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Abstract   The  study  investigates  the  necessary  maximum  principle  for  robust  optimal
control  problems  associated  with  quadratic  backward  stochastic  differential  equations
(BSDEs). The system coefficients depend on parameter  , while the generator of BSDEs
exhibits quadratic growth with respect to  . To address the uncertainty present in the model,
the variational inequality is derived using weak convergence techniques. Additionally, due
to  the  generator  being  quadratic  with  respect  to  ,  the  forward  adjoint  equations  are
stochastic  differential  equations  with  unbounded  coefficients,  involving  mean  oscillation
martingales.  By  using  the  reverse  Hölder  inequality  and  John−Nirenberg  inequality,  we
demonstrate that the solutions are continuous with respect to parameter  . Moreover, the
necessary  and  sufficient  conditions  for  robust  optimal  control  are  established  using  the
linearization method.
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1.  Introduction

The  stochastic  maximum  principle,  specifically  the  necessary  condition  for  optimality,  is  an
important  approach  for  studying  stochastic  optimal  control  problems.  Peng  [28]  first  proved  a
global maximum principle for classical stochastic control systems in 1990. Since then, this topic
has  been  extensively  explored  across  various  stochastic  systems.  Notable  contributions  include
the  work  of  Fuhrman,  Hu,  and  Tessitore  [10]  on  infinite-dimensional  dynamics,  Buckdahn,  Li,
and Ma [4]  on mean-field  control  systems,  and Hu,  Ji,  and Xue [17]  on fully  coupled forward-
backward  stochastic  control  systems.  The  maximum  principle  for  stochastic  recursive  optimal
control problems has also garnered substantial attention. Peng [29] introduced a local maximum
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principle in 1993 for cases with convex control domains and diffusion coefficients dependent on
control. Ji and Zhou [23] investigated a local maximum principle for stochastic optimal control
with  terminal  state  constraints.  Xu  [34]  established  a  stochastic  maximum  principle  for
nonconvex  control  domains  where  diffusion  coefficients  are  independent  of  control.  Further
developments include Hu and Ji’s [15] studies of the stochastic maximum principle for stochastic
recursive optimal control problems under volatility ambiguity. Notably, Hu [14] resolved Peng’s
open problem in 2017 by deriving a global stochastic maximum principle.

z

The motivation for  this  paper  arises  from scenarios  where  model  uncertainty exists,  and the
generator of  BSDEs exhibits  quadratic  growth in  .  The study focuses on the control  problem
within  such  frameworks.  Section  2  introduces  two  examples  to  illustrate  the  relevance  of  the
concerned model.  These examples  are  derived from risk-sensitive  control  problems and optimal
strategy problems for large investors.

θ ∈ Θ

Θ Ξ V

Rk

Inspired  by  the  two  examples  in  Section  2,  this  paper  examines  a  robust  optimal  control
problem with quadratic  growth.  We assume that    represents  different  market  conditions,
where   is defined as a locally compact Polish space with distance  . We also assume that   is
a given nonempty convex subset of  . The following forward-backward control system is then
investigated:

Xv
θ (t) = x+

∫ t

0

bθ(s,X
v
θ (s),E[Xv

θ (s)], v(s))ds+
∫ t

0

σθ(s,X
v
θ (s), v(s))dW (s), t ∈ [0, T ],

Y v
θ (t) = Φθ(X

v
θ (T ),E[Xv

θ (T )]) +

∫ T

t

fθ(s,X
v
θ (s),E[Xv

θ (s)], Y
v
θ (s), Z

v
θ (s), v(s))ds

−
∫ T

t

(Zv
θ (s))

⊤dW (s),

(1.1)

bθ : [0, T ]× Rn × Rn × V → Rn, σθ : [0, T ]× Rn × V → Rn×d, fθ : [0, T ]× Rn × Rn × R×
Rd × V → R, Φθ : Rn × Rn → R fθ z

v(·) V bθ, σθ, fθ,Φθ

where   
. The function   is of quadratic growth with respect to  . The

control process   takes values in  . The precise assumptions on   are detailed in
Assumption 1. To obtain a general result, we assume a forward stochastic differential equation
(SDE) of mean-field type and consider the following cost functional:

J(v(·)) = sup
Q∈Q

∫
Θ

E
[
ϕθ(X

v
θ (T )) + γθ(Y

v
θ (0))

]
Q(dθ).

ϕθ γθ
J(v(·)) Vad

The  assumptions  regarding    and    are  presented  in  Assumption  2.  The  robust  optimal
control problem with quadratic growth aims to minimize the cost function   over   (see
Definition 3.1 and (3.3)).  The objective of this study is to provide the necessary and sufficient
conditions for achieving optimal control.

g z

ξ

The  solvability  of  BSDEs  with  quadratic  growth  has  been  intensively  investigated  over  the
past 20 years. For example, in 2000, Kobylanski [25] examined the existence and uniqueness of one-
dimensional  BSDEs  with  generator    exhibiting  quadratic  growth  in    and  bounded  terminal
values  .  Briand  and  Hu  [2,  3]  established  the  existence  and  uniqueness  of  one-dimensional
BSDEs  with  quadratic  growth  even  when  the  terminal  values  are  unbounded.  For  the
multidimensional case, Hu and Tang [21] and Xing and Zitkovic [33] investigated scenarios with
bounded  terminal  values,  while  Fan,  Hu,  and  Tang  [8]  tackled  the  more  complex
multidimensional  case  with  unbounded  terminal  values.  Further  advancements  in  concerning
quadratic BSDEs have been documented in recent works, including those by Fan, Hu, and Tang
[9], Hu, Li, and Wen [20], Hu, Wen, and Xiong [22], and Hao, Hu, Tang, and Wen [12], Hao, Wen,
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and  Xiong  [13].  Significant  progress  has  also  been  achieved  in  stochastic  optimal  control
problems  involving  quadratic  BSDEs.  For  instance,  Lim  and  Zhou  [26]  demonstrated  their
relevance  in  risk-sensitive  control  problems  by  incorporating  a  risk-sensitive  parameter.  Other
notable applications include exponential utility maximization problems as explored by [6, 19, 27,
30−32].
Since  the  generator  exhibits  quadratic  growth  and  the  model  is  uncertain,  the  present  work

encounters three primary challenges:

(i) f z

p ∈ (1 ∨ 2p−1
∂zfθ

, 2)

  The quadratic growth of   in   leads to variational equations that take the form of linear
BSDEs  with  stochastic  unbounded  Lipschitz  coefficients  involving  BMO-martingales.  The
existing  results  for  BSDEs  with  bounded  Lipschitz  coefficients  (such  as  those  provided  by  Hu
and Wang [18, Lemma 3.2]) are not applicable in this context. To obtain the maximum principle,
we prove a new estimate (Proposition 4.5), i.e., for  ,

lim
λ→0

sup
θ∈Θ

E
[

sup
0⩽t⩽T

Γθ(t)|δY λ
θ (t)|p+

(∫ T

0

(Γθ(t))
2
p |δZλ

θ (t)|2dt
) p

2
]
= 0,

Γθ(t) := E
(∫ t

0
∂zfθ(s)

⊤dW (s)
)
, t ∈ [0, T ].where 

(ii)

θ 1 < p < (p∂zfθ ∧ p(∂zfθ̃−∂zfθ))

  The forward adjoint equations are linear SDEs with stochastic unbounded coefficients. We
establish the wellposedness of such equations, building upon the foundational work of Gal’chuk
[11]. The continuity of its solutions to  , i.e., for  ,

lim
ϵ→0

sup
Ξ(θ,θ̃)⩽ϵ

E
[

sup
t∈[0,T ]

|pθ(t)− pθ̃(t)|
p

]
= 0

Λθ(·) F-progressively
is  proved  by  the  theory  of  BMO-martingales  (Lemma  5.2),  which  is  necessary  to  prove  that

 defined by (5.11) is   measurable.

(iii)  Given that we address robust optimal control problems, where the cost functional is
defined  as  a  supremum  over  a  set  of  probability  measures,  the  classical  convex  variational
method proves inadequate. To tackle this, we adopt the weak convergence technique to establish
the variational inequality.

f z

Lp-solutions
θ

θ

Compared to the existing literature, our paper makes the following kehy contributions. First,
our model incorporates uncertainty, and generator   exhibits quadratic growth with respect to  .
Unlike  classical  optimal  control  problems,  we  address  robust  optimal  control  problems  under
these  conditions.  A new and nontrivial  estimate  is  established (Proposition 4.5),  extending the
results of Hu and Wang [18] from the Lipschitz case to the quadratic case. Second, we establish
the  existence  and  uniqueness  of    for  linear  SDEs  with  stochastic  unbounded
coefficients and prove the continuity of its solutions to   using the reverse Hölder inequality and
John–Nirenberg inequality. In addition, we extend this analysis to linear BSDEs with stochastic
unbounded  coefficients,  proving  the  continuity  of  their  solutions  with  respect  to  .  Third,
considering the uncertainty inherent in the model,  we derive the necessary maximum principle
using a combination of the linearization technique and weak convergence method. Under certain
convexity  assumptions,  we  also  prove  the  sufficient  maximum  principle  by  employing  Sion’s
minimax theorem.
The  paper  is  structured  as  follows.  Section  2  presents  two  examples  to  illustrate  the

motivations behind this work. The problem formulation is detailed in Section 3. Section 4 focuses
on proving the variational inequality. Section 5 discusses the necessary and sufficient maximum
principles. 
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2.  Two examples

This  section  presents  two  examples  to  illustrate  the  applications  of  robust  optimal  control
problems for quadratic BSDEs.

A B

θ = 1

A B θ ∈ Θ = {1, 2}
Q = {Qλ : λ ∈ [0, 1]}, Qλ Qλ({1}) = λ, Qλ({2}) = 1− λ.

N -individual

Example 2.1  (Risk-sensitive control) We assume that a market can be broadly classified into
two states,   and   (for example, a share market being either a bull market or a bear market).
These states are associated with different coefficients in two states. We denote the states by 
and 2, representing state   and state   , respectively, which can be characterized as  .
Let   where    is the probability such that 

For simplicity,  we only consider the 1-dimensional  case.  Suppose that  there exist 
agents in a system. The state process of the i-th agent is described by

dXi,v
θ (t) = biθ(t,X

i,v
θ (t),

1

N

N∑
j=1

Xj,v
θ (t), v(t))dt+ σi

θ(t,X
i,v
θ (t), v(t))dW i(t),

Xi,v
θ (t) = x0,

(2.1)

W i, i = 1, 2, · · · , N
v(·) Vad

i-th

where  are independent copies of a 1-dimensional standard Brownian motion
W;  and  denotes  the  control  process.  represents  the  set  of  admissible  controls  (see
Definition 3.1). The robust objective functional of the  agent is

J i(v(·)) = sup
λ∈[0,1]

{
λY i,v

1 + (1− λ)Y i,v
2

}
= sup

Qλ∈Q

∫
Θ

Y i,v
θ Qλ(dθ), (2.2)

(Y i,v
θ , Zi,v

θ )where  is the solution of the following BSDE with quadratic generator (see El Karoui

and Hamadène [7]) 
dY i,v

θ (t) = −κ

2
|Zi,v

θ (t)|2dt+ Zi,v
θ (t)dW i(t),

Y i,v
θ (T ) = Φi

θ(X
i,v
θ (T ),

1

N

N∑
j=1

Xj,v
θ (T )).

(2.3)

κParameter  is called a risk-sensitive parameter. The i-th agent wants to minimize their objective
functional.  The  above  problem is  considered  a  risk-sensitive  robust  optimal  control  problem for
particle systems.

biθ = bθ, σ
i
θ = σθ,Φ

i
θ = Φθ.

N→∞
Now, we assume that the game is symmetric. In other words, let  As

 in (2.1) and (2.3), from the strong law of large numbers, we obtain the following FBSDE:
dXv

θ (t) = bθ(t,X
v
θ (t),E[Xv

θ (t)], v(t))dt+ σθ(t,X
v
θ (t), v(t))dW (t),

dY v
θ (t) = −κ

2
|Zv

θ (t)|2dt+ Zv
θ (t)dW (t),

Xv
θ (t) = x0, Y v

θ (T ) = Φθ(X
v
θ (T ),E[Xv

θ (T )]),

J(v(·)) = sup
Qλ∈Q

∫
Θ
Y v
θ (0)Q

λ(dθ).and,  meanwhile,  the  cost  functional  becomes  Consequently,  the

control problem can be written as follows:

v̄(·)Problem R　Find an optimal control  such that

J(v̄(·)) = inf
v(·)∈Vad

J(v(·)) = inf
v(·)∈Vad

sup
Qλ∈Q

∫
Θ

Y v
θ (0)Q

λ(dθ).
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K ⊂ R
N

Sj(t), j = 0, 1

Example  2.2　 (Optimal  strategy  for  large  investor)  Let    be  a  closed  convex  cone.
Assume that  there are    investors in a market  and the market  consists  of  a bond and a stock
whose prices denoted by   are governed by the following ODE and SDE:

dS0(t) = S0(t)

[
r(t) + f i

0

(
t, xi,π(t),

1

N

N∑
j=1

xj,π(t), π(t)

)]
dt,

dS1(t) = S1(t)

[(
µ(t)− f i

1(t, x
i,π(t),

1

N

N∑
j=1

xj,π(t), π(t)

)
dt+ σdW (t)

]
,

(r, µ) : Ω×[0, T ]→R×R σ

(r, µ) {Ft}t⩾0-adapted σ ̸= 0 W

i = 1, 2, · · ·, N f i
ℓ , ℓ = 0, 1 : [0, T ]×R+×R+×R→R

where  are  the  interest  rate  and  return  rate,  respectively;  is  the
volatility of stock;  are  and uniformly bounded processes and ;  is
a  1-dimensional  Brownian  motion;  for  each , 
are two given functions representing the effect of the strategies chosen by the investors on the prices.

i-th πi(t) t

i-th xi
0

The  investor aims to allocate  toward stock investment at time , with the remainder
of  their  assets  being  invested  in  bonds.  Operating  under  a  self-financed  portfolio  regine,  the
wealth process of the  investor, starting with an initial wealth , satisfies the following wealth
equation:

dxi,π(t) =

(
r(t)xi,π(t) + (xi,π(t)− πi(t))f i

0

(
t, xi,π(t),

1

N

N∑
j=1

xj,π(t), π(t)

)

+ πi(t)

[
µ(t)−r(t)+f i

1

(
t, xi,π(t),

1

N

N∑
j=1

xj,π(t), π(t)

)])
dt+ πi(t)σdW (t), t ∈ [0, T ],

xi,π(0) = xi
0.

i = 1, 2, · · ·, N γi > 0 CiFor ,  we  assume that  represents  a  given parameter  and  denotes  the
consumption at time T for the i-investor. We consider the following cost functional

J i(π) =
1

γi
lnE

[
exp[−γi(xi,π(T )− Ci)]

]
.

π K t ∈ [0, T ] E
[∫ T

0
|π(t)|2dt

]
< ∞.

K
K N→∞ N

π = πi, x0 = xi
0, γ = γi, f0 = f i

0, f1 = f i
1 C = Ci

A strategy  taking values in  is called admissible if for any , 

By  we denote the set of all  admissible strategies. The i-th investor intends to minimize their
cost  functional  over .  Next,  we  consider  and  the  asymptotic  behavior  of  investors.
For simplicity, we set  and . This optimal strategy
problem can be summarized as follows:

π̄(·)Problem O　Find an optimal strategy  such that

J(π̄(·)) = inf
π(·)∈K

1

γ
lnE

[
exp[−γ(xπ(T )− C)]

]
,

subject to a mean-field SDE
dxπ(t) =

(
r(t)xπ(t) + (xπ(t)− π(t))f0(t, x

π(t),E[xπ(t)], π(t))

+ π(t)[µ(t)− r(t) + f1(t, x
π(t),E[xπ(t)], π(t))]

)
dt+ π(t)σdW (t), t ∈ [0, T ],

xπ(0) = x0.

