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1. Introduction

Utility maximization is an important problem in financial mathematics. Specifically, it is an
optimal investment problem faced by an economic agent who has the potential to invest in a
financial market over a fixed investment horizon 1. The goal of this agent is to identify an
optimal portfolio that allows him to maximize his “welfare” at time 7. The founding work of
Von Neumann and Morgenstern [1] made it possible to represent the preferences of the investor
using a utility function U and a given probability measure P that reflect his views as follows:

Ep[U (X779,

where X777 is the investor wealth at time 7' starting from an initial wealth z and adopting an
investment-consumption strategy (mw,c¢). The investor’s problem then requires solving the
following optimization problem:

sup Ep[U (X7

mc
To solve this type of problem, there are two important approaches: the dual approach [9] and
the backward stochastic differential equation (BSDE) approach [5, 7].

In reality, several scenarios are plausible, and it is difficult to precisely identify P. Therefore,
we must take into account this ambiguity in the model, also known as Knightian uncertainty.
Knightian uncertainty studies have undergone enormous theoretical and practical developments.
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The work of Maccheroni, Marinacci, and Rustichini [2] led to a new representation of preferences
in the presence of model uncertainty:

Qnelfg Ep[U(X7™°) +4(Q)],

where Q is the set of plausible scenarios and (@) is the penalty term. In other words, the
investor will decide in the worst case. Thus, he will solve the following optimization problem,
known as the robust utility maximization problem:

sup inf Eq[U(X7™") +7(Q)] (1.1)

Several developments have been implemented on this subject, either using the duality method
[12-14] or stochastic control techniques based on BSDEs [3, 11]. Using a duality technique
combined with a PDE approach to the dual problem, Herndndez and Schied [10] successfully
characterized the optimal value function using an HJB equation. By employing a stochastic
control approach, Matoussi et al. [11] and Faidi et al. [3] studied the maximization part of the
problem (1.1) in the case of entropic utility and general consistent time penalty, respectively. In
such studies, quadratic BSDEs play a crucial role in describing the value function. The aim of
this paper is to continue the study conducted by Faidi et al. [3]. Their findings allowed us to
return to the study of the utility maximization problem under g-expectation, one of the
fundamental examples of nonlinear expectation introduced by Peng [6]. We provide an explicit
solution for investors with logarithmic utility in a constrained financial market that may be
incomplete. As Cheridito et al. [8], the constraints that we impose on admissible strategies are
not necessarily compact or closed. These constraints are weaker than those imposed by Jiang et
al. [4] who studied a similar problem but under another class of nonlinear expectation named
g*-expectation. Based on the optimality principle of nonlinear g-martingales, we characterize the
value function of our optimization problem using a quadratic BSDE. The results extend the
findings of Cheridito et al. [7] in the context of robust utility as well as those of Jiang et al. [4]
by allowing for intertemporal consumption. Unlike Jiang et al.’s proof, which is based on a
measurable selection theorem, our proof is based on conditional analysis in R"™, developed by
Cheridito et al. [8].

The outline of the paper is as follows. Section 2 outlines the problem setting and the necessary
notations. Section 3 describes the notion of g-expectation. In section 4, we specify the financial
market and the set of admissible strategies. In section 5, we characterize the optimal investment-
consumption strategy by using a BSDE. Finally, for illustration, we give an example
corresponding to the case of entropic penalty.

2. Formulation Problem

We consider a filtered probability space (2, F,F,P) over a finite horizon time T, where
the filtration F = (]:tW)te[O,T] is generated by standard d-dimensional Brownian motion

W = (W1,...,W9). To present our problem rigorously, we introduce some process spaces.

® For (n,k) € N x N, P"** is the space of all predictable processes with values in R™**. P1x1
will be denoted as simply P.
® For pe N, (R™) is the set of all R™-valued stochastic processes Z, which are

predictable with respect to F and satisfy Ep [(fg |Zt|2 dt) 2] < 0.
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® [P is the space of all Fr-measurable random variable £ satisfying
Ep [exp (7[€])] < o0,  for all v > 0.

® D is the space of all progressively measurable processes y = (y:), <t<r With

Ep [exp (’y ess sup yt|)] < oo, forally>0.

