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Abstract In this paper, we study the existence and uniqueness of the solution to a
reflected backward stochastic differential equation (RBSDE) with the generator
9(t,y,2) = G7(t,y,2) + f(y)|2>, where f(y) is a locally integrable function defined on
an open interval D, and G? (t,y, z) is induced by f and a Lipschitz continuous function
F'. Both the solution Y; and the obstacle L; of this RBSDE take values in D. As applications,
we provide a probabilistic interpretation of an obstacle problem for a quadratic PDE with
a singular term, whose solution takes values in D, and study an optimal stopping
problem for the payoff of American options under general utilities.
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1. Introduction

El Karoui et al. [9] introduced the notion of reflected backward stochastic differential
equations (RBSDEs) with Lipschitz continuous generators. Several works have been done to
study RBSDEs whose generator ¢(t,y, z) is continuous in (y,z) and has a quadratic growth in
the variable z (quadratic RBSDEs). The existence and uniqueness of quadratic RBSDEs have
been investigated by Kobylanski et al. [13] and Xu [17] for bounded terminal variables and obstacles,
and by Bayraktar and Yao [5] for exponentially integrable terminal variables and obstacles.
When the generator is differentiable, the existence and uniqueness of quadratic RBSDEs driven
by a continuous martingale were obtained by Lionnet [14] for bounded terminal variables and upper-
bounded obstacles.

In the literature, the generator g¢(-,y,z) of the quadratic RBSDE is usually assumed to be
continuous on R x R?. This means that such an RBSDE may not be applicable to some
problems described by systems involving singular coefficients, such as the obstacle problem
involving the following semilinear PDE with a singular term:

1
Opv + iAv + h(v)|Vo]* =0, (1.1)
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where h(-) is a continuous function defined on (0,00). The existence of a bounded Sobolev
solution of an obstacle problem related to (1.1) was studied by Arcoya et al. [1] in the elliptic case.
However, to the best of our knowledge, the viscosity solution of the obstacle problem for (1.1)
has not been obtained in the literature. Motivated by this, we will study the existence and
uniqueness of the RBSDE with generator:

F(tv Uf(y), u/f(y)z)

g(t,y,2) = GT(t.y,2) + f(y)lz*, where GT(t,y,2):= 7
uf(y)

R

where f(y) is a locally integrable function defined on an open interval D,

up(w) == /a exp <2 /au f(z)dz> dy, z €D,

and F is a Lipschitz continuous function. Both the solution Y; and obstacle L; of such RBSDE
take values in D. Some typical examples of u; and GF are given in Example 2.1. When
fly) = %7 some related BSDEs were studied by Bahlali and Tangpi [4]. Our study is inspired by
Bahlali et al. [3] and can be seen as an extension of a study by Zheng et al. [19]. Our proof of is
based on the transformation wus(y), an It6-Krylov formula, and an existence and uniqueness
theorem for an RBSDE whose solution and obstacle take values in an open interval (see
Proposition 3.2). The transformation uy(y) and the It6-Krylov formula are used to remove the
quadratic term f(y)|z|?, where f(y) may be discontinuous. The transformation uf(y) has been
applied to stochastic differential utility by Duffie and Epstein [8] and to quadratic BSDEs by [3]
(see also [2, 4, 19]). In our situation, it is crucial to guarantee that the solution Y takes values in
D. To this end, we establish an existence and uniqueness result for an RBSDE with a Lipschitz
continuous generator, whose solution Y; and obstacle L; take values in an open interval. Some
typical examples of such RBSDEs are also provided; in particular, we present an example
showing that the quadratic BSDE with a bounded terminal variable may have no bounded solution,
even when D =R, f(y) is a constant, and the corresponding RBSDE has a bounded solution
(see Example 3.9).

As an application, we study an obstacle problem for a PDE that is more general than (1.1).
By using the comparison theorem established in this study and the relation between the RBSDE
with generator fo + f(y)|z|* and the RBSDE with generator F, we provide a viscosity solution
to this obstacle problem.

Interestingly, we observe that the transformation uy;(y) can be viewed as a utility function
induced by f(y), which includes exponential utility, power utility, and logarithmic utility as
special cases. Moreover, —2f(y) represents the Arrow—Pratt risk-aversion coefficient of the
utility function ws(y). Based on this observation, we apply the RBSDE with generator
GlfD + f(y)|2]* to study an optimal stopping problem for the payoff of American options under
the utility function uy(y).

The remained of the paper is organized as follows. Section 2 presents some assumptions.
Section 3 investigates the RBSDE with generator (1.2). Section 4 presents two applications. The
Appendix contains auxiliary results.

2. Preliminaries

Let (2, F,P) be a complete probability space. Let (Bt)t20 be a d-dimensional standard
Brownian motion defined on this probability space, and let (F;)i>0 be the natural filtration
generated by (Bt)t>0, augmented by the P-null sets of F. Let P be the progressively
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measurable sigma-field on [0,7] x Q. For z € R?, let |z| denote the Euclidean norm. Let T' > 0
and p>1 be given real numbers, and let 7, be the set of all stopping times 7 satisfying
t <7 < T. Throughout, we assume that D C R is an open interval. We define the following spaces:
Li40c(D)={f: f:D — R, is measurable and locally integrable };
Lp(Fr) ={¢: Fr-measurable random variable whose range is included in D};
Lp(Fr) ={¢ € Lp(Fr): E[[§]"] < oo}, r = 1;
Cp = {(¥t)tejo,r) : continuous and (F;) -adapted process whose range is included in D};
Sh = {(We)eo,r) € Cp: E [supggicr|tn|™] < oo}, r>1;
A = {(¥¢)1ep0,1 : increasing, continuous and (F;)-adapted R-valued process with g = 0};
= {(¥)tepo,m € A Ellyr|"] < oo}, 7> 0;
= {(¥t)eepo,1) R? -valued, (F:) -progressively measurable and fOT |t |"dt < oo}, r = 1
= {(We)icpor) € H: E[(f] [¢1[2dt)2] < o0}, 72> 1;
Wfloc( ) = {f € L1,10c(D) : its generalized derivation f’ and f” both belong to L1 o.(D)}.
For convenience, when the range of a random variable (or a process) is R or is clear from context,
we use the simplified notations: L(Fr),L"(Fr),C, and S". Note that in this paper, all the
equalities and inequalities for random variables are understood to hold in the almost sure sense.
Let f € L1 j0c(D) be given. For a € D, we define the transformation

uf(z) == /a exp (2 /j f(z)dz) dy, zeD.

