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Abstract In this study, we investigate the well-posedness of a backward stochastic
differential equation with jumps and a central value reflection constraint. The reflection
condition is imposed on the real-valued function obtained by solving the equation
E(arctan(Y; — z)) = 0 at each time ¢ € [0,T]. The driver depends on the distribution of
the solution process Y and follows a general quadratic-exponential structure. The
terminal value is assumed to be bounded. Using a fixed-point argument and Bounded
Mean Oscillation (BMO in short) martingale theory, we establish the existence and
uniqueness of local solutions, which are then extended to construct a global solution over
the entire time interval [0, 7.
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1. Introduction

Despite the pointwise constraint for solutions of continuous BSDEs first established by El
Karoui et al. [8], Bouchard et al. [3] introduced a novel class of BSDEs with a weak terminal
condition. In their framework, instead of imposing a fixed terminal condition, they considered a
constraint on the distribution of the random variable Y7 . Specifically, they required that
E (U(Yr)) > m for some nondecreasing (possibly random) map ¥ and threshold m. Building on
this work, Briand et al. [5] extended the idea to a dynamic setting by studying BSDEs with an
evolving expectation constraint of the form E (I(¢,Y;)) > 0 for each t € [0,T], where (I(t,.))¢c(o,1]
is a family of nondecreasing (possibly random) real-valued functions satisfying certain intermediate
assumptions, particularly the bi-Lipschitz condition with respect to the second variable. To
establish the existence and uniqueness of the solution (Y, Z, K) for the BSDE with mean reflection,
Briand et al. assumed a Lipschitz driver f and a square-integrable terminal value. They also
considered K as a deterministic, nondecreasing process that satisfies a Skorokhod-type condition:
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IOTIEM (t,Y1)]dK; = 0. As K is deterministic, Briand et al. [5] provided the following explicit

representation, for each t € [0, 7],

T
EJr/ f(r,Yr,Zr)dr/}'s]> — sup Ly (E
t

t<s<T

Ky= sup L, |E
0<s<T

s+/Tf<r,Yr,Zr)dr/AD ,
t (1.1)

where L is a map defined as L; : L' — R for each t € [0, 7],
Li(n) = inf{z > 0: E[{(t,z +n)] > 0}, Vne L' (1.2)

The well-posedness of this problem was further generalized by Hibon et al. [11] with a
quadratic generator and a bounded terminal condition. Due to the lack of comparison results
when dealing with mean reflection (see counterexample 3.4 in their paper), a fixed-point
argument was the appropriate approach. The key idea in their method is that the solution to the
BSDE with mean reflection, expressed as (Y; — (K1 — Kt), Z;), coincides with the solution of a
classical BSDE for each ¢ € [0,T] when the driver is independent of y. In their case, the process
K follows the form given in (1.1). Leveraging this observation, they established the existence of
a unique solution to the BSDE with mean reflection when the driver depends only on Z, i.e.,
f(Z). By applying a contraction mapping, they proved the well-posedness of the problem in its
general form. However, the solution was initially constructed only on small time intervals, with
the maximal length determined by the bound of the component Y. To extend the solution over
the entire time interval [0,T], they first derived a uniform estimate for these local solutions
under the intermediate assumption that f(¢,y,0) remains uniformly bounded. By systematically
combining these local solutions, they ultimately established the existence and uniqueness of the
solution on the full interval.

Hu et al. [12] considered a more general case, studying the well-posedness of the BSDE with
mean reflection where the driver depends on the distribution of the solution term Y. Their
analysis covered various scenarios based on different assumptions. First, they examined the case
of a Lipschitz driver with an LP-terminal condition. Second, they relaxed the Lipschitz condition
on z, replacing it with a quadratic growth condition while assuming a bounded terminal condition.
Finally, within this latter framework, they extended their results to the case of an unbounded
terminal condition by imposing an additional convexity assumption on the driver with respect to
z. Their study relied on BMO martingale theory and fixed-point arguments, which played a
crucial role in analyzing the BSDE with mean reflection. A key distinction from the work by
Hibon et al. [11] was their removal of the assumption that f(¢,y,0) is uniformly bounded, as this
condition is unrelated to the solvability of the classical BSDE in the quadratic case. To achieve this,
they proposed an alternative formulation of the process K, defined for each ¢ € [0, 7] as

K; = sup Lg(ys)— sup Ls(ys), (1.3)

0<s<T t<s<T

where y is the first component of the solution to the following BSDE
T T
Yt :§+/ f(saY;wPYSst)ds_/ ZSdW57
t t

and the operator L is as defined in (1.2).

Several generalizations of mean reflection in the continuous case have been proposed in the
literature. Among them, we highlight the study by Briand et al. [7], where the authors
approximated the solution using an interacting particle system and analysed its well-posedness.
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They proved that this approximation converges to the solution of the BSDE with mean reflection
and provided an estimate of the convergence rate of the particle system toward the square-
integrable, deterministic flat solution of the mean-reflected BSDE. Additionally, Luo [16]
investigated the existence and uniqueness of solutions for mean-field BSDEs with mean reflection
and nonlinear resistance. Using a fixed-point approach, they addressed both cases: one with a
Lipschitz driver and another with a driver exhibiting quadratic growth. For studies within the
context of mean-reflected SDEs, we refer to the works by [4, 6, 19].

For the framework involving jumps, particularly in the case of quadratic BSDEs, we refer to
previous studies [1, 2, 9, 17, 18]. Additionally, for mean reflection in BSDEs with jumps, we cite
the study by Gu et al. [10], where the authors examined the well-posedness of a class of mean-
reflected BSDEs driven by a marked point process and a Brownian motion. Using a fixed-point
approach, they established the existence and uniqueness of solutions within the Lipschitz
framework under a terminal condition satisfying certain integrability constraints. They also
provided an application by solving a super-hedging problem with insurance repayment under a
risk management constraint. In a recent study [15], Lin and Xu investigated mean-reflected
BSDEs driven by a Poisson martingale measure with a quadratic generator. Furthermore, they
extended the results of Briand and Hibon on the propagation of chaos for mean-reflected BSDEs
[7] to include the jump setting.

Building on the studies by Briand et al., Hibon et al., and Hu et. al [5, 11, 12] and extending
to the jump setting, we consider a BSDE with a generator that depends on the distribution of
the solution term Y. Our focus is on the solvability of this BSDE under central value reflection,
where the constraint is imposed on the mapping ¢ +— 7y, , defined as the solution to the equation
E(arctan(Y; — x)) = 0 for each t € [0,7]. The well-posedness of the operator v : L?(Fr) — R is
analyzed in Section 3. The problem is formulated as follows:

T T T
y;:g+/ f(s,YS,PyS,ZS,VS)ds—/ ZSdWS—//Vs(e)N(ds,de)—&—KT—Kt, te 0,7,
t t t U

vy, =20, Vte [O,T],

(1.4)
where W is a d-dimensional Brownian motion and N(ds,de) is a Poisson martingale measure
independent of W. The objective of this study is to establish the existence and uniqueness of a
solution to this problem under a bounded terminal condition and a Lipschitz quadratic-
exponential driver that satisfies a monotonicity condition with respect to its last variable.
Inspired by arguments from papers mentioned above, we aim to construct a deterministic flat solution,
where deterministic means that the process K is nonrandom, and flat implies that the
Skorokhod condition fOT Yy, dK¢ =0 is satisfied. Our proof approach is based on the fixed-point
method.