St

e DT denotes the space of all progressively measurable processes y = (yt)ogth such that,

T
Ep lexp <fy/ lys| ds)] < oo, forally>0.
0

According to exponential martingale representation results, it is well known that for every
measure @ <P on Fr there is a predictable process (1:)tcjo,r] such that Ep[fOT | e ||? dt]
< 400 @-a.s and the density process of @ with respect to P is an RCLL martingale
79 = (Zf?)te[O,T} given by

t
Vi e[0,T], Z8 =& < / nuqu> Q-a.s.,
0

where E(M); = exp (M; — 3(M),) denotes the stochastic exponential of a continuous local

martingale M. We introduce a consistent time penalty as follows:

/fh(ns)dsft] 7

where h: R — [0, +00[ is a convex function such that h(0) = 0. We also assume that there are

1(Q) = Eq

four positive constants k1, k2, k3, and k4 satisfying
kille]|? = w2 < h(z) < wallz]|® + Ka.

Our optimization problem is written as follows:

T T
sup inf Egn [@U(X;’”’C) + a/ e o dudty (e )ds + ﬁ/ e~ Jo dudup () ds}7
(m,0)eA RTEQ 0 0
where Q is the space of all probability measures Q7 on (2, F) such that Q7 =& (fOT nuqu) P
on Fr and v(Q") < +oo. U and w are the utility functions, and 2 is the set of admissible
strategies, which will be specified later. Our problem then constitutes two optimization
subproblems. The first, the infimum, has been studied by Faidi et al. [3]. They have proven
under the exponential integrability condition of random variables U(X7™) and [ OTu(cs)ds that
the infimum is reached in a unique probability measure Q* that is equivalent to PP, and they
characterized the value process of the dynamical optimization problem using a quadratic BSDE.
More precisely, under the assumptions

(H1) 6 is a uniformly bounded process, and
(H2) U(X7™°) € L and (u(e))o<i<r € DY, the process

T W T
Y™ = inf Egn|aU(X7™) + a/ e~ i uduy (e ds + B/ e~ Ji dudup, (ns)d$|ft:|
QeQ t t

satisfied the following quadratic BSDE:
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AT = (807~ aule) + g (12)) dt — ZidW, 22)

Yjﬂfﬂr,c — dU(X;,w,C)7
where h* is the Legendre-Fenchel transform of h. Thus, our problem is equivalent to finding

Vo(z) = sup Y,"™° (2.3)
(m,c)eA

To solve this problem, we use the notion of g-expectation introduced by Peng [6]. We then
start with the main results of this class of nonlinear expectation.

3. g-Expectation

The concept of g-expectation was introduced in 1997 by Peng [6] for the Lipschitz generator g.
This class of nonlinear expectation, closely related to BSDEs, has undergone considerable
developments in both theory and applications. In this section, we present the basic notions
related to this concept that will be used in the rest of the paper.

Let £ € L™ a random variable and g : [0,7] x Q x R? — R satisfy the following assumptions:

(A1) Vt € [0,TY], 2z — g(t,w, z) is a continuous convex (or concave) function.
(A2) There exists a positive constant § together with a progressively measurable nonnegative
stochastic process (au)o<t<r € DT such that

V(t,z) e RxRY:  g(t,.,2)| < Blz]* + ar, P-as.

According to Briand and Hu [15], the BSDE
T T
Y: zf—i—/ g(s, Zs)ds —/ ZsdW; (3.4)
t t

admits a unique solution (Y, Z) € D5 x s (R™), Vp > 1.
In the sequel, the BSDE (3.4) will be noted BSDE (g, ¢).

Remark 3.1 Note that if (Y, Z) is the solution of the BSDE (g,£), then (=Y, —Z) is solution of
the BSDE (g,—¢), where §(t,w,z) = —g(t,w,—2). Therefore, the comparison theorem
established by Briand and Hu [15] in the case of a convex generator remains valid in the case of a

concave generator.

If, in addition, g satisfies

(A3) vt €[0,T); g(t,w,0) =0, P-a.s, then Yy (resp. Y;) is called the g-expectation (resp.
conditional g-expectation under F;) of £ and is denoted by &£,[¢] (resp.Ey[€|F:]).

Definition 3.1 Let g satisfy (Al — A3).

An F-adapted stochastic process (Xi)ogigr such that Xy € L™ for all t € [0,T] is called a g -

martingale (resp.submartingale,supermartingale), if
V 0< s <t <T,E X | Fs] = (resp. 2, <)X, P-as.
The following result is an immediate consequence of the comparison theorem.

Proposition 3.1 Let g1 satisfy (Al — A3) and go satisfy (Al — A2) such that g1 < g2 (resp.
g1 = 92) and £ € L™P,
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(1) The first component of the solution (Y, Z) of the BSDE (g2,§) is g1 -supermartingale (resp.
submartingale).

