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Abstract The study investigates the necessary maximum principle for robust optimal
control problems associated with quadratic backward stochastic differential equations
(BSDEs). The system coefficients depend on parameter 6, while the generator of BSDEs
exhibits quadratic growth with respect to z. To address the uncertainty present in the model,
the variational inequality is derived using weak convergence techniques. Additionally, due
to the generator being quadratic with respect to z, the forward adjoint equations are
stochastic differential equations with unbounded coefficients, involving mean oscillation
martingales. By using the reverse Holder inequality and John—Nirenberg inequality, we
demonstrate that the solutions are continuous with respect to parameter 6. Moreover, the
necessary and sufficient conditions for robust optimal control are established using the
linearization method.
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1. Introduction

The stochastic maximum principle, specifically the necessary condition for optimality, is an
important approach for studying stochastic optimal control problems. Peng [28] first proved a
global maximum principle for classical stochastic control systems in 1990. Since then, this topic
has been extensively explored across various stochastic systems. Notable contributions include
the work of Fuhrman, Hu, and Tessitore [10] on infinite-dimensional dynamics, Buckdahn, Li,
and Ma [4] on mean-field control systems, and Hu, Ji, and Xue [17] on fully coupled forward-
backward stochastic control systems. The maximum principle for stochastic recursive optimal
control problems has also garnered substantial attention. Peng [29] introduced a local maximum
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principle in 1993 for cases with convex control domains and diffusion coefficients dependent on
control. Ji and Zhou [23] investigated a local maximum principle for stochastic optimal control
with terminal state constraints. Xu [34] established a stochastic maximum principle for
nonconvex control domains where diffusion coefficients are independent of control. Further
developments include Hu and Ji’s [15] studies of the stochastic maximum principle for stochastic
recursive optimal control problems under volatility ambiguity. Notably, Hu [14] resolved Peng’s
open problem in 2017 by deriving a global stochastic maximum principle.

The motivation for this paper arises from scenarios where model uncertainty exists, and the
generator of BSDEs exhibits quadratic growth in z. The study focuses on the control problem
within such frameworks. Section 2 introduces two examples to illustrate the relevance of the
concerned model. These examples are derived from risk-sensitive control problems and optimal
strategy problems for large investors.

Inspired by the two examples in Section 2, this paper examines a robust optimal control
problem with quadratic growth. We assume that 6 € © represents different market conditions,
where O is defined as a locally compact Polish space with distance =. We also assume that V is
a given nonempty convex subset of R¥. The following forward-backward control system is then
investigated:

X;’(t):x—i—/o bg(s,Xg(s),E[X;’(s)],v(s))ds—|—/O oo(s, X2 (s),0(s))dW(s), te[0,T],

T
Yy’ (1) :%(Xe”(T),E[Xé’(T)]H/t fo(s, Xg(5), E[Xg ()], Yy'(s), Zg (s), v(s))ds

- / (Z3 ()T AW (s),

(1.1)
where by : [0,T] x R® x R" x V. — R 0y : [0,T] x R® x V.= R"¥4 £, :[0,T] x R" x R® x Rx
R x V = R, &y :R” x R® — R. The function fy is of quadratic growth with respect to z. The
control process v(:) takes values in V. The precise assumptions on by, oy, fg, Py are detailed in
Assumption 1. To obtain a general result, we assume a forward stochastic differential equation
(SDE) of mean-field type and consider the following cost functional:

700 = sup [ B[00 1) + 20005 0)] ().

The assumptions regarding ¢y and g are presented in Assumption 2. The robust optimal
control problem with quadratic growth aims to minimize the cost function J(v(:)) over Vaq (see
Definition 3.1 and (3.3)). The objective of this study is to provide the necessary and sufficient
conditions for achieving optimal control.

The solvability of BSDEs with quadratic growth has been intensively investigated over the
past 20 years. For example, in 2000, Kobylanski [25] examined the existence and uniqueness of one-
dimensional BSDEs with generator ¢ exhibiting quadratic growth in z and bounded terminal
values . Briand and Hu [2, 3] established the existence and uniqueness of one-dimensional
BSDEs with quadratic growth even when the terminal values are unbounded. For the
multidimensional case, Hu and Tang [21] and Xing and Zitkovic [33] investigated scenarios with
bounded terminal values, while Fan, Hu, and Tang [8] tackled the more complex
multidimensional case with unbounded terminal values. Further advancements in concerning
quadratic BSDEs have been documented in recent works, including those by Fan, Hu, and Tang
[9], Hu, Li, and Wen [20], Hu, Wen, and Xiong [22], and Hao, Hu, Tang, and Wen [12], Hao, Wen,
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and Xiong [13]. Significant progress has also been achieved in stochastic optimal control
problems involving quadratic BSDEs. For instance, Lim and Zhou [26] demonstrated their
relevance in risk-sensitive control problems by incorporating a risk-sensitive parameter. Other
notable applications include exponential utility maximization problems as explored by [6, 19, 27,
30—32].

Since the generator exhibits quadratic growth and the model is uncertain, the present work
encounters three primary challenges:

(i) The quadratic growth of f in z leads to variational equations that take the form of linear
BSDEs with stochastic unbounded Lipschitz coefficients involving BMO-martingales. The
existing results for BSDEs with bounded Lipschitz coefficients (such as those provided by Hu
and Wang [18, Lemma 3.2]) are not applicable in this context. To obtain the maximum principle,
we prove a new estimate (Proposition 4.5), i.e., for p € (1V 2p521f9,2),

lim supE[ sup Fe(t)5Y9A(t)p+(/OT(Fe(t))5|5Ze?(t)|2dt)g}z 0,

A—=0pco [o<t<T
where Ty(1) := & (fg azfg(s)TdW(s)) L teo,T).

(ii) The forward adjoint equations are linear SDEs with stochastic unbounded coefficients. We
establish the wellposedness of such equations, building upon the foundational work of Gal’chuk
[11]. The continuity of its solutions to 6, i.e., for 1 < p < (pa. s, A P(a. f;-0.f0))

lim sup E[ sup |po(t) —pg(t)|P| =0

0zg,6)<e  Ltelo,T]
is proved by the theory of BMO-martingales (Lemma 5.2), which is necessary to prove that
Ag(-) defined by (5.11) is F-progressively measurable.

(ili) Given that we address robust optimal control problems, where the cost functional is
defined as a supremum over a set of probability measures, the classical convex variational
method proves inadequate. To tackle this, we adopt the weak convergence technique to establish
the variational inequality.

Compared to the existing literature, our paper makes the following kehy contributions. First,
our model incorporates uncertainty, and generator f exhibits quadratic growth with respect to z.
Unlike classical optimal control problems, we address robust optimal control problems under
these conditions. A new and nontrivial estimate is established (Proposition 4.5), extending the
results of Hu and Wang [18] from the Lipschitz case to the quadratic case. Second, we establish
the existence and uniqueness of LP-solutions for linear SDEs with stochastic unbounded
coefficients and prove the continuity of its solutions to 6 using the reverse Holder inequality and
John—Nirenberg inequality. In addition, we extend this analysis to linear BSDEs with stochastic
unbounded coefficients, proving the continuity of their solutions with respect to 6. Third,
considering the uncertainty inherent in the model, we derive the necessary maximum principle
using a combination of the linearization technique and weak convergence method. Under certain
convexity assumptions, we also prove the sufficient maximum principle by employing Sion’s
minimax theorem.

The paper is structured as follows. Section 2 presents two examples to illustrate the
motivations behind this work. The problem formulation is detailed in Section 3. Section 4 focuses
on proving the variational inequality. Section 5 discusses the necessary and sufficient maximum
principles.
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2. Two examples

This section presents two examples to illustrate the applications of robust optimal control
problems for quadratic BSDEs.

Example 2.1 (Risk-sensitive control) We assume that a market can be broadly classified into
two states, A and B (for example, a share market being either a bull market or a bear market).
These states are associated with different coefficients in two states. We denote the states by 6 = 1
and 2, representing state A and state B, respectively, which can be characterized as§ € © = {1,2}.
Let @ ={Q": )\ €[0,1]}, where Q* is the probability such that Q ({1}) =\, Q ({2}) =1 - \.
For simplicity, we only consider the I1-dimensional case. Suppose that there exist N-individual
agents in a system. The state process of the i-th agent is described by

dXG" () = by, X5 (¢ ZX(; ), 0(t))dt + o (£, Xy (£), v(£)) AW (1), o)
X3 (t) = o,
where Wi, i=1,2,--- ,N are independent copies of a 1-dimensional standard Brownian motion

W; and v(-) denotes the control process. Vaq represents the set of admissible controls (see
Definition 3.1). The robust objective functional of the i-th agent is

J'(v(-)) = sup {)\Yf’” +(1— A)Y;W} = sup / Y, QMNdh), (2.2)
A€[0,1] Q*eQJo
where (Y;’U7Zé’v) is the solution of the following BSDE with quadratic generator (see El Karoui
and Hamadéne [7])
dY; () = =125 ()Pt + 2" (AW (0),

, (2.3)
V) = B,

Parameter k is called a risk-sensitive parameter. The i-th agent wants to minimize their objective
functional. The above problem is considered a risk-sensitive robust optimal control problem for
particle systems.
Now, we assume that the game is symmetric. In other words, let bl = by, 0% = 09, D) = ®y. As

