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Abstract   In  this  paper,  we  study  the  existence  and  uniqueness  of  the  solution  to  a
reflected  backward  stochastic  differential  equation  (RBSDE)  with  the  generator

, where   is a locally integrable function defined on

an open interval  , and   is induced by   and a Lipschitz continuous function
. Both the solution   and the obstacle   of this RBSDE take values in  . As applications,

we provide a probabilistic interpretation of an obstacle problem for a quadratic PDE with
a  singular  term,  whose  solution  takes  values  in  ,  and  study  an  optimal  stopping
problem for the payoff of American options under general utilities.
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1.  Introduction

g(t, y, z) (y, z)

z

El  Karoui  et  al.  [9]  introduced  the  notion  of  reflected  backward  stochastic  differential
equations  (RBSDEs)  with  Lipschitz  continuous  generators.  Several  works  have  been  done  to
study RBSDEs whose generator   is continuous in   and has a quadratic growth in
the  variable    (quadratic  RBSDEs).  The  existence  and  uniqueness  of  quadratic  RBSDEs  have
been investigated by Kobylanski et al. [13] and Xu [17] for bounded terminal variables and obstacles,
and  by  Bayraktar  and  Yao  [5]  for  exponentially  integrable  terminal  variables  and  obstacles.
When the generator is differentiable, the existence and uniqueness of quadratic RBSDEs driven
by a continuous martingale were obtained by Lionnet [14] for bounded terminal variables and upper-
bounded obstacles.

g(·, y, z)
R×Rd

In  the  literature,  the  generator    of  the  quadratic  RBSDE  is  usually  assumed  to  be
continuous  on  .  This  means  that  such  an  RBSDE  may  not  be  applicable  to  some
problems  described  by  systems  involving  singular  coefficients,  such  as  the  obstacle  problem
involving the following semilinear PDE with a singular term:

∂tv +
1

2
∆v + h(v)|∇v|2 = 0, (1.1)
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h(·) (0,∞)where    is  a  continuous  function  defined  on  .  The  existence  of  a  bounded  Sobolev
solution of an obstacle problem related to (1.1) was studied by Arcoya et al. [1] in the elliptic case.
However,  to the best of  our knowledge, the viscosity solution of the obstacle problem for (1.1)
has  not  been  obtained  in  the  literature.  Motivated  by  this,  we  will  study  the  existence  and
uniqueness of the RBSDE with generator:

g(t, y, z) = GF (t, y, z) + f(y)|z|2, where GF (t, y, z) :=
F (t, uf (y), u

′
f (y)z)

u′f (y)
, (1.2)

f(y) Dwhere   is a locally integrable function defined on an open interval  ,

uf (x) :=

∫ x

α

exp
(
2

∫ y

α

f(z)dz
)
dy, x ∈ D,

F Yt Lt

D uf GF

f(y) = 1
y

uf (y)

uf (y)

f(y)|z|2 f(y) uf (y)

Y

D

Yt Lt

D = R f(y)

and   is a Lipschitz continuous function. Both the solution   and obstacle   of such RBSDE
take  values  in  .  Some  typical  examples  of    and    are  given  in  Example  2.1.  When

, some related BSDEs were studied by Bahlali and Tangpi [4]. Our study is inspired by

Bahlali et al. [3] and can be seen as an extension of a study by Zheng et al. [19]. Our proof of is
based  on  the  transformation  ,  an  Itô-Krylov  formula,  and  an  existence  and  uniqueness
theorem  for  an  RBSDE  whose  solution  and  obstacle  take  values  in  an  open  interval  (see
Proposition 3.2). The transformation   and the Itô-Krylov formula are used to remove the
quadratic term  , where   may be discontinuous. The transformation   has been
applied to stochastic differential utility by Duffie and Epstein [8] and to quadratic BSDEs by [3]
(see also [2, 4, 19]). In our situation, it is crucial to guarantee that the solution   takes values in
. To this end, we establish an existence and uniqueness result for an RBSDE with a Lipschitz

continuous generator, whose solution   and obstacle   take values in an open interval. Some
typical  examples  of  such  RBSDEs  are  also  provided;  in  particular,  we  present  an  example
showing that the quadratic BSDE with a bounded terminal variable may have no bounded solution,
even  when  ,    is  a  constant,  and the  corresponding  RBSDE has  a  bounded solution
(see Example 3.9).

GF
f + f(y)|z|2 F

As an application, we study an obstacle problem for a PDE that is more general than (1.1).
By using the comparison theorem established in this study and the relation between the RBSDE
with generator   and the RBSDE with generator  , we provide a viscosity solution

to this obstacle problem.
uf (y)

f(y)

−2f(y)

uf (y)

GF
f + f(y)|z|2

uf (y)

Interestingly,  we  observe  that  the  transformation    can  be  viewed  as  a  utility  function
induced  by  ,  which  includes  exponential  utility,  power  utility,  and  logarithmic  utility  as
special  cases.  Moreover,    represents  the  Arrow–Pratt  risk-aversion  coefficient  of  the
utility  function  .  Based  on  this  observation,  we  apply  the  RBSDE  with  generator

 to study an optimal stopping problem for the payoff  of  American options under

the utility function  .
The  remained  of  the  paper  is  organized  as  follows.  Section  2  presents  some  assumptions.

Section 3 investigates the RBSDE with generator (1.2). Section 4 presents two applications. The
Appendix contains auxiliary results. 

2.  Preliminaries

(Ω,F ,P) (Bt)t⩾0 d-dimensional
(Ft)t⩾0

(Bt)t⩾0 P -null F P

Let    be  a  complete  probability  space.  Let    be  a    standard
Brownian  motion  defined  on  this  probability  space,  and  let    be  the  natural  filtration
generated  by  ,  augmented  by  the    sets  of  .  Let    be  the  progressively
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[0, T ]× Ω. z ∈ Rd |z| T > 0

p > 1 Tt,T τ

t ⩽ τ ⩽ T D ⊂ R

measurable sigma-field on   For  , let   denote the Euclidean norm. Let 
and    be  given  real  numbers,  and  let    be  the  set  of  all  stopping  times    satisfying

. Throughout, we assume that   is an open interval. We define the following spaces:
L1,loc(D) = {f : f : D → R, }  is measurable and locally integrable ;
LD(FT ) = {ξ : FT -measurable D}  random variable whose range is included in  ;
Lr
D(FT ) = {ξ ∈ LD(FT ) E [|ξ|r] <∞}, r ⩾ 1; : 

CD = {(ψt)t∈[0,T ] : (Ft) D}  continuous and   -adapted process whose range is included in  ;
Sr
D = {(ψt)t∈[0,T ] ∈ CD E

[
sup0⩽t⩽T |ψt|r

]
<∞}, r ⩾ 1; : 

A = {(ψt)t∈[0,T ] : (Ft)-adapted R-valued ψ0 = 0}  increasing, continuous and     process with  ;
Ar = {(ψt)t∈[0,T ] ∈ A E[|ψT |r] <∞}, r > 0; : 

Hr = {(ψt)t∈[0,T ] : R
d (Ft)

∫ T

0
|ψt|rdt <∞}, r ⩾ 1;    -valued,   -progressively measurable and 

Hr = {(ψt)t∈[0,T ] ∈ H2 E[(
∫ T

0
|ψt|2dt)

r
2 ] <∞}, r ⩾ 1; : 

W 2
1,loc(D) = {f ∈ L1,loc(D) : f ′ f ′′ L1,loc(D)}  its generalized derivation   and   both belong to  .

R
L(FT ), L

r(FT ), C Sr.

For convenience, when the range of a random variable (or a process) is   or is clear from context,
we  use  the  simplified  notations:  ,  and    Note  that  in  this  paper,  all  the
equalities and inequalities for random variables are understood to hold in the almost sure sense.

f ∈ L1,loc(D) α ∈ D,Let   be given. For   we define the transformation

uαf (x) :=

∫ x

α

exp
(
2

∫ y

α

f(z)dz
)
dy, x ∈ D.