We assume that o € D is given and denote u§(z) by uy(z). Let V :={y:y=us(z),z € D}.
Some properties of us(z) are provided in Lemma A.1 in the Appendix. Since us(z) is continuous,
strictly increasing and uy¢(«) = 0, it follows that V' is an open interval such that 0 € V. In particular,
When f>0 and D = (a,00), since uf(z)>up(x) =2 —«a (by Lemma A.1(v)), we have
= (b,0) for some b > —oo.
Let 6 >0, v >0, and k > 0 be given constants. Define a function

F(w,t,y,2): Q% [0,T] xR x R — R,
such that F is measurable with respect to P ® B(R) @ B(R?). We always assume that F satisfies
Assumption (A) For each t € [0,7] and (y, 2), (§, 2) € RxR?, we have
|F(£,0,0)] <& and |F(t,y,2) — F(t.,2)| <y — §l + klz — 2.
We define the function Gjlf (t,y,z) as follows:
G (1,2 o 105002
w(y)

Since F satisfies Assumption (A), it follows that G]If is continuous in (y, z) and when § =y =0,

. (t,y,2) €[0,T] x DxRY.

|G?(t,y,z)| < klz]. Moreover, if f >0, then u/(y) is nondecreasing, and by the definitions of
G7 and uy, we can check that for each ¢ € D and (t,y,2) € [0,T] x ([¢,00) N D)xR<,

5 vl [ (@) dz|

G (t,y,2)| < K|z
‘ f( )| ' (y) Uf(y) ||
x)d vy
SR e C I
u’s(c) u’s(c) VALY
) u
LR L NP (2.1

u(e) (e
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Let 8 € R, and 61,71, k1 € R such that |61] < 4,]71]| <7, and |x1] < k. We list some typical
examples of the functions uy and G? .

Example 2.1 (i) Let F(t,a,b) = k1b (or F(t,a,b) = k1|b| ). Then, for each f € L1 10c(D) ,
G?(t,y,z) =K1z (or G?(t,y,z) = K1lz|).
(ii) Let D =R and f(y) = 0. Then
ur(y) =y —a and Gf(t,y,z) = F(t,y — «, 2).

(iii) Let D = (0,00), f(y) = £,8 # —3, and F(t,a,b) = 61 + y1a + k1b. Then

y7

23 51 — Yo
__« y\Lit+2s P a0 - 5p) T
““y)_].+m3<(a> —1) and Gyty2) = 28 EEEET AR

(iv) Let D = (0,00), f(y) = —ﬁ, and F(t,a,b) = 01 +v1a + K1b. Then

)
ur(y) = aln (%) and G?(t,y,z) = Ely + 7yln (%) + K12.

(v) Let D=R, f(y) =75, B#0, and F(t,a,b) = 61 +v1a + k1b. Then

= Nexp(8y - a)) - Flogs—— "8 . m
urly) = ﬁ(e p(Bly —a)) = 1) and Gj(ty,z) = ep(Bly—a) B

In this paper, we study the following RBSDE (Gf + f(w)|z|%, €, Ly):

T

T
n:g+/‘mﬁ@x;zg+ﬂnﬂaﬁms+KT—Kg—/ Z,dB,, te|0,T),
t t

Ve [0,T), Yi> L, (2.2)
T

| - zoar —o.

0

where T is the terminal time, £ is the terminal variable, and L; is the lower obstacle.

Definition 2.2 A solution of the RBSDE(G?(t,y,z) + f(W)|z|%, &, Ly) is a triple of processes
(Y, Zy, Ki) € Cp x H2 x A, which satisfies fOT GF (5,Ys, Zs) + [(Ye)| Zs|?)|ds < oo and (2.2).

When the RBSDE (GF(t,y,2) + f(y)|2>,€ L) is not restricted by L;, it becomes the
standard BSDE (g, &) :

T T
EQ:£+/‘Kﬁ@ﬂ@&&+ﬂ%ﬂ&ﬁﬂs—/'ZﬂB& te[0,7]. (2.3)

Definition 2.3 A solution of the BSDE (G (t,y,2) + f(y)|2|*,€) is a pair of processes (Y, Z;) €
Cp x H3, which satisfies fOT |GF (5,Ys, Zs) + f(Ys)| Zs[*|ds < oo and (2.3).
3. Existence and uniqueness

In this section, we study the existence and uniqueness of the solution to the RBSDE
(G}f? + f(y)|z], &, Ly). First, we provide a necessary condition for the existence.

Proposition 3.1 Let (Y;, Z;, K;) be a solution to the RBSDE (f(y)|z|%,&, Ly). If there exists a
constant 8 such that, for each z € D, us(z) = 3, then we have us(§) € L*(Fr).
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Proof Applying Lemma A.2(ii) to us(Y%), and then by Lemma A.1(iii), we have
T T
wp (V) = up () +/ y(V)dK, —/ (V) Z.dB,, te[0.T)
¢ t
Set
t
T = inf{t > 0,/ |U}(YS)|2|ZS\2dS P n} AT, n=1.
0

By the two equalities above and the fact that fot u'p(Ys)dKs > 0, we have ug(Yo) = Eluy(Yr,)]-

Then by the continuity of ¥; and uy, and Fatou’s lemma, we have

B < Elug(6)] = Elliminfug(Y,,)] < liminf Elus(¥;,)] < uy(Yo),

which implies uz(§) € L*(Fr). O
The following existence and uniqueness result plays an important role in this paper.

