exists a convex polyhedral cone A4 C R such that, for
every t € [0,T] , we have A; = N (E[¢}|F](w), E[E|F](w)) for P-a.e. w € .

(x) For each i € {1,...,n}, the normal cone of = at &' is P-a.s. deterministic, i.e., there
exists a convex polyhedral cone N; C R such that N; = N (£} (w),ZE(w)) for P-a.e. w € Q.

(xi) For each t € [0,T], E[E|F:] has a P-a.s. deterministic normal fan that is free of t, i.e.,
for each nonempty I C {1,...,n}, there exists a convex polyhedral cone N; C R% such that, for
every t€[0,T], we have N7 =N (Fri(w),EE|F](w)) for P-ae. weQ, where Fr;:=
conv({E[¢Y|F]: i € T}).

(xii) 2 has a P-a.s. deterministic normal fan, that is, for each nonempty I C {1,...,n} , there
exists a convex polyhedral cone A1 CRY such that N = N (Fr(w),E(w)) for P-a.e. we€Q,
where Fy := conv({&': i € I}). Moreover, for I C{1,...,n} and i € {1,...,n}, one can take

Ny = N (conv({z": i € I}),conv({x',...,2"})), (7.4)

Ny =Ny = N (2", conv({z', ..., z"})). (7.5)

Proof The equivalence of (i)—(vi) follows from Theorem 6.7. The equivalence (vii)< (viii) and
the implications (ix)=(x), (xi)=(xii), (xii)=(x) are trivial.

(vi)<>(viii): Let 2* € # . Let i(z*) € {1,...,n} be such that (z*,2*®)) = max;c 1,y (2", 2%),
that is, E[(z*, £(=))] = maX;e(1,..n} E[(z*,£%)]. Since we have (z*,£4=)) < MaX;e(1,....n} (x*, )
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P-a.s., these random variables have the same expectation if and only if they are equal P-a.s. Therefore,
(vi) is equivalent to (viii).

(vii)=(ix): For each i € {1,...,n}, let .4 be defined by (7.5), let #; denote a countable
dense subset of . NBge. Note that conv({x!,...,z"}) is a convex polytope, the set
{x!,..., 2"} contains all vertices of it, and the normal cones of these vertices cover R?. Hence,
we have |J_; .4 = R?. Moreover, | JI_, #; is a countable dense subset of Bga.

Let us fix i€ {l,...,n}. Let z* € #;. By (vii), there exists i(z*) € {1,...,n} such that
(z*,E[¢1=)|F]) = maxjeqr, oy (2, E[¢/|F]) P-as. for every t € [0,7]. In particular, we have
(x*, B¢ F)) < (z*, B[] F]) P-a.s. and

E[(«" E[¢'|F])] = (2*,2") = max (a%,2")
i'e{l,...,n}

=E| max <x*,E[§i/|ft]>] :E{<$*aE[§i(z*)|ft]>
i'e{l,...,n}

for every t € [0,T]. Here, the third equality is by (vi), which is already shown to be equivalent to
(viii). Hence, we conclude that (z*,E[¢'|F;]) = (z*, E[¢=)|F]) P-a.s., that is,

(@ IR = max (o BE'|F) = s(a” EEIF) Pas
for each ¢ € [0,T]. Here, the second equality is by (i), which is already shown to be equivalent to
(vii). Let t € [0,T]. Since x* € #; is arbitrary, ¥#; is dense in A4; NBga, and s(-,E[Z|F]) is
continuous and positively homogeneous, we conclude that (z* E[¢!|F]) = s(z*, E[Z|F]) for
every z* € 4; on a set {;; € F; with probability one. In particular, for every w € Q;;, we have

i C N (E[E'|Fi](w), E[E|F)(w)). (7.6)

Without loss of generality, suppose that the vertices of conv({z!,...,2"}) are z!,... 2",

where k € {1,...,n}. Then, we have dim({z'}) =0 so that dim(.#;) =d and Leb(,/Vz) >0 for
each i € {1,...,k}. On the other hand, for each i € {k+1,...,n}, 2° belongs to a nonzero-
dimensional face of conv({z!,...,2"}) whose normal cone is .4 so that we have
dim(4;) < d—1 and Leb(.A4;) = 0. Let w € ﬂle Q; ;. Since Ule N; =R% by (7.6), we get

k k
U (A N Bra) = Bra = ] A (B F](w), EEIF](w)). (7.7)
i=1 i=1
Moreover, for each i1,y € {1,...,k} with ¢; # ia, we have