N—oo in (2.1) and (2.8), from the strong law of large numbers, we obtain the following FBSDE:

AXH(t) = bo(t, X5 (0), ELXG ()], v(0)dt + o0(t, X(0), v()) AW (1),

K
dYy'(t) = —§|Zé’(t)|2dt + Zg ()dW (),
Xg(t) =wo, Y§(T) = @o(Xg(T), E[Xg (T))),

and, meanwhile, the cost functional becomes J(v(-)) = sup f@ Y, (0 0)Q*(d#). Consequently, the

control problem can be written as follows: Qree

Problem R Find an optimal control v(-) such that

JOO) = it J0) =t s Y5 0)@ @),
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Example 2.2  (Optimal strategy for large investor) Let K CR be a closed convexr cone.
Assume that there are N investors in a market and the market consists of a bond and a stock
whose prices denoted by S;(t),j = 0,1 are governed by the following ODE and SDE:

dSy(t) = So(t) [r(t) + fi (t, R Z ) ( )] dt,

N
dS;(t) = Sy (1) Ku(t) — fit,x"" (), % Z 0™ (t), 77(t)> dt + adW(t)} ,

j=1
where (r,u) : Qx[0,T]>RXR are the interest rate and return rate, respectively; o is the
volatility of stock; (r,u) are {Fi}i>o-adapted and uniformly bounded processes and o # 0; W is
a 1-dimensional Brownian motion; for each i=1,2,--- N, fi,£=0,1:[0,T]xRt*xRTxR—R
are two given functions representing the effect of the strategies chosen by the investors on the prices.
The i-th investor aims to allocate 7' (t) toward stock investment at time t, with the remainder
of their assets being invested in bonds. Operating under a self-financed portfolio regine, the
wealth process of the i-th investor, starting with an initial wealth xf), satisfies the following wealth

equation:

da™ (1) = (r(t);ci’”(t) + (@7 () = 7' (1)) f3 (7% "7 (1), % Z (), 77(”)

+ i (t) [u(t)—r(t)+ff (t:c Zx]” )Ddtﬂ (t)odW (t), tel0,T],

z5™(0) = xh.

For i=1,2,--- N, we assume that ¥* > 0 represents a given parameter and C* denotes the
consumption at time T for the i-investor. We consider the following cost functional

T = lnE[exp[ 7 (a7 (1) - ¢,

A strategy 7 taking values in K is called admissible if for any t € [0,T], [fo |7 (t) th} < 00

By K we denote the set of all admissible strategies. The i-th investor intends to minimize their
cost functional over K. Next, we consider N—oo and the asymptotic behavior of N investors.
For simplicity, we set T = 7', xg = x},v =, fo = fi, f = fi and C = C*. This optimal strategy
problem can be summarized as follows:

Problem O Find an optimal strategy 7(-) such that

J(r() = _inf 7m&[exp[ W™ (T) - O)]],

subject to a mean-field SDE
da”(t) = (T(t)x“(t) + (@7 (t) — 7 (t)) folt, 2™ (1), E[z" (¢)], 7 (1))
+w(t)[u(t) — r(t) + fo(t, 2™ (), B[z (8)], w(t))])dt +r(t)edW(t), telo,T],
2™ (0) = 0.
To illustrate our problem concisely, we set

Jo(t, 2™ (@), E[z" ()], 7(t)) := a(t),  frt, 2" (), E[z" ()], 7 (1)) == B(?).
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Here o) and B(-) are two bounded functions. To determine the forward value of a portfolio, we
consider a zero-coupon bond A with a maturity of T. The financial asset generates a cash flow of
1 at time T. Specifically, there is an R-valued progressively measurable process I', such that the
zero-coupon price A satisfies BSDE

AA(t) = AW [ (7)) + T ((t) = 7(t) + B(E) = a(t) )dt + T(HedW ()], € [0,T],

ANT) =1.
Here, for simplicity, we assume that T is {Fi}i>o-adapted and uniformly bounded for any
(t,w) € [0, T]|xQ. According to Rouge and El Karoui [30, Theorem 2.1], one can see

T) = | ! —y(2™(T) — S Y
J(@)= _inf W [exply("(T) - O] = Ay + 5, YO (2.4)

where (Y, Z") satisfies BSDE

aye(r) = - (2176@) I (—8(0) — v 28O — (8(1) + L, (—() — vZ%tmzv(t)) at
+ Z°()dW (t), telo0,T), (25)
Y¥(T) = C.

Here 8(t) = o (u(t) — r(t) + B(t) — a(t) — 020 (t)); K = {z € R| fgg(—ﬂ'x) <oo}; I iz (u) is

the projection of weR on o K; and VE{v:Qx[0,T|=0 K| vis {F}iso-adapted and
bounded}. Since |II__,z(u)| < |ul, for Yu € R, there exists a constant L >0 such that the
generator of (2.5) is dominated by L(1+ |Z"(t)|?).

The cost functional (2.4) indicates that solving an optimal strategy problem is equivalent to
solving an optimal control problem of BSDE, whose generator is dominated by a quadratic generator.
Building on this, a natural question arises: if v and C depend on a parameter 0 and are
continuous in 6, how can we characterize the equivalent optimal control problem, where 6 € ©
represents the different market states and © is a closed set of R. Actually, in this case, we need
to consider the following cost functional:

Tw() = s [ V7 (0)Q(a0).
QeQJo
where Q is a weakly compact and convex set of probability measures on (©,B(0)); (Yy,Zg)
satisfies the following BSDE:

dyy'(t) = - (21%(;@ 1, g (=0(8) =90 2" (1)) = (0(t) + 11,1 g (—6(t) — Wezv(t)))Z“(t)) dt

(2.6)
+ZE)AW (1), te[0,T],

Yev (T) = C@ .

Similarly to (2.5), the generator of (2.6) is dominated by L(1+|Z3(t)|?), where L is a constant
independent of 6. Consequently, the corresponding optimal control problem is formulated as
follows:

Problem S  Find an optimal control v(-) such that

~

T = suw sw [ ¥i0)Q(9)
v(-)ev QeQ Jo
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3. Problem formulation

3.1 Some properties for BMO-martingales

Denote by N the set of all natural numbers and by R* the set of all positive real numbers,
respectively. Let the superscript T denote the transpose of vectors or matrices. Let M =
(My, %) be a uniformly integrable martingale with My = 0. For p > 1, we define

1

E- | (M)oo — (M)7)E ]

)
oo

| M |lgmo, (p) := sup
T

where 7 is a stopping time on [0,7] and E,[] = E[-|F;] is the conditional expectation. The class
{M : |M|lgmo, ) < oo} is denoted by BMO,(P). Note that BMO,(P) is a Banach space under
the norm ||-||gno,, p)- For simplicity, BMO2(P) is written as BMO.

Next, we list some properties for BMO-martingales. For more details, the reader can refer to
Kazamaki [24].

® Denote by £(M) the Doléans—Dade exponential of a continuous local martingale M, i.e.,
E(My) = exp{M; — 3(M),}, for any te€[0,7]. If M € BMO, then &(M) is a uniformly
integrable martingale.

® Let U be the monotonically decreasing function defined on (1, 00) by

1
2p—1 \?
U(p) = <1+p—2ln> -1,
) 2(p—-1)
and then ¥(+00) :=lim, ,;. ¥(r) =0. For M € BMO, we can find a positive constant pps
which satisfies U(pyr) = ||M||smo- In particular, set pas = +oo if |M|lgmo = 0. Then, pys is
uniquely determined.
® The reverse Holder inequality: If p € (1,par), for any stopping time 7 € [0, 77,

E|(€(Mn))/(EM)|F. | < K(p, | Ml[syo),  as.

where

2p — 2 -t
Ko Mllo) =2(1 = 3225 oxo {2 [IM13wo + 2Mllno] })

® John—Nirenberg inequality: For M € BMO, if 6 € (0, ||M||]§1310)7 for any stopping time
T € (0,71,

-1
E [exp {0((M)7 — (M))}| 7] < (1= 01MI3w0) ", 2
® By p%,, we denote the conjugate exponent of pys, i.e., (par)~t + (ph) "t = 1.
For any p > 1, ¢t € [0,T] and a filtration F, we introduce some useful spaces:

SE(t, T;R™) :{@ Q% [t,T] — Rm’gp is F-adapted, continuous,

sas|p)}‘1° <o},

v is F-adapted, continuous,

A
p = E Sup
lellszm { (se[t,T]

S(t, T;R™) = {go Q% [t,T] — R™

£ esssup |<ps(w)\<oo},

Pllsee(t,
lellsze.r) (s,w)E[t,T]x
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’H;’p(t, T;R™) :{(p QX [ET] — Rm‘gp is F-progressively measurable,
p_ 1
T 2| p
(/ |<p52ds> ] < oo}.
t

In this subsection, we formulate the optimal control problem. To this end, we first introduce

||90||H[§=P(t,T)éE

3.2 Formulate optimal control problem

the set of admissible controls.

Definition 3.1 An F-adapted process v taking values in V. C RF is called an admissible control,

if for any € > 0, E[fOT |v(t)|¢dt] < 00. Vaq denotes the set of all admissible controls.

The following assumptions on coefficients by, og, fo, P are forced.