Proposition 3.2 Let e"T(¢T +6T) € Lp(Fr) with &€ € LP(Fr), and e (L +dt) € Cp with
L; € §P. Then the RBSDE (F,&, Ly) has a unique solution (yt, z, ki) such that y € ST,. Moreover,
we have (z¢, ki) € HP x AP.

Proof According to Bouchard et al. [7, Theorem 3.1], the RBSDE (F,¢, L;) has a solution
(yt, ¢, k) such that y; € SP. If the RBSDE (F, &, Ly) has another solution (g}t,ét,/;;t) such that
J: € SP, then by [7, Proposition 2.1] and a localization argument, we have (y:,z¢, ky),
(e, Ze, k) € SP x HP x AP. By [7, Theorem 3.1] again, we obtain (y,z, ki) = (§i, 2, kr),
dt x dP-a.e. In other words, the RBSDE (F, ¢, L;) has a unique solution (y, z¢, k) such that
yr € SP. Moreover, we have (z;, k) € HP x AP.

We now consider the range of y;. Using a classic linearization method, we have

T T
t t
where
F(s,ys,25) — F (5,0, 24 F(s,0,2z5) — F (5,0,0))z2s
0= )y 002 sy and b, = L )|z |2( ooy ooy

Clearly, |as| <, |bs| < k. Let @ be a probability measure such that

dQ T 1o,
dPeXp{/O b5d357§\/0 |b5| dso.

Then X, := exp{fot bsdB, — 1 fot |bs|2ds} is a solution to the the following linear SDE:
¢
X, =1 +/ b X.dB,, € 0,T],
0

such that for each r > 1, X; € 8" (see [15, Theorem 4.4, page 61 and Lemma 2.3, page 93]). By
Girsanov’s theorem, B, = B, — fot bsds is a standard Brownian motion under Q. Then, (3.1) can

be rewritten as
T T ~
Yt :g—’_/ (F(Svovo)+asys)ds+kT_kt_/ stBS, te [OvT}
t t

By Ito’s formula, we have
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t . T . T s T s T s _
t= “ s Yy s s R s 4] .
elo ardry, —elo ardr f—i—/ F(s,0,0)elo ““drds—i—/ elo ardrq, / eloardrz dB,, te[0,T]. (3.2)
¢ ¢ ¢

Since |as| < 7 and for each r > 1, X; € 8", by Holder’s inequality, we have, for 1 < g < p,

P

EQ < 0.

sup |ef0t “Tdryt|q] <eTip lXT sup |y¢|?
te[0,T) t€[0,T7]

P %
< el {|XT|H} E l s[up ] |ye|”
te[o,T

Similarly, we can also get elo ardr, e {9, fot elo ardrdl. € A9 and elo ardrp, € 87 under
probability measure Q. Thus, (efot ardry, elo ardr . fot elo ardrqr ) € ST x HY x A7  under
probability measure @ is a solution to the RBSDE (F(¢,0,0)efo ardr efo ardre efg ardrp,) Then,
by the proof of [9, Proposition 2.3] and (3.2), we have

efot ardryt —ess sup Fg |:/ F(S,0,0)eff)s ardr ¢ + efo* ardr,m_l]_-t] , Vte [O,T],
TETe, T t

where n; := L: 17«7y + &ly7—7y. Thus, we have

yr =ess sup Eg [/ F(s,0,0)elt a7 ds + efi “"'dTant} , Vtelo,T]. (3.3)
T€Te, T t
Since |F'(s,0,0)| < 0 and |as| < 7, we have

Ly <y < Egl sup "0 (6(r —t) + )| Fi
T€Tt,T

< Egl sup (01 + L) v e T (6T + €M) F), vte[o,T).
T€To, T

(3.4)

We can prove that, for each n € L'(Fr) and ¢ € R such that n < ¢, we have E[n|F;] < ¢ for
each t € [0,T]. Thus, (3.4) leads to y; € Sp. The proof is complete. O

We have the following existence and uniqueness result for the RBSDE (G + f(y)|2[*, €, Ly).

Theorem 3.3 Let T (us (&) VO +0T) € Ly(Fr) with up(€) € LP(Fr), and e (us(Ly) V 0+
0t) € Cy  with uy(Ly) € SP. Then the RBSDE(G? + f(y)|2]%,&, L) has a unique solution
(Y1, Zy, Ky) such that uy(Y;) € SP. Moreover, we have

(i) (Y, Zy, K;) € 8P X HP x AP, when [ is integrable on D;
(i) (Y, Z4, Ky) € SP x H* x AP, when there exist constants ¢ € D and B >0 such that
Ly > c,dt x dP-a.e. and f > B, a.e.

Proof By Proposition 3.2, the RBSDE (F,uy(§),us(L¢)) has a unique solution (y, z¢, k¢) such
that v, € S{,. Moreover, we have (z,k;) € HP x AP. In view of Lemma A.1(iv), we can apply
Lemma A.2(ii) to u}l(yt), and then, by setting

= (w1 s ' ! .
(¥ 20, o) (f (”u;(ufl(yt))’/o u;<uf1<ys>>dks>’ et 69

and using Lemma A.1(ili), we get that (Y, Z;,K;) is a solution to the RBSDE (G} +
f(W)|z]%,&, L) such that uy(Y;) € SP. We now prove the uniqueness. Since uf(x) € nyloc(D)
(see Lemma A.1(ii)), for a solution (Y;, Z;, K;) of RBSDE (G?+f(y)|z\2,§,L) such that
us(Y;) € SP, applying Lemma A.2(ii) to us(Y;), and then by Lemma A.1(iii), we have

T B o T B B T L
uf(yt):uf(g)+/ F(s,uf(m,u;(n)zs)dH/ u;(ys)sz_/ (V) Z.dB,, te[0.T)
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which means that (uz(Y;), 'y ( (V) Zt,fo u'y( Y;)dKy) is a solution to the RBSDE (F ug (&), ur(Ly))
such that uy(Y;) € SP. Moreover, from (3.5), it follows that (us(Y7), uf(Yt)Zt, 0 uf(Ys)df(s) is a
unique solution to the RBSDE (F,uf(§),uf(L:)) such that wy(Y;) € SP. Then, by Lemma
A.1(ii), we obtain the uniqueness.