(2) If, in addition, go satisfies A3, then any go-supermartingale (resp. submartingale) is gs -
supermartingale (resp. submartingale).

Proof We only deal with the case where g; < go; however, the other case is dealt with in a
similar way.

(1) Let (Y, Z) be the solution of the BSDE (g2, £). We have
t t
VO<s<t<T; Y, =Y, +/ g2(u, Zy,)ds 7/ Z, AW,

For 0 < s <t, let Y, = &, [Vi|Fs]; then,

t
ﬁ=ﬁ+/ ®—/

Using the comparison theorem, we obtain &£, [Y;|F;] = Y, <Y, P-as.

(2) Let (X¢){o<e<ry be a ga-supermartingale. For 0 < s < ¢, we denote YS(;) = &g, [X¢|Fs) and
Y(? = &g, [X¢|Fs]. By definition, the processes (Ys(é))ogsgt and (Ys(,?)ogsgt respectively satisfy
the following BSDEs:

t t
YS(P *XtJr/ g1(u, Zz(Ll))du*/ zMaw,,,

S S

and

t t
o =Xt+/ 92(u, fo))du—/ Z2aw,.

Using the comparison theorem, we obtain
vo<s<t, Y <Y?, Pas
Therefore, V 0 < s <t, &, [Xi|Fs] < X5, P-as.
This completes the proof. O

Lemma 3.1 Let Y satisfy (2.2). Then,
T g
Yy =&, lo‘ze Jo' dudugr(xzmey +/ ae” o 5“duu(cs)ds] ,
0

where
glw,t,z) = —fe” Jo dudu px (—;efot 5“d“z) . (3.5)
Proof The stochastic process L*™¢ defined by
LE™C = = Jo duduymme 4 /t ae™ o dudiy (e )ds
0
satisfies the following BSDE:

t 1
dLy™¢ = Be™ Jo Sudup <—5ef0 M%) dt + Z,dWs,
(3.6)

T
L?W,C e I 51&‘1“(7()(%’7“0) _|_/ ae— Jo éuduu(cs)ds.
0
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Thus,
T — T s
Ly™=¢&, [&e‘ Jo Sudu gy (XY 4 / aeJo 5“‘1"u(cs)ds|ft].

0

O
Remark 3.2 The conditions mentioned above are verified by the generator g given by (5.5). Indeed,

(1) As h(0)=0 and h(zx) 20 for all x € R, we have h*(0) =sup—h(y) =0. Therefore,
vt € [0,t]; g(t,w,0) =0, P-a.s. y<0

(2) h is supposed to be a continuous and convex function, as is h*, which implies that g is
concave in z.

(3) The growth condition on h and the uniform boundedness of § guarantee the existence of
positive constants By, B2, B3, and B4 such that

V(t,w,z) S [O7T} X Q X Rd7 _/61||Z||2 - 52 g g(t,w,z) g _53HZ||2 + ﬁ4' (37)

Thus, our problem reduces to a utility maximization problem under g -expectation. In the sequel,
we assume that

U(z) = u(x) =In(x), Vz>0.

We will now specify the structure of the financial market and the set of admissible strategies.

4. Market Model

The financial market consists of one bond without interest rate and m < d stocks. In the case
of m < d, we face an incomplete market. The pricing of stock i evolves according to the
following equation:

ds; - ;
S; =bidt + oldW;, i=1,...,m,
¢
where b’ (resp. o' = (ot,...,0%)) is an R-valued (resp. R'*9valued) predictable uniformly

bounded stochastic process. The volatility matrix ¢ is the m x d-matrix whose i*" line is given
by the vector ¢* for i ranging from 1 to m. We assume that:

o= (0;')1':1 ..... dj=1,...,

— The matrix oo!” is uniformly elliptic, i.e., there are two constants 0 < e < K, such that
el,, < oo™ < KI,, P-a.s.

. has full rank.

— The predictable R™-valued process
Gt :O’fr (O'tO'gT)71 bt7 te [07T}

is then also uniformly bounded.