Assumption 1 (i) There exists a constant Co > 0 independent of 0 such that, for t € [0,T],
X1, T, 2y, xh € R™ w0 €V,

|b9(t,070,’l})| + |09(t’0av)| < Co(l + |’U|),
|b9(t7x171’/1’v) - b9(ta x2v‘rl27”/)| < CO("rl - x2| + |:U/1 - x/Z‘ + |1] - U/Da

|O'9(t,56171}) - O'g(t, 1:2’1}’)| < OO(|‘T1 - ‘TQ‘ + |1) - U/Da
by, 09 is continuously differentiable in (x,2',v) and (x,v), respectively; Oyby, Oz be, Oybg, 00,
0y09 are Lipschitz continuous in (x,z',v).
(i) ®g, 0, Py, 0 Py are continuous in (x,z') and bounded.

(i) f is continuously differentiable in (z,2’,y,2,v); Oz fo, 0x fo, Oy fo, 0 fo, 0y fo are Lipschitz
continuous in (x,x’,y,z,v); there exists a constant Cy; >0 independent of 6 such that, for
te [07T]7 x17x27xl]_7$/2 € anylay2 € R7 21,72 € Rdav € V"

|f9(t,x1,x/1,0, 07 U)l g Cla
|f9(ta X1, .13,1, Y1, 21, U) - fg(t, T2, x/Qa Y2, 22, U)|
< Ci|wr — o] + |27 — 25| + [y1 — y2l) + C1(1 + |21] + [22]) |21 — 22|,
|8Uf9(t7$17x/17y17 21, U)| < Cl'
(iv) There exists a constant Cy > 0 independent of 6 such that, for any t € [0,T], 6,0 € O,
r1,2) ER™y; €ER,z eRI v eV,
|§09(t7 T, 1'/1» Y1, 21, v) - @é(ta Ty, xllv Y1, %1, U)| < C2E‘(0» 9)7
where @g 1s by, 0y, fo, Py and their derivatives w.r.t. their respective variables.
(v) Q is a weakly compact and convex set of probability measures on (0, B(0)).

According to Briand and Hu [3, Proposition 3], and Hu and Tang [21, Lemma 2.1], we
establish the existence and uniqueness of (Y, Zj).

Theorem 3.2 Under Assumption 1, for any v(-) € Voq and p > 1, equation (1.1) has a unique
solution (X},Yy,Zy) € SK(0,T; R")XSIEO(O,T;R)XH;”’(O,T; R%).  Moreover, the following
estimates hold:
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) 1X5 15 0.7y < O{lx” +IEK/OT |b9(s,0,0,v(s))|ds>p} +{E[</OT |09(3,0,v(s))|2d3) g} }

(i) ”Y@UHSE"(O’T) <My and |[Zg - Wsuo < Mo,
(3.1)

where constant C depends on Co,p, T, and constants My, My depend on Cy, C1, T, ||P|| oo -

In the rest of this paper, we use C to represent a generic constant that only depends on the
given parameters and could vary from line to line.
The continuity of (XJ,Yy, Z}) concerning 6 is proved in the following proposition.

Proposition 3.3 Under Assumption 1, for any v(-) € Vaq, p > 1 and g > Dh. g,

(i) lim sup E[ sup |Xj(t) X?(t)|p] =0,

0zp0)ge  LOSIKT .
3
(ii) hm sup E[ sup |Yy(t) —YZ(t)|7 + ( — Z3(t )|2dt> ] =0.
H(@ g)<6 o<t<T

Proof As for (i), denote AX(s) = Xg(s) — X (s), and for h =, 0,
Ah(s) = hg(s, Xg(s), E[Xg (s)],v(s)) — hg(s, Xg(s), E[Xg (s)], v(s)).

Then it follows that

AX(t) = /0 (Ab(s) + bz (s, X5 (s) + AX(s), E[X7 (s)] + E[AX(s)],v(s))

— bg(s, X5 (5), E[XG ()], v(s)))ds

+ /0 (Aa(s) + aé(s,Xg(s) + AX(s),v(s)) — aé(s,Xg(s),v(s))) dW (s).

Thanks to Theorem 3.2, it yields, for p > 1,

(/ ' asias) +( [ ' Bo(s)as)

Then we turn to (ii). For simplicity, we denote:
AY (s) =Yy (s) = Y(s), AZ(s) = Zg(s) — Z3(s),
AQ(T) = (X (T), E[X(T)]) — @4(X5(T), E[XZ (T
Af(s) = fo(s, X3 (), E[X7(5)], Yy (5), Z5 (s), v(s)) — fa(s, X5 (s), E[X} (s
Then
AY (t) = AD(T) + (X5 (T), E[X5 (T)]) — ®o(X5 (T), E[XZ(T)])

E[ sup |AX(t)|”} < CE < CZ(6,0)P.

te[0,T)

D,

)
)] Y5 (s), 25 (s), 0(s)).

T
+/t (Af(s) + fols, Xg (s), E[Xg (s)], Y7 (s) + AY (s), Z(s) + AZ(s), v(s))
- f0(57 Xg(s)a E[Xg(s)}v Yév(s)’ Zg(8)7 U(S)))ds

/TAZ(s)dW(S), t€10,T).

According to Briand and Confortola [1, Corollary 9], we know, for any ¢ > pj_ o
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E| sup |AY(t)q+( A ' |AZ(ze)2‘che>g

t€[0,T]

<c(Bflaem + |ax@ + EAX ]
T
5| [1AFO1+ (e X530, EX 0L Y0, 25(0,00)

B fg(t,Xg(t),E[Xg(t)Lng(t)»Zg(t)7”(tm)q“dtD "

Hence, from (i), we derive, for ¢ > pj_ o

sup |AY(t)|q+</OT |AZ(t)|2dt) i

te[0,T)

E

] < CE(6,6).

This completes the proof. |

To introduce the cost functional, the following assumption for mappings ¢y : R"—R and
Yo : R—R are needed:

Assumption 2 (i) ¢y and v are continuously differentiable in their respective variables and

bounded.

(ii) There exists a positive constant Ly such that, for z,2’ € R, 6 € O,
|00(x) — do(2')] < Li(1+ || +[2'])|x — 2’|, [0x¢0(x) — Oudp(a’)] < Ln

(iii) 9 and its derivative 0y are Lipschitz continuous to y uniformly in 6 and bounded.

x—a|

(iv) There exists a positive constant Ly such that, for x € R™, 0,0' € O,
|ho(x) — her (2)] < LoE(0,0),
where h denotes ¢,~y and their derivatives w.r.t. their respective variables.

Since the control system (1.1) is model uncertainty, we consider the robust cost functional

700 = sup [ B[00 1) + 2005 (0)] @(a). (3.2)

The optimal control problem is:
Problem (PQU) We identify an optimal control 4(-) such that
J@() = int T(), (33
subject to (1.1) and (3.2).
The control problem described above will remain the focus for the rest of this paper. We aim

to establish the necessary and sufficient conditions for achieving optimal control.

4. Variational inequality

In this section, we investigate the variational equations and variational inequality, which are
essential materials to study the stochastic maximum principle.

Let ©(-) be an optimal control and (X, Yy, Zy) be the corresponding state processes of (1.1).
Notably, V,q is convex; therefore, for any v(-) € Vg and 0 <A <1, v () :=9(-) + A(v()—
9(-)) € Vaa. By (X2,Y3),Z;) we denote the corresponding trajectories of (1.1) with v*(-) for
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each 6 € ©. To avoid heavy notation, we set
bo(t) = by (t, Xo(t), E[Xo(t)], 0(1)),
To(t) = fo(t, Xo(t), E[Xo(t)], Yo(t), Zo(t), 0(t)),

06 (t)’ 0xbg (t)’ Oby (t)’ Oy b (t)7 009 (t)’ 0y 09 (t)v 0y0g (t)v 8zf9 (t), Oy f9 (t)a ayf@ (t)7 azf@ (t)7 avf@ (t>
can be set similarly.
4.1 Variational equation

Counsider the following variational SDE on [0, T]: for each 6 € ©,

dXg(t) = (&cbe(t) X3 (t) + 0wbo(E[X} ()] + Bybe (1) (v(t) — @(t)))dt
d
+ 3 (0o 0X3(0) + 0,03(0)0(0) — 00D )AW' ) (1)

X;(0) =0.

The equation (4.1) is a linear mean-field SDE. Since the coefficients 0,bg(t), 9. bo(t), Oubo(t),
0,09(t), 0pr09(t),0,00(t) are bounded, according to Theorem 3.2, SDE (4.1) has a unique
solution X, € SF(0,T;R™) for p > 1. Furthermore, we have, for p > 1,
T P
(E/ o(e)Par) " ).
0

B[,2, Ko < C{E[/OT(Iv(ﬂlp +[o(1) )] +(E/OT| ()
(4.2)

P
2

The following lemma shows that X} is continuous in 6.

Proposition 4.1 Under Assumption 1, we have for p > 1,

lim sup E[ sup |X91(t)—X$(t)|P] =0.
0gg,0yge  LOKIKT

Proof Notice

4 (X3(0) — X4(0)) = 0uba ()(XA(2) — XL(1)) + Durbg(VE[XH(6) — XE(0)] + 1, (1)t

d
3 (0a0b (0 (X3 (0) = X5(0) + I3 5(0)) AW 1),

() - X2 = 0.

where
1,5(1) = (Dubo(t) = 0ub5(1)) XA(1) + (9urba(t) = Ourby(1)) ELX3 (1)
+ (ubo(t) — Duby(t)) (v(t) = B(t))
I3, 50 = (8:05(8) = 0a0k(t) ) XE() + (Ducrp (1) = Duors(t)) (v(2) = 0(1)) .

