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Abstract   In this paper, we study the path-regularity and martingale properties of the set-
valued  stochastic  integrals  defined  in  our  previous  work  [4].  Such  integrals  have  some
fundamental  differences  from  the  well-known  Aumann-Itô  stochastic  integrals,  and  are
much better suitable for representing set-valued martingales, whence potentially useful in
the study of set-valued backward stochastic differential equations. However, similar to the
Aumann-Itô integral, the new integral is only a set-valued submartingale in general, and
there is very limited knowledge about the path regularity of the related indefinite integral,
much less the sufficient conditions under which the integral is a true martingale. In this paper,
we  first  establish  the  existence  of  right-  and  left-continuous  modifications  of  set-valued
submartingales in continuous time, and apply the results to set-valued stochastic integrals.
Moreover, we show that a set-valued stochastic integral yields a martingale if and only if
the set of terminal values of the stochastic integrals associated to the integrand is closed
and decomposable.  Finally,  as a particular example, we study the set-valued martingale
in the form of the conditional expectation of a set-valued random variable. We show that
when the random variable is a convex random polytope, the conditional expectation of a
vertex  stays  as  a  vertex  of  the  set-valued  conditional  expectation  if  and  only  if  the
random polytope has a deterministic normal fan.
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 1.  Introduction

Set-valued  functions  have  been  used  extensively  in  various  fields  including  optimization,
control theory, economics, and finance (cf. [5, 8, 15, 18, 19, 33], to mention a few). The concepts
of random set or a set-valued random variable ([32]),  as well  as set-valued stochastic processes,
appear  also  naturally  in  measuring  risks  of  multivariate  positions  in  finance.  The  systematic
study  of  these  subjects  is  naturally  based  on  the  theory  of  set-valued  stochastic  analysis,  and
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many useful properties of vector-valued stochastic analysis have been extended to the set-valued
case (including the notions such as Aumann-Itô integral) within this theory. We refer the reader
to  the  well-known  books  [25,  27]  and  the  references  cited  therein  for  the  history  and  basic
knowledge of the theory.
However, due to some fundamental differences between the (metric) space of sets and that of

vectors, many important and delicate issues in vector-valued stochastic analysis still cannot find
the appropriate counterparts in the set-valued case; and many natural questions regarding the set-
valued processes (especially set-valued martingales), albeit elementary, remain unanswered in the
current literature. The main purpose of this paper is to give answers to some of these questions
that are potentially useful for the development of the theory and its applicability.

T > 0 ξT

(ξt)t∈[0,T ] ξT

ξt Rt(ξT ) t ∈ [0, T ] (Rt)t∈[0,T ]

Rt(ξT ) = [ρt(ξT ),+∞) ρt

To  illustrate  some  of  the  main  issues,  let  us  consider  a  by  now  ubiquitous  example  that
motivated this  work.  Consider  a  financial  market  with multiple  currencies.  Due to  the  bid-ask
spread caused by, say, transaction costs, it was argued that an efficient way to super-hedge the
“risk” of holding these currencies at a given future date  , defined as a random vector 
whose components denote the number of physical units (hence numéraire-free), is to look for a
portfolio process   that can compensate for the risk of   (cf. [23]). Denoting the set of
feasible  choices  of    by  ,  ,  the  family   has  been  shown to  be  a  set-
valued dynamic risk measure ([11, 15]), a notion that has also been used for systemic risk measures,
although mostly in the static  setting so far (cf.  [5, 7, 16]).  In the univariate case,  a set-valued
risk  measure  has  the  simple  form    for  some  scalar  risk  measure  ,  and
continuous time dynamic scalar risk measures have a strong connection to the so-called backward
stochastic  differential  equations  (BSDE)  (cf.  [30,  36]).  However,  the  set-valued  counterpart  of
such connection is a widely open problem. An earlier work ([38]) suggests that the naïve idea of
using multidimensional BSDEs together with vector-valued risk measures results in either losing
important aspects of risk measures or having trivial coordinate-based risk measures. On the other
hand, a representation result of the discrete-time set-valued dynamic risk measures via backward
stochastic  difference  inclusions  and/or  equations  was  established  in  [3]  and  the  first  well-
posedness result for set-valued BSDEs has been given in our recent paper [4]. This paper can be
considered as a continuing effort in this direction.
The  initial  study  of  the  continuous-time  counterparts  of  the  aforementioned  dynamic

structures  has  also  brought  up  some  challenging  questions  to  set-valued  stochastic  analysis.  A
simple but intriguing example, which also shows up naturally in the study of set-valued BSDEs
in [4], is the conditional expectation (in the sense of [22]) of a set-valued random variable with
respect to a given filtration. Under sufficient integrability assumptions on the set-valued random
variable, this process is well-defined and it is a set-valued martingale (cf. [20−22]). However, to date,
there does not seem to have been any detailed study of the structure and characterization of this
simplest set-valued martingale. For example, if the set-valued random variable is in the form of a
random polytope with random vertices, then would this martingale be generated by the vector-
valued martingales obtained by taking the conditional expectations of the random vertices?
It turns out that this is not a trivial question to answer using the currently available literature

on set-valued stochastic analysis. It is well-known that in the case when the underlying filtration
is “Brownian”, the celebrated martingale representation theorem provides a stochastic integral
representation  for  every  square-integrable  martingale.  The  set-valued  analog  of  this  problem,
often in terms of the Aumann-Itô stochastic integral and/or its generalized version, was studied
in  [24,  27].  However,  as  we  shall  see  below,  the  notion  of  Aumann-Itô  stochastic  integral  has
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some serious deficiencies from the martingale representation point of view.

I0t (Z) =
∫ t

0
ZdB =

∫ T

0
Z1[0,t]dB 0 ⩽ t ⩽ T Z

L2-isometry L2-sense Z

Z

I0T (Z) ⊆ I0t (Z) + ItT (Z) Z

(I0t (Z))t⩾0 I00 (Z) = {0}

To make our point more clearly, let us state some facts regarding the Aumann-Itô stochastic
integral  (cf.  e.g.,  [27])  that  we  have  pointed  out  in  our  recent  work  [4].  Let  us  denote  the

indefinite Aumann-Itô integral by  ,  , where   is some

appropriately measurable set-valued process (cf. [9, 24] or [27]). We should first note that, while
this integral has some similarities with the usual vector-valued Itô integral, it does not have the

 property. In fact, it is always stochastically unbounded in the   unless   is a
singleton. Consequently, in order for an Aumann-Itô integral to be a non-singleton stochastically
bounded  set-valued  martingale,  the  so-called  generalized  Aumann-Itô  stochastic  integral  is
introduced (cf. [27]) so that the integrand   is allowed to be a set of progressively measurable
processes that is not necessarily decomposable (see Section 2.2 for details). However, besides the
immediate drawback of lacking the elementary temporal additivity property (i.e., in general, one
only has   and the equality holds when   is decomposable), a much more
serious issue is that it is strongly restricted by the so-called “singleton test” (see, e.g, [21, 39]).
That is, if the process   is a set-valued martingale with  , then it must be a
singleton(!).  Such  a  result  essentially  nullifies  the  existing  set-valued  martingale  representation
theorem in [26], and eliminates the possibility of building a theory of truly set-valued backward
SDEs based on the existing framework of stochastic analysis.
In our recent work [4], we proposed a further generalization of the Aumann-Itô integral so that

it  allows  for  the  (non-singleton)  initial  values  and  can  be  used  to  represent  a  truly  set-valued
martingale  in  a  temporally  pointwise  manner.  However,  such a  representation is  still  a  far  cry
from the desired martingale representation theorem for two important reasons. First, due to the
lack of the much needed “path-regularity” of the set-valued stochastic integrals, the representing
integral  is  unique  only  up  to  modifications.  Second,  since  the  generalized  set-valued  stochastic
integral  only  produces  set-valued  submartingales  similar  to  the  Aumann-Itô  integral,  the
martingale  representation  theorem  provides  only  an  injection  from  the  collection  of  set-valued
martingales  to  that  of  set-valued  stochastic  integrals,  a  much  weaker  result  than  its  vector-
valued counterpart.
In  this  paper,  we  are  aiming  at  an  in-depth  study  of  set-valued  (sub)martingales  and

stochastic integrals through the following questions that may be of independent interests in their
own rights:
(i)  Does  a  set-valued  stochastic  integral  always  admit  a  modification  with  certain  path

regularity in the Hausdorff sense?
(ii) When will a set-valued stochastic integral be a martingale?
(iii)  How to  characterize  the  martingales  that  are  in  the  form of  conditional  expectations  of

terminal values by the set-valued stochastic integrals, which are submartingales in general?
To elaborate more on the motivations of these questions, we first note that unlike the vector-

valued stochastic integrals the path regularity of the set-valued integral is quite non-trivial, due
mainly to the nature of “decomposability”.  In fact,  the set-valued literature lacks such results
with  two  exceptions,  to  the  best  of  our  knowledge.  In  [13,  14],  the  existence  of  càdlàg
modifications  for  set-valued  supermartingales  and  martingales  are  obtained  in  a  Banach  space
setting  under  strong  uniform  boundedness  assumptions.  On  the  other  hand,  path-regularity
results for set-valued submartingales (e.g., stochastic integrals) would facilitate the discussion of
various types of joint measurability in stochastic analysis and the study of SDEs.
To answer  question  (i),  we  first  study the  path-regularity  issue  in  a  more  general  setting  of
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continuous-time submartingales under an arbitrary filtration. We shall alternately use two ways
of “scalarizing” a set-valued submartingale: its “set norm” process (i.e., the maximum norm of a
point  in  the  submartingale  at  each  time)  and  its  support  function  process  (i.e.,  the  maximum
value  of  a  linear  function over  the  submartingale  at  each time).  Since  both processes  are  real-
valued submartingales, the usual Martingale Convergence Theorem can then be used to establish
some  fundamental  path  regularity  results  for  set-valued  submartingales.  Under  the  usual
conditions  on  the  filtration,  we  shall  argue  that  a  set-valued  submartingale  admits  a  right-
continuous modification if and only if its expectation function is right-continuous. Surprisingly,
we can also show that, under an augmented and left-continuous filtration, the same result holds
for the “left-continuous” counterpart, which is not the case for real-valued submartingales since a
submartingale restricted to a compact interval may not be uniformly integrable in general. This
seemingly paradoxical contrast between the theory of real-valued and set-valued submartingales
underscores  a  crucial  observation: a  real-valued  submartingale  does  not  form a  (singleton)  set-
valued submartingale(!) as the former is defined via the usual ordering of real numbers, whereas
the latter uses the “subset” relation between sets.
It is worth noting that, while not the main focus of the current work, the path-regularity for set-

valued submartingales actually plays an important role in the proof of pathwise uniqueness for set-
valued stochastic differential equations in the forward (cf. [2, 28]) and backward cases (cf. [4]).
As a concrete application, in Remark 4.5, we outline the proof of one such uniqueness result for
the set-valued BSDE in [4]. We leave the exploration of the forward case to future work.
To  answer  question  (ii),  we  argue  that  the  only  set-valued  stochastic  integrals  that  yield

martingales  are  those  for  which  the  terminal  values  of  the  “ trajectory  integrals”  (the  vector-
valued stochastic integrals of the selectors of the integrand) form already a decomposable closed
set. That is, the lack of martingale property for a set-valued stochastic integral is due to lack of
decomposability. To the best of our knowledge, such a result, albeit conceivable, is novel.
Finally, as a continuation of (ii), question (iii) is motivated by the following simple issue: given

a random polytope at the terminal time, being a martingale, its conditional expectation process
can be expressed as a stochastic integral. On the other hand, we may also consider the vector-
valued  conditional  expectations  of  its  vertices.  The  question  is  whether  the  conditional
expectations  of  the  vertices  remain  vertices  of  the  conditional  expectation  of  the  random
polytope at all times. We shall first study the case in greater generality, that is, the given set-
valued random variable is convex but not necessarily polyhedral. We show that the conditional
expectation of the given random set is the closed convex hull of the conditional expectations of
its  measurable  selections  if  and  only  if  the  latter  process  is  a  set-valued  martingale.  Then,  we
narrow down to  the  case  of  a  random polytope  and show that  these  equivalent  conditions  are
also equivalent to the random polytope having a deterministic normal fan, i.e., while the vertices
of the polytope are random, they have the same sets of supporting directions (a.k.a. normal cones)
with  probability  one.  This  observation  seems  to  be  new and it  provides  a  bridge  between  set-
valued stochastic analysis and convex geometry, which could be discovered further in future studies.
The rest of the paper is organized as follows. In Section 2, we provide some preliminaries on set-

valued analysis with a special focus on set-valued martingales in discrete time. Section 3 is on set-
valued  reverse  submartingales  in  discrete  time  and  it  serves  as  a  preparation  for  the  right-
continuity result in continuous time. In Section 4, we study the existence of the path limits and
the regularity properties of  set-valued submartingales in continuous-time. We focus on the set-
valued  stochastic  integral  in  Section  5  and  characterize  the  cases  where  it  gives  a  set-valued
martingale.  In  Section  6,  we  compare  a  set-valued  martingale  and  the  closed  convex  hull  of  a
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sequence of vector-valued martingales, which yields a set-valued submartingale. As a special case,
we consider the conditional expectation of a convex random polytope in Section 7 and show some
links between set-valued stochastic integrals and normal fans.

 2.  Preliminaries on set-valued analysis

In  this  section,  we  recall  some  important  notions  about  the  convergence  of  sets,  set-valued
measurable functions, and set-valued martingales in discrete time.

Rd d ∈ N C, D

f : C → D A ⊆ C f [A] := {f(x) : x ∈ A} A f

1A : C → {0, 1} 1A(x) = 1 x ∈ A 1A(x) = 0

x ∈ Ac := C \A C clC(A) intC(A) bdC(A)

A C n ∈ N Rn

∆n−1 ∆n−1 := {r ∈ Rn : r1, . . . , rn ⩾ 0;
∑n

i=1 ri = 1} C

conv(A) A

Throughout this paper, we will  consider set-valued functions whose values are subsets of the
Euclidean  space  ,  where  .  To  begin  with,  given  nonempty  sets  ,  a  function

, and a subset  , we write   for the image of   under  ; we
define  its  indicator  function    by    if    and  by    if

.  If    is a topological space, then   (resp.  ,  ) denotes the
closure (resp. interior, boundary) of   in  . For each  , the unit simplex in   is denoted
by  ,  i.e.,  .  If    is  a  vector  space,  then

 denotes the convex hull of   and we have

conv(A) =

{
n∑

i=1

rix
i : x1, . . . , xn ∈ A; r ∈ ∆n−1; n ∈ N

}
.

 2.1  Convergence of sets

⟨·, ·⟩ |·| Rd

BRd(r) := {x ∈ Rd : |x| ⩽ r} r > 0 BRd := BRd(1)

C ⊆ Rd B(C) σ-algebra C C (Rd) G (Rd)

K (Rd)

Rd W BRd 0 /∈ W

Let us denote   and   to be the inner product and Euclidean norm on  ,  respectively;
and  ,  . In particular, we write   for simplicity. For

, we denote   to be the Borel   on  ; and we denote   (resp.  ,
) to be the set of all nonempty and closed (resp. closed convex, compact convex) subsets

of  . We shall also fix a countable dense subset   of   such that  .
C ∈ C (Rd) d(·, C) : Rd → R+ d(x,C) := infy∈C |x− y|

x ∈ Rd C, D ∈ C (Rd) h̄(C,D) := supx∈C d(x,D)

C, D h(C,D) := max{h̄(C,D), h̄(D,C)} ∥C∥ := h(C, {0}) =
sup{|x| : x ∈ C}

For  , we define the distance function   by  ,
; and for  , let  . We define the Hausdorff distance

between    by  ;  we  also  define 
. It is well-known that (see [10, §3.2])

h(C,D) = sup
x∈Rd

|d(x,C)− d(x,D)|. (2.1)

s(·, C) : Rd → (−∞,+∞] CFurthermore, we define the support function   associated to   by

s(x∗, C) := sup
x∈C

⟨x∗, x⟩, x∗ ∈ Rd.

C,D ∈ G (Rd) C ⊆ D s(x∗, C) ⩽ s(x∗, D) x∗ ∈ Rd

C, D

We should note that a closed convex set is uniquely identified by its support function. Indeed, as
a consequence of separating hyperplane theorem, the support function is monotone in the sense
that,  for  ,    if  and  only  if  ,  .  Furthermore,  if

 are bounded, then we also have (see [10, Theorem 3.2.7])

h(C,D) = sup
x∗∈BRd

|s(x∗, C)− s(x∗, D)|. (2.2)

(Cn)n∈N C (Rd) n0 := 0Finally, for a given sequence of sets   in  , we define the sets (with  )
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lim inf
n→∞

Cn :=
{
x ∈ Rd : x = lim

n→∞
xn; ∀n ∈ N : xn ∈ Cn

}
,

lim sup
n→∞

Cn :=

{
x ∈ Rd : x = lim

k→∞
xnk

; ∀k ∈ N : nk ∈ N, nk > nk−1, xnk
∈ Cnk

}
.

Using these notions, we may introduce several modes of convergence for sets.

C,C1, C2, . . . ∈ C (Rd)Definition 2.1  Let  . We say that
(Cn)n∈N C limn→∞ d(x,Cn) = d(x,C) x ∈ Rd(a)   Wijsman converges to   if   for every   ,
(Cn)n∈N C limn→∞ h(Cn, C) = 0(b)   Hausdorff converges to   if   ,
(Cn)n∈N C limn→∞ s(x∗, Cn) = s(x∗, C) x∗ ∈ BRd(c)   scalarly converges to   if   for every   ,
(Cn)n∈N C C = lim infn→∞ Cn = lim supn→∞ Cn(d)   Painlevé-Kuratowski converges to   if  .

We now summarize some well-known connections between these modes of convergence which
will be useful in our discussions below.

C,C1, C2, . . . ∈ C (Rd)Proposition  2.2  [37, Theorems  1,  2,  6],  [21, Proposition  2.3] Let   and
consider the following properties:

(Cn)n∈N C(a)   Hausdorff converges to  .
limn→∞ d(x,Cn) = d(x,C) x ∈ Rd(b)   uniformly in  .
limn→∞ s(x∗, Cn) = s(x∗, C) x∗ ∈ BRd(c)   uniformly in  .
(Cn)n∈N C(d)   Painlevé-Kuratowski converges to  .
(Cn)n∈N C(e)   Wijsman converges to  .
(Cn)n∈N C(f)   scalarly converges to  .
limn→∞ s(x∗, Cn) = s(x∗, C) x∗ ∈ W(g)   for every  .

Then, the following results hold.
⇔ ⇒ ⇒ ⇒ ⇒(i) In general, (a)  (b)  (e), (a)  (d), (c)  (f)  (g).
C,C1, C2, . . . ∈ G (Rd) ⇔(ii) Suppose that  . Then, (d)  (e) as well.
C,C1, C2, . . . ∈ K (Rd) ⇔ ⇔ ⇔(iii) Suppose that  . Then, (a)  (c)  (f)  (g) as well.

RdWe also have the following Bolzano-Weierstrass property for compact subsets of  :

(Cn)n∈N Rd (Cn)n∈N

supn∈N ∥Cn∥ < +∞ (Cnk
)k∈N

C ⊆ Rd (Cnk
)k∈N C

(Cn)n∈N K (Rd) C ∈ K (Rd)

Proposition 2.3  Let   be a sequence of nonempty compact subsets of  . If   is
bounded,  i.e.,   ,  then  there  exists  a  subsequence    and  a  nonempty
compact  set    such  that    Hausdorff  converges  to  .  If  we  further  have  that

 is in   , then  .