α ∈ D uαf (x) uf (x) V := {y : y = uf (x), x ∈ D}.
uf (x) uf (x)

uf (α) = 0 V 0 ∈ V.

f ⩾ 0 D = (a,∞) uf (x) ⩾ u0(x) = x− α

V = (b,∞) b ⩾ −∞.

We assume  that    is  given  and  denote   by  .  Let 
Some properties of   are provided in Lemma A.1 in the Appendix. Since   is continuous,
strictly increasing and  , it follows that   is an open interval such that   In particular,
when    and  ,  since    (by  Lemma  A.1(v)),  we  have

 for some 
δ ⩾ 0 γ ⩾ 0 κ ⩾ 0Let  ,  , and   be given constants. Define a function

F (ω, t, y, z) : Ω× [0, T ]×R×Rd 7−→ R,

F P ⊗ B(R)⊗ B(Rd) Fsuch that   is measurable with respect to  . We always assume that   satisfies

t ∈ [0, T ] (y, z), (ỹ, z̃) ∈ R×Rd,Assumption (A) For each   and   we have

|F (t, 0, 0)| ⩽ δ and |F (t, y, z)− F (t, ỹ, z̃)| ⩽ γ|y − ỹ|+ κ|z − z̃|.

GF
f (t, y, z)We define the function   as follows:

GF
f (t, y, z) :=

F (t, uf (y), u
′
f (y)z)

u′f (y)
, (t, y, z) ∈ [0, T ]×D×Rd.

F GF
f (y, z) δ = γ = 0

|GF
f (t, y, z)| ⩽ κ|z| f ⩾ 0, u′f (y)

GF
f uf c ∈ D (t, y, z) ∈ [0, T ]× ([c,∞) ∩D)×Rd,

Since   satisfies Assumption (A), it follows that   is continuous in   and when  ,

.  Moreover,  if    then    is  nondecreasing,  and  by  the  definitions  of

 and  , we can check that for each   and 

|GF
f (t, y, z)| ⩽

δ

u′f (y)
+
γ|
∫ y

α
u′f (x)dx|
u′f (y)

+ κ|z|

⩽ δ

u′f (c)
+
γ|
∫ c

α
u′f (x)dx|
u′f (c)

+ γ

∣∣∣∣∣
∫ y

c

u′f (x)

u′f (y)
dx

∣∣∣∣∣+ κ|z|

⩽ δ

u′f (c)
+
γ|uf (c)|
u′f (c)

+ γ|c|+ γ|y|+ κ|z|. (2.1)
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β ∈ R δ1, γ1 κ1 ∈ R |δ1| ⩽ δ, |γ1| ⩽ γ |κ1| ⩽ κ.

uf GF
f

Let  , and  ,   such that  , and   We list some typical
examples of the functions   and  .

F (t, a, b) = κ1b F (t, a, b) = κ1|b| f ∈ L1,loc(D)Example 2.1  (i) Let   (or   ). Then, for each   ,

GF
f (t, y, z) = κ1z (or GF

f (t, y, z) = κ1|z|).

D = R f(y) = 0(ii) Let   and  . Then

uf (y) = y − α and GF
f (t, y, z) = F (t, y − α, z).

D = (0,∞), f(y) = β
y , β ̸= − 1

2 , F (t, a, b) = δ1 + γ1a+ κ1b.(iii) Let     and   Then

uf (y) =
α

1 + 2β

(( y
α

)1+2β

− 1

)
and GF

f (t, y, z) =
α2β(δ1 − γ1α

1+2β )

y2β
+

γ1
1 + 2β

y + κ1z.

D = (0,∞), f(y) = − 1
2y , F (t, a, b) = δ1 + γ1a+ κ1b.(iv) Let     and   Then

uf (y) = α ln
( y
α

)
and GF

f (t, y, z) =
δ1
α
y + γ1y ln

( y
α

)
+ κ1z.

D = R, f(y) = β
2 , β ̸= 0, F (t, a, b) = δ1 + γ1a+ κ1b.(v) Let     and   Then

uf (y) =
1

β
(exp(β(y − α))− 1) and GF

f (t, y, z) =
δ1 − γ1

β

exp(β(y − α))
+
γ1
β

+ κ1z.

(GF
f + f(y)|z|2, ξ, Lt)In this paper, we study the following RBSDE :

Yt = ξ +

∫ T

t

(GF
f (s, Ys, Zs) + f(Ys)|Zs|2)ds+KT −Kt −

∫ T

t

ZsdBs, t ∈ [0, T ],

∀t ∈ [0, T ], Yt ⩾ Lt,∫ T

0

(Yt − Lt)dKt = 0,

(2.2)

T ξ Ltwhere   is the terminal time,   is the terminal variable, and   is the lower obstacle.

(GF
f (t, y, z) + f(y)|z|2, ξ, Lt)

(Yt, Zt,Kt) ∈ CD ×H2
d ×A,

∫ T

0
|GF

f (s, Ys, Zs) + f(Ys)|Zs|2)|ds <∞
Definition  2.2  A solution  of  the  RBSDE   is  a  triple  of  processes

 which satisfies   and (2.2).

(GF
f (t, y, z) + f(y)|z|2, ξ, Lt) Lt

(g, ξ) :

When  the  RBSDE   is  not  restricted  by  ,  it  becomes  the

standard BSDE 

Yt = ξ +

∫ T

t

(GF
f (s, Ys, Zs) + f(Ys)|Zs|2)ds−

∫ T

t

ZsdBs, t ∈ [0, T ]. (2.3)

(GF
f (t, y, z) + f(y)|z|2, ξ) (Yt, Zt) ∈

CD ×H2
d ,

∫ T

0
|GF

f (s, Ys, Zs) + f(Ys)|Zs|2|ds <∞
Definition 2.3  A solution of the BSDE  is a pair of processes 

 which satisfies   and (2.3).
 

3.  Existence and uniqueness

(GF
f + f(y)|z|2, ξ, Lt)

In  this  section,  we  study  the  existence  and  uniqueness  of  the  solution  to  the  RBSDE
. First, we provide a necessary condition for the existence.

(Yt, Zt,Kt) (f(y)|z|2, ξ, Lt)

β x ∈ D uf (x) ⩾ β uf (ξ) ∈ L1(FT ).

Proposition 3.1  Let   be a solution to the RBSDE . If there exists a
constant   such that, for each  ,   , then we have 
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uf (Yt),Proof  Applying Lemma A.2(ii) to   and then by Lemma A.1(iii), we have

uf (Yt) = uf (ξ) +

∫ T

t

u′f (Ys)dKs −
∫ T

t

u′f (Ys)ZsdBs, t ∈ [0, T ].

Set

τn = inf
{
t ⩾ 0,

∫ t

0

|u′f (Ys)|2|Zs|2ds ⩾ n

}
∧ T, n ⩾ 1.

∫ t

0
u′f (Ys)dKs ⩾ 0 uf (Y0) ⩾ E[uf (Yτn)].

Yt uf

By the two equalities above and the fact that  , we have 

Then by the continuity of   and  , and Fatou’s lemma, we have

β ⩽ E[uf (ξ)] = E[lim inf
n→∞

uf (Yτn)] ⩽ lim inf
n→∞

E[uf (Yτn)] ⩽ uf (Y0),

uf (ξ) ∈ L1(FT ).which implies   □
The following existence and uniqueness result plays an important role in this paper.

eγT (ξ+ + δT ) ∈ LD(FT ) ξ ∈ Lp(FT ) eγt(L+
t + δt) ∈ CD

Lt ∈ Sp (F, ξ, Lt) (yt, zt, kt) yt ∈ Sp
D

(zt, kt) ∈ Hp ×Ap

Proposition  3.2  Let    with  ,  and    with

. Then the RBSDE  has a unique solution   such that  . Moreover,

we have  .