Proof of (i): Since f is integrable on D, by [3, Lemma A.1(j)], there exist two positive
constants ¢; and ¢y such that, for each z,y € D, we have ci|z —y| < |us(x) —uys(y)| <
ca]z — y|. Then, by (3.5), Lemma A.1(ii), and the fact that (y;, z¢, k) € SP x HP x AP, we get (i).

Proof of (ii): Since f > 0,a.e., by Lemma A.1(v), we have

up(Yy) 2 uo(Yy) =Y, —a > Ly —

which together with L; > ¢,dt x dP-a.e., implies Y; € SP and Y; > ¢,dt x dP-a.e.
For n > 1, we define the following stopping time

t
- inf{t > o,/ F(Yo)|Z|?ds = n} AT
0

Since Y; > ¢, dt x dP-a.e., by the assumption f > 8, a.e., (2.1), (2.2), and the fact that K, € A,
for any stopping time 7 < o1, we have

B/T'|Zs|2ds / F(Y))|Z4|2ds

=Y, —Y,, — / G (s,Ys, Zy)ds — (K,, — K) +/ Z.dB,

T
On

<|YT|+\Y,,H|+/ C(l+|Ys|+|Zs|)ds+/ Z.dB,. (3.6)

T

where C' is a constant depending only on c, u;c(c),uf(c),é,'y7 and k. By Jensen’s inequality,
(3.6), and BDG inequality, we have

o (E l(/ |Zs|2ds)gD gl (s [ 1zras)]
cel([onen)]

(/T IZIds): +E</TUnZSdBSP>>

([ 1zpas) ) (37)

where C; and Cy are two positive constants depending only on E[ sup |Y;|?], T, C, and p. Then

N

<Gy <1+E

< Cy <1+E

o b, tel0,T .
by solving the quadratic inequality (3.7) with E[([’" |Zs*ds)z2] as t[he ]unknown variable, we get

B((f7"
this inequality into (3.7), we get F [(f:" |Zs|2ds) | < C4, where Cy > 0 is a constant depending
only on Cs,C3, and . Fatou’s Lemma then gives

</0 |Zs|2ds> ] < 0. (3.8)

Since f > 0,a.e., by (2.1) and (2.2), we have

Z,|?ds)%] < Cs3, where C3 > 0 is a constant depending only on Cy and §. By plugging

E
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T T
0 < KT < Yb - é- _/ GJF”‘(&}/sts)ds +/ stBs
0 0

T
/ ZsdBg
0

where C' is the constant in (3.6). Then by the fact that ¥; € S, BDG inequality, and (3.8), we
get K; € AP. Thus, (ii) holds. The proof is complete. O

T
< |YO|+|§|+/ CO+ Vs + | Zs])ds +
0

From Theorem 3.3, we get the following Corollary 3.4 directly.

Corollary 3.4 Let V = (b,00) with b > —oco. Let us(§) € LP(Fr) and ug(Ly) € SP. Then the
RBSDE (G§ + f(y)|2?,€, Lt) has a unique solution (Y:, Zs, Kt) such that us(Yy) € SP.

Corollary 3.5 Let 6 =+ =0 in Assumption (A). Let us(§) € LP(Fr) and us(L;) € SP. Then
the RBSDE (G} + f(y)|2>,€, L) has a unique solution (Y, Zi, Ky) such that us(Y;) € SP. In
particular, for each t € [0,T], we have

up(Yy) = ess sup Eqlus(n:)|Fil, (3.9)

TE T, T
where Ny := Ly 1<y +§l{;=1} and Q is a probability measure equivalent to P.

Proof Since § =y =0 and 0 € V, by Theorem 3.3, we get that the RBSDE (G + f(y)|z[?,
&, L) has a unique solution (Y3, Z;, K;) such that u,(Y;) € SP. By (3.3) and (3.5), we deduce that,
for each t € [0,T],

us(Y;) =ess sup Eg [/ F(s,0,0)el @ ds 4 el ardry (n )| Fy|
TE€T, T t

where 7, := L 177y +&l;—7}, Q is a probability measure equivalent to P, and a; is a

process such that |a;| <. Since § =~ =0, we have F(s,0,0) =0 and as = 0. The proof is

complete. 0O

Corollary 3.6 Let 6 =y =0 in Assumption (A) and uys(§) € LP(Fr). Then the BSDE
(G + f(W)|2]?,€) has a unique solution (Y, Z;) such that us(Y;) € SP. In particular, for each
t€[0,7], we have

up(Yy) = Eqlus(§)|Fi], (3.10)

where Q is a probability measure equivalent to P.

Proof By [6, Theorem 4.2 and Lemma 3.1], we deduce that the BSDE (F,uy(§)) has a unique
solution (y¢,z2:) such that y; € SP. Since 6 = v =0, from (3.2), we get that

yr = Eq [up(§)[F],

where @ is a probability measure equivalent to P. This implies that y; € Si,. Then applying
Lemma A.2(ii) to u}l(yt), and by a similar argument as in the proof of Theorem 3.3, we deduce
that the BSDE (G? + f(y)|2]%, &) has a unique solution (Y%, Z;) such that us(Y;) = y;. The proof
is complete. |

Remark 3.7 According to the definition of F, Corollary 5.6 is an extension of [19,
Proposition 3.3], which studied the BSDE (K|z|+ f(y)|z|?,£), where K is a constant. In
Corollary 3.5 and 3.6, if we further assume that k =0 in Assumption (A), then the probability
measure Q in (3.9) and (3.10) are both the probability measure P.
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Example 3.8 We show some typical cases of Corollary 3.4.