K (Rd)

Proof  The first claim is by [21, Proposition 2.2]. The second claim follows from the fact that
  can  be  embedded  as  a  closed  convex  cone  in  a  Banach  space  thanks  to  Hörmander’s

theorem; see [10, Theorem 3.2.9].  □
 2.2  Set-valued measurable functions

(Ω,F ,P) A Ω

σ(A) σ-algebra Ω A G sub-σ-algebra F ΠG(Ω)

G-measurable Ω L0
G(Ω,Rd)

G-measurable ξ : Ω → Rd P-almost
p ⩾ 1 Lp

G(Ω,Rd) ξ ∈ L0
G(Ω,Rd) p-integrable

E[|ξ|p] < +∞ Lp := Lp
F (Ω,Rd) K ⊆ L0

F (Ω,Rd) G-decomposable

Let us fix a probability space  . When   is a collection of subsets of  , we denote by
 the   on   generated by  . Let   be a   of  . We denote by 

the  set  of  all    finite  partitions  of  .  We  denote  by    the  set  of  all

 random vectors   that are distinguished up to   sure (a.s.) equality.
For  ,  we  denote  by    the  set  of  all    that  are  ,  i.e.,

; we also write  . A set   is called   if
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ξ1A + ζ1Ac ∈ K ξ, ζ ∈ K A ∈ G G-decomposable
K

 for every   and  . In general, the smallest   superset
of   is given by

decG(K) =

{
n∑

i=1

ξi1Ai
: ξ1, . . . , ξn ∈ K; (Ai)

n
i=1 ∈ ΠG(Ω); n ∈ N

}
(2.3)

G-decomposable K K ⊆ Lp p ⩾ 1 K
Lp supξ∈K E[|ξ|p] < +∞ Lp ξ ∈ Lp

|ζ| ⩽ ξ P-a.s ζ ∈ K

and we call  it  the   hull of  .  When    for some  ,  we say that    is
bounded  in    if    and  dominated  in    if  there  exists    such  that

  . for every  .
The next result is concerned with the relationship between being dominated and bounded for

sets of random vectors.

G sub-σ-algebra F p ⩾ 1 K ⊆ Lp
G(Ω,Rd)Lemma 2.4  Let   be a   of   ,   , and   be a nonempty set. Then,

the following are equivalent:
K Lp(i)   is dominated in  .
decG(K) Lp(ii)   is dominated in  .
clLp decG(K) Lp(iii)   is dominated in  .
decG(K) Lp(iv)   is bounded in  .
clLp decG(K) Lp(v)   is bounded in  .

⇔ ⇔
⇒ ⇒ ⇒ K ⊆ decG(K) ⊆ clLp decG(K)

⇒ r := supξ∈decG(K) E[|ξ|p] < +∞
ξ ∈ clLp decG(K) (ξn)n∈N decG(K) ξ Lp

E[|ξ|p] = limn→∞ E[|ξn|p] ⩽ r

Proof  The  equivalences  (i) (iii) (v)  are  given  by  [27,  Theorem  3.3.5].  The  implications
(iii) (ii), (ii) (i), (v) (iv) are trivial as  . To complete the proof,
we  check  (iv) (v).  Suppose  that  (iv)  holds  and  let  .  Let

. Then, there exists a sequence   in   that converges to   in  . Hence,
 and (v) follows.  □

Ξ: Ω → C (Rd) G-measurable {ω ∈ Ω: Ξ(ω) ∩ C ̸= ∅} ∈
G C ∈ C (Rd) L 0

G (Ω,C (Rd))

∥Ξ∥ G-measurable Ξ G-measurable
ξ ∈ L0

G(Ω,Rd) Ξ P{ξ ∈ Ξ} = 1

Ξ S0
G(Ξ) p ⩾ 1 Sp

G(Ξ) := S0
G(Ξ) ∩ Lp

Ξ p-integrable Sp
G(Ξ) ̸= ∅ p-integrably bounded E[∥Ξ∥p] < +∞

We say that a set-valued function   is   if 
,  for  every  ;  the  set  of  all  such  functions  is  denoted  by  .  It  can  be

checked that the scalar  function    is   whenever    is  .  A random
vector    is  called  a  measurable  selection  of    if  ;  the  set  of  all

measurable selections of   is denoted by  . For  , let  ; we say that

 is   if   and it is   if  . We also define

A p
G (Ω,C (Rd)) := {Ξ ∈ L 0

G (Ω,C (Rd)) : Sp
G(Ξ) ̸= ∅},

L p
G (Ω,C (Rd)) := {Ξ ∈ L 0

G (Ω,C (Rd)) : E[∥Ξ∥p] < +∞}.

We list some main results on set-valued measurable functions in the next theorem.

G sub-σ-algebra F p ⩾ 1Theorem 2.5  Let   be a   of   and  .
Ξ ∈ L 0

G (Ω,C (Rd)) S0
G(Ξ) ̸= ∅ Ξ

p-integrably S0
G(Ξ) = Sp

G(Ξ) Ξ P-a.s.
L p

G (Ω,C (Rd)) ⊆ A p
G (Ω,C (Rd))

(i)  [32, Theorem  1.4.1,  Proposition  2.1.4] Let  . Then,  .  If    is

  bounded,  then    and    has  bounded  values    In  particular,
.

Ξ ∈ A p
G (Ω,C (Rd)) Sp

G(Ξ)

Lp Ξ P-a.s. Sp
G(Ξ) Ξ

p-integrably Sp
G(Ξ) Lp

(ii)  [32,  Proposition  2.1.7]  Let  .  Then,    is  a  nonempty  (strongly)

closed subset of  . Moreover,   has convex values   if and only if   is a convex set; 
is   bounded if and only if   is bounded in  .

Ξ,Υ ∈ L 0
G (Ω,C (Rd)) A p

G (Ω,C (Rd)) Ξ = Υ

P-a.s. S0
G(Ξ) = S0

G(Υ) Sp
G(Ξ) = Sp

G(Υ)

(iii)  [32,  Proposition  2.1.4]  Let    (resp.   ).  Then, 

 if and only if   (resp.   ).
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Ξ ∈ L p
G (Ω,C (Rd)) Ξ P-a.s.

Ξ P-a.s. Sp
G(Ξ)

(iv) [32, Theorem 2.1.18] Let   and suppose that   has convex values 

Then,   has compact values   if and only if   is a weakly compact set.

K ⊆ Lp
G(Ω,Rd) K

G-decomposable Ξ ∈ A p
G (Ω,C (Rd)) K = Sp

G(Ξ)

(v)  [32,  Theorem  2.1.10]  Let    be  a  nonempty  closed  set.  Then,    is

 if and only if there exists   such that  .

L 0
G (Ω,C (Rd))

P-a.s. p ⩾ 1

L p
G (Ω,K (Rd)) Ξ ∈ L p

G (Ω,C (Rd)) P-a.s.

In view of Theorem 2.5(iii), we may assume that the members of   are identified

up  to    equality  similar  to  the  case  of  random  vectors.  For  ,  we  denote  by
 the set of all   with compact convex values 

Ξ ∈ A 1
F (Ω,C (Rd)) E[Ξ] := clRd({E[ξ] : ξ ∈ S1

F (Ξ)})
Ξ {E[ξ|G] : ξ ∈ S1

G(Ξ)} G-decomposable

E[Ξ|G] ∈ A 1
G (Ω,C (Rd)) S1

G(E[Ξ|G]) = clL1({E[ξ|G] : ξ ∈ S1
G(Ξ)}) Ξ

p-integrable p-integrably E[Ξ|G] Sp
G(E[Ξ|G]) = clLp({E[ξ|G] :

ξ ∈ Sp
G(Ξ)}) Sp

G(E[Ξ|G]) = {E[ξ|G] : ξ ∈ Sp
G(Ξ)} Ξ

P-a.s. E[Ξ|G]

Finally,  we  review  the  notion  of  conditional  expectation  for  set-valued  random  variables.
Given  , the set   is called the (closed) Aumann

integral of  . It is easy to check that the set   is  . Hence, by

Theorem 2.5(v) (see also [32, Theorem 2.1.71]), there exists a unique set-valued random variable
  such  that  .  Moreover,  if    is

 (resp.   bounded), then so is   and we have 

  (resp.  );  if   has  convex  (resp.  compact  convex)

values  , then so does  .

 2.3  Set-valued submartingales in discrete time

G = (Gn)n∈N (Ω,F ,P) G∞ :=
∨

n∈N Gn :=

σ(
∪

n∈N Gn) (Ξn)n∈N

Ξn ∈ L 0
F (Ω,C (Rd)) n ∈ N G-adapted Ξn ∈ L 0

Gn
(Ω,C (Rd)) Ξn ∈

L 0
F (Ω,G (Rd)) Ξn ∈ A 1

F (Ω,C (Rd)) Ξn ∈ L 1
F (Ω,C (Rd))

n ∈ N

Let    be  a  discrete-time  filtration  on  ,  and  let 

.  A  discrete  time  set-valued  (stochastic)  process  is  a  collection    with

,  .  It  is  called    if  ,  convex  if 

, integrable if  , and integrably bounded if  ,

for each  .
With these notions, we are ready to define set-valued submartingales.

G-adapted (Ξn)n∈N

G-submartingale G-supermartingale E[Ξn+1|Gn] ⊇ Ξn E[Ξn+1|
Gn] ⊆ Ξn P-a.s. n ∈ N G-martingale
G-submartingale G-supermartingale

Definition  2.6  A    integrable  set-valued  process    is  called  a  set-valued
  (resp.  set-valued   )  if    (resp. 

 )   for each   , it is called a set-valued   if it is both a set-valued
 and a set-valued  .

G-martingale (ξn)n∈N

G-martingale.

(ξn)n∈N G-submartingale

E[ξn+1|Gn] ⩾ ξn n ∈ N E[{ξn+1}|Gn] ⊇ {ξn}
({ξn})n∈N G-submartingale.

(ξn)n∈N G-martingale

Remark 2.7  By definition, it is clear that a vector-valued     can be viewed
as a singleton set-valued   But there is a dramatic distinction between real-valued
and set-valued submartingales. Indeed, if   is a real-valued   , then it holds
that   ,  . But this by no means implies that   as sets, and
hence   is not a set-valued   It is interesting to note that as singleton set-
valued process the desired “inclusion” only holds when   is actually a  .

We collect some basic observations about set-valued martingales in the next proposition.

Υ ∈ L 1
F (Ω,G (Rd)) Ξn := E[Υ|Gn]

n ∈ N (Ξn)n∈N G-martingale

Proposition  2.8  (i)  [32, Example  5.1.2(i)] Let   and  set    for

each  . Then,   is an integrably bounded convex set-valued  .
(Ξn)n∈N G-submartingale

(∥Ξn∥)n∈N G-submartingale

(ii) [32, Theorem 5.1.5(i)] Let   be an integrably bounded convex   . Then,
 is a real-valued  .

(Ξn)n∈N G-martingale

x∗ ∈ Rd (s(x∗,Ξn))n∈N

G-martingale

(iii) [32, Theorem 5.1.5(iii)] Let   be an integrably bounded convex   (resp.
submartingale, supermartingale). Then, for each   , the sequence   is a real-
valued   (resp. submartingale, supermartingale).
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(Ξn)n∈N 7→ (∥Ξn∥)n∈N

We would like to remark here that,  unlike the real-valued setting where submartingales  and
supermartingales are negatives of each other, whence in a sense “symmetric”, in the set-valued
case  submartingales  and  supermartingales  have  to  be  studied  separately  as  is  clear  from
Definition 2.6. However, in this paper, we shall focus more on the set-valued submartingale for
two  reasons.  First,  the  important  and  frequently  used “ scalarization” procedure  in  this  paper:

 only preserves the submartingale property, thanks to Proposition 2.8(ii).
Second, the main objective of this paper is the path-regularity of the set-valued stochastic integrals,
which are set-valued submartingales in general (see Lemma 5.9). Bearing these in mind, in the
rest  of  the  paper,  we  shall  consider  only  set-valued submartingales  and martingales,  and leave
some of the non-trivial supermartingale cases to future studies.
We end this section by recalling a set-valued version of Martingale Convergence Theorem.

(Ξn)n∈N G-submartingale

{∥Ξn∥ : n ∈ N} L1
F (Ω,R)

Ξ∞ ∈ L 1
G∞

(Ω,K (Rd)) limn→∞ Ξn = Ξ∞ P-a.s.
{∥Ξn∥ : n ∈ N}

L1

Theorem 2.9  [21, Theorem 4.5] Let   be  a  convex  set-valued   ,  such
that  the family    is  bounded in  . Then, there exists  a set-valued random
variable    such  that    in  the  Hausdorff  sense, 

Furthermore, if   is uniformly integrable, then the Hausdorff convergence also holds
in  .

 3.  Set-valued reverse martingales in discrete time

In this section, we establish a key tool for the study of path-regularity of continuous time set-
valued martingales: the convergence theorem for reverse set-valued martingales.

G− = (G−n)n∈N G−n sub-σ-algebra F
G−1 ⊇ G−2 ⊇ . . . G−∞ :=

∩
n∈N G−n (Ξn)n∈N

G−-adapted Ξn G−n-measurable n ∈ N G−-adapted
(Ξn)n∈N G−-submartingale G−-supermartingale

E[Ξn|G−(n+1)] ⊇ Ξn+1 E[Ξn|G−(n+1)] ⊆ Ξn+1 P-a.s. n ∈ N
G−-martingale G_-submartingale

G−-supermartingale

Let    be  a  reverse  filtration,  that  is,  each    is  a    of    such
that    We  define  .  A  set-valued  process    is  called

  if    is    for  each  .  A    integrable  set-valued
process   is called a set-valued   (resp. set-valued  )
if    (resp.  )    for  each  ,  it  is  called a set-
valued    if  it  is  both  a  set-valued    and  a  set-valued

.
It is easy to check that Remark 2.8 extends naturally for reverse filtrations. The following is

the  reverse  version  of  Theorem  2.9,  as  well  as  a  set-valued  generalization  of  the  convergence
theorem  for  real-valued  reverse  submartingales  (cf.  [12,  Theorem  V.4.19]).  To  the  best  of  our
knowledge,  it  is  new.  Also,  as  we  pointed  out  before,  the  set-valued  submartingales  and  real-
valued submartingales are fundamentally different (see Remark 2.7), so the condition in the set-
valued version is actually weaker than the real-valued case. We provide a detailed proof for the
interested reader.

(Ξn)n∈N G−-submartingale.

{∥Ξn∥ : n ∈ N}
Ξ∞ ∈ L 1

G−∞
(Ω,K (Rd)) limn→∞ Ξn = Ξ∞ P-a.s. L1

Theorem 3.1  Let   be a convex integrably bounded set-valued   Then,
  is  uniformly  integrable  and  there  exists  a  set-valued  random  variable

 such that   , in the Hausdorff sense   and in  .

(∥Ξn∥)n∈N G−-submartingale
m∞ ∈ L1

G−∞

P-a.s. L1 N0 P-null

Proof  The  proof  follows  the  idea  of  that  of  [12,  Theorem V.4.19],  with  some extra  steps  to
deal with the special set-valued nature. To begin with, we first note that, by a reverse version of
Proposition  2.8(ii),    is  a  positive  reverse  ,  thus  by  [12,  Theorem
V.4.19] it is uniformly integrable and hence converges to a random variable  , both

 and in  . We denote   to be the exceptional   set here.
n ∈ N E[Ξn] ∈ K (Rd) ΞnNext, for each  , we have   since   is integrably bounded. Moreover, the

Probability, Uncertainty and Quantitative Risk 479



E[Ξ1] ⊇ E[Ξ2] ⊇ . . . D :=
∩

n∈N E[Ξn] ̸= ∅
x∗ ∈ W

(s(x∗,Ξn))n∈N G−-submartingale
D s(x∗, ·)

submartingale property implies that   Hence,  , thanks to
Cantor’s intersection theorem. Furthermore, for each  , the reverse version of Proposition
2.8(iii) implies that   is a real-valued  , and by the definitions of
set   and the support function  , it is easy to check (cf, e.g., [32, Theorem 2.1.35]) that

inf
n∈N

E[s(x∗,Ξn)] = inf
n∈N

s(x∗,E[Ξn]) ⩾ s(x∗, D) > −∞.

(s(x∗,Ξn))n∈N

sx
∗

∞ ∈ L1
G−∞

P-a.s. L1 Nx∗

P-null x∗ ∈ W

Therefore,  the  real-valued  reverse  martingale  convergence  theorem  implies  that 

converges to a random variable  ,  both   and in  .  We denote   to be the

exceptional   set, for each  .
N = N0 ∪

(∪
x∗∈W Nx∗

)
Ω := Ω \ N P(Ω) = 1

(∥Ξn(ω)∥)n∈N ω ∈ Ω

(Ξnk
(ω))k∈N

C(ω) ∈ K (Rd)

Now  let  us  define  ,  and  .  Then,    and,  as  a

convergent  sequence,    is  bounded,  for  .  Then,  by  Bolzano-Weierstrass
Theorem  (Proposition  2.3),  there  exists  a  subsequence    that  converges  to  some

 in the Hausdorff sense. Since Hausdorff convergence implies scalar convergence,
we have

sx
∗

∞ (ω) = lim
n→∞

s(x∗,Ξn(ω)) = lim
k→∞

s(x∗,Ξnk
(ω)) = s(x∗, C(ω)), x∗ ∈ W .

(Ξn(ω))n∈N C(ω)

Ξ∞(ω) := C(ω) ω ∈ Ω̄ Ξ∞(ω) := {0} ω ∈ N
Ξ∞ Ω (Ξn)n∈N Ξ∞ P-a.s.

s(x∗,Ξ∞(ω)) = sx
∗

∞ (ω) ω ∈ Ω̄ x∗ ∈ W sx
∗

∞ G−∞-measurable

s(x∗,Ξ∞) G−∞-measurable x∗ ∈ W Ξ∞ G−∞-measurable

This in turn implies that   itself converges to   in the Hausdorff sense, thanks to
Proposition 2.2.  We can thus denote  ,  .  Setting    for 
we  can  extend    to  all  ,  so  that   Hausdorff  converges  to     Furthermore,
note  that  ,  ,  for  all    and    is  .  We

conclude that   is   for all  . That is,   is  .
|∥Ξn∥ − ∥Ξ∞∥| ⩽ h(Ξn,Ξ∞) n ∈ N (∥Ξn∥)n∈N ∥Ξ∞∥

P-a.s.
Finally, note that   for each  ,   converges to 
 Then, by Fatou’s lemma and the submartingale property, we have

E[∥Ξ∥∞] = E
[
lim
n→∞

∥Ξn∥
]
⩽ lim inf

n→∞
E[∥Ξn∥] ⩽ sup

n∈N
E[∥Ξn∥] = E[∥Ξ1∥] < +∞,

Ξ∞ h(Ξn,Ξ∞) ⩽ ∥Ξn∥+ ∥Ξ∞∥
n ∈ N (∥Ξn∥)n∈N (h(Ξn,Ξ∞))n∈N

(h(Ξn,Ξ∞))n∈N 0 P-a.s.,
L1 (Ξn)n∈N Ξ∞ L1

that  is,    is  integrably  bounded.  Moreover,  note  that    for  each
,  and    is  uniformly  integrable,  we  see  that    is  uniformly

integrable  as  well.  This,  together  with  the  fact  that    converges  to  , 
implies that the convergence is in   as well, i.e.,   Hausdorff converges to   in  .  □

 4.  Set-valued submartingales in continuous time

D ∈ B([0,+∞))

D = [0,+∞) D = [0, T ] T > 0 Leb
(D,B(D)) F = (Ft)t∈D (Ω,F ,P)

F
L0
F(D × Ω,Rd) F-progressively

z = (zt)t∈D Rd Leb⊗ P-almost
L2
F(D × Ω,Rd) z ∈ L0

F(D × Ω,Rd)

E[
∫
D
|zt|2dt] < +∞

In this section, we study the path-regularity for set-valued submartingales in continuous time.
We begin by introducing some basic definitions. Let   be a nonempty index set.
We  will  later  take  either    or    for  some  .  We  denote  by    the
Lebesgue measure on  . Let   be a filtration on  . Unless otherwise
stated, we do not assume that   satisfies the usual conditions (i.e., right-continuous and augmented,
cf. e.g., [12]) in general. We denote by   the set of all   measurable

processes    taking  values  in    that  are  distinguished  up  to 
everywhere  (a.e.)  equality  and  by    the  set  of  all    such  that

.

Φ: D × Ω → C (Rd) Φ = (Φt)t∈D

Φt(ω) := Φ(t, ω) (t, ω) ∈ D × Ω Φ

A set-valued  function    can  be  identified  as  a  family  ,  where
  for  each  ;  in  this  case,    is  called  a  set-valued  (stochastic)
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D Φt ∈ L 0
F (Ω,C (Rd)) t ∈ D

Φ F-progressively F-progressive
σ-algebra D × Ω L 0

F (D × Ω,C (Rd))

F-adaptedness p-integrability p-integrable p ⩾ 1

F-submartingales

D

process  (with  index  set  )  if    for  each  .  We  say  that  a  set-valued
process    is   measurable  if  it  is  measurable  with  respect  to  the 

 on  , the collection of all such processes is denoted by  . The
definitions of  , convexity,   and   boundedness ( ) are
analogous  to  the  discrete-time  case.  Set-valued  ,  supermartingales,  and
martingales with time-index   can be defined naturally following Definition 2.6. Furthermore, it
is easy to see that Proposition 2.8 extends naturally to the continuous-time setting.