An economic agent investing in the financial market can consume part of his wealth at
intermediate times. Let 7{,1 < i < d, be the proportion of the investor’s wealth invested in the
it" high-risk stock S and let ¢; be the consumed proportion rate at time t. We assume that
(m, ¢) belong to space

T
Hop = {(w,c) € P14 x P such that ¢; >0 dt x dP a.e. and / (Imel® + ¢)dt < oo, P-a.s. } .
0
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By the self-financing condition, the investor’s wealth X;"™° at time ¢, starting from the

¢
/ cs X3 ™Cds,
0

=m0t (AWy + 0,dt) — cdt;  XJ° =z

positive initial capital x, satisfies

XIWC—I+Z/ Xx7rc z

or equivalently
dX:C,TK',C
t

The investor’s wealth process can be written as

¢ ¢
1
X = wexp (/ TsosdW Jr/ (WSJSQS — §|7rsas|2 — cs)ds) > 0, (4.8)
0 0
and the problem (2.3) is equivalent to

T
VO(I') sup 5 { ae” fo Ou duln(X:rﬂ'c)+/

e Jo' dads ln(cquf’”’C)du]. (4.9)
(m,c)eA 0
To ensure that

(In(e: X))o,y € DY and In(X7™¢) € LP,

we need the following integrability conditions:
¢
2 exp exp
In(c)| € D and ( aw,) e DS,
Il + e+ n)| € DY and ([ moaw) e Dy

We also recall the following definitions related to conditional analysis. For more details, see
Cheridito et al. [7, 8]. A subset A of P'*F is sequentially closed if it contains every process a
that is the v ® P-a.e. limit of a sequence (an)7121 of processes in A. We call it P-stable if it
contains 1pa + 1gca’ for all a,a’ € A, and every predictable set B C [0,T] x Q. We say A is
P-convex if it contains Aa+ (1 — A)a’ for all a,a’ € A, and every process A € P with values
n [0,1].

Definition 4.1 The set A = o X € of admissible strategies consists of non-empty sequentially
closed and P-stable subsets on P> x P such that </ is convex and for all (w,c) € o/ x €,

t
7)1 + ¢ + |In(c)] € DS and (/ Wsades> € D
0 te(0,T]

We conclude this section by providing an example of an admissible strategies set.
Example 4.1 Consider
o ={m e Pt € [0,T); ||lme(w)| < 9(t) P-as.}
and
¢ ={ceP;Vtc0,T]; ¥(t) <ce(w) <p(t) Pas.],

where 9, ¢, : [0,T] — Ry are measurable deterministic functions such that

T
/0 9%(5) + p(s) + | In(1(5))ds < oo.
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It is obvious that &/ x € is sequentially closed; P-stable, & is convex; and ¥(m,c) € o X €,

7| + ¢+ |In(c)| € D™,

Moreover, there is a positive constant A such that ||mio¢]| < AI(t) for all 0 < t < T. Consequently,
vy sup \fo Ts0sdWo|
according to Yong [16], we have for all v > 0,Ep|e 0S!<T < 0.

Remark 4.1 This example shows that the constraints that we consider are less weak than the

closeness (or compactness) constraint widely used in related studies, such as those by Imkeller

and Hu [5] and Jiang et al. [4].

5. Optimal Investment and Consumption Strategies

To identify the optimal investment and consumption strategies, we adopt the same approach
as Imkeller and Hu [5] and Jiang et al. [4]. Let us first start with the following verification lemma:

Lemma 5.1 If there exists a family of RCLL-adapted processes R*™¢ such that
—V(m, c) € o xC; R == ae” Jo Sudu In(X7™°) + fOTae_ Jo' dsds In(c, X2 ™) du,
— Ry™“ = Ry is constant V(m,c) € o X €,

- V(m c) € o X €; R™° is a g -supermartingale,

— There exists (1*,¢*) € & x € such that R*™ <" is a g-martingale.

Then, (7*,c*) is an optimal strategy for the problem (2.5).
If, in addition, R is coherent (i.e., R;’™° = Ry"™ if (w,¢) = (7,¢) on [0,t]), then

t
Rw 5 c* = sup g |:CY€ fo Su dul (Xw e X(ﬂ' C)) / e~ fou' Ssds ln(cuXZ"ﬂ—*’C*)du
(7,6) 0

T
—|—/ ae~ Jo %45 (e, X7 C )_(,fz,lc))dmft],
¢

Ao X(ﬁ—)é)
where Xt(gic) = (Tﬁ B is the increase in wealth if the investor changes their strategy from (mw,c)
, x @

t
to (,¢).