(i) For f(y) =2 with B> —1%, if &+2% € L?(Fr) and L; "7 € S, then the RBSDE (G} +
F@W)|2I%,€, Ly) has a unique solution (Yy, Zy, Ky) such that Y,'T2P € &».

(ii) For f(y)= —%, if In(§) € LP(Fr) and In(L;) € SP, then the RBSDE (G?+f(y)|z\2,
&, L) has a unique solution (Yy, Zy, Ky) such that In(Y;) € SP.

(iil) For f(y) zg with B >0, if exp(BE) € LP(Fr) and exp(BL:) € SP, then the RBSDE
(G? + f()|2%, &, Ly) has a unique solution (Yi, Zy, Ky) such that exp(8Y;) € SP.

(iv) For f(y) = gl{y>0} with B> 0, if £ ,exp(BET) € LP(Fr) and L; ,exp(BL}) € SP, then
gz; RBSDE(G? + f(W)|2|%,€, Ly) has a unique solution (Yy, Zy, K;) such that Y, us(BY;") €

The following Example 3.9 shows that the quadratic BSDE with a bounded terminal variable
may have no bounded solution, even when D =R, f(y) is a constant, and the corresponding
RBSDE has a bounded solution.

Example 3.9 We consider the Ezample 2.1(v) with B=1,6; =0,e"T >2 and o =0.
Corollary 3.4 shows that when us(Ly) € S? and Ly <1In(3), the RBSDE (G}V + @,ln(%),Lt)
has a unique solution (Y, Zy, K;) such that up(Y;) € SP. Moreover, if Ly is bounded, by (3.4) and

2
(3.5), we deduce that Yy is bounded. However, we will see that the BSDE (G + %,ln(%)) has

no solution (Yi,Z;) such that us;(Y:) € SP. In fact, by [6, Theorem 4.2 and Lemma 8.1], we
deduce that the BSDE(F,—%) has a unique solution (y;,z) such that y, € SP. Since
us(z) =exp(z) — 1 and V = (—1,00), from (3.2), we get that

1 1
o = Bg | ~ell 7| = 3T ¢v. (3.11)

where Q) is a probability measure equivalent to P. If we assume that the BSDE (G}m + ?,ln(%))

has a solution (Y, Zy) such that us(Y;) € SP, then by applying Ité’s formula to us(Y;), we get
that (uy(Yi),us(Y:)Zy) is a solution to the BSDE (F,—3%). This together with the uniqueness of
the solution to the BSDE (F,—1) gives y, = us(Y;) € V., which contradicts (3.11).

We now establish some comparison results for the RBSDE (Gf + f(y)|z[?,€).

Proposition 3.10 Let Fy and Fy salisfy Assumption (A) such that Fy() > Fa(-). Let
&1,6 € Lp(Fr) such that & > & > Ly and ug(&1),up(&) € LP(Fr). Let (Y, Z{, K}) be the
solution of the RBSDE(G? + f()|2%, &, L) satisfying us(Yy) € SPyi=1,2. Then for each
te[0,T], V' > Y2,

Proof By the proof of Theorem 3.3, we can get that the RBSDE (F;,us(&;),ur(Ly)) has a
unique solution (yi,z{, ki) such that yi = us(Y)), i =1,2. By Lemma A.1(ii) and [9, Theorem
4.1], we get that for each ¢ € (0,77, us(Y,!) = up(Y,?), which gives V! > Y2 O

We assume two semimartingales:

T T
Y}:Y;+/ hl(s)ds—i—A}—Atl—/ ZldB,, tel0,T]
t

t

and

T T
Y;2=YT2+/ hg(s)ds—A?p—i—Af—/ Z2dB,, tel0,T),
t t
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where Y € Cp, Al € A, Zi € H?> and h;(t) is a progressively measurable process satisfying
fo |hi(t)|dt < 00,7 =1,2.

Proposition 3.11 Let u(Y/)Z; € HP and u}(Yt’)hl(t) - %uéﬁ(Yt’HZﬂQ € HP, i=1,2. Let
(Y, Z4) be the solution of the BSDE (G? + f(y)|2|%,€) satisfying us(Yy;) € SP.

() Assume that € <Y} and G]If(t,Y;l,Z,}) + F(YH|ZEH? < ha(t), dt x dP-a.e. Then for each
€[0,T], Y: <Y} Moreover, if Yo=Y} for some t€[0,T], then £ =Y}, AL = A}, and
Gf (s, Y] Zl) +f(Y1)|Zl|2 = hy(s), dt x dP -a.e., on [t,T] x §;

(11) Assume that £ > Y2 and Gf(t,YtQ, ZH) + fF(YA)|Z2? = ho(t), dt x dP-a.e. Then for each
t€[0,T], Y, = Y2 Moreover, if Y, =Y? for some t€[0,T)], then £ =Y72, A% =A? and
Gi(s,Y2,Z2) + F(YD)|Z2|? = ha(s), dt x dP-a.e., on [t,T] x Q.