To illustrate our problem concisely, we set

f0(t, x
π(t),E[xπ(t)], π(t)) := α(t), f1(t, x

π(t),E[xπ(t)], π(t)) := β(t).
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α(·) β(·)
Λ T

1 T R-valued Γ

Λ

Here  and  are two bounded functions. To determine the forward value of a portfolio, we
consider a zero-coupon bond  with a maturity of . The financial asset generates a cash flow of
 at time . Specifically, there is an  progressively measurable process , such that the

zero-coupon price  satisfies BSDEdΛ(t) = Λ(t)
[(

r(t) + Γ(t)(µ(t)− r(t) + β(t)− α(t))
)
dt+ Γ(t)σdW (t)

]
, t ∈ [0, T ],

Λ(T ) = 1.

Γ {Ft}t⩾0-adapted
(t, ω) ∈ [0, T ]×Ω.

Here,  for  simplicity,  we  assume  that  is  and  uniformly  bounded  for  any
 According to Rouge and El Karoui [30, Theorem 2.1], one can see

J(π̄) = inf
π(·)∈K

1

γ
lnE

[
exp[−γ(xπ(T )− C)]

]
= − x0

Λ(0)
+ sup

v(·)∈V
Y v(0), (2.4)

(Y v, Zv)where  satisfies BSDE
dY v(t) = −

(
− 1

2γ
|δ(t) + Πσ−1K̃(−δ(t)− γZv(t))|2 − (δ(t) + Πσ−1K̃(−δ(t)− γZv(t)))Zv(t)

)
dt

+ Zv(t)dW (t), t ∈ [0, T ],

Y v(T ) = C.

(2.5)

δ(t) = σ−1(µ(t)− r(t) + β(t)− α(t)− σ2Γ(t)) K̃ = {x ∈ R| sup
π∈K

(−πx) < ∞} Πσ−1K̃(u)

u ∈ R σ−1K̃ V≜{v : Ω×[0, T ]→σ−1K̃| v is {Ft}t⩾0-adapted and

bounded}. |Πσ−1K̃(u)| ⩽ |u|, ∀u ∈ R L > 0

L(1 + |Zv(t)|2)

Here ; ;  is

the projection  of  on ;  and 

 Since  for ,  there  exists  a  constant  such  that  the
generator of (2.5) is dominated by .

γ C θ

θ θ ∈ Θ

Θ R

The  cost  functional  (2.4)  indicates  that  solving  an  optimal  strategy  problem  is  equivalent  to
solving an optimal control problem of BSDE, whose generator is dominated by a quadratic generator.
Building  on  this,  a  natural  question  arises:  if  and  depend  on  a  parameter  and  are
continuous  in ,  how can we characterize  the  equivalent  optimal  control  problem,  where 
represents the different market states and  is a closed set of . Actually, in this case, we need
to consider the following cost functional:

Ĵ(v(·)) := sup
Q∈Q

∫
Θ

Y v
θ (0)Q(dθ),

Q (Θ,B(Θ)) (Y v
θ , Z

v
θ )where  is  a  weakly  compact  and  convex  set  of  probability  measures  on ; 

satisfies the following BSDE:
dY v

θ (t) = −
(
− 1

2γθ
|δ(t) + Πσ−1K̃(−δ(t)− γθZ

v(t))|2−(δ(t)+Πσ−1K̃(−δ(t)− γθZ
v(t)))Zv(t)

)
dt

+ Zv
θ (t)dW (t), t ∈ [0, T ],

Y v
θ (T ) = Cθ.

(2.6)

L(1 + |Zv
θ (t)|2) L

θ

Similarly to (2.5), the generator of (2.6) is dominated by , where  is a constant
independent  of .  Consequently,  the  corresponding  optimal  control  problem  is  formulated  as
follows:

v̄(·)Problem S　Find an optimal control  such that

Ĵ(v̄(·)) = sup
v(·)∈V

sup
Q∈Q

∫
Θ

Y v
θ (0)Q(dθ).
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3.  Problem formulation
 

3.1  Some properties for BMO-martingales

N R+

⊤ M =

(Mt,Ft) M0 = 0 p ⩾ 1

Denote by   the set of all  natural numbers and by   the set of all  positive real numbers,
respectively.  Let  the  superscript    denote  the  transpose  of  vectors  or  matrices.  Let 

 be a uniformly integrable martingale with  . For  , we define

∥M∥BMOp(P) := sup
τ

∥∥∥∥Eτ

[
(⟨M⟩∞ − ⟨M⟩τ )

p
2

] 1
p

∥∥∥∥
∞
,

τ [0, T ] Eτ [·] = E[·|Fτ ]{
M : ∥M∥BMOp(P) < ∞

}
BMOp(P) BMOp(P)

∥·∥BMOp(P) BMO2(P) BMO

where   is a stopping time on   and   is the conditional expectation. The class
 is denoted by  . Note that   is a Banach space under

the norm  . For simplicity,   is written as  .
BMO-martingales.Next, we list some properties for   For more details, the reader can refer to

Kazamaki [24].
E(M) M

E(Mt) = exp{Mt − 1
2 ⟨M⟩t} t ∈ [0, T ] M ∈ BMO E(M)

● Denote  by    the  Doléans–Dade  exponential  of  a  continuous  local  martingale  ,  i.e.,
,  for  any  .  If  ,  then    is  a  uniformly

integrable martingale.
Ψ (1,∞)● Let   be the monotonically decreasing function defined on   by

Ψ(p) =

(
1 + p−2 ln

2p− 1

2(p− 1)

) 1
2

− 1,

Ψ(+∞) := limx→+∞ Ψ(x) = 0 M ∈ BMO pM
Ψ(pM ) = ∥M∥BMO pM = +∞ ∥M∥BMO = 0 pM

and  then  .  For  ,  we  can  find  a  positive  constant 
which  satisfies  .  In  particular,  set    if  .  Then,    is
uniquely determined.

p ∈ (1, pM ) τ ∈ [0, T ]● The reverse Hölder inequality: If  , for any stopping time  ,

E
[
(E(MT ))

p/(E(Mτ ))
p|Fτ

]
⩽ K(p, ||M ||BMO), a.s.,

where

K(p, ||M ||BMO) = 2

(
1− 2p− 2

2p− 1
exp

{
p2
[
||M ||2BMO + 2||M ||BMO

]})−1

.

M ∈ BMO θ ∈ (0, ∥M∥−2
BMO),

τ ∈ [0, T ]

●  John–Nirenberg  inequality:  For  ,  if    for  any  stopping  time
,

E
[
exp

{
θ(⟨M⟩T − ⟨M⟩τ )

}∣∣∣Fτ

]
⩽
(
1− θ∥M∥2BMO

)−1
, a.s.

p∗M pM (pM )−1 + (p∗M )−1 = 1● By  , we denote the conjugate exponent of  , i.e.,  .

p ⩾ 1 t ∈ [0, T ] FFor any  ,   and a filtration  , we introduce some useful spaces:

Sp
F(t, T ;R

m) =

{
φ : Ω× [t, T ] → Rm

∣∣∣φ is F-adapted, continuous,

∥φ∥Sp
F (t,T )≜

{
E
(

sup
s∈[t,T ]

∣∣∣φs|p
)} 1

p

< ∞
}
,

S∞
F (t, T ;Rm) =

{
φ : Ω× [t, T ] → Rm

∣∣∣φ is F-adapted, continuous,

∥φ∥S∞
F (t,T )≜ esssup

(s,ω)∈[t,T ]×Ω

|φs(ω)| < ∞
}
,
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H2,p
F (t, T ;Rm) =

{
φ : Ω× [t, T ] → Rm

∣∣∣φ is F-progressively measurable,

∥φ∥H2,p
F (t,T )≜E

[(∫ T

t

|φs|2ds

) p
2
] 1

p

< ∞

}
.

 

3.2  Formulate optimal control problem

In this subsection, we formulate the optimal control problem. To this end, we first introduce
the set of admissible controls.

F-adapted v V ⊂ Rk

ℓ > 0 E[
∫ T

0
|v(t)|ℓdt] < ∞. Vad

Definition 3.1  An   process   taking values in   is called an admissible control,

if for any  ,     denotes the set of all admissible controls.

bθ, σθ, fθ,ΦθThe following assumptions on coefficients   are forced.

C0 > 0 θ t ∈ [0, T ]
x1, x2, x

′
1, x

′
2 ∈ Rn, v, v′ ∈ V,

Assumption  1  (i) There  exists  a  constant  independent  of  such  that,  for ,

|bθ(t, 0, 0, v)|+ |σθ(t, 0, v)| ⩽ C0(1 + |v|),
|bθ(t, x1, x

′
1, v)− bθ(t, x2, x

′
2, v

′)| ⩽ C0(|x1 − x2|+ |x′
1 − x′

2|+ |v − v′|),
|σθ(t, x1, v)− σθ(t, x2, v

′)| ⩽ C0(|x1 − x2|+ |v − v′|),

bθ, σθ (x, x′, v) (x, v) ∂xbθ, ∂x′bθ, ∂vbθ, ∂xσθ,

∂vσθ (x, x′, v)

  is continuously differentiable in  and , respectively; 
 are Lipschitz continuous in .

Φθ, ∂xΦθ, ∂x′Φθ (x, x′)(ii)   are continuous in  and bounded.

f (x, x′, y, z, v) ∂xfθ, ∂x′fθ, ∂yfθ, ∂zfθ, ∂vfθ

(x, x′, y, z, v) C1 > 0 θ

t ∈ [0, T ] x1, x2, x
′
1, x

′
2 ∈ Rn, y1, y2 ∈ R, z1, z2 ∈ Rd, v ∈ V,

(iii)   is continuously differentiable in ;  are Lipschitz
continuous  in ;  there  exists  a  constant  independent  of  such  that,  for

, 

|fθ(t, x1, x
′
1, 0, 0, v)| ⩽ C1,

|fθ(t, x1, x
′
1, y1, z1, v)− fθ(t, x2, x

′
2, y2, z2, v)|

⩽ C1(|x1 − x2|+ |x′
1 − x′

2|+ |y1 − y2|) + C1(1 + |z1|+ |z2|)|z1 − z2|,

|∂vfθ(t, x1, x
′
1, y1, z1, v)| ⩽ C1.

C2 > 0 θ t ∈ [0, T ] θ, θ̄ ∈ Θ
x1, x

′
1 ∈ Rn, y1 ∈ R, z1 ∈ Rd, v ∈ V,

(iv) There  exists  a  constant  independent  of  such  that,  for  any , ,

|φθ(t, x1, x
′
1, y1, z1, v)− φθ̄(t, x1, x

′
1, y1, z1, v)| ⩽ C2Ξ(θ, θ̄),

φθ bθ, σθ, fθ,Φθwhere  is  and their derivatives w.r.t. their respective variables.

Q (Θ,B(Θ))(v)   is a weakly compact and convex set of probability measures on .

(Y v
θ , Z

v
θ ).

According  to  Briand  and  Hu  [3,  Proposition  3],  and  Hu  and  Tang  [21,  Lemma  2.1],  we
establish the existence and uniqueness of 

v(·) ∈ Vad p > 1

(Xv
θ , Y

v
θ , Z

v
θ ) ∈ Sp

F(0, T ;Rn)×S∞
F (0, T ;R)×H2,p

F (0, T ;Rd)

Theorem 3.2  Under Assumption 1, for any   and   , equation (1.1) has a unique
solution  .  Moreover,  the  following

estimates hold:
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(i) ∥Xv
θ ∥

p
Sp
F (0,T )

⩽ C

{
|x|p + E

[(∫ T

0

|bθ(s, 0, 0, v(s))|ds
)p]

+

{
E
[(∫ T

0

|σθ(s, 0, v(s))|2ds
) p

2
]}

,

(ii) ∥Y v
θ ∥S∞

F (0,T ) ⩽ M1 and ∥Zv
θ ·W∥BMO ⩽ M2,

(3.1)

C C0, p, T M1,M2 C0, C1, T, ∥Φ∥∞where constant  depends on , and constants  depend on .

CIn the rest of this paper, we use   to represent a generic constant that only depends on the
given parameters and could vary from line to line.

(Xv
θ , Y

v
θ , Z

v
θ ) θThe continuity of   concerning   is proved in the following proposition.

v(·) ∈ Vad p > 1 q > p∗∂zfθ
Proposition 3.3  Under Assumption 1, for any  ,   and  ,

lim
ϵ→0

sup
Ξ(θ,θ̃)⩽ϵ

E
[

sup
0⩽t⩽T

|Xv
θ (t)−Xv

θ̃
(t)|p

]
= 0,(i) 

lim
ϵ→0

sup
Ξ(θ,θ̃)⩽ϵ

E
[

sup
0⩽t⩽T

|Y v
θ (t)− Y v

θ̃
(t)|q +

(∫ T

0

|Zv
θ (t)− Zv

θ̃
(t)|2dt

) q
2
]
= 0.(ii) 

(i) ∆X(s) = Xv
θ (s)−Xv

θ̃
(s), h = b, σ,Proof  As for  , denote   and for 

∆h(s) := hθ(s,X
v
θ (s),E[Xv

θ (s)], v(s))− hθ̃(s,X
v
θ (s),E[Xv

θ (s)], v(s)).

Then it follows that

∆X(t) =

∫ t

0

(∆b(s) + bθ̃(s,X
v
θ̃
(s) + ∆X(s),E[Xv

θ̃
(s)] + E[∆X(s)], v(s))

− bθ̃(s,X
v
θ̃
(s),E[Xv

θ̃
(s)], v(s)))ds

+

∫ t

0

(
∆σ(s) + σθ̃(s,X

v
θ̃
(s) + ∆X(s), v(s))− σθ̃(s,X

v
θ̃
(s), v(s))

)
dW (s).

p > 1Thanks to Theorem 3.2, it yields, for  ,

E
[

sup
t∈[0,T ]

|∆X(t)|p
]
⩽ CE

[(∫ T

0

|∆b(s)|ds
)p

+

(∫ T

0

|∆σ(s)|2ds
) p

2

]
⩽ CΞ(θ, θ̃)p.

(ii)Then we turn to  . For simplicity, we denote:

∆Y (s) = Y v
θ (s)− Y v

θ̃
(s), ∆Z(s) = Zv

θ (s)− Zv
θ̃
(s),

∆Φ(T ) = Φθ(X
v
θ̃
(T ),E[Xv

θ̃
(T )])− Φθ̃(X

v
θ̃
(T ),E[Xv

θ̃
(T )]),

∆f(s) = fθ(s,X
v
θ̃
(s),E[Xv

θ̃
(s)], Y v

θ̃
(s), Zv

θ̃
(s), v(s))− fθ̃(s,X

v
θ̃
(s),E[Xv

θ̃
(s)], Y v

θ̃
(s), Zv

θ̃
(s), v(s)).