Then, we can prove Proposition 4.1 by Theorem 3.2 and Buckholder-Davis-Gundy inequality,
following a standard proof. O

Set X (t) = +(Xg(t) — Xo(t)) — X4 (t), and we have the following estimate on it.

Lemma 4.2 Under Assumption 1, there exists a constant C > 0 depending on Cy and T such that,
for each 8 € © and p > 1,



330 Tao Hao, Jiagiang Wen, Qi Zhang

(i)E[OzgngéXe*(t)p}gc{m[/:uv( DI -+o(t) )] + / [o(t) at ) % /OT |17(t)|2dt)g}‘
(ii) lim sup]E[ sup |5X5\(t)|p] = 0.

A—0gco LOSIST

Proof Set by (s) = by(s, Xp(s), E[X(s)],0*(s)), 0;)‘(5) = oi(s, X7 (s),v*(s)). According to the

definition of 6X§‘, we have

SX)(t) = /o {;\ (bg\(s) — be(s)) — {&rbe(s)X(}(s) + Db (8)E[X 4 (5)] + Oubo(s)(v(s) — @(s))} }ds

’ /ot i {3 (0070 = 04(5)) = [2uei ()X + Do) o(e) = o(s0)] farw )

(4.3)
Denote
() = (Xo(D)+pASX) (8)+ X5 (1)), E[Xo (1) +pAE[S Xy ()] +E[X{ (1)]), B(t) + pA(v(t) — B(1))),
”’*() (Xo(t) + pPAOX () + Xg (1)), 0(t) + pA(v(t) — 0(1))),
= /0 laTbg t, w0 B)(t) = Olam/bg(t,ﬁg)‘(t))dp,
= [ Dol w2 0) — Db (0)(0(1) — 5(0))dp

0
+ [A5 () — 9ubo (1)) X5 (t) + [B7 (1) — 0w bo(H]E[X5 (1)),

D)‘z / Duop(t 7T9
Fy' (1) —/0 (0005 (t, 75 (1)) = Duory(8)] (v(t) — 0(1))dp + [Dy™ (1) — Do (1)) X (0).

Then the equation (4.3) can be written as

5X (1) = / (AN($)5X(5) + B (S)EBX(5)] + C(s)) ds

d

+2 /0 t (D3 ()97 (5) + ) (s)) dW'(s).

Notice that 0.bg(t), ybg(t), Dube(t), 0x0p(t), 0yol(t) are bounded. Thanks to Theorem 3.2 and
(4.2), it yields, for p > 1,

E[OiltlET‘SXe ”} <CE</ 1C (s |ds> +CIE(/ Z\F’\’ |d5)
r T

<ol [ w5 [ wopa) +< /OTwu)Zdt)g}.

Next, we turn to prove (ii). It is enough to prove

T P
lim supIE(/ |C’g‘(s)|d5) =0,
A—0pco 0

T d ) £
lim supE(/ Z F311(3)|2ds) =0.
0 =1

A—=09co
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On the one hand, we have

CHEIP < (21 v 1) { / Bubos, 8N (s)) — Dubo(s)Plu(s) — o(s)[Pdp
/ Bbo(s, T4 (5)) — Dab(s) 171 X3 (5) Pdp

+/ 0205, 75(5) ~ O ba(o) PIELX ()] P .
0
From ab < 1a? + 1b% a,b € RT, it follows
GO < 0o {1833(5) + X3P + S + X3 (o))
+o(s) = o(s) [P + X5 ()P + E[Xol(S)H?p}
where the constant C), depends on p. By (4.2) and (i) in Lemma 4.2 ;imo sup E(fOT |C2(s)|ds)P =
—0gco
0 follows immediately. On the other hand, based on the fact that c

IF () < 0A2{6X9(s) + X5 (s)|* + [B[X () + X (s)][*

T uls) — () + 1XA(s)] + |E[X;<s>]4},

we obtain
P

E(/O ZW“ ) ds)g < cp,dAp{E(/oT |U(s)—v(s)4ds) )

+E[ sup |5Xs<s>2p] +E[ sup |X;<s>2p] }
0<s<T 0<s<T

where the constant C), 4 depends on p and d. Notice that by Holder inequality we deduce

if1<p<2, E(/OT lo(s) @(s)|4ds> < <]E/OT lo(s) 17(5)|4ds) ’

o

itp>2, E(/OT lo(s) 17(5)|4ds)2 ngsz/OT lo(s) — B(s)|>ds.

Finally, by (4.2) and (i) in Lemma 4.2 again, it yields

and

hmsupE(/ Z|FPM ds) =0.
0

A=0gco
This completes the proof. O
We next introduce the variational BSDE on [0, T]: for each 6 € ©,
= Y5 () = (0 fo ()X (1) + Our fo(DVELXG (1)] + 0, fo ()Y (1) + D Fa(1) Z3 (1)
+ 0y folt) (v(t) = B(8)) ) dt — Z (1AW (), (4.4)
Y{H (1) = 0,86(T) X3(T) + 0,0 (T)ELXG ().
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Since |9, fo(t)] < Ca(1+|Zp(t)]), we know from (i) in (3.1) that 8.fp-W is a BMO martingale
and equation (4.4) is a linear BSDE with unbounded coefficients. Owing to |0,P¢(T)| < C and
|02 ®o(T)| < C, by Hu et al. [16, Proposition 3.1], it has a unique solution (Y,Z2) €
ﬂp>1(8§(0,T;R)XH;’%(O,T;Rd)), and we further have for all p>pj , and pj , <p<p,
there exists a constant C >0 depending on p,p, T, |0z follco; [0z folloos 10y follo  and
102 fo-W||lBmo such that,

T 5

B sw o ([ 1zwpa) |
0

0<t<T

< O{E[/OT(W(t)PJr |5(t)|’_’)dt} + <]E /OT |v(t)|2dt) + <]E /OT |z7(t)|2dt)

Next, we consider the continuity of the pair (Y,}, Z}) concerning 6.

ol

—
ks

[N

(4.5)

Proposition 4.3 Under Assumption 1, for q > Dh. £y

i swp B[ swp V0 - v 0 + /OTZ;u)—zg(t)PH —o.

“0zp,0)<e Lo<i<T

(NS

The proof is similar to that of Proposition 3.3. Thus, we omit it to save space.

Remark 4.4 The main difficulty in the proof of Proposition 4.3 isthat 9, fp(t) is unbounded. Hence,
the classical argument is not applicable to this case. However, by observing that O0,fo-W is a
BMO martingale, we can leverage BMO-martingale theory to obtain the stated quality for some p.
Proposition 4.3 plays an essential role in establishing the variational inequality (see Theorem 4.9

below).

We set
(YN t) = Yo (b)) — Yo (1), 6Z5(t) = %(Zg(t) — Zy(t)) — Z5(t),

>| =

§Y5(t) =

Do(t):=& (/Ot azfg(s)TdW(s)) , telo,T).

The following proposition demonstrates the continuity of (§Y}',§Z;) concerning 6.

(4.6)

Proposition 4.5 Under Assumption 1, for p € (1V 2p521f9 ,2),

lim sup]E[ sup Tp(t)|6Y (1) + (/OT(Fg(t))i|5Z§\(t)2dt)g} = 0.

A—=0pco 0<t<T

Proof Set
RM(T) i= (Ko(T) + Ao(X3(T) + 6X (1), ELKo(T)] + Ap(ELX} (T)] + EDX(T)])),

my” (t) = (Xe(t) +Ao(Xg (1) +0X7 (1)), E[Xo(t)] + M (E[X{ ()] + E[6X7 (1))

To() + Ap(¥ (1) + 8Y;0)). Zo() + Aol Z3(1) + 2 (1)).5(8) + Ap(o(t) — (1) ).
1 1
A1) = / O folt, ) (D) dp,  A(t) = / O foltt, 72 (1)) dp,

BMt) = /0 By folt, 2P (0))dp,  CA() = /0 0. folt, w2 (1)) dp.
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By the definitions of 5Y9)‘, (SZé\, we arrive at
OYRt) = Iy + I

T
+ / (0:£(5)3X0(5) + Dur F(S)BIOXD (5)] + 0, (5)0Y7(5) + 0. ()62 (5) + Dy (s) ) ds

_/T 5Zy(s)dW (s), t€[0,T],

where
> = / 0,8y (1)) dp5 X} (T) + / 0By (5 (1)) dp XA (T)),
13 = ([ 2ua(0)ap-0.00(0)) X301+ [ 0000 (D))dp-0.,20(1) | BT
Dy = [ (Bufalt 7 0) — 20 ) — 900+ (A300) — 200)) (X3) — Kol
+ (A3 (6) = 0 o)) ELXG (1) = Ko(0)] + (B2 () = 0, 0o()) (Y3 (1) — Ta(1))
+ (G ) = 0 fol1) ) (Z0(8) = Zo(1).
By Hu et al. [16, Proposition 3.2], it yields, for any p € (1V 2p; ' ,2) and p < p < 2,

| s rolavior+ ( [ T(re@»ﬁéza(wﬁdt) ]

te[0,T)

ST

. ) T ) P
<G (E [(FG(T))PNQLA‘FI(;Q’/\V"F ( i (Fe(t))f’Iaxf(t)(?X?(t)Jrf)zff(t)lE[5X$(t)}+D$(t)dt) D
’ (4.7)

First, reverse Holder inequality leads to that, for p € (1V 2p521f9 ,2),

2 2
E[o(@)?] < £ (5100 71)).
Consequently, from Lemma 4.2, we know, for all p € (1V 2p521f9,2) and p<p <2,
1)

< CE [(0y(T)5-(6X3 (T)[” + [E X3 (T)]1")|

E[(Co(T)?