 4.1  Left- and right-limits of set-valued submartingales

D = [0,+∞)In  the  rest  of  this  section,  we  consider  the  case  .  Our  first  result  provides  the
existence of all left- and right-limits of a set-valued submartingale with probability one.

(Mt)t⩾0 F-submartingale.Lemma 4.1  Let   be a convex and integrably bounded set-valued   Then,
with probability one, the following limits exist in the Hausdorff sense:

Mt− := lim
r∈Q,r↑t

Mr, t > 0; Mt+ := lim
r∈Q,r↓t

Mr, t ⩾ 0.

mt := ∥Mt∥ t ⩾ 0 (mt)t⩾0 F-submartingale
Ω0 ∈ F P(Ω0) = 1 ω ∈ Ω0

mt−(ω) := limr∈Q,r↑t mr(ω) t > 0 mt+(ω) := limr∈Q,r↓t mr(ω) t ⩾ 0

Proof  The  scheme  of  the  proof  is  similar  to  that  of  Theorem  3.1.  We  first  consider  the
“ scalarization”  ,  .  Since    is  a  real-valued  ,  by  [12,
Proposition V.7.14],  there exists a set   such that   and, for  ,  the limits

,  , and  ,  , exist and are finite.
x∗ ∈ W sx

∗

t := s(x∗,Mt) t ⩾ 0

(sx
∗

t )t⩾0 F-submartingale Ωx∗ ∈ F
P(Ωx∗) = 1 sx

∗

t−(ω) := limr∈Q,r↑t s
x∗

r (ω) t > 0 sx
∗

t+(ω) := limr∈Q,r↓t s
x∗

r (ω) t ⩾ 0

ω ∈ Ωx∗

Next, we consider another “scalarization”: for  , define  ,  . Again,
since  each    is  a  real-valued  ,  there  exists  a  set    such  that

 and the limits  ,  , and  , ,

exist and are finite, whenever  .

Ω = Ω0 ∩
(∩

x∗∈W Ωx∗
)

P(Ω) = 1 t > 0 (rn(t))n∈N ⊂ Q
rn(t) ↑ t n → ∞ ω ∈ Ω limn→∞

∥∥Mrn(t)(ω)
∥∥ = mt−(ω)

(Mrn(t)(ω))n∈N

(Mrnk
(t)(ω))k∈N

At(ω) ∈ K (Rd)

ω ∈ Ω x∗ ∈ W

Let us now focus on the left limit case, as the right limit case can be argued similarly. To this
end,  denote  ,  so  that  .  For  ,  let    be  such

that    as  .  Since  for  ,  it  holds  that  ,  the

sequence    is  bounded. Applying Bolzano-Weierstrass Theorem (Proposition 2.3),
we  can  find  a  Hausdorff  convergent  subsequence  ,  and  denote  its  limit  by

.  Now,  by  using  the  relationship  between  Hausdorff  convergence  and  scalar
convergence (see Proposition 2.2), we can show that, if  , then for every   it holds that

sx
∗

t−(ω) = lim
r∈Q,r↑t

s(x∗,Mr(ω)) = lim
n→∞

s(x∗,Mrn(t)(ω)) = lim
k→∞

s(x∗,Mrnk
(t)(ω)) = s(x∗, At(ω)).

(r̃n(t))n∈N ⊂ Q r̃n(t) ↑ t n → ∞
ω ∈ Ω x∗ ∈ W

Finally, we note that if   is another sequence such that   as  , then
the same argument shows that, for  , and every  , we have

lim
n→∞

s(x∗,Mr̃n(t)(ω)) = sx
∗

t−(ω) = lim
n→∞

s(x∗,Mrn(t)(ω)) = s(x∗, At(ω)).

K (Rd)

(Mr̃n(t)(ω))n∈N At(ω)

t Mt− = At P-a.s.

Since Hausdorff  convergence and scalar convergence are equivalent on   (see Proposition
2.2(iii)),  we  conclude  that    Hausdorff  converges  to  .  In  other  words,  the
limit is free of the choice of the rational sequence converging to  , and thus  , 

Mt+ = Ãt ∈ L0(Ω,K (Rd))An almost identical argument also shows that   exists, we leave it to
the interested reader.  □
 4.2  Existence of right-continuous modifications

In light of  the vector-valued martingale theory,  we now try to turn the temporally sectional

Probability, Uncertainty and Quantitative Risk 481



result Lemma 4.1 into the first path-regularity result for the set-valued submartingales. As before,
although  the  arguments  mostly  follow  the  standard  stochastic  analysis,  we  would  like  to
emphasize the special properties based on the nature of set-valued (multi)functions.

(Mt)t⩾0 F-submartingale (Mt−)t>0 (Mt+)t⩾0

P-a.s. Ω̄ Mt−(ω) =

Mt+(ω) := {0} ω ∈ Ω̄c

Let   be a set-valued  . Let  ,   be the families of set-
valued  random  variables  in  Lemma  4.1,  defined  on  the    set  ;  and  set 

,  , for definiteness. Then, we have the following result.

F = (Ft)t⩾0

(Mt)t⩾0 F-submartingale.

Theorem  4.2.  Suppose  that  the  filtration    satisfies  the  usual  conditions.  Let
 be a convex and integrably bounded set-valued 

t ⩾ 0 Mt+ ∈ L 1
Ft
(Ω,K (Rd)) Mt ⊆ Mt+ P-a.s.;

Mt = Mt+ P-a.s. r 7→ s(x∗,E[Mr]) r = t

x∗ ∈ W

(i)  For  each   ,  we  have    and      moreover,

    if  and  only  if  the  function    is  right-continuous  at    for
every  .

(Mt+)t⩾0

F-submartingale.

(Mt)t⩾0 F-martingale (Mt+)t⩾0

(ii) The process   is a Hausdorff càdlàg (right-continuous and left-limited with respect
to  Hausdorff  convergence),  convex,  and  integrably  bounded  set-valued    If  we
further assume that   is a set-valued   , then so is  .

t ⩾ 0 P(Ω̄) = 1 Ω̄ ∈ Ft F
Mt+ Ft+-measurable Ft-measurable

F

Proof  Let  . First note that, since  , we have   by the augmentedness of  .
Thus, it follows from Lemma 4.1 that   is  , whence   by the right-
continuity of  . We now follow our “scalarization” scheme to carry out the proof.

t ⩾ 0 (rn(t))n∈N ⊂ Q rn(t) ↓ t n → ∞
G− = (G−n := Frn(t))n∈N (Mrn(t))n∈N G−-submartingale

(
∥∥Mrn(t)

∥∥)n∈N (Mrn(t))n∈N

Mt+ L1 Mt+

Mt+ ∈ L 1
Ft
(Ω,K (Rd))

(i)  Step  1  Let    and    be  such  that    as  .  Let
. Then,   is a convex integrably bounded  .

By  Theorem  3.1,  the  sequence    is  uniformly  integrable,    Hausdorff

converges  to    in  ,  and  the  limit    is  convex  and  integrably  bounded.  Hence,
.

x∗ ∈ W sx
∗

r := s(x∗,Mr) r ⩾ 0 (sx
∗

r )r⩾0

F-submartingale
Step  2  For  each  ,  we  define  ,  .  Then    is  a  real-valued

 by Remark 2.8(iii). Hence, by [12, Theorem V.4.19], we have

sx
∗

t ⩽ sx
∗

t+ P-a.s. (4.1)

(Mrn(t))n∈NOn the other hand, the Hausdorff convergence of   in Step 1 implies that

sx
∗

t+ = lim
n→∞

sx
∗

rn(t)
= s
(
x∗, lim

n→∞
Mrn(t)

)
= s(x∗,Mt+) P-a.s., (4.2)

s(x∗,Mt) ⩽ s(x∗,Mt+) P-a.s. W ⊂ BRd

s(x∗,Mt) ⩽ s(x∗,Mt+) x∗ ∈ BRd P-a.s. Mt ⊆ Mt+ P-a.s.
and (4.1) reads as  ,   Since   is dense, the continuity of the support
functions yields  , for all  ,   To wit,   

Mt = Mt+ P-a.s.
s(x∗,Mt) = s(x∗,Mt+) P-a.s. x∗ ∈ W

r 7→ E[s(x∗,Mr)] r = t x∗ ∈ W

E[s(x∗,Mr)] = s(x∗,E[Mr])

Step  3  Continuing  from  Step  2,  we  see  that      if  and  only  if
   for every  . By [12, Theorem V.4.19], the latter condition is

equivalent  to  the  right-continuity  of    at    for  every  .  Since
 by [32, Theorem 2.1.35], the second part of (i) follows.

F-adaptedness

(Mr+)r⩾0 0 ⩽ u < t x∗ ∈ W

(ii) We first note that the integrable boundedness,  , and convexity are already
argued  in  (i),  and  the  path  regularity  is  by  construction.  Thus,  it  remains  to  check  the
submartingale property of  . To this end, let   and  . We claim that

s(x∗,Mu+) ⩽ E[s(x∗,Mt+)|Fu] P-a.s. (4.3)

s(x∗,Mu+) Fu-measurable A ∈ Fu

E[1As(x∗,Mu+)] ⩽ E[1AE[s(x∗,Mt+)|Fu]] E[1As(x∗,Mu+)] ⩽
By Step 1 of (i),   is  . Hence, to show (4.3), we fix an arbitrary 
and  show  that  ,  or  equivalently, 
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E[1As(x∗,Mt+)] (rn(u))n∈N (rn(t))n∈N Q u < rn(u) < t <

rn(t) n ∈ N rn(u) ↓ u rn(t) ↓ t n → ∞ (Mrn(t))n∈N

Mt+ L1 n ∈ N

.  Let  ,    be  sequences  in    such  that 
  for  every    and  ,    as  .  Note  that    Hausdorff

converges to   in   and, by (2.2), for each  , we have

|s(x∗,Mrn(t))− s(x∗,Mt+)| ⩽ h(Mrn(t),Mt+) P-a.s.

(s(x∗,Mrn(t)))n∈N s(x∗,Mt+) L1 (s(x∗,Mrn(u)))n∈N

s(x∗,Mu+) L1

Hence,   converges to   in  . Similarly,   converges
to   in  . In particular, we get

E[1As(x∗,Mu+)] = lim
n→∞

E[1As(x∗,Mrn(u))] ⩽ lim
n→∞

E[1AE[s(x∗,Mrn(t))|Fu]]

= lim
n→∞

E[1As(x∗,Mrn(t))] = E[1As(x∗,Mt+)] P-a.s.,

(s(x∗,Mr))r⩾0

s(x∗,E[Mt+|Fu]) = E[s(x∗,Mt+)|Fu]

s(x∗,Mu+) ⩽ s(x∗,E[Mt+|Fu]) x∗ ∈ BRd P-a.s., Mu+ ⊆ E[Mt+|Fu] P-a.s.
(Mr+)r⩾0 F-submartingale (Mr)r⩾0 F-martingale

(Mr+)r⩾0 F-martingale

where the inequality is by the submartingale property of  . Therefore, (4.3) follows.
Finally,  since    by  [32,  Theorem  2.1.72],  we  conclude  that

 for every     that is,     Hence,
  is  an  .  When    is  an  ,  the  inequality  in  (4.1)

becomes an equality so that   is an  .  □
As an immediate consequence of Theorem 4.2, we extend a well-known theorem for real-valued

martingales to the set-valued setting: Every martingale has a càdlàg modification.

F (Mt)t⩾0

F-submartingale t 7→ s(x∗,E[Mt])

x∗ ∈ W (M̃t)t⩾0

(M̃t)t⩾0 F-submartingale with P{Mt = M̃t} = 1

t ⩾ 0

Corollary 4.3  Suppose that   is a filtration that satisfies the usual conditions. Let   be
a convex and integrably bounded set-valued    such that   is right-
continuous  for  every  .  Then,  it  has  a  Hausdorff  càdlàg  modification   ,  i.e.,

  is  a convex and integrably bounded set-valued   
for every   and the following properties hold with probability one:

M̃t− t > 0(a)   exists for every   ,
M̃t+ M̃t = M̃t+ t ⩾ 0(b)   exists and   for every  .

(Mt)t⩾0 F-martingale (M̃t)t⩾0If we further assume that   is a set-valued   , then so is  .

M̃t = Mt+ t ⩾ 0 (M̃t)t⩾0Proof  Let    for  each  .  Then,  all  the  claimed  properties  for    follow
directly from Theorem 4.2.  □

F
Another  important  fact  in  stochastic  analysis  is  that  all  martingales  have  a  continuous

modification when the filtration   is Brownian, thanks to the martingale representation theorem
and the continuity of stochastic integrals. Although the direct imitation does not work in the set-
valued case, we are nevertheless able to prove the following result for set-valued martingales, by
again taking advantage of the scalarization procedure through support functions.

(Bt)t⩾0 Rm m ∈ N
F B

(Mt)t⩾0 F-martingale

(M̃t)t⩾0

(M̃t)t⩾0

Theorem 4.4  Let   be a standard Brownian motion with values in   , where  .
Suppose that   is the natural filtration generated by   and it satisfies the usual conditions. Let

 be a convex and integrably bounded set-valued   . Then, it has a Hausdorff
continuous  (continuous  with  respect  to  Hausdorff  convergence)  modification   ,  i.e.,

  satisfies  the  properties  in  Corollary  4.3  and  it  has  Hausdorff  continuous  paths  with
probability one.

(Mt)t⩾0 F-martingale t 7→ s(x∗,E[Mt])

x∗ ∈ W (Mt)t⩾0 (M̃t)t⩾0

Proof  Since   is an  , the mapping   is a constant, for every
. By Corollary 4.3,   has a Hausdorff càdlàg modification  . Next, for fixed
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x∗ ∈ W s̃x
∗

t := s(x∗, M̃t) t ⩾ 0 (M̃t)t⩾0

F-martingale (s̃x
∗

t )t⩾0 (s̃x
∗

t )t⩾0

(s̄x
∗

t )t⩾0

(s̃x
∗

t )t⩾0 P-a.s

,  consider  ,  .  Since    is  Hausdorff  càdlàg,  the  real-valued

   is càdlàg. By the classical martingale representation theorem,   has
a  continuous  modification  .  Since  both  processes  are  determined  by  their  values  at
rational times, they are indeed indistinguishable. Hence,   has continuous paths  .

t > 0 t ∈ Q x∗ ∈ W (s̃x
∗

t )t⩾0Finally, let   with   and  . Since   has continuous paths, we have

s(x∗, M̃t) = s̃x
∗

t = s̃x
∗

t− = lim
r∈Q,r↑t

s(x∗, M̃r) = s(x∗, M̃t−) P-a.s.

M̃t = M̃t− t ∈ Q ∩ (0,∞) P-a.s. (M̃t)t⩾0

M̃t = M̃t+ = limr∈Q,r↓t M̃r = limr∈Q,r↓t M̃r− = M̃t− t > 0 P-a.s. (M̃t)t⩾0

Thus,  ,  ,    Since    is  Hausdorff  càdlàg,  this  implies  that

,  for  all  ,    That  is,    has

Hausdorff continuous paths with probability one.  □
Remark  4.5.  As  an  immediate  application  of  Theorem  4.4,  we  can  conclude  Hausdorff

continuity for the solution of the following set-valued BSDE introduced in [4, Definition 6.1]:

Yt = E

[
Ξ +

∫ T

t

f(s, Ys)ds
∣∣∣Ft

]
, t ∈ [0, T ]. (4.4)

Ξ ∈ L 2
FT

(Ω,K (Rd)) f : [0, T ]× Ω× K (Rd) → K (Rd)

Y ∈ L 2
F ([0, T ]× Ω,K (Rd)) P-a.s. t ∈ [0, T ]

(Y n)n∈N L 2
F ([0, T ]× Ω,K (Rd))

Y (0) ≡ 0

Here,   is a terminal condition,   is a driver

function  that  satisfies  [4,  Assumption  6.2],  and  the  integral  is  understood  in  the  set-valued
Lebesgue sense, see [4, Section 3.2]. A solution of this set-valued BSDE is defined as a set-valued
process   that satisfies the equality in (4.4)    for each  .
By  [4,  Theorem 6.8],  such  a  solution  exists  and  is  unique  up  to  modifications;  moreover,  it  is
constructed  as  the  limit  of  the  Picard  iteration    in    defined  by

 and

Y
(n)
t = E

[
Ξ +

∫ T

t

f(s, Y (n−1)
s )ds

∣∣∣Ft

]
, t ∈ [0, T ], n ∈ N.

∫ T

0
=
∫ t

0
+
∫ T

t
Due to the temporal additivity of the integral (  ), it follows that

Y
(n)
t +

∫ t

0

f(s, Y (n−1)
s )ds = E[Ξ(n−1)|Ft], t ∈ [0, T ],

Ξ(n−1) := Ξ +
∫ T

0
f(s, Y

(n−1)
s )ds

(
∫ t

0
f(s, Y

(n−1)
s )ds)t∈[0,T ] Ξ(n−1) ∈ L 2

FT
(Ω,

K (Rd)) (E[Ξ(n−1)|Ft])t∈[0,T ]

where  .  By  [27,  Corollary  4.2.1],  the  indefinite  integral

  has  a  Hausdorff  continuous  modification.  Since 

,  the  set-valued  martingale    also  has  a  continuous  modification  by

Theorem 4.4.  Note that,  by the translation invariance (cf.  [29,  Proposition 1.3.2])  and triangle
inequality for the Hausdorff distance, we have

h(Y
(n)
t , Y

(n)
t+h) = h

(
Y

(n)
t +

∫ t

0

f(s, Y (n−1)
s )ds, Y (n)

t+h +

∫ t

0

f(s, Y (n−1)
s )ds

)

⩽ h

(
E[Ξ(n−1)|Ft], Y

(n)
t+h +

∫ t+h

0

f(s, Y (n−1)
s )ds

)

+ h

(
Y

(n)
t+h +

∫ t+h

0

f(s, Y (n−1)
s )ds, Y (n)

t+h +

∫ t

0

f(s, Y (n−1)
s )ds

)

= h(E[Ξ(n−1)|Ft],E[Ξ(n−1)|Ft+h]) + h

(∫ t+h

0

f(s, Y (n−1)
s )ds,

∫ t

0

f(s, Y (n−1)
s )ds

)
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t ∈ [0, T ] h ∈ R t+ h ∈ [0, T ] Y (n)

(Y (n))n∈N Y

P L 2
F ([0, T ]× Ω,K (Rd))

for every   and   with  . Thanks to this calculation, it follows that 
has a continuous modification. Finally, being the limit of the sequence   , the process 
has a continuous modification as well. In particular, we conclude that the set-valued BSDE (4.4)
has a   -a.s. pathwise-unique solution in  .

 4.3  Existence of left-continuous modifications

Complementing  the  discussion  of  Section  4.2,  we  now  study  the  existence  of  left-continuous
modifications of set-valued submartingales, which turns out to be slightly more involved.
We begin  by the  following  observation  in  the  real-valued martingale  theory:  although under

the usual conditions, every real-valued martingale has a càdlàg modification, the left-continuous
analog does not hold in full generality when one replaces the right-continuity of the filtration by
left-continuity.

F = (Ft)t⩾0

Ft = Ft− := σ(
∪

r<t Fr) t > 0 (ηt)t⩾0 F-submartingale.

Lemma 4.6  Suppose that    is  an augmented and left-continuous filtration,  that  is,
 for each  . Let   be a real-valued 

t > 0 ηt− ⩽ ηt P-a.s.;moreover ηt− = ηt P-a.s.
r 7→ E[ηr] r = t

(i)  For  each   ,  we  have     ,      if  and  only  if
 is left-continuous at  .

ηt ⩾ 0 P-a.s. t ⩾ 0 ηt− ∈ L1
Ft
(Ω,R) t > 0

(ηt−)t⩾0 F-submartingale

η0− := η0

(ii) Suppose that     for each  . Then, we have   for each  .