Then

∆Y (t) = ∆Φ(T ) + Φθ(X
v
θ (T ),E[Xv

θ (T )])− Φθ(X
v
θ̃
(T ),E[Xv

θ̃
(T )])

+

∫ T

t

(∆f(s) + fθ(s,X
v
θ (s),E[Xv

θ (s)], Y
v
θ̃
(s) + ∆Y (s), Zv

θ̃
(s) + ∆Z(s), v(s))

− fθ(s,X
v
θ̃
(s),E[Xv

θ̃
(s)], Y v

θ̃
(s), Zv

θ̃
(s), v(s)))ds

−
∫ T

t

∆Z(s)dW (s), t ∈ [0, T ].

q > p∗∂zfθ
According to Briand and Confortola [1, Corollary 9], we know, for any  ,
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E

[
sup

t∈[0,T ]

|∆Y (t)|q+
(∫ T

0

|∆Z(t)|2dt
) q

2

]

⩽ C

(
E
[
|∆Φ(T )|q+1 + |∆X(T )|q+1 + |E[∆X(T )]|q+1

]
+ E

[ ∫ T

0

(|∆f(t)|+ |fθ(t,Xv
θ (t),E[Xv

θ (t)], Y
v
θ̃
(t), Zv

θ̃
(t), v(t))

− fθ(t,X
v
θ̃
(t),E[Xv

θ̃
(t)], Y v

θ̃
(t), Zv

θ̃
(t), v(t))|)q+1dt

]) q
q+1

.

q > p∗∂zfθ
Hence, from (i), we derive, for  ,

E

[
sup

t∈[0,T ]

|∆Y (t)|q+
(∫ T

0

|∆Z(t)|2dt
) q

2

]
⩽ CΞ(θ, θ̃)q.

This completes the proof. □
ϕθ : Rn→R

γθ : R→R
To  introduce  the  cost  functional,  the  following  assumption  for  mappings    and

 are needed:

ϕθ γθAssumption 2  (i)    and  are continuously differentiable in their  respective variables and
bounded.

L1 x, x′ ∈ R θ ∈ Θ(ii) There exists a positive constant  such that, for  ,  ,

|ϕθ(x)− ϕθ(x
′)| ⩽ L1(1 + |x|+ |x′|)|x− x′|, |∂xϕθ(x)− ∂xϕθ(x

′)| ⩽ L1|x− x′|.
γθ ∂yγθ y θ(iii)   and its derivative  are Lipschitz continuous to  uniformly in  and bounded.

L2 x ∈ Rn θ, θ′ ∈ Θ(iv) There exists a positive constant  such that, for  ,  ,

|hθ(x)− hθ′(x)| ⩽ L2Ξ(θ, θ
′),

h ϕ, γwhere  denotes  and their derivatives w.r.t. their respective variables.

Since the control system (1.1) is model uncertainty, we consider the robust cost functional

J(v(·)) = sup
Q∈Q

∫
Θ

E
[
ϕθ(X

v
θ (T )) + γθ(Y

v
θ (0))

]
Q(dθ). (3.2)

The optimal control problem is:

v̄(·)Problem (PQU)　We identify an optimal control   such that

J(v̄(·)) = inf
v(·)∈Vad

J(v(·)), (3.3)

subject to (1.1) and (3.2).

The control problem described above will remain the focus for the rest of this paper. We aim
to establish the necessary and sufficient conditions for achieving optimal control. 

4.  Variational inequality

In this section, we investigate the variational equations and variational inequality, which are
essential materials to study the stochastic maximum principle.

v̄(·) (X̄θ, Ȳθ, Z̄θ)

Vad v(·) ∈ Vad 0 < λ < 1 vλ(·) := v̄(·) + λ(v(·)−
v̄(·)) ∈ Vad (Xλ

θ , Y
λ
θ , Zλ

θ ) vλ(·)

Let   be an optimal control and   be the corresponding state processes of (1.1).
Notably,    is  convex;  therefore,  for  any    and  , 

.  By    we  denote  the  corresponding  trajectories  of  (1.1)  with    for
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θ ∈ Θeach  . To avoid heavy notation, we set

bθ(t) = bθ(t, X̄θ(t),E[X̄θ(t)], v̄(t)),

fθ(t) = fθ(t, X̄θ(t),E[X̄θ(t)], Ȳθ(t), Z̄θ(t), v̄(t)),

σθ(t), ∂xbθ(t), ∂x′bθ(t), ∂vbθ(t), ∂xσθ(t), ∂x′σθ(t), ∂vσθ(t), ∂xfθ(t), ∂x′fθ(t), ∂yfθ(t), ∂zfθ(t), ∂vfθ(t)

can be set similarly. 

4.1  Variational equation

[0, T ] θ ∈ ΘConsider the following variational SDE on  : for each  ,

dX1
θ (t) =

(
∂xbθ(t)X

1
θ (t) + ∂x′bθ(t)E[X1

θ (t)] + ∂vbθ(t)(v(t)− v̄(t))
)
dt

+

d∑
i=1

(
∂xσ

i
θ(t)X

1
θ (t) + ∂vσ

i
θ(t)(v(t)− v̄(t))

)
dW i(t),

X1
θ (0) = 0.

(4.1)

∂xbθ(t), ∂x′bθ(t), ∂ubθ(t),

∂xσθ(t), ∂x′σθ(t), ∂uσθ(t)

X1
θ ∈ Sp

F(0, T ;Rn) p > 1. p > 1

The  equation  (4.1)  is  a  linear  mean-field  SDE.  Since  the  coefficients 
  are  bounded,  according  to  Theorem  3.2,  SDE  (4.1)  has  a  unique

solution   for   Furthermore, we have, for  ,

E
[
sup

0⩽t⩽T
|X1

θ (t)|p
]
⩽ C

{
E
[ ∫ T

0

(|v(t)|p + |v̄(t)|p)dt
]
+
(
E
∫ T

0

|v(t)|2dt
) p

2

+
(
E
∫ T

0

|v̄(t)|2dt
) p

2
}
.

(4.2)

X1
θ θThe following lemma shows that   is continuous in  .

p > 1Proposition 4.1  Under Assumption 1, we have for  ,

lim
ϵ→0

sup
Ξ(θ,θ̃)⩽ϵ

E
[

sup
0⩽t⩽T

|X1
θ (t)−X1

θ̃
(t)|p

]
= 0.

Proof  Notice

d
(
X1

θ (t)−X1
θ̃
(t)
)
= ∂xbθ(t)(X

1
θ (t)−X1

θ̃
(t)) + ∂x′bθ(t)E[X1

θ (t)−X1
θ̃
(t)] + I1,θ,θ̃(t)dt

+

d∑
i=1

(
∂xσ

i
θ(t)(X

1
θ (t)−X1

θ̃
(t)) + Ii

2,θ,θ̃
(t)
)
dW i(t),

X1
θ (t)−X1

θ̃
(t) = 0,

where

I1,θ,θ̃(t) =
(
∂xbθ(t)− ∂xbθ̃(t)

)
X1

θ̃
(t) +

(
∂x′bθ(t)− ∂x′bθ̃(t)

)
E[X1

θ̃
(t)]

+
(
∂vbθ(t)− ∂vbθ̃(t)

)
(v(t)− v̄(t)) ,

Ii
2,θ,θ̃

(t) =
(
∂xσ

i
θ(t)− ∂xσ

i
θ̃
(t)
)
X1

θ̃
(t) +

(
∂vσ

i
θ(t)− ∂vσ

i
θ̃
(t)
)
(v(t)− v̄(t)) .

Then,  we  can  prove  Proposition  4.1  by  Theorem  3.2  and  Buckholder-Davis-Gundy  inequality,
following a standard proof. □

δXλ
θ (t) =

1
λ (X

λ
θ (t)− X̄θ(t))−X1

θ (t)Set  , and we have the following estimate on it.

C > 0 C0 T

θ ∈ Θ p > 1

Lemma 4.2  Under Assumption 1, there exists a constant   depending on   and   such that,
for each   and  ,
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(i) E
[
sup

0⩽t⩽T
|δXλ

θ (t)|p
]
⩽C
{
E
[ ∫ T

0

(|v(t)|p+|v̄(t)|p)dt
]
+
(
E
∫ T

0

|v(t)|2dt
) p

2

+
(
E
∫ T

0

|v̄(t)|2dt
) p

2
}
.

(ii) lim
λ→0

sup
θ∈Θ

E
[
sup

0⩽t⩽T
|δXλ

θ (t)|p
]
= 0.

bλθ (s) = bθ(s,X
λ
θ (s),E[Xλ

θ (s)], v
λ(s)), σi,λ

θ (s) = σi
θ(s,X

λ
θ (s), v

λ(s)).

δXλ
θ

Proof  Set   According to the

definition of  , we have

δXλ
θ (t) =

∫ t

0

{
1

λ

(
bλθ (s)− bθ(s)

)
−
[
∂xbθ(s)X

1
θ (s) + ∂x′bθ(s)E[X1

θ (s)] + ∂vbθ(s)(v(s)− v̄(s))
]}

ds

+

∫ t

0

d∑
i=1

{
1

λ

(
σλ,i
θ (s)− σi

θ(s)
)
−
[
∂xσ

i
θ(s)X

1
θ (s) + ∂vσ

i
θ(s)(v(s)− v̄(s))

]}
dW i(s).

(4.3)

Denote

πρλ
θ (t) = (X̄θ(t)+ρλ(δXλ

θ (t)+X1
θ (t)),E[X̄θ(t)]+ρλ(E[δXλ

θ (t)]+E[X1
θ (t)]), v̄(t) + ρλ(v(t)− v̄(t))),

π̃ρλ
θ (t) = (X̄θ(t) + ρλ(δXλ

θ (t) +X1
θ (t)), v̄(t) + ρλ(v(t)− v̄(t))),

Aλ
θ (t) =

∫ 1

0

∂xbθ(t, π
ρλ
θ (t))dρ, Bλ

θ (t) =

∫ 1

0

∂x′bθ(t, π
ρλ
θ (t))dρ,

Cλ
θ (t) =

∫ 1

0

[∂vbθ(t, π
ρλ
θ (t))− ∂vbθ(t)](v(t)− v̄(t))dρ

+ [Aλ
θ (t)− ∂xbθ(t)]X

1
θ (t) + [Bλ

θ (t)− ∂x′bθ(t)]E[X1
θ (t)],

Dλ,i
θ (t) =

∫ 1

0

∂xσ
i
θ(t, π̃

ρλ
θ (t))dρ,

Fλ,i
θ (t) =

∫ 1

0

[∂vσ
i
θ(t, π̃

ρλ
θ (t))− ∂vσ

i
θ(t)](v(t)− v̄(t))dρ+ [Dλ,i

θ (t)− ∂xσ
i
θ(t)]X

1
θ (t).

Then the equation (4.3) can be written as

δXλ
θ (t) =

∫ t

0

(
Aλ

θ (s)δX
λ
θ (s) +Bλ

θ (s)E[δXλ
θ (s)] + Cλ

θ (s)
)
ds

+

d∑
i=1

∫ t

0

(
Dλ,i

θ (s)δXλ
θ (s) + Fλ,i

θ (s)
)
dW i(s).

∂xbθ(t), ∂x′bθ(t), ∂vbθ(t), ∂xσ
i
θ(t), ∂vσ

i
θ(t)

p > 1

Notice  that    are  bounded.  Thanks  to  Theorem 3.2  and
(4.2), it yields, for  ,

E
[

sup
0⩽t⩽T

|δXλ
θ (t)|p

]
⩽ CE

(∫ T

0

|Cλ
θ (s)|ds

)p

+ CE
(∫ T

0

d∑
i=1

|Fλ,i
θ (s)|2ds

) p
2

⩽ C

{
E
[ ∫ T

0

(|v(t)|p+|v̄(t)|p)dt
]
+

(
E
∫ T

0

|v(t)|2dt
) p

2

+

(
E
∫ T

0

|v̄(t)|2dt
) p

2
}
.

(ii)Next, we turn to prove  . It is enough to prove
lim
λ→0

sup
θ∈Θ

E
(∫ T

0

|Cλ
θ (s)|ds

)p

= 0,

lim
λ→0

sup
θ∈Θ

E
(∫ T

0

d∑
i=1

|Fλ,i
θ (s)|2ds

) p
2

= 0.
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On the one hand, we have

|Cλ
θ (s)|p ⩽

(
2p−1 ∨ 1

){∫ 1

0

|∂vbθ(s, πρλ
θ (s))− ∂vbθ(s)|p|v(s)− v̄(s)|pdρ

+

∫ 1

0

|∂xbθ(s, πρλ
θ (s))− ∂xbθ(s)|p|X1

θ (s)|pdρ

+

∫ 1

0

|∂x′bθ(s, π
ρλ
θ (s))− ∂x′bθ(s)|p|E[X1

θ (s)]|pdρ
}
.

ab ⩽ 1
2a

2 + 1
2b

2, a, b ∈ R+From  , it follows

|Cλ
θ (s)|p ⩽ Cpλ

p

{
|δXλ

θ (s) +X1
θ (s)|2p + |E[δXλ

θ (s) +X1
θ (s)]|2p

+ |v(s)− v̄(s)|2p + |X1
θ (s)|2p + |E[X1

θ (s)]|2p
}
,

Cp p (i) lim
λ→0

sup
θ∈Θ

E(
∫ T

0
|Cλ

θ (s)|ds)p =

0

where the constant   depends on  . By (4.2) and   in Lemma 4.2 

 follows immediately. On the other hand, based on the fact that

|Fλ,i
θ (s)|2 ⩽ Cλ2

{
|δXλ

θ (s) +X1
θ (s)|4 + |E[δXλ

θ (s) +X1
θ (s)]|4

+ |v(s)− v̄(s)|4 + |X1
θ (s)|4 + |E[X1

θ (s)]|4
}
,

we obtain

E
(∫ T

0

d∑
i=1

|F ρλ,i
θ (s)|2ds

) p
2

⩽ Cp,dλ
p

{
E
(∫ T

0

|v(s)− v̄(s)|4ds
) p

2

+ E
[

sup
0⩽s⩽T

|δXλ
θ (s)|2p

]
+ E

[
sup

0⩽s⩽T
|X1

θ (s)|2p
]}

,

Cp,d p dwhere the constant   depends on   and  . Notice that by Hölder inequality we deduce

if 1 < p < 2, E
(∫ T

0

|v(s)− v̄(s)|4ds
) p

2

⩽
(
E
∫ T

0

|v(s)− v̄(s)|4ds
) p

2

and

if p > 2, E
(∫ T

0

|v(s)− v̄(s)|4ds
) p

2

⩽ T
p

p−2E
∫ T

0

|v(s)− v̄(s)|2pds.

(i)Finally, by (4.2) and   in Lemma 4.2 again, it yields

lim
λ→0

sup
θ∈Θ

E
(∫ T

0

d∑
i=1

|F ρλ,i
θ (s)|2ds

) p
2

= 0.

This completes the proof. □
[0, T ] θ ∈ ΘWe next introduce the variational BSDE on  : for each  ,

− dY 1
θ (t) =

(
∂xfθ(t)X

1
θ (t) + ∂x′fθ(t)E[X1

θ (t)] + ∂yfθ(t)Y
1
θ (t) + ∂zfθ(t)Z

1
θ (t)

+ ∂vfθ(t)(v(t)− v̄(t))
)
dt− Z1

θ (t)dW (t),

Y 1
θ (T ) = ∂xΦθ(T )X

1
θ (T ) + ∂x′Φθ(T )E[X1

θ (T )].