(F, ξ, Lt)

(yt, zt, kt) yt ∈ Sp (F, ξ, Lt) (ỹt, z̃t, k̃t)

ỹt ∈ Sp (yt, zt, kt),

(ỹt, z̃t, k̃t) ∈ Sp ×Hp ×Ap (yt, zt, kt) = (ỹt, z̃t, k̃t),

dt× dP -a.e. (F, ξ, Lt) (yt, zt, kt)

yt ∈ Sp (zt, kt) ∈ Hp ×Ap

Proof  According  to  Bouchard  et  al.  [7,  Theorem  3.1],  the  RBSDE   has  a  solution
 such that  .  If  the RBSDE  has another solution   such that

,  then  by  [7,  Proposition  2.1]  and  a  localization  argument,  we  have 
.  By  [7,  Theorem  3.1]  again,  we  obtain 

  In  other  words,  the  RBSDE   has  a  unique  solution    such  that
. Moreover, we have  .

ytWe now consider the range of  . Using a classic linearization method, we have

yt = ξ +

∫ T

t

(F (s, 0, 0) + asys + bszs)ds+ kT − kt −
∫ T

t

zsdBs, t ∈ [0, T ], (3.1)

where

as =
F (s, ys, zs)− F (s, 0, zs)

ys
1{|ys|>0} and bs =

(F (s, 0, zs)− F (s, 0, 0))zs
|zs|2

1{|zs|>0}.

|as| ⩽ γ, |bs| ⩽ κ QClearly,  . Let   be a probability measure such that

dQ
dP

= exp

{∫ T

0

bsdBs −
1

2

∫ T

0

|bs|2ds

}
.

Xt := exp{
∫ t

0
bsdBs − 1

2

∫ t

0
|bs|2ds}Then   is a solution to the the following linear SDE:

Xt = 1 +

∫ t

0

bsXsdBs, t ∈ [0, T ],

r > 1 Xt ∈ Sr

B̄t = Bt −
∫ t

0
bsds Q.

such that for each  ,   (see [15, Theorem 4.4, page 61 and Lemma 2.3, page 93]). By

Girsanov’s theorem,   is a standard Brownian motion under   Then, (3.1) can

be rewritten as

yt = ξ +

∫ T

t

(F (s, 0, 0) + asys)ds+ kT − kt −
∫ T

t

zsdB̄s, t ∈ [0, T ].

By Itô’s formula, we have
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e
∫ t
0
ardryt=e

∫ T
0

ardrξ+

∫ T

t

F (s, 0, 0)e
∫ s
0
ardrds+

∫ T

t

e
∫ s
0
ardrdks−

∫ T

t

e
∫ s
0
ardrzsdB̄s, t ∈ [0, T ]. (3.2)

|as| ⩽ γ r > 1 Xt ∈ Sr 1 < q < p,Since   and for each  ,  , by Hölder’s inequality, we have, for 

EQ

[
sup

t∈[0,T ]

|e
∫ t
0
ardryt|q

]
⩽ eγTqE

[
XT sup

t∈[0,T ]

|yt|q
]
⩽ eγTqE

[
|XT |

p
p−q

] p−q
p

E

[
sup

t∈[0,T ]

|yt|p
] q

p

<∞.

e
∫ t
0
ardrzt ∈ Hq,

∫ t

0
e
∫ s
0
ardrdks ∈ Aq e

∫ t
0
ardrLt ∈ Sq

Q. (e
∫ t
0
ardryt, e

∫ t
0
ardrzt,

∫ t

0
e
∫ s
0
ardrdks) ∈ Sq ×Hq ×Aq

Q (F (t, 0, 0)e
∫ t
0
ardr, e

∫ T
0

ardrξ, e
∫ t
0
ardrLt).

Similarly,  we  can  also  get    and    under

probability  measure    Thus,    under

probability measure   is a solution to the RBSDE  Then,

by the proof of [9, Proposition 2.3] and (3.2), we have

e
∫ t
0
ardryt = ess sup

τ∈Tt,T

EQ

[∫ τ

t

F (s, 0, 0)e
∫ s
0
ardrds+ e

∫ τ
0

ardrητ |Ft

]
, ∀t ∈ [0, T ],

ητ := Lτ1{τ<T} + ξ1{τ=T}where  . Thus, we have

yt = ess sup
τ∈Tt,T

EQ

[∫ τ

t

F (s, 0, 0)e
∫ s
t
ardrds+ e

∫ τ
t

ardrητ |Ft

]
, ∀t ∈ [0, T ]. (3.3)

|F (s, 0, 0)| ⩽ δ |as| ⩽ γ,Since   and   we have

Lt ⩽ yt ⩽ EQ[ sup
τ∈Tt,T

eγ(τ−t)(δ(τ − t) + η+τ )|Ft]

⩽ EQ[ sup
τ∈T0,T

eγτ (δτ + L+
τ ) ∨ eγT (δT + ξ+)|Ft], ∀t ∈ [0, T ].

(3.4)

η ∈ L1(FT ) c ∈ R η < c E[η|Ft] < c

t ∈ [0, T ] yt ∈ SD

We can prove that, for each   and   such that  , we have   for
each  . Thus, (3.4) leads to  . The proof is complete. □

(GF
f + f(y)|z|2, ξ, Lt)We have the following existence and uniqueness result for the RBSDE .

eγT (uf (ξ) ∨ 0 + δT ) ∈ LV (FT ) uf (ξ) ∈ Lp(FT ) eγt(uf (Lt) ∨ 0+

δt) ∈ CV uf (Lt) ∈ Sp (GF
f + f(y)|z|2, ξ, Lt)

(Yt, Zt,Kt) uf (Yt) ∈ Sp

Theorem  3.3  Let    with  ,  and 
  with  .  Then  the  RBSDE   has  a  unique  solution

 such that  . Moreover, we have

(Yt, Zt,Kt) ∈ Sp ×Hp ×Ap, f D(i)   when   is integrable on  ;
(Yt, Zt,Kt) ∈ Sp ×H2p ×Ap, c ∈ D β > 0

Lt ⩾ c, dt× dP -a.e. f ⩾ β, a.e.

(ii)    when  there  exist  constants    and    such  that
 and 

(F, uf (ξ), uf (Lt)) (yt, zt, kt)

yt ∈ Sp
V . (zt, kt) ∈ Hp ×Ap

u−1
f (yt),

Proof  By Proposition 3.2, the RBSDE  has a unique solution   such
that   Moreover,  we  have  .  In  view of  Lemma A.1(iv),  we  can apply
Lemma A.2(ii) to   and then, by setting

(Yt, Zt,Kt) :=

(
u−1
f (yt),

zt

u′f (u
−1
f (yt))

,

∫ t

0

1

u′f (u
−1
f (ys))

dks

)
, t ∈ [0, T ], (3.5)

(Yt, Zt,Kt) (GF
f +

f(y)|z|2, ξ, L) uf (Yt) ∈ Sp. uf (x) ∈W 2
1,loc(D)

(Ȳt, Z̄t, K̄t) (GF
f + f(y)|z|2, ξ, L)

uf (Ȳt) ∈ Sp, uf (Ȳt)

and  using  Lemma  A.1(iii),  we  get  that    is  a  solution  to  the  RBSDE 

  such  that   We  now  prove  the  uniqueness.  Since 

(see  Lemma  A.1(ii)),  for  a  solution    of  RBSDE   such  that

 applying Lemma A.2(ii) to  , and then by Lemma A.1(iii), we have

uf (Ȳt) = uf (ξ) +

∫ T

t

F (s, uf (Ȳt), u
′
f (Ȳs)Z̄s)ds+

∫ T

t

u′f (Ȳs)dK̄s −
∫ T

t

u′f (Ȳs)Z̄sdBs, t ∈ [0, T ],
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(uf (Ȳt), u
′
f (Ȳt)Z̄t,

∫ t

0
u′f (Ȳs)dK̄s) (F, uf (ξ), uf (Lt))

uf (Ȳt) ∈ Sp. (uf (Yt), u
′
f (Yt)Z̄t,

∫ t

0
u′f (Ys)dK̄s)

(F, uf (ξ), uf (Lt)) uf (Yt) ∈ Sp

which means that   is a solution to the RBSDE 

such that   Moreover, from (3.5), it follows that   is a

unique  solution  to  the  RBSDE   such  that  .  Then,  by  Lemma

A.1(ii), we obtain the uniqueness.
f D

c1 c2 x, y ∈ D c1|x− y| ⩽ |uf (x)− uf (y)| ⩽
c2|x− y|. (yt, zt, kt) ∈ Sp ×Hp ×Ap

Proof  of  (i):  Since    is  integrable  on  ,  by  [3,  Lemma  A.1(j)],  there  exist  two  positive
constants    and    such  that,  for  each  ,  we  have 

 Then, by (3.5), Lemma A.1(ii), and the fact that  , we get (i).

f > 0, a.e.Proof of (ii): Since  , by Lemma A.1(v), we have

uf (Yt) ⩾ u0(Yt) = Yt − α ⩾ Lt − α,

Lt ⩾ c, dt× dP -a.e., Yt ∈ Sp Yt ⩾ c, dt× dP -a.e.which together with   implies   and 
n ⩾ 1,For   we define the following stopping time

σn = inf
{
t ⩾ 0,

∫ t

0

f(Ys)|Zs|2ds ⩾ n

}
∧ T.