Moreover,   is a càglàd (left-continuous and right-limited) real-valued   ,
where  .

t > 0 Ω̄ ∈ F P(Ω̄) = 1

ω ∈ Ω̄ ηt− := limr∈Q,r↑t ηr(ω) t > 0 ηt+ := limr∈Q,r↓t ηr(ω) t ⩾ 0

ηt−(ω) := 0 t > 0 ηt+(ω) := 0 t ⩾ 0

ω ∈ Ω̄c F Ω̄ ∈ F0 ⊆ Ft− ⊆ Ft ηt−

Ft−-measurable Ft-measurable

Proof  (i) Let  . By [12, Proposition V.7.14], there exists a set   such that 
and, for every  , the limits  ,  , and  ,  ,
both  exist  and  are  finite.  Again,  we  set  ,  ,  and  ,  ,  for  every

. Since   is augmented, we have  . Hence, the definition of   implies
that it is  , whence  .

(rn(t))n∈N ⊂ Q rn(t) ↑ t n → ∞Let   be such that   as  . By the submartingale property, we have

ηrn(t) ⩽ E[ηt|Frn(t)] P-a.s., n ∈ N. (4.5)

Ft− =
∨

n∈N Frn(t) ηt Ft−-measurableNext note that   and   is  . By Lévy’s upward theorem, we have

lim
n→∞

E[ηt|Frn(t)] = E[ηt|Ft−] = ηt P-a.s.

limn→∞ ηrn(t) = ηt− P-a.s., n → ∞ ηt− ⩽ ηt P-a.s.
ηt− = ηt P-a.s. E[ηt−] = E[ηt] r 7→ E[ηr] r = t

Since      letting    in  (4.5)  yields      In  particular,
   if and only if  , that is,   is left-continuous at  .

t, (rn(t))n∈N ηt (E[ηt|Frn(t)])n∈N

(ηrn(t))n∈N

(ηrn(t))n∈N ηt− P-a.s L1

ηt− ∈ L1
Ft
(Ω,R)

(ii)  Let    be  as  in  (i).  Since    is  integrable,  the  family    is
uniformly integrable. Then, the positivity assumption and (4.5) imply that the family 
is  also uniformly integrable.  Hence,  by the real-valued submartingale  convergence theorem [12,
Theorem  V.4.5],    converges  to  ,  both  .  and  in  .  In  particular,

.

F-adaptedness (ηr−)r⩾0

0 ⩽ u < t ηu− ⩽ E[ηt−|Fu] P-a.s
E[ηu−1A] ⩽ E[E[ηt−|Fu]1A]

The   and integrability of   are already established. It remains to check
the  submartingale  property.  Let  .  We  show  that    .,  which  is
equivalent to having  , that is,

E[ηu−1A] ⩽ E[ηt−1A], A ∈ Fu. (4.6)
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u > 0 s < u A ∈ Fs (rn(u))n∈N (rn(t))n∈N

Q s < rn(u) < u < rn(t) < t n ∈ N rn(u) ↑ u rn(t) ↑ t

n → ∞ (ηrn(u))n∈N ηu− L1 (ηrn(t))n∈N ηt− L1

First,  suppose  that  .  Let  us  fix   and take  .  Let  ,   be
sequences in   such that   for every   and  ,   as

. Since   converges to   in   and   converges to   in  , we have

E[ηu−1A] = lim
n→∞

E[ηrn(u)1A] ⩽ lim
n→∞

E[E[ηrn(t)|Frn(u)]1A] = lim
n→∞

E[ηrn(t)1A] = E[ηt−1A],

L1

L1 (ηr)r⩾0

A ∈ Fs ⊆ Frn(u) A ∈ Fs

A ∈
∪

s<u Fs A A ∈ F
A ∪

s<t Fs

Fu = Fu− ⊆ A

A ∈ Fu u > 0 u = 0

rn(u) = 0 n ∈ N (ηr−)r⩾0

where  the  first  and  last  equalities  follow  since  (strong)  convergence  in    implies  weak
convergence  in  ,  the  inequality  follows  by  the  submartingale  property  of  ,  and  the
second  equality  follows  since  .  Hence,  (4.6)  holds  for  every  .  It  follows
that (4.6) holds for every  . Let   be the collection of all sets   for which (4.6)
holds.  As  an  immediate  consequence  of  monotone  convergence  theorem,    is  closed  under
increasing and decreasing sequences of sets.  Hence, it  is  a monotone class.  Since    is an
algebra  of  sets,  by  monotone  class  theorem,  we  get  .  Therefore,  (4.6)  holds  for
every   when  . When  , the same argument works in a simplified way by taking

 for each  . Hence, the proof of the submartingale property of   is complete.
(ηr)r⩾0 F-martingale r 7→ E[ηr]

ηr− = ηr P r ⩾ 0 (ηr−)r⩾0 F-martingale.
Finally, suppose that   is an  . Then,   is a constant function and

we have     -a.s. for each   by (i). Hence,   is an    □
Despite the lack of a general integrability result for the left-limits of a real-valued submartingale,

we  are  able  to  prove  the  following  left-continuous  analog  of  Theorem  4.2  for  set-valued
submartingales.  As  we  will  see  in  the  proof,  this  is  possible  by  exploiting  the  uniform
integrability  of  the  positive  submartingale  given  by  the  “ set  norm”  of  the  given  set-valued
submartingale.

F = (Ft)t⩾0

(Mt)t⩾0 F-submartingale. Ω̄ ∈ F P-a.s.
M0− := M0 Mt−(ω) := {0} t > 0

Mt+(ω) := {0} t ⩾ 0 ω ∈ Ω̄c

Theorem  4.7  Suppose  that    is  an  augmented  and  left-continuous  filtration.  Let
 be a convex and integrably bounded set-valued   Let   be the 

set  in  Lemma  4.1.  Set  .  For  definiteness,  set   ,   ,  and
 ,   , for every  . Then, we have the following results.

t > 0 Mt− ∈ L 1
Ft
(Ω,K (Rd)) Mt− ⊆ Mt P-a.s.;

Mt− = Mt P-a.s. r 7→ s(x∗,E[Mr]) r = t

(i)  For  each   ,  we  have    and      moreover,

   if and only if the function   is left-continuous at  .
(Mt−)t⩾0

F-submartingale. (Mt)t⩾0 F-martingale (Mt−)t⩾0

(ii) The  process    is  a  Hausdorff  càglàd,  convex,  and  integrably  bounded  set-valued
 Furthermore, if   is a set-valued   , then so is  .

t > 0 Ω̄ ∈ F P F0 ⊆ Ft

F Mt− Ft Ft− = Ft

F Mt− Ft

Proof  Let  . Since   is a   -a.s. set, it belongs to   by the augmentedness of
.  This and Lemma 4.1 imply that    is measurable with respect to  .  Since   by
the left-continuity of  , we conclude that   is   -measurable.

t > 0 (rn(t))n∈N Q rn(t) ↑ t n → ∞
G = (Gn := Frn(t))n∈N (Mrn(t))n∈N G-submartingale

(∥Mr∥)r⩾0 0 ⩽
∥∥Mrn(t)

∥∥ ⩽
E[∥Mt∥|Frn(t)] P-a.s. n ∈ N ∥Mt∥ ∈ L1 {E[∥Mt∥|Frn(t)] : n ∈ N}

{
∥∥Mrn(t)

∥∥ : n ∈ N}
(Mrn(t))n∈N Mt− L1

P-a.s. Mt− ∈ L 1
G∞

(Ω,K (Rd)) G∞ = Ft− = Ft

Mt− ∈ L 1
Ft
(Ω,K (Rd))

(i) Step 1  Let   and   be  a  sequence  in    such that   as  .  Let
. Note that   is a convex integrably bounded 

in discrete time. Note that, by the submartingale property of  , we have 
    for  each  .  Since  ,  the  family    is

uniformly integrable. It follows that the family   is also uniformly integrable. Hence,
by  Theorem  2.9,    converges  to    in  the  Hausdorff  sense  in    (in  addition  to

)  and  we  have  .  Here,  note  that  .  Hence,

.

x∗ ∈ W sx
∗

r := s(x∗,Mr) r ⩾ 0 (sx
∗

r )r⩾0

F-submartingale
Step 2  Let   and define   for each  . Note that   is a real-

valued   by Remark 2.8(iii). Hence, by Lemma 4.6, we have

sx
∗

t− ⩽ sx
∗

t P-a.s. (4.7)
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(rn(t))n∈N Q rn(t) ↑ t n → ∞On the other hand, for every sequence   in   with   as  , we have

sx
∗

t− = lim
n→∞

sx
∗

rn(t)
= s
(
x∗, lim

n→∞
Mrn(t)

)
= s(x∗,Mt−) P-a.s., (4.8)

s(x∗,Mt−) ⩽ s(x∗,Mt) P-a.s. W BRd

x∗ s(x∗,Mt−) ⩽ s(x∗,Mt) x∗ ∈ BRd

Mt− ⊆ Mt P-a.s.

where the second equality follows since Hausdorff convergence implies scalar convergence. Hence,
(4.7) reads as     Since   is dense in   and the support functions
are  continuous  in  ,  we  conclude  that    holds  for  every   with
probability one. Equivalently,   

Mt− = Mt P-a.s.
s(x∗,Mt−) = s(x∗,Mt) P-a.s. x∗ ∈ W

r 7→ E[s(x∗,Mr)] r = t x∗ ∈ W

E[s(x∗,Mr)] = s(x∗,E[Mr])

Step  3  By  the  reasoning  in  Step  2,  we  also  have  that      if  and  only  if
    for  every  .  By  Lemma  4.6,  the  latter  condition  is

equivalent  to  the  left-continuity  of    at    for  every  .  Since
 by [32, Theorem 2.1.35], the second part of (i) follows.

F-adaptedness
(Mr−)r⩾0

0 ⩽ u < t x∗ ∈ W

(ii)  Integrable  boundedness,  ,  and  convexity  are  already  shown  in  (i).  Path
regularity is by construction. It remains to prove the submartingale property of  . Let

 and  . We claim that

s(x∗,Mu−) ⩽ E[s(x∗,Mt−)|Fu] P-a.s. (4.9)

s(x∗,Mu−) Fu-measurable A ∈ Fu

E[1As(x∗,Mu−)] ⩽ E[1AE[s(x∗,Mt−)|Fu]] E[1As(x∗,Mu−)] ⩽
E[1As(x∗,Mt−)] (rn(u))n∈N (rn(t))n∈N Q rn(u) < u < rn(t) < t

n ∈ N rn(u) ↑ u rn(t) ↑ t n → ∞ (Mrn(t))n∈N

Mt− L1 n ∈ N

By Step 1 of (i),   is  . Hence, to show (4.9), we fix an arbitrary 
and  show  that  ,  or  equivalently, 

. Let  ,   be sequences in   such that 
for every   and  ,   as  . Note that   Hausdorff converges
to   in   and, by (2.2), for each  , we have

|s(x∗,Mrn(t))− s(x∗,Mt−)| ⩽ h(Mrn(t),Mt−) P-a.s.

(s(x∗,Mrn(t)))n∈N s(x∗,Mt−) L1 (s(x∗,Mrn(u)))n∈N

s(x∗,Mu−) L1

Hence,   converges to   in  . Similarly,   converges
to   in  . In particular, we get

E[1As(x∗,Mu−)] = lim
n→∞

E[1As(x∗,Mrn(u))] ⩽ lim
n→∞

E[1AE[s(x∗,Mrn(t))|Fu]]

= lim
n→∞

E[1As(x∗,Mrn(t))] = E[1As(x∗,Mt−)] P-a.s.,

(s(x∗,Mr))r⩾0

s(x∗,E[Mt−|Fu]) = E[s(x∗,Mt−)|Fu]

s(x∗,Mu−) ⩽ s(x∗,E[Mt−|Fu]) x∗ ∈ BRd P-a.s., Mu− ⊆ E[Mt−|Fu] P-a.s.
(Mr−)r⩾0 F-submartingale. (Mr)r⩾0 F-martingale

(Mr−)r⩾0 F-martingale

where the inequality is by the submartingale property of  . Therefore, (4.9) follows.
Finally,  since    by  [32,  Theorem  2.1.72],  we  conclude  that

 for every     that is,     Hence,
  is  an    When    is  an  ,  the  inequality  in  (4.7)

becomes an equality so that   is an  .  □
The next two corollaries complement Corollary 4.3.

F (Mt)t⩾0

F-submartingale t 7→ s(x∗,E[Mt])

x∗ ∈ W (M̃t)t⩾0

(M̃t)t⩾0 F-submartingale P{Mt = M̃t} = 1

t ⩾ 0

Corollary 4.8  Suppose that   is a filtration that is augmented and left-continuous. Let 
be a convex and integrably bounded set-valued   such that   is left-
continuous  for  every  .  Then,  it  has  a  Hausdorff  càglàd  modification   ,  i.e.,

  is  a  convex  and integrably  bounded set-valued   with 

for every   and the following properties hold with probability one:
M̃t− M̃t− = M̃t t > 0(a)   exists and   for every  .
M̃t+ t ⩾ 0(b)   exists for every  .
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(Mt)t⩾0 F-martingale (M̃t)t⩾0If we further assume that   is a set-valued   , then so is  .

M̃t = Mt− t ⩾ 0 (M̃t)t⩾0Proof  Let    for  each  .  Then,  all  the  claimed  properties  for    follow

directly from Theorem 4.7.  □
F

(Mt)t⩾0 F-submartingale

t 7→ s(x∗,E[Mt]) x∗ ∈ W

Corollary 4.9  Suppose that   is a filtration that is left-continuous and satisfies the usual conditions.
Let    be  a  convex  and  integrably  bounded  set-valued    such  that

 is continuous for every  .

(M̃t)t⩾0 (M̃t)t⩾0

F-submartingale P{Mt = M̃t} = 1 t ⩾ 0

M̃t−, M̃t+ M̃t− = M̃t = M̃t+ P-a.s. t ⩾ 0 M̃0− := M̃0

(i) Then, it  has a Hausdorff  continuous modification   ,  i.e.,    is  a convex and

integrably bounded set-valued   with   ,   , and the following

property holds:   exist and     for every  . (Here,  .)

(Mt)t⩾0 F-martingale (M̃t)t⩾0(ii) If we further assume that   is a set-valued   , then so is  .

M̄t := Mt+ t ⩾ 0 t 7→ s(x∗,E[Mt])

x∗ ∈ W (M̄t)t⩾0

(Mt)t⩾0 M̃t := M̄t− t ⩾ 0

t 7→ s(x∗,E[M̄t]) = s(x∗,E[Mt]) x∗ ∈ W (M̃t)t⩾0

(M̄t)t⩾0 (M̄t)t⩾0

(M̃t)t⩾0 (M̃t)t⩾0 (Mt)t⩾0

Proof  Let   for each   as in the proof of Corollary 4.3. Since   is

right-continuous  for  every  ,  the  process    is  a  Hausdorff  càdlàg  modification  of

.  Let    for  each    as  in  the  proof  of  Corollary  4.8.  Note  that

 is left-continuous for every  . Hence, the process 

is a Hausdorff càglàd modification of  . Moreover, since   is Hausdorff right-continuous,

so is  . It follows that   is a Hausdorff continuous modification of  .  □

t ⩾ 0

Remark 4.10  While the existence of Hausdorff càdlàg and càglàd modifications for set-valued
submartingales  can  be  of  independent  interest,  their  applicability  is  particularly  needed  in  the
context of set-valued stochastic integrals, which are only set-valued submartingales in general. As
will be studied in Section 5, these integrals are defined up to a.s. equality pointwise at each time

 and their joint measurability as set-valued processes is not guaranteed a priori. In Theorem
5.15, we will be able to prove the existence of a Hausdorff càglàd modification for a fairly general
class of set-valued stochastic integrals while the existence of a Hausdorff continuous modification
will be guaranteed within a more restrictive class; see also Remark 5.16 for a more technical discussion.

 5.  Set-valued stochastic integrals and martingale properties

t = 0

In  this  section,  we  study  the  set-valued  stochastic  integrals  recently  introduced  in  [4].  The
main difference between this stochastic integral and the Aumann-Itô integral is that it allows for
non-singleton  initial  values  at  ,  and  hence  particularly  useful  for  the  study  of  set-valued
backward stochastic differential equations. We shall first recall the definition and construction of
the integral and prove some properties that will be useful for future discussions. Then, we show that,
unlike  their  vector-valued  counterparts,  set-valued  stochastic  integrals  are  set-valued
submartingales in general and we characterize those stochastic integrals that are true set-valued
martingales.

(Ω,F ,P)
m-dimensional B = (Bt)t∈[0,T ] T > 0

F = (Ft)t∈[0,T ] B

In  what  follows  we  consider  a  probability  space    on  which  is  defined  an

 Brownian  motion  ,  where    is  a  given  horizon.  We  assume

that   is generated by the Brownian motion   and it satisfies the usual conditions.

 5.1  Set-valued stochastic integration

Rd,m
F := Rd × L2

F([0, T ]× Ω,Rd×m) (x, z) ∈ Rd,m
F

F-martingale J (x, z) = (Jt(x, z))t∈[0,T ]

Let us introduce the space  . Given  , we define

a continuous     by
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Jt(x, z) := x+

∫ t

0

zsdBs, t ∈ [0, T ]. (5.1)

R ⊆ Rd,m
F t ∈ [0, T ]

R [0, t] P-a.s.∫ t

0− RdB ∈ A 2
Ft
(Ω,C (Rd))

Definition  5.1  [4,  Section  5.3]  Let    be  a  nonempty  set,  . The  stochastic
integral  of   over  the  interval    is  defined as  the   unique set-valued random variable

 that satisfies

S2
Ft

(∫ t

0−
RdB

)
= clL2 decFt

(Jt[R]).

R = {x} × Z x ∈ Rd Z ⊆ L2
F([0, T ]× Ω,Rd×m)Remark 5.2  When   for some   and   , we have∫ t

0−
RdB = {x}+

∫ t

0

ZdB,∫ t

0
ZdB ∈ A 2

Ft
(Ω,C (Rd)) P-a.s.where   is the   unique set-valued random variable such that

S2
Ft

(∫ t

0

ZdB
)

= clL2 decFt

({∫ t

0

zsdBs : z ∈ Z
})

.∫ t

0
ZdB

F-martingale M M0 = {0}
Mt =

∫ t

0
ZdB P-a.s t ∈ [0, T ] Z ⊆ L2

F([0, T ]× Ω,Rd×m)

M0

R ⊆ Rd,m
F

  is called the generalized Aumann-Itô stochastic integral; see [27, § 5.2]. In [26, Theorem

4.2],  it  is  shown  that  every  set-valued     with    can  be  represented  as
   .  for  each   ,  where    is  a  nonempty  set.

However,  the  condition  that    is  a  singleton  is  quite  restrictive;  indeed,  it  is  shown  in  [39,
Lemma 3.1] (see also [21, Proposition A.1]) that a set-valued random variable whose expectation
is a singleton is needed a random singleton. Using a set of pairs   as an integrand has
the  advantage  of  handling  multiple  initial  values  simultaneously,  hence  yielding  a  more
satisfactory integral for the representation of martingales as we will see in Section 5.2.

∫ t

0− RdB x

(x, z) ∈ R
∫ t

0− RdB

[0, t] (0, t]
∫ t

0− RdB
∣∣
t=0

̸= {0}∫ t

0
ZdB

z

(0, t]
∫ t

0
ZdB

∣∣
t=0

= {0}

Remark  5.3  Continuing  with  Remark  5.2,  we  note  that  the “ left  limit  at  zero” notation
  for  the  stochastic  integral  emphasizes  that  the  integrand  involves  the initial  values 

appearing in pairs  . Hence, the integral   should be considered as a cumulative

quantity over  , rather than an increment over  . In particular,  . This

is in contrast to the generalized Aumann-Itô stochastic integral   (cf. [27, § 5.2]) in which

the integrand consists only of processes   to be integrated with respect to the Brownian motion
over   , and  .

We prove some basic properties of the set-valued stochastic integral next. These properties are
easy to check and they extend their analogs for the generalized Aumann-Itô stochastic integral
recalled in Remark 5.2.

R ⊆ Rd,m
F t ∈ [0, T ]Proposition 5.4  Let   be a nonempty set and  . The following properties hold:∫ t

0− clRd×L2
F
(R)dB =

∫ t

0− RdB P-a.s.(i)   ∫ t

0− conv(R)dB = clRd conv(
∫ t

0− RdB) P-a.s. R
∫ t

0− RdB(ii)     Further, if   is convex, then so is  .