Proof We have
gg[R;,ﬂ‘,C] < Rg,ﬂ',c _ RO _ R(I)},ﬂ' T SQ[R,?W N ]7

which implies that (7%, ¢*) is the optimal strategy.
Given t€[0,7] and two admissible strategies (m,¢) and (#,¢), we introduce 7, =
Tulugt + Tulust, and &, = cylugt + éulysi. As & X € is P-stable, one can see that (7,¢) is

also an admissible strategy and R7"™¢ = R7"™°. As R™™¢ is a g-supermartingale, we have

T
RY™ > €, laeJo ‘Sud“(ln(X:”;’”’c)) + / e Jo 05 In (&, X 27 ) du| Fy
0
a: 7,C t

=€, [@e—ffaudu< ( WXMC)>+/ e~ 8 525 e XPT dy
(e

0
T X:v7rc
+/ e Jo 9sds Iy X, T
t X

)du|}'t].

Thus,
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Xa:ﬂi',é t N
Ry > (Sup) & [5‘67 o otn <Xt$17ryc X:,ﬁ,?:) * /ani 57029 n (e, Xm0 du
7,6 t
T " X me
+/ e Jo eds | (équ’”’C B A)du|]-'t}.
: Xt;L',Tr,c

Furthermore, as for (7*,¢*), Rf is a g-martingale.

R _ g [ae ST suduy (xmte XrT " e S B 1 X
p =&, |ae n(X; e + an n(ck Xo )du
t
T -
+ ae™ Jo Ssds 1 (ox x o X" dul|F;
. u“rt Xx,ﬂ'*,c* t
t
. L XETe ¢ w -
) (Sup) € [de_ ot <th,7r ‘ Xg,ir,é) +/ ave™ Jo" 9+t In(ef X ) du
7,8 : 0
T .
- . . X T8
+ / e Jo' 5sds 1y (éuXtr < 1; — é)du\]:t} .
t X
Thus
. - e XTE t " -
R = sup g fae 8 e (xp 7 X0 4 [ e 00 e,
7,8 : 0
T .
w . . X T T8
+/ ae I8 B0 (6, X7 S Yaul R .
t X,
O
In the sequel, we assume that the process § is deterministic. We define the process ¢ as follows:
T
0 = ae Jo Sudu 4 a/ e~ Jo dudugg, (5.10)
t

For a process ¢ in P"** and P, a non-empty sequentially closed and P-stable subset of P™*%,
we denote by dist(g, P) the predictable process

dist(q, P) := inf ||q — p||,
ist(q, P) ess In g —pll

where ess inf denotes the greatest lower bound with respect to the v ® P -a.e. order. Cheridito et
al. [8] show that there exists a process p € P satisfying |¢ — p| = dist(¢q, P) and that it is unique
(up to v ® P-a.e. equality) if P is P-convex. We denote the set of these processes by IIp(q).

Lemma 5.2 (1) VZ € P;arg min(¢mof — g(t, Z + {wo)) is a non-empty subset of o7 . Moreover,
e
Y(t,w) € [0,T] x Q, the functional z — ess glf(&m@ — g(t,z + tro)) is convex on R, and there
TE:

erist a positive constant ¢y together with a progressively measurable monnegative stochastic

process (pt)o<t<t € DI such that

VZ € P;|ess glf(ﬂwaé' —g(t, Z +tro))| < 1| Z||* + p. (5.11)
TE

(2) arg min(fc — e~ Jo 395 In(¢)) is anon-empty subset from %€ andess <igpf(@c —ae” Jo %451 (c)) €
ceE
D(1>xp. cEE
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Proof (1) For all Z e P, the functional fz:7+—— fmo6 —g(t,Z+ ¢no) is sequentially
continuous stable on 7.
Let (m,7) € @72 such that fz(m) < fz(7), then inequalities (3.7) yield

B3||Z + tno||* — By + o < fz()

Using Cauchy—Schwartz inequality, we obtain for all € > 0,

53*62 2 - 2 1 2
TH&TUH < fz(m) = B3| Z]| *:2||‘9|| + 4.

As ¢ is bounded below, by choosing a sufficiently small € such that 83 — e > 0, there is a
positive constant d; such that

tr __tr

~ 1
moo'"n'" = ||lno||* < di(fz(7) - BsllZ|* ~ ;QIIHH2 + Ba).

tr

The matrix oo®" is uniformly elliptic, which ensures the existence of a strictly positive

constant ds such that
~ 1
I7)1* < da(fz () — Bsl| Z|I” — ;2H9||2 + Ba).