Starting with a driver independent of the components Y and Py, we observe that the solution
Yy — (Kr — Ky), Zt, Vi) coincides with the solution of the classical BSDE studied by Possamai et
al. [18]. This allows us to derive the components Z and V accordingly. Given that K is deterministic,
it takes the explicit form

Ki= sup (v.) — sup (w.) (1.5)
0<s<T t<s<T

where y is the first component of the solution to the following BSDE:

T T T
ytzf—i—/ f(s,YS,Pys,zs,vs)ds—/ zSdWS—/ /vs(e)N(ds,de).
¢ t ¢t Ju
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This, in turn, determines the component Y and thereby the entire solution. Next, using a
contractive map defined solely in terms of Y, we establish the solvability of the problem over small-
sized intervals, from which we recover local solutions to the BSDE with central value reflection.
These local solutions are then stitched together to construct a global solution over the entire
time interval. Given that we work with bounded solutions, the space of BMO martingales plays
a crucial role in our analysis. In previous studies on mean reflection, a key assumption on the
collection (I(t,.))¢cjo,7) defining the constraint was bi-Lipschitz continuity with respect to the
second variable. This condition ensures that the operator L remains Lipschitz continuous
uniformly in time, facilitating the estimation of the term Kp — K;. In our case, to obtain a
similar estimate, we leverage the boundedness of solutions and the fact that the function arctan
is locally bi-Lipschitz. These properties, together with the definition of our operator -,
demonstrate that v forms a local isometry in the L'-norm, enabling the required estimation.

The remainder of the paper is organized as follows. Section 2 introduces basic notations and
provides preliminaries on BMO martingales. Section 3 presents the problem setup and outlines
the assumptions. The final section consists of four subsections: the first establishes the well-
posedness of the problem for a driver that is a progressively measurable process satisfying certain
integrability conditions; the second addresses the case where the driver is independent of y; the
third focuses on local solutions; and the fourth contains the main result, demonstrating the
solvability of the problem over the entire interval, along with a boundedness result under an

intermediate assumption.

2. Preliminaries

Let T > 0 be a fixed time horizon and d,! a strictly positive integers. Throughout this paper,
we consider a fixed probability space (Q,%#,P) equipped with a complete filtration
F={F :t€[0,T]} generated by the following two mutually independent processes:

® a d-dimensional F-Brownian motion (W3)o<i<r,

® an F-Poisson random measure N(dt,de) on RT x U, with compensator dt ® v(de), where
(U, U) == (RY\ {0}, B(R!\ {0})) is a measurable space equipped with a o-finite positive measure
v satisfying

/ (1A le]*) v(de) < . (2.1)
U

We denote N(dt,de) := N(dt,de) — v(de)dt the compensated measure of N(dt,de). Finally,
let P denote the o-algebra of all predictable subsets of Q x [0, T].
2.1 Notation

We introduce the following notations and functional spaces of processes:

® For ¢t € [0,T7, let T;r denote the set of stopping times 7 such that P(t <7< T) =1.
® S? and S*: the spaces of real-valued, progressively measurable cadlag processes Y =
(Y;g)ogth such that

VI =B sup |¥i ) < oo, and Vs =
te|0,

sup |Yi]|| < oo, respectively.

t€[0,T)

® 72: the space of R%valued, progressively measurable processes Z = (Zt)o<i<r such that
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T
12|32 :==E </ | Z, |2 ds) < 0.
0

® 7{2: the space of mappings V : Q x [0,T] x U — R that are (P ® U, B(R))-measurable and

satisfy
T
VI3 = E (/ / | Vi(e) |? V(de)dt> < 00.
i 0o JuU

® L2(U,v;R): the space of measurable functions ¢ : U — R satisfying
61y = ( [ 660Pr(d0) < .

® £°°: the space of real valued Fpr-measurable random variables £ such that

€]l = esssup | £(w) |< oo.
weN

® 7°°: the space of functions which are P ® v(de) essentially bounded, i.e.,

[V llgee:=Il sup ||V [[Loo ()l < 00,
t€[0,T]

where L*°(v) is the space of R-valued measurable functions v(de) a.e.—bounded endowed with
the usual essential sup-norm.

® Ap (resp. A%): the closed subset of S (resp. S°°) consisting of deterministic, nondecreasing
processes (K)ot starting from the origin.

® P,(R): The set of of all probability measures over (R,B(R)) with finite p moment,
endowed with the p-Wasserstein distance W,.

® For a given cadlag process (Y;)ogi<r, we denote its jump process by AY =Y; —Y;-, where
Y;- is the left limit of Y at time ¢, with Y,- =Y.

® The symbol C denotes a generic positive constant, independent of time, whose value may
change at each appearance.

® To avoid ambiguity, we use |z| for both the absolute value of x when x € R and the
Euclidean norm when 2 € R?. The sign function is defined as sgn(x) := ﬁl\xbo'

2.2 BMO martingales

This section provides a brief overview of essential properties of BMO martingales, which plays
a crucial role throughout this paper. We begin by defining the relevant spaces:
® BMO: the space of square integrable martingale M such that

HM||QBMO :=ess sup ||E ((MT — MF)2 /]:T)

T€To, T

‘ < 0.
oo

° 1% Mmo: the space of R-valued, progressively measurable processes Z = (Z;)o<t<r such that
2
2
12152

. T
L= H/ ZdW, E (/ Zs|2ds/]-"T> H < 0.
BM 0 T

® J2.uo: the space of mappings V : Q x [0,7] x U — R, which are (P ® U, B(R))-measurable
and satisfy

= sup
BMO  T€Tor
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2
V1% = ‘/ / N(ds,de
Vi, = |
= sup ||E (/ / |V;(e)|2N(de,ds)/}'T> + (AM,)?|| < oo,
T€To, T T U
where AM, denotes the jump of [; [, Vi(e)N(ds,de) at time 7.

® J2: the space of mappings V : Q x [0,T] x U — R, which are (P ® U, B(R))-measurable
and satisfy

||V||j2 = sup / / [Vs(e)|” v(de)ds/F; < 0.
7€T0,T 0
Note that
IV B VIV e IV I3 <V 2+ 1V e, 22)

which results from Lemma 2.1 in the study by Fujii and Takahashi [9]. We now introduce the
following inequalities, commonly referred to as energy inequalities.

Lemma 2.1 (Energy Inequalities [1}]) Let Z € HQBMO and V € JéMo- Then, for any p € N,

we have
EK/OT'ZS'“SH P (1715,,)" E (/T / |Vs<x>|2N<ds,dx>>
and

E K/OT/U Vi) V(d:z:)d5>p] <o (IV13;)" <ot (V1Z,,)"

Now, we focus on some specific characteristics of BMO martingales. We define the following

P
P(IVIZs, )"

Doléans-Dade exponential of a square-integrable martingale M by

S(M)t _ eMt—%<ME)t H (1 +AMS) e—AMS’ P-as.,
0<s<t

which is the unique solution of the following SDE:
t
X = 1—|—/ X, _dM,, P-as.
0

In the next proposition, we establish a condition on the jumps of a BMO martingale M under
which £(M) becomes a strictly positive, uniformly integrable martingale. This result is
attributed to the study by Kazamaki [13].

Proposition 2.1 Let M be a cadlag BMO martingale such that there exists § >0 with
AM; > =146, for all t € [0.T], P-a.s. Then, E(M) is a strictly positive, uniformly integrable
martingale.