(4.4)
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|∂zfθ(t)| ⩽ C2(1 + |Z̄θ(t)|) ∂zfθ·W
|∂xΦθ(T )| ⩽ C

|∂x′Φθ(T )| ⩽ C (Y, Z) ∈∩
p>1(S

p
F(0, T ;R)×H2, p2

F (0, T ;Rd)) p̄ > p∗∂zfθ
p∗∂zfθ

< p < p̄

C > 0 p, p̄, T, ∥∂xfθ∥∞, ∥∂x′fθ∥∞, ∥∂yfθ∥∞
∥∂zfθ·W∥BMO

Since  , we know from (ii) in (3.1) that   is a BMO martingale
and equation (4.4) is a linear BSDE with unbounded coefficients. Owing to   and

,  by  Hu  et  al.  [16,  Proposition  3.1],  it  has  a  unique  solution 

,  and  we  further  have  for  all    and  ,

there  exists  a  constant    depending  on    and
 such that,

E
[

sup
0⩽t⩽T

|Y 1
θ (t)|p +

(∫ T

0

|Z1
θ (t)|2dt

) p
2
]

⩽ C

{
E
[ ∫ T

0

(|v(t)|p̄ + |v̄(t)|p̄)dt
]
+

(
E
∫ T

0

|v(t)|2dt
) p̄

2

+

(
E
∫ T

0

|v̄(t)|2dt
) p̄

2
} p

p̄

. (4.5)

(Y 1
θ , Z

1
θ ) θNext, we consider the continuity of the pair   concerning  .

q > p∗∂zfθ
Proposition 4.3  Under Assumption 1, for  ,

lim
ϵ→0

sup
Ξ(θ,θ̃)⩽ϵ

E
[

sup
0⩽t⩽T

|Y 1
θ (t)− Y 1

θ̃
(t)|q +

(∫ T

0

|Z1
θ (t)− Z1

θ̃
(t)|2

) q
2
]
= 0.

The proof is similar to that of Proposition 3.3. Thus, we omit it to save space.

∂zfθ(t)

∂zfθ·W
p

Remark 4.4  The main difficulty in the proof of Proposition 4.3 is that   is unbounded. Hence,
the  classical  argument  is  not  applicable  to  this  case.  However,  by  observing  that    is  a
BMO martingale, we can leverage BMO-martingale theory to obtain the stated quality for some  .
Proposition 4.3 plays an essential role in establishing the variational inequality (see Theorem 4.9
below).

We set

δY λ
θ (t) =

1

λ
(Y λ

θ (t)− Ȳθ(t))− Y 1
θ (t), δZλ

θ (t) =
1

λ
(Zλ

θ (t)− Z̄θ(t))− Z1
θ (t),

Γθ(t) := E
(∫ t

0

∂zfθ(s)
⊤dW (s)

)
, t ∈ [0, T ].

(4.6)

(δY λ
θ , δZλ

θ ) θThe following proposition demonstrates the continuity of   concerning  .

p ∈ (1 ∨ 2p−1
∂zfθ

, 2)Proposition 4.5  Under Assumption 1, for  ,

lim
λ→0

sup
θ∈Θ

E
[

sup
0⩽t⩽T

Γθ(t)|δY λ
θ (t)|p +

(∫ T

0

(Γθ(t))
2
p |δZλ

θ (t)|2dt
) p

2
]
= 0.

Proof  Set

κλρ(T ) :=
(
X̄θ(T ) + λρ(X1

θ (T ) + δXλ
θ (T )),E[X̄θ(T )] + λρ(E[X1

θ (T )] + E[δXλ
θ (T )])

)
,

πλρ
θ (t) :=

(
X̄θ(t) + λρ(X1

θ (t) + δXλ
θ (t)),E[X̄θ(t)] + λρ(E[X1

θ (t)] + E[δXλ
θ (t)])

Ȳθ(t) + λρ(Y 1
θ (t) + δY λ

θ (t)), Z̄θ(t) + λρ(Z1
θ (t) + δZλ

θ (t)), v̄(t) + λρ(v(t)− v̄(t))
)
,

Aλ
θ (t) :=

∫ 1

0

∂xfθ(t, π
λρ
θ (t))dρ, Āλ

θ (t) :=

∫ 1

0

∂x′fθ(t, π
λρ
θ (t))dρ,

Bλ
θ (t) :=

∫ 1

0

∂yfθ(t, π
λρ
θ (t))dρ, Cλ

θ (t) :=

∫ 1

0

∂zfθ(t, π
λρ
θ (t))dρ.
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δY λ
θ , δZλ

θBy the definitions of  , we arrive at

δY λ
θ (t) = I1,λθ + I2,λθ

+

∫ T

t

(
∂xf(s)δX

λ
θ (s) + ∂x′f(s)E[δXλ

θ (s)] + ∂yf(s)δY
λ
θ (s) + ∂zf(s)δZ

λ
θ (s) +Dλ

θ (s)
)
ds

−
∫ T

t

δZλ
θ (s)dW (s), t ∈ [0, T ],

where

I1,λθ :=

∫ 1

0

∂xΦθ(κ
λρ(T ))dρ·δXλ

θ (T ) +

∫ 1

0

∂x′Φθ(κ
λρ(T ))dρ·E[δXλ

θ (T )],

I2,λθ :=

(∫ 1

0

∂xΦθ(κ
λρ(T ))dρ−∂xΦθ(T )

)
X1

θ (T )+

(∫ 1

0

∂x′Φθ(κ
λρ(T ))dρ−∂x′Φθ(T )

)
E[X1

θ (T )],

Dλ
θ (t) :=

∫ 1

0

(
∂vfθ(t, π

λρ
θ (t))− ∂vfθ(t)

)
(v(t)− v̄(t))dρ+

(
Aλ

θ (t)− ∂xfθ(t)
)
(Xλ

θ (t)− X̄θ(t))

+
(
Āλ

θ (t)− ∂x′fθ(t)
)
E[Xλ

θ (t)− X̄θ(t)] +
(
Bλ

θ (t)− ∂yfθ(t)
)
(Y λ

θ (t)− Ȳθ(t))

+
(
Cλ

θ (t)− ∂zfθ(t)
)
(Zλ

θ (t)− Z̄θ(t)).

p ∈ (1 ∨ 2p−1
∂zfθ

, 2) p < p̄ < 2By Hu et al. [16, Proposition 3.2], it yields, for any   and  ,

E
[

sup
t∈[0,T ]

Γθ(t)|δY λ
θ (t)|p +

(∫ T

0

(Γθ(t))
2
p |δZλ

θ (t)|2dt
) p

2
]

⩽ C0

(
E
[
(Γθ(T ))

p̄
p |I1,λθ +I2,λθ |p̄+

(∫ T

0

(Γθ(t))
1
p |∂xf(t)δXλ

θ (t)+∂x′f(t)E[δXλ
θ (t)]+Dλ

θ (t)|dt
)̄p]) p

p̄

.

(4.7)

p ∈ (1 ∨ 2p−1
∂zfθ

, 2)First, reverse Hölder inequality leads to that, for  ,

E
[
(Γθ(T ))

2
p

]
⩽ K

(2
p
, ∥∂zfθ·W∥

)
.

p ∈ (1 ∨ 2p−1
∂zfθ

, 2) p < p̄ < 2Consequently, from Lemma 4.2, we know, for all   and  ,

E
[
(Γθ(T ))

p̄
p |I1,λθ |p̄

]
⩽ CE

[
(Γθ(T ))

p̄
p ·(|δXλ

θ (T )|p̄ + |E[δXλ
θ (T )]|p̄)

]
⩽ C

{
E
[
(Γθ(T ))

2
p

]} p̄
2

·
{
E
[

sup
t∈[0,T ]

|δXλ
θ (t)|

2p̄
2−p̄

]} (2−p̄)
2

⩽ C

(
K(

2

p
, ∥∂zfθ·W∥)

) p̄
2
{
E
[

sup
t∈[0,T ]

|δXλ
θ (t)|

2p̄
2−p̄

]} (2−p̄)
2

→0, as λ→0.

p ∈ (1 ∨ 2p−1
∂zfθ

, 2) p < p̄ < 2We can similarly deduce that, for all   and  ,

lim
λ→0

E
[
(Γθ(T ))

p̄
p |I2,λθ |p̄ +

(∫ T

0

(Γθ(t))
1
p |∂xf(t)δXλ

θ (t) + ∂x′f(t)E[δXλ
θ (t)]|dt

)p̄]
= 0.

E
[(∫ T

0
(Γθ(t))

1
p |Dλ

θ (t)|dt
)p̄]

Next, we focus on  . Notice
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|Cλ
θ (t)− ∂zfθ(t)| ⩽ Cλ

(
|δXλ

θ (t) +X1
θ (t)|+ |E[δXλ

θ (t) +X1
θ (t)]|

+ |δY λ
θ (t) + Y 1

θ (t)|+ |δZλ
θ (t) + Z1

θ (t)|+ |v(t)− v̄(t)|
)
.

E
[(∫ T

0
(Γθ(t))

1
p ·|Z̄θ(t)|·|Z1

θ (t)|dt
)p̄]

We only deal with the most difficult term  . The other terms

can be estimated similarly. Actually, by Hölder inequality, one has

E
[(∫ T

0

{Γθ(t)}
1
p ·|Z̄θ(t)|·|Z1

θ (t)|dt
)p̄]

⩽
{
E
[ ∫ T

0

{Γθ(t)}
2
p ·|Z̄θ(t)|2dt

]} p̄
2
{
E
[(∫ T

0

|Z1
θ (t)|2dt

) p̄
2−p̄
]} 2−p̄

2

.

p1 ∈ (1 ∨ 2p−1
∂zfθ

, 2) p > p1

By  Hölder  inequality  again,  together  with  Doob’s  inequality  and  reverse  Höler  inequality,  we

further have for fixed   and any  ,

E
[∫ T

0

(Γθ(t))
2
p ·|Z̄θ(t)|2dt

]
⩽
{
E
[

sup
t∈[0,T ]

(Γθ(t))
2
p1

]} p1
p

·
{
E
[(∫ T

0

|Z̄θ(t)|2dt
) p

p−p1
]} p−p1

p

⩽
{
E
[
(Γθ(T ))

2
p1

]} p1
p ·
{
E
[(∫ T

0

|Z̄θ(t)|2dt
) p

p−p1
]} p−p1

p

< ∞.

The above and (4.5) implies

E

[(∫ T

0

(Γλ
θ (t))

1
p ·|Z̄θ(t)|·|Z1

θ (t)|dt

)p̄]
< ∞.

The proof is completed. □
Remark 4.6  On the one hand, from (4.7), we also have

E
[

sup
t∈[0,T ]

Γλ
θ (t)|δY λ

θ (t)|p +
(∫ T

0

(Γλ
θ (t))

2
p |δZλ

θ (t)|2dt
) p

2
]
< ∞,

|δY λ
θ (0)| < ∞ t = 0

p ∈ (1 ∨ 2p−1
∂zfθ

, 2)

which implies . On the other hand, by taking , it follows from Proposition 4.5

that, for ,

lim
λ→0

sup
θ∈Θ

|δY λ
θ (0)|p = 0.

f E[Ys] E[Zs]Remark  4.7  If  coefficient    depends  on  the  mean-field  terms    and   ,  the  present

method encounters a difficulty in proving the above Proposition 4.5. We leave it for further work.
 

4.2  Variational inequality

v(·) ∈ VadThis subsection is devoted to studying variational inequality. For given  , define

Qv =

{
Q ∈ Q

∣∣∣∣J(v(·)) = ∫
Θ

E
[
ϕθ(X

v
θ (T )) + γθ(Y

v
θ (0))

]
Q(dθ)

}
.

QvLemma 4.8  Under Assumption 2,  is nonempty.

J(v(·)) Qn ∈ Q
v(·) ∈ Vad

Proof  From  the  definition  of  ,  there  exists  a  sequence    such  that,  for  all

,

334 Tao Hao, Jiaqiang Wen, Qi Zhang



∫
Θ

E
[
ϕθ(X

v
θ (T )) + γθ(Y

v
θ (0))

]
Qn(dθ) ⩾ J(v(·))− 1

n
.

Q Qv ∈ Q
Qn Qv

θ 7→ E[ϕθ(X
v
θ (T )) + γθ(Y

v
θ (0))]

Since   is weakly compact, there exists some   such that, if necessary, a subsequence of
  converges  weakly  to  .  Thanks  to  Theorem  3.2,  Proposition  3.3  and  Assumption  2,  the

mapping   is continuous and bounded. Hence, we obtain

J(v(·)) ⩾
∫
Θ

E
[
ϕθ(X

v
θ (T )) + γθ(Y

v
θ (0))

]
Qv(dθ)

= lim
n→∞

∫
Θ

E
[
ϕθ(X

v
θ (T )) + γθ(Y

v
θ (0))

]
Qn(dθ) ⩾ J(v(·)).

QvThereby,   is nonempty. □
We now give the variational inequality.

Theorem 4.9  Under Assumption 1 and Assumption 2, we have

lim
λ→0

1

λ

(
J(vλ(·))− J(v̄(·))

)
= sup

Q∈Qv̄

∫
Θ

E
[
∂xϕθ(X̄θ(T ))X

1
θ (T ) + ∂yγθ(Ȳθ(0))Y

1
θ (0)

]
Q(dθ).

Proof  The proof is split into three steps.

Step 1  We show

lim inf
λ→0

1

λ

(
J(vλ(·))− J(v̄(·))

)
⩾ sup

Q∈Qv̄

∫
Θ

E
[
∂xϕθ(X̄θ(T ))X

1
θ (T ) + ∂yγθ(Ȳθ(0))Y

1
θ (0)

]
Q(dθ). (4.8)

Qv̄ Q ∈ Qv̄From the definition of  , it yields that, for any  ,

J
(
vλ(·)

)
⩾
∫
Θ

E
[
ϕθ(X

λ
θ (T )) + γθ(Y

λ
θ (0))

]
Q(dθ),

J
(
v̄(·)
)
=

∫
Θ

E
[
ϕθ(X̄θ(T )) + γθ(Ȳθ(0))

]
Q(dθ).

Q ∈ Qv̄Consequently, for any  ,

1

λ

(
J(vλ(·))− J(v̄(·))

)
⩾
∫
Θ

E
[
∂xϕθ(X̄θ(T ))X

1
θ (T ) + ∂yγθ(Ȳθ(0))Y

1
θ (0)

]
Q(dθ) + Jλ

1 + Jλ
2 ,

where

Jλ
1 =

∫
Θ

E
[∫ 1

0

∂xϕ
λρ
θ (T )dρ· δXλ

θ (T ) +

∫ 1

0

∂yγ
λρ
θ (0)dρ· δY λ

θ (0)

]
Q(dθ),

Jλ
2 =

∫
Θ

E
[ ∫ 1

0

(
∂xϕ

λρ
θ (T )− ∂xϕθ(X̄θ(T ))

)
dρ· X1

θ (T )

+

∫ 1

0

(
∂yγ

λρ
θ (0)− ∂yγθ(Ȳθ(0)

)
dρ· Y 1

θ (0)

]
Q(dθ),

∂xϕ
λρ
θ (T ) = ∂xϕθ(X̄θ(T ) + λρ(X1

θ (T ) + δXλ
θ (T ))),

∂yγ
λρ
θ (0) = ∂yγθ(Ȳθ(0) + λρ(Y 1

θ (0) + δY λ
θ (0))).

(4.9)

|
∫ 1

0
∂xϕ

λρ
θ (T )dρ| ⩽ L1(1 + |X̄θ(T )|+ |X1

θ (T )|+ |δXλ
θ (T )|)

|∂yγλρ
θ (0)| ⩽ C θ ∈ Θ

On  the  one  hand,  since    and

, it follows that, for any  ,
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E
[∫ 1

0

∂xϕ
λρ
θ (T )dρ· δXλ

θ (T ) +

∫ 1

0

∂yγ
λρ
θ (0)dρ· δY λ

θ (0)

]
⩽ C

{
E
[

sup
t∈[0,T ]

(1 + |X̄θ(t)|2 + |X1
θ (t)|2 + |δXλ

θ (t)|2)
]} 1

2

·
{
E
[

sup
t∈[0,T ]

|δXλ
θ (t)|2

]} 1
2

+ |δY λ
θ (0)|.