Proof Proof of (i): Applying Lemma A.2(ii) to us(Y:), we get that (uy(V3),u}(Y:)Z:) is a
solution to the BSDE (F,us(€)). Since uy(Y;) € SP, by [6, Lemma 3.1], we have u’(Y;)Z; € HP.
Applying Lemma A.2(ii) to uf(Y,'), we have

T
1
wr (V) = us ) + [ (0 (o) = Guf (V)28 Pas
T T
+/ up (Y, )dA; —/ (V) Z;dB,, te[0,T).

t t

Since for each t € (0,77,
F(tup(Vh), vy (V) Z)) = GF (t, Y}, Z))up(Y}"),  (by the definition of GF)
< (ha(8) = FOYOIZE P)up (V)
1

wp (Y (t) — suf(YH[ZE)?,  (by Lemma A.1(iii))

2
it follows from the proof of [10, Theorem 2.2, and Lemma A.1(ii) that (i) holds.
Proof of (ii): The proof is similar to (i), so it is not given explicitly. O

Remark 3.12 If f =0, then Proposition 3.10 becomes a comparison theorem for RBSDFEs with
Lipschitz continuous generators, which was studied by [9, Theorem 4.1]. If fo =0, then
Proposition 3.11 becomes the comparison theorem for the BSDE (f(y)|z|%,€) , which was studied
by [3, Proposition 3.2/, [2, Proposition 2.3/, and [19, Proposition 4.1, 4.3].

4. Applications

4.1 An obstacle problem for PDEs with singular coefficients
In this subsection, we study the following obstacle problem for a quadratic PDE:
{ min{v(t,z) — h(t,z), —0v(t, z) — Lo(t,x) — G(t,v(t,z),0*Vo(t,z))} = 0, (t,z) € [0,T) x R%

o(T,z) = (z), xR
(4.1)

where G(t,y,z) = G?(t,y,z) + f(W))z]? with 6 =~=0, ¥(z):R*— D, h(t,z):[0,T] x R —
D, and £ is the infinitesimal generator of the solution X!* of the SDE:

Xbe :er/ b(r, Xﬁ*z)err/ o(r,Xt**)dB,, zcR% scltT),
t t
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where b: [0,7] x R — R%, o : [0, 7] x R — R*?. The operator L is given by

d
1 . 8
L:= §iJZ::1(UU )i.i (s, axlazj +gb s, ) a9,

Definition 4.1 A function v(t,z) € Cp([0,T] x R?) " is called a viscosity subsolution of (4.1),
if o(T,-) < Y(-) and for each (t,z,¢) € [0,T] x R* x C}D’Z([O,T] x RY) such that ¢(t,z) = v(t, )

and (t,x) is a local minimum point of ¢ — v, we have

min{(t, 2) — h(t, x), —0,8(t, ¥) — Lo(t, ) — G(t, 6(t, ), 0"V, (L, )} <0,
A function v(t,z) € Cp([0,T] x RY) is called a viscosity supersolution of (4.1), if v(T,-) = (-
and for each (t,x,¢) € [0,T] x RY x C5*([0,T] x RY) such that ¢(t,x) =v(t,x) and (t,z) is a

local mazimum point of ¢ — v, we have
mln{¢(ta x) - h(ta I), _8t¢(t7 l‘) - E(b(ta I) - é(ta ¢(ta .17)7 U*vx¢(t7 93))} =2 0.

A function v(t,z) € Cp([0,T] x RY) is called a viscosity solution of (4.1), if it is a viscosity

subsolution and a viscosity supersolution of (4.1).

Assumption (B) (i) f is continuous.

(ii) ¥(-) is continuous such that ¢ (-) > A(T,-), and us(¥(-)) has polynomial growth.
(iii) wy(h(-,-)) is continuous and us(h(t,-)) has polynomial growth (uniformly in ¢).
(iv) b(t,-) and o(t,-) are both Lipschitz continuous with linear growth (uniformly in ¢).

Let Assumption (B) hold. For ¢ € [0,T), let (F!)i<s<r be the natural filtration generated by
(Bs —B,:)Qt7 augmented by the P-null sets of F. Then by [15, Theorem 4.4, page 61 and
Lemma 2.3, page 93]), for (t,z) € [0,T) x R%, we have uf()(X5")) € L*(FL) and us(h(s, X5%)) €
S8? ((Fl)-progressively measurable). It follows from Corollary 3.5 that the following Markovian
RBSDE:

T T
vir o)+ [ Gy Zi Ky - K = [ Ziean,, se )

S

YE" > h(s, XE®), selt, T, (4.2)

T
[ =t xian <o,
t

has a unique (F!)-progressively measurable solution (Y%, ZH® K'®) such that uy (V) € S2.
In addition, we have u/,(Y"*)Zb* € H?. Set v(t,z) := Y. We have the following proposition:

Proposition 4.2 v(t, ) is a viscosity solution of the obstacle problem (4.1).

Proof By (3.5), for each (t,x) € [0,T)xR?, the RBSDE (F,us(y(X5")),us(h(s, Xb%)))
admits a unique (F!)-progressively measurable solution (y%%, zi® k%) such that yb® =
up(YE®). Thus, we have us(v(t,z)) =us(V;"") =9y It follows from [9, Lemma 8.4] and
Lem[mz%]A.l(ii) that v(t,z) is continuous in (¢,z). By (6.4.9) in [18], we further get that, for
se(t,1],

YE* =w(s, X07). (4.3)

' w(t,z) € Cp([0,T] x R*) means that v(t,z) € C([0,T] x R%) takes values in D.
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Step 1 We will show that v(t,z) is a viscosity supersolution of (4.1). Suppose that v(t,z) is
not a viscosity supersolution of (4.1). This means that there exists (t,z,¢) € [0,7] x R%x
C5*([0,T] x RY) satisfying the condition that ¢(t,z) =v(t,z) and that (t,z) is a local
maximum point of ¢ — v, such that

o¢

ot
By continuity, there exist 8 € (0,7 —t], ¢ >0, and C > 0 such that for each s € [t,t + 8] and
y € [z — ¢,z + ¢], we have

v(s,y) = &(s,y) and

o (t, ) 4+ Lo(t,z) + G(t, d(t, x),0*Voo(t, ) > 0.