Thus, the set {m € o; fz(r) < fz(7)} is L° —bounded. According to Cheridito et al. [8],
arg min({rob — g(t, Z + (no)) # 0.

el
To prove the convexity of zr— ess glf(&m@ g(t,z+4no)), we consider A€ [0,1] and

(z,2') € RY x RY. Forall(ww)eﬂxd we have
ess ir;f(émr@ —g(t, Az + (1 = \)2' + lmo))
TE
IO+ (1 =N7")ol — g(t, Az + (1 = N)2' + LM+ (1 — N)7')o)
< A\Ulrod — g(z + lro)) + (1 = N)(Ur'00 — g(2' + 7' 7)).
By taking the ess inf over m and 7’ in the right side term we obtain the desired result. Finally,
using inequalities (3.7), we have

ess 1nf(€7ro’0—i—ﬂg||Z—i—€7m||2 Ba) < ess 1nf(€7rat9 g(t, Z+tmo)) < ess 1nf(€7rat9+ﬂ1 | Z+tro||*462),

0 Ol
B3| Z + bro||* + trad — By) = B3| Z + tmo + — || — lid] — 76 — By.
203 4033
2
Therefore, ess glf(&rae + Bs|| Z + tmo||? — Bs) = Badist*(Z + % lod o) — |495H — Z0 — B4, where
TE

lodo = {{rwo;m € o/ }. Note that the set £o/c is non-empty sequentially closed and P-stable;
0
therefore, dist(Z + ﬁld o) is well defined. A positive constant S5 is obtained such that

3
||2 ||9||2
43

|ess inf(¢md + 6512 +tro||? — Ba)| < B3| Z + l7o + — +120] + B4

203
< B ZIP + |I7)* + 1),
where 7 is a given element of &/. In the same way, there are two positive constants fg such that

|ess inf(émot + f1]|Z + tro|* + Ba2)| < Be(IZ1? + ||7* + 1).

The result then follows from the inequality
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| ess glf(eme —g(t,Z + tmo))| < |ess E{lf(ﬁﬂ'oe + B3| Z + tro||* — Ba)]
e (S
+ |esse}q1{1f(£W09 + Bi|1Z + tmo|? + B2)l.
(2) The functional ¢ — lc — ae™ Jo 8xds In(c) is sequentially continuous stable on €. In contrast,

for all (t,w) € [0,T] x €, the real function f :z +— iz — e~ Jo =95 In(z) is convex on 0, +00].
Thus, for a > 0 such that f'(a) > 0, we have

f(z) - h(a)
ST )

This yields that, for any ¢ € €, the set

+a Vz €]0, 400l

{c€ €;lc— ae” Jo 0:ds In(c) < lé — ae™ Jo 8sds In(¢)}
is LY — bounded. Therefore, arg min(fc — ce™Jo %35 In(c)) # . Furthermore,
cEE

t Y2 t t
e Jo Sudu ]y (67;5) < ess inf(le — ae™ Jo %% In(c)) <l — ae™ Jo %4 1n(2),
ae” fo dudu cEE

where ¢ is a given element of ¥. The left and right terms of the previous inequality are both in
DS as is ess inf(fc — ae™ Jo =95 In(¢)).

cEE
O

Consider now the BSDE
T T
Y, = / f(s,Zs)ds —/ ZsdWs, (5.12)
t t

where

flt,z) = —ess ?Qrflf(ﬁtwtatﬂt —g(t, z + lymior)) — ess Cigpf(étct — e Jo0sds In(c;)) P-a.s.  (5.13)
S ce

Using Lemma 5.2, f satisfies assumptions (Al — A2). It follows from Briand and Hu [15] that
equation (5.12) has a unique solution (Y, Z) € Dy x £ (R™), Vp > 1.

Theorem 5.1 The optimal value of the problem (2.3) is given by

T
Vo(z) = (ae™ Jo© dudu 4. a/ e Jo Sududg) In(z) + Yo,
0
where (Y,Z) is the solution of the following BSDE (5.12). Moreover, (7*,c*) is an optimal
admissible strategy if and only if

¢* € arg min (Ec — e Jo dsds ln(c)) and 7 € arg min[¢wod — g(., Z + {no)].
cEE med

Proof The idea consists of constructing a family of processes R™™¢ that satisfy the conditions
of the Lemma 5.1. We seek R*™¢ in the form
t
R{™C =6 In(X[]™) 4+ Y + / e J0 0 In (e, X2™C) du,
0
where the process Y satisfies the quadratic BSDE (5.12) and the function ¢ is given by (5.10).
Note that the function £ is the unique solution of the ordinary Cauchy problem.
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VO <t <T; dé _ —qe™ Jo 2udu and 0y = G Jo Sudu, (5.14)
dt