Yt ⩾ c, dt× dP -a.e. f ⩾ β, a.e., Ks ∈ A
τ ⩽ σ1

Since  , by the assumption   (2.1), (2.2), and the fact that  ,
for any stopping time  , we have

β

∫ σn

τ

|Zs|2ds ⩽
∫ σn

τ

f(Ys)|Zs|2ds

= Yτ − Yσn −
∫ σn

τ

GF
f (s, Ys, Zs)ds− (Kσn −Kτ ) +

∫ σn

τ

ZsdBs

⩽ |Yτ |+ |Yσn |+
∫ σn

τ

C(1 + |Ys|+ |Zs|)ds+
∫ σn

τ

ZsdBs. (3.6)

C c, u′f (c), uf (c), δ, γ, κ.where    is  a  constant  depending  only  on    and    By  Jensen’s  inequality,

(3.6), and BDG inequality, we have

βp

(
E

[(∫ σn

τ

|Zs|2ds
) p

2

])2

⩽ E

[(
β

∫ σn

τ

|Zs|2ds
)p]

⩽ E

[(∫ σn

τ

f(Ys)|Zs|2ds
)p]

⩽ C1

(
1 + E

[(∫ σn

τ

|Zs|2ds
) p

2

]
+ E

(∣∣∣∣∫ σn

τ

ZsdBs

∣∣∣∣p)
)

⩽ C2

(
1 + E

[(∫ σn

τ

|Zs|2ds
) p

2

])
, (3.7)

C1 C2 E[ sup
t∈[0,T ]

|Yt|p] T,C, p

E[(
∫ σn

τ
|Zs|2ds)

p
2 ]

E[(
∫ σn

τ
|Zs|2ds)

p
2 ] < C3, C3 > 0 C2 β

E
[(∫ σn

τ
|Zs|2ds

)p]
< C4, C4 > 0

C2, C3, β

where   and   are two positive constants depending only on  ,   and  . Then

by solving the quadratic inequality (3.7) with   as the unknown variable, we get

 where   is a constant depending only on   and  . By plugging

this inequality into (3.7), we get   where   is a constant depending

only on   and  . Fatou’s Lemma then gives

E

[(∫ T

0

|Zs|2ds

)p]
<∞. (3.8)

f > 0, a.e.,Since   by (2.1) and (2.2), we have
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0 ⩽ KT ⩽ Y0 − ξ −
∫ T

0

GF
f (s, Ys, Zs)ds+

∫ T

0

ZsdBs

⩽ |Y0|+ |ξ|+
∫ T

0

C(1 + |Ys|+ |Zs|)ds+

∣∣∣∣∣
∫ T

0

ZsdBs

∣∣∣∣∣ .
C Yt ∈ Sp

Kt ∈ Ap

where   is the constant in (3.6). Then by the fact that  , BDG inequality, and (3.8), we
get  . Thus, (ii) holds. The proof is complete. □
From Theorem 3.3, we get the following Corollary 3.4 directly.

V = (b,∞) b ⩾ −∞ uf (ξ) ∈ Lp(FT ) uf (Lt) ∈ Sp

(GF
f + f(y)|z|2, ξ, Lt) (Yt, Zt,Kt) uf (Yt) ∈ Sp

Corollary  3.4  Let   with  . Let   and  . Then the
RBSDE  has a unique solution   such that  .

δ = γ = 0 uf (ξ) ∈ Lp(FT ) uf (Lt) ∈ Sp

(GF
f + f(y)|z|2, ξ, Lt) (Yt, Zt,Kt) uf (Yt) ∈ Sp

t ∈ [0, T ]

Corollary 3.5  Let    in Assumption (A). Let   and  . Then
the  RBSDE   has  a  unique  solution    such  that  .  In

particular, for each  , we have

uf (Yt) = ess sup
τ∈Tt,T

EQ[uf (ητ )|Ft], (3.9)

ητ := Lτ1{τ<T} + ξ1{τ=T} Q Pwhere   and   is a probability measure equivalent to  .

δ = γ = 0 0 ∈ V (GF
f + f(y)|z|2,

ξ, Lt) (Yt, Zt,Kt) uf (Yt) ∈ Sp

t ∈ [0, T ]

Proof  Since   and  ,  by Theorem 3.3,  we get that the RBSDE 

 has a unique solution   such that  . By (3.3) and (3.5), we deduce that,
for each  ,

uf (Yt) = ess sup
τ∈Tt,T

EQ

[∫ τ

t

F (s, 0, 0)e
∫ s
t
ardrds+ e

∫ τ
t

ardruf (ητ )|Ft

]
,

ητ := Lτ1{τ<T} + ξ1{τ=T} Q P at
|at| ⩽ γ δ = γ = 0 F (s, 0, 0) = 0 as = 0

where  ,    is  a  probability  measure  equivalent  to  ,  and    is  a
process  such  that  .  Since  ,  we  have    and  .  The  proof  is
complete. □

δ = γ = 0 uf (ξ) ∈ Lp(FT )

(GF
f + f(y)|z|2, ξ) (Yt, Zt) uf (Yt) ∈ Sp

t ∈ [0, T ]

Corollary  3.6  Let    in  Assumption  (A)  and  .  Then  the  BSDE
 has  a  unique  solution    such  that  .  In  particular,  for  each

 , we have

uf (Yt) = EQ[uf (ξ)|Ft], (3.10)

Q Pwhere   is a probability measure equivalent to  .

(F, uf (ξ))

(yt, zt) yt ∈ Sp. δ = γ = 0

Proof  By [6, Theorem 4.2 and Lemma 3.1], we deduce that the BSDE  has a unique
solution   such that   Since  , from (3.2), we get that

yt = EQ [uf (ξ)|Ft] ,

Q P yt ∈ Sp
V .

u−1
f (yt),

(GF
f + f(y)|z|2, ξ) (Yt, Zt) uf (Yt) = yt

where    is  a  probability  measure  equivalent  to  .  This  implies  that   Then  applying
Lemma A.2(ii) to   and by a similar argument as in the proof of Theorem 3.3, we deduce

that the BSDE  has a unique solution   such that  . The proof

is complete. □
F

(K|z|+ f(y)|z|2, ξ) K

κ = 0

Q P

Remark  3.7  According  to  the  definition  of   ,  Corollary  3.6  is  an  extension  of  [19,
Proposition  3.3],  which  studied  the  BSDE  ,  where    is  a  constant.  In
Corollary 3.5 and 3.6, if  we further assume that    in Assumption (A), then the probability
measure   in (3.9) and (3.10) are both the probability measure  .
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Example 3.8  We show some typical cases of Corollary 3.4.

f(y) = β
y β > − 1

2 ξ1+2β ∈ Lp(FT ) L1+2β
t ∈ Sp, (GF

f +

f(y)|z|2, ξ, Lt) (Yt, Zt,Kt) Y 1+2β
t ∈ Sp.