20 (5:0) + £0(5,9) + G5, 6(5,0), 0" Vat(s,)) > €. (44)

We define a stopping time 7 = inf{s > t; | X" — x| > ¢} A (t + B8). Thus, t <7 < t+ 3, and the
ranges of v(sAT, Xs/\r)se[t,t-s-m, h(s AT, Xs/\-r)se[t,t+[3] and  ¢(s AT, Xs/\T)SE[t,t-‘r,B] are all
included in a closed subset of D. By (4.2) and (4.3), we get that the following RBSDE:

t+8 B t+B
Y, = o(r, Xt +/ LyeryG(r, Yy, Zy)dr + K7 — K1 7/ Z,dB., seltt+f], (4.5)
has a solution (Y, Zy, K,) = (Y5E, l{ng}Zﬁ’x,K;ﬂ) € S¥ x H? x A, where Z, € H? is due to
u (YH*)Z5" € H? and Y% € 8. By Corollary 3.6, the BSDE (G, v(r, X)) with terminal

time 7 has a unique solution (Yi,Zs) on [t,7] such that Y, € S¥. Since (Yi,Z,, K,) €
8% x H? x A and F has a linear growth, we have u’f(l_/t)Zt € H? and

_ o~ _ 1 _ = _ _ =
up (V)G Ye, Z0) = uf (V)| Zof* = F(t,up (Vo) uf (Vi) Ze) € H2.

Then by (4.5) and Proposition 3.11(i), we get Y; > ;.
Applying Ito’s formula to ¢(s, X1%) for s € [t, 7], we get that the following BSDE:

B t+4 @ t+8
Ys :¢(T7X7t—7l)+/ —1{r<7'} (at (’I" th)—l—[:(b(?“ th)) d""_/ ZydB,, se€ [t7t+ﬁ]7
’ ’ (4.6)
has a solution (Y, Z,) = (¢(s /\T,Xﬁ’,f;),1{3<T}0*V$¢)(S,X§’I)) € S¥ x H™. By (4.4), we have
v(r, Xb%) > ¢(7, Xb*) and for each r € [t, 7],

o¢
ot
Then, since (Y, Z,) € S x H>®, by (4.6), (4.7) and Proposition 3.11(ii) (strict comparison), we
get Y, >Y,. Since Y, > Yt, it follows that v(t,z)=Y; > Y, = @(t,x), which contradicts the
condition that v(t,z) = ¢(t,x). Thus, v(t,z) is a viscosity supersolution of (4.1).

é(r, (r, XE™), 0*V o (r, XE¥)) = ———(r, X1") — Lo(r, XT) + C. (4.7)

Step 2 We will show that v(t,z) is a viscosity subsolution of (4.1). This proof is similar to
Step 1. Suppose that v(¢,z) is not a viscosity subsolution of (4.1). This means that there exists
(t,x,¢) € [0,T] x R? x C5*([0,T] x R?) satisfying the condition that ¢(t,2) = v(t,z) and that
(t,x) is a local minimum point of ¢ — v, such that v(t,z) > h(t,z) and

S t) + Lot ) + Gt 9(t,2), 0" V{1, )) < 0.

By continuity, there exist 8 € (0,7 —t], ¢> 0, and C > 0 such that for each s € [t,¢+ ] and
y € [z — ¢,z + ¢], we have v(s,y) < &(s,y),
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W(s,) > s,) + O, and 22 (s,9) + £o(s,9) + G5, 0(5,9), 0" Vels0) < ~C. (48)

We define a stopping time 7 = inf{s > ¢;| X% — x| > c} A (t + 3), then t <7 < t+ 3, and the
ranges of U(S AT, Xs/\r)sG[t,t«Fﬁ]v h(S AT, XsAT)se[t,tJrﬂ] and ¢(8 AT, Xs/\’r)se[t,t+[‘3] are all
included in a closed subset of D. By (4.3) and (4.8), we have, for each s € [¢, 7],

YE" = (s, X0") > h(s, X0") + C,

S

which implies that for each s € [t,7], dK%® =0. Then by (4.2) and (4.3), we get that the
following BSDE:

t+8 t+5
Y, = v(r, X1%) +/ 1{T<T}G( Z,)dr — / Z.dB,, sé€[t,t+ 5], (4.9)

has a solution (Y;, Z,) = (Yii%, lis<r} Z5%) € S35 x H2. Applying Ito’s formula to ¢(s, X!®) for
s € [t, 7], we get that the following BSDE:

N t+B8 ¢ t+8
Y, = ¢(7, X17) +/ —1ir<ry (at(r, X5 4 Lo(r, Xﬁ@)) dr —/ Z.dB,, s€lt,t+ ],

) ) (4.10)
has a solution (Yi, Z,) = (¢(s A7, XL, L{s<ry0*Vad(s, X0")) € S x H>®. By (4.8), we have
v(1, Xb%) < (1, X1*) and for each r € [t, 7],

_ 09
ot
Then, since (Y;, Z,) € S x H>®, it follows from that (4.9), (4.10) and Proposition 3.11(i) that
v(t,x) =Y, <Y, = ¢(t,x), which contradicts the condition that v(t,z) = ¢(t,z). Thus, v(t,z) is

a viscosity subsolution of (4.1).

2 (r, X5 = Lo(r, XE®) = G(r,v(r, X5®), 0" Ve (r, X07) + C.

The proof is complete. O
4.2 An optimal stopping problem for the payoff of American options

From the definition of u s, we observe that u is a utility function (concave and strictly increasing),
when f is nonpositive. More specially, from Example 2.1, we get that

us is an exponential utility, when f(y) = —8, 8 > 0;

us is a power utility, when f(y) = —%, B8>0, 8# %;

uys is a logarithmic utility, when f(y) = —ﬁ.
From Lemma A.1(iii), we observe that —2f(z) is the Arrow-Pratt risk aversion coefficient of the
utility function uy(z) (see [12, Definition 2.45 and Example 2.46]).