Evidently, V(m,c) € & x€; R}™° :=ae” J dudu In(X ™) + fgae* Jo" 055 In (¢, X&) du,
Ry™ =Y, does not depend on (m,c) and R*™¢ € D™, Using the It6 formula, we have
ARE™ = — qe™ Jo 0udu 1 (XB™OVAt + 0, (mo AW, — o0y dt — cidt) — F(t, Zy)dt + Z,dW,
+ e Jo %95 In (e, )dt 4 e Jo %0 In( XY de

= (=f(t, Z;) — lymi000y — bycy + ae™ Jo %95 In(e,))dt + (4ympoy + Z,)dAW,

= (= f(t, Z5™C — lympoy) — Lymyoiby — Lycy + e Jo 585 In(e))dt + Z5™CdW,
where Z;"™° 1= lymioy + Zy; 0 < t < T. Therefore, R*™¢ is solution of the BSDE

ARP™ = —F™(t, ZP™)dt + ZF™dW;,

T
e 2o Jo ud e — frs.d
RE™C .= ae” Jo wdun(x2™) 4 [ ae Jo %95 In(c, XT™)du,
0

where
F™C(t,z) = f(t,z2 — bymio) + Lemp0e0p + brcy — ae™ Js dsds In(ct).
By the definition of f we have for all ¢ € [0, +00[,z € R? and for all (7,¢) € & x €,
f(t,2) = g(t, z + bimpor) — bimrorBy + ae™ Jo bsds In(cy) — lier; Pas.
This implies that for all ¢ € [0, +oo[, 2 € R? and for all (7,c) € & x €,
F™C(t,z) > g(t,z) P-as.
F™¢ and g are both concave functions in 2z, and F™¢ satisfies (Al — A2), therefore, based
on Proposition 3.1, R®™¢ is g-supermartingale for all (m,¢) € & x €. Moreover, let (Y, Z)
be the unique solution of BSDE (5.12), c¢*¢€ arger};in(éc —ae Jo%dsn(¢)) and 7* €

arg min(¢mo — g(t, Z + ¢rwo)), then we have
Teol

dRY™ " = —g(t, 28 )t + 2™ < AW

So, the process R*™ ¢ is a g-martingale. This completes the proof of the theorem. O
6. Example
1
In this section, we suppose that h(z) = 3 |lz||?; V2 € R?, which matches the entropic penalty case.
1 1
Then, we have h*(z) = =||z||> and therefore g(w,t,z) = —ﬁefot Judu||2]|2, We also assume that

— [t Sudu
ae 0
7, )te[O,T] €%.

Proposition 6.1 The generator (5.13) is given by

the process (

1 .
fth2)= - %e‘f“ dudtt 4ist® (2 + Be™ Jo 2119 0ot o), + 20,

— [t5,du
+ éei fot 6uduH9t”2 + e fot Syudu ln(Ole 0 ,
2 ely
ae— J§ Sudu )
and the optimal strategy (7*,c*) satisfies ¢; = ———— and In*0 € oo (Z + fe Jo Sudug),

2
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— ft dsds
ae” Jo
Proof The function z — fz — ae™ Jo 9=ds In(x) reaches its minimum in — €%, and
t
we have
— [t Sudu Y}
ae” Jo e
ess inf(lre; — ae™ Jo 8sds In(ct)) = ae™ Jo 0:ds (1 —1In (7)) — e Jo sds <7f>
cEF et ae™ fo Sy du

Furthermore, V7 € &7, we have
bmioi0p — g (t, 2 + Lymoy)

1 ¢
= ﬁ@fo 6“(1“'”2 + ftﬂ'tO'tH2 + Eﬂrtoﬂt
1

efof 6udu||z + 66_ fof 5udu9t + ZtWtUtHQ — 20, — ée— fof 6udu||9t||2.
2/ 2
Thus,

ess inflymio00; — g (L, 2 + bymioy))
TeEA

1 ¢ t

_ ﬁ@f‘; Oy du eiseiz?f‘lz + ﬂe_ f(; 6udu9t +£t7rt0'tH2 — 26, — ge— Jo 5uduH9tH2
1 t .

= %efo Sudu Qigt?(z 4 Be~ Jo Oudvg 1ot o), — 20, — ge* Jo udu)ig, 2.