(i) For  with ,  if  and  then  the  RBSDE 

 has a unique solution  such that 

f(y) = − 1
2y ln(ξ) ∈ Lp(FT ) ln(Lt) ∈ Sp, (GF

f + f(y)|z|2,
ξ, Lt) (Yt, Zt,Kt) ln(Yt) ∈ Sp.

(ii)  For ,  if  and  then  the  RBSDE 

 has a unique solution  such that 
f(y) = β

2 β > 0 exp(βξ) ∈ Lp(FT ) exp(βLt) ∈ Sp,

(GF
f + f(y)|z|2, ξ, Lt) (Yt, Zt,Kt) exp(βYt) ∈ Sp.

(iii)  For  with ,  if  and  then  the  RBSDE

 has a unique solution  such that 

f(y) = β
2 1{y⩾0} β > 0 ξ−, exp(βξ+) ∈ Lp(FT ) L−

t , exp(βL
+
t ) ∈ Sp,

(GF
f + f(y)|z|2, ξ, Lt) (Yt, Zt,Kt) Y −

t , uf (βY
+
t ) ∈

Sp.

(iv) For  with ,  if  and  then

the  RBSDE  has  a  unique  solution  such  that 

D = R f(y)

The following Example 3.9 shows that the quadratic BSDE with a bounded terminal variable
may  have  no  bounded  solution,  even  when  ,    is  a  constant,  and  the  corresponding
RBSDE has a bounded solution.

β = 1, δ1 = 0, eγ1T > 2 α = 0

uf (Lt) ∈ Sp LT ⩽ ln( 12 ) (GF
f + |z|2

2 , ln( 12 ), Lt)

(Yt, Zt,Kt) uf (Yt) ∈ Sp. Lt

Yt (GF
f + |z|2

2 , ln( 12 ))

(Yt, Zt) uf (Yt) ∈ Sp

(F,− 1
2 ) (yt, zt) yt ∈ Sp

uf (x) = exp(x)− 1 V = (−1,∞)

Example  3.9  We  consider  the  Example  2.1(v)  with  and .

Corollary  3.4  shows  that  when  and ,  the  RBSDE 

has a unique solution  such that  Moreover, if  is bounded, by (3.4) and

(3.5), we deduce that  is bounded. However, we will  see that the BSDE  has

no  solution  such  that .  In  fact,  by  [6,  Theorem  4.2  and  Lemma  3.1],  we
deduce  that  the  BSDE  has  a  unique  solution  such  that .  Since

 and , from (3.2), we get that

y0 = EQ

[
−1

2
e
∫ T
0

γ1dr
]
= −1

2
eγ1T /∈ V, (3.11)

Q P (GF
f + |z|2

2 , ln( 12 ))

(Yt, Zt) uf (Yt) ∈ Sp uf (Yt)

(uf (Yt), u
′
f (Yt)Zt) (F,− 1

2 )

(F,− 1
2 ) yt = uf (Yt) ∈ V

where  is a probability measure equivalent to . If we assume that the BSDE 

has  a  solution  such  that ,  then by  applying  Itô’s  formula  to ,  we  get
that  is  a solution to the BSDE .  This together with the uniqueness of
the solution to the BSDE  gives , which contradicts (3.11).

(GF
f + f(y)|z|2, ξ)We now establish some comparison results for the RBSDE .

F1 F2 F1(·) ⩾ F2(·)
ξ1, ξ1 ∈ LD(FT ) ξ1 ⩾ ξ2 ⩾ LT uf (ξ1), uf (ξ2) ∈ Lp(FT ) (Y i

t , Z
i
t ,K

i
t)

(GFi

f + f(y)|z|2, ξi, L) uf (Y
i
t ) ∈ Sp, i = 1, 2.

t ∈ [0, T ] Y 1
t ⩾ Y 2

t

Proposition  3.10  Let    and    satisfy  Assumption  (A)  such  that  .  Let
  such  that    and  .  Let    be  the

solution  of  the  RBSDE   satisfying    Then  for  each

,  .

(Fi, uf (ξi), uf (Lt))

(yit, z
i
t, k

i
t) yit = uf (Y

i
t ), i = 1, 2.

t ∈ [0, T ] uf (Y
1
t ) ⩾ uf (Y

2
t ), Y 1

t ⩾ Y 2
t

Proof  By  the  proof  of  Theorem  3.3,  we  can  get  that  the  RBSDE   has  a
unique solution   such that     By Lemma A.1(ii)  and [9,  Theorem
4.1], we get that for each  ,   which gives  . □
We assume two semimartingales:

Y 1
t = Y 1

T +

∫ T

t

h1(s)ds+A1
T −A1

t −
∫ T

t

Z1
sdBs, t ∈ [0, T ]

and

Y 2
t = Y 2

T +

∫ T

t

h2(s)ds−A2
T +A2

t −
∫ T

t

Z2
sdBs, t ∈ [0, T ],
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Y i
t ∈ CD Ai

t ∈ A, Zi
t ∈ H2 hi(t)∫ T

0
|hi(t)|dt <∞, i = 1, 2.

where  ,      and    is  a  progressively  measurable  process  satisfying

u′f (Y
i
t )Z

i
t ∈ Hp u′f (Y

i
t )hi(t)− 1

2u
′′
f (Y

i
t )|Zi

t |2 ∈ Hp i = 1, 2

(Yt, Zt) (GF
f + f(y)|z|2, ξ) uf (Yt) ∈ Sp.

Proposition  3.11  Let    and  ,  .  Let

 be the solution of the BSDE  satisfying 

ξ ⩽ Y 1
T GF

f (t, Y
1
t , Z

1
t ) + f(Y 1

t )|Z1
t |2 ⩽ h1(t), dt× dP -a.e.

t ∈ [0, T ] Yt ⩽ Y 1
t . Yt = Y 1

t t ∈ [0, T ] ξ = Y 1
T , A1

T = A1
t ,

GF
f (s, Y

1
s , Z

1
s ) + f(Y 1

s )|Z1
s |2 = h1(s), dt× dP [t, T ]× Ω

(i) Assume  that   and   Then  for  each

,    Moreover,  if    for  some   ,  then      and
 -a.e., on  ;

ξ ⩾ Y 2
T GF

f (t, Y
2
t , Z

2
t ) + f(Y 2

t )|Z2
t |2 ⩾ h2(t), dt× dP -a.e.

t ∈ [0, T ] Yt ⩾ Y 2
t . Yt = Y 2

t t ∈ [0, T ] ξ = Y 2
T , A2

T = A2
t ,

GF
f (s, Y

2
s , Z

2
s ) + f(Y 2

s )|Z2
s |2 = h2(s), dt× dP -a.e., [t, T ]× Ω

(ii) Assume that   and   Then for each

,    Moreover,  if    for  some  ,  then      and
 on  .

uf (Yt) (uf (Yt), u
′
f (Yt)Zt)

(F, uf (ξ)) uf (Yt) ∈ Sp u′f (Yt)Zt ∈ Hp

uf (Y
1
t )

Proof  Proof  of  (i):  Applying  Lemma  A.2(ii)  to  ,  we  get  that    is  a
solution to the BSDE . Since  , by [6, Lemma 3.1], we have  .
Applying Lemma A.2(ii) to  , we have

uf (Y
1
t ) = uf (Y

1
T ) +

∫ T

t

(u′f (Y
1
s )h1(s)−

1

2
u′′f (Y

1
s )|Z1

s |2)ds

+

∫ T

t

u′f (Y
1
s )dA

1
s −

∫ T

t

u′f (Y
1
t )Z

1
sdBs, t ∈ [0, T ].

t ∈ [0, T ]Since for each  ,

F (t, uf (Y
1
t ), u

′
f (Y

1
t )Z

1
t ) = GF

f (t, Y
1
t , Z

1
t )u

′
f (Y

1
t ), (by the definition of GF

f )

⩽ (h1(t)− f(Y 1
t )|Z1

t |2)u′f (Y 1
t )

= u′f (Y
1
t )h1(t)−

1

2
u′′f (Y

1
t )|Z1

t |2, (by Lemma A.1(iii))

it follows from the proof of [10, Theorem 2.2], and Lemma A.1(ii) that (i) holds.
Proof of (ii): The proof is similar to (i), so it is not given explicitly. □

f = 0,

GF
f = 0

(f(y)|z|2, ξ)

Remark 3.12  If   then Proposition 3.10 becomes a comparison theorem for RBSDEs with
Lipschitz  continuous  generators,  which  was  studied  by  [9,  Theorem  4.1].  If   ,  then

Proposition 3.11 becomes the comparison theorem for the BSDE  , which was studied
by [3, Proposition 3.2], [2, Proposition 2.3], and [19, Proposition 4.1, 4.3]. 