The holder of an American option has the right to exercise the option at any stopping time
7 € To,r according to the expected utility of its payoff. Let f be nonpositive and let the payoff
of the American option be described by 1, := Lily<ry + {ly—1y with ug(n;) € SP. For 7 € To 1,
the conditional expected utility of 7, is given by E[uy(n.)|F:]. Then, by Corollary 3.5 and
Remark 3.7, the RBSDE (f(y)|z|,&, L:) has a unique solution (yt, z¢, k) such that wuy(y:) is the
maximal conditional expected utility of the payoff n;, i.e.,

uf(yr) =ess sup Elug(n,)|F), te€][0,T]. (4.11)
TE€ET:, T

In particular, we have yo = u}l(ess sup e, . Elug(n7)]), which is the certainty equivalent value
of the payoff of the American option. For ¢ € [0,T], set of :=inf{s > t,ys =ns} AT. Since
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dks =0 on [t,07], by Lemma A.1(ii) and (4.11), we get that o; is an optimal stopping time such
that

Elug(ne;)|Fi] = ess sup Elug(n,)|F].

TE€ETs, T

More generally, we consider the notion of F' -evaluation 55 +|'], which is a nonlinear evaluation
introduced by [16, Definition 3.1]. For o € Tor, let (4, %) be the solution to the BSDE
(F,us(n,)) with terminal time o such that ¢ € SP. Then, we denote the F -evaluation of the
utility of 7, at time t by

&l lur(ne)] = ge, t€[0,T).
By [11, Theorem 5.9], the RBSDE (F,uf(£),us(L:)) has a unique solution (§, 2, k:) such that

U = €ss sg_p &l ur(n)], te(0,T).
TE T,

Let us further assume that e (uys(n:) Vv 0) + dt) € Cy with us(n) € SP. By Theorem 3.3 and
(3.5), the RBSDE (G + f(y)|2/*,€, L) has a unique solution (y;, 2, k+) such that

up(ye) = Ge = ess sup Elplus(n:)], te[0,T). (4.12)

T7€Tt,r

In particular, we have yo :ufl(esssupTeToj ESplug(ns)]), which is the certainty equivalent
value of the payoff of American option under the nonlinear evaluation £F. For t € [0,7T], set
of =inf{s > t,ys =ns} AT. Since dks; =0 on [t,07], by Lemma A.1(ii) and (4.12), we get that
o} is an optimal stopping time such that

Elr up(10;)] = ess sup El Ty (n:)].

Appendix A

Let f € L1 j0.(D) be given. Given « € D, we define the following:

up(w) == /a exp (2 /ay f(z)dz> dy, weD.

The following properties for us(x) come from [3, Lemma A.1] and [19, Lemma 2.1].
Lemma A.1 The following properties of ug(zx) hold:

(i) us(z) e W3 1oc(D) ; in particular, uy(x) € Cl(D);

(ii) ug(x) is strictly increasing;

(iil) u ( ) —2f(z)uy(x) =0, a.e. on D;

(iv) u ( ) € W2 ZOC(V) , in particular, u;l(x) € CY(V) and is strictly increasing;

(v) Ifl € L1,10c(D) and l(z) < f(z),a.e., then for every x € D, w(x) < us(x).

To deal with discontinuous generators, an It6-Krylov formula was established in [3, Theorem
2.1]. To treat our situation conveniently, we give in Lemma A.2 this It6-Krylov formula for
semimartingales with values in D, using a similar argument.

Lemma A.2 Let Y; = Yr + [ h(s)ds + Ap — A, — [ Z,dB,,t € [0,T], where Y; € Cp, A €
A, Zy € H? and h(t) is a progresswely measurable process satisfying fOT [h(t)|dt < co. Then the

following two statements hold:
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(i) (Krylov’s estimate) Let {On}n>1 be a sequence of closed intervals such that for each n > 1,
0, C On+1, and Yy € Oy, Unglon =D. Let T% = inf{t >0,Y; ¢ On} AT, T,% = inf{t >0, (At+
fot |h(s)|ds + fot |Zs|?ds) > n} AT and 7, = 7} AT2. Then for each nonnegative v € L1 10¢(D) ,

we have

TNATn
E / B(Y;)|Zdt
0

(ii) (Ito-Krylov formula) For each u € Wi,,.(D) , we have

<(@n+ 2>\(On))/o ¥(z)dz

t t
u(V) = (o) + [ WY+ 5 [0z, e 0.1)
0 0

Proof It is clear that there exists a sequence of closed intervals {O,},>1 such that for
any n>1, O, COpq1, and Yy € O1, Up>10, =D. Let Th=inf{t >0, Y, ¢ O} AT, 12 =
inf{t > 0, (A; + fo |h(s)|ds + fo |Zs|?ds) > n} AT and 7, = 7} A T2

Proof (i): Using Tanaka’s formula, for a € D, we have
tATH tATH
(Yt/\'rn — a)7 = (Y() — a)i +/ 1{y§<a}h(s)d$ +/ 1{Y5§a}dAs
0 0
tATh
- [ tven ZadBot 5L (), te0.1)
0

Since
(Yinr, — @) (Y — @) | < [Yinr, — Yol < AO,),
we deduce that for each a € D and ¢ € [0,T7,

B(Li,, (V) < 20+ 2X(0,).

It follows from occupation times formula that for each nonnegative ¢ € Ly j0c(D),

TATy,
E / WY ZPdt| =
0

/ T (V)Y ()

= | v E(L, ()da
< (2n+ 20(0,)) / (a)da
OW,
Proof of (ii): For any u € le 10e(D), using a convolution method, we can find a sequence

{tm}m>1 in C*(D) such that

(1) w,y, converges uniformly to u in Oy;
(2) ul,, converges uniformly to v’ in Oy;
(3) u”, converges to u' in L'(O,,).
Using It6’s formula, we have

tATn tATH
ninn) =un () + [ Y+ g [ |z P, e 0.7)
0 0

Then, by (i) and the same arguments as in the proof of [3, Theorem 2.1], we get (ii). O
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