⟨x∗,R⟩ := {(⟨x∗, x⟩, ⟨x∗, z⟩) : (x, z) ∈ R} x∗ ∈ BRd(iii) Denoting   for   , we have

s
(
x∗,

∫ t

0−
RdB

)
= sup

∫ t

0−
⟨x∗,R⟩dB P-a.s.
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R R = {(xi, zi) : i ∈ N}(iv) If   is countable, say,   , then∫ t

0−
RdB = clRd({Jt(x

i, zi) : i ∈ N}) P-a.s.

Jt[clRd×L2(R)] ⊆ clL2(Jt[R]) (xn, zn)n∈N

R (x, z) ∈ Rd,m
F Rd × L2

Proof  (i)  We  first  claim  that  .  Indeed,  let    be  a
sequence in   that converges to some   in  . Then,

E
[
|Jt(x

n, zn)− Jt(x, z)|2
]
= E

[
|Jt(x

n − x, zn − z)|2
]

⩽ 2

(
|xn − x|2 + E

[∣∣∣ ∫ t

0

(zns − zs)dBs

∣∣∣2]) = 2

(
|xn − x|2 + E

[∫ t

0

|zns − zs|2ds
])

n ∈ N (Jt(x
n, zn))n∈N Jt(x, z)for  each  .  Hence,    converges  to   and the  claim follows.  With  this

and the definition of the set-valued stochastic integral, we have

S2
Ft

(∫ t

0−
clL2

F
(R)dB

)
= clL2 decFt

(Jt[clL2(R)]) ⊆ clL2 decFt
(Jt[R]) = S2

Ft

(∫ t

0−
RdB

)
.

S2
Ft
(
∫ t

0− clL2
F
(R)dB) ⊇ S2

Ft
(
∫ t

0− RdB)The inclusion   is trivial, so these sets are equal, proving (i).

Jt Jt[conv(R)] = conv(Jt[R])(ii) By the linearity of the mapping  , we have  . Then,

S2
Ft

(∫ t

0−
conv(R)dB

)
= clL2 decFt

(Jt[conv(R)]) = clL2 decFt
conv(Jt[R])

= clL2 conv clL2 decFt
(Jt[R]) = clL2 conv

(
S2
Ft

(∫ t

0−
RdB

))
= S2

Ft

(
clL2 conv

(∫ t

0−
RdB

))
,

where the third equality is by [6, Corollary 7.6], the last equality is by [27, Theorem 2.3.5].
x∗ ∈ BRd A ∈ Ft(iii) Let   and  . First, note that

E
[
s

(
x∗,

∫ t

0−
RdB

)
1A

]
= E

[
sup

{
⟨x∗, x⟩ : x ∈

∫ t

0−
RdB

}
1A

]
= sup

{
E[⟨x∗, ξ⟩1A] : ξ ∈ S2

Ft

(∫ t

0−
RdB

)}
= sup {E[⟨x∗, ξ⟩1A] : ξ ∈ clL2 decFt(Jt[R])}
= sup {E[⟨x∗, ξ⟩1A] : ξ ∈ decFt(Jt[R])},

L2

where  the  second  equality  is  by  [22,  Theorem  2.2]  and  the  fourth  is  by  the  continuity  of
expectation on  . Then, using (2.3), we obtain

E
[
s

(
x∗,

∫ t

0−
RdB

)
1A

]
= sup

{
E

[
⟨x∗,

n∑
i=1

Jt(x
i, zi)1Ai∩A⟩

]
: (xi, zi)ni=1 ⊆ R, (Ai)

n
i=1 ∈ ΠFt

(Ω), n ∈ N

}

= sup

{
E

[
n∑

i=1

Jt(⟨x∗, xi⟩, ⟨x∗, zi⟩)1Ai∩A

]
: (xi, zi)ni=1 ⊆ R, (Ai)

n
i=1 ∈ ΠFt

(Ω), n ∈ N

}
= sup {E[ξ1A] : ξ ∈ decFt

(Jt[⟨x∗,R⟩])}

= sup
{
E[ξ1A] : ξ ∈ S2

Ft

(∫ t

0−
⟨x∗,R⟩dB

)}
= E

[
1A sup

∫ t

0−
⟨x∗,R⟩dB

]
,

490 Çağın Ararat, Jin Ma



L2

A ∈ Ft s(x∗,
∫ t

0− RdB) = sup
∫ t

0− ⟨x∗,R⟩ P-a.s.
where  the  fourth  equality  is  by  the  continuity  of  expectation  on    and  the  fifth  is  by  [22,

Theorem 2.2]. Since   is arbitrary, we get   

R = {(xi, zi) : i ∈ N}(iv) Let  . We have

S2
Ft

(∫ t

0−
RdB

)
= clL2 decFt

({Jt(x
i, zi) : i ∈ N}) = S2

Ft

(
clRd({Jt(x

i, zi) : i ∈ N})
)
,

where the last equality is by [27, Theorem 2.3.2]. Hence, the result follows.  □
 5.2  Integral representation of set-valued martingales

M = (Mt)t∈[0,T ] F-martingale d-dimensional F-martingale

y = (yt)t∈[0,T ] M yt ∈ S1
Ft
(Mt) t ∈ [0, T ]

M F-martingale

L2
F([0, T ]× Ω,Rd) MS(M) ̸= ∅
Pt(y) := yt y t ∈ [0, T ]

Let    be  a  convex  set-valued  .  A   
 is called a martingale selection of   if   for every  . By [31,

Proposition 2],   has at least one martingale selection. Moreover, as an  , it has a
càdlàg  (right-continuous  and  left-limited)  modification  so  that  it  corresponds  to  a  unique
member of  . Let us denote by   the collection of all such members.

We also write   whenever   is a vector-valued process and  .

Mt t-projection MS(M) t ∈ [0, T ]

Before  we  proceed,  we  first  give  an  important  result  regarding  the  connection  between  the
selections of   and the   of   at each fixed time  .

M F-martingale.

t ∈ [0, T ] S1
Ft
(Mt) = clL1 decFt(Pt[MS(M)])

Lemma 5.5  [27,  Lemma 3.5.3] Let   be  a  convex set-valued   Then,  for  every
 , it holds that  .

MThe next proposition characterizes the square-integrable boundedness of  .

M F-martingale.Proposition 5.6  Let   be a convex set-valued   Consider the following conditions:
M(i)   is square-integrably bounded.
MT(ii)   is square-integrably bounded.
PT [MS(M)] L2(iii)   is a dominated subset of  .

PT [MS(M)] ⊆ L2(iv) It holds  .
y ∈ MS(M) E[supt∈[0,T ] |yt|2] < +∞(v) For every   , we have  .

⇔ ⇔ ⇒ ⇔We have (i)   (ii)   (iii)   (iv)   (v).

⇒ ⇒ ⇒Proof  The implications (i)   (ii), (iii)   (iv), and (v)   (iv) are trivial.
⇒ MT ∈ L 2

FT
(Ω,K (Rd))

(∥Mt∥2)t∈[0,T ] F-submartingale E[∥Mt∥2] ⩽ E[∥MT ∥2] <
+∞ t ∈ [0, T ] M

(ii)   (i): Suppose that  . By the continuous-time version of Remark 2.8,

the  real-valued  process    is  an  .  Hence, 

 for every  , i.e.,   is square-integrably bounded.
⇒ MT ∈ L 2

FT
(Ω,K (Rd)) y ∈ MS(M) yT ∈ S2

FT
(MT )

|yT | ⩽ ∥MT ∥ P-a.s. MT ∈ L 2
FT

(Ω,C (Rd)) PT [MS(M)]

L2
FT

(Ω,Rd)

(ii)   (iii): Suppose that  . For each  , since  ,

we have     Then,   implies that   is dominated

in  .

⇒ PT [MS(M)] L2

decFT
(PT [MS(M)]) clL2 decFT

(PT [MS(M)]) L2

clL1 decFT
(PT [MS(M)]) = S1

FT
(MT )

(iii)    (ii):  Suppose  that    is  dominated  in  .  Then,  by  Lemma  2.4,  the  sets
,   are dominated and bounded in  . On the other hand,

by Lemma 5.5, we have  . We argue that

clL1 decFT
(PT [MS(M)]) = clL2 decFT

(PT [MS(M)]). (5.2)

(ζn)n∈N decFT
(PT [MS(M)]) ζ ∈ L1

FT
(Ω,Rd)

L1 decFT
(PT [MS(M)]) L2

(|ζn|2)n∈N (ζn)n∈N L2

Indeed, let   be a sequence in   that converges to some 

in  ,  hence  also  in  probability.  Since    is  dominated  in  ,  the  sequence
 is uniformly integrable. Hence, by [12, Exercise IV.4.13],   is convergent in  .
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L2-limit ζ

⊆
By the uniqueness of limits in probability, the   must be  . This completes the proof of
the inclusion   in (5.2) and the reverse inclusion is trivial. Hence,

S1
FT

(MT ) = clL2 decFT
(PT [MS(M)]) ⊆ L2,

S2
FT

(MT ) = S1
FT

(MT ) L2 MTso that   and this set is bounded in  . Therefore, by Theorem 2.5(ii), 

is square-integrably bounded.
⇒ y ∈ MS(M) yT ∈ L2

FT
(Ω,Rd)

E[supt∈[0,T ] |yt|2] ⩽ 4E[|yT |2] < +∞
(iv)    (v):  Suppose  that  (iv)  holds  and  let  .  Since  ,  Doob’s

maximal inequality implies that  .  □
F-martingale

M E[supt∈[0,T ] ∥Mt∥2] < +∞
M (∥Mt∥)t∈[0,T ]

M F-progressively

E[∥MT ∥2] < +∞

Remark 5.7  In the literature (cf. [26, Section 1], [27, Section 2.3]), a set-valued 
 is called uniformly square-integrably bounded if  . However, without

any path-regularity conditions on   , the supremum of   may fail to be measurable
even if   is   measurable. In the cited references, this property is only needed to
ensure that condition (iv) in Proposition 5.6 holds. As shown in Proposition 5.6, it is sufficient
to assume that   for this purpose.

M = (Mt)t∈[0,T ] F-martingale
y ∈ MS(M) y = J (x, z)

(x, z) ∈ Rd,m
F

Let   be a convex square-integrably bounded set-valued  .  By the
standard martingale representation theorem, each   can be written as   for
a unique pair  . Let us define

RM :=
{
(x, z) ∈ Rd,m

F : J (x, z) ∈ MS(M)
}
. (5.3)

The next theorem provides a representation of set-valued martingales with general (non-singleton)
initial values in terms of the set-valued stochastic integral.

M = (Mt)t∈[0,T ]

F-martingale. t ∈ [0, T ]

Theorem 5.8  [4, Theorem 5.6] Let   be a convex square-integrably bounded set-
valued   Then, for each   , it holds

Mt =

∫ t

0−
RMdB P-a.s.

 5.3  The martingale property of the stochastic integral

We start by establishing the submartingale property of set-valued stochastic integrals.

R ⊆ Rd,m
FProposition 5.9  Let   be a nonempty set. We have the following properties:

(
∫ t

0− RdB)t∈[0,T ] F-submartingale(i)   is a set-valued square-integrable set-valued  .

(
∫ t

0− RdB)t∈[0,T ] JT [R] L2(ii)   is square-integrably bounded if and only if   is dominated in  .

R (
∫ t

0− conv(R)dB)t∈[0,T ]

F-submartingale

(iii) If   is finite, then   is a convex and square-integrably bounded set-

valued   .

F-adapted
0 ⩽ s < t ⩽ T

Proof  (i)  By definition,  the  indefinite  integral  is   and square-integrable.  To check
the submartingale property, let  . Note that

S2
Fs

(
E
[∫ t

0−
RdB | Fs

])
= clL2

{
E[ξ|Fs] : ξ ∈ S2

Fs

(∫ t

0−
RdB

)}
= clL2{E[ξ|Fs] : ξ ∈ clL2 decFt

(Jt[R])}
⊇ clL2 decFs

({E[ξ|Fs] : ξ ∈ Jt[R]})

= clL2 decFs(Js[R]) = S2
Fs

(∫ s

0−
RdB

)
,
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⊇ {E[ξ|Fs] : ξ ∈ clL2 decFt
(Jt[R])} Fs-decomposable

{E[ξ|Fs] : ξ ∈ Jt[R]} E[
∫ t

0− RdB|Fs] ⊇
∫ s

0− RdB P-a.s.
where the   relation holds since   is   and it is a

superset of  . It follows that   

t ∈ [0, T ]
∫ t

0− RdB

decFt
(Jt[R]) L2 Jt[R]

L2 �if� if �
Jt[R] L2 JT [R] L2

(ii) For each  , by Theorem 2.5(ii),   is square-integrably bounded if and only

if    is  a  bounded  set  in  .  By  Lemma  2.4,  this  holds  if  and  only  if    is
dominated in  . Hence, the   part of the result follows. For the “only   part, it is sufficient
to note that   is dominated in   whenever   is dominated in   by conditional Jensen’
s inequality.

R = {(x1, z1), . . . , (xn, zn)} n ∈ N ξ :=
∑n

i=1 |JT (x
i, zi)| ∈ L2

(x, z) ∈ conv(R) (x, z) =
∑n

i=1 λi(x
i, zi) λ ∈ ∆n−1

(iii) Suppose that   with  . Let  . Let
. Hence,   for some  . Then,

|JT (x, z)| = |
n∑

i=1

λiJT (x
i, zi)| ⩽

n∑
i=1

λi|JT (x
i, zi)| ⩽

n∑
i=1

λiξ = ξ,

JT [conv(R)] L2 (
∫ t

0− conv(R)dB)t∈[0,T ]so that   is dominated in  . By (iii), it follows that   is square-

integrably bounded. The result follows by (i) and (ii).  □

F-martingale
Our aim is to characterize all integrands for which the indefinite integral is a convex square-

integrably  bounded  set-valued  .  We  begin  with  a  collection  of  useful  properties
regarding the selections of a set-valued martingale.

M = (Mt)t∈[0,T ]

F-martingale.

Proposition  5.10  Let    be  a  convex  square-integrably  bounded  set-valued
 Then, the following properties hold:

ξ ∈ S2
FT

(MT ) F-martingale y = (yt)t∈[0,T ] yt = E[ξ|Ft]

t ∈ [0, T ] yt ∈ S2
Ft
(Mt) t ∈ [0, T ] y ∈ MS(M)

(i)  Let    and  define  an      by    for  each
. Then,   for each  . In particular,  .

RM = {(x, z) ∈ Rd,m
F : JT (x, z) ∈ S2

FT
(MT )}(ii) It holds  .

t ∈ [0, T ] S2
Ft
(Mt) = Jt[RM ] Jt[RM ]

Ft-decomposable

(iii)  For  each   ,  it  holds   ;  in  particular,    is  closed  and
 .

Proof  (i) By martingale property and the definition of conditional expectation, we have

S2
Ft
(Mt) = S2

Ft
(E[MT |Ft]) = {E[ξ|Ft] : ξ ∈ S2

FT
(MT )}, t ∈ [0, T ].

Hence, the result follows.
(ii) As an immediate consequence of (i), we have

RM = {(x, z) ∈ Rd,m
F : J (x, z) ∈ MS(M)}

= {(x, z) ∈ Rd,m
F : Jt(x, z) ∈ S2

Ft
(Mt) for every t ∈ [0, T ]}

= {(x, z) ∈ Rd,m
F : JT (x, z) ∈ S2

FT
(MT )}.

t = T ⊇ ⊆
ξ ∈ S2

FT
(MT ) y y ∈ MS(M)

y = J (x, z) (x, z) ∈ Rd,m
F

(x, z) ∈ RM ξ = yT ∈ JT [RM ]

(iii) First, let  . The   part of the equality follows directly from (ii). To prove the   part,
let  .  Let    be  the  martingale  defined  by  (i).  We  have  .  Moreover,

  for some   by the standard martingale representation theorem. Hence,

by (ii), we have   and  .
t ∈ [0, T ]Next, let  . As in the proof of (i), we have

S2
Ft
(Mt) = {E[ξ|Ft] : ξ ∈ S2

FT
(MT )} = {E[ξ|Ft] : ξ ∈ JT [RM ]}

= {E[JT (x, z)|Ft] : (x, z) ∈ RM} = Jt[RM ],

t = T RMwhere the second equality is by the case   and the third is by the definition of  .  □
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The next proposition complements Proposition 5.10(iii).

R ⊆ Rd,m
F t ∈ [0, T ] JT [R] FT -decomposable,

Jt[R] Ft-decomposable

Proposition 5.11  Let   be a nonempty set, let  . If   is 

then   is   .

JT [R] FT -decomposable (x1, z1), (x2, z2) ∈ R A ∈ Ft

A ∈ FT JT (x
1, z1)1A + JT (x

2, z2)1Ac = JT (x
3, z3) (x3, z3) ∈ R

Ft Jt(x
1, z1)1A + Jt(x

2, z2)1Ac =

Jt(x
3, z3) ∈ Jt[R] Jt[R] Ft-decomposable

Proof  Suppose that    is  .  Let   and  .  Since
 as well, we may write  , for some  .

Then,  taking  conditional  expectations  with  respect  to    yields 
. That is,   is  .  □

The next theorem is the main result of this subsection and it characterizes all integrands for
which the set-valued stochastic integral is a set-valued martingale.

R ⊆ Rd,m
F JT [R]

L2

Theorem 5.12  Let   be a nonempty set such that   is convex and dominated in

. Then, the following are equivalent:
JT [R] FT -decomposable.(i)   is closed and 
Jt[R] Ft-decomposable t ∈ [0, T ](ii)   is closed and   for every  .

(
∫ t

0− RdB)t∈[0,T ] F-martingale.(iii)   is a set-valued 

(
∫ t

0− RdB)t∈[0,T ] F-martingaleIn this case,    is a convex square-integrably bounded set-valued 

that admits a Hausdorff continuous modification.

⇒ ⇒
⇒ ⇒ Mt :=

∫ t

0− RdB t ∈ [0, T ] t ∈ [0, T ]

Proof  The implications (iii) (i) and (iii) (ii) follow by Proposition 5.10(iii). The implication

(ii) (i) is obvious. We check (i) (iii) next. Let  ,  . Let  . Under

(i), we have

S2
Ft
(E[MT |Ft]) = clL2{E[ξ|Ft] : ξ ∈ S2

FT
(MT )} = clL2{E[ξ|Ft] : ξ ∈ clL2 decFt

(JT [R])}
= clL2{E[ξ|Ft] : ξ ∈ JT [R]} = clL2(Jt[R]) = clL2 decFt

(Jt[R]) = S2
Ft
(Mt),

Mt = E[MT |Ft]where the third and fifth equalities are by Proposition 5.11. Hence,   and (iii) holds.
The last sentence of the theorem is by Proposition 5.9(ii) and Theorem 4.4.  □
 5.4  Regularity of the stochastic integral

[0, t]

Ft-measurable P-a.s. t ∈ [0, T ]

P-a.s. t ∈ [0, T ]

(
∫ t

0− RdB)t∈[0,T ]

According  to  Definition  5.1,  the  set-valued  stochastic  integral  over    is  defined  as  an
 set-valued random variable that is   unique for each fixed  . In particular,

the  martingale  representation in  Theorem 5.8  works    for  each  .  Without  further

regularity, it is not clear how to make sense of the collection   as an indefinite integral,

i.e., a measurable set-valued stochastic process.
In this subsection, using the general regularity results of Sections 4.2, 4.3, we will prove that set-

valued stochastic integrals have regular, hence measurable, modifications in situations where the
integrand can be expressed as the convex hull of a countable family.
We  first  prove  an  auxiliary  result  that  is  helpful  in  calculating  the  expected  value  of  the

maximum of finitely many random variables.

G sub-σ-algebra F ζ1, . . . , ζn ∈ L2
G(Ω,R) n ∈ NLemma 5.13  Let   be a   of   and let   with  . Then,

sup
(Ai)ni=1∈ΠG(Ω)

E

[
n∑

i=1

1Ai
ζi

]
= E

[
max

i∈{1,...,n}
ζi

]
= sup

η∈S2
G(∆n−1)

E

[
n∑

i=1

ηiζi

]
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and both suprema are attained.