(2—p)

<ofelwury?] | {e] s xber) )
2-p)

<C<K(2,||azf9w>> {E{SUP 6X9*(t)IHH —0, as A—0.
D t€[0,T]

We can similarly deduce that, for all p € (1V 2p5z1f9, 2) and p<p <2,

tin B o)+ ([ o) 000630 + 0 FOESXR @l ) | o

Next, we focus on E [(IOT(FQ(t));|Dé‘(t)|dt)p:| . Notice
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|C3 () = 0:fo(1)] < C>\<|5X9A(t) + X5 ()] + [ELXG (1) + X5 ()]
+18Y5 () + Y (8)| + 1625 () + Z5 ()] + [v(t) — ﬁ(t)\)-
We only deal with the most difficult term E [(foT(l"g(t));lv.|Zg(t)|.|ZéL (t)|dt>p} . The other terms

can be estimated similarly. Actually, by Holder inequality, one has

]EK/()T{F"(t)}’l"|Ze(t)|~|Zelv(t)|dt)p]
T P

<{s[[ {m(t)}i-%(tﬂ?dt}}Z{E[(/Oﬂzel(tn?dt)&]}%.

By Holder inequality again, together with Doob’s inequality and reverse Holer inequality, we
further have for fixed p; € (1V 2p521f9,2) and any p > p1,

E{/{)T(Fe(t))f"we(ﬁpdt] < {E[tes[%%](Fg(t))zi] }{EK/OT IZe(t)th)‘”p“]}

2 p—P]

< {elmm Ay (=[] ora) ]} <

pP—P1

The above and (4.5) implies

T L p
E K/ (Fﬁ(t))P~Ze(t)l~Zé(t)ldt> ] < o0.
0

The proof is completed. O

Remark 4.6 On the one hand, from (4.7), we also have

E[ sup TH(OIYR ()P + ( / <r3<t>>i|az$<t>|2dt)2

] < 00,
te(0,T]

which implies |6Y3*(0)| < oo. On the other hand, by taking t = 0, it follows from Proposition 4.5
that, for p € (1Vv 2p5z1f9 ,2),

lim sup [6Y;*(0)|P = 0.
A—=09co

Remark 4.7 If coefficient f depends on the mean-field terms E[Y;] and E[Z4], the present

method encounters a difficulty in proving the above Proposition 4.5. We leave it for further work.
4.2 Variational inequality

This subsection is devoted to studying variational inequality. For given v(-) € V,q4, define

Q”Z{QGQ

I = [ Bon(x3(0) + 205 0] Q) }.

Lemma 4.8 Under Assumption 2, QY is nonempty.

Proof From the definition of J(v(-)), there exists a sequence Q™ € Q such that, for all
’U() S Vad,
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B [0 + 2005 0] @"(06) > Tw()) - .

n

Since Q is weakly compact, there exists some QV € Q such that, if necessary, a subsequence of
Q" converges weakly to V. Thanks to Theorem 3.2, Proposition 3.3 and Assumption 2, the
mapping 6 — E[pe (X (T)) + v6(Yy'(0))] is continuous and bounded. Hence, we obtain

J() /

e

E[00(X3(T)) +70(Y;(0))|Q"(a6)
= 1im [ E[oo(X5 (1)) + (Y (0))|Q"(d6) > J(0(-)).

n—oo e
Thereby, Q is nonempty. O
We now give the variational inequality.

Theorem 4.9 Under Assumption 1 and Assumption 2, we have

i 5 (J02() = J60)) = sup [ E[0:00(Xa(D)XHT) +0,20(Fa(0)¥(0)] ().

A—=0 A Qeov Jo

Proof The proof is split into three steps.
Step 1 We show
timint £ (J02()) = J0() > sup [ E[2.00(Ka(T)XHT) +0,00(Fa(0))} 0] Qo). (45)
- Qe Jo
From the definition of Q7, it yields that, for any Q € Q7,
7(2*0)) = [ B[on(x3T) +20(%3 0)] @ta0).
7(509) = [ E[30(Xo(7)) + 0(Ta(0))| Q0.

Consequently, for any Q € Q7,

(70 - T@) 2 / E |9, 60(Xo(T)) X3 (T) + 9y70(Ya(0)) Y5 (0)| Q(a0) + I3 + 73,
(C]
where

n=[E V 0ut" (1) dp- DX ”/Ol%ﬁ%mdp- 5y;<oﬂ o).
/ [/ ) (T )*araﬁe(Xg(T))) dp X1(T)
.

[ (022070 - 220(Ta(0)) a2 0)] e
0:0,"(T >= 8206(Xo(T) + Ap(X3(T) + 6X(T))),
94777 (0) = 8,76 (Ya(0) + Ap(Yy (0) + 8Y5(0))).

On the one hand, since |f01 8x0y”(T)dp| < L1 (1 + |Xo(T)| + | XA(T)| + [6X)(T)])  and
10,797 (0)| < C, it follows that, for any 6§ € ©,
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[ / 0.0y (D)dp- 53T + [ 0, ) 6@(0)}
gC{E{ sup (1+|X9(t)|2+|X;(t)|2+5Xg(t)|2)]}5, {E{ sup 5X§‘(t)|2]}é+|5yg,\(0).

te[0,T] te[0,T]

Making use of (3.1), (4.2), Lemma 4.2 and Proposition 4.5 (or Remark 4.6) we have
< lim |J] < hm supE {/ &C(ﬁ T)dp- 6X(T / &, 0)dp- 6Y3(0 )} =0.
= A=0 0gco

Moreover, based on (4.2), Lemma 4.2, (4.5), Remark 4.6, and the assumption that 9,7 is
Lipschitz continuous in y uniformly in 6, we have

Bl < supE[ [ @) - duu(Ko(r))apl |X;<T>H
[USE) 0

1
+/ sup |9y7," (0) — 9,70 (Ya(0))|dp- sup [Yy (0)]
0 0€O [2S{C)

<om[ sup | X3(8)2 + sup |6X$(t)l2]
t€[0,7] te[0,T]

1
+/ sup [3,75”(0) — 9,76 (Ya(0))|dp- sup [Y5(0)|—0, as A—0,
0 0€O [2SC]

From the above estimate, (4.8) follows immediately.

Step 2 Find a subsequence A, — 0 such that
Al — vl(- An (. — vl -
s 20N = IEO) I () = J00)

A—0 A n—oo An

For each n € N, due to Q”A" being nonempty, there exists a probability measure Q*» € Q”An
such that

T 0) = [ B[ (1) + 2007 0)] @ (a0),
760) > | B[o(FoT) +20(75(0)] @ (00),

To see this, first notice

J (0 () = J(0() </ E[¢o(Xp™ (1) — ¢6(Xo(T)] + 70(¥;™ (0)) — 76(Y5(0))
)\n = €] )\n

Q" (do)

= [ E[0.0u(Ra(T) X3 (D) + 0,20(To0)YF 0)] @ (@6) + 1 + .
(4.10)
where Jl’\", J2>‘"' are given in (4.9). Similar to Step 1, we can show
Jim (1724 130]) =0

Since Q is weakly compact, there exists a probability measure QA) € @ such that the sequence
(Q*)nen, possibly by selecting a subsequence, converges weakly to @ In addition, based on
results from Theorem 3.2, Proposition 3.3, Proposition 4.1, Proposition 4.3, (4.2), (4.5), and
Assumption 2, the mapping 6 — E[0,¢9(Xo(T))X2(T) + 0y79(Ye(0))Y4 (0)] is both continuous
and bounded. As n—oo in (4.10), it yields



Probability, Uncertainty and Quantitative Risk 337

ey 2070) IEO) T 02(0) I (E(0)

A—0 A n—00 An

< [ E[eon(a(T)XYT) + 0,20 (7(0)¥3 (0)] Qo).
Step 3 We prove Q € Q7. For this, we need to show
I60) = [ E[30(Xo(T) + 20(T0))]| Q(a0).
<)

In fact, since [9,¢,""(T)| < Li(1+|Xo(T)| + |X5(T)| +|6X)(T)|) and [3,7,""(0)| < C, it
follows from (3.1), (4.2), Lemma 4.2, (4.5) and Remark 4.6 that, for all § € O,

[El00(X)" (T)) = ¢0(Ka(T))] +70(Y" (0)) = 70(¥a(0))|
B| [ o mapxm +ax | |,

75" (0)dp: (Y4 (0) + 8, (0))

g)\n{IE [1 + | Xo(T)? + | X3 (T)> + [6X " (T)ﬂ + Y5 (0) + 5V, (0)|}%0, as  Ap—0.