4.  Applications
 

4.1  An obstacle problem for PDEs with singular coefficients

In this subsection, we study the following obstacle problem for a quadratic PDE:{
min{v(t, x)− h(t, x),−∂tv(t, x)− Lv(t, x)− G̃(t, v(t, x), σ∗∇xv(t, x))} = 0, (t, x) ∈ [0, T )×Rd;

v(T, x) = ψ(x), x ∈ Rd,
(4.1)

G̃(t, y, z) = GF
f (t, y, z) + f(y)|z|2 δ = γ = 0 ψ(x) : Rd 7→ D, h(t, x) : [0, T ]×Rd 7→

D, L Xt,x
s

where    with  ,   

 and   is the infinitesimal generator of the solution   of the SDE:

Xt,x
s = x+

∫ s

t

b(r,Xt,x
r )dr +

∫ s

t

σ(r,Xt,x
r )dBr, x ∈ Rd, s ∈ [t, T ],
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b : [0, T ]×Rd 7→ Rd, σ : [0, T ]×Rd 7→ Rd×d. Lwhere     The operator   is given by

L :=
1

2

d∑
i,j=1

(σσ∗)i,j(s, x)
∂2

∂xi∂xj

+

d∑
i=1

bi(s, x)
∂

∂xi

.

v(t, x) ∈ CD([0, T ]×Rd)

v(T, ·) ⩽ ψ(·) (t, x, ϕ) ∈ [0, T ]×Rd × C1,2
D ([0, T ]×Rd) ϕ(t, x) = v(t, x)

(t, x) ϕ− v

Definition 4.1  A function   1  is  called a viscosity subsolution of (4.1),

if  and for each  such that 

and  is a local minimum point of , we have

min{ϕ(t, x)− h(t, x),−∂tϕ(t, x)− Lϕ(t, x)− G̃(t, ϕ(t, x), σ∗∇xϕ(t, x))} ⩽ 0.

v(t, x) ∈ CD([0, T ]×Rd) v(T, ·) ⩾ ψ(·)
(t, x, ϕ) ∈ [0, T ]×Rd × C1,2

D ([0, T ]×Rd) ϕ(t, x) = v(t, x) (t, x)

ϕ− v

A function  is called a viscosity supersolution of (4.1), if 

and  for  each  such  that  and  is  a

local maximum point of , we have

min{ϕ(t, x)− h(t, x),−∂tϕ(t, x)− Lϕ(t, x)− G̃(t, ϕ(t, x), σ∗∇xϕ(t, x))} ⩾ 0.

v(t, x) ∈ CD([0, T ]×Rd)A function  is  called  a  viscosity  solution  of  (4.1),  if  it  is  a  viscosity

subsolution and a viscosity supersolution of (4.1).

fAssumption (B) (i)   is continuous.
ψ(·) ψ(·) ⩾ h(T, ·) uf (ψ(·))(ii)   is continuous such that  , and   has polynomial growth.
uf (h(·, ·)) uf (h(t, ·)) t(iii)   is continuous and   has polynomial growth (uniformly in  ).
b(t, ·) σ(t, ·) t(iv)   and   are both Lipschitz continuous with linear growth (uniformly in  ).

t ∈ [0, T ) (F t
s)t⩽s⩽T

(Bs −Bt)s⩾t P -null F
(t, x) ∈ [0, T )×Rd uf (ψ(X

t,x
T )) ∈ L2(F t

T ) uf (h(s,X
t,x
s )) ∈

S2 (F t
s)-progressively

Let Assumption (B) hold. For  , let   be the natural filtration generated by
,  augmented  by  the    sets  of  .  Then  by  [15,  Theorem  4.4,  page  61  and

Lemma 2.3, page 93]), for  , we have   and 

 (  measurable). It follows from Corollary 3.5 that the following Markovian
RBSDE:

Y t,x
s = ψ(Xt,x

T ) +

∫ T

s

G̃(t, Y t,x
r , Zt,x

r )dr +Kt,x
T −Kt,x

s −
∫ T

s

Zt,x
r dBr, s ∈ [t, T ],

Y t,x
s ⩾ h(s,Xt,x

s ), s ∈ [t, T ],∫ T

t

(Y t,x
s − h(s,Xt,x

s ))dKt,x
s = 0,

(4.2)

(F t
s)-progressively (Y t,x

s , Zt,x
s ,Kt,x

s ) uf (Y
t,x
s ) ∈ S2

u′f (Y
t,x
s )Zt,x

s ∈ H2 v(t, x) := Y t,x
t .

has a unique   measurable  solution    such that  .
In addition, we have  . Set   We have the following proposition:

v(t, x)Proposition 4.2    is a viscosity solution of the obstacle problem (4.1).

(t, x) ∈ [0, T )×Rd (F, uf (ψ(X
t,x
T )), uf (h(s,X

t,x
s )))

(F t
s)-progressively (yt,xs , zt,xs , kt,xs ) yt,xs =

uf (Y
t,x
s ). uf (v(t, x)) = uf (Y

t,x
t ) = yt,xt .

v(t, x) (t, x)
s ∈ [t, T ],

Proof  By  (3.5),  for  each  ,  the  RBSDE 

admits  a  unique    measurable  solution    such  that 
  Thus,  we  have    It  follows  from  [9,  Lemma  8.4]  and

Lemma  A.1(ii)  that    is  continuous  in  .  By  (6.4.9)  in  [18],  we  further  get  that,  for

Y t,x
s = v(s,Xt,x

s ). (4.3)
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v(t, x) ∈ CD([0, T ] × Rd) v(t, x) ∈ C([0, T ] × Rd) D   1   means that   takes values in  .



v(t, x) v(t, x)

(t, x, ϕ) ∈ [0, T ]×Rd×
C1,2

D ([0, T ]×Rd) ϕ(t, x) = v(t, x) (t, x)

ϕ− v

Step 1  We will show that   is a viscosity supersolution of (4.1). Suppose that   is
not  a  viscosity  supersolution  of  (4.1).  This  means  that  there  exists 

  satisfying  the  condition  that    and  that    is  a  local

maximum point of  , such that

∂ϕ

∂t
(t, x) + Lϕ(t, x) + G̃(t, ϕ(t, x), σ∗∇xϕ(t, x)) > 0.