Making use of (3.1), (4.2), Lemma 4.2 and Proposition 4.5 (or Remark 4.6) we have

0 ⩽ lim
λ→0

|Jλ
1 | ⩽ lim

λ→0
sup
θ∈Θ

E
[∫ 1

0

∂xϕ
λρ
θ (T )dρ· δXλ

θ (T ) +

∫ 1

0

∂yγ
λρ
θ (0)dρ· δY λ

θ (0)

]
= 0.

∂yγθ

y θ

Moreover,  based  on  (4.2),  Lemma  4.2,  (4.5),  Remark  4.6,  and  the  assumption  that    is

Lipschitz continuous in   uniformly in  , we have

|Jλ
2 | ⩽ sup

θ∈Θ
E
[∣∣∣∣ ∫ 1

0

(∂xϕ
λρ
θ (T )− ∂xϕθ(X̄θ(T )))dρ|· |X1

θ (T )

∣∣∣∣]
+

∫ 1

0

sup
θ∈Θ

|∂yγλρ
θ (0)− ∂yγθ(Ȳθ(0))|dρ· sup

θ∈Θ
|Y 1

θ (0)|

⩽ CλE
[

sup
t∈[0,T ]

|X1
θ (t)|2 + sup

t∈[0,T ]

|δXλ
θ (t)|2

]
+

∫ 1

0

sup
θ∈Θ

|∂yγλρ
θ (0)− ∂yγθ(Ȳθ(0))|dρ· sup

θ∈Θ
|Y 1

θ (0)|→0, as λ→0.

From the above estimate, (4.8) follows immediately.

λn → 0Step 2  Find a subsequence   such that

lim sup
λ→0

J(vλ(·))− J(v̄(·))
λ

= lim
n→∞

J(vλn(·))− J(v̄(·))
λn

.

n ∈ N Qvλn
Qλn ∈ QvλnFor each  ,  due to   being nonempty,  there exists  a probability measure 

such that

J
(
vλn(·)

)
=

∫
Θ

E
[
ϕθ(X

λn

θ (T )) + γθ(Y
λn

θ (0))
]
Qλn(dθ),

J
(
v̄(·)
)
⩾
∫
Θ

E
[
ϕθ(X̄θ(T )) + γθ(Ȳθ(0))

]
Qλn(dθ).

To see this, first notice

J
(
vλn(·)

)
− J

(
v̄(·)
)

λn
⩽
∫
Θ

E[ϕθ(X
λn

θ (T ))− ϕθ(X̄θ(T ))] + γθ(Y
λn

θ (0))− γθ(Ȳθ(0))

λn
Qλn(dθ)

=

∫
Θ

E
[
∂xϕθ(X̄θ(T ))X

1
θ (T ) + ∂yγθ(Ȳθ(0))Y

1
θ (0)

]
Qλn(dθ) + Jλn

1 + Jλn
2 ,

(4.10)

Jλn
1 , Jλn

2where   are given in (4.9). Similar to Step 1, we can show

lim
n→∞

(
|Jλn

1 |+ |Jλn
2 |
)
= 0.

Q Q̂ ∈ Q
(Qλn)n∈N Q̂

θ 7→ E[∂xϕθ(X̄θ(T ))X
1
θ (T ) + ∂yγθ(Ȳθ(0))Y

1
θ (0)]

n→∞

Since    is  weakly  compact,  there  exists  a  probability  measure    such  that  the  sequence

,  possibly  by  selecting  a  subsequence,  converges  weakly  to  .  In  addition,  based  on

results  from  Theorem  3.2,  Proposition  3.3,  Proposition  4.1,  Proposition  4.3,  (4.2),  (4.5),  and

Assumption  2,  the  mapping    is  both  continuous

and bounded. As   in (4.10), it yields
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lim sup
λ→0

J
(
vλ(·)

)
− J(v̄(·))
λ

= lim
n→∞

J
(
vλn(·)

)
− J(v̄(·))

λn

⩽
∫
Θ

E
[
∂xϕθ(X̄θ(T ))X

1
θ (T ) + ∂yγθ(Ȳθ(0))Y

1
θ (0)

]
Q̂(dθ).

Q̂ ∈ Qv̄Step 3  We prove  . For this, we need to show

J(v̄(·)) =
∫
Θ

E
[
ϕθ(X̄θ(T )) + γθ(Ȳθ(0))

]
Q̂(dθ).

|∂xϕλnρ
θ (T )| ⩽ L1(1 + |X̄θ(T )|+ |X1

θ (T )|+ |δXλ
θ (T )|) |∂yγλnρ

θ (0)| ⩽ C

θ ∈ Θ

In  fact,  since    and  ,  it

follows from (3.1), (4.2), Lemma 4.2, (4.5) and Remark 4.6 that, for all  ,∣∣∣E[ϕθ(X
λn

θ (T ))− ϕθ(X̄θ(T ))] + γθ(Y
λn

θ (0))− γθ(Ȳθ(0))
∣∣∣

=λn

∣∣∣∣E [∫ 1

0

∂xϕ
λnρ
θ (T )dρ·(X1

θ (T ) + δXλn

θ (T ))

] ∣∣∣∣+ λn

∣∣∣∣ ∫ 1

0

∂yγ
λnρ
θ (0)dρ·(Y 1

θ (0) + δY λn

θ (0))

∣∣∣∣
⩽λn

{
E
[
1 + |X̄θ(T )|2 + |X1

θ (T )|2 + |δXλn

θ (T )|2
]
+ |Y 1

θ (0) + δY λn

θ (0)|
}
→0, as λn→0.

Above inequality leads to

lim
n→∞

|J(vλn(·))− J(v̄(·))|

⩽ lim
n→∞

∫
Θ

∣∣∣E[ϕθ(X
λn

θ (T ))− ϕθ(X̄θ(T ))]
∣∣∣+ ∣∣∣γθ(Y λn

θ (0))− γθ(Ȳθ(0))
∣∣∣Qλn(dθ)

⩽ lim
n→∞

sup
θ∈Θ

E
[∣∣∣ϕθ(X

λn

θ (T ))− ϕθ(X̄θ(T ))
∣∣∣]+ ∣∣∣γθ(Y λn

θ (0))− γθ(Ȳθ(0))
∣∣∣ = 0

and

lim
n→∞

∣∣∣ ∫
Θ

(
E[ϕθ(X

λn

θ (T )) + γθ(Y
λn

θ (0))]− E[ϕθ(X̄θ(T )) + γθ(Ȳθ(0))]
)
Qλn(dθ)

∣∣∣
⩽ lim

n→∞

∫
Θ

∣∣∣E[ϕθ(X
λn

θ (T ))− ϕθ(X̄θ(T ))]
∣∣∣+ ∣∣∣γθ(Y λn

θ (0))− γθ(Ȳθ(0))
∣∣∣Qλn(dθ)

⩽ lim
n→∞

sup
θ∈Θ

{
E
[∣∣∣ϕθ(X

λn

θ (T ))− ϕθ(X̄θ(T ))
∣∣∣]+ ∣∣∣γθ(Y λn

θ (0))− γθ(Ȳθ(0))
∣∣∣} = 0.

Consequently, it yields

J(v̄(·)) = lim
n→∞

J(vλn(·)) = lim
n→∞

∫
Θ

E[ϕθ(X
λn

θ (T )) + γθ(Y
λn

θ (0))]Qλn(dθ)

= lim
n→∞

∫
Θ

E[ϕθ(X̄θ(T )) + γθ(Ȳθ(0))]Q
λn(dθ) =

∫
Θ

E[ϕθ(X̄θ(T )) + γθ(Ȳθ(0))]Q̂(dθ).

□
From Theorem 4.9, we have the main theorem in this section.

Q̄ ∈ Qv̄

v(·) ∈ V0,T

Theorem 4.10  Under Assumption 1 and Assumption 2, there exists a probability   such
that, for any  ,∫

Θ

E
[
∂xϕθ(X̄θ(T ))X

1
θ (T ) + ∂yγθ(Ȳθ(0))Y

1
θ (0)

]
Q̄(dθ) ⩾ 0.

X1
θ , Y

1
θ X1,v

θ , Y 1,v
θ

v(·) ∈ Vad

Proof  For a more precise expression, we write   as  . It follows Theorem 4.9 that,

for any  ,
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0 ⩽ lim
λ→0

1

λ

(
J(vλ(·))− J(v̄(·))

)
= sup

Q∈Qv̄

∫
Θ

E
[
∂xϕθ(X̄θ(T ))X

1,v
θ (T ) + ∂yγθ(Ȳθ(0))Y

1,v
θ (0)

]
Q(dθ),

which implies

inf
v(·)∈Vad

sup
Q∈Qv̄

∫
Θ

E
[
∂xϕθ(X̄θ(T ))X

1,v
θ (T ) + ∂yγθ(Ȳθ(0))Y

1,v
θ (0)

]
Q(dθ) ⩾ 0.

Υv
θ := E

[
∂xϕθ(X̄θ(T ))X

1,v
θ (T ) + ∂yγθ(Ȳθ(0))Y

1,v
θ (0)

]
X1,v, Y 1,v

θ

v v 7→ Υv
θ v(·), v′(·) ∈ Vad, 0 < l < 1

θ ∈ Θ

Define  .  From the linearity of 

concerning  , we know that   is a linear mapping, i.e., for   and
,

Υ
lv+(1−l)v′

θ = lΥv
θ + (1− l)Υv′

θ .

v(·), v′(·) ∈ Vad θ ∈ Θ,In addition, for   and 

|Υv
θ −Υv′

θ | ⩽ CE
[
(1 + |X̄θ(T )|)

∣∣∣X1,v
θ (T )−X1,v′

θ (T )
∣∣∣]+ ∣∣∣Y 1,v

θ (0)− Y 1,v′

θ (0)
∣∣∣

⩽ C
{
E[1 + |X̄θ(T )|2]

} 1
2 ·
{
E
[∣∣∣X1,v

θ (T )−X1,v′

θ (T )
∣∣∣2]} 1

2

+
∣∣∣Y 1,v

θ (0)− Y 1,v′

θ (0)
∣∣∣.

Υv
θ v θThis, together with (4.2) and (4.5), show that   is continuous with respect to   uniformly in  .

Leveraging Sion’s minimax theorem, we obtain

inf
v(·)∈Vad

sup
Q∈Qv̄

∫
Θ

E
[
∂xϕθ(X̄θ(T ))X

1,v
θ (T ) + ∂yγθ(Ȳθ(0))Y

1,v
θ (0)

]
Q(dθ)

= sup
Q∈Qv̄

inf
v(·)∈Vad

∫
Θ

E
[
∂xϕθ(X̄θ(T ))X

1,v
θ (T ) + ∂yγθ(Ȳθ(0))Y

1,v
θ (0)

]
Q(dθ) ⩾ 0.

ϵ > 0 Qϵ ∈ Qv̄Consequently, for any  , there exists a   such that

inf
v(·)∈Vad

∫
Θ

E
[
∂xϕθ(X̄θ(T ))X

1,v
θ (T ) + ∂yγθ(Ȳθ(0))Y

1,v
θ (0)

]
Qϵ(dθ) ⩾ −ϵ.

Qv̄ ϵn → 0 Qϵn

Q̄ ∈ Qv̄

Ultimately,  the  compactness  of    enables  us  to  select  a  subsequence    such  that 
converges weakly to a probability measure   and∫

Θ

E
[
∂xϕθ(X̄θ(T ))X

1,v
θ (T ) + ∂yγθ(Ȳθ(0))Y

1,v
θ (0)

]
Q̄(dθ)

= lim
ϵn→0

∫
Θ

E
[
∂xϕθ(X̄θ(T ))X

1,v
θ (T ) + ∂yγθ(Ȳθ(0))Y

1,v
θ (0)

]
Qϵn(dθ) ⩾ 0.

□ 

5.  Necessary and sufficient maximum principles

This section discusses the necessary and sufficient maximum principles. For this, we introduce
the adjoint equation

dpθ(t) = ∂yfθ(t)pθ(t)dt+ ∂zfθ(t)pθ(t)dW (t), t ∈ [0, T ],

− dqθ(t) =
(
− ∂xfθ(t)pθ(t) + (∂xbθ(t))

⊤qθ(t) +

d∑
i=1

(∂i
xσθ(t))

⊤riθ(t)− E[∂x′fθ(t)pθ(t)]

+ E[(∂x′bθ(t))
⊤qθ(t)]

)
dt− rθ(t)dW (t), t ∈ [0, T ],

pθ(0) = −∂yγθ(Ȳθ(0)),

qθ(T ) = −(∂xΦθ(X̄θ(T ),E[X̄θ(T )]))
⊤pθ(T )− E

[
∂x′Φθ(X̄θ(T ),E[X̄θ(T )]))

⊤pθ(T )
]

+ ∂xϕθ(X̄θ(T )).

(5.1)
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The  forward  equation  in  (5.1)  is  a  1-dimensional  SDE  with  unbounded  coefficients.  The
solvability  of  (5.1)  stems  from  the  following  lemma,  which  is  an  immediate  adaptation  of
Gal'chuk [11, Lemma 3 and Lemma 4].

E
[∫ T

0
|φ1(t)|pdt

]
< ∞, E

(∫ T

0
|φ2(t)|2dt

) p
2

< ∞, a1·W, a2·W ∈

BMO p > 1

Lemma  5.1  We assume   and   

. Then, for   , the 1-dimensional SDE with unbounded coefficients below{
dX(t) = [a1(t)X(t) + φ1(t)]dt+ [a2(t)X(t) + φ2(t)]dW (t), t ∈ [0, T ],

X(0) = x0 ∈ R
(5.2)

X(·) ∈ Sp
F([0, T ];R)has a unique solution  .

τ0 = 0,Proof  Define 

τn+1 = inf
{
t > τn :

(∫ t

τn

|a2(s)|2ds
) p

2

⩾ 2−p−1C−1
p or

∫ t

τn

|a1(s)|pds ⩾ 2−p−1

}
∧ T,

Cp p

τn ↑ T n ↑ ∞
where   only depending on   is the constant in Buckholder−Davis−Gundy inequality. Clearly,

, as  .
The proof is split into two steps.

X1(·) ∈ Sp
F([τ0, τ1];R)

[τ0, τ1] X ∈ Sp
F([τ0, τ1];R)

Step 1  We show that the equation (5.2) possesses a unique solution   on

the interval   with the fixed point theorem. Let  . DefineΓ(X)(t) := x0 +

∫ t

τ0

[
a1(s)X(s) + φ1(s)

]
ds+

∫ t

τ0

[
a2(s)X(s) + φ2(s)

]
dW (s), t ∈ [τ0, τ1],

Γ(X)(τ0) := x0.

Γ(X) ∈ Sp
F([τ0, τ1];R) X ′, X ′′ ∈ Sp

F([τ0, τ1];R)It is easy to check  . For  , define

∆X = X ′ −X ′′, Γ(∆X) = Γ(X ′)− Γ(X ′′).

Then it follows thatΓ(∆X)(t) =

∫ t

τ0

a1(s)∆X(s)ds+
∫ t

τ0

a2(s)∆X(s)dW (s), t ∈ [τ0, τ1],

Γ(∆X)(τ0) = 0.

p > 1By Buckholder−Davis−Gundy inequality and Hölder inequality, we have, for 

E
[

sup
t∈[τ0,τ1]

|Γ(∆X)(t)|p
]
⩽ 2p−1E

[ ∫ τ1

τ0

|a1(s)|pds· sup
t∈[τ0,τ1]

|∆X(t)|p
]

+ 2p−1CpE
[(∫ τ1

τ0

|a2(s)|2ds
) p

2 · sup
t∈[τ0,τ1]

|∆X(t)|p
]
.

τ1Recalling the definition of  , we deduce

E
[

sup
t∈[τ0,τ1]

|Γ(∆X)(t)|p
]
⩽ 1

2
E
[

sup
t∈[τ0,τ1]

|∆X(t)|p
]
.

X1(·) ∈ Sp
F([τ0, τ1];R)

[τ0, τ1].

The fixed point  theorem yields  that  SDE (5.2)  has  a  unique  solution   on

the interval 
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X [τ0, τn]

(τn, τn+1]

Step 2  Assuming that a solution   of (5.2) has been constructed on  , we construct it

on  . For this, define

Γ(X)(t) := X(τn) +

∫ t

τn

[
a1(s)X(s) + φ1(s)

]
ds+

∫ t

τn

[
a2(s)X(s) + φ2(s)

]
dW (s), t ∈ [τn, τn+1].

(5.3)

τn+1

Xn+1 ∈ Sp
F([τn, τn+1];R)
[0, T ]

According  to  the  definition  of  ,  and  following  an  approach  similar  to Step  1,  it  can  be
determined  that  (5.3)  has  a  unique  solution  .  Repeating  this  process

repeatedly, a solution for equation (5.2) on the interval   can be constructed. Moreover, the

uniqueness of this solution is guaranteed by the constructive nature of the procedure.  □
p(·) ∈

Sp
F([0, T ];R) p > 1 n

p > 1

(q(·), r(·)) ∈ Sp
F([0, T ];Rn)×H2,p

F ([0, T ];Rn×d)

From  Lemma  5.1,  the  forward  equation  in  (5.1)  has  a  unique  strong  solution 

  for  .  The  backward  equation  in  (5.1)  is  a   -dimensional  mean-field  BSDE

with a bounded Lipschitz coefficient. According to Chen et al. [5, Theorem 3.4], for  , it has

a unique adapted solution  .

pθ θThe following lemma shows that   is continuous with respect to  .

1 < p < (p∂zfθ ∧ p(∂zfθ̃−∂zfθ))Lemma 5.2  Under Assumption 1, for  ,

lim
ϵ→0

sup
Ξ(θ,θ̃)⩽ϵ

E
[
sup

t∈[0,T ]

|pθ(t)− pθ̃(t)|
p]

= 0.

|pθ(t)|2 > 0 t ∈ [0, T ] ln |pθ(t)|2 [0, T ]Proof  Since   for  , applying Itô’s formula to   on  , it leads to

pθ(t) = ±pθ(0)·e
∫ t
0
∂yfθ(s)ds·E

(∫ t

0

∂zfθ(s)
⊤dW (s)

)
.

pθ(t) = −pθ(0)·e
∫ t
0
∂yfθ(s)ds·E(

∫ t

0
∂zfθ(s)

⊤dW (s))We only show  , i.e.,

pθ(t) = ∂yγθ(Ȳθ(0))·e
∫ t
0
∂yfθ(s)ds·E

(∫ t

0

∂zfθ(s)
⊤dW (s)

)
.

Notice

pθ(t)− pθ̃(t) = I1(t) + I2(t) + I3(t),

where

I1(t) :=
[
∂yγθ(Ȳθ(0))− ∂yγθ̃(Ȳθ̃(0))

]
·e

∫ t
0
∂yfθ(s)ds·E

(∫ t

0

∂zfθ(s)
⊤dW (s)

)
,

I2(t) := ∂yγθ̃(Ȳθ̃(0))·
[
e
∫ t
0
∂yfθ(s)ds − e

∫ t
0
∂yfθ̃(s)ds

]
·E
(∫ t

0

∂zfθ(s)
⊤dW (s)

)
,

I3(t) := ∂yγθ̃(Ȳθ̃(0))·e
∫ t
0
∂yfθ̃(s)ds·

[
E
(∫ t

0

∂zfθ(s)
⊤dW (s)

)
− E

(∫ t

0

∂zfθ̃(s)
⊤dW (s)

)]
.

I1(t)For  , since

|∂yγθ(Ȳθ(0))− ∂yγθ̃(Ȳθ̃(0))| ⩽ |∂yγθ(Ȳθ(0))− ∂yγθ̃(Ȳθ(0))|+ |∂yγθ̃(Ȳθ(0))− ∂yγθ̃(Ȳθ̃(0))|
⩽ Ξ(θ, θ̃) + C|Ȳθ(0)− Ȳθ̃(0)|,

it yields from Doob’s inequality and reverse Hölder inequality that
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E
[

sup
t∈[0,T ]

|I1(t)|p
]
⩽ CpE

[
sup

t∈[0,T ]

{
(Ξp(θ, θ̃) + C|Ȳθ(0)− Ȳθ̃(0)|

p)·epTC1 ·E
(∫ t

0

∂zfθ(s)
⊤dW (s)

)p}]
⩽ CpΞ

p(θ, θ̃)E
[

sup
t∈[0,T ]

E
(∫ t

0

∂zfθ(s)
⊤dW (s)

)p]

+Cp

{
E
[

sup
t∈[0,T ]

|Ȳθ(t)−Ȳθ̃(t)|
pq′
]} 1

q′

·
{
E
[

sup
t∈[0,T ]

E
(∫ t

0

∂zfθ(s)
⊤dW (s)

)pp′]} 1
p′

⩽ CpΞ
p(θ, θ̃)E

[
E
(∫ T

0

∂zfθ(s)
⊤dW (s)

)p]
+ Cp

{
E
[

sup
t∈[0,T ]

|Ȳθ(t)− Ȳθ̃(t)|
pq′
]} 1

q′

·
{
E
[
E
(∫ T

0

∂zfθ(s)
⊤dW (s)

)pp′]} 1
p′

⩽ CpΞ
p(θ, θ̃)·K(p, ∥∂zfθ·W∥BMO)

+

{
E
[

sup
t∈[0,T ]

|Ȳθ(t)− Ȳθ̃(t)|
pq′
]} 1

q′

·K(pp′, ∥∂zfθ·W∥BMO),

p′ =
p+p∂zfθ

2p q′ = p′

p′−1 pq′ > p∗∂zfθ

1 < p < p∂zfθ

where    and  .  Clearly  ,  and  by  Proposition  3.3  we  have,  for

,

lim
ϵ→0

sup
Ξ(θ,θ̃)⩽ϵ

E
[

sup
t∈[0,T ]

|I1(t)|p
]
= 0.

I2(t)For  , since [
e
∫ t
0
∂yfθ(s)ds − e

∫ t
0
∂yfθ̃(s)ds

]
⩽ eC1T ·

[
eTΞ(θ,θ̃) − 1

]
,

1 < p < p∂zfθwe know, for  ,

E
[

sup
t∈[0,T ]

|I2(t)|p
]
⩽ LeC1T ·

[
eTΞ(θ,θ̃) − 1

]
·E

[
sup

t∈[0,T ]

E
(∫ t

0

∂zfθ(s)
⊤dW (s)

)p
]

⩽ LeC1T ·
[
eTΞ(θ,θ̃) − 1

]
·K(p, ∥∂zfθ·W∥BMO).

1 < p < (p∂zfθ ∧ p(∂zfθ̃−∂zfθ))Finally, we prove, for  ,

lim
ϵ→0

sup
Ξ(θ,θ̃)⩽ϵ

E
[

sup
t∈[0,T ]

|I3(t)|p
]
= 0.

|∂yγθ̃(Ȳθ̃(0))·e
∫ t
0
∂yfθ̃(s)ds| ⩽ C 1 < p < (p∂zfθ∧

p(∂zfθ̃−∂zfθ))

In  fact,  due  to  ,  we  only  need  to  prove,  for 

,

lim
ϵ→0

sup
Ξ(θ,θ̃)⩽ϵ

E

[
sup

t∈[0,T ]

∣∣∣∣E (∫ t

0

∂zfθ(s)
⊤dW (s)

)
− E

(∫ t

0

∂zfθ̃(s)
⊤dW (s)

) ∣∣∣∣p
]
= 0.

Xθ(t) = E(
∫ t

0
∂zfθ(s)

⊤dW (s)) XθFor  convenience,  set  .  It  is  easy  to  see  that    satisfies  the

following SDE

Xθ(t) = 1 +

∫ t

0

∂zfθ(s)Xθ(s)dW (s), t ∈ [0, T ].

X̄(s) = Xθ(s)−Xθ̃(s) φ(s) = (∂zfθ(s)− ∂zfθ̃(s))Xθ̃(s)Set   and  . Then
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X̄(t) =

∫ t

0

(
∂zfθ(s)X̄(s) + φ(s)

)
dW (s), t ∈ [0, T ].

Consider {
dΠθ(t) = (∂zfθ(t))

2Πθ(t)dt− ∂zfθ(t)Πθ(t)dW (t), t ∈ [0, T ],

Πθ(0) = 1.

Πθ ∈ Sp([0, T ];R) p > 1

X̄(s)Πθ(s) [0, t]

By  Lemma  5.1,  the  above  equation  has  a  unique  strong  solution    for  .
Then it follows from Itô’s formula to   on   that

X̄(t)Πθ(t) =

∫ t

0

(−∂zfθ(s)Πθ(s)φ(s))ds+
∫ t

0

Πθ(s)φ(s)dW (s), t ∈ [0, T ]. (5.4)

In addition, consider {
dπθ(t) = ∂zfθ(t)πθ(t)dW (t), t ∈ [0, T ],

πθ(0) = 1.

πθ ∈ Sp([0, T ];R)
p > 1 Πθ(t)πθ(t) = 1, t ∈ [0, T ]

By Lemma 5.1 again, the above equation also has a unique strong solution   for
. Moreover, we know from Itô’s formula that  . Hence,

Πθ(t)
−1 = πθ(t) = E

(∫ t

0

∂zfθ(r)
⊤dW (r)

)
.

1 < p < (p∂zfθ ∧ p(∂zfθ̃−∂zfθ))From Hölder inequality one can see, for  ,

E
[

sup
t∈[0,T ]

|X̄(t)|p
]
= E

[
sup

t∈[0,T ]

|X̄(t)Πθ(t)πθ(t)|p
]
⩽ E

[
sup

t∈[0,T ]

|X̄(t)Πθ(t)|p· sup
t∈[0,T ]

|πθ(t)|p
]

⩽
{
E
[

sup
t∈[0,T ]

|X̄(t)Πθ(t)|pq
′
]} 1

q′
{
E
[

sup
t∈[0,T ]

|πθ(t)|pp
′
]} 1

p′

,

p′ =
p+(p∂zfθ

∧p(∂zf
θ̃
−∂zfθ))

2p q′ = p′

p′−1 pp′ < p∂zfθwhere    and  .  Since  ,  it  follows  from  Doob’s

inequality and reverse Hölder inequality that

E
[

sup
t∈[0,T ]

πθ(t)
pp′
]
⩽ CE

[
πθ(T )

pp′
]
⩽ CK(pp′, ∥∂zfθ·W∥BMO).

Consequently, by Hölder inequality we obtain

E
[

sup
t∈[0,T ]

|X̄(t)|p
]
⩽ C

{
E
[

sup
t∈[0,T ]

|X̄(t)Πθ(t)|pq
′
]} 1

q′

⩽ C

{
E
[

sup
t∈[0,T ]

|X̄(t)Πθ(t)|p
p′

p′−1

]} 1
q′

⩽ C

{
E
[

sup
t∈[0,T ]

|X̄(t)Πθ(t)|pp
′
]} 1

p′

,

(5.5)

C pp′ ∥∂zfθ·W∥BMOwhere   depends on   and  . Besides, from (5.4) we arrive at

E
[

sup
t∈[0,T ]

|X̄(t)Πθ(t)|pp
′
]
⩽ CE

[∫ T

0

| − ∂zfθ(s)Πθ(s)φ(s))|pp
′
ds
]

+ CE
[

sup
t∈[0,T ]

∣∣∣∣ ∫ t

0

Πθ(s)φ(s)dW (s)

∣∣∣∣pp′]
, (5.6)

C > 0 pp′where the constant   depends on  .
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ds-term dW -term

ds-term

Next,  we  estimate  the    and  the    in  the  above  inequality  one  by  one.

Regarding the  , since
|∂zfθ(s)| ⩽ C(1 + |Z̄θ(s)|), |φ(s)| ⩽ Ξ(θ, θ̃)·E

(∫ s

0

∂zfθ̃(r)
⊤dW (r)

)
,

Πθ(s) = exp
{∫ s

0

(−∂zfθ(r))
⊤dW (r) +

1

2

∫ s

0

|∂zfθ(r)|2dr
}
,

(5.7)

by Hölder inequality we have

E
[∫ T

0

| − ∂zfθ(s)Πθ(s)φ(s))|pp
′
ds
]

⩽ CΞ(θ, θ̃)pp
′
E
[(∫ T

0

(1 + |Z̄θ(s)|) · E
(∫ s

0

(∂zfθ̃(r)− ∂zfθ(r))
⊤dW (r)

)

• e
∫ s
0
∂zfθ(r)

⊤(∂zfθ(r)−∂zfθ̃(r))drds
)pp′]

⩽ CΞ(θ, θ̃)pp
′
E
[

sup
s∈[0,T ]

E
(∫ s

0

(∂zfθ̃(r)− ∂zfθ(r))
⊤dW (r)

)pp′

• eCΞ(θ,θ̃)pp′ ∫ T
0

(1+|Z̄θ(r)|)dr ·
(∫ T

0

(1 + |Z̄θ(r)|)dr
)pp′]

⩽ CΞ(θ, θ̃)pp
′
{
E
[

sup
s∈[0,T ]

E
(∫ s

0

(∂zfθ̃(r)− ∂zfθ(r))
⊤dW (r)

)pp′p′′]} 1
p′′

•

{
E
[
eCΞ(θ,θ̃)pp′q′′

∫ T
0

(1+|Z̄θ(r)|)dr ·
(∫ T

0

(1 + |Z̄θ(r)|)dr
)pp′q′′]} 1

q′′

, (5.8)

p′′ =
p′+(p∂zfθ

∧p(∂zf
θ̃
−∂zfθ))

2pp′ q′′ = p′′

p′′−1 |∂zfθ̃(s)− ∂zfθ(s)| ⩽ C(1 + |Z̄θ(s)|+

|Z̄θ̃(s)|) (∂zfθ̃ − ∂zfθ)·W ∈ BMO 1 < p′ < pp′p′′ < p(∂zfθ̃−∂zfθ)

where    and  .  Since 

  we  know  .  Notably,  .  It  follows

from Doob’s inequality and reverse Hölder inequality that

E

[
sup

s∈[0,T ]

E
(∫ s

0

(∂zfθ̃(r)− ∂zfθ(r))
⊤dW (r)

)pp′p′′]
⩽ K(pp′p′′, ∥(∂zfθ̃ − ∂zfθ)·W∥BMO).

Z̄θ·W ∈ BMOOn the other hand, by Hölder inequality and  , we get{
E
[
eCΞ(θ,θ̃)pp′q′′

∫ T
0

(1+|Z̄θ(r)|)dr·
(∫ T

0

(1 + |Z̄θ(r)|)dr
)pp′q′′]} 1

q′′

⩽ C
{
E
[
e2CΞ(θ,θ̃)pp′q′′

∫ T
0

(1+|Z̄θ(r)|)dr
]} 1

2q′′ ·
{
E
[(∫ T

0

(1 + |Z̄θ(r)|2)dr
)pp′q′′]} 1

2q′′

⩽ C
{
E
[
e2CΞ(θ,θ̃)pp′q′′

∫ T
0

(1+|Z̄θ(r)|)dr
]} 1

2q′′
.

Ξ(θ, θ̃) < 1Without  loss  of  generality,  we  assume  .  Consequently,  by  applying  the  John–

Nirenberg inequality, we obtain
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E
[
e2CΞ(θ,θ̃)pp′q′′

∫ T
0

(1+|Z̄θ(r)|)dr
]
< E

[
e2Cpp′q′′

∫ T
0

(1+|Z̄θ(r)|)dr
]

⩽ e2Cpp′q′′(T+T
δ )E

[
e2Cpp′q′′ δ

4

∫ T
0

|Z̄θ(r)|2dr
]

⩽ e2Cpp′q′′(T+T
δ )

(
1− 2Cpp′q′′

δ

4
∥Z̄θ·W∥2BMO

)−1

=
4

3
e2Cpp′q′′(T+T

δ ),

δ =
∥Z̄θ·W∥−2

BMO
2Cpp′q′′where  . Combining the above inequalities, one has

E
[∫ T

0

| − ∂zfθ(s)Πθ(s)φ(s))|pp
′
ds
]
⩽ CΞ(θ, θ̃)pp

′
. (5.9)

dW -term ds-termNext,  we  analyze  the  .  Similarly  to  the  ,  based  on  the  Buckholder–Davis–
Gundy inequality, (5.7), Hölder inequality, and John–Nirenberg inequality, it follows

E
[

sup
t∈[0,T ]

∣∣∣ ∫ t

0

Πθ(s)φ(s)dW (s)
∣∣∣pp′]

⩽ CΞ(θ, θ̃)pp
′
E
[

sup
s∈[0,T ]

E
(∫ s

0

(∂zfθ̃(r)− ∂zfθ(r))
⊤dW (r)

)pp′

·eCpp′ ∫ T
0

(1+|Z̄θ(r)|)Ξ(θ,θ̃)dr
]

⩽ CΞ(θ, θ̃)pp
′
{
E
[

sup
s∈[0,T ]

E
(∫ s

0

(∂zfθ̃(r)− ∂zfθ(r))
⊤dW (r)

)pp′p′′]} 1
p′′

,

{
E
[
eCpp′q′′

∫ T
0

(1+|Z̄θ(r)|)Ξ(θ,θ̃)dr
]} 1

q′′

⩽ CΞ(θ, θ̃)pp
′
, (5.10)

C ∥(∂zfθ̃ − ∂zfθ)·W∥BMO ∂zfθ·W∥BMO p′′, q′′where   depends on   and  , and   are given in (5.8).

E
[

sup
t∈[0,T ]

|X̄(t)|p
]
⩽ CΞ(θ, θ̃)p.Finally, taking into account (5.5), (5.6), (5.9) and (5.10), we have 

The proof is completed.  □

pθ(·) θ

∂zfθ·W

Remark  5.3  The  forward  equation  in  (5.1)  is  a  1-dimensional  linear  SDE  with  unbounded
coefficients,  which  prevents  us  from  obtaining  the  continuity  of    concerning    using  the
classical  method.  However,  since    is  a  BMO-martingale,  utilizing  properties  of  BMO
martingale, we can derive the above result. Lemma 5.2 is used in the proof of Lemma 5.5 below.

qθ, rθ θ

Before  we  prove  the  stochastic  maximum  principle,  we  need  to  establish  the  continuity  of
 in  .

1 < p < (p∂zfθ ∧ p∂zfθ̃−∂zfθ )Lemma 5.4  Under Assumption 1, we obtain, for  ,

lim
ϵ→0

sup
Ξ(θ,θ̃)⩽ϵ

E
[

sup
t∈[0,T ]

|qθ(t)− qθ̃(t)|
p +

(∫ T

0

|rθ(t)− rθ̃(t)|
2dt
) p

2
]
= 0.

Proof  Notice that

qθ(t)− qθ̃(t) = [qθ(T )− qθ̃(T )] +

∫ T

t

(∂xbθ(s)
⊤(qθ(s)− qθ̃(s)) +

d∑
i=1

∂xσ
i
θ(s)

⊤(riθ(s)− ri
θ̃
(s))

+ E
[
∂x′bθ(s)

⊤(qθ(s)− qθ̃(s))
]
+ I1,θ,θ̃(s) + I2,θ,θ̃(s))ds−

∫ T

t

(rθ(s)− rθ̃(s))dW (s),
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where

I1,θ,θ̃(s) = ∂xfθ̃(s)pθ̃(s)− ∂xfθ(s)pθ(s) + E
[
∂x′fθ̃(s)pθ̃(s)− ∂x′fθ(s)pθ(s)

]
,

I2,θ,θ̃(s) = (∂xbθ(t)−∂xbθ̃(t))
⊤qθ̃(t)+

d∑
i=1

(∂xσ
i
θ(t)−∂xσ

i
θ̃
(t))⊤ri

θ̃
(t)+E

[
(∂x′bθ(t)−∂x′bθ̃(t))

⊤qθ̃(t)
]
.

∂xbθ, ∂xσ
i
θ, ∂x′bθ

p > 1

Since   are bounded, the backward equation in (5.1) is a mean-field BSDE with

Lipschitz coefficient. By Chen et al. [5, Theorem 3.3], it yields that for  ,

E
[

sup
t∈[0,T ]

|qθ(t)− qθ̃(t)|
p +

(∫ T

0

|rθ(t)− rθ̃(t)|
2dt
) p

2
]

⩽ CE
[
|qθ(T )− qθ̃(T )|

p +

(∫ T

0

|I1,θ,θ̃(t) + I2,θ,θ̃(t)|dt
)p]

.

∂xΦθ, ∂x′Φθ, ∂xbθ, ∂xσθ, ∂x′bθ, ∂xfθ, ∂x′fθ, ∂xϕθ θSince   are bounded and Lipschitz continuous in  ,
it follows from Lemma 5.2 and Proposition 3.3 that

lim
ϵ→0

sup
Ξ(θ,θ̃)⩽ϵ

E
[

sup
t∈[0,T ]

|qθ(t)− qθ̃(t)|
p +

(∫ T

0

|rθ(t)− rθ̃(t)|
2dt
) p

2
]
= 0.

This completes the proof. □
t ∈ [0, T ], x, x′ ∈ Rn, y ∈ R, z ∈ Rd, p ∈ R, q ∈ Rn, r ∈ Rn×d, v ∈ V,Define the Hamiltonian: for 

Hθ(t, x, x
′, y, z, v, p, q, r) := q⊤bθ(t, x, x

′, v) +

d∑
i=1

(ri)⊤θ
i(t, x, v)− pfθ(t, x, x

′, y, z, v)

vand its partial derivative with respect to  :

Λθ(t, ω) := ∂vHθ(t, X̄θ(t),E[X̄θ(t)], Ȳθ(t), Z̄θ(t), v̄(t), pθ(t), qθ(t), rθ(t)). (5.11)

Λ F
t ∈ [0, T ] Λθ(t, ω) : Θ×[0, t]×Ω→R B(Θ)×

B([0, t])×Ft

Lemma  5.5  Under  Assumption  1  and  Assumption  2,  the  above    is  an   -progressively
measurable  process,  i.e.,  for  each  ,  the  function    is 

 -measurable.

Θ M > 1 CM ⊂ Θ

Q̄(θ /∈ CM ) ⩽ 1
M

(
B(θl,

1
2M )

)LM

l=1

CM ⊂
∪LM

l=1

(
B(θl,

1
2M )

)
Θ

hl : Θ→R [0, 1]

Proof  Since   is a Polish space, for each  , there exists a compact subset   such

that  .  Then we can find a  subsequence  of  open neighborhoods 

such that  . By the locally compact property of   and using partitions of

unity, there exists a sequence of continuous functions   with values in   such that

hl(θ) = 0, if θ /∈ B

(
θl,

1

2M

)
, l = 1, · · ·, LM , and

LM∑
l=1

hl(θ) = 1, if θ ∈ CM .

θ∗l hl(θ
∗
l ) > 0We choose some   satisfying   and define

ΛM
θ (t) :=

LM∑
l=1

Λθ∗
l
(t)hl(θ)1{θ∈CM}.

E
[∫ T

0
|Λθ(t)|dt

]
⩽ L.Notice that   It yields that
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∫
Θ

E
[∫ T

0

∣∣∣ΛM
θ (t)− Λθ(t)

∣∣∣dt]Q̄(dθ)

⩽
∫
Θ

LM∑
l=1

E
[ ∫ T

0

|ΛM
θ (t)− Λθ(t)|dt

]
hl(θ)1{θ∈CM} + E

[ ∫ T

0

|Λθ(t)|dt
]
hl(θ)1{θ/∈CM}Q̄(dθ)

⩽ sup
Ξ(θ,θ̃)⩽ 1

M

E
[ ∫ T

0

|Λθ̃(t)− Λθ(t)|dt
]
+ LQ̄(θ /∈ CM )

⩽ sup
Ξ(θ,θ̃)⩽ 1

M

E
[ ∫ T

0

|Λθ̃(t)− Λθ(t)|dt
]
+

L

M
.

hl(θ) = 0 Ξ(θ, θ̃) ⩾ 1
2MHere we use the fact that   whenever  .

lim
M→∞

sup
Ξ(θ,θ̃)⩽ 1

M

E
[ ∫ T

0
|Λθ̃(t)− Λθ(t)|dt

]
= 0.Then we prove   Recall that

Λθ(t, ω) = ∂vbθ(t, X̄θ(t),E[X̄θ(t)], v̄(t))qθ(t) +

d∑
i=1

∂vσ
i
θ(t, X̄θ(t), v̄(t))r

i
θ(t)

− ∂vfθ(t, X̄θ(t),E[X̄θ(t)], Ȳθ(t), Z̄θ(t), v̄(t))pθ(t).

∂vbθ, ∂vσ
i
θ, ∂vfθ θSince   are bounded and Lipschitz continuous in  , the desired result comes from

Lemma 5.2 and Lemma 5.4.  □
Now, we are ready to derive the necessary conditions for achieving optimal control.

v̄(·)
(X̄θ(·), Ȳθ(·), Z̄θ(·)) v̄(·) (pθ(·),

qθ(·), rθ(·)) v̄(·)
Q̄ ∈ Qv̄ v ∈ V dt×dP

Theorem 5.6  (Stochastic  Maximum Principle)  Let   be  an optimal  control  to  the  problem

(3.3),    be  the  solution  to  the  state  equation  (1.1)  with   ,  and 

  be  the  solution  to  the  adjoint  equation  (5.1)  with  . Under  Assumption  1  and

Assumption 2, there exists a probability measure   such that, for  ,   -a.e.,∫
Θ

⟨∂vHθ(t, X̄θ(t),E[X̄θ(t)], Ȳθ(t), Z̄θ(t), v̄(t), pθ(t), qθ(t), rθ(t)), v − v̄(t)⟩Q̄(dθ) ⩾ 0.

(X1
θ (·))⊤qθ(·) + Y 1

θ (·)pθ(·)Proof  Applying Itô’s formula to  , one has

E
[
(∂xϕθ(X̄θ(T )))

⊤X1
θ (T ) + ∂yγθ(Ȳθ(0))Y

1
θ (0)

]
= E

[∫ T

0

⟨(∂vbθ(t))⊤qθ(t) +
d∑

i=1

(∂vσ
i
θ(t))

⊤riθ(t)− ∂vfθ(t)pθ(t), v(t)− v̄(t)⟩dt
]

= E
[∫ T

0

⟨∂vHθ(t, X̄θ(t),E[X̄θ(t)], Ȳθ(t), Z̄θ(t), v̄(t), pθ(t), qθ(t), rθ(t)), v(t)− v̄(t)⟩dt
]
.

Q̄ ∈ Qv̄

v(·) ∈ Vad

Thanks to the above equality and Theorem 4.10, there exists some probability   such that,

for all  ,∫
Θ

E
[∫ T

0

⟨∂vHθ(t, X̄θ(t),E[X̄θ(t)], Ȳθ(t), Z̄θ(t), v̄(t), pθ(t), qθ(t), rθ(t)), v(t)− v̄(t)⟩dt
]
Q̄(dθ) ⩾ 0.

Λθ(·) F-progressivelyThanks  to  Lemma 5.5,  the  process    is   measurable.  Then,  it  follows  from

Fubini’s Theorem that
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E
[∫ T

0

∫
Θ

⟨∂vHθ(t, X̄θ(t),E[X̄θ(t)], Ȳθ(t), Z̄θ(t), v̄(t), pθ(t), qθ(t), rθ(t)), v(t)− v̄(t)⟩Q̄(dθ)dt
]
⩾ 0,

v ∈ V dt×dPwhich implies for  ,   -a.e.,∫
Θ

⟨∂vHθ(t, X̄θ(t),E[X̄θ(t)], Ȳθ(t), Z̄θ(t), v̄(t), pθ(t), qθ(t), rθ(t)), v(t)− v̄(t)⟩Q̄(dθ) ⩾ 0.

This completes the proof. □
Remark  5.7  As  stated  in  the  introduction,  since  the  model  is  uncertain,  we  use  a  weak

convergence technique to prove the variational inequality, see Theorem 4.10. Notably, the proof of

Theorem 5.5 does not use the weak convergence technique.

Then, we turn to the sufficient condition of optimal control.

Hθ

(x, x′, y, z, v) t ϕθ x γθ y Φθ

(x, x′) v̄(·) Q̄ ∈ Qv̄

v ∈ V dt×dP

Theorem 5.8  Based on the assumptions and the settings in Theorem 5.6, if    is  convex in

 and continuous  in  ,    is  convex in  ,    is  convex in   and    is  concave in

, and there exists an admissible control   and a probability measure   such that

for  ,   -a.e.,∫
Θ

⟨∂vHθ(t, X̄θ(t),E[X̄θ(t)], Ȳθ(t), Z̄θ(t), v̄(t), pθ(t), qθ(t), rθ(t)), v − v̄(t)⟩Q̄(dθ) ⩾ 0,

v̄(·)then  is an optimal control.

θ ∈ Θ v(·) ∈ Vad (Xv
θ , Y

v
θ , Z

v
θ )Proof  For    and  ,  by    we  denote  the  solution  to  the  equation

(1.1). Set

(αλ
θ , β

λ
θ , ζ

λ
θ ) = (Xλ

θ − X̄θ, Y
λ
θ − Ȳθ, Z

λ
θ − Z̄θ).

Then 

αλ
θ (t) =

∫ t

0

(∂xbθ(s)α
λ
θ (s) + ∂x′bθ(s)E[αλ

θ (s)] + Sθ(s))ds

+

d∑
i=1

∫ t

0

(∂xσ
i
θ(s)α

λ
θ (s) + J i

θ(s))dW
i(s),

βλ
θ (t) = Kθ(T ) +

∫ T

t

(∂xfθ(s)
⊤αλ

θ (s) + ∂x′fθ(s)
⊤E[αλ

θ (s)] + ∂yfθ(s)β
λ
θ (s)

+ ∂zfθ(s)ζ
λ
θ (s) + Lθ(s))ds−

∫ T

t

ζθ(s)dW (s),

where

Sθ(s) = bθ(s,X
v
θ (s),E[Xv

θ (s)], v(s))− bθ(s)− ∂xbθ(s)α
λ
θ (s)− ∂x′bθ(s)E[αλ

θ (s)],

J i
θ(s) = σi

θ(s,X
v
θ (s), v(s))− σi

θ(s)− ∂xσ
i
θ(s)α

λ
θ (s),

Kθ(T ) = Φθ(X
v
θ (T ),E[Xv

θ (T )])− Φθ(X̄θ(T ),E[X̄θ(T )]),

Lθ(s) = fθ(s,X
v
θ (s),E[Xv

θ (s)], Y
v
θ (s), Z

v
θ (s), v(s))− fθ(s)− ∂xfθ(s)α

λ
θ (s)

− ∂x′fθ(s)E[αλ
θ (s)]− ∂yfθ(s)β

λ
θ (s)− ∂zfθ(s)ζ

λ
θ (s).

αλ
θ (·)⊤qθ(·) + βλ

θ (·)pθ(·) 0 TApplying Ito’s formula to   and then integrating from   to  , we have
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E[∂xϕθ(X̄θ(T ))
⊤αλ

θ (T ) + ∂yγθ(Ȳθ(0))β
λ
θ (0)]

=− E[pθ(T )(Φθ(X
v
θ (T ),E[Xv

θ (T )])− Φθ(X̄θ(T ),E[X̄θ(T )]))

− pθ(T )∂xΦ(T )α
λ
θ (T )− E[pθ(T )∂x′Φ(T )]αλ

θ (T )]

+ E
[∫ T

0

(
qθ(t)Sθ(t) +

d∑
i=1

riθ(t)J
i
θ(t)− pθ(t)Lθ(t)

)
dt
]
.

Φθ (x, x′) Hθ (x, x′, y, z, v)Since   is concave in   and the Hamiltonian   is convex in  , it yields that

E
[
∂xϕθ(X̄θ(T ))

⊤αλ
θ (T ) + ∂yγθ(Ȳθ(0))β

λ
θ (0)

]
⩾ E

[∫ T

0

⟨∂vHθ(t, X̄θ(t),E[X̄θ(t)], Ȳθ(t), Z̄θ(t), v̄(t), pθ(t), qθ(t), rθ(t)), v
λ(t)− v̄(t)⟩dt

]
.

Q̄ ∈ Qv̄ ϕθ, γθ x, yFinally, recalling that   and   are convex in  , respectively, it follows from Sion’s
minimax theorem that

J(vλ(·))− J(v(·))

=

∫
Θ

E
[
ϕθ(X

λ
θ (T ))− ϕθ(X̄θ(T )) + γθ(Y

λ
θ (0))− γθ(Ȳθ(0))

]
Q̄(dθ)

⩾
∫
Θ

E
[
∂xϕθ(X̄θ(T ))

⊤αλ
θ (T ) + ∂yγθ(Ȳθ(0))β

λ
θ (0)

]
Q̄(dθ)

⩾
∫
Θ

E
[∫ T

0

⟨∂vHθ(t, X̄θ(t),E[X̄θ(t)], Ȳθ(t), Z̄θ(t), v̄(t), pθ(t), qθ(t), rθ(t)), v
λ(t)− v̄(t)⟩dt

]
Q̄(dθ)

⩾ E
[∫ T

0

∫
Θ

⟨∂vHθ(t, X̄θ(t),E[X̄θ(t)], Ȳθ(t), Z̄θ(t), v̄(t), pθ(t), qθ(t), rθ(t)), v
λ(t)−v̄(t)⟩Q̄(dθ)dt

]
⩾ 0.

The proof is completed.  □

Acknowledgements

This  paper  is  supported  by  the  National  Key  R&D  Program  of  China  (Grant  Nos.  2022YFA1006101  and

2022YFA1006102),  National  Natural  Science  Foundation  of  China  (Grant  Nos.  72171133,  12101291,  and  12371445),

Natural  Science Foundation of  Shandong Province (Grant Nos.  ZR2024MA039 and ZR2022MA029),  Guangdong Basic

and  Applied  Basic  Research  Foundation  (Grant  No.  2025B1515020091),  Shenzhen  Fundamental  Research  General

Program  (Grant  No.  JCYJ20230807093309021),  and  Science  and  Technology  Commission  of  Shanghai  Municipality

(Grant No. 22ZR1407600).

References 

 Briand, P. and Confortola, F., BSDEs with stochastic Lipschitz condition and quadratic PDEs in Hilbert spaces,

Stochastic Processes and their Applications, 2008, 118(5): 818−838.
[  1  ]

 Briand,  P.  and  Hu,  Y.,  BSDE  with  quadratic  growth  and  unbounded  terminal  value,  Probability  Theory  and

Related Fields, 2006, 136: 604−618.
[  2  ]

 Briand, P. and Hu, Y., Quadratic BSDEs with convex generators and unbounded terminal conditions, Probability

Theory and Related Fields, 2008, 141: 543−567.
[  3  ]

 Buckdahn,  R.,  Li,  J.  and  Ma,  J.,  A  stochastic  maximum  principle  for  general  mean-field  systems,  Applied

Mathematics and Optimization, 2016, 74: 507−534.
[  4  ]

 Chen,  Y.,  Xing,  C.  and  Zhang,  X., Lp  solution  of  general  mean-field  BSDEs  with  continuous  coefficients, Acta[  5  ]

348 Tao Hao, Jiaqiang Wen, Qi Zhang

https://doi.org/10.1016/j.spa.2007.06.006
https://doi.org/10.1007/s00440-006-0497-0
https://doi.org/10.1007/s00440-007-0093-y
https://doi.org/10.1007/s00245-016-9394-9
https://doi.org/10.1007/s00245-016-9394-9
https://doi.org/10.1007/s00245-016-9394-9
https://doi.org/10.1007/s10473-020-0417-x
https://doi.org/10.1007/s10473-020-0417-x
https://doi.org/10.1007/s10473-020-0417-x
https://doi.org/10.1007/s10473-020-0417-x
https://doi.org/10.1007/s10473-020-0417-x
https://doi.org/10.1007/s10473-020-0417-x


Mathematica Scientia, 2020, 40: 1116−1140.

 Delbaen, F., Grandits, P., Rheinländer, T., Samperi, D., Schweizer, M. and Stricker, C., Exponential hedging and

entropic penalties, Mathematical Finance, 2002, 12(2): 99−123.
[  6  ]

 El Karoui, N. and Hamadène, S., BSDEs and risk-sensitive control, zero-sum and nonzero-sum game problems of

stochastic functional differential equations, Stochastic Processes and their Applications, 2003, 107(1): 145−169.
[  7  ]

 Fan, S., Hu, Y. and Tang, S., On the uniqueness of solutions to quadratic BSDEs with non-convex generators and

unbounded  terminal  conditions,  Comptes  Rendus  Mathématique  de  l’Académie  des  Sciences  Paris,  2020,  358:

227−235.

[  8  ]

 Fan, S., Hu, Y. and Tang, S., Multi-dimensional backward stochastic differential equations of diagonally quadratic

generators: The general result, Journal of Differential Equations, 2023, 368: 105−140.
[  9  ]

 Fuhrman,  M.,  Hu,  Y.  and  Tessitore,  G.,  Stochastic  maximum principle  for  optimal  control  of  SPDEs, Applied

Mathematics and Optimization, 2013, 68: 181−217.
[10]

 Gal’chuk, I. L., Existence and uniqueness of a solution for stochastic equations with respect to semimartingales,

Theory of Probability and its Applications, 1978, 23(4): 751−763.
[11]

 Hao, T., Hu, Y., Tang, S. and Wen, J., Mean-field backward stochastic differential equations and nonlocal PDEs

with quadratic growth, Annals of Applied Probability, In press, 2025.

[12]

 Hao, T., Wen, J. and Xiong, J., Solvability of a class of mean-field BSDEs with quadratic growth, Statistics &

Probability Letters, 2022, 191: 109652.

[13]

 Hu,  M., Stochastic  global  maximum principle  for  optimization  with  recursive  utilities, Probability,  Uncertainty

and Quantitative Risk, 2017, 2(1): 1−20.
[14]

 Hu, M. and Ji, S., Stochastic maximum principle for stochastic recursive optimal control problem under volatility

ambiguity, SIAM Journal on Control and Optimization, 2016, 54(2): 918−945.
[15]

 Hu,  M.,  Ji,  S.  and  Xu,  R.,  A  global  stochastic  maximum  principle  for  forward-backward  stochastic  control

systems with quadratic generators, SIAM Journal on Control and Optimization, 2022, 60(3): 1791−1818.
[16]

 Hu, M., Ji, S. and Xue, X., A global stochastic maximum principle for fully coupled forward-backward stochastic

systems, SIAM Journal on Control and Optimization, 2018, 56(6): 4309−4335.
[17]

 Hu,  M.  and  Wang,  F.,  Maximum  principle  for  stochastic  recursive  optimal  control  problem  under  model

uncertainty, SIAM Journal on Control and Optimization, 2020, 58(3): 1341−1370.
[18]

 Hu, Y., Imkeller, P. and Müller, M., Utility maximization in incomplete markets, Annals of Applied Probability,

2005, 15(3): 1691−1712.
[19]

 Hu, Y., Li, X. and Wen, J., Anticipated backward stochastic differential equations with quadratic growth, Journal

of Differential Equations, 2021, 270: 1298−1331.
[20]

 Hu,  Y.  and  Tang,  S.,  Multi-dimensional  backward  stochastic  differential  equations  of  diagonally  quadratic

generators, Stochastic Processes and their Applications, 2016, 126(4): 1066−1086.
[21]

 Hu,  Y.,  Wen,  J.  and  Xiong,  J.,  Backward  doubly  stochastic  differential  equations  and  SPDEs  with  quadratic

growth, Stochastic Processes and their Applications, 2024, 175: 104405.

[22]

 Ji, S. and Zhou, X., A maximum principle for stochastic optimal control with terminal state constraints and its

applications, Communications in Information and Systems, 2006, 6(4): 321−338.
[23]

 Kazamaki, N., Continuous Exponential Martingales and BMO, Springer, New York, 1994.[24]

 Kobylanski,  M.,  Backward  stochastic  differential  equations  and  partial  differential  equations  with  quadratic

growth, The Annals of Probability, 2000, 28(2): 558−602.
[25]

 Lim, A. E. B. and Zhou, X., A new risk-sensitive maximum principle, IEEE Transactions on Automatic Control,

2005, 50(7): 958−966.
[26]

 Morlais, M. A., Quadratic BSDEs driven by a continuous martingale and applications to the utility maximization[27]

Probability, Uncertainty and Quantitative Risk 349

https://doi.org/10.1111/1467-9965.02001
https://doi.org/10.1111/1467-9965.02001
https://doi.org/10.1016/S0304-4149<span style='cn-spacing:0pt;en-spacing:0pt;justify-protected:true;'>(</span>03<span style='cn-spacing:0pt;en-spacing:0pt;justify-protected:true;'>)</span>00059-0
https://doi.org/10.1016/S0304-4149<span style='cn-spacing:0pt;en-spacing:0pt;justify-protected:true;'>(</span>03<span style='cn-spacing:0pt;en-spacing:0pt;justify-protected:true;'>)</span>00059-0
https://doi.org/10.1016/S0304-4149<span style='cn-spacing:0pt;en-spacing:0pt;justify-protected:true;'>(</span>03<span style='cn-spacing:0pt;en-spacing:0pt;justify-protected:true;'>)</span>00059-0
https://doi.org/10.1016/S0304-4149<span style='cn-spacing:0pt;en-spacing:0pt;justify-protected:true;'>(</span>03<span style='cn-spacing:0pt;en-spacing:0pt;justify-protected:true;'>)</span>00059-0
https://doi.org/10.1016/S0304-4149<span style='cn-spacing:0pt;en-spacing:0pt;justify-protected:true;'>(</span>03<span style='cn-spacing:0pt;en-spacing:0pt;justify-protected:true;'>)</span>00059-0
https://doi.org/10.1016/S0304-4149<span style='cn-spacing:0pt;en-spacing:0pt;justify-protected:true;'>(</span>03<span style='cn-spacing:0pt;en-spacing:0pt;justify-protected:true;'>)</span>00059-0
https://doi.org/10.1016/S0304-4149<span style='cn-spacing:0pt;en-spacing:0pt;justify-protected:true;'>(</span>03<span style='cn-spacing:0pt;en-spacing:0pt;justify-protected:true;'>)</span>00059-0
https://doi.org/10.1016/S0304-4149<span style='cn-spacing:0pt;en-spacing:0pt;justify-protected:true;'>(</span>03<span style='cn-spacing:0pt;en-spacing:0pt;justify-protected:true;'>)</span>00059-0
https://doi.org/10.1016/j.jde.2023.05.041
https://doi.org/10.1016/j.jde.2023.05.041
https://doi.org/10.1016/j.jde.2023.05.041
https://doi.org/10.1016/j.jde.2023.05.041
https://doi.org/10.1007/s00245-013-9203-7
https://doi.org/10.1186/s41546-017-0014-7
https://doi.org/10.1137/15M1037639
https://doi.org/10.1137/15M1037639
https://doi.org/10.1137/20M137238X
https://doi.org/10.1137/20M137238X
https://doi.org/10.1137/20M137238X
https://doi.org/10.1137/20M137238X
https://doi.org/10.1137/18M1179547
https://doi.org/10.1137/18M1179547
https://doi.org/10.1137/18M1179547
https://doi.org/10.1137/18M1179547
https://doi.org/10.1137/19M128795X
https://doi.org/10.1137/19M128795X
https://doi.org/10.1016/j.jde.2020.07.001
https://doi.org/10.1016/j.spa.2015.10.011
https://doi.org/10.1016/j.spa.2015.10.011
https://doi.org/10.1016/j.spa.2015.10.011
https://doi.org/10.1016/j.spa.2015.10.011
https://doi.org/10.1016/j.spa.2024.104405
https://doi.org/10.1016/j.spa.2024.104405
https://doi.org/10.4310/CIS.2006.v6.n4.a4
https://doi.org/10.4310/CIS.2006.v6.n4.a4
https://doi.org/10.1109/TAC.2005.851441
https://doi.org/10.1109/TAC.2005.851441
https://doi.org/10.1109/TAC.2005.851441
https://doi.org/10.1007/s00780-008-0079-3


problem, Finance and Stochastics, 2009, 13: 121−150.

 Peng,  S., A general  stochastic  maximum principle  for  optimal  control  problems, SIAM Journal  on Control  and

Optimization, 1990, 28(4): 966−979.
[28]

 Peng,  S., Backward  stochastic  differential  equations  and  applications  to  optimal  control, Applied  Mathematics

and Optimization, 1993, 27: 125−144.
[29]

 Rouge, R. and El Karoui, N., Pricing via utility maximization and entropy, Mathematical Finance, 2000, 10(2):

259−276.
[30]

 Shi,  Y.,  Wen,  J.  and  Yang,  Z.,  Large  deviation  principle  for  backward  stochastic  differential  equations  with  a

stochastic Lipschitz condition on z, Stochastics and Dynamics, 2024, 24(6): 2450043.

[31]

 Wen,  J.,  Li,  X.,  Xiong,  J.  and  Zhang,  X.,  Stochastic  linear-quadratic  optimal  control  problems  with  random

coefficients  and  Markovian  regime  switching  system,  SIAM Journal  on  Control  and  Optimization,  2023,  61(2):

949−979.

[32]

 Xing, H. and Žitković, G., A class of globally solvable Markovian quadratic BSDE systems and applications, The
Annals of Probability, 2018, 46(1): 491−550.

[33]

 Xu, W., Stochastic maximum principle for optimal control problem of forward and backward system, ANZIAM

Journal, 1995, 37(2): 172−185.
[34]

350 Tao Hao, Jiaqiang Wen, Qi Zhang

https://doi.org/10.1007/s00780-008-0079-3
https://doi.org/10.1137/0328054
https://doi.org/10.1007/BF01195978
https://doi.org/10.1111/1467-9965.00093
https://doi.org/10.1142/S0219493724500436
https://doi.org/10.1142/S0219493724500436
https://doi.org/10.1142/S0219493724500436
https://doi.org/10.1142/S0219493724500436
https://doi.org/10.1137/22M1481415
https://doi.org/10.1137/22M1481415
https://doi.org/10.1137/22M1481415
https://doi.org/10.1137/22M1481415

	1 Introduction
	2 Two examples
	3 Problem formulation
	3.1 Some properties for BMO-martingales
	3.2 Formulate optimal control problem

	4 Variational inequality
	4.1 Variational equation
	4.2 Variational inequality

	5 Necessary and sufficient maximum principles
	References