7. Conclusion

In this paper, we studied the robust utility maximization problem in the logarithmic utility
framework and in an incomplete market with general constraint. Using a nonlinear martingale,
we characterized the optimal strategies using a quadratic BSDE. Although our study is limited
to the case of logarithmic utility, it generalizes the work of Cheridito et al. [7] in the case of
robust utility maximization and Jiang et al. [4] in the case of a model with consumption and
general constraints.

References

[1] Von Neumann, J. and Morgenstern, O., Theory of Games and Economic Behavior: 60th Anniversary
Commemorative Edition, Princeton University Press, 2007.

[ 2] Maccheroni, F., Marinacci, M. and Rustichini, A., Ambiguity aversion, robustness, and the variational
representation of preferences, Econometrica, 2006, 74(6): 1447-98.

[ 3] Faidi, W., Matoussi, A. and Mnif, M., Optimal stochastic control problem under model uncertainty with
nonentropy penalty, International Journal of Theoretical and Applied Finance, 2017, 20(3): 1750015.

[ 4] Jiang, Y., Luo, P., Wang, L. and Xiong, D., Utility maximization under g-expectation, Stochastic Analysis and
Applications, 2016, 34(4): 644—661.

[5] Hu, Y., Imkeller, P. and Miiller, M., Utility maximization in incomplete markets, Annals of Applied Probability,
2005, 15(3): 1691-1712.

[ 6] Peng, S., Backward SDE and related g-expectation, Pitman Research Notes in Mathematics Series, 1997, 364:
141-160.

[ 7] Cheridito, P. and Hu, Y., Optimal consumption and investment in incomplete markets with general constraints,
Stochastics and Dynamics, 2011, 11(2-3): 283-299.

[ 8 ] Cheridito, P., Kupper, M. and Vogelpoth, N., Conditional analysis on R’, In: Hamel, A., Heyde, F., Lohne, A.,
Rudloff, B. and Schrage, C.(eds.), Set Optimization and Applications—The State of the Art, Springer, Berlin,


https://doi.org/10.1142/S0219024917500157
https://doi.org/10.1142/S0219024917500157
https://doi.org/10.1080/07362994.2016.1165121
https://doi.org/10.1080/07362994.2016.1165121
https://doi.org/10.1080/07362994.2016.1165121
https://doi.org/10.1080/07362994.2016.1165121
https://doi.org/10.1080/07362994.2016.1165121

364

Wahid Faidi

2015: 179-211.

[ 9 ] Biagini, S., An Orlicz spaces duality for utility maximization in incomplete markets, In: Dalang, R., Russo, F. and

[10]

[11]

Dozzi, M.(eds.), Seminar on Stochastic Analysis, Random Fields and Applications V, Birkhéuser, Basel, 2008:
445-455.

Herndndez-Herndndez, D. and Schied, A., Robust maximization of consumption with logarithmic utility, In: 2007
American Control Conference, IEEE, New York, 2007: 1120-1123.

Bordigoni, G., Matoussi, A. and Schweizer, M., A stochastic control approach to a robust utility maximization
problem, In: Benth, F. E., Di Nunno, G., Lindstrgm, T., @ksendal, B. and Zhang, T.(eds.), Stochastic Analysis
and Applications: The Abel Symposium 2005, Springer, Berlin, 2007: 125-151.

Follmer, H. and Gundel, A., Robust projections in the class of martingale measures, Illinois Journal of
Mathematics, 2006, 50(1—4): 439-72.

Quenez, M. C., Optimal portfolio in a multiple-priors model, In: Dalang, R. C., Dozzi, M., Russo, F.(eds.),
Seminar on Stochastic Analysis, Random Fields and Applications IV, Birkhduser, Basel, 2004: 291-321.

Schied, A., Optimal investments for risk- and ambiguity-averse preferences: A duality approach, Finance and
Stochastics, 2007, 11(1): 107-29.

Briand, P. and Hu, Y., Quadratic BSDEs with convex generators and unbounded terminal conditions, Probability
Theory and Related Fields, 2008, 141(3): 543-567.

Yong, J., Some estimates on exponentials of solutions to stochastic differential equations, International Journal of
Stochastic Analysis, 2004, 2004(4): 287-316.


https://doi.org/10.1155/S1048953304403049

	1 Introduction
	2 Formulation Problem
	3 g-Expectation
	4 Market Model
	5 Optimal Investment and Consumption Strategies
	6 Example
	7 Conclusion
	References