Leb (A (E[€" [F](w), E[E[F](w)) N A (E[E" [F](w), E[EIF] () = 0
since the set is a face of A (E[¢|F,](w), E[Z]|F;](w)). By (7.6), we also have Leb(A4;, N .4;,) =0
Hence, we get

ZLeb (E[E'F] (@), E[EF)(w)) N Bga) \ (A N Bra))

= Z (Leb (A (E[¢'|F](w), E[E|Fi](w)) NBga) — Leb(A; N Bga))

k k
(U E[¢'|F)(w), E[E|F)(w)) N Bga ) Leb<U (AN N Bga) ) =0,
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where the last equality is by (7.7). Hence,
Leb( (A (BIE'1F](w), EIEIF](w)) (1 Bra) \ (A (1 Bga)) =0

for each i € {1,...,k}. Since intga(A4; NBra) # () as well, by Lemma 7.5, we obtain that
i N Bga = A (E[€'|F](w), E[E|F3)(w)) N Bga

and therefore
i = {z* € R?: (¢, E[¢'|F)(w)) = s(«*, E[E|F](w))} (7.8)

for each i € {1,...,k} since these sets are cones.

Since intga(A;) = intga (A (E[E|F](w), E[E]F:](w))) # 0, the point E[¢!|F;](w) is a vertex of
E[E|F¢](w) for each i € {1,...,k}. We claim that these are all the vertices of E[Z|F;](w). To get
a contradiction, suppose that E[¢!|F;](w) is a vertex of E[Z|F](w) for some i € {k+1,...,n}.
Without loss of generality, we assume that ¢ = k + 1. Then,

intea (A (E["|F] (w), E[E[Fi)(w))) # 0.

Let 2* € Bra be an element of this set. Then, by Lemma 7.2, E[¢¥+!|F](w) is the unique
maximizer of the function (z*,-). In particular, (z* E[¢!|F](w)) < s(z*,E[Z|F](w)) for each
ie{l,...,k}. On the other hand, by (7.7), there exists ' €{1,...,k} such that
(z* Bl | F)(w)) = s(z*, E[E|F](w)), which is a contradiction. Therefore, the vertices of
E[E|F](w) are precisely E[¢!F](w),. .., E[E"|F](w).

Let i € {k+1,...,n}. Then, z° belongs to a nonzero-dimensional face of conv({z?!,...,2"}).
Since the normal cone of a face of a polytope is determined by the normal cones of the vertices,
by (7.8), we conclude that A4; = A (E[¢!|F](w), E[E|F](w)) for each i € {k+1,...,n} as well.

(ix)=(xi), (x)=(xii): These are immediate consequences of the fact that the normal cone of a
face of a polytope is determined by the normal cones of its vertices, similar to the argument in
the previous paragraph.

(x)=(viii): Let 2* € R? and let Qg be the P-a.s. set in (x). Let w € . Since the vertices of
E(w) form a subset of {&'(w),...,&"(w)}, we have |Ji_; A4 = R?. Hence, z* € A, for some
i(z*) € {1,...,n}. Then, (z*,£@7)) = s(z*, E(w)) = max;c 1,0y (%, € (w)), proving (vii). O

Theorem 7.6 implies that the indefinite stochastic integral ( f(;i conV(Rc)dB)te[o’T], which is
the convex hull of the (vector-valued) conditional expectations of £1,... £", is an F-martingale
if and only if the set-valued random variable = has a P-a.s. deterministic normal fan, which is
the normal fan of foo_ conv(RY)dB = conv({z!,...,2"}). Let .# denote this normal fan. We
denote its elements by {z*!,...,2**} C R%\ {0}. The quantities X*, Py, Jo, ac, c,(j) are
defined as in Section 7.1. Using Theorem 7.4, we may obtain an algebraic characterization of the
deterministic normal fan condition as given by the next corollary.