⩽ ⩾Proof  The   part of the first equality is trivial. To see the   part, let us define

Bi :=

{
ζi = max

j∈{1,...,n}
ζj

}
∈ G, i ∈ {1, . . . , n}.

maxi∈{1,...,n} ζi =
∑n

i=1 1Aiζi (Ai)
n
i=1 ∈ ΠG(Ω)Then, we may write  , where   is defined by

A1 := B1 ∈ G, A2 := B2 \A1 ∈ G, . . . , An := Bn \ (A1 ∪ . . . ∪An−1) ∈ G. (5.4)

⩾Hence,  the    part  of  the  first  equality  of  the  lemma  follows.  To  see  the  second  equality,  we
apply [22, Theorem 2.2] to get

sup
η∈S2

G(∆n−1)

E

[
n∑

i=1

ηiζi

]
= E

[
sup

α∈∆n−1

n∑
i=1

αiζi

]
= E

[
max

i∈{1,...,n}
ζi

]
,

(Ai)
n
i=1

η = (1A1 , . . . , 1An) ∈ S2
G(∆

n−1)

where the second equality holds since the maximum value of the convex combination of finitely
many real numbers is the maximum of these numbers. This completes the proof of the equalities.
As a byproduct, we have shown that the first supremum is attained at   defined in (5.4)
and the second supremum is attained at the corresponding vector  .

□
Next,  we  prove  the  continuity  of  the  set-valued  stochastic  integral  when  the  integrand  is

generated by a finite set.

R ⊆ Rd,m
F (

∫ t

0− conv(R)dB)t∈[0,T ]Lemma  5.14  Let    be  a  nonempty  finite  set.  Then,    has  a

Hausdorff continuous modification.

R := {(xi, zi) : i ∈ {1, . . . , n}} n ∈ N x∗ ∈ BRd t ∈ [0, T ]Proof  Let   for some  . For each   and  , let
us define

gx∗(t) := s

(
x∗,E

[∫ t

0−
conv(R)dB

])
.

gx∗By the submartingale property of stochastic integrals (Proposition 5.9(i)),   is increasing.
x∗ ∈ BRd t ∈ [0, T ]Let   and  . We have

gx∗(t) = E
[
s

(
x∗,

∫ t

0−
conv(R)dB

)]
= E

[
s

(
x∗, clRd conv

(∫ t

0−
RdB

))]
= E

[
s

(
x∗,

∫ t

0−
RdB

)]
= E

[
s
(
x∗, {Jt(x

i, zi) : i ∈ {1, . . . , n}}
)]

= E
[

max
i∈{1,...,n}

(
⟨x∗, xi⟩+

∫ t

0

⟨x∗, zis⟩dBs

)]
,

(5.5)

where the first equality is by [32, Theorem 2.1.35], the second is by Proposition 5.4(ii), the third
is by the fact that the support function of a set and that of its closed convex hull are identical,
and the fourth is by Proposition 5.4(iv).

(
∫ t

0− conv(R)dB)t∈[0,T ]

F-submartingale. x∗ ∈ W gx∗ (
∫ t

0− conv(R)dB)t∈[0,T ]

By Proposition 5.9,    is  a convex square-integrably bounded set-valued

 Let  .  We claim that    is continuous so that 

has a Hausdorff continuous modification by Corollary 4.9.
t ⩾ 0 δ > 0 t+ δ ⩽ T gx∗Let  ,   be such that  . Since the function   is increasing, we have
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|gx∗(t+ δ)− gx∗(t)| = gx∗(t+ δ)− gx∗(t)

= E

[
max

i∈{1,...,n}

(
⟨x∗, xi⟩+

∫ t+δ

0

⟨x∗, zis⟩dBs

)]
− E

[
max

i∈{1,...,n}

(
⟨x∗, xi⟩+

∫ t

0

⟨x∗, zis⟩dBs

)]

⩽ E

[
max

i∈{1,...,n}
|
∫ t+δ

t

⟨xi, zis⟩dBs|

]
.

(Ai)
n
i=1 ∈ ΠFt+δ

(Ω)Let   be a partition such that

E

[
max

i∈{1,...,n}
|
∫ t+δ

t

⟨xi, zis⟩dBs|

]
= E

[
n∑

i=1

1Ai
|
∫ t+δ

t

⟨x∗, zis⟩dBs|

]
,

whose  existence  is  guaranteed  by  Lemma  5.13.  Then,  by  Cauchy−Schwarz−Bunyakovski
inequality and Itô isometry, we have

E

[
n∑

i=1

1Ai |
∫ t+δ

t

⟨x∗, zis⟩dBs|

]
⩽

n∑
i=1

(
P(Ai)E

[∫ t+δ

t

|⟨x∗, zis⟩|2ds

]) 1
2

.

δ → 0

gnx∗ t+ δ t− δ

Letting  , the sum on the right of the above inequality converges to zero. This establishes
the right-continuity of  . By replacing   with   and following similar arguments, its left-
continuity follows as well.  □
The next theorem is the main result on the regularity of set-valued stochastic integrals.

R ⊆ Rd,m
FTheorem 5.15  Let   be a nonempty countable set.

JT [R] L2 (
∫ t

0− conv(R)dB)t∈[0,T ](i)  Suppose  that    is  dominated  in  . Then,    has  a  Hausdorff

càglàd modification.
(ii) Suppose that the following summability condition holds:

E

[ ∞∑
i=1

|JT (x
i, zi)|2

]
=

∞∑
i=1

(
|xi|2 + E

[∫ T

0

|zis|2ds

])
< +∞. (5.6)

(
∫ t

0− conv(R)dB)t∈[0,T ]Then,   has a Hausdorff continuous modification.

R = {(xi, zi) : i ∈ N} Rn := {(xi, zi) :

i ∈ {1, . . . , n}} x∗ ∈ BRd t ∈ [0, T ]

Proof  Let  us  write  .  For  convenience,  we  define 
. For each   and  , we also define

gnx∗(t) := s

(
x∗,E

[∫ t

0−
conv(Rn)dB

])
, n ∈ N; gx∗(t) := s

(
x∗,E

[∫ t

0−
conv(R)dB

])
.

gnx∗ n ∈ N
gx∗ gnx∗ n ∈ N

t ∈ [0, T ]

(i) By the submartingale property of stochastic integrals (Proposition 5.9(i)),  ,  , and
 are increasing functions. By the proof of Lemma 5.14,   is also continuous for each  .

Let  . By (5.5) in the same proof, we have

gnx∗(t) = E
[

max
i∈{1,...,n}

(
⟨x∗, xi⟩+

∫ t

0

⟨x∗, zis⟩dBs

)]
.

Similarly, we also have

gx∗(t) = E
[
sup
i∈N

(
⟨x∗, xi⟩+

∫ t

0

⟨x∗, zis⟩dBs

)]
. (5.7)

Moreover,
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lim
n→∞

gnx∗(t) = lim
n→∞

E
[

max
i∈{1,...,n}

(
⟨x∗, xi⟩+

∫ t

0

⟨x∗, zis⟩dBs

)]
= E

[
sup
i∈N

(
⟨x∗, xi⟩+

∫ t

0

⟨x∗, zis⟩dBs

)]
= gx∗(t),

(gnx∗(t))n∈N

r ∈ R

where the first equality is by (5.5), the second is by monotone convergence theorem, and the last
is by (5.7); the limit here is indeed a supremum since   is an increasing sequence. Then,
for each  , we have

{t ∈ [0, T ] : gx∗(t) ⩽ r} =
∩
n∈N

{t ∈ [0, T ] : gnx∗(t) ⩽ r}.

gnx∗ n ∈ N
gx∗

Since    is  a  continuous  function  for  each    as  shown  in  the  proof  of  (i),  the  above
intersection is a closed set. It follows that   is an increasing lower semicontinuous function; hence,
it is a left-continuous function.

(
∫ t

0− conv(R)dB)t∈[0,T ]

F-submartingale (
∫ t

0− conv(R)dB)t∈[0,T ]

By Proposition 5.9,    is  a convex square-integrably bounded set-valued

.  Therefore,  by  Corollary  4.8,    has  a  Hausdorff  càglàd

modification.
C([0, T ]) [0, T ]

gnx∗ ∈ C([0, T ]) n ∈ N (gnx∗)n∈N g

(gnx∗)n∈N C([0, T ]) g

m, n ∈ N m > n

(ii) Let   be the set of all continuous real-valued functions on   equipped with the
supremum norm. Note that   for each   and   converges to   pointwise.
We show that    is a Cauchy sequence in   so that the convergence to    is also
uniform. Let   with  . Then, we have

sup
t∈[0,T ]

|gmx∗(t)− gnx∗(t)| = sup
t∈[0,T ]

(gmx∗(t)− gnx∗(t))

= sup
t∈[0,T ]

(
E
[

max
i∈{1,...,m}

⟨x∗,Jt(x
i, zi)⟩

]
− E

[
max

i∈{1,...,n}
⟨x∗,Jt(x

i, zi)⟩
])

.

(At
i)

m
i=1 ∈ ΠFt(Ω)By Lemma 5.13, there exists   such that

E
[

max
i∈{1,...,m}

⟨x∗,Jt(x
i, zi)⟩

]
= E

[
m∑
i=1

1At
i
⟨x∗,Jt(x

i, zi)⟩

]
;

and we also have

E
[

max
i∈{1,...,n}

⟨x∗,Jt(x
i, zi)⟩

]
= sup

η∈S2
Ft

(∆n−1)

E

[
n∑

i=1

ηi⟨x∗,Jt(x
i, zi)⟩

]
.

η̄t ∈ S2
Ft
(∆n−1) η̄ti :=

1At
i

1At
1
+...+1At

n

i ∈ {1, . . . , n}Let us define   by  ,  . Then, we have

sup
t∈[0,T ]

|gmx∗(t)− gnx∗(t)|

= sup
t∈[0,T ]

(
E

[
m∑
i=1

1At
i
⟨x∗,Jt(x

i, zi)⟩

]
− sup

η∈S2
Ft

(∆n−1)

E

[
n∑

i=1

ηi⟨x∗,Jt(x
i, zi)⟩

])

⩽ sup
t∈[0,T ]

E

[
m∑
i=1

1At
i
⟨x∗,Jt(x

i, zi)⟩ −
n∑

i=1

η̄ti⟨x∗,Jt(x
i, zi)⟩

]

= sup
t∈[0,T ]

E

[
n∑

i=1

(1At
i
− η̄ti)⟨x∗,Jt(x

i, zi)⟩+
m∑

i=n+1

1At
i
⟨x∗,Jt(x

i, zi)⟩

]
.

i ∈ {1, . . . , n}Note that, for each  , we have
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1At
i
− η̄ti = 1At

i

(
1−
1At

1
+ . . .+ 1At

m

1At
1
+ . . .+ 1At

n

)
= −1At

i

1At
n+1

+ . . .+ 1At
m

1At
1
+ . . .+ 1At

n

= 0

At
i ∩At

j = 0 j ∈ {n+ 1, . . . ,m}since   for every  . Therefore,

sup
t∈[0,T ]

|gmx∗(t)− gnx∗(t)| ⩽ sup
t∈[0,T ]

E

[
m∑

i=n+1

1At
i
⟨x∗,Jt(x

i, zi)⟩

]

⩽ sup
t∈[0,T ]

E

[
m∑

i=n+1

|Jt(x
i, zi)|

]
⩽ sup

t∈[0,T ]

(
E

[
m∑

i=n+1

|Jt(x
i, zi)|2

]) 1
2

.

E[|Jt(x
i, zi)|2] = |xi|2 + E[

∫ t

0
|zis|2ds] i ∈ {n+ 1, . . . ,m}Note that   for each  . Then, we get

sup
t∈[0,T ]

|gmx∗(t)− gnx∗(t)| ⩽
(

m∑
i=n+1

|xi|2 + E

[∫ T

0

|zis|2ds

]) 1
2

=

(
E

[
m∑

i=n+1

|JT (x
i, zi)|2

]) 1
2

.

0 n,m → ∞
(gnx∗)n∈N C([0, T ]) gx∗

The last upper bound converges to   as   thanks to the summability condition (5.6). Hence,
 is a Cauchy sequence in   and its pointwise limit   is also its uniform limit,

thus a continuous function. This verifies the hypothesis of Corollary 4.9 and the existence of a
Hausdorff continuous modification follows.  □

Remark 5.16  To follow up on Remark 4.10, we would like to highlight the connections between
the results in this section and the general path-regularity results in Section 4:

gx∗

(
∫ t

0− conv(R)dB)t∈[0,T ]

(i)  As  the  proof  of  Theorem  5.15  reveals,  the  left-continuity  of  the  function    follows

naturally  from  the  submartingale  property  of  the  integral  , which  makes

Corollary 4.8 applicable to obtain a Hausdorff càglàd modification.
gx∗(ii)Under  the  stronger  summability  condition  (5.6),  we  also  guarantee  the  continuity  of  ,

hence the existence of a Hausdorff continuous modification follows by an application of Corollary 4.9.

gx∗

(iii) On the other hand, we are not aware of an interesting case where only the right-continuity
of    is  guaranteed.  Because  of  this,  we  do  not  have  a  direct  application  of  Corollary  4.3
yielding a càdlàg modification in this section.

(
∫ t

0− RdB)t∈[0,T ](iv) Finally, when the set-valued stochastic integral   is guaranteed to be a set-

valued  martingale  as  in  Theorem  5.12,  the  existence  of  a  Hausdorff  continuous  modification
follows immediately from Theorem 4.4, which is a consequence of Corollary 4.3.

 6.  Set-valued stochastic integral vs. conditional expectation

Ξ ∈ L 2
FT

(Ω,K (Rd))

F-martingale M = (Mt)t∈[0,T ] Mt := E[Ξ|Ft] t ∈ [0, T ]

RM ⊆ Rd,m
F

Mt =
∫ t

0− RMdB t ∈ [0, T ] RM∫ t

0− RMdB

Rd,m
F S2

FT
(Ξ) = PT [MS(M)] MS(M) = {(E[ξ|Ft])t∈[0,T ] : ξ ∈ S2

FT
(Ξ)}

Let   be a given set-valued random variable. It induces a convex and square-

integrably  bounded  set-valued      by  ,  .
Thanks  to  the  set-valued  martingale  representation  theorem  (Theorem  5.8)  and  the  path
continuity  result  (Theorem  4.4),  there  exists  an  integrand    such  that

,  , with probability one. However, the set   is typically uncountable

and it is desirable to rewrite   in terms of the stochastic integral of a countable family in

. It is easy to see that   and  .

Ξ (ξi)i∈N S2
FT

(Ξ)

Ξ Ξ(ω) = clRd conv({ξi(ω) : i ∈ N})
P-a.e. ω ∈ Ω

On the other hand, thanks to the convexity of  , one can find a sequence   in 

that  gives  a  convex  Castaing  representation  of  ,  i.e.,    for
   (cf. [27, Theorem 2.3.1]). Then, by [27, Corollary 2.3.2, Theorem 2.3.5],
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S2
FT

(Ξ) = clL2 conv decFT
({ξi : i ∈ N}). (6.1)

i ∈ N (xi, zi) ∈ RM Jt(x
i, zi) = E[ξi|Ft] t ∈ [0, T ]

RC := {(xi, zi) : i ∈ N} {ξi : i ∈ N} = JT [RC ]

Moreover, for each  , there exists   such that  ,  ,
with  probability  one.  Let  .  In  particular,  .  By
Proposition 5.4(ii), we have∫ t

0−
conv(RC)dB = clRd conv

(∫ t

0−
RCdB

)
P-a.s., t ∈ [0, T ].

(
∫ t

0− RMdB)t∈[0,T ]

F-martingale

(
∫ t

0− conv(RC)dB)t∈[0,T ]

Remark  6.1  Since    is  a  convex  and  square-integrably  bounded  set-valued

 ,  by  Theorem  4.4,  it  has  a  Hausdorff  continuous  modification.  Moreover,  by

Theorem 5.15,   has a Hausdorff càglàd modification.

RM RC T

L2

We will first show that the set-valued stochastic integrals of   and   coincide at time  .
As a preparation, the next lemma shows that the closed convex hull of the decomposable hull of
a set in   consists of random convex combinations of its elements.

G sub-σ-algebra F K ⊆ L2
G(Rd)Lemma 6.2  Let   be a   of   and let   be a nonempty set. Then,

clL2 conv decG(K) = clL2 decGconv(K)

= clL2

{
n∑

i=1

λiζ
i : λ ∈ S2

G(∆
n−1); ζ1, . . . , ζn ∈ K; n ∈ N

}
.

A
K

G-decomposable L2
G(Rd)

A ⊆ clL2 decGconv(K) A
G-decomposable K ⊆ A decGconv(K) ⊆ A clL2 decGconv(K)

⊆ clL2(A)

Proof  The  first  identity  is  given  by  [6,  Corollary  7.6].  Let    denote  the  set  of  all  random
convex combinations of  , i.e., the last set in the lemma. By [6, Corollary 7.5], the closed convex

 hull of a subset of   contains all random convex combinations of its elements.
This implies that  . To see the converse, let us observe that   is a convex,

  set  and  we  have  .  Hence,    so  that 
. With this, the second identity in the lemma follows.  □∫ T

0− RMdB =
∫ T

0− conv(RC)dB = Ξ P-a.s.Proposition 6.3  We have     Moreover,

S2
FT

(Ξ) = clL2

{
n∑

i=1

λiJT (x
i, zi) : λ ∈ S2

FT
(∆n−1), n ∈ N

}
. (6.2)

Proof  By (6.1) and Lemma 6.2, (6.2) follows immediately. On the other hand,

S2
FT

(∫ T

0−
conv(RC)dB

)
= clL2 conv

(
S2
FT

(∫ T

0−
RCdB

))
= clL2 conv decFT

(
{JT (x

i, zi) : i ∈ N}
)

= clL2

{
n∑

i=1

λiJT (x
i, zi) : λ ∈ S2

FT
(∆n−1), n ∈ N

}
,

JT (x
i, zi) = ξi P-a.s i ∈ N∫ T

0− RMdB
∫ T

0− conv(RC)dB

P-a.s.

where  the  last  equality  follows  by  Lemma 6.2.  Since    .  for  each  ,  the

integrals  ,   have the same set of square-integrable selections; hence,

they are equal   □

α, β α ⩽ β P-a.s.
The next lemma is helpful in some calculations to follow. It extends the following simple fact

to the set-valued case: for integrable real-valued random variables   satisfying    ,
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α = β P-a.s. E[α] = E[β]we have     if and only if  .

Ξ1,Ξ2 ∈ L 1
FT

(Ω,K (Rd)) Ξ1 ⊆ Ξ2 P-a.s. Ξ1 = Ξ2 P-a.s.
E[Ξ1] = E[Ξ2]

Lemma  6.4  Let   with     Then,      if  and

only if  .

Ξ1 = Ξ2 P-a.s. E[Ξ1] = E[Ξ2] E[Ξ1] = E[Ξ2]

x∗ ∈ W Ξ1 ⊆ Ξ2 P-a.s., s(x∗,Ξ1) ⩽ s(x∗,Ξ2) P-a.s. E[Ξ1] = E[Ξ2]

E[s(x∗,Ξ1)] = s(x∗,E[Ξ1]) = s(x∗,E[Ξ2]) = E[s(x∗,Ξ2)]

s(x∗,Ξ1) = s(x∗,Ξ2) P-a.s. x∗ ∈ W Ξ1 = Ξ2 P-a.s.

Proof  Clearly,     implies  . Conversely, suppose that  .
Let  . Since     we have     Since  , by
[32, Theorem 2.1.35], we have  . Therefore,

   Since   is arbitrary, we get      □
We collect some easy consequences of Proposition 6.3 in the next corollary.

Corollary 6.5  We have the following results:
t ∈ [0, T ](i) For every  ,

E
[∫ t

0−
RMdB

]
= M0 = E[Ξ] = clRd

{
n∑

i=1

E[λiξ
i] : λ ∈ S2

FT
(∆n−1), n ∈ N

}
.