Above inequality leads to

Tim [T (0™ () = J(8()))]

< tim [ [BI00(" (1) = 00(Xo(T)]] + (¥ (0) = 20(¥5(0 ’QA (40)
< Jim sup B [|60(X" (T >>—¢9<X9<T>>H+|ve<Y;ﬂ<o>) %(%5(0))] =0

and

lim | / E[po(X," (1)) +70(¥;" (0))] — El6o(Xo(T)) + 76(¥a(0))]) @ <d9>\

n—oo

< Jim_ [ [El60(53 (1)) = 0K (]| + 10057 (0) = 20 (o (0) @ a0

< lim sup {IE Hqsa X3 (T) = 60 (Xo(D))|] + pro(¥3 (0)) - 79(Y9(0))’} = 0.

Consequently, it yields

J(0() = lim J(* () = lim [ Elgg(Xy"(T)) + 70 (Y, (0))]Q ()

n—oQ n—oo e

= lim | E[ps(Xo(T)) +6(Y5(0))]Q*" (df) = /@E[¢9(X0(T)) +70(Y5(0))]Q(d6).

n—oo e

From Theorem 4.9, we have the main theorem in this section.

Theorem 4.10 Under Assumption 1 and Assumption 2, there exists a probability Q € Q° such
that, for any v(-) € Vo.r,

| E[0:600 (Ko XT) +0,70(55(0)¥ 0)] Q1) > 0

Proof For a more precise expression, we write X, 6}, Yel as X ; v Y(,l’v. It follows Theorem 4.9 that,

for any v(:) € Vad,
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1

0< lim S (J(() = J(@()) = sup / E [0,60(X0(T)) Xy (T) + 0,70(Ya(0) Yy (0)] Q(a),
- QeQv Jo

which implies

i, s /@ E [0,60(%6 (7)) X3 () + 0,705 (0))Y, " (0)] Q(d6) > 0.

Define YTy :=E |:8$¢9(X9(T))X;’U(T) + 8y79(§79(0))Y01’U(0)]. From the linearity of XL”,YGL”
concerning v, we know that v+ T}y is a linear mapping, i.e., for v(-),v'(:) € V4q,0 <1 <1 and
0e0o,

YrO=0" — gy 4 (1 -y
In addition, for v(-),v'() € V,q and 0 € O,

75— 15| < CE[(1+ 1 Xo(DD| X5 (1) = X5 (1) + ¥ (0) = ¥ (0)]
< cofmn+ %) e @ - xpr @)+ o - v o)

This, together with (4.2) and (4.5), show that Y} is continuous with respect to v uniformly in 6.
Leveraging Sion’s minimax theorem, we obtain

v(;gm Qsélgv/eE [&cd)e()_(a(T))Xel’v(T) +3y79(579(0))yel’v(0)} Q(do)

= sup inf /@ E [aw@()‘(g(:r)))(;v”(zﬂ) +ay79(%(0))ygv”(o)} Q(do) > 0.

Consequently, for any € > 0, there exists a Q¢ € Q? such that

inf [ E[0,00(Xo(T)) Xy (T) + ,70(Ya(0) Y (0)] Q(d0) > —e.
v(-)EVaa JoO

Ultimately, the compactness of QU enables us to select a subsequence ¢, — 0 such that Q¢
converges weakly to a probability measure Q € Q7 and

B [e0nRo(m) X3 (T) + 0,50 (5 0¥ 0)] Q)

= lim [ E[0,00(Xo(T) X" (T) + 0,70 (Ya(0)) ;" (0)] @ (d9) > 0.

€n—0 e

5. Necessary and sufficient maximum principles

This section discusses the necessary and sufficient maximum principles. For this, we introduce
the adjoint equation
Apa(t) = 0, fo(D)ps (D)t + 0. fo(Dps (VAW (1), ¢ € (0,7,
d

—dge(t) = ( — 0 fo()po(t) + (Debo(t) a0 (t) + > _(Dho(t)) T r(t) — Bl fo(t)pa(t)]
=1
+ E[(az’be (t))qu (t)]) dt —re(t)dW (1), te [0, T], (5.1)

po(0) = —9,70(¥5(0)),
90(T) = — (029 (Xo(T), E[Xo(T)])) " po(T) — E{az/@e(Xe(T)aE[Xe(T)]))TPH(T)]
+ D:¢0(Xo(T)).
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The forward equation in (5.1) is a l-dimensional SDE with unbounded coefficients. The
solvability of (5.1) stems from the following lemma, which is an immediate adaptation of
Gal'chuk [11, Lemma 3 and Lemma 4].

Lemma 5.1 We assume E UOT |<p1(t)|l’dt] < oo, E (fOT |<p2(t)|2dt>§ < 0o, and a1-W, asW €
BMO. Then, for p > 1, the 1-dimensional SDE with unbounded coefficients below

{dX(t) = [aa ()X () + o2 (D)]dE + [az(£) X () + p2(DAW(¢), ¢ € [0, 7], (5.2)

X(O):I()ER

has a unique solution X (-) € SF([0,T7;R).

Proof Define 79 = 0,

t 2 t
Tl = inf{t > Ty (/ |a2(s)|2ds> > 2_p_IC;1 or / la1(s)[Pds > 2_p_1} AT,

where C, only depending on p is the constant in Buckholder—Davis—Gundy inequality. Clearly,
T T T, as nToo.

The proof is split into two steps.

Step 1 We show that the equation (5.2) possesses a unique solution Xi(-) € S¥([r0,71];R) on
the interval |79, 71] with the fixed point theorem. Let X € S ([79,71];R). Define

t t

[al(s)X(s) + wl(s)}ds + / [ag(s)X(s) + wg(s)} dW(s), tE€ [r,71],

70

T(X)(t) = 2o + /

70

['(X)(70) := xo.
It is easy to check I'(X) € SE([r0, 1];R). For X', X" € SE([r0, 71]; R), define
AX = X' — X", T(AX)=T(X') - T(X").

Then it follows that

t t

al(s)AX(s)ds—i—/ az(s)AX (s)dW(s), t € [r, 7],

70

rax = [

70

T(AX)(rg) = 0.

By Buckholder—Davis—Gundy inequality and Hoélder inequality, we have, for p > 1

T1

E[tesup IF(AX)(th]gzP—lE{/ la1(s)[Pds- sup IAX(t)lp}

[ro,71] To t€[ro,71]

+2p—1cpE[(/T \ag(s)|2ds)%- sup |AX(t)|p].

0 t€[7o,71]

T1

Recalling the definition of 7, we deduce

E[tesup |F(AX)(t)|P]<1E[ sup \AX(t)\p]

[T0,71] 2 Lt€[ro,71]

The fixed point theorem yields that SDE (5.2) has a unique solution Xi(-) € SE([r0,71];R) on

the interval [7o,7].



340 Tao Hao, Jiagiang Wen, Qi Zhang

Step 2 Assuming that a solution X of (5.2) has been constructed on [rg, 7], we construct it
on (7n, Tnt1]. For this, define

t t

Pﬂ¢ﬂ$+%@wb+/[@@X@Hﬁﬂﬂ&ﬂQ,temmwﬂ

T(X) () 1= X(r) + /
T" (5.3)

Tn

According to the definition of 7,11, and following an approach similar to Step 1, it can be
determined that (5.3) has a unique solution X,11 € SF([7n,Tm+1];R). Repeating this process
repeatedly, a solution for equation (5.2) on the interval [0,7] can be constructed. Moreover, the

uniqueness of this solution is guaranteed by the constructive nature of the procedure. O

From Lemma 5.1, the forward equation in (5.1) has a unique strong solution p(-) €
SE([0,T);R) for p>1. The backward equation in (5.1) is a n-dimensional mean-field BSDE
with a bounded Lipschitz coefficient. According to Chen et al. [5, Theorem 3.4], for p > 1, it has
a unique adapted solution (g(-),7(-)) € SE([0, T]; R™)x HeP ([0, T]; R™*%).

The following lemma shows that pg is continuous with respect to 6.

Lemma 5.2 Under Assumption 1, for 1 < p < (pa, f, /\P(azf{;—azfe))a

lim sup ]E{ sup [pe(t) _pé(t”p} =0.
e—0_,, 7 te[0,T]
=(0,0)<e

Proof Since |py(t)|? > 0 for t € [0, T], applying 1t6’s formula to In |pg(t)|? on [0, 7], it leads to
Po(t) = py(0)-elo HSo . ( /0 t azfe(S)TdW(S)) :
We only show py(t) = —pg(0)-eJo dulo(s)ds.g f 0. fo(s)TdW (s)), i.e.,
plt) = Bu(TaO) el e [Co g ams) ).

Notice
po(t) —pg(t) = Lo (t) + I2(t) + I3(t),

where
10) 1= [0,20(59(0) ~ 0,25 00|t e ([0 pasyTams)).
Io(t) i= Dy 7(T5(0))- [efi OoFo (s — e 0ufa()is] (/tazfe(S)TdW(3)>,

Ba(t) = 0,5 (T3(0) e 27 g / 0.psTaw(s)) ¢ / 0.15()Taws) ) |.