Corollary 7.7 Let A4 be the normal fan of conv({z!,...,2"}). Suppose that A is simplicial
and essential. Then, the conditions in Theorem 7.6 are also equivalent to the following:
(xiii) For every choice of adjacent mazimal cones Cy,Co € A, it holds

Z Oécl,cg(.i)ie{nllaxn}<x*’j,£i>>O P-a.s.
jeJclch2 L
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Proof For P-ae. w€Q, we may write Z(w)= Py ={z € R": X*z < n(w)}, where
nj(w) = s(@*,E(w)) = max (29 ¢ (w)) for each j € {1,...,}. Then, by Theorem 7.4,

ie€{l,...,n}
condition (xii) in Theorem 7.6 is equivalent to condition (xiii) above. O
Remark 7.8 Without reference to the random vectors £',...,&" , Corollary 7.7 can be restated

as follows: “Let A be a complete, simplicial, and essential fan and = be a random polytope. The
normal fan of = equals A P-a.s. if and only if there exists n € ]L%_—T (R*) such that E = P, P-a.s.
and for every choice of adjacent maximal cones C1,Co € N, it holds

Z Qcy,0, (])7]] >0 P-as.”

jEJcl UJ02

These inequalities define a (deterministic) open conver cone TC(A) C R’ and the above
condition says that 1 is a square-integrable selection of TC(A) , i.e., P{n € TC(A)} = 1. Since
TC(A") has a nonempty closed subset, by the standard measurable selection theorem, it has at
least one measurable selection n € L% (RY).

Example 7.9 We construct a simple example of a random polytope with deterministic normal fan.
Suppose that d =2, n=(=3, 21 = (-1,0), 22 = (0,—1), %% = (1,1). The mazimal cones

E[&|F]

A

c l E[?ﬂ(ﬂ))l C:

Gy o Ay
R 1/\,2;/ 273 0.2 {
(a) Realization of the random triangle at an (b) Sample path of the random triangle process

arbitrary time t and its deterministic normal fan

-0.5
0.6 F
-0.7+ R
0.8 g
50 <
g h
%N -1of f
! =
11 F =
=
1.2 F ig
-1.3F VAR
I I I I I I b’;‘” I I 3 5 1 1 1 1
2.8 -2.6 -2.4 -2.2 -2.0 -1.8 -1.6 -1.4 -1.2 -1.0 -0.8 o 0.2 0.4 0.6 0.8 1.0
~Elm] | F)(w) t
(c) Sample path of (E[¢'F)),  as a parametric curve (d) Sample path of the length of the hypotenuse

Figure 1 Figures for Example 7.9
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of the corresponding normal fan A have index sets Jo, = {1,2}, Jo, ={2,3}, Jo, = {1,3} ;
see Figure 1(a). Then, the linear dependence system given in (7.3) reads as

— QCy,Cy (1) +acy,c, (3> 0, —QCy,Co (2) +ac,,c, (3) 0, QCy,Cy (1) + acy,c, (3> 2
- 0402,03(1) +ac,,cy (3) =0, —QC,,Cs (2) +ac,,cy (3) =0, QCy,C3 (2) + aCQ,Cs(l) =2,
—acy,cs(1) +ac,es(3) =0, —ac,,c(2) +ac,6,(3) =0, ac,,c,(2) + acy o (3) =2

)

whose solution is given by ac,,c,(J) = acy,cs(J) = acy,c5(J) =1 for each j € {1,2,3}. Hence,
the type cone is given by TC(A)={h € R3: hy + hy + hs > 0}. In view of Remark 7.8, we
conclude that a random polytope = has A as its normal fan P-a.s. if and only if it is a random
triangle of the form = = {z € R?: —xy <1, —x9 <1, 1 + 2o < N3}, or equivalently,

E= COHV({§1 = (=1, —772),52 = (n2 + 13, —772)753 = (—m,m +m3)}),

where M1,M2,N3 € LQ}-T(Q, R) are random variables such that m + 12 +ns > 0 P-a.s.

As a special case, let us further assume that m =3, T =1, and take the conditional
expectation processes as exponential martingales of Brownian motion, say, E[n;|F;] = eaBi—3a’t
forie{1,2,3}, te0,1], where a = % We simulate the corresponding random triangle process
by a random walk approzimation of the Brownian motion with 10* steps, see Figure 1(b). We
also provide two two-dimensional plots that together carry the same information. In Figure 1(c),
we show the sample path of the vertex corresponding to the right angle of the triangle as a curve

parametrized by t € [0,1]. Figure 1(d) shows the sample path of the length of the hypotenuse.
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