∫ 0

0− conv(RC)dB = clRd conv({xi : i ∈ N}) P-a.s.(ii) It holds   

Proof  (i) This is an immediate consequence of (6.2) in Proposition 6.3.
(ii) By the definition of the set-valued stochastic integral, we have

S2
F0

(∫ 0

0−
conv(RC)dB

)
= clL2

{
n∑

i=1

ηix
i : η ∈ S2

F0
(∆n−1), n ∈ N

}
= clRd conv({xi : i ∈ N})

F0-measurable P-a.s.since   random variables are deterministic    □∫ t

0− RMdB∫ t

0− conv(RC)dB t < T

M

Due  to  Proposition  6.3,  it  is  very  tempting  to  expect  that  the  integrals    and

 are equal at each   as well, thus yielding a representation of the set-valued

martingale    in  terms  of  a  countable  family  of  integrands.  However,  we  will  show  that  the
former integral  is  a  superset  of  the  latter  in  general  (Theorem 6.6)  and we will  show that  the
equality works only in some exceptional cases (Theorem 6.7, Theorem 7.6).

t ∈ [0, T ]Theorem 6.6.  Let  . Then, with probability one, we have∫ t

0−
RCdB = clRd

({
E[ξi|Ft] : i ∈ N

})
,∫ t

0−
RMdB =

∩
x∗∈BRd

{
x ∈ Rd : ⟨x∗, x⟩ ⩽ E

[
sup
i∈N

⟨x∗, ξi⟩ | Ft

]}
;

in particular, we have∫ t

0−
RMdB = E[Ξ|Ft] ⊇ clRd conv

({
E[ξi|Ft] : i ∈ N

})
=

∫ t

0−
conv(RC)dB. (6.3)

Jt(x
i, zi) =

E[ξi|Ft] P-a.s. i ∈ N t ∈ [0, T ]

Proof  The  first  equality  is  a  direct  consequence  of  Proposition  5.4(iv)  since 
   for each   and  .
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t ∈ [0, T ]Let  . Using (6.2) in Proposition 6.3, we obtain

S2
Ft

(∫ t

0−
RMdB

)
= S2

Ft
(E[Ξ|Ft]) = clL2{E[ξ|Ft] : ξ ∈ S2

FT
(Ξ)}

= clL2

{
E

[
n∑

i=1

λiξ
i|Ft

]
: λ ∈ S2

FT
(∆n−1), n ∈ N

}
.

x∗ ∈ WLet  . Then, we have

E
[
s

(
x∗,

∫ t

0−
RMdB

)
1A

]
=E
[
sup

{
⟨x∗, x⟩ : x ∈

∫ t

0−
RMdB

}
1A

]
=sup

{
E[⟨x∗, η⟩1A] : η ∈ S2

Ft

(∫ t

0−
RMdB

)}
=sup

{
E[⟨x∗, η⟩1A] : η ∈ S2

Ft
(E[Ξ|Ft])

}
=sup

{
E[⟨x∗,E[ξ|Ft]⟩1A] : ξ ∈ S2

FT
(Ξ)
}

=sup
{
E[⟨x∗,E[ξ|Ft]⟩1A] : ξ ∈ clL2 conv decFT

({ξi : i ∈ N})
}
,

where the second equality is by [22, Theorem 2.2], the fourth is by the properties of conditional
expectation, and the fifth is by (6.1). Then, by Lemma 6.2 and the continuity of expectation,

E
[
s

(
x∗,

∫ t

0−
RMdB

)
1A

]
= sup

{
E

[⟨
x∗,E

[
n∑

i=1

λiξ
i|Ft

]⟩
1A

]
: λ ∈ S2

FT
(∆n−1), n ∈ N

}

= sup

{
E

[⟨
x∗,

n∑
i=1

λiξ
i

⟩
1A

]
: λ ∈ S2

FT
(∆n−1), n ∈ N

}

= sup
n∈N

sup

{
E

[⟨
x∗,

n∑
i=1

λiξ
i

⟩
1A

]
: λ ∈ S2

FT
(∆n−1)

}
.

To evaluate  the  inner  supremum in  the  last  line,  we use  [22,  Theorem 2.2]  to  interchange  the
expectation and the supremum. Then, we obtain

E
[
s

(
x∗,

∫ t

0−
RMdB

)
1A

]
= sup

n∈N
E

[
sup

α∈∆n−1

⟨x∗,

n∑
i=1

αiξ
i⟩1A

]

= sup
n∈N

E

[
sup

α∈∆n−1

n∑
i=1

αi⟨x∗, ξi⟩1A

]
= sup

n∈N
E
[
max{⟨x∗, ξ1⟩, . . . , ⟨x∗, ξn⟩}1A

]
= E

[
sup
i∈N

⟨x∗, ξi⟩1A
]
= E

[
E
[
sup
i∈N

⟨x∗, ξi⟩|Ft

]
1A

]
,

A ∈ Ft s(x∗,
∫ t

0− RMdB) =

E[supi∈N ⟨x∗, ξi⟩|Ft] P-a.s. W x∗ ∈ W

Ω0 ∈ Ft P-a.s. BRd

x∗ ∈ BRd (x∗,n)n∈N W x∗

supi∈N ⟨x∗,n, ξi⟩ ⩽ ∥Ξ∥ P-a.s. n ∈ N ∥Ξ∥ ∈ L2
FT

(Ω,R)
s(·,
∫ t

0− RMdB)

where  the  third  equality  is  by  the  simple  observation  that  the  maximum value  of  the  convex
combination  of  finitely  many  real  numbers  is  their  maximum,  the  fourth  is  by  monotone

convergence  theorem.  Since    is  arbitrary,  we  conclude  that 

   Since    is  countable,  we have this equality for every   with
probability one; let   be the   set here. To extend this property to the whole set  ,
let  .  Then,  there  exists  a  sequence    in    that  converges  to  .  Note  that

    for  each    and  we  have  .  Hence,  by  the

conditional version of dominated convergence theorem and the continuity of  , we
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obtain

s

(
x∗,

∫ t

0−
RMdB

)
= lim

n→∞
s

(
x∗,n,

∫ t

0−
RMdB

)
= lim

n→∞
E
[
sup
i∈N

⟨x∗,n, ξi⟩|Ft

]
= E

[
sup
i∈N

⟨x∗, ξi⟩|Ft

]
Ω0 s(x∗,

∫ t

0− RMdB) = E[supi∈N ⟨x∗, ξi⟩|Ft] x∗ ∈ BRd Ω0

C ⊆ Rd C =
∩

x∗∈BRd
{x ∈ Rd : ⟨x∗, x⟩ ⩽ s(x∗, C)}

C =
∫ t

0− RMdB

holds on  . Therefore,   for every   on  . For

every  closed  convex  set  ,  we  may  write  .

Applying this for   yields the second equality in the theorem.

Ξ = clRd conv({ξi : i ∈ N}) P-a.s.
Finally, we show (6.3). The first equality is by the set-valued martingale representation theorem,

the  last  equality  is  by  Proposition  5.4(ii).  Since    ,  the  superset
relation in the theorem follows immediately.  □

RM conv(RC)We now characterize the cases where the stochastic integrals of   and   coincide.

Theorem 6.7.  The following are equivalent:∫ t

0− RMdB =
∫ t

0− conv(RC)dB t ∈ [0, T ] P-a.s.(i) It holds   for every   

(
∫ t

0− conv(RC)dB)t∈[0,T ] F-martingale.(ii)   is an 

E[
∫ t

0− conv(RC)dB] = clRd conv({xi : i ∈ N}) t ∈ [0, T ](iii) It holds   for every  .

E[
∫ T

0− conv(RC)dB] = clRd conv({xi : i ∈ N})(iv) It holds  .

x∗ ∈ Rd t ∈ [0, T ] E[supi∈N ⟨x∗,E[ξi|Ft]⟩] = supi∈N ⟨x∗, xi⟩(v) For every   and   , it holds  .
x∗ ∈ Rd E[supi∈N ⟨x∗, ξi⟩] = supi∈N ⟨x∗, xi⟩(vi) For every   , it holds  .

⇒ ⇒ ⇒ ⇒Proof  The implications (i) (ii), (iii) (iv), (v) (vi) are obvious, (ii) (iii) is an immediate
consequence of Corollary 6.5(ii).

⇒ (
∫ t

0− conv(RC)dB)t∈[0,T ] F-martingale.(ii) (i): Suppose that   is an   Then, by Proposition 6.6(ii),∫ t

0−
RMdB = E

[∫ T

0−
RMdB | Ft

]
= E

[∫ T

0−
conv(RC)dB | Ft

]
=

∫ t

0−
conv(RC)dB P-a.s.

By the path-regularity of these set-valued processes, (i) follows.

⇒ E[
∫ T

0− conv(RC)dB] = clRd conv({xi : i ∈ N})(iv) (ii): Suppose that  , i.e.,

E

[∫ T

0−
conv(RC)dB

]
=

∫ 0

0−
conv(RC)dB.

(
∫ t

0− conv(RC)dB)t∈[0,T ] F-submartingaleSince   is an  , we have∫ 0

0−
conv(RC)dB ⊆ E

[∫ t

0−
conv(RC)dB

]
⊆ E

[∫ T

0−
conv(RC)dB

]
so that, by the tower property of set-valued conditional expectation (cf. [32, Theorem 2.1.74]),

E
[∫ t

0−
conv(RC)dB

]
= E

[∫ T

0−
conv(RC)dB

]
= E

[
E

[∫ T

0−
conv(RC)dB | Ft

]]
t ∈ [0, T ]for each  . On the other hand, the submartingale property gives∫ t

0−
conv(RC)dB ⊆ E

[∫ T

0−
conv(RC)dB | Ft

]
P-a.s.
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∫ t

0− conv(RC)dB = E[
∫ T

0− conv(RC)dB|Ft] P-a.s.By Lemma 6.4, we get     Hence, (ii) follows.

⇔ ⇔ x∗ ∈ W t ∈ [0, T ](iii) (v), (iv) (vi): Let   and  . Note that the support function of a set and
that of its convex hull are identical. Hence, by Proposition 5.4(ii,iii), we have

s

(
x∗,

∫ t

0−
conv(RC)dB

)
= s

(
x∗,

∫ t

0−
RCdB

)
= sup

∫ t

0−
⟨x∗,RC⟩dB

= sup
i∈N

J 0
t (⟨x∗, xi⟩, ⟨x∗, zi⟩) = sup

i∈N
⟨x∗,E[ξi|Ft]⟩

with  probability  one.  Using  [32,  Theorem  2.1.35],  we  calculate  the  support  function  of  the
expectation as

s

(
x∗,E

[∫ t

0−
conv(RC)dB

])
= E

[
s

(
x∗,

∫ t

0−
conv(RC)dB

)]
= E

[
sup
i∈N

⟨x∗,E[ξi|Ft⟩
]
.

On the other hand, we have

s
(
x∗, clRd conv({xi : i ∈ N})

)
= sup

i∈N
⟨x∗, xi⟩ = sup

i∈N
E[⟨x∗,E[ξi|Ft]⟩].

E[
∫ t

0− conv(RC)dB] = clRd conv({xi : i ∈ N}) s(x∗,E[
∫ t

0− conv(RC)dB]) =

s(x∗, clRd conv({xi : i ∈ N})) x∗ ∈ W ⇔ ⇔
We have   if and only if 

 for every  . Hence, (iii) (v) and (iv) (vi) follow.  □

 7.  Conditional expectations of random polytopes

ΞIn this section, we focus on the conditional expectation of a random polytope  , i.e.,

Ξ = conv({ξ1, . . . , ξn}) P-a.s. (7.1)

ξ1, . . . , ξn ∈ L2
FT

(Rd) P-a.e. ω ∈ Ω Ξ(ω)

{ξ1(ω), . . . , ξn(ω)}
E[Ξ|Ft](ω) t ∈ [0, T ) {E[ξ1|Ft](ω), . . . ,

E[ξn|Ft](ω)} E[Ξ|Ft](ω) t T 0?

for  some  .  For    ,  the  set  of  all  vertices  of    is  a  subset  of

.  We  are  interested  in  the  vertices  of  the  set-valued  conditional  expectation
  for    and  we  raise  the  following  question:  does  the  set 
 cover all vertices of   as   decreases from   to   In view of Theorem 6.6,

the answer is  negative in general.  As a follow-up on Theorem 6.7,  we will  provide a geometric
characterization  of  the  case  where  the  answer  is  positive.  Finally,  we  will  provide  a  concrete
example for the latter case.

 7.1  Normal fans and type cones

The geometric characterization announced above is related to the notion of a normal fan for a
polytope.  For  this  reason,  we  first  pause  our  discussion  on  set-valued  stochastic  integrals  and
review some preliminary notions from polyhedral theory. We refer the reader to [17, 34, 35] for
more details about this subject.

D ⊆ Rd rx ∈ D r > 0 x ∈ D

D D

Let   be  a  set.  It  is  called  a cone  if    for  every    and  .  The convex
conic hull of   is the smallest superset of   that is a convex cone and it is given by

cone(D) =

{
n∑

i=1

rix
i : r1, . . . , rn ⩾ 0; x1, . . . , xn ∈ D; n ∈ N

}
.

D rx1 + (1− r)x2 ∈ D r ∈ R x1, x2 ∈ DThe set   is called affine if   for every   and  . The affine hull
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D Dof   is the smallest affine superset of   and it is given by

aff(D) =

{
n∑

i=1

rix
i : r1, . . . , rn ∈ R;

n∑
i=1

ri = 1; x1, . . . , xn ∈ D; n ∈ N

}
.

aff(D − {x}) x ∈ D

D D = {x ∈ Rd : ⟨x∗, x⟩ ⩽ r}
D = {x ∈ Rd : ⟨x∗, x⟩ = r} x∗ ∈ Rd r ∈ R C ⊆ Rd D

C D = {x ∈ Rd : ⟨x∗, x⟩ = s(x∗, C)} x∗ ∈ Rd C ∩D ̸= ∅

The dimension of an affine set is defined as that of the subspace  , where  . The
set   is called a halfspace (resp. hyperplane) if it is of the form   (resp.

) for some   and  . For a set  , we say that   is a
supporting hyperplane of   if   for some   and  .

Rd

Rd P Rd P

aff(P ) dim(P ) D P P ∩D

P P

(d− 1)-
P F F ̸= P P

P = cone({x1, . . . , xk}) x1, . . . , xk ∈ P \ {0} k ∈ N
P

The  intersection  of  a  finite  number  of  halfspaces  in    is  called  a  convex  polyhedron
(polyhedral set) in  . Let   be a convex polyhedron in  . The dimension of   is defined as
that of   and it is denoted by  . If   is a supporting hyperplane of  , then   is
called a face of  . Clearly, every face of   is also a convex polyhedron. A zero-dimensional face
(or its unique element) is called a vertex, a one-dimensional face is called an edge, and a 
dimensional face is called a facet of  . A face   is called proper if  . If   is also a cone,
then  it  can  be  written  as    for  some   with  ;  in
this case,   is said to be generated by these vectors. A convex polyhedral cone is called simplicial
if it is generated by linearly independent vectors.
Before proceeding further, we provide the definition of a central object for our discussions.

N Rd

N

Definition 7.1  [17, Definition 1.1] Let   be a collection of convex polyhedral cones in  . We
say that   is a fan if it satisfies the following properties:

C ∈ N F C F ∈ N(i) If   and   is a face of   , then  .
C1, C2 ∈ N C1 ∩ C2 C1 C2(ii) If   , then   is both a face of   and a face of  .

N
∪

C∈N C = Rd C ∈ N

{0} ∈ N N

N N

In this case,   is called complete if   ; it is called simplicial if every   is

simplicial; it is called essential if  . A cone in   is called maximal if it is not a proper
subset of an element of  . Two maximal cones in   are called adjacent if their intersection is
a facet of each.

F ⊆ P N (F, P ) := {x∗ ∈ Rd : ⟨x∗, x⟩ = s(x∗, P ) for each x ∈ F}
P F F = {v} v ∈ P

N (v, P ) := N ({v}, P ) F P N (F, P )

Let   be a set. Then, the set   is
called  the  normal  cone  of    at  .  If    for  some  ,  then  we  simply  write

. If   is a face of  , then   is a convex polyhedral cone and

dim(N (F, P )) + dim(F ) = d.

F1, F2 P F1 ⊆ F2 N (F1, P ) ⊇ N (F2, P )

N P := {N (F, P ) : F is a proper face of P} P

N P N P

P dim(P ) = d N P

Moreover,  if    are  faces  of    such  that  ,  then  .  The
collection    is  called  the normal  fan  of  .  It  can  be
checked  that    is  a  fan.  Note  that  the  maximal  elements  of    are  precisely  the  normal
cones of   at its vertices. Moreover,   if and only if   is essential.
The next lemma will be useful later and should be well-known. Due to lack of a clear reference,

we provide a proof.

P ⊂ Rd v ∈ P

x∗ ∈ intRd(N (v, P )) v ⟨x∗, ·⟩ P,

x ∈ P \ {v} ⟨x∗, v⟩ > ⟨x∗, x⟩

Lemma  7.2  Let    be  a  convex  polyhedron  and    be  a  vertex  of  it.  For  every
 ,  the  vertex    is  the  unique  maximizer  of    over    i.e.,  for  every

 , we have  .

x∗ ∈ intRd(N (v, P )) x ∈ P \ {v}
⟨x∗, v⟩ = ⟨x∗, x⟩ = s(x∗, P ) P v x

P P F

Proof  To get a contradiction, suppose that there exist   and 
such that  .  Note that    itself  is a face that contains both   and  .
Moreover,  the  intersection of  faces  of    is  again a  face  of  .  Let   be  the  intersection of  all
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v x x∗ ∈ N (F, P )

dim(F ) ⩾ 1 dim(N (F, P )) ⩽ d− 1 N (F, P ) ∩ N (v, P )

N (v, P ) N (F, P ) ∩ N (v, P ) N (v, P )

x∗ ∈ N (F, P ) ∩ N (v, P ) ⊆ bdRd(N (v, P )) x∗ ∈ intRd(N (v, P ))

faces  that  contain  both    and  ,  which  is  the  smallest  such  face.  Then,  .  Since
, we have  . By Definition 7.1,   is a face of

. Since  ,   have different dimensions, they cannot be equal.
Hence,  , a contradiction to  .  □

P

Rd P

If   is bounded, then it is called a polytope. A set is a polytope if and only if it is the convex
hull of a finite subset of  . In this case, every face of   is also a polytope. Moreover, a convex
polyhedron is a polytope if and only if its normal fan is complete.
We  may  consider  two  polytopes  as  equivalent  if  they  have  the  same  normal  fan.  This

establishes an equivalence relation on the set of all polytopes, whose equivalence classes are given
in the next definition.

N N

N

Definition 7.3  Let   be a complete fan. The set of all  polytopes whose normal fan is    is
called the type cone of  .

N {x∗,1, . . . , x∗,ℓ} ⊂ Rd \ {0}
N ℓ ∈ N C ∈ N JC ⊆ {1, . . . , ℓ}

C X∗ ∈ Rℓ×d

x∗,1, . . . , x∗,ℓ N

Let   be a finite complete fan and let   be the set of all generating
vectors of the members of  , where  . For each  , we denote by   the
set  of  indices  of  the  generating  vectors  of  .  Let    be  the  matrix  whose  rows  are

. Then, every member of the type cone of   can be written as

Ph := {x ∈ Rd : ⟨x∗,j , x⟩ ⩽ hj for every j ∈ {1, . . . , ℓ}} = {x ∈ Rd : X∗x ⩽ h} (7.2)

h = (h1, . . . , hℓ) ∈ Rℓ hj = s(x∗,j , Ph)

j ∈ {1, . . . , ℓ} h ∈ Rℓ Ph

h ∈ Rd Ph N

for  some  .  In  this  case,  we  indeed  have  ,  for  every
. However, not every choice of   yields a member   of the type cone. We say

that   is admissible if   is in the type cone of  . Hence, we may index the members of
the type cone by admissible vectors by defining

TC(N ) := {h ∈ Rℓ | N Ph = N }.

N N d

d C1, C2 ∈ N

j1, j2 ∈ {1, . . . , ℓ} JC1
\ {j1} = JC2

\ {j2}
JC1

∪ JC2
= (JC1

∩ JC2
) ∪ {j1, j2}

αC1,C2
(j) ∈ R j ∈ JC1 ∪ JC2

Suppose that   is complete, simplicial, and essential. Then, each maximal cone in   is   -
dimensional  and  it  is  generated  by    linearly  independent  vectors.  Hence,  if    are
adjacent  maximal  cones,  then  there  exist    such  that  ,
and the set of generating vectors corresponding to   is linearly
dependent; let  ,  , be the unique coefficients such that∑

j∈JC1
∪JC2

αC1,C2
(j)x∗,j = 0 (7.3)

αC1,C2
(j1) + αC1,C2

(j2) = 2and  . (The latter condition is there to ensure uniqueness.)
TC(N )The next result provides an algebraic characterization of  .