For I1(t), since

19476 (Ya(0)) — 9y75(Y5(0))) 76 (Y5(0)) — 0y75(Y5(0))] + 10,75(Yo (0)) — 9y 75(Y5(0))]

<o
gae®+m%(>iﬁ®L

it yields from Doob’s inequality and reverse Holder inequality that
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] 2, O] < 8] s [E0.0) w0 - Gom e [ t 0.0 W) }]

te(o,7] te[0,T]

< C,=P(0,0)E [ sup 8(/ 9. fo(s)TdW (s ))p}

t€[0,T]
o)~ Tt st awis) [V

su
rorlan OO g e aerao)”

5
< CpEP(0,0 [(/6f9 TdW)]
* Cp{E LES[%%] Yo (t) = Ya(t) | ] }1/ E[e(/f 5zf9(5)TdW(s))ppJ }

< CpEP(0,0)-K (p, |0 fo- W |[Bato0)

U

1
a

+ {]E{ sup [Yp(t) — _é(t)|pq,] }q K (pp', |19= fo-W|Bmo),

te[0,T]

% and ¢ . Clearly pq' > Ph, fo and by Proposition 3.3 we have, for

where p' =
1 <p<po.fe;

: sup |[Ii(t)[P|
lim E(E%E’SE]E Le[o,ﬂ 0.

For I(t), since
[efg 0y fo(s)ds _ o[y 0y f5(s)ds] <7, [6T5(0,é) _ 1} ’

=] ([ osorawea) |

< Le9T. {eTE(G’e) —1|-K(p, ||6zf9'W”BMO)'

we know, for 1 <p < pa,y,,

sup |I2(t)|P
E LE[O,T] 2(t)

—_
N
h
i)
Q
N
)
~
[1]
B
=
I
—

Finally, we prove, for 1 < p < (pa., AP(o, f;-0. fs))

P
lim sup E{ sup |I3(1)] } =0.
e—0 E(6, 9)< t€[0,T]

In fact, due to |0yv4( _5(0))-ef0t 9ua(=)ds| < C, we only need to prove, for 1< p < (pa. s, A

HLre) o[-

YTdW(s)). Tt is easy to see that X, satisfies the

Do, f5-0-1s))>

lim sup E | sup
Ozp.d)<e  |t€0,T]

For convenience, set Xp(t foa fo(s
following SDE

Xg(t):1+/0 8. fo(s)Xo(s)dW (s), te [0,T).

Set X (s) = Xo(s) — X;(s) and @(s) = (9. fo(s) — 9. f3(s))X;4(s). Then
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() = /O (0. 13(5)X () + o(s)) AW (s), ¢ € [0,T].

Consider
dTg(t) = (0, fo(t))*TLg(t)dt — O, fo(t)a(t)dW (t), t € [0,T],
Iy (0) = 1.

By Lemma 5.1, the above equation has a unique strong solution IIy € SP([0,T];R) for p > 1.
Then it follows from It6’s formula to X (s)Iy(s) on [0,¢] that

X(t)ﬂe(t)Z/O (—8zfe(5)ﬂe(8)<ﬂ(8))d8+/o Iy (s)(s)dW (s), t € [0,T]. (5-4)

In addition, consider

drg(t) = 8. fo(H)me()AW (£), t € [0,T],
7T9(O) =1.

By Lemma 5.1 again, the above equation also has a unique strong solution my € SP([0,T];R) for
p > 1. Moreover, we know from Itd’s formula that IIy(t)mg(¢) = 1, ¢ € [0,T]. Hence,

t() ! =t = & | t 0.4 ().

From Holder inequality one can see, for 1 < p < (pa, s, A P(a. fé—azfe))v

E{sup |X(t)p} E{sup |X(t>ne<t>m<t>p} @{sup | X (t)Ig (1) P~ sup |7re<t>|p]

te[0,T) te[0,T] te[0,T) te[0,T)
< {E [ sup |X<t>ne<t>|m’] } {E[ sup |we<t>|pp’] }
te[0,T] te[0,T) ’
;P (Po.sgAP(o f5-02fp)) r D . , . ,
where p' = 5 and ¢ = 71 Since pp’ < pa.5,, it follows from Doob’s

inequality and reverse Holder inequality that

E| S0 7re(t)’”’] < CE [mo(T)™' | < CK(0/, 10 oW 1mr10)-

Consequently, by Holder inequality we obtain
1

E[ sup |X(O] C{]E{ sup X(t)Ha(t)W’Hq

te[0,T] t€[0,T]

<clE| sw XOmOP7T 1" <clr| sw IXOMOP |17
te[0,T] te[0,T]
(5.5)
where C depends on pp’ and |0, fo-W ||smo - Besides, from (5.4) we arrive at
_ / T
| s, KOWO ] < [0 0. o) s
te[0,7] 0

t pp’

+ CE{ sup / Ty (5) ()W (s) } (5.6)
te0,T]1J0

where the constant C' > 0 depends on pp’.
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Next, we estimate the ds-term and the dW-term in the above inequality one by one.

Regarding the ds-term, since

0. fo(9)] < OO+ 1Zo()]). lols)] < Z(0,0)-€ ( / s azfawdvv(r)) ,
(5.7)

1) =exp { [ (0.000) W)+ 5 [ 10-futr)Par}.
by Holder inequality we have
Bl [ 1= oo ma(o)o(s) as
<czeas|( | "4 1Zo(s)) & [0 - 0.putr)Taw ()

pp’
_ef(f 8zf9(7')T(5zfe(7')—3zf5(7'))d7'd8> ]

/
pp

< cz(e,é)m”E[ sup 5</08(8zfg(r) azfe(r))TdW(r)>

s€[0,T]

- n T 7 T _ ppl
«eCE0.0)pp” [5 (1+]Zo(r))dr </ (1+ |Zg(1“)|)d’r’) }
0
/1 L

< CE(&@)W{E[ sup g(/os(azfé(r) - asz(T))TdW(T))PPP ] }pu

s€[0,T

’ o1 1

. P _ T B pp q a7
,{E{eCE(M)pp a’ fo (I+1Ze(r)dr (/ 1+ |Z9(r)|)d7“> H , (5.8)
0

"+ (Do, 1y NP 150 r .
p'+(pa fo ;;(pej fg—9 fB)) and q// = ﬁ Slnce ‘6zf9~(5) — azf9(8)| g C(l —+ |ZQ(S)|+

|Z5(s)|) we know (0.f; — 0.f9)-W € BMO. Notably, 1< p' <pp'p” < P(o.f5—0.f5)- 1t follows

where p” =

from Doob’s inequality and reverse Holder inequality that

s pp'p”’
E[ sup 6( / <azfg<r>azfe<r>>TdW<r>> < K(pp'p",11(0- 5 — 0. 5)W [lni0).

s€[0,T]

On the other hand, by Holder inequality and Zy-W € BMO, we get

1

_ _ T B pp'd" N o
{E[ecaw»em o I Qe Zo(rar, ( / (1+ Ze(r)|)dr> } }
0

—_ n 1 1 T 7 % T — ppq ml%
< C{]E [6205(0,9);017 a’f3 (1+|ZG(T)\)<1T} }2q {EK/ (1+ |Z9(r)|2)dr> ]}
0

_1_
<C {IE) [62CE(Q,§)pp/q” fOT(1+|Zg(r)\)dr} }2q” .

X

Without loss of generality, we assume 3(9,5) < 1. Consequently, by applying the John—

Nirenberg inequality, we obtain
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E [ezcaw,é)pp'q“ j;)T(lJr\Ze(r)l)dr} < E[ 2Cpp'q" [ <1+|Zs<r)|)dr]

< 20PP'd(T+5)R [ 20pp’q" § [ \Ze(r)lzdr}

’ o 6 7 o
< 20p0'a"(T+%) <1 - QCpp/q”4||ZG'W”%MO>

— ée%’m/q” (T+%)
b

> —2
1Ze-Wiligno

where § = 2Cpp'q”

. Combining the above inequalities, one has

T
]E[ /O | — 8. f@(s)Hg(s)w(s))W’/ds} < CE(6,6)7" . (5.9)

Next, we analyze the dW-term. Similarly to the ds-term, based on the Buckholder-Davis—
Gundy inequality, (5.7), Holder inequality, and John—Nirenberg inequality, it follows

s | [ mopetoaio]”]

s pp’ . ~ o
< C=(0.07E| sw s( / (O-l3(r) = 0:Far ) TAW (1)) O I 12000
s€[0,T] 0
s pp/p// ﬁ
< C=(0, 6y { [Sup g(/ (8zf§(r)—3zf9(r))TdW(r)> ]} ,
s€[0,T] 0
{IE [ Cpp'd” [T (1+\Ze(7“)|)5(9,5)d7} }q” < 05(9’9)1010/7 (5.10)

where C' depends on ||(9. f5 — 0.fo)- W|lsmo and 0. fo-W||gmo, and p”,q” are given in (5.8).
Finally, taking into account (5.5), (5.6), (5.9) and (5.10), we have E L:;}’T] X (t)p} < CE(0,0)7.
The proof is completed. O
Remark 5.3 The forward equation in (5.1) is a 1-dimensional linear SDE with unbounded
coefficients, which prevents us from obtaining the continuity of pg(-) concerning 6 using the

classical method. However, since 0,fo-W is a BMO-martingale, utilizing properties of BMO
martingale, we can derive the above result. Lemma 5.2 is used in the proof of Lemma 5.5 below.

Before we prove the stochastic maximum principle, we need to establish the continuity of
qe,To in 6.

Lemma 5.4 Under Assumption 1, we obtain, for 1 < p < (pa. s, A Do. f;-0.fs)

b

i s B[ s (o)~ a0 + ([ o) -yt ] =o.