We conclude this section with a result on Girsanov’s Theorem, which will be applied
throughout this paper.

Proposition 2.2 ([18]) Consider the following cadlag martingale

M, —/ BsdW +/ /73 ds ,de), P-as.,
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where v is bounded, (B8,7) € H%uy0 X Tino, and there exists § >0 such that v > —1+6
P xdv a.e. for all t € [0,T]. Then, the probability Q, defined as S—P =& (M), is well defined.
Furthermore, any P-martingale is a Q-martingale by adequately modifying its drift and jump
intensity.

After these preliminaries established, we now present the framework of our problem in the
next section.

3. Formulation of the problem and assumptions

First, we define the following operator
v: L2(F) — R,
X — vx,

where yx is the unique solution of the equation E(arctan(X — z)) = 0. The well-posedness of vx
follows from the Intermediate Value Theorem, applied to the function
p: R—]—7/2,7/2]
x — E(arctan(X — x)).

We refer to vx as the Doob constant associated with the random variable X or the central
value of X.

The main objective of this paper is to construct a solution (Y,Z,V,K) € S>®x
HE o X Thvo < AE to the following BSDE with central value reflection:

T T T
Y;:§+/ f(s,Ys, Py, Zs, Vi) ds 7/ stst/ / Vi(e)N(ds,de) + Kp — K;, te[0,T],
t t JU

t
VY >0, Vt € [O,T],
(3.1)

where for each t € [0,T], 7y, is the unique solution to the equation E (arctan(Y; —z)) = 0.
When the process Y is cadlag, the map ¢ — ~y, is also cadlag, a property that will be discussed
in detail in subsequent sections.

In the context of the solution to BSDEs with mean reflection presented in the study by Briand
et al. [5], we now provide the formal definition of the solution to problem (3.1).

Definition 3.1 A quadriplet (Y,Z,V,K) € 8 x H%0 X Tiyo X AY s said to be a

deterministic solution to (8.1) with central value reflection if it satisfies (3.1). Moreover, it is

said to be flat if K increases only when needed, i.e.,
T
/ Yy, dK: = 0. (3.2)
0

The parameters of our BSDE include the terminal condition £, which is assumed to be bounded,
and the generator f that satisfies a quadratic growth condition with other assumptions detailed
below. Due to the imposed constraint on the central value of Y; for all ¢ € [0, 7], this problem is
referred to as a BSDE with central value reflection.

3.1 Assumptions

Throughout this work, we assume that the parameters of the BSDE (3.1) satisfy the following
assumptions:
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(H¢) The terminal value £ is an Fr-measurable random variable bounded by some constant
M >0, ie., [[{|loc <M and 7¢ > 0.

(H;) The generator f: € x[0,7] x R x P;(R) x R? x £L2(U,v;R) — R, which is P ® B(R)®
B(P1(R)) ® B(R?) ® U-measurable, such that

e For each t € [0,T], f(t,0,00,0,0) is bounded by some constant M P-a.s.
e There exists (8, k) € RT x R** and a positive progressively, measurable essentially bounded
process (at)sefo,r) such that for all (t,y, u,z,v) € [0,T] x R x P1(R) x R? x L2(U,v;R),

— = Bllyl + Wil ) = 512 = [ Ju(=oe)w(de

K .
< Ftys s 2,0) < o+ Blyl + Wilu, 00)) + 5121 + / Jx(v(e))v(de), (3.3)
U
where j, (v) := 1 (" — 1 — ko).
e f is uniformly Lipschitz in y and u, i.e.,

|f(ty, s z,0) — f 6y 1l 2,0) < Cr(ly — o' |+ Waip, 1)) for all (64,9, p, 1, 2,0).

e f is of class C? in z and satisfies the following conditions: there exist constants # > 0 and a
process (rt)oc; <7 € H2\ o such that for all (¢,y, u, 2,0),

|D.f(t,y, 1, z,0)| <re+0)2|, and |D2,f(t,y, p 20)| <0.

e For every (y, u,z,v,v"), there exists a predictable and I -measurable process (wf’v/)

0<t<T
such that
Fltpozo) = 1 tpnzt) < [ 077 (6 (0= o) @)utde), (3.4)
where there exist constants Cy > 0 and C7; > —1 + § for some § > 0 such that
CLL A Jel) <™ (e) < Ca(1 A fe]). (3.5)

3.2 Regularity of the map ~y,

Let Y € 82, and consider the process (Y;):= (Y;-). Let ¢t € [0,T] and denote the function
¢ — E(arctan(Y; — z)). It is known that there exists a unique 7y, € R such that
E (arctan (Y; — 7y,)) = 0. (3.6)
Following the work by Briand et al. [5], we choose z,y € R such that
T <7y, <Y (3.7

By the dominated convergence theorem, the continuity of the arctan function, and the strict
nonincreasing property of ¢, we conclude that

lgrtlIE (arctan (Y; — z)) = E (arctan (Y;- — x))
= E (arctan (Y; — z))
> E (arctan (Y; — 7y,) =0
> E (arctan (Y; — y))
= E (arctan (Y;- — y))
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Therefore, as n tends to infinity, for 0 <t — s < %, we have
E (arctan (Ys; — z)) > 0 > E (arctan (Y; — y)) .

Thus, for sufficiently large n and by the intermediate value theorem, there exists a unique
zs €] x,y[ such that E (arctan (Y — z,)) = 0. As 7y, is unique such that E (arctan (Y —vy,)) =0,
we obtain z; = 7y,. Consequently, for sufficiently large n,

T <7y, <y.

Combining this with (3.7) and the uniqueness in (3.6), we deduce that limgy vy, =7y, This
establishes the left-limit property of the map ¢ +— ~y,. The right continuity follows similarly.

4. Well-posedness of the BSDE with central value reflection

In this section, we present the main result of this paper, establishing the well-posedness of the
BSDE (3.1) with central value reflection, as defined in Definition 3.1. Our approach relies on a fixed-
point argument to establish the existence and uniqueness of the solution in small time intervals.
These solutions are then combined to demonstrate the solvability of the BSDE with central
value reflection over the entire time interval [0,7]. To achieve this, we proceed through the
intermediate subsections addressing the specific cases of the generator.

4.1 The constant driver case

In this section, we establish the well-posedness of the problem under a constant driver. The
solution in this case belongs to the product of spaces S? x H2 x H2 x Ap.

Proposition 4.1 Let (f,)icor] be in the space L* (Q; L*([0,T])), and & a terminal condition
satisfying (Hf) . Then, the BSDE with central value reflection

Y, = 5+/ fsds—/ Z,dW, — //v Nds,de)+ Kr— Ko, te[0.7) ()
t .
vy, >0, Vte[o,T],

admits a unique square-integrable deterministic flat solution, i.e., (Y, Z,V,K) € 8% x H? x H2x
Ap and satisfies (4.1) as well as the flatness condition (3.2). With L*(€;L'([0,T])) :=
{progressively measurable processes (fi): such that E(] fOT | f:1dt]?) < oo}

Proof Let (Y, Z,V) € 82 x H? x H2 be the solution of the following BSDE:

Y, = §+/ fsdsf/t ZdWy — / / N(ds, de), (4.2)

the existence and uniqueness of this solution follow from martingale representation theorem.
From the previous section, we know that for all ¢ € [0, T, there exists a unique 7y, € R such that

E (arctan (Y; —vy,)) =0, (4.3)

and the map ¢ — vy, is right continuous left limited.
Now, we introduce the following deterministic nondecreasing right-continuous left-limited
process K defined y

Ki= sup (yy.) — suwp ()
0<s<T t<s<T

where we have Ky = 0. Given K, we define
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Yy, Z, Vi, Ky) = (Vi + (Kr — Ky), Zy, Vi, Ky) € 8* x H? x H x Ap,

as the unique solution to the first equation of (4.1).
To address the central value reflection in (4.1), we consider ¢ € [0,7)]. Using (H) , we obtain
E (arctan (Y;)) = E (arctan (Y; + Kr — K;)) =E (arctan <Yt + t<su£)T (vy.) - (’yg))>
> E (arctan (Y; — ’yy:))\z 0 = E (arctan (Y; — vy,)) -
Applying the inverse function of z — E(arctan(Y; — x)) to both sides of the previous inequality,

we obtain vy, > 0 for all ¢ € [0,T].
For the flatness of the solution, we observe that

Kr— K- = sup (yy,_)” =(y,_)" dK ae,
t<s<T

and (7y,_)~ >0 dK a.e., then,

T T
/ E (arctan (Y;-)) dK; = / E (arctan (Y;- + Kr — K;-)) dK;
0 0

- /OTE (arctan (Yt— + (y,_ )’)) Ly )->0dK
—0

T
= /0 E (arctan (Y;- —vy,_)) dK;. (4.4)

The last equality follows because the integrand is zero. Therefore, since x — E (arctan (Y- — z))
is nonincreasing and 7y, >0, we have E (arctan(Y;-)) =E (arctan (Y;- —vy,_)) dK ae.
Similarly, using the inverse function, it holds that vy, =0 dK a.e. Consequently, we have
foT Yy, dK; = 0. Hence, the quadruplet (Y,Z,V,K) € 82 x H? x H2 x Ap is a deterministic flat
solution to the BSDE (4.1) with central value reflection.

It remains to show the uniqueness of the solution. Let (Yl, VAR AN Kl) and (YQ, Z2, V2, K2)
two different deterministic flat solutions to the BSDE with central value reflection (4.1). As both
(V' — (K3 — K1), 2}, V') and (Y2 — (K2 — K}),Z2, V) are solutions to the standard BSDE
(4.2), uniqueness of this solution implies that for all ¢ € [0, 7]

V' = (Kp — K}) =Y — (K7 — K?); Z = Z and V? = V2.

By contradiction, we first prove that K' = K2, then we deduce that Y' =Y?2. Assume that
there exists ¢1 € [0, 7] such that K. — K}, > K — K7 , and let

t1
=inf{t>t;; Kp- K/ <Kj-K;}.
We have K. — K} > K7 — K2 for each t € (t1,12].
® For to < T, we define
=inf{t € (t1,t2]; Kj— K} =K} - K} },

—if £ < ty, we obtain K. — K. > K7 — K2 for all t € (t1,7). Then, Y;X > Y2 on (t1,7). As
a result, for all ¢ € (t1,1)

E (arctan (Y,1)) > E (arctan (Y;2)) > E(arctan(Y,;> — Tz )) = E(arctan(Y,t — WL ),
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where we used the fact that vy2 >0 and that the last two terms are equal to zero. Then, we

conclude that ~vy1 >0 for each t € (t1,7). By the flatness of the solution Y!, we obtain
t —

dK! =0 on (t1,7). Finally, combining this result with the definition of #, we deduce that

K3 — K} <Kp— K/ =K} — Kt+_K;—Kg_ =K} - K2,

which contradicts the fact that K2 — K? is nonincreasing.

—if t =00, we obtain Kj — K} > K? — K2 for all t € (t1,t2], then Y1 >Y2 on (t1,ts].
Similar arguments as above yield 7y1 >0 for all ¢ € (t1,t2]. Thus, by the flatness of the
solution Y!, we deduce that dK! =0 on (t1,t3]. Combing this result and the definition of t5, we

conclude that

K3 — K} <Kp-K} =K - K, =K} — K}, <K} - K},

t;
which contradicts the fact that K2 — K? is nonincreasing.
® For t, = 0o, we have Kj. — K} > K# — K2 for each t € (t1,T]. We define
=inf{t € (t1,T); Kp- K- =K;—-K},

—if £ < T, we proceed exactly as in the previous case, leading to a contradiction.
— if =00, we have Kj — K} > K% — K2 for each t € (t1,T], then Y,X > Y2 on (t1,7].

Similarly to the previous cases, we obtain dK' = 0 on (t;,77], so that

0<Ki—K{ <Kr—K} =K;—K, =K — K =0,
1

which leads to a contradiction.
Finally, there exists a unique deterministic flat solution (Y, Z,V, K) € 8% x H? x H2 x Ap to
the BSDE (4.1) with central value reflection. O

4.2 Driver independent of Y

In this section, we address the well-posedness of the BSDE with central value reflection when
the generator is independent of both Y and Py . This specific case is considered because our fixed-
point argument relies solely on the first component of the solution. We now consider the
following BSDE with central value reflection:

Y, = E-l—/ f(s,Zs,V5) ds—/ ZdW, — // N(ds,de) + Kp — Ky, tel0,T],
t

vy, 20, Vt E O T
(4.5)

Theorem 4.1  Assume that (H,) and (H;) hold, with f independent of y and . Then, the
BSDE (4.5) with central value reflection has a unique deterministic flat solution (Y,Z,V,K) €
S% x Mo X Thuo X A -

Proof Let (Y,Z,V) € 8% x H% 10 X J2uro be the solution to the following quadratic BSDE:

:§+/t f(sZS,V)dsf/t ZdW, — // N(ds,de), (4.6)

Theorem 6.1 in the study by Possamai et al. [18] ensures that such a solution exists and is unique.
Given that Z € H%,,0, and V € J2 1,0, Lemma 2.1 ensures that
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E </0T12812ds>2 < oo and E </OT/U|I_/S(96)|2V(dx)dS>2 < 0. (4.7)

From the quadratic growth assumption on f, we obtain for each ¢ € [0, T
) (4.8)

jn(‘_/t) . |Z |2
K )
Additionally, by applying Taylor’s expansion and mean value theorem, we obtain that

£t 20, T3] < max( (HVt)

K =
(673 + §|Zt|2 —+

: [/ K K V oo [/ . [/ K K V oo [/
i.(Vh) < 3¢ Vilze || ¥ ||2L2(y) and j,.(—V;) < ¢ Wiz || v ||2L2(V) )

Consequently,

f(t Ze, V)| < g + 2 \Ztl2 ZerllVlla= || 7 |2,

Finally, because « is essentially bounded, we deduce that

2
3 T
<317 J2n +20E / 1zt
4 0
2
382 T
+%eﬁnv||aoo]E (/0 Vi ll72) dt)

< 00, (4.9)

T 2
0

where we also use (2.2) to obtain ||V | ge~< oco. Then, f(t,Z;,V;) € L* (€ L*([0,7])), and
Proposition 4.1 ensures that the following BSDE with central value reflection

Y, = §+/ f(s, Zs, Vs, ds—/ Z AW — // N(ds,de) + Kp — K;, tel0,T],
t

vy, 20, Vt G 0 T
(4.10)

has a unique square integrable deterministic flat solution, i.e., (Y, Z,V, K) € 8% x H? x H2 x Ap,
where

K, = s [ - _\~
0= S (7+.) S, ()

Observing that (Y; — (Kr — Ky),Z, Vi) and (S_Q,Zt,v}) are both solutions to the following

standard BSDE:
:§+/ f (s, Z V)ds—/ zsdWy — / /vs N(ds,de).
t

By uniqueness of the solution of this equation, we deduce that
Y, =Y, — (Kr -~ K{), Z;=2; and V,=1V;, foreach tc]/0,T].

Finally, because K is deterministic, (Y, Z,V,K) € S x H% 0 X Tpmo X AP is a deterministic
flat solution to the BSDE (4.5) with central value reflection. This completes the proof of the
existence part.

For uniqueness, let (Y, Z,V,K) and (Y,Z,V,K) be two different solutions to the BSDE (4.5)
with central value reflection. Then, the processes (Y; — (K1 — K}), Z;, Vi) and (Y} — ([_(T — I_(t) ,
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Z;,V;) are both solutions to the standard BSDE (4.6). By the uniqueness of the solution of this
equation, we have Z; = Z; and V; = V; for all [0, T].

Therefore, (Y, Z,V,K) and (Y, Z,V, K) are both solutions to the following BSDE with central
value reflection:

ye = 5+/ f (5,20, V2) ds—/ 2 W, — //v N(ds,de) + kr — ke, ¥t € [0,T],
t
Vo =05 Vt € OT

By the uniqueness provided in Proposition 4.1, we have (Y,Z,V,K)=(Y,Z,V,K). This
completes the proof of Theorem 4.1. O

4.3 Local solution

In this section, we construct the solution of the BSDE (3.1) with central value reflection over
small time intervals. The maximal length of these intervals is determined by the universal
constants defined in our assumptions, as well as the bound of the first component of the solution.
This result is stated in Theorem 4.2 below and is derived using fixed-point arguments.

Let h € (0,1), and consider the time interval [T — h,T]|. We define ® as the mapping that
associates to a process I' € S;° another process Y, which is the first component of the solution of
the following BSDE with central value reflection:

Y= 5—1—/ f(s, T, Pr_, ZS,V)ds/ZdW //V N(ds,de)+Kp—K,, tel[l—h,T],

Yy, =0, Vte|T—hT)
(4.11)

In view of Theorem 4.1, the map & is well defined from S;° to itself. For each I' € §;°,
the BSDE (4.11) with central value reflection has a unique deterministic flat solution
(Y, Z,V,K) € §;° % ’HQBMOh X jéMoh x A% . Here, Sp° refers to the space S°°, where the
supremum is taken over the interval [T'— h,T], and the same notation applies to other spaces.

To ensure the contractive property of the map ®, we select a sufficiently large constant C' and
prove that & is a contraction from Bgs to itself, where

Be:={T'eS&7; |ls=<C}. (4.12)
To achieve this, we first prove that ®(Bs) C Bg.
Lemma 4.1 Assume that (H¢) and (H ;) hold. We define
Co = 2(M+ | o [ls5-). (4.13)
Let C > Cy, then
Jhe >0, Yhe (0,he], |Dlse <C = |[Y|se <C, (4.14)
where Y is the first component of the solution of the BSDE with central value reflection 4.11.

Proof For I' € Bz, let (Y,Z,V,K) € 8§° X Hip0, X Thno, X AP, be the unique solution of
the BSDE with central value reflection (4.11), and let (Y,Z, V) € S5 x ’HQBMOh X j]%MOh be
the solution of the following BSDE:

T T
:5+/t f(sFS,PFstv)ds_/t Z,dW, — // N(ds,de), tE[T—h,T],(;l:)



306 Kaoutar Nasroallah, Youssef Ouknine

The existence and uniqueness of the solution follow from Theorem 6.1 in Possamai [18], as f
satisfies the quadratic growth condition and I' € §;°. For each t € [T — h, T, we define

K= swp () - sw (v (4.16)
It follows that for each ¢t € [T — h, T,
Yt_<KT—Kt):YZ, Zt:Zt and VtZVt- (4-17)
As a result,
”Y”S;C < ||)7||$2o + sup (’yyt)f. (4.18)

T—h<t<T
The rest of the proof is performed in two steps. First, we estimate ||}7HSDQ Then, we estimate
h

the term  sup ('YYQ)
T—h<t<T

Step 1 According to Tanaka’s formula, we have, for each ¢t € [T — h, T},

T T
»Yt|=|s|+/ sgn(zf)f<s,rs,Prs,Zs,vs)ds—/ sen (V) ZodW,
t

T
/ / sgn ( Vi(e)N (de, ds) —/ dr? — Z |}75’ - |}7S,| —sgn (Y,_) AY,
¢

t<s<T

(4.19)

where L% denotes the local time of Y at the origin. Consider the following process:
t t
U, = exp <KY;|+H/ asds + 18 [ [T +W1(Pps,60)ds).
0 0
By Ito’s formula applied to 1;, we obtain

T
U, = Uyt / w0, sgn (Vi) f (5,0, Pr,, Zs, V) ds
t
T
= [ (o BT+ W (P o) + g 2+ [ (s (V) Vale)) wiae) )
t U
T - ~
—/ KW, sgn (Y- ) ZedW, — / / emsen(Yo-)Va(e) _ 1)N(ds, de)
t

T
_/ 010 — 3 w0, (V| |Fo | - sen (V) AV
t

t<s<T
(4.20)
By Assumption (3.3), we deduce that
sgn (YS*) f (87 Fsa Pl—‘sa Zsa ‘78)
K5 _
< s + BT + Wi (Pr,, 00)) + 5 \Z,|” +/ (sgn (Ys-) Vi(e)) v(de). (4.21)

Using this equation and taking the conditional expectation on both sides of (4.20), and

considering that the last two terms are negative, we deduce that
U, <E(Yr/F). (4.22)
Then, for each t € [T — h,T], we have
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T T
exp(k|Y;]) <E (exp <n|§| + H/ agds + HB/ ITs| + Wl(PpS,éo)ds> /]:t>
t t
<exp (k| € [loo +rh || a [lspe +268R || T lsp0) - (4.23)

Consequently, composing using In on both sides and using the fact that I" belongs to Bg, it
follows that

|7 s < M +h (] o s +25C) (424)
Step 2 The estimation of the term  sup (VYQ )_. From Step 1, we have
_ T-h<i<T B
|V [lsee <M +h(] alse +28C)
(4.25)
= Rh.

Then, for each t € [T — h,T],
E (arctan (ﬁ — Rh)) E (arctan (Yt + Rh)) <0.
Then, from the Intermediate Value Theorem, there exists z; € [—Rp, Rp] such that
E (arctan (Yt — zt)) =0,

and by uniqueness of vy, such that E (arctan (Yt — 'yyt)) =0, we get z =~y for all
t € [T — h,T]. Then, we deduce that

Yy, € [=Rn, Ryl (4.26)
Hence,

sup (vy,) < sup |y, < R
T—h<t<T T—h<t<T

This completes Step 2 of the proof.
Therefore, in view of Steps 1 and 2 and using (4.18), we deduce that
1Y lspe < 2M + 2h(|| e [|spe +280).

ol spe

If we define hs := min < W , T) , it is easy to see that, for each h € (0, hs],

1Y llspe < 2(M+ || a [|sp=) := Co.
Finally, for C > C,,
Jhe := min ( L‘W : T) >0, Vhe(0,ha], |Tse<C = ||V|s> <C. (4.27)
| o llsg +28C g "
This completes the proof of Lemma 4.1. O

We now state the theorem concerning the existence and uniqueness of a local solution to our
problem (3.1), specifically a solution defined over small time intervals. The following remark,
which is used in the proof below, will be useful in subsequent discussions.

Remark 4.1 If we set ¢, := D, f(t,y,p1,0,v) for each (t,y,u,v)€[0,T] xR x PHR)x
L2(U,v;R), then by the assumptions on f, we have |D,f(t,y,pu,0,v)| <1y, and because r €
Hi o, - it follows ¢ € H o, . Additionally, we know that |D§Zf(t,y,,u,z,v)’ < 6. Therefore, by
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the Mean Value Theorem, for X € [0,1], and all 2,2’ € R?, we obtain

|f(ty, o 2,0) = [ty 2" v) —¢e - (2= 2))

Daf (Lo dz 4 (L= NZ,0) - (2= 2) — 6, (=~ 2)
D= (19,1, 2z + (1= N2, 0) = Daf(t,9,1,0,0)] |2 — 2
max [ D2, f (t,y, 1,7, 0)| [Nz + (1 = N)#/| [z = #

O z+ (1= N2z — 72|
max (60X, 0(1 —N)) (]z] + |2|") |z — 2| . (4.28)

NN

NN

Then,

|f(t7ya;u'72av) - f (tuyvuyz/avﬂ
|z — 2/

|2 = 2| Loz < Co (I0] + |2 +12]) (4.29)

with Cy := max (O, 0(1 — X)) V 1.

Theorem 4.2 Assume that (H,) and (H) hold. Then, there exists a sufficiently large C>0
and a constant 0 < hs < T such that for any h € (0,hs], the BSDE (3.1) with central value
reflection admits a unique deterministic flat solution (Y,Z,V,K) € Sp° x Hp o, X Thao,
AF, satisfying

Y |lse=< C. (4.30)

Proof The aim of this proof is to demonstrate that & defined at the beginning of this section
is a contraction from Bg to itself, where C' is chosen to be at least Cj.

To achieve this, let T'',I'? € B5. We define Y!' =& (I'") and Y2 = (T'?), where (Y7,
ZLVELKY) € 8¢° X o, X Thmo, X AP, is the deterministic flat solution of BSDE (4.11)
with central value reflection associated with the data I'* for i =1, 2.

Let (Y, Z', V') € §° x HEp0, X Thao, the solution of the BSDE (4.15) associated to I'.
We know that for each t € [T — h,T], i = 1,2,

Vi =it (Kb-K), Zi=Z and Vi=V,. (4.31)
Then, we deduce that

V!V g 7 Vg s (R - K (- K2)

:‘|}71_}72H5w+ sup sup (’YYSl) — sup (’yysz)
R T—h<EKT |t<s<T t<s<T

<yt - Y2||s;:° +T_§ngt)<T (7;@1) - (W;)

< Hl_/l — YQHS;;O + sup |ygr =y (4.32)

T—h<t<T
The rest of the proof proceeds via three steps. We start by estimating the first term in the right-
hand side of (4.32), then proceed to estimate the second term, and finally we give our conclusion
in the last step.

Step 1 We denote 6z = ! — 22, with 2 =Y? Z!, V! for i=1,2. By Tanaka’s formula
applied to |§Y|, for each t € [T — h, T], we have
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T

T
|5y;y:/ sen (5Y,-) (f (s,F;,Ppé,Zg,Vj)—f(s,Fi,PFE,Zf,Z2))ds—/ sen (8Y,-) 6Z,dW,
t

T
//sgn STV,(e) N (de, ds) /t L0 — 37 [aVy] — |67, | — sen (6Y,_) A(OY4),

t<s<T
(4.33)
where L° denotes the local time of §Y at 0. We consider the following process:
- t
U, 1= exp (l-ﬁ|5Yt| + KC’f/ |oTs| + Wl(PFi,PFE)dS> .
0
By applying Itd’s formula to Wy, for each t € [T — h, T], we obtain

T T
Uy = Uy — / KCyWs (|60s] + W (Pr1, Pr2)) ds — / kU sgn (6Y,-) 6 Z,dW,
t

t
T
+/ WU, sgn(6Y,) (f (s, 7L Pro, Z1,V2) — f (s, T) Pra, 22, V1)) ds
t
T
+/ KU, sgn(0Y,-) (f (5.8 Prs, 22, V) — f (5,T%, Prs, 72, V7)) ds
t
T
+/ R, sgn(,-) (f (5,71 Pro, 22,02) — f (5,72, Prs, 22, 72)) ds

/ //{\Il sgn (6Y,-) 6Vi(e)N (de, ds) — ;/T52@552|2ds—/T/<;\Ildeg
T
= ST kW, (|6V,]—[0Ys | —sen (6 ) AGY)) — /t /U K3, (san (Y5-) Va(e)) N (de,ds)

t<s<T
(4.34)
First, by the Lipschitz continuity assumption on f, we have
T — — —
/ kU sgn(0Yy-) (f (s, T4, Pr1, Z2,V2) — f (5,02, Pr2, 27, V?)) ds
t
T
< / kCyW, (|6T| + W' (Pr1, Pr2)) ds. (4.35)
t

Second, using Remark 4.1, with ¢, = D, f(s,I'},Pr1,0,V}), we see that there exists b € H% 0
such that

f(s. TP, Z0, V) = f (s, T8, P, Z2,V)) = by . 6Zs. (4.36)

Finally, by assumption (3.4), there exist predictable U-measurable processes wVS’O and 1/10"75

such that
07 (1 (12 Pes 22 02) — ] (5L Pro, 22, 72)

/ (% ( )1{%gn(6Y )=1} +’(/}6 ( )1{qgn(6Y ——1}) sgn(&st)évs(e)u(de). (437)

1

We define the following probability measure
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dQ 1V 1% ~
dP =& b dWs + ’(Z}S )l{bgn(éY )=1} + 7/’5 ( )l{bg,n((SY )771}N(d57d6) )
t
(4.38)

which is well-defined because b, 1/)‘71"72 and 1/)‘72"71 satisfy the condition of Proposition 2.2.

Using (4.35), (4.36), and (4.37), then taking the conditional expectation with respect to the
probability measure Q on both sides of (4.34), and considering that the last four terms in (4.34)
are negative, we conclude that, for each t € [T — h, T],

U, SEY (U7 /Fy). (4.39)

Consequently,
T
exp (k[6Y3]) < exp </-@C’f/ [0Ts| + Wl(Pl‘g,PF?)dS) . (4.40)
t

Using the fact that W*'(Pr:,Pr2) < E(]0Ts]), we obtain
exp (k[6Y;]) < exp (26hCy || 0T [ se<) -
Finally, by applying the function In on both sides and taking the supremum, we deduce that
| 7! = 72 [l < 205h | TF = T2 s (4.41)
Step 2 Following similar arguments to those applied in (4.25) and (4.26), we derive that, for
i=1,2,
[V |spe < M +h (]| @ |lspe +28C)
= Rh (442)
and
Yy € [—Rn, Ry for each t € [T'— R, T]. (4.43)
Suppose Ry, := 2Ry, we observe that by applying the mean value theorem to the function
g : o+ arctan(z) within the interval [—Ry,, Ry, ¢ is locally bi-Lipschitz. Therefore, we conclude
that for all z,y € [~ Ry, Rp],

"l — gl < Jarctan(z) — axctan(y)| < |z ]
— | — arctan(z) — arctan x —yl.
1+ Ri RS Yl s Y
By taking this into account, using equations (4.42) and (4.43), and noting that
O; := arctan(Y;' — Yyi) — arctan(Y;? — Yy2)s

we conclude that for each t € [T — h, T],

1 _ _ _ _
W ‘Ytl V72— (%7,} - %‘/f) <0 < |V - V72— (’YYtl - W’Y/f) . (4.44)
Then,
1 _ _
e [V Y - v — )| <@ S Y -V - (g — )
h

or (4.45)
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By taking the expectation, we obtain

1 o
T2 ( Vi = Y2 = (vp —v2)
h
or (4.46)

_]E(

Y =Y2 = (vxi —v2)

so that

Thus,
| vps —vz IFE( Y Y2 ). (4.47)

In conclusion, the operator v is a local isometry in the L'-norm uniformly with respect to t.
Specifically, for ||}71||Sgo < Rj, and HYQHS;? < Ry,

— s E(F-72))

s ‘%7; — Yz

te[T—h,T te[T—h,T)
SNV =72 s
<204h | TH =T? |50 (4.48)

Step 3 Combining (4.41) and (4.48) and recalling (4.32), we deduce

V' = Y7 g SACHR | T =T% |l5pe . (4.49)
Then, by considering
7 1 1 . —
hc_v = 1min (86}- 3 hc) 5 (450)
we obtain, for all h € (0, hg],
@ (1) ~ @ (1) < 5 7 -T2l VI € Be. (451)

We conclude that ® is a contraction map from B to itself over the time interval [T'— h,T] for
any h € (0, hg] with respect to the norm | . [|sg. Therefore, for any h € (0, h¢], the function @
has a unique fixed point Y € Bs. Let (Y, Z,V,K) € §¢° x Hyy0, X TBno, X AL, be the

unique solution to the following BSDE with central value reflection:

T T T
m:5+/ f(s,Ys,Pyb,,Zs,vs)ds—/ stwsf// V,(e)N(ds, de)+ Kp—Ki, ¢ €T —hT],
t t t U
vy, 20, Vvte[T-hT],
(4.52)

this solution exists and is unique by Theorem 4.1. Consequently, we have Y = ®(Y) =Y, and
by Lemma 4.1, it follows that Y € Bg. Therefore, (Y,Z,V, K) € §;° x HZBMoh X \7§Moh x A5,
is the unique solution to BSDE (3.1) with central value reflection, and we have || Y ||s=< C.
This completes the proof of Theorem 4.2. O

Remark 4.2 The condition on the process a can be relaxed to || fOT las|ds ||eo< c0. With

some minor adjustments to the constants in the proofs, the result of Theorem 4.2 remains valid.



312 Kaoutar Nasroallah, Youssef Ouknine

4.4 Global solution

The main result of this paper is presented in this section. It establishes the well-possedness of
BSDE (3.1) with central value reflection over the entire time interval [0,7].

Theorem 4.3 Assume that (H,) and (H ;) hold. Then, the quadratic BSDE (3.1) with central
value reflection admits a unique deterministic flat solution (Y, Z,V, K)€S® xH% 10 X T a0 XA -

Proof Let C' > Cy. We then choose h € (0,he]. Because the fixed-point argument can be
applied for any terminal condition on a time interval of size h, we divide the time interval [0, 7
into n small intervals of length h, where n is a suitable integer.

From Theorem 4.2, there exists a unique deterministic flat solution to the BSDE (3.1) with
central value reflection on the time interval [T'—h,T]. We denote this solution by
(Y™, 2", V", K") € §p° x Hppo, X Tbumo, X A, - Next, we consider T —h as the terminal
time and Y[ _, as the terminal condition. From the same theorem, there exists a unique
deterministic flat solution to the BSDE with central reflection (3.1), denoted as
(yn=t zn=1 yr=1l Kn=1) on the time interval [T — 2h,T — h].

By applying a similar approach on each time interval [T —ih,T — (i — 1)h], with a similar
Y;:((ii:f))h at time T —¢h for i =1,...,n, we recursively
construct n solutions (Y"~0-1 zn=(-1) yn-G-1) gn=(=1) on [T —ih,T — (i —1)h] for

i1=1,..,n.

dynamic but with terminal condition

By appropriately concatenating these processes together, we derive a deterministic flat solution
(Y, Z,V,K) € S x H% 110 X Thmo X AF that satisfies our BSDE (3.1) with central value
reflection over the entire time interval [0, 7.

For the uniqueness of the solution on the entire time interval [0,7T], we have that (Y, Z,V, K)
is recursively uniquely defined on each subinterval by the fixed point contraction. Therefore, it is
defined uniquely over the entire interval [0, 7.

Remark 4.3 Having established the existence of a unique deterministic flat solution to the
BSDE (3.1) with central value reflection, we now discuss its minimality. In cases where the
generator is either independent of Y or linear with respect to the component Y, our problem
admits a minimal solution. Specifically, if another solution (Y,Z,V,K) exists, it holds that
Y; <Y, for each t € [0,T). The proof of this is similar to that of the uniqueness in Proposition
4.1. As the gemerator is independent of Y, we can infer that (Y — (Kr — Ky),Z:, Vi) and
(Y; — (K1 — Ky), Z;, V3) are both solutions to the same BSDE. Consequently, for each t € [0,T],
it holds that Y; — (Kp — K;) =Y; — (K7 — K;). Therefore, proving that Y; <Y: reduces to
showing that Kr — K; < Kp — K, which can be established by contradiction, following the same
argument as in Proposition 4.1.

With an additional assumption, the following proposition proves that the solution of the
BSDE (3.1) with central value reflection is bounded in 8% x H%,,6 X Jar0 X AS.

Proposition 4.2 Assume that (H,) and (H ;) hold. Additionally, if

(Hf) for each (t,y,p) € [0,T] x R x PL(R), f(t,y,u,0,0) is bounded by M, P a.s., is also valid.
Then, the solution of the BSDE (38.1) is bounded in S x HE0 X Tiyo X A .

Proof Let (Y,Z,V,K) € 8% x H%0 X Tino X A5 be the solution of the BSDE with
central value reflection (3.1). Consider (Y,Z,V) € 8® x H%,,0 X J2yo the solution of the
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following BSDE:

T T T
YtZE—!—/ f(s,YS,PyS,ZS,VS) ds—/ stWs—/ /Vs(e)N(ds,de).
t t t Ju

Notice that
Y, -~ (Kr—K))=Y:, Zy=2; and V, =1V, foralltel0,T]. (4.53)

The proof is divided into two steps. The first step involves providing the bound of Y in §*°, and
the second step concerns the bounds of Z and V in H%,,, and J3,,0, respectively.