N

h ∈ Rd h ∈ TC(N )

C1, C2 ∈ N
∑

j∈JC1
∪JC2

αC1,C2
(j)hj > 0

Theorem  7.4  [34,  Proposition  1.1]  Let    be  a  complete,  simplicial,  and  essential  fan.  Let
.  Then,    if  and  only  if,  for  every  choice  of  adjacent  maximal  cones

 , it holds that  .

 7.2  Random polytopes with deterministic normal fans

Ξ

We  go  back  to  our  discussion  on  set-valued  stochastic  integrals  and  consider  a  random
polytope   as given in (7.1). With the notation of Section 6, we have∫ t

0−
RMdB = E[Ξ|Ft],

∫ t

0−
RCdB = conv({E[ξ1|Ft], . . . ,E[ξn|Ft]}), t ∈ [0, T ],

RMwith probability one, where   is provided by the set-valued martingale representation theorem
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RC = {(x1, z1), . . . , (xn, zn)} J 0
T (x

i, zi) = ξi i ∈ {1, . . . , n}and   is such that   for each  .
Ξ

P-null
Our aim is to show that the above set-valued stochastic integrals coincide if and only if   has

a  deterministic  normal  fan,  up  to  a    set.  Before  stating  the  main  result,  we  prove  the
following lemma of independent interest.

C,D ∈ G (Rd) intRd(C) ̸= ∅ C ⊆ D Leb(D\C) = 0

C = D

Lemma  7.5  Let    be  with   ,   ,  and  .  Then,
.

intRd(C) = intRd(D) C ⊆ D intRd(C) ⊆ intRd(D)

intRd(D) ⊆ C

x ∈ intRd(D) x /∈ C x ∈ intRd(D) ∩ Cc r > 0

{x}+ BRd(r) ⊆ intRd(D) ∩ Cc ⊆ D \ C Leb({x}+ BRd(r)) > 0

intRd(C) = intRd(D) C,D

C = clRd(intRd(C)) = clRd(intRd(D)) = D

Proof  We first  claim that  .  Since  ,  we have  .
To  show  the  reverse  inclusion,  it  is  enough  to  check  that  .  Suppose  that  there
exists   with  , that is,  .  Then, we can find   such that

.  Since  ,  we  get  a  contradiction.
Therefore, we have  . Since   are closed convex sets with nonempty interior,
we conclude that   by [1, Lemma 5.13].  □

Theorem 7.6.  The following are equivalent:∫ t

0− RMdB =
∫ t

0− conv(RC)dB t ∈ [0, T ] P-a.s.(i) It holds   for every   

(
∫ t

0− conv(RC)dB)t∈[0,T ] F-martingale.(ii)   is an 

E[
∫ t

0− conv(RC)dB] = conv({x1, . . . , xn}) t ∈ [0, T ](iii) It holds   for every  .

E[
∫ T

0− conv(RC)dB] = conv({x1, . . . , xn})(iv) It holds  .

x∗ ∈ Rd t ∈ [0, T ] E[maxi∈{1,...,n} ⟨x∗,E[ξi|Ft]⟩] = maxi∈{1,...,n} ⟨x∗, xi⟩(v)For every   ,   , it holds  .
x∗ ∈ Rd E[maxi∈{1,...,n} ⟨x∗, ξi⟩] = maxi∈{1,...,n} ⟨x∗, xi⟩(vi) For every   , it holds  .
x∗ ∈ Rd i(x∗) ∈ {1, . . . , n} ⟨x∗,E[ξi(x∗)|Ft]⟩ ⩾

⟨x∗,E[ξi|Ft]⟩ P-a.s. i ∈ {1, . . . , n} t ∈ [0, T ]

(vii) For every   ,  there  exists   such that  it  holds 
   for every   and  .

x∗ ∈ Rd i(x∗) ∈ {1, . . . , n} ⟨x∗, ξi(x
∗)⟩ ⩾ ⟨x∗, ξi⟩

P-a.s. i ∈ {1, . . . , n}
(viii) For every   , there exists   such that it holds 

 for every  .
i ∈ {1, . . . , n} t ∈ [0, T ] E[Ξ|Ft] E[ξi|Ft] P-a.s.

t Ni ⊆ Rd

t ∈ [0, T ] Ni = N (E[ξi|Ft](ω),E[Ξ|Ft](ω)) P-a.e ω ∈ Ω

(ix) For  each   and   ,  the  normal  cone  of   at    is 
deterministic  and  free  of   ,  i.e.,  there  exists  a  convex  polyhedral  cone    such  that,  for
every   , we have   for  .  .

i ∈ {1, . . . , n} Ξ ξi P-a.s
Ni ⊆ Rd Ni = N (ξi(ω),Ξ(ω)) P-a.e. ω ∈ Ω

(x) For  each   ,  the  normal  cone  of    at    is   .  deterministic,  i.e.,  there
exists a convex polyhedral cone   such that   for    .

t ∈ [0, T ] E[Ξ|Ft] P-a.s. t

I ⊆ {1, . . . , n} NI ⊆ Rd

t ∈ [0, T ] NI = N (FI,t(ω),E[Ξ|Ft](ω)) P-a.e. ω ∈ Ω FI,t :=

conv({E[ξi|Ft] : i ∈ I})

(xi) For each   ,   has a   deterministic normal fan that is free of   , i.e.,
for each nonempty   , there exists a convex polyhedral cone   such that, for
every   ,  we  have    for     ,  where 

.
Ξ P-a.s. I ⊆ {1, . . . , n}

NI ⊆ Rd NI = N (FI(ω),Ξ(ω)) P-a.e. ω ∈ Ω

FI := conv({ξi : i ∈ I}) I ⊆ {1, . . . , n} i ∈ {1, . . . , n}

(xii)   has a   deterministic normal fan, that is, for each nonempty   , there
exists  a  convex  polyhedral  cone    such  that    for      ,
where  . Moreover, for   and  , one can take

NI = N (conv({xi : i ∈ I}), conv({x1, . . . , xn})), (7.4)

Ni = N{i} = N (xi, conv({x1, . . . , xn})). (7.5)

⇔
⇒ ⇒ ⇒

Proof  The equivalence of (i)–(vi) follows from Theorem 6.7. The equivalence (vii) (viii) and
the implications (ix) (x), (xi) (xii), (xii) (x) are trivial.

⇔ x∗ ∈ W i(x∗) ∈ {1, . . . , n} ⟨x∗, xi(x∗)⟩ = maxi∈{1,...,n}⟨x∗, xi⟩
E[⟨x∗, ξi(x

∗)⟩] = maxi∈{1,...,n} E[⟨x∗, ξi⟩] ⟨x∗, ξi(x
∗)⟩ ⩽ maxi∈{1,...,n}⟨x∗, ξi⟩

(vi) (viii): Let  . Let   be such that  ,

that is,  . Since we have 
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P-a.s P-a.s.., these random variables have the same expectation if and only if they are equal   Therefore,
(vi) is equivalent to (viii).

⇒ i ∈ {1, . . . , n} Ni Wi

Ni ∩ BRd conv({x1, . . . , xn})
{x1, . . . , xn} Rd∪n

i=1 Ni = Rd
∪n

i=1 Wi BRd

(vii) (ix):  For  each  ,  let    be  defined  by  (7.5),  let    denote  a  countable
dense  subset  of  .  Note  that    is  a  convex  polytope,  the  set

 contains all vertices of it, and the normal cones of these vertices cover  . Hence,
we have  . Moreover,   is a countable dense subset of  .

i ∈ {1, . . . , n} x∗ ∈ Wi i(x∗) ∈ {1, . . . , n}
⟨x∗,E[ξi(x∗)|Ft]⟩ = maxj∈{1,...,n} ⟨x∗,E[ξj |Ft]⟩ P-a.s. t ∈ [0, T ]

⟨x∗,E[ξi|Ft]⟩ ⩽ ⟨x∗,E[ξi(x∗)|Ft]⟩ P-a.s.

Let  us  fix  .  Let  .  By  (vii),  there  exists    such  that
    for  every  .  In  particular,  we  have

   and

E[⟨x∗,E[ξi|Ft]⟩] = ⟨x∗, xi⟩ = max
i′∈{1,...,n}

⟨x∗, xi′⟩

= E
[

max
i′∈{1,...,n}

⟨x∗,E[ξi
′
|Ft]⟩

]
= E

[
⟨x∗,E[ξi(x

∗)|Ft]⟩
]

t ∈ [0, T ]

⟨x∗,E[ξi|Ft]⟩ = ⟨x∗,E[ξi(x∗)|Ft]⟩ P-a.s
for every  . Here, the third equality is by (vi), which is already shown to be equivalent to
(viii). Hence, we conclude that    ., that is,

⟨x∗,E[ξi|Ft]⟩ = max
i′∈{1,...,n}

⟨x∗,E[ξi
′
|Ft]⟩ = s(x∗,E[Ξ|Ft]) P-a.s.

t ∈ [0, T ]

t ∈ [0, T ] x∗ ∈ Wi Wi Ni ∩ BRd s(·,E[Ξ|Ft])

⟨x∗,E[ξi|Ft]⟩ = s(x∗,E[Ξ|Ft])

x∗ ∈ Ni Ωi,t ∈ Ft ω ∈ Ωi,t

for each  . Here, the second equality is by (i), which is already shown to be equivalent to
(vii).  Let  .  Since    is  arbitrary,    is  dense  in  ,  and    is
continuous  and  positively  homogeneous,  we  conclude  that    for
every   on a set   with probability one. In particular, for every  , we have

Ni ⊆ N (E[ξi|Ft](ω),E[Ξ|Ft](ω)). (7.6)

conv({x1, . . . , xn}) x1, . . . , xk

k ∈ {1, . . . , n} dim({xi}) = 0 dim(Ni) = d Leb(Ni) > 0

i ∈ {1, . . . , k} i ∈ {k + 1, . . . , n} xi

conv({x1, . . . , xn}) Ni

dim(Ni) ⩽ d− 1 Leb(Ni) = 0 ω ∈
∩k

i=1 Ωi,t

∪k
i=1 Ni = Rd

Without  loss  of  generality,  suppose  that  the  vertices  of    are  ,
where  .  Then,  we  have    so  that   and    for
each  .  On  the  other  hand,  for  each  ,    belongs  to  a  nonzero-
dimensional  face  of    whose  normal  cone  is    so  that  we  have

 and  . Let  . Since  , by (7.6), we get

k∪
i=1

(Ni ∩ BRd) = BRd =

k∪
i=1

N (E[ξi|Ft](ω),E[Ξ|Ft](ω)). (7.7)

i1, i2 ∈ {1, . . . , k} i1 ̸= i2Moreover, for each   with  , we have

Leb(N (E[ξi1 |Ft](ω),E[Ξ|Ft](ω)) ∩ N (E[ξi1 |Ft](ω),E[Ξ|Ft](ω))) = 0

N (E[ξi1 |Ft](ω),E[Ξ|Ft](ω)) Leb(Ni1 ∩ Ni2) = 0since the set is a face of  . By (7.6), we also have  .
Hence, we get

k∑
i=1

Leb
((

N (E[ξi|Ft](ω),E[Ξ|Ft](ω)) ∩ BRd

)
\ (Ni ∩ BRd)

)
=

k∑
i=1

(
Leb

(
N (E[ξi|Ft](ω),E[Ξ|Ft](ω)) ∩ BRd

)
− Leb(Ni ∩ BRd)

)
= Leb

(
k∪

i=1

(
N (E[ξi|Ft](ω),E[Ξ|Ft](ω)) ∩ BRd

))
− Leb

(
k∪

i=1

(Ni ∩ BRd)

)
= 0,
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where the last equality is by (7.7). Hence,

Leb
((

N (E[ξi|Ft](ω),E[Ξ|Ft](ω)) ∩ BRd

)
\ (Ni ∩ BRd)

)
= 0

i ∈ {1, . . . , k} intRd(Ni ∩ BRd) ̸= ∅for each  . Since   as well, by Lemma 7.5, we obtain that

Ni ∩ BRd = N (E[ξi|Ft](ω),E[Ξ|Ft](ω)) ∩ BRd

and therefore

Ni = {x∗ ∈ Rd : ⟨x∗,E[ξi|Ft](ω)⟩ = s(x∗,E[Ξ|Ft](ω))} (7.8)

i ∈ {1, . . . , k}for each   since these sets are cones.
intRd(Ni) = intRd(N (E[ξi|Ft](ω),E[Ξ|Ft](ω))) ̸= ∅ E[ξi|Ft](ω)

E[Ξ|Ft](ω) i ∈ {1, . . . , k} E[Ξ|Ft](ω)

E[ξi|Ft](ω) E[Ξ|Ft](ω) i ∈ {k + 1, . . . , n}
i = k + 1

Since  ,  the  point    is  a  vertex of
 for each  . We claim that these are all the vertices of  . To get

a contradiction, suppose that    is a vertex of    for some  .
Without loss of generality, we assume that  . Then,

intRd(N (E[ξk+1|Ft](ω),E[Ξ|Ft](ω))) ̸= ∅.

x∗ ∈ BRd E[ξk+1|Ft](ω)

⟨x∗, ·⟩ ⟨x∗,E[ξi|Ft](ω)⟩ < s(x∗,E[Ξ|Ft](ω))

i ∈ {1, . . . , k} i′ ∈ {1, . . . , k}
⟨x∗,E[ξi′ |Ft](ω)⟩ = s(x∗,E[Ξ|Ft](ω))

E[Ξ|Ft](ω) E[ξ1|Ft](ω), . . . ,E[ξn|Ft](ω)

Let    be  an  element  of  this  set.  Then,  by  Lemma  7.2,    is  the  unique
maximizer  of  the  function  .  In  particular,    for  each

.  On  the  other  hand,  by  (7.7),  there  exists    such  that
,  which  is  a  contradiction.  Therefore,  the  vertices  of

 are precisely  .
i ∈ {k + 1, . . . , n} xi conv({x1, . . . , xn})

Ni = N (E[ξi|Ft](ω),E[Ξ|Ft](ω)) i ∈ {k + 1, . . . , n}

Let  . Then,   belongs to a nonzero-dimensional face of  .
Since the normal cone of a face of a polytope is determined by the normal cones of the vertices,
by (7.8), we conclude that   for each   as well.

⇒ ⇒(ix) (xi), (x) (xii): These are immediate consequences of the fact that the normal cone of a
face of a polytope is determined by the normal cones of its vertices, similar to the argument in
the previous paragraph.

⇒ x∗ ∈ Rd Ω0 P-a.s. ω ∈ Ω0

Ξ(ω) {ξ1(ω), . . . , ξn(ω)}
∪n

i=1 Ni = Rd x∗ ∈ Ni(x∗)

i(x∗) ∈ {1, . . . , n} ⟨x∗, ξi(x
∗)⟩ = s(x∗,Ξ(ω)) = maxi∈{1,...,n} ⟨x∗, ξi(ω)⟩

(x) (viii): Let   and let   be the   set in (x). Let  . Since the vertices of
 form a subset of  , we have  . Hence,   for some

. Then,  , proving (viii).  □∫ t

0− conv(RC)dB)t∈[0,T ]

ξ1, . . . , ξn F-martingale
Ξ P-a.s.∫ 0

0− conv(RC)dB = conv({x1, . . . , xn}) N

{x∗,1, . . . , x∗,ℓ} ⊂ Rd \ {0} X∗ Ph JC αC1,C2
(j)

Theorem 7.6 implies that the indefinite stochastic integral ( ,  which is

the convex hull of the (vector-valued) conditional expectations of  , is an 
if and only if the set-valued random variable   has a   deterministic normal fan, which is

the  normal  fan  of  .  Let    denote  this  normal  fan.  We

denote  its  elements  by  .  The  quantities  ,  ,  ,    are
defined as in Section 7.1. Using Theorem 7.4, we may obtain an algebraic characterization of the
deterministic normal fan condition as given by the next corollary.

N conv({x1, . . . , xn}) NCorollary 7.7  Let   be the normal fan of  . Suppose that    is simplicial
and essential. Then, the conditions in Theorem 7.6 are also equivalent to the following:

C1, C2 ∈ N(xiii) For every choice of adjacent maximal cones   , it holds∑
j∈JC1

∪JC2

αC1,C2
(j) max

i∈{1,...,n}
⟨x∗,j , ξi⟩ > 0 P-a.s.
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P-a.e. ω ∈ Ω Ξ(ω) = Pη(ω) = {x ∈ Rd : X∗x ⩽ η(ω)}

ηj(ω) = s(x∗,j ,Ξ(ω)) = max
i∈{1,...,n}

⟨x∗,j , ξi(ω)⟩ j ∈ {1, . . . , ℓ}

Proof　 For    ,  we  may  write  ,  where

  for  each  .  Then,  by  Theorem  7.4,

condition (xii) in Theorem 7.6 is equivalent to condition (xiii) above.  □
ξ1, . . . , ξn

N Ξ

Ξ N P-a.s. η ∈ L2
FT

(Rℓ) Ξ = Pη P-a.s.
C1, C2 ∈ N

Remark 7.8  Without reference to the random vectors   , Corollary 7.7 can be restated
as follows: “Let   be a complete, simplicial, and essential fan and   be a random polytope. The
normal fan of   equals     if and only if there exists   such that   

and for every choice of adjacent maximal cones   , it holds∑
j∈JC1

∪JC2

αC1,C2
(j)ηj > 0 P-a.s.�

TC(N ) ⊆ Rℓ

η TC(N ) P{η ∈ TC(N )} = 1

TC(N )

η ∈ L2
FT

(Rℓ)

These  inequalities  define  a  (deterministic)  open  convex  cone    and  the  above

condition says that   is a square-integrable selection of   , i.e.,  . Since
 has a nonempty closed subset,  by the standard measurable selection theorem, it  has at

least one measurable selection  .

d = 2 n = ℓ = 3 x∗,1 = (−1, 0) x∗,2 = (0,−1) x∗,3 = (1, 1)

Example 7.9  We construct a simple example of a random polytope with deterministic normal fan.
Suppose that   ,   ,   ,   ,  . The maximal cones
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
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Figure 1   Figures for Example 7.9
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N JC1
= {1, 2} JC2

= {2, 3} JC3
= {1, 3}of  the  corresponding  normal  fan   have  index  sets   ,   ,   ;

see Figure 1(a). Then, the linear dependence system given in (7.3) reads as

− αC1,C2
(1) + αC1,C2

(3) = 0, −αC1,C2
(2) + αC1,C2

(3) = 0, αC1,C2
(1) + αC1,C2

(3) = 2,

− αC2,C3(1) + αC2,C3(3) = 0, −αC2,C3(2) + αC2,C3(3) = 0, αC2,C3(2) + αC2,C3(1) = 2,

− αC1,C3(1) + αC1,C3(3) = 0, −αC1,C3(2) + αC1,C3(3) = 0, αC1,C3(2) + αC1,C3(3) = 2,

αC1,C2
(j) = αC2,C3

(j) = αC1,C3
(j) = 1 j ∈ {1, 2, 3}

TC(N ) = {h ∈ R3 : h1 + h2 + h3 > 0}
Ξ N P-a.s.

Ξ = {x ∈ R2 : − x1 ⩽ η1, −x2 ⩽ η2, x1 + x2 ⩽ η3}

whose  solution  is  given  by    for  each  . Hence,
the  type  cone  is  given  by  .  In  view  of  Remark  7.8,  we
conclude that a random polytope   has   as its normal fan   if and only if it is a random
triangle of the form   , or equivalently,

Ξ = conv({ξ1 = (−η1,−η2), ξ
2 = (η2 + η3,−η2), ξ

3 = (−η1, η1 + η3)}),

η1, η2, η3 ∈ L2
FT

(Ω,R) η1 + η2 + η3 > 0 P-a.s.where   are random variables such that   

m = 3 T = 1

E[ηi|Ft] = eαB
i
t− 1

2α
2t

i ∈ {1, 2, 3} t ∈ [0, 1] α = 1
2

104

t ∈ [0, 1]

As  a  special  case,  let  us  further  assume  that   ,   ,  and  take  the  conditional
expectation processes as exponential martingales of Brownian motion, say, 

for   ,   , where  . We simulate the corresponding random triangle process
by  a  random walk  approximation  of  the  Brownian  motion  with    steps,  see Figure  1(b).  We
also provide two two-dimensional plots that together carry the same information. In Figure 1(c),
we show the sample path of the vertex corresponding to the right angle of the triangle as a curve
parametrized by  . Figure 1(d) shows the sample path of the length of the hypotenuse.
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