β ∈ (0, T − t], c > 0, C > 0 s ∈ [t, t+ β]

y ∈ [x− c, x+ c]

By continuity, there exist     and   such that for each   and
, we have

v(s, y) ⩾ ϕ(s, y) and
∂ϕ

∂t
(s, y) + Lϕ(s, y) + G̃(s, ϕ(s, y), σ∗∇xϕ(s, y)) ⩾ C. (4.4)

τ = inf{s ⩾ t; |Xt,x
s − x| ⩾ c} ∧ (t+ β). t < τ ⩽ t+ β

v(s ∧ τ ,Xt,x
s∧τ )s∈[t,t+β] h(s ∧ τ ,Xt,x

s∧τ )s∈[t,t+β] ϕ(s ∧ τ ,Xt,x
s∧τ )s∈[t,t+β]

D

We define a stopping time   Thus,  , and the
ranges  of  ,    and    are  all

included in a closed subset of  . By (4.2) and (4.3), we get that the following RBSDE:

Ȳs = v(τ,Xt,x
τ ) +

∫ t+β

s

1{r⩽τ}G̃(r, Ȳr, Z̄r)dr + K̄t,x
τ − K̄t,x

s −
∫ t+β

s

Z̄rdBr, s ∈ [t, t+ β], (4.5)

(Ȳs, Z̄s, K̄s) = (Y t,x
s∧τ , 1{s⩽τ}Z

t,x
s ,Kt,x

s∧τ ) ∈ S∞
D ×H2 ×A Z̄s ∈ H2

u′f (Y
t,x
s )Zt,x

s ∈ H2 Y t,x
s∧τ ∈ S∞

D (G̃, v(τ,Xt,x
τ ))

τ (Ŷs, Ẑs) [t, τ ] Ŷs ∈ S∞
D (Ȳs, Z̄s, K̄s) ∈

S∞
D ×H2 ×A F u′f (Ȳt)Z̄t ∈ H2

has a solution  , where   is due to

  and  .  By  Corollary  3.6,  the  BSDE   with  terminal

time    has  a  unique  solution    on    such  that  .  Since 

 and   has a linear growth, we have   and

u′f (Ȳt)G̃(t, Ȳt, Z̄t)−
1

2
u′′f (Ȳt)|Z̄t|2 = F (t, uf (Ȳt), u

′
f (Ȳt)Z̄t) ∈ H2.

Ȳt ⩾ ŶtThen by (4.5) and Proposition 3.11(i), we get  .
ϕ(s,Xt,x

s ) s ∈ [t, τ ]Applying Itô’s formula to   for  , we get that the following BSDE:

Ỹs = ϕ(τ,Xt,x
τ ) +

∫ t+β

s

−1{r⩽τ}

(
∂ϕ

∂t
(r,Xt,x

r ) + Lϕ(r,Xt,x
r )

)
dr −

∫ t+β

s

Z̃rdBr, s ∈ [t, t+ β],

(4.6)

(Ỹs, Z̃s) = (ϕ(s ∧ τ ,Xt,x
s∧τ ), 1{s⩽τ}σ

∗∇xϕ(s,X
t,x
s )) ∈ S∞

D ×H∞.

v(τ,Xt,x
τ ) ⩾ ϕ(τ,Xt,x

τ ) r ∈ [t, τ ],

has a solution   By (4.4),  we have

 and for each 

G̃(r, ϕ(r,Xt,x
r ), σ∗∇xϕ(r,X

t,x
r )) ⩾ −∂ϕ

∂t
(r,Xt,x

r )− Lϕ(r,Xt,x
r ) + C. (4.7)

(Ỹs, Z̃s) ∈ S∞
D ×H∞,

Ŷt > Ỹt Ȳt ⩾ Ŷt v(t, x) = Ȳt > Ỹt = ϕ(t, x),

v(t, x) = ϕ(t, x). v(t, x)

Then, since   by (4.6), (4.7) and Proposition 3.11(ii) (strict comparison), we

get  .  Since  ,  it  follows  that    which  contradicts  the

condition that   Thus,   is a viscosity supersolution of (4.1).
v(t, x)

v(t, x)

(t, x, ϕ) ∈ [0, T ]×Rd × C1,2
D ([0, T ]×Rd) ϕ(t, x) = v(t, x)

(t, x) ϕ− v v(t, x) > h(t, x)

Step 2  We will  show that    is  a  viscosity subsolution of  (4.1).  This  proof  is  similar  to
Step 1. Suppose that   is not a viscosity subsolution of (4.1). This means that there exists

  satisfying  the  condition  that    and  that

 is a local minimum point of  , such that   and

∂ϕ

∂t
(t, x) + Lϕ(t, x) + G̃(t, ϕ(t, x), σ∗∇xϕ(t, x)) < 0.

β ∈ (0, T − t], c > 0, C > 0 s ∈ [t, t+ β]

y ∈ [x− c, x+ c] v(s, y) ⩽ ϕ(s, y),

By continuity, there exist     and   such that for each   and
, we have 

416 Shiqiu Zheng, Lidong Zhang, Xiangbo Meng



v(s, y) ⩾ h(s, y) + C, and
∂ϕ

∂t
(s, y) + Lϕ(s, y) + G̃(s, ϕ(s, y), σ∗∇xϕ(s, y)) ⩽ −C. (4.8)

τ = inf{s ⩾ t; |Xt,x
s − x| ⩾ c} ∧ (t+ β), t < τ ⩽ t+ β

v(s ∧ τ ,Xt,x
s∧τ )s∈[t,t+β] h(s ∧ τ ,Xt,x

s∧τ )s∈[t,t+β] ϕ(s ∧ τ ,Xt,x
s∧τ )s∈[t,t+β]

D s ∈ [t, τ ],

We define  a  stopping  time    then  ,  and  the
ranges  of  ,    and    are  all

included in a closed subset of  . By (4.3) and (4.8), we have, for each 

Y t,x
s = v(s,Xt,x

s ) ⩾ h(s,Xt,x
s ) + C,

s ∈ [t, τ ], dKt,x
s = 0.which  implies  that  for  each      Then  by  (4.2)  and  (4.3),  we  get  that  the

following BSDE:

Ȳs = v(τ,Xt,x
τ ) +

∫ t+β

s

1{r⩽τ}G̃(r, Ȳr, Z̄r)dr −
∫ t+β

s

Z̄rdBr, s ∈ [t, t+ β], (4.9)

(Ȳs, Z̄s) = (Y t,x
s∧τ , 1{s⩽τ}Z

t,x
s ) ∈ S∞

D ×H2. ϕ(s,Xt,x
s )

s ∈ [t, τ ]

has a solution   Applying Itô’s formula to   for

, we get that the following BSDE:

Ỹs = ϕ(τ,Xt,x
τ ) +

∫ t+β

s

−1{r⩽τ}

(
∂ϕ

∂t
(r,Xt,x

r ) + Lϕ(r,Xt,x
r )

)
dr −

∫ t+β

s

Z̃rdBr, s ∈ [t, t+ β],

(4.10)

(Ỹs, Z̃s) = (ϕ(s ∧ τ ,Xt,x
s∧τ ), 1{s⩽τ}σ

∗∇xϕ(s,X
t,x
s )) ∈ S∞

D ×H∞.

v(τ,Xt,x
τ ) ⩽ ϕ(τ,Xt,x

τ ) r ∈ [t, τ ],

has a solution   By (4.8),  we have

 and for each 

−∂ϕ
∂t

(r,Xt,x
r )− Lϕ(r,Xt,x

r ) ⩾ G̃(r, v(r,Xt,x
r ), σ∗∇xϕ(r,X

t,x
r ) + C.

(Ỹs, Z̃s) ∈ S∞
D ×H∞,

v(t, x) = Ȳt < Ỹt = ϕ(t, x), v(t, x) = ϕ(t, x). v(t, x)

Then, since   it follows from that (4.9), (4.10) and Proposition 3.11(i) that

 which contradicts the condition that   Thus,   is

a viscosity subsolution of (4.1).
The proof is complete. □ 

4.2  An optimal stopping problem for the payoff of American options

uf uf
f

From the definition of  , we observe that   is a utility function (concave and strictly increasing),
when   is nonpositive. More specially, from Example 2.1, we get that
uf f(y) = −β, β > 0;  is an exponential utility, when 

uf f(y) = −β
y , β > 0, β ̸= 1

2 ;  is a power utility, when 

uf f(y) = − 1
2y .  is a logarithmic utility, when 

−2f(x)

uf (x)

From Lemma A.1(iii), we observe that   is the Arrow-Pratt risk aversion coefficient of the
utility function   (see [12, Definition 2.45 and Example 2.46]).

τ ∈ T0,T f

ηt := Lt1{t<T} + ξ1{t=T} uf (ηt) ∈ Sp τ ∈ T0,T
ητ E[uf (ητ )|Ft]

(f(y)|z|2, ξ, Lt) (yt, zt, kt) uf (yt)

ηt

The holder of  an American option has the right to exercise the option at any stopping time
 according to the expected utility of its payoff. Let   be nonpositive and let the payoff

of the American option be described by   with  . For  ,
the  conditional  expected  utility  of    is  given  by  .  Then,  by  Corollary  3.5  and
Remark 3.7, the RBSDE  has a unique solution   such that   is the
maximal conditional expected utility of the payoff  , i.e.,

uf (yt) = ess sup
τ∈Tt,T

E[uf (ητ )|Ft], t ∈ [0, T ]. (4.11)

y0 = u−1
f (ess supτ∈T0,T

E[uf (ητ )])

t ∈ [0, T ] σ∗
t := inf{s ⩾ t, ys = ηs} ∧ T.

In particular, we have  , which is the certainty equivalent value

of  the  payoff  of  the  American  option.  For  ,  set    Since
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dks = 0 [t, σ∗
t ] σ∗

t on  , by Lemma A.1(ii) and (4.11), we get that   is an optimal stopping time such
that

E[uf (ησ∗
t
)|Ft] = ess sup

τ∈Ts,T

E[uf (ητ )|Ft].

F EF
s,t[·]

σ ∈ T0,T (ŷt, ẑt)

(F, uf (ησ)) σ ŷt ∈ Sp F

ησ t

More generally, we consider the notion of   -evaluation  , which is a nonlinear evaluation

introduced  by  [16,  Definition  3.1].  For  ,  let    be  the  solution  to  the  BSDE
 with terminal  time   such that  .  Then, we denote the   -evaluation of  the

utility of   at time   by

EF
t,σ[uf (ησ)] := ŷt, t ∈ [0, T ].

(F, uf (ξ), uf (Lt)) (ỹt, z̃t, k̃t)By [11, Theorem 5.9], the RBSDE  has a unique solution   such that

ỹt = ess sup
τ∈Tt,τ

EF
t,τ [uf (ητ )], t ∈ [0, T ].

eγt(uf (ηt) ∨ 0) + δt) ∈ CV uf (ηt) ∈ Sp

(GF
f + f(y)|z|2, ξ, Lt) (yt, zt, kt)

Let  us  further  assume  that    with  .  By  Theorem  3.3  and
(3.5), the RBSDE  has a unique solution   such that

uf (yt) = ỹt = ess sup
τ∈Tt,τ

EF
t,T [uf (ητ )], t ∈ [0, T ]. (4.12)

y0 = u−1
f (ess supτ∈T0,T

EF
0,T [uf (ητ )])

EF t ∈ [0, T ]

σ∗
t := inf{s ⩾ t, ys = ηs} ∧ T dks = 0 [t, σ∗

t ]

σ∗
t

In  particular,  we  have  ,  which  is  the  certainty  equivalent

value  of  the  payoff  of  American  option  under  the  nonlinear  evaluation  .  For  ,  set
. Since   on  , by Lemma A.1(ii) and (4.12), we get that

 is an optimal stopping time such that

EF
t,σ∗

t
[uf (ησ∗

t
)] = ess sup

τ∈Tt,τ

EF
t,τ [uf (ητ )].

 

Appendix A

f ∈ L1,loc(D) α ∈ D,Let   be given. Given   we define the following:

uf (x) :=

∫ x

α

exp
(
2

∫ y

α

f(z)dz
)
dy, x ∈ D.

uf (x)The following properties for   come from [3, Lemma A.1] and [19, Lemma 2.1].

uf (x)Lemma A.1  The following properties of   hold:

uf (x) ∈W 2
1,loc(D) uf (x) ∈ C1(D)(i)   , in particular,  ;

uf (x)(ii)   is strictly increasing;
u′′f (x)− 2f(x)u′f (x) = 0, a.e. D(iii)   on  ;

u−1
f (x) ∈W 2

1,loc(V ) u−1
f (x) ∈ C1(V )(iv)   , in particular,   and is strictly increasing;

l ∈ L1,loc(D) l(x) ⩽ f(x), a.e. x ∈ D, ul(x) ⩽ uf (x)(v) If   and   , then for every    .

D

To deal with discontinuous generators, an Itô-Krylov formula was established in [3, Theorem
2.1].  To  treat  our  situation  conveniently,  we  give  in  Lemma  A.2  this  Itô-Krylov  formula  for
semimartingales with values in  , using a similar argument.

Yt = YT +
∫ T

t
h(s)ds+AT −At −

∫ T

t
ZsdBs, t ∈ [0, T ], Yt ∈ CD At ∈

A, Zt ∈ H2 h(t)
∫ T

0
|h(t)|dt <∞.

Lemma  A.2  Let   where  , 

   and   is a progressively measurable process satisfying   Then the

following two statements hold:
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{On}n⩾1 n ⩾ 1,

On ⊂ On+1 Y0 ∈ O1, ∪n⩾1On = D. τ1n = inf{t ⩾ 0, Yt /∈ On} ∧ T τ2n = inf{t ⩾ 0, (At+∫ t

0
|h(s)|ds+

∫ t

0
|Zs|2ds) > n} ∧ T τn = τ1n ∧ τ2n. ψ ∈ L1,loc(D)

(i) (Krylov’s estimate) Let   be a sequence of closed intervals such that for each 
, and     Let  , 

  and   Then  for  each  nonnegative   ,

we have

E

[∫ T∧τn

0

ψ(Yt)|Zt|2dt

]
⩽ (2n+ 2λ(On))

∫
On

ψ(x)dx.

u ∈W 2
1,loc(D)(ii) (Itô-Krylov formula) For each   , we have

u(Yt) = u(Y0) +

∫ t

0

u′(Ys)dYs +
1

2

∫ t

0

u′′(Ys)|Zs|2ds, t ∈ [0, T ].

{On}n⩾1

n ⩾ 1, On ⊂ On+1 Y0 ∈ O1, ∪n⩾1On = D. τ1n = inf{t ⩾ 0, Yt /∈ On} ∧ T τ2n =

inf{t ⩾ 0, (At +
∫ t

0
|h(s)|ds+

∫ t

0
|Zs|2ds) > n} ∧ T τn = τ1n ∧ τ2n.

Proof  It  is  clear  that  there  exists  a  sequence  of  closed  intervals    such  that  for
any    ,  and      Let  , 

 and 

a ∈ DProof (i): Using Tanaka’s formula, for  , we have

(Yt∧τn − a)− = (Y0 − a)− +

∫ t∧τn

0

1{Ys⩽a}h(s)ds+
∫ t∧τn

0

1{Ys⩽a}dAs

−
∫ t∧τn

0

1{Ys⩽a}ZsdBs +
1

2
La
t∧τn(Y ), t ∈ [0, T ].

Since

|(Yt∧τn − a)�(Y0 − a)−| ⩽ |Yt∧τn − Y0| ⩽ λ(On),

a ∈ D t ∈ [0, T ],we deduce that for each   and 

E(La
t∧τn(Y )) ⩽ 2n+ 2λ(On).

ψ ∈ L1,loc(D)It follows from occupation times formula that for each nonnegative  ,

E

[∫ T∧τn

0

ψ(Yt)|Zt|2dt

]
= E

[∫ T∧τn

0

ψ(Yt)d ⟨Y ⟩ , Y ⟨t⟩

]

=

∫
On

ψ(a)E(La
T∧τn(Y )da

⩽ (2n+ 2λ(On))

∫
On

ψ(a)da.

u ∈W 2
1,loc(D)

{um}m⩾1 C2(D)

Proof  of  (ii):  For  any  ,  using  a  convolution  method,  we  can  find  a  sequence

 in   such that

um u On（1)   converges uniformly to   in  ;
u′m u′ On(2)   converges uniformly to   in  ;
u′′m u′ L1(On)(3)   converges to   in  .

Using Itô’s formula, we have

um(Yt∧τn) = um(Y0) +

∫ t∧τn

0

u′m(Ys)dYs +
1

2

∫ t∧τn

0

u′′m(Ys)|Zs|2ds, t ∈ [0, T ].

Then, by (i) and the same arguments as in the proof of [3, Theorem 2.1], we get (ii). □
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