Stepl According to (4.53), we have that

1Ylseo < HYHSOO +0211PT (W’t) . (4.54)

<t

Applying Tanaka’s formula to ’YQ‘, we have that for each t € [0, 7],
T T
Vi =+ [ s (Vo) £ (5 Yo Py, Ze V) ds— [ sen (V) Zea,
t
/ / 5gn (e)N (de, ds) / dr? — Z ’)75,| - |)75_} —sgn (Yé_) AY;,

t<s<T
(4.55)

where L° denotes the local time of Y at 0. Consider the following process:
t
U, := exp <n|Y}| —+ /{/ sgn(Ys)f(s,Ys,Pyg,0,0)ds) ,
0
by applying It6’s formula to ¥, we obtain, for each ¢t € [0,T],

T
. - / R0, sgn(Y, )f (5, Y, Py, 0,0) ds
t

T
b [ R (F (5, Yo Py, 2 V) = £ (Yo, Py, 0,T2)) ds
t

T
+ / kU, sgn(Vo ) (f (5. Yo, Py.,0,7) — f (s, Y, Py, 0,0)) ds
t
T

T
+/ kW, sgn(Yy- )f(s,YS,PyS,O,O)dsf/ kW, sgn (st)ZSdI/VS
t

T T
/ /K\If sgn (Y- ) Vi(e )N (de, ds) — ;/ K20, |Z\2ds—/ xW,dL°
t

— Y w0 (V] - [Va | - s (V) AV) //nwsjﬁsgn ) Vi) N (deyds)

t<s<T

(4.56)

Using Remark 4.1, with ¢, = sz(s,Ys,PyS,O,VS), we conclude that there exists b € ’HQBMO
such that
f (SaY:GaPY57ZS7 VS) - f <s7}/‘97PY5;07‘75) = bs . Zs- (457)

Otherwise, by assumption (3.4), there exist predictable U-measurable processes wV“O and 1/)0"7-*
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such that

sgn(Ys-) (f (s,Ys,Py,,0,Vs) —f (s,Ys, Py,,0,0))

< /U (1#;/'“0(6)1{5@(?5,):1} + ¢2’V§(€)1{sgn(175,):71}) sgn(Yy-)Vi(e)v(de). (4.58)
We define the following probability measure:

aQ T T i ]
d7P =& </ bsdW +/ /Uwg/s’o(e)l{sgn(ys,):1} + 1/12"/5 (e)l{sgn(Ys)——I}N(dsad€)> ’ (459)
t t

which is well defined because b, ¢V’0, and wo,\’/ satisfy the condition of Proposition 2.2.

Using (4.57) and (4.58), taking the conditional expectation with respect to the probability
measure Q on both sides of (4.56), and considering that the last four terms in (4.56) are negative,
we conclude that for each t € [0, T,

Uy <EQ(Ur /7). (4.60)

Consequently,
— T —
exp (k[V3]) <exp | [¢] + Ii/ sgn(Ys) f(s,Ys,Py,,0,0)ds | . (4.61)
t

Finally, using (Hy), we deduce that
1Y fls= <[ €l +TM. (4.62)

Using similar techniques as in (4.26), with || € || +7'M instead of Ry, we obtain

sup (vy,) < sup |y < [ € ]loe +TM,
0<t<T 0<t<T

which gives
1Y [lsee <2 € lloo +TM). (4.63)

Step 2 Due to equation (4.53), determining the bounds for | Z |13, and ||V [%, s
_ _ BMO BMO
equivalent to estimating Z and V in the spaces H%,,o and J& o, respectively.
Using Remark (4.28) with ¢; := D, f(t,Y:,Py,,0,V;), and the monotonicity condition (3.4), we

have

f(s7}/saPYSaZS7‘78) = f(87}/87PY57ZSuVS) - f(S,Y;,PYS,O7‘7;) +f(s7}/S7PYS707‘7S)
- f(S7YS7PY57070) +f(S7Y97PYS7Oa0)

S %’"3+ %IZ\“ / G (@Valer(de) + f(s, Y, Py, 0,0),  (4.64)
U

where we also use the elementary inequality ab < $a* 4+ 2b? and the fact that |¢| <, for each
te€0,T].

Now, applying It6’s formula to ¢4CeYs

, we obtain, for each 7 € Ty,
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o _ _ T o B T I B T I
eiCoYr < 406t 2002/ e4CeYs |r5|2ds + 6002/ e4CeYs |Z5\2ds — 803/ e2CoYs \Zs|2ds
T T T

T o B B T _
+4Cy / / oYy Vel ()W (e)v(de)ds + 4Cy / Y f(s5,Y,, Py.,0,0)ds
T U T

T —— JE—
- M, — / / oACe Y, ((e2cevs(e) —1)2 4 4C_’aj2@9(‘7s(e))) v(de)ds, (4.65)
T U

where we also use
4Cojsc, (Vs(€)) = (€27V+() — 1)2 4 4Cljyc, (Vi(e)),

and
_ T A = T LY, o Y, ~
M, = 4Cy / 0¥ Z AW, + / / eCo(Yo-FVel(e)) _ 4CoYo- N (ds, de). (4.66)
T T U
Therefore, using Holder’s inequality, we have
T T _ _
26_'92/ 6409Y3|ZS\2CZ3+/ /64093/5(6209‘/5(6) — 1)%v(de)ds
4@96+2C’2\/ 2d5+4/ / 8CyY, 7/1‘/3’0( )) V(de)ds
T

+C2 / / v(de)ds + 4MCy / eCoVeds — M, (4.67)

T

Now, by taking the conditional expectation on both sides, we obtain

203E ( / 100z 7, |2d8/}'>+IE< / / 4CoY (2C0 VL) — )v(de)ds/fr>
— C2E (/ / deds/]-')

_ o o T
< A Ollellee L 4N TCyetCollY lis= 4 902400V s> </ |7’s|2d5/]:T>

4800 1Y s (/ / 1/)‘/ 0 v(de)ds/F, ) (4.68)

By applying the above estimate to the solution (—Y,—Z,—V) of the BSDE with terminal
condition —¢ and generator —f (s, Ys, Py,, —z, —v), which satisfies assumptions (Hf), we deduce
that

2C2E (/T ~4CeY.| 7 | ds/]—') +E (/ / e~ 4C0Ys (¢=2CoVale) _ )%(de)ds/]—})
C2E (/ / v(de)ds/F;, )

T
< A00lllee 4 ANTCpetColV s 4 902eACoIT s </ |Ts|2ds/;7>

48001 Y s> (/ / (de)ds/]-‘ ) (4.69)
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By adding (4.68) to (4.69) and using the fact that
2<e®+e® and a?<a(e® -1 4 — V(a,z) € R} xR,

we obtain

ACGE (/T IZSIst/fT> + 203K </ / Vs (e)|?v(de)ds/ F, )

T
< 2eC0llélloe 4 RAITCpetCollV s> 46’926469”YHSOOE </ |7’s|2d5/]-'7>

468001V s> (/ / (Y0 de)ds/]—")
+ 4800V lls> (/ / 2u(de)ds/F, ) (4.70)

By taking a supremum over stopping times, we find
A2 7 (12 A2 1 T (12 4Co||€] oo A 4G ||V || soo ~2 ,4C, ||V || so0 2
AC 1 Z e, +2C3 | V 1152 < 2"l - 8MTCyet M lls= 4 4CFet ol s> | |35

4SO (70 7 0 7, ).
(4.71)

From (2.1) and (3.5), we know that ¢"0 and ¢~V belong to JZ. From (4.71) and (4.62), we
obtain that

_ 4Co M _ IMT
2 4C0 (||€|l oo +TM) 2
| ZHWBMOS 203 +e ( z, + ”T'HQBMo)
e8Co(l€llco+T M) - T
+@—3(||¢ g+ 13 ), (4.72)
and
_ 4Co M _ AMT
2,< ¢ 4Gy (|lglloo+Taa) (AL >
[V 17z< 2 +e ( G +2”T