=2(0,6)<e Lte€[0,T]

Proof Notice that
T
qo(t) — q5(t) = [ao(T) — q5(T)] + /t (Oxbo(s) " (g0(s) — g5(s)) + Z Bu(s) " (rp(s) — 75(s))

B[00b0 () (00(5) = 05(5))] + 119 + Ty 5(s))ds = [ (ro(5) = rgla))aW (s,
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where

I, 5.4(s) = 0x f5(s)pg(s )*&cf@(s)l?e(s)+E[3x/f§(5)175(5) *@c/fa(s)pe(S)},

d
Tp.0,5(5) = (Db (1)~ 0:05(1)) Tag()+ > (0205(8) ~ Dar() T75(0) +E [ (0urbo(t)~ 0urb(1)) (1)

i=1

Since 0,bp, 0,05, Dby are bounded, the backward equation in (5.1) is a mean-field BSDE with
Lipschitz coefficient. By Chen et al. [5, Theorem 3.3], it yields that for p > 1,

p

]ELGS[%?T] 4o() — gD + (/OT Iro(t) — Tg(t)|2dt) }

< CElan®) - 0 + [ Lot + oy ]

0

Since 0,Pg, 0y Py, Orbg, 009, Orr by, Oy fo, Opr fo, Oxdg are bounded and Lipschitz continuous in 6,
it follows from Lemma 5.2 and Proposition 3.3 that

iy swp E| s [aol0) ~ (0P + /OT|re<t>—rg<t>|2dt)g}=o.

“20z,0)<e  Ltel0,7)

This completes the proof. O

Define the Hamiltonian: for ¢ € [0,7],7,2' € R*,y € R,z € REpe R, € R",r e R4 v €V,

H@(tvxvx/7y7zav7p7Q7 ) _qug(t xZ, ZL' ’U +Z t X ’U) pfg(t,$7$/,y,2,'l})
i=1

and its partial derivative with respect to v:

Ao(t,w) := O, Hy(t, Xo(t), E[Xo(t)], Yo(t), Zo(t),v(t), pe(t), qo(t), e (t)). (5.11)

Lemma 5.5 Under Assumption 1 and Assumption 2, the above A is an F -progressively
measurable process, i.e., for each t € [0,T], the function Ag(t,w): OX[0,t]xQ—-R is HB(O)x
([0, t]) x F; -measurable.

Proof Since O is a Polish space, for each M > 1, there exists a compact subset CM C © such
that Q(0 ¢ CM) < 1 . Then we can find a subsequence of open neighborhoods ( (01, 5 M))ILNi
such that CM ULM (B(61, 537)) - By the locally compact property of © and using partitions of

unity, there exists a sequence of continuous functions h; : ©—R with values in [0, 1] such that

Ly

hi(8) =0, 1f9¢3<9l,2M) l=1,---, Ly, and ;hl =1, ifgecCM.

We choose some 6§ satisfying h;(6;) > 0 and define
M
= Z Ag; () hi(0)1pecnry .

Notice that E [fo | Ao (t |dt] L. Tt yields that
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/ U ‘Ag ~ At ‘dt] (6)

Ly

<[ [ / Aé”(t)M(t)dt]hl(o)l{eecmm[ /OT|A9<t>dt]hl<o>1{e¢cm@<de>
=1

< s B[ [ 1850 - Malolar] + LG ¢ )

E(6,0)< 47

sup E{/OT |Ag(t) — Ag(t)|dt:| + %

E(0,0)< 77

N

Here we use the fact that hy(f) = 0 whenever Z(6,6) > =37

Then we prove lim  sup E[fo [A;(t) — Ag (t)|dt] = 0. Recall that

M — o0 =0, 9)\M
d
Ag(t,w) = Dby (t, Xo(t), E[Xp(t)] )+ Zava £),0(t))rh(t)

— 0 fo(t, Xo(t), E[Xo ()], Yo(t). Z, (t), ())po(t)-

Since O,by, 8va§,(“)v fo are bounded and Lipschitz continuous in #, the desired result comes from
Lemma 5.2 and Lemma 5.4. O

Now, we are ready to derive the necessary conditions for achieving optimal control.

Theorem 5.6 (Stochastic Mazimum Principle) Let ©(-) be an optimal control to the problem
(3.3), (Xo(-),Yo(-),Zg(-)) be the solution to the state equation (1.1) with v(-), and (pe(-),
q0(-),m0(-)) be the solution to the adjoint equation (5.1) with (). Under Assumption 1 and
Assumption 2, there erists a probability measure Q € QU such that, for v € V, dtxdP -a.e.,

/@(&He(tje(t)vE[Xa(t)]a%(t)a Zo(t), 0(t), po(t), 0 (t), 7o (t)), v — 0(t))Q(dB) > 0

Proof Applying Ito’s formula to (X2(-)) " ga(-) + Y4 (-)pe(-), one has

E :<az¢e<Xe<T>>>TX; (1) + ayve<Ye<o>>Y;<o>}

—5| [ (@ +Z 5(6) = 0. fopa(e). o(0) - (e

r pT
=E/O <6vHe(t,Xe(t),E[Xe(t)]er(t)yZe(t),v(t),pa(t%qe(t)w(t)),v(t)—v(t)>dt]~

Thanks to the above equality and Theorem 4.10, there exists some probability Q € QV such that,
for all v(+) € V,a,

T
/@ E [ / (0o Hy(t, Xo(t), E[Xo (D), Vo 1), Zo(t), 0(2), po(t). ao (), 7o 1)), 0(t) — ﬂ(t»dt} Q(d9) >0

Thanks to Lemma 5.5, the process Ag(-) is F-progressively measurable. Then, it follows from
Fubini’s Theorem that
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T
E[ / / (0o Ha(t, Xo (), ELX6 ()], Yo t), Zo(t), 5(t), pa(t). a6 (t), r(£)), v(t) — 2())Q(d6)dt | >
0 e

which implies for v € V', dtxdP -a.e.,

/@(%He(t,Xe(t),lE[Xe(t)LYe(t), Zo(1), (), po(t), a6 (t), 7o (t)), v(t) — B(t))Q(d0) > 0.

This completes the proof. O

Remark 5.7 As stated in the introduction, since the model is uncertain, we use a weak
convergence technique to prove the variational inequality, see Theorem 4.10. Notably, the proof of

Theorem 5.5 does not use the weak convergence technique.
Then, we turn to the sufficient condition of optimal control.

Theorem 5.8 Based on the assumptions and the settings in Theorem 5.6, if Hy is convex in
(z,2',y,2,v) and continuous in t, ¢g is conver in T, vy is convezr in y and Py is concave in
(z,2"), and there exists an admissible control v(-) and a probability measure Q € Q° such that
forv eV, dixdP-a.e.,

/@(&He(t,Xe(t),E[Xe(t)],Yb(t), Zp(t),0(t),po(t), a0 (t), 76 (t)), v — 0(t))Q(d0) > 0

then ©(-) is an optimal control.

Proof For 6 € © and v(:) € Vuq, by (X§,Yy,Z)) we denote the solution to the equation
(1.1). Set

(aé\vﬁé\vgé\) = (Xg\ 75(9’}/9)\ 7?97Z9>\ 729)'

Then
b = [ (0uba($)d (5) + urbo()Efd (5)] + So(s))ds
+ Z / 00} (5)0r) (5) + T (5)) AW (5),
80 = Kulr) + | T(awfe(S)Taé(S) + 0 o(s) L)) + B, ol5) B (5)
+0.5u(5)G)6) + Lo)ds — | " Gs)amw(s),
where

= by(s, X5 (5), E[X5 (s)], v(s)) — be(s) — Dubo(s)aq (s) — Durbo(s)E[ag ()],
( 7h

RY
L X§(3),0(5)) = oh(s) — urg(5)ag (s),
Ky(T) = 9(X§(T), E[XG (T)]) — o(Xo(T), E[X4(T)]),
Lo(s) = fo(s, X5 (s), ELX5 (5)], Y5’ (5), Z§ (5), v(s)) = fo(s) — Oufo(s)ap(s)
— 0w fo(5)E[eg (5)] — 0y fo(5) 57 (5) — 0:fo(5)C)'(s).

Applying Ito’s formula to o (-) "ga(-) + 85 (-)pe(-) and then integrating from 0 to T, we have
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= — Epy(T)(2(Xy (T), E[XG(T)]) — ®(Xo(T), E[Xo(T)]))

Since @y is concave in (z,2’) and the Hamiltonian Hy is convex in (z,2’,y, z,v), it yields that

E [0, 60(Xo(T)) T 0 (T) + 0,70 (Ya(0)) 3 (0)]

T
> E[ |0 Hate, X0, BLKa(0), a(0). Za) 50 5o 0,000, 0 0) - @(t»dt} .

Finally, recalling that Q € Q7 and ¢g,7p are convex in z,y, respectively, it follows from Sion’s
minimax theorem that

T0A) ~ T(()
= [ E[50(X3(T) = 60(Xo(T)) + 2057 (0) = 0(Fa(0) | Q9)

> [ E[0:00(Xa(D)Tad(T) + 8,20(Ta(0)5) 0)] Q)
S}

T — —
> /E[/ <5vHe(t,Xe(t)aE[Xa(t)LYe(t),Ze(t)a17@)7179(15),qg(t),m(t)),”/\(t)ﬁ(t»dt]Q(d@)
e Lo

T
> ]EUO /@(%H(a(tyxe(t)yE[Xe(t)]’%(t)vze(t)ﬁ(t)vpe(t)a%(t)aTe(t)%UA(t)—@(t»Q(da)dt] > 0.

The proof is completed. O
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