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Abstract We consider the optimal stopping time problem under model uncertainty,
R(v) = ess supess sup EF[Y (7)|F,], for every stopping time v, within the framework of

families ofP regldoglevé’riables indexed by stopping times. This setting is more general than
the classical setup of stochastic processes, notably allowing for general payoff processes
that are not necessarily right-continuous. Under weaker integrability, with regularity
assumptions for the reward family Y = (Y (v),v € S), the existence of an optimal
stopping time is demonstrated. Sufficient conditions for the existence of an optimal model
are then determined. For this purpose, we present a universal optional decomposition for
the generalized Snell envelope family associated with Y. This decomposition is then
employed to prove the existence of an optimal probability model and to study its properties.
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1. Introduction

Optimal stopping problems are a class of decision-making problems that involve finding the
best time to take a particular action. These problems arise in various contexts where a decision
must be made based on uncertain information and limited resources, such as in investment and
job search scenarios, launching a new brand, exercising an option, etc. All of these problems
naturally lead to an optimal stopping problem. Formally, the main target is to choose a random
stopping time that maximizes the expected reward induced by the problem’s payoff process.

The classical solution to optimal stopping problems assumes that the reward’s probability law
is given to the decision maker. The problem is then formulated with respect to a unique
probability measure. However, in numerous real-world scenarios, decision-makers contend with
uncertainty regarding the true probabilistic model. Consequently, the probability law that
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generates future rewards may be partially or completely unknown, creating what is known as
model uncertaintyor ambiguity. This can arise due to various reasons, such as incomplete information,
parameter estimations errors, or the presence of hidden variables. An example is the analysis of
American options in incomplete financial markets, where we have to deal with multiple
equivalent martingale measures, and it is uncertain which one underlies the market. In such scenarios,
the decision maker relies on a set of plausible probability measures or models, each of which
could potentially result in vastly different optimal stopping strategies.

In recent years, optimal stopping under ambiguity has attracted a lot of attention: [2, 4, 5,
10-12, 17, 19, 27, 31]. This report focuses on two types of optimal stopping problems: the worst-
case and the best-case optimal stopping. The former—the so-called robust optimal stopping—

maximizes the worst-case expected value: ]Pén7f3 EF[Y,], via the choice of T; see, e.g. [3-5, 10, 30, 31].
€

The latter, on the other hand, maximizes the best-case expected value: sup EF[Y,]; see, e.g. [4-7,

15]. Here, P denotes the set of probability measures and Y represents ]‘Eﬁg payoff process. All of
the aforementioned studies assumed that P is dominated by a single probability measure, and Y
is an F-adapted RCLL (cadlag) process. Several studies have focused on weakening the
assumptions for the probability class P. Therefore, in the literature, weak conditions related to
mathematical finance have been discovered and improved to achieve greater generality; see e.g.
[3, 15, 29, 30]. However, relatively few studies have focused on allowing for more general payoff
processes. To the best of our knowledge, the most general result given in the literature is that of
Kritschmer et al. [22]: A numerically implementable method for single stopping problems under
uncertainty in drift and jump intensity was proposed. For general reward processes driven by multi-
dimensional jump-diffusions, we also refer to Roger et al. [24].

In this study, we solve an optimal stopping problem under uncertainty with respect to a
dominated probability class P, where the reward is given by a family Y = (Y(7),7 € S) of
random variables indexed by stopping times. More precisely, S is used to collect all stopping
times with respect to a general filtration F on €. The main result is Theorem 5.3, in which we
construct an optimal pair (P*,7*) € P x S such that

R4 supsup EF[Y ()] = sup E¥[Y (7*)] = E¥ [Y(7)] as. (1.1)

PeP €S PeP

The optimal stopping problem (1.1) features generality along three dimensions: (i) the setup of
families of random variables indexed by stopping times is more general than the classical setup of
processes; therefore, (1.1) allows for more general payoff processes that are not necessarily right-
continuous. (ii) particularly, for the existence of optimal stopping times, the developed approach
allows for simpler proofs by using only classical tools of Probability Theory, and (iii) it allows
the problem to be solved under weaker assumptions than those used in previous literature. We
solve problem (1.1) for a non-negative family of random variables Y = (Y (7),7 € S). However,
by applying a simple shift, all results apply to a general payoff family (see Lemma 5.1).

The technical set-up closely follows that of [20], in which the classical optimal stopping in the
case of a reward given by a family of random variables indexed by stopping times was revisited.
Herein, this framework is extended to account for model uncertainty (1.1). The key to this study
is the generalized Snell envelope family of Y:

R(v) £ ess supess sup EX[Y(7)|F,], v€ES, (1.2)
PeP TES,

which is characterized as the smallest P -supermartingale family that is greater than the reward
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family Y. Within this setting, a family of random variables indexed by stopping times is called a
P -supermartingale family if it is a [P -supermatingale family with respect to each measure P € P
(please refer to Section 2 for the notations). The properties of this generalized Snell envelope
family follow naturally from the extant theory of optimal stopping in [20]. In the classical literature,
optimal stopping under uncertainty is typically formulated within the framework of processes.
The reward is determined by a right-continuous, adapted process (Y:). The value function
family {R,}vecs is defined as above, and gives rise to a non-negative, adapted process
R = {Ry, F+;0 < t < T'}. However, equation (1.2) cannot be regarded as the process R evaluated
at the stopping time wv. The standard approach involves an important step known as the
aggregation step, which involves finding a RCLL modification R? = {R?, F;;0 <t < T} of the
process R, such that for each v € S, R,(w) = Rg(w) (w) for a.e. w € Q. This process RY is the
generalized Snell envelope process for the payoff Y. Note that this step is nontrivial and relies on
firm and sophisticated results based on the general theory of stochastic processes (see e.g. [19, 32,
33]). The framework of the present study overcomes this complexity. One advantage of the set-
up employing families of random variables is that the aggregation step can be circumvented.
Another benefit is the weaker integrability assumption required for the existence of an optimal
stopping time. Specifically, we only assume that R < co, which is a weaker condition compared
to the classical assumption made in the literature, namely, that (Y;) is of class (D). Moreover,
optimal stopping times are characterized differently from the framework of processes. Given
further assumptions on the reward family, we express the optimal stopping time as the essential
infimum of a set of stopping times, instead of as the hitting time of processes, namely,
7" =ess inf{r € S,R(7) =Y (7) a.s.}.

In order to prove the existence of an optimal model, we shall establish a “universal” optional
decomposition for the Snell envelope family R = (R(v),v € S) in the sense that it holds
simultaneously for all P € P. Specifically, under suitable conditions for the family P, R is
decomposed as the difference between a P -martingale with RCLL paths and an optional RCLL
increasing process. There are two results, which combined, prove our claim. In the first, in
Theorem 5.1, we prove a universal optional decomposition theorem for P-supermartingale families.
To the best of our knowledge, such a decomposition has not previously been obtained. In

Proposition 5.8, under the condition sup E¥[(Y*)?] <oo for the random variable
PeP

Y* :=ess supY(7), we show that R satisfies the integrability condition of Theorem 5.1; thus, it

obtains tTlfég “universal” optional decomposition. Taken together, this leads to Theorem 5.3, the
main result in Section 5: there exists an optimal model P* € P such that (1.1) holds.

Notably, the developed framework sheds new light on the valuation of American knock-in
barrier options. Barrier options of the knock-in type are financial derivatives that only become
valuable if the underlying asset price reaches a predetermined barrier H, known as the “knocked-
in” event. Once triggered, the option holder retains a standard American option with strike K,
for instance, a put. As an example, an up-and-in barrier option requires the asset price to first
rise and hit the upper barrier, triggering the knocked-in event. Thereafter, the option holder
would benefit from falling asset prices, resulting in a higher payoff for the put option. Consider
an underlying asset with the price process S in a market environment where the riskless rate of
return is 7. Let T' be the expiration date for any option on the asset. Then, (K — S)* is the
payoff of the put option when exercised at price S. In such a context, we are interested in the
valuation problem for the American put option of the “up-and-in” barrier type, with the payoff
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Y(t)=e K - St) 1ysry, 0<t<T, (1.3)

where 75 £ inf{t < T :S(t) < H} is the time where the option becomes “knocked-in” (see e.g.,
[1]). The payoff process is not right-continuous. Thus, the developed framework is particularly well-
suited for analyzing this type of option. Now, assume that there is model uncertainty and the
decision maker has to choose a stopping time to maximize the expected reward under any of the
models in a given probability class P; for instance, P generated by an incomplete financial market.
Therefore, the hedging price H(S) of the American contingent claim (1.3) can be computed as
the optimal expected reward in the following optimal stopping problem under uncertainty:

H(S) 2 supsup B (e~ (K — S(r) L rsmm)), (1.4)

PEP r€S

where S = Sy is the initial value. The interest for the setup of families of random variables
indexed by the stopping time has also been stressed by Kobylanski et al. [21], in the framework
of optimal multiple stopping. Further applications are prospectively feasible, such as in the
indifference valuation (seller’s perspective; Carmona [9], Roger et al. [24]) of general optimally
stopped reward processes under the multiple priors model.

The rest of the paper is organized as follows: Section 2 introduces the general setup, including
the formulation of the problem under model ambiguity. In Section 3, we study the properties of
the generalized Snell envelope family (R(v),v € S). We also give the necessary and sufficient
conditions for the existence of an optimal pair (P*,7*) € P x S. Section 4 is devoted to
establishing the existence of an optimal stopping time. In Section 5, we find conditions for the
family P, under which there exists an optimal model for the problem.

2. Setting and problem description

Consider a decision maker (e.g., seller, buyer, firm) that needs to choose the best time to
exercise a certain action in order to maximize the expected revenue. The decision must be made
before a fixed predetermined time T > 0. Formally, we fix a filtered measurable base with a
finite horizon (Q, F,F = {F;}o<i<r). We assume that the filtration F satisfies the usual
conditions of right continuity and augmentation by the null sets of F = Fr. By S we denote the
class of F-stopping times with values in [0,7].

The decision maker chooses a stopping time 7 in §. When the decision is made to stop at 7,
we assume that the decision maker receives the quantity Y (7), where Y (7) is a F,-measurable
random variable. The problem is thus expressed in terms of families of random variables indexed
by stopping times. The family Y = (Y (7),7 € S) is called the reward (or payoff) family. Because
the decision maker is uncertain about the probability with which the reward Y is generated, a
class P = {P|P ~ Q} of probability models P on (2, F) that share the same null sets with a
base reference model Q € P is utilized. Thereafter, the decision maker has to choose a random
stopping time that maximizes the expected reward under any of the models. In the present context,
this yields to formulation of the following optimal stopping problem (at time 0 and at time v € S):

R £ sup sup EF[Y (7)),

PeP reS 21
N P (2.1)
R(v) = ess supess sup E' [Y (7)|F],
PeP TES,

where S, := {7 € § | 7 > v a.s.} Therefore, solving the optimal stopping time problem (2.1) at
time v, mainly consists to prove the existence of an optimal stopping time 7*(v) and an optimal
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model P*, such that
R(v) = EY [Y (*(v))|F,] aus. (2.2)

Hereinafter, we assume that the payoff is a non-negative family of random variables
Y = (Y(7),7 € S). This assumption simplifies the analysis, but all results can be extended to the
general case by applying a simple translation argument. The details of this argument are
provided by Lemma 5.1.

The following notations are used herein:
o [O(F R) is the algebra of equivalence classes of R -valued random variables on €.
o LY (F,R):={¢ € L°(F,R)|¢ = 0}.

e L1(Q, F,Q) is the set of real-valued optional processes ¢ with sup E?[|&]] < oo.
0<t<T
e Sc+={reS|r>Cas. on{C<T}tand7=C as. on {C =7T}}

® For any sub-o-field G of F, for any probability measure P on (Q,F), let L*(G,P) be the
collection of real-valued G-measurable random variables with the absolute value admitting a 2 -
moment under P. This space is endowed with its usual norm.

® For a ladlag process ¢, ¢y and ¢;_ represent the right-hand and left-hand limit of ¢ at
time ¢, respectively. A¢; := ¢ — ¢+ denotes the size of the left jump for ¢ at time ¢ (with the
convention ¢g- = ¢g), and Ay, := ¢y — ¢ represents the size of the right jump for ¢ at time
t.

® For real-valued random variables X and X,, ne€ N, “ X, 1 X” indicates that “the
sequence (X,,) is non-decreasing and converges to X a.s.”

The following definition can be found in [18].

Definition 2.1 A subset U of L*(Q, F,Q) is said to be L°-convex if z€ + (1 —x)( € U for all
§&,¢eU and x € LY (F,R) such that 0 < z < 1.

3. First properties and necessary and sufficient conditions for optimality

In this subsection, we present some preliminary results for the value families R and RT when
the reward is given by an admissible family of random variables indexed by stopping times.

Definition 3.1 A family Y = (Y (7),7 € S) is admissible if it satisfies the following conditions:

(1) Forall T € S, Y(7) is a F; -measurable non-negative random variable.

(2) Forall 7,7 € §,Y (1) =Y (') a.s. on {T =7"}.

Moreover, if for all T €S, Y(7) is square-integrable, the admissible family Y is considered
square integrable.

Remark 3.1 [t is always possible to define an admissible family associated with a given process.
More precisely, let (Y;)icjo,r) be a non-negative progressive process. Define Y (1) := Y, , for each
7€S. The family Y = (Y., 7 € S) is clearly admissible.

Now, let (Y(7),7 € S§) be an admissible reward family. For v € §, the value function at time
v is defined by

R(v) := ess supess sup E* [Y (7)|F,], (3.1)
PeEP  TES,

and the strict value function at time v is defined by
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Rt (v) := ess supess sup EX[Y (7)|F,)]. (3.2)
PeP 1ES,T

Based on these assumptions, we can define the density process Z; £ %| F, for any t € [0,T] and

any P € P. It is clear that Z¥ is a Q-martingale, Z5 = 1 and Z; > 0 a.s., for all ¢ € [0,T]. Hence,

we define the set of Q -martingales
dP
z = {ZP -
t d@

For technical reasons, discussed hereinafter, we assume that the set Z is L° -convex. Based on

, 0<t<T for PEP}. (3.3)
Fi

Bayes rule, this is re-expressed as

7P 1
EF Y (7)) = B2 2V (7)|F] = HEUZEY (DR, 7eS, (3.4)
Therefore, R(v) and R*(v) become
R(v) = ess supess sup I'(v|T, Z), (3.5)

ZEZ TES'U
R"(v) = ess supess sup I'(v|7, Z), (3.6)
ZeZ TES, ¢+

A

where T'(v|7, Z) := E*[Y (7)|F,] & 3-E®[Z,Y (1)|.F,]. Because this random variable depends only
on the restriction of the process Z to the stochastic interval [v, 7], we consider Z, . to be the
restriction of Z to this interval.

Proposition 3.1 (Admissibility of v and vt) The families R= (R(v),v€S8) and RT =
(RT(v),v €S8), defined by (3.5) and (3.6), are admissible.

Proof Let us prove the property for RT = (R*(v),v € S). Because of the definition of the
essential supremum (see Neveu [28]), one can see that for each ve S, RT(v) is an F,-
measurable random variable. Now, let v,v" € § and set A := {v=v'}. For every 7 € S,+, put
TA =714 + T1yc. It is immediately clear that 74 € S,+. Because A € F, N F,/, we get a.s. on A,

1 1
L(o|r. 2) = - EYZ:Y ()| F] = - B¥Z:,Y (7a)| Fo] = D74, 2)

v
<ess supess sup ['(v'|7, Z) = RT (V).
zZeZ TESU/Jr
Then, taking the essential supremum over Z € Z and 7 € S,+, we obtain R (v) < RT(v') as.

Based on the symmetry of v and v’, we obtain the converse inequality and the proof is complete.
Similar arguments show that R is admissible. O

Proposition 3.2 (Optimizing sequence for R and RT ) For any v € S, the family of random
variables {T'(v|1,2)/T7 € S8y, Z € 2y} (resp. {T(v|T,2)/7 € Spv, Z € Z,+} ) is closed under
pairwise mazimization. That is, there exists a sequence {(Tn, Z™)}nen with 7, in S, (resp. Sy+ )

and Z" € Z, ;. such that the sequence {T'(v|7y, Z™)}nen is increasing and such that

R(v) (resp. RT(v)) :nler;OF(U|Tn,Z”) a.s.

Proof We prove the property for R, where the arguments are the same for R. Let 7, € S,
and Z1, Z% € Z, and consider A = {I'(v|r2, Z%) > T'(v|11,Z%)} € F,. We also set
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T =Tilac + Toly,
Zy = Z}Q(AC|Fy) + Z2Q(A|F,), 0<t<T.

Then, 7 is a stopping in S,, and because Z is LY -convex, we obtain Z € Z. Therefore,

T(v|r, Z) = E© {%Y(T)‘fv]
2

Z} YA
= EQ [ Z%l Y(Tl)‘]:v:| ]-AC + EQ|:Z§ Y(Tg)‘fv} lA
=I'(v|r1, ZY14e + T(v|m, Z*)14

=T'(v|m, Zl) V T'(v|Ta, Z2).

Hence, the set {I'(v|r, Z)/7 € S;,, Z € Z, ;} is closed under pairwise maximization. The existence

of an optimization sequence follows from the classical result for an essential supremum (Neveu

(1975)). O
Definition 3.2 An admissible family Y = (Y (7),7 € S) , such that R < 0o, is said to be a P -

supermartingale family (resp. a P -martingale family) if for oll 7,7 € S, such that 7 > 7' a.s.,
EPY(7)|F] <Y (7)) a.s. for each measure P € P,
(resp. E°[Y(T)|Fn]=Y(7) a.s. for all measures P& P).
The following proposition states that the value function R and the strict value function R¥
are both supermartingale families.
Proposition 3.3 The admissible families R = (R(v),v € S) and RT = (RT(v),v €S8) are P -
supermartingale families in the sense of the above definition. Moreover, the wvalue family

R = (R(v),v € S) is characterized as the Snell envelope family associated with (Y (v),v € S),

which is the smallest P-supermartingale family that is greater a.s. than (Y (v),v € S).
Proof Let us prove the first property for R. Let v,v' € S with v >v a.s. Based on
Proposition 3, there exists an optimization sequence {(7,,Z2")}nen with 7, in S, and

Z" € 2, ., . Now, let P € P, based on the monotone convergence theorem, we get

EF[R(v)|Fy] = lim EF[T(v|tn, Z™)|Fu] as.
n—oo

For each n, 7, € S,y and Z" € Z, ,, , we have
EF[T(v|Tn, Z™)|Fo] < R(V)  as.
Hence,
E'[R(v)|F)] < R(') as.,

which gives the P-supermartingale property of R. The next task is to prove the second statement.
It is clear that (R(v),v € S) is a P-supermartingale family and for each v € S, R(v) > Y (v) a.s.
Let (R(v),v € S) be another P-supermartingale family such that for each v € S, R(v) > Y (v)
a.s. Fix v € S. Given the P-supermartingale property of R, for every stopping time, we have
7 € S,, and for every measure P € P

R(v) = E¥[R(7)|F,] = E¥[Y(1)|F,] as.

Taking the supremum over 7 € S, and P € P, we obtain R(v) > R(v) a.s., and the proposition
follows. 0
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Proposition 3.4 For every v € S, R(v) =Y (v) VRT(v) a.s.
Proof Let v be a stopping time in S. Taking 7 € S, we first show that for every Z € Z,
L(v|7,Z) <Y (v) VR (v) as. (3.7
We set 7 = 7175, + T1{;—,}. It is clear that 7 belongs to S,+. Hence,
L(|7, Z) sy =T (0|7, Z) 1750y S RY(0)175,)  aus. (3.8)
Therefore,
L(v[r,Z) = Y (0)1{r=py + (0|7, Z2)1r50) Y (0)1=p) + BT (0)1(750)  as.

By taking the essential supremum over 7 € S, and then taking the essential supremum over
Z € Z, we get R(v) <Y (v)V R"(v) as. The other inequality follows immediately from the fact
that R(v) = R (v) a.s. and R(v) > Y (v) a.s., which completes the proof. O

Proposition 3.5 Foranyv e S, 7€ S, and P € P, we have
EF[R™(7)|F,] = ess sup EF[Y (0)|F,]  a.s. (3.9

0€S _+

In particular, EF[R*(7)] = sup EF[Y(0)].
oeS _+

Proof Let P € P. Denote by Z = ZF. From Proposition 3, there exists a sequence
{(Tn, Z™) }nen with 7, in S;+ and Z™ € Z, ., such that

R*(v) = lim I'(7|r,,2") as.
n—oo
We can assume without loss of generality that Z* = Z,,, Vu € [v,7]. Using Fatou’s lemma, we get
Z,
EF[R* (7)|F.) = BO[ 2 R*(7)| 7.

Z, zn
EQ [— lim EQ [Z—;Y(Tn)

v n—oo

7]

7|

Zy, Zn

- EQ{ lim B9 Y (7y)

n—oo

[ZT zr

7

7|

Zn
< lim E@[ﬁy(m)

v

fv]
_ P
= nh_}ngoE [Y (75) | Fo)

< ess sup EF [V (0)|F,).

oS, +
Now, given the P-supermartinglae property of RT, we have for all 7 € S, and all o € S+
EFlY(0)|F ] < RT(1) as.
Thus, for each o € S;+, we have
EF[EF[Y (0)| B ]I F] = EF[Y (0)|F) < EF[RF (1) F] s,
By taking the essential supremum over o € S+ we derive the reverse inequality

ess sup EF[Y (0)|F,] < EF[RT(7)|F,] as.

O’EST+

The proof is complete. O
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We now present a crucial property of regularity for the strict value function family, namely
the P-right continuity along stopping times in expectation. Let us first introduce the following
definition.

Definition 3.3 An admissible family Y = (Y (7),7 € S) is said to be P-right continuous in
expectation (P-RCE) if for every T €S and for any sequence of stopping times (Tp)neny € S
such that 7, | v, one has E¥[Y (7)] = lim EF[Y(7,)] with respect to each measure P € P.

n—oo

Proposition 3.6 (P-RCE property for RT ) Let (Y(1),7 €8) be an admissible family. The
associated strict value function family R = (R*(7),7 € S) is P-RCE.

Proof It is clear that for each P € P, the function 7 — EF[R*(7)] is a non-increasing function
of stopping times, because RT is a P-supermartingal family. Assume that, contrary to our claim,
that there exists a probability measure P € P such that the family (R*(7),7 € S) is not RCE at
T € 8. Firstly, consider the case where EF[RT(7)] < co. Hence, there exists a constant ¢ > 0 and

a sequence of stopping times (7, )neny € S such that 7, | 7 and

lim 1 EF[R*(r,)] + € < EF[R* (7).

n—oo

From Proposition 3.5, we have EF[RT(r)] = sup EF[Y(0)]. Thus, there exists 7/ € S;+ such
O'EST+
that

lim 1 EP[R* (7,)] + % < EF[Y (7). (3.10)

n—o0
In order to find a contradiction, first suppose that 7 < T a.s. In this case, 7/ € S,+ gives 7/ > 7
a.s. We write {7/ > 7} = J 1t {7’ > 7.} and we get EF[Y (/)] = lim 1 EF[Y(7')1,/>,,]. Thus,
n—oo

eN
there exists ng such that "

lim 1 E°[RT ()] + = < EF[Y ()15, .

n—oo 4

Set 7 := 7'/17’>rn0 + 114, - One can see that 7 > 7,,, a.s. Therefore, the positivity of ¥ yields

EF[RY (ray)] + § < lim 1 EF[R*(ra)] + § < E°[Y (7)) < E¥[R* (7)), (3.11)

n—oo

which is impossible. To study the general case, take 7 € S. Because 7/ € S;+, 7/ > 7 a.s. on
{r < T} and 7 =T as. on {7 =T}. Then, one has

EF[Y ()] = E*[Y ()1, 1] + EF[Y(T)1,—7] and
EF[Y (*)lrcr] = lim 4 EF[Y (7) Lz emyngrsm,)]
From this and (3.10), there exists ng such that

. P € P P
lim ) EP[R+(T")] +- < EP[Y(T,)17’>T7L00{T<T}] + EF[Y(T)L':T]'

n—roo 4

Consider 7 := T’1{7/>m0}m{T<T} + Tl <oy dnfr<ry + Thiz=T} - One can check that 7 € STﬁ“o’
then

EPIY () prm, yrery] + EF Y (D)1 _gy] < +EF[Y (7)] < EF[R* (7)),

we derive again (3.11), which gives a contradiction. O

The following definition plays a fundamental role in solving the optimal stopping problem (2.1).
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Definition 3.4 An admissible family (Y (7),7 € S) is said to be P-right (resp. P-left ) upper-
semicontinuous in expectation along stopping times if for all P € P, for oll T €S and for all
sequences of stopping times (Tp)n such that 7, L T (resp. T, T 7 ), we have

EF[Y (7)) > Tim sup E°(Y ().

Remark 3.2 Let (Y(7),7 €S) be a P -right (resp. P -left) USCE admissible family. For each
veS and B € F,, the admissible family (Y(7)lp,7 €S,) is also a P -right (resp. P -left)
USCE admissible family. Indeed, fir P € P and v € S. Let (7,)n be a sequence of stopping times
such that 7, | 7. For eachn , set T, := 1,1 + Tlge and T := 71g + T1ge. It is clear that 7, | T.
Therefore, EF[Y (7)] > HILH;O sup E¥[Y (7,)]. Hence, E*[Y (7)15] > HILH;O sup EF[Y (1,)15].

We give now the necessary and sufficient conditions for optimality.

Theorem 3.1 Let P* € P and 7 € S be such that E¥ [Y(7*)] < co. The stopping time 7* and
the probability measure P* re optimal in (8.1), i.e.,

EY [V (7%)] = R(0) = sup sup E*[Y (7)] (3.12)
PeP TS

holds, if and only if
(1) R(t*) =Y (1*) a.s.,

(2) The P-supermartingale family (R(t* ANo),0 € S) is a P* -martingale family. That is, for
all 6,0’ € S such that 0,0 < 7* a.s., we have

EY [R(0")|Fs] = R(0) a.s.on {0<0'}.
Proof Suppose 7" and P* are optimal, i.e., (3.12) holds. From Proposition 3.5, we have

E¥ [R(1")] = sup E¥ [Y(0)] < sup sup EF[Y(0)]

ocESH PeP oceSH
< supsup EF[Y (0)] = EY [Y ()]
PeP oceS

< EY[R(T)] as.
Because R dominates Y and E¥ [Y(7%)] < 0o, we get R(7*) =Y (r*) P*-as. and the first
assertion follows. Let us prove the second assertion. For this, take o € S and note that

EY [Y ()] = supsup EF[Y (7)) = sup sup ET[Y (7). (3.13)
PeP reS PEP 1€S,ar=

Moreover, from Proposition 3.5, we have

sup E¥[R(oc A7*)] =sup sup EF[Y(7)] = E¥ [Y(r")].
PeP PEP 7ESopr+

From this and the supermartingale property of R, we get
EF[R(oc A7T*)] < sup EF[R(o A7) = EY [Y(7*)] < E¥ [R(7")] < EY [R(7* A 0)].
PEP
It follows that, E¥[R(c A 7*)] = E¥ [R(7*)], which gives the second assertion. Conversely, from
(1) and (2) we have

EF'[R(r*)] = E¥ [R(0)] = R(0) = E¥ [Y(r")] = sup sup E*[Y(7)].
PeP reS

The proof is thus complete. O
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4. Existence of Optimal Stopping Times

In this section, we establish the existence of optimal stopping times using an approximation
method introduced by Maingueneau [26] (see also El Karoui [16]). We begin by constructing a

family of approximatly optimal stopping times. Fix v € S. For a € (0,1), a stopping time 77 is
said to be (1 — «) -optimal for R(v) if it satisfies

aR(v) < ess sup EF[Y (1) | F,). (4.1)
PeP

Passing to the limit later when « 11 implies the existence of an optimal stopping time. For

a € (0,1), we now define the following F,-measurable random variable
U (v) :=ess inf{r € S,,aR(7) <Y () as.}. (4.2)

Remark 4.1 (1) The random variable U*(v) is a stopping time, and one has U*(v) = v a.s. Indeed,
by seting LY .= {1 € S,,aR(7) <Y(r) as.}, 7, €Ly, andT:=11 V1 €S, , we get

aR(T) = aR(T1)1{r, 30} + aR(T2) (7, <y}
SY(M)Yron) +Y(2)rcn)  as.
=Y(7) a.s.

Thus, LY is stable through pairwise minimization. From [28], there exists a sequence of
stopping times (Ty)n € LS such that 7, | U*(v). Therefore, U*(v) is a stopping time and
U*(v) 2 v a.s.

(2) Let aw € (0,1). Let v € S such that aR(v) <Y (v) a.s. We have U%(v) =v a.s. Indeed, by
setting A= {aR(v) <Y (v)} and v:=vlz+T1lz , we clearly obtain v € LY. Based on the
definition of U*(v), we have U%(v) < ¥ a.s. Therefore, U*(v)15 < v15 =vlyz a.s., and hence
U*(v) =v a.s.

The following proposition holds.

Proposition 4.1 Assume that R < oo and that the reward family (Y (1), € S) is P -right USCE.
Then, for each v € S and « € (0,1) , the stopping time U*(v) , defined by (4.2), satisfies

aR(U*(v)) < Y(U%(v)) as. (4.3)

Proof Let ve€S and A€ Fya(y). Recall that, based on Proposition 3.4, for the set

B, :={R(U*(v)) >Y(U*())}, we have R(U%(v))=RT(U%(v)) as. Using the P-RCE

property of RT, it is easily seen that the family (R (7)1p,,T € Sya(y)) is also P -RCE. From

Remark 1, there exists a minimizing sequence (7,,), € LY such that 7, | U*(v). Hence, for each

P € P, the following equality holds:
aB*[RT(U*(v))lp,na] = o lim E¥[R* ()15, 4],

Because (7,), € L% and RT < R, we have for each n; aR*(7,) < aR(7,,) < Y(7,,) a.s. Therefore,
aEP[RY(UY(v))1p,na] < alimsup E¥[Y (7,,)15, 4] (4.4)

n—oo
Hence, from the positivity of Y and Eq. (4.4), we get
aEF[R(U%(v))1a] = aE°[RT(U*(v))1p,na] + B [Y (U*(v)) 15 4]
< limsup E¥[Y (7,,)1p,04] + aE° Y (U* (v)) 152 4]
n—oo

< lim sup EP[Y(%n)lA]’

n—roo
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where 7, :=7,1p,na + U*(v)1ena + U (v)14e. The sequence (7,), is a non-increasing
sequence of stopping times that tends to U*(v) as n — co. Thus, using the P-right USCE
assumption for the reward family ¥ and Remark 3.2, we obtain

aEF[R(U*(v))1a] < E¥[Y (U*(v))14],

for each A € Fyja(y) and each P € P. Consequently, aR(U(v)) < Y(U%(v)) a.s. and the proof is
ended. O

Let v €S and o € (0,1). In the sequel, we show that U%(v) defined by (4.2) is a (1 —a) -
optimal stopping time for R(v).

Theorem 4.1 Assume that the reward (Y (1), 7 € S) is P-right USCE and R < co. Let v € S.
For each o € (0,1) , the stopping time U*(v) is a (1 — «)-optimal stopping time for R(v).

Remark 4.2 Note that the integrability condition R < oo is a weaker condition compared to
the classical assumption made in the literature, namely, that {Y (1), € S8} is of class (D).

Proof We have to prove inequality (4.8) for U%(v). This is done via the following steps.
Step 1 We show that for each o € (0,1) and each v € S, we have

R(v) = es;esglp EF[R(U*(v))|F,] aus. (4.5)

From the P-supermartingale property of (R(v),v € S), we clearly have the property: for
each P € P, EF[R(U%(v))|F,] < R(v) as., because U%(v) is a stopping time greater than or

equal to v. By taking the essential supremum over P € P, we get ess sup EF[R(U%(v))|F.]
PeP
< R(v) a.s. To prove the reverse inequality, consider for each v € S, Ethe random variable
S(v) = ess sup EF[R(U(v))|F.].
PeP -
Step 1.1 We claim that the family (S(v),v € §) is a P-supermartingale family, i.e., for any
P e P and 7,7 € S such that 7 > 7 a.s., we have
EF[S(T)|Fr] < S(7)  as. (4.6)
Indeed, fix 7 € S, Z € Z. Let Z',Z% € Z, and set

A= {E@[Zzl(”R v )7 < B [Z%;T)R(U“(T))‘fr]} € Fr;
Zy = Z}Q(AC|F) + Z2Q(A|F), 0<t< TT.

Because Z is LY -convex, we have Z € Z. Therefore,

B[220 e (ry)| ]

‘ Zia )
RU® ()| 7, 1AC+E@[ L RUe(r ’f}

T

:E@Z

R(U"(1)) ]—' v E@[Z;; )R(Ua(r))’]-}].

Y 'z
Hence, the family of random variables (E® [%R(U(X(T))U‘—T] ,Z € Z) is closed under pairwise
maximization. Similarly, as in the proof of Proposition 3.9, without any loss of generality, there
exists a sequence (Z")nen € Z; ya(r) such that 77 = Z,, Vu € [v, 7] and
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It follows that for any 7" € S, a.s., we have

E*[S(r)|Fy] = E@[ S(7)| |
:E@[Z: lim. TEQ{Z;;;(T)R(U“(T)) 7|7 ]
< lim E@[ZZ;Z%,E”RWQ(T»M
< i P[RR )|
< ess sup EQ [MA?U R(U“(T))‘}'Tf}
= e sup IS [F O [ O R R || 7] 0

Because 7 > 77, it is clear that U%*(7) > U%(7’). The P-supermartingale property of R together
with Eq. (4.7) yield

My

EP[S(7)|Fr] < ess supEQ[ /)R(Uo‘ ‘}' }:5'( " as.,

MeZ

T/

which is our claim in (4.6).

Step 1.2 For a fixed a € (0,1), consider the P-supermartingale family (aR(v)+ (1—
a@)S(v),v € S). We will show that aR(v) + (1 — a)S(v) > Y (v). Fix 7 € S,. Set A := {aR(v) <
Y(v)} € F,. From 2 of Remark 4.1, we have U%(v)=v as. on A. Hence, S(

S(v) =
ess sup EF[R(U%(v))|F,] = ess sup EF[R(v)|F,] = R(v) a.s. on A. Therefore,
PeP PeP
aR(v) +(1—a)S(w) = R(v) > Y(v) as. on A.
Moreover, for A¢ = {aR(v) > Y (v)} based on the positivity of S, we get
aR(v) + (1 —a)S(v) = aR(v) > Y(v) as. on A°

and Step 1.2 is proved.

Now, because (R(v),v €S) is the smallest P-supermartingale family that dominates
(Y(v),v€S), we get aR(v) + (1 —a)S(v) > R(v) a.s. Moreover, because R(v) < oo a.s. and
A < 1, we conclude that S(v) > R(v) a.s. The proof of Step 1 is complete.

Step 2 We now show that

aR(v) < ess sup EF[Y(UY(v))|F,]  as. (4.8)
PeP

Based on Proposition 4.1 and Step 1, we have

aR(v) = ess sup EX [aR(U*(v))|F,] < ess sup EF[Y(U*(v))|F,] a.s.
PeP PeP

Thereupon, U%(v) is (1 — @) -optimal for R(v), and the proof is complete. O

Let v € S and A, A2 € (0,1) such that A; < Ag. Clearly UM (v) < U*?(v) a.s. Accordingly, the
map o — U%(v) is non-decreasing for (0,1). Thus, we define the stopping time
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U*(v) == l/\lgll U%(v) as. (4.9)

Note that U*(v) > v a.s. Inspired by classical literature, the stopping time U*(v) appears to be a
good candidate as the optimal stopping time for R(v). Under further assumptions regarding the
reward family, we state the main existence result of an optimal stopping time in the following
theorem.

Theorem 4.2 (Ezxistence of an optimal stopping time) Assume that the reward family
(Y(v),v€S8) is P-USCE, and that R < co. Then for every v € S, the stopping time U*(v)
(defined by (4.9)) is an optimal stopping time for R(v) , that is,

R(v) = es&sgp EF[Y (U*())|Fy]. (4.10)

Additionally, U*(v) =U(v) :=ess inf{r € S,, R(7) =Y (1) as.} as.
Proof Let v € §. By characterizing (R(v),v € S) as the smallest P-supermartingale family
that dominates (Y (v),v € S), for every P € P, we have
EF[Y (U*(v)|Fu] < E[R(U*(v))|Fu] < R(v)  as.,

which yields ess sup EF[Y (U*(v))|F,] < R(v) a.s. We now demonstrate the other inequality
PcP

ess sup EF[Y (U* (v))|F,] = R(v). (4.11)
PeP
Suppose by contradiction that (4.11) does not hold. That is, for all € > 0, we have
P({R(v) — € > EF[Y (U (v))|F]}) > 0,
for some P € P. Because P ~ Q, for all P € P, it follows that
P({R(v) — e > E'[Y(U*(v))|F.]}) > 0,
for every P € P. Set C := {R(v) — e > E¥[Y(U*(v))|F,]}. For all A € F,, we have
EF[Y/(U*(v))1a] = EF[E'[Y (U*(0))|F,]14]
EF[Y (U* ()| FolLanc | + E¥IY (U (0))Larc:]
R(v) — )lanc] + E'[R(U*(v))1ance]  as.
R(v) = e)lanc] + E'[R(v)1ance]  as.
R(v) — elg)la] as.

NN N
SRNG IS RS

=
—

=

=

Therefore, EF[Y(U*(v))|F,] < R(v) —elc a.s. Based on the integrability condition R < oo,
Proposition 4.3 and Remark 3.2, we have for each A € F,

EF[lim E¥[R(U® (v)) |7 ]1a] < B [E?ﬁ EY [éY(U“(v))lA\EH
< E%EP{(éY(UO‘(v))IA)]
< EFY (U (v)14].
Hence,

lim E¥[R(U* (4))| 7] < B[V (U* (0))|Fo] < R(v) — ele, VP €P.

Then, there exists & € (0,1) such that for each P € P,
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EF[R(U%(v))|F.] < EF[Y (U*(v))|F.] < R(v) — el
Taking the essential supremum over P € P and using Eq. (4.5), we get
R(v) < R(v) — elg,

which gives the desired contradiction, and hence Eq. (4.10) follows. The final task is to show
that U(v) =U*(v) a.s. Because the map a — U%*(v) is nondecreasing on (0,1), for each
a €(0,1), we have U%(v
property of (R(v),v € §), we obtain

aEP[R(U*(v))] < aE¥[R(U(v))] < EF[Y(U*(v))] as., Vac(0,1), VPecP.
Passing to the limit a1 1, and using the fact that (Y (v),v € §) is P -USCE, we get

EF[R(U*(v))] < limTilnfEP[R(Ua(v))] < ligllEP[Y(Ua(v))] < EF[Y(U*(v))] as.,

) < U*(v) a.s. Based on Proposition 4.1 and the P-supermartingale

for every P € P. This combined with the fact that the family (R(v),v € §) dominates Y, leads
to R(U*(v)) =Y (U*(v)) a.s. It follows that based on the definition of U(v), we have
U*(v) 2 U(v). Let us demonstrate the other inequality. Observe that for a =1, we have
Ul(v) =U(v) as. Thus, for all a <1, U%v) < U(v) =U(v) a.s. Taking the limit o 11, we
obtain U*(v) < U(v) a.s., which ends the proof. O

5. Existence of optimal models

We now consider the conditions under which, for the family 7P, there exists an optimal
probability model for our problem. To this end, under suitable conditions for the family P, we
establish a “universal” optional decomposition for our Snell envelope family R = (R(v),v € §) in
the sense that it holds simultaneously for all P € P. Specifically, we decompose R as the
difference between a P-martingale with RCLL paths and an optional RCLL increasing process.

Recall some definitions and results. Here and subsequently,

® H? (resp. H') denotes the set of all zero-mean, square-integrable Q-martingales (resp. local
Q-martingales). We define seminorms on H? using the formula: ||M|; := /EQ[M?] for M € H.
The space {H?, ||.|:} is a complete separable space (see [23, Proposition 4.1.]).

° XZQT denotes the collection of all optional processes X such that X, lies in L?(F,, Q) for all
7 € S, and such that X admits right and left limits.

® For every Q-local martingale H, £(H) denotes the Doléans-Dade exponential of H, that is,
the solution of the stochastic differential equation: dU; = U;_dH;, with Uy = 1.

Definition 5.1 A subset H of H? is called a subspace of H? if it satisfies the following three
conditions: (i) X,Y € H then X +Y € H; (ii) If X € H and v is predictable, then [¢dX € H;
(i43) H is closed in {H?,|.||+}.

We have the following fundamental “Kunita-Watanabe decomposition” (see [23, Proposition
4.2.].

Proposition 5.1 If H is a subspace of H* , then any element W of H? can be decomposed
uniquely as W = W' + W"  where W' € H , and W" € H*.
Note that if two probability measures P and Q are equivalent, then there is a Q-local

martingale H, such that (% . E(H); (see a.g., [25, Proposition 5.8.]). We denote by H the set
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HE{HcH"/EH) =2 forsome Z € Z}. (5.1)

We can now state the following universal optional decomposition that holds simultaneously for
all P € P. The proof is adapted from Kunita-Watanabe’s work on square-integrable martingales
(see [23, 33]).

Theorem 5.1 (Optional decomposition) Suppose that H is a subspace of H? in the sense of
Definition 5.1. Let S be a P-supermartingale family S, such that (S(7),7 € S) is uniformly
integrable w.r.t. the reference probability Q. Then, there exists X € XZQT such that S(1) = X, a.s.
for all 7€ 8. If in addition, ess sup S(7) € L*(F,Q), then there exists C, an optional non-
decreasing process starting at 0 , Taﬁgng with a RCLL P -martingale M € H?, such that a.s.

S(r)=X,=Xo+ M, —-C,, foralTes. (5.2)

Proof The existence of the process X € X7, such that S(7) = X, as. for all 7€ S follows

from [8, Theorem 3.1]. Using Theorem 3.1 in [8], we deduce the existence of an increasing
predictable process A such that Ag =0 and A(% € L*(F,Q), and of a Q-martingale M@ ¢ H?
such that a.s.

S(r) =X, =Xo+ M2 - A%, vres.

Because H is a subspace of H2, the martingale M@ admits the Kunita-Watanabe decomposition:
M@ =K + M,where K € H and M € H',ie., (H, M) =0,YH € H. Based on [33, Remark 2.16],
the set Z of (3.3) is also closed in the set of all square-intergable Q -martingales Z with mean 1,
under the semi-norms ||.||; defined by: ||Z|; := EQ[(Z; — 1)]z. Consequently, (£(H), M) =0 for
all H € H, and for each P € P, ZFM is a Q -martingale. This suggests that M is a P -martingale,
which we identify with the P -martingale in our decomposition. Therefore, we have a.s.

S(1)=X,=Xo+ M, — (A - K,), Vres.
The proof is completed by showing that the optional process C := A? — K is non-decreasing.

Note that the square-integrable martingale K € H admits a decomposition of the form
K=K+ K¢,

in which K¢ is the continuous martingale part and K% is the purely discontinuous martingale

part, such that (K¢ K?) =0 (see e.g., [14]). If we prove that K is a purely discontinuous

martingale that has only negative jumps, the assertion holds. Indeed, because S is a P -

supermartingale family, X is a P-supermartingale; thus considering Girsanov Theorem, the
process (H, K + M) — A? is non-increasing for all H € . It follows that

AU — (H,K) is an increasing process, VH € H. (5.3)

Because K € H?, the process (K*€) is integrable, and based on Lebesgue decomposition theorem,
the measure dA? admits a decomposition of the form

dA = Y d(K°)¢ +dDy, (5.4)

in which 1 is a positive predictable process in L!(]0,00)x ©,d(K¢)dQ), and D is an integrable
predictable increasing process such that, Q -almost surely, dD; L d(K*¢);. By fixing m € Z, we
have the following version of (5.4)

dA = i1y, <y d(K°), +dDJ, (5.5)

where, Q-almost surely, the measure dD}" is singular w.r.t. 1y, <m3d(K°)¢. Thus, on {1 < m}
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we have
t
A7 = [ 0t 59
0

Because H is a subspace of H?, we have (fot(l +Vs) 11y, <mydKS)ieo,r) € H. Therefore, for the
event {1p < m}, (5.3) shows that the process

AQ - </(1 +1s) 1y, <myd K, K> = A0 _ /(1 + s) 1y, <myd(K€)s is increasing.
Based on (5.6), we conclude that Q-almost surely, the process

t t
K= [ Q01 am K = [ g cmd 7).
0 0

is non-increasing on {¢) < m}, ¥m € Z. Consequently, (K¢, = 0; thus, K¢ =0 and K = K%.
We now proceed to show that K has only negative jumps. The square-integrable martingale K
can be decomposed further with respect to the sign of its jumps: K = KT + K, where K+ (resp.
K7™) is the compensated integral of a0y (resp. 1{ax<oy) with respect to K. The processes
KT and K~ are both square-integrable martingales (see [14, Ch. VIIIL, p. 357]). We proceed
analogously to the proof of K¢ =0, and we show that K™ = 0. We conclude that K is a purely
discontinuous martingale with negative jumps; hence, the process Cy = Ag — K is non-decreasing,

which is the desired conclusion. O

The following proposition shows that our Snell envelope family R = (R(v),v € S) satisfies the
integrability condition of Theorem 5.1; thus, it admits the “universal” optional decomposition.

Proposition 5.2 If H is a subspace of H? in the sense of Definition 5.1, and if

sup E¥[(ess sup Y (7))?] < oo, (5.7)
PeP TES
then the Snell envelope family R = (R(v),v € S) associated with (Y (1), 7 € S) admits a “universal”
optional decomposition; i.e., there exists X € Xlzr such that R(T7) =X, a.s. Moreover, there

exists C an optional non-decreasing process starting at 0, along with a RCLL P-martingale
M € H?, such that a.s.

R(r) =X, = Xo+ M, —C,, foralTes. (5.8)
Proof We now show that ess sup R(7) € L*(F,Q). In fact, condition (5.7) provides even more
scope. Here, we prove that EF [T(eeZS sup R(7))?] < oo, for any probability measure P € P. Indeed,
let Y denote the random variable ;esges;p Y (o). Note that we have a.s.
R(7) = ess supess sup E'[Y (0)|F,] < ess sup E'[Y|F,] =: G(r), VresS.
PEP o€S, PeP

We first show that the family G = (G(r),7 € S) is a square-integrable P-supermartingale
family, with G(T) =Y. It is easy to check that {EF[Y|F,],P € P}, for each 7€ S, and
{EF[Y?|F,]/v € S,Pc P} is closed under pairwise maximization. Fix an arbitrary P € P. There
exists a sequence {P,}, of probability measures in P, such that G(r) = nh_)rréo 1T EFY|F,] as.
Without loss of generality, we can take P, = P on F., Vn. Hence, by monotone convergence we
get, foreach v e Sst. T>27>2v >0,
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EP[G(r)|F,) = E@[ lim 1 B [V|F,] fv] = lim 1 E° [Eﬂ“’n V| F,] fv]
= lim 1 E [EPn V|7 }‘v} = lim 1 E™[V|F,]
n—oo n— oo
< ess sup EF[Y|F)] = G(v) as., (5.9)

PeP

and thus the “supermartingale” property of G holds. In the same manner, we obtain the square-

integrable property;

EF[G(r)?] = B°| lim (E™[V|F,])?| < BF [liminf 7+ [(V2)| ]|

n—oo

< liminf B[ E™ (V)| ]| = lim inf E7 | E™ (V)2 7]

n—roo n— oo

< sup EF[(Y)?] < oo, (5.10)
PeP

using Fatou’s lemma, Jensen’s inequality, and the condition (5.7). Next, we consider the

following P-supermartingale family
H(r):=G(r) — E*[G(T)|F,], T€S&. (5.11)
Note that for each 7 € §, 0 < H(7) < G(7). Thus, we have

H(1)? < G(1)? <liminf E*[(Y)?|F,] < ess sup EF[(Y)?|F,],

n—roo PeP
and

ess sup H(7)? < ess supess sup E*[(Y)?|F,] = lim 1 E%[(Y)?|F,] as.,
TES PeP  T€S n—reo

where {(7,,Q,)}nen is a conveniently chosen sequence in & x P such that Q, =P on F,, ,
Vn € N. We take the expectation with respect to P and apply the monotone convergence

theorem to obtain

EPless sup H(7)?] < lim 1 EF [E@"[(Y)ﬂfm]} < lim 1 E®[(V)2

TES n— oo n—oo

< sup EF[(YV)?] < 0.
PeP

Hence, the system (H(7),7 €S) is a square-integrable P-supermartingale family with the
property: ess sup H(7) € L?(F,P). We then apply Theorem 3.1 in [8] to deduce the existence of
S

TE ™
a process Z € X7, an increasing predictable process B such that By =0 and Br € L?(F,P),
and of a P-martingale N € H? such that a.s.

H(t)=Z; =20+ N, - B;, VT€S. (5.12)
We then check that H(7) = G(1) — EP[YIFT] = EP[BTLFT] — B, , for each 7 € S a.s., and hence
G(r) < EF[Y + Br|F,], VreSas.

Note that the process (EP[Y + Br|Fi])iepo, ) is a RCLL square-integrable P-martingale because
Br € L*(F,P) and (5.7) hold. Therefore, based on the Burkholder-Davis-Gundy inequalities, we
deduce that
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EF [(ess sup R(T))Q] < EF [(ess sup E Y + BT|]-"T])2]
TES TES

- EP [( sup EP[Y + BT|.7-}])2] < 00,
0<t<T

for every P € P. Hence, we can use Theorem 5.1, which provides the desired decomposition. The

proof is complete. O

Before proving the existence of an optimal model P* € P, we first recall the following Theorem
by Delbaen and Protter [13], which provides necessary and sufficient conditions for the existence
of an optimal model P*.

Theorem 5.2 Suppose that the non-decreasing process C in the optional decomposition of (5.8)
is predictable. Then, we have E¥ [Y(U* (v)) ]-"U] = R(v) a.s. for any v € S and P* € P, if and
only if C is “flat” away from the set H(w) = {v € S, R(v)(w) =Y (v)(w)}.

Note that in [13], Delbaen and Protter show that the process C for the optional decomposition
is predictable if all the martingales in the set Z of (3.3) have continuous paths. The following is
an example where Z fulfils this condition.

Example 5.1 Let X be the Ito process solving the equation:

dX; = b dWy,
where W is an F-Brownian motion. dHy = HidX; , with Hy = 1. We define the set Z as follows:
z2 {Z —¢ (/ btth> . for somebe BMO} . (5.13)
0

We are now in a position to state the main result of this section. The objective is to
characterize an optimal probability model using the above decomposition (5.8). This is the
developed Theorem 5.3, stated below.

Theorem 5.3 Assume that all the martingales in the set Z of (3.3) have continuous paths, and
the set H is a subspace of H?, wherein the reward family (Y (v),v € S) is P-USCE, and that
equation (5.7) holds. Then, there exists a probability measure P* € P such that, for every v € S,

E¥ [Y(U*(U))‘]:u} =R(v) = es;ei;lp EF [Y(U*(v))’}'v} a.s. (5.14)

Moreover, any model P € P is then optimal.
Proof Let P € P and v € §. The conditions of Theorem 4.2 and Theorem 5.2 are fulfilled, thus
EF[R(U*(v))|F,] = EF[Y (U*(0))|F,] = R(v) = E¥[Cy-() — CulF. as.
Taking the essential supremum with respect to P yields

. . Zu+ ()
ess inf B (Covwy = G| ] = eszsegleQ[ 7 (Cur) = C)

v

fv] —=0, as (5.15)

The set {E@[%(C(U*(v)) — Cy)|Fy], Z € Z} is closed under pairwise maximization. Thus,
once more, the fundamental property of the essential infimum/supremum guarantees that there
is a sequence (Z"),en C Z such that a.s.

Z[T}*(U)
Zy

. P o _ . Q .
e%segle [Cu=(v) — Cu|Fo] 7n1er;o¢E { (Cu+(v) — Cy)

fv} —0.
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Using Fatou’s lemma, we get
’ﬂ

OéEQ{ lim |

n—00

: (CU*(U) - Cu)

!

f,,] —0.

U

zn
< lim ¢EQ[ 2“ (Cure(o) — Cb)

n—oQ

Thus,

E?| lim V2 (“’ A(Ceoy — Co)

n—oo

)] =0 (5.16)

Now, because H is closed in H?, it follows from [33, Lemma 2.22.] that for all 7,0 € S,

ess inf& >0 as. (5.17)

zZez Z;

Therefore, lim | U*(”) > 0, and based on (5.16), we deduce that Cy«(,) = C, a.s. because the
process C' is 1ncrea51ng. Based on equation (5.8), this leads immediately to

EF[R(v)] = Xo + EF[M,] — E¥[Cy] = Xo + E¥[My-()] — E¥[Cu-()] = EF[R(U(v))],
from which we conclude that EP[Y (U*(v))|F,] = EF[R(U*(v))|F,] = R(v), a.s. Hence, P = P* is
an optimal model, and given the arbitrariness of I, any model is then optimal. |

Lemma5.1 SetY = (Y (7),thent € S) isan admissible family that is not necessarily non-negative,
and supposedly satisfies the following integrability condition:

sup E¥[ess sup(Y (7)) 7] < oo, (5.18)
PeP TES
where for x € R, 7 := —min(z,0). For each v € S , the value function at time v is given by
R(v) := ess supess sup EF [Y (7)|F,]. (5.19)

PeP TES,

Then, the optimal stopping problem associated with Y can be reduced to an equivalent problem
with a non-negative reward process.

Proof Define, for each v € S

X (v) := ess sup EF[ess sup(Y' (7))~ | Fu], (5.20)
PeP TES

and set Y (v) := Y (v) + X (v). Similarly to (5.9) and (5.10), we can show that X = (X(v),v € S)
is a P-supermartingale family. Hence, the new reward family Y is non-negative, and the
associated new value function R satisfies

R(v) = ess supess sup EF [V (7)|F,]
PeP TES,

= R(v) + ess supess sup E¥ [ X (7)|F,]
PeP TES,

< RW)+ X(v) as.
Conversely, we also have

R(v) — R(v) = es;;l'lpesTse‘ssupE (X (7)|Fo] = es};es;lpE (X (v)|Fp] = X(v).

Therefore, R(v) = R(v) + X(v) a.s., and the optimal stopping problem associated with the
reward Y can be thus solved by translation. |



Probability, Uncertainty and Quantitative Risk 441

Acknowledgements

The authors thank the anonymous referees for their valuable comments and suggestions, which have greatly

contributed to the present version of the paper.

References
[1] Ait Sahalia, F., Imhof, L. and Lai, T. L., Pricing and hedging of American knock-in options, The Journal of
Derivatives, 2004, 11(3): 44-50.

[ 2 ] Bayraktar, E., Karatzas, I. and Yao, S., Optimal stopping for dynamic convex risk measures, Illinois Journal of
Mathematics, 2010, 54(3): 1025—1067.

[ 3] Bayraktar, E. and Yao, S., On the robust optimal stopping problem, STAM Journal on Control and Optimization,
2014, 52(5): 3135-3175.

[ 4] Bayraktar, E. and Yao, S., Optimal stopping for non-linear expectations—Part I, Stochastic Processes and their
Applications, 2011, 121: 185-211.

[ 5] Bayraktar, E. and Yao, S., Optimal stopping for non-linear expectations—Part II, Stochastic Processes and their
Applications, 2011, 121: 212—264.

[ 6 ] Bayraktar, E. and Yao, S., Optimal stopping with random maturity under nonlinear expectation, Stochastic
Processes and their Applications, 2017, 127(8): 2586—2629.

[ 7] Belomestny, D. and Krétschmer, V., Optimal stopping under model uncertainty: Randomized stopping times
approach, The Annals of Applied Probability, 2016, 26(2): 1260—1295.

[ 8 ] Bouchard, B., Possamai, D. and Tan, X., A general Doob-Meyer-Mertens decomposition for g-supermartingale
systems, Electronic Journal of Probability, 2016, 21: 1-21.

[ 9] Carmona, R., Indifference Pricing: Theory and Applications, Princeton University Press, Princeton, 2009.
[10] Cheng, X. and Riedel, F., Optimal stopping under ambiguity in continuous time, Mathematics and Financial
Economics, 2013, 7: 29—68.

[11] Cheridito, P., Delbaen, F. and Kupper, M., Dynamic monetary risk measures for bounded discrete-time processes,
Electronic Journal of Probability, 2006, 11(3): 57—106.

[12] Delbaen, F., The structure of m-stable sets and in particular of the set of risk neutral measures, In: Emery, M.
and Yor, M.(eds), In memoriam Paul-André Meyer: Séminaire de Probabilités XXXIX, Lecture Notes in
Mathematics, Springer, Berlin, 2006, 1874: 215-258.

[13] Delbaen, F. and Protter. P., When is Kramkov decomposition predictable? Probability Seminar, Purdue
University, 2002.

[14] Dellacherie, C. and Meyer, P.-A., Probabilités et Potentiel: Théorie des Martingales, Chap. V-VIII, Hermann,
Paris, 1980.

[15] Ekren, I., Touzi, N. and Zhang, J., Optimal stopping under nonlinear expectation, Stochastic Processes and their
Applications, 2014, 124: 3277-3311.

[16] El Karoui, N., Les aspects probabilistes du controle stochastique. Ecole d’été de Probabilités de Saint-Flour IX-
1979 Lect. Notes in Math., Springer, Berlin-New York, 1981, 876: 73—238.

[17] Follmer, H. and Schied, A., Stochastic FinanceL: An Introduction in Discrete Time, de Gruyter Studies in
Mathematics, Walter de Gruyter, Berlin, Extended ed., 2004.

[18] Guo, T., Zhang, E., Wu, M., Yang, B., Yuan, G. and Zeng, X., On random convex analysis, Journal of Nonlinear
and Convex Analysis, 2017, 18(11): 1967—1996.

[19] Karatzas, I. and Zamfirescu, I. M., Game approach to the optimal stopping problem, Stochastics, 2005, 77:
401-435.

[20] Kobylanski, M. and Quenez, M.-C., Optimal stopping time problem in a general framework, Electronic Journal of
Probability, 2012, 17(72): 1-28.

[21] Kobylanski, M. and Quenez, M.-C. and Rouy-Mironescu, E., Optimal multiple stopping time problem, The


https://doi.org/10.3905/jod.2004.391034
https://doi.org/10.3905/jod.2004.391034
https://doi.org/10.3905/jod.2004.391034
https://doi.org/10.1137/130950331
https://doi.org/10.1016/j.spa.2010.10.001
https://doi.org/10.1016/j.spa.2010.10.001
https://doi.org/10.1016/j.spa.2010.10.001
https://doi.org/10.1016/j.spa.2010.10.002
https://doi.org/10.1016/j.spa.2010.10.002
https://doi.org/10.1016/j.spa.2010.10.002
https://doi.org/10.1016/j.spa.2016.12.001
https://doi.org/10.1007/s11579-012-0081-6
https://doi.org/10.1016/j.spa.2014.04.006
https://doi.org/10.1080/17442500500219885

442

w W
o=

IThsan Arharas, Siham Bouhadou, Astrid Hilbert, Youssef Ouknine

Annals of Applied Probability, 2011, 21(4): 1365—1399.

Krétschmer, V., Ladkau, M., Laeven, R. J. A., Schoenmakers, J. G. M. and Stadje, M., Optimal stopping under
uncertainty in drift and jump intensity, Mathematics of Operations Research, 2018, 43: 1177-1209.

Kunita, H. and Watanabe, S., On square integrable martingales, Nagoya Mathematical Journal, 1967, 30:
209-245.

Laeven, R. J. A.; Schoenmakers, J. G. M., Schweizer, N. F. F. and Stadje, M., Robust multiple stopping: A
pathwise duality approach, arXiv: 2006.01802, 2021.

Le Gall, J.-F., Mouvement Brownien, Martingales et Calcul Stochastique, Mathématiques et Applications 71,
Springer, Berlin, Heidelberg, 2012.

Maingueneau, M.-A., Temps d’arrét optimaux et théorie générale, In: Dellacherie, C., Meyer, P. A. and Weil,
M. (eds.), Séminaire de probabilités, XII, Lecture Notes in Math., Springer, Berlin, 1978, 649: 457-467.

Morlais, M., Reflected backward stochastic differential equations and nonlinear dynamic pricing rule, Stochastics:
An International Journal of Probability and Stochastic Processes, 2013, 85: 1-26.

Neveu, J., Martingales & Temps Discret, Paris, Masson, 1972.

Nutz, M. and Van Handel, R., Constructing sublinear expectations on path space, Stochastic Processes and their
Applications, 2013, 123(8): 3100-3121.

Nutz, M. and Zhang, J., Optimal stopping under adverse nonlinear expectation and related games, The Annals of
Applied Probability, 2015, 25: 2503—2534.

Riedel, F., Optimal stopping with multiple priors, Econometrica, 2009, 77: 857-908.

Trevino-Aguilar, E., Optimal stopping under model uncertainty and the regularity of lower Snell envelopes,
Quantitative Finance, 2012, 12(6): 865—871.

Zamfirescu, I.-M., Optimal stopping under model uncertainty, Ph.D. thesis, Columbia University, 2003.


https://doi.org/10.1287/moor.2017.0899
https://doi.org/10.1287/moor.2017.0899
https://doi.org/10.1017/S0027763000012484
https://doi.org/10.1080/17442508.2011.652115
https://doi.org/10.1016/j.spa.2013.03.022
https://doi.org/10.3982/ECTA7594
https://doi.org/10.1080/14697688.2010.488653

	1 Introduction
	2 Setting and problem description
	3 First properties and necessary and sufficient conditions for optimality
	4 Existence of Optimal Stopping Times
	5 Existence of optimal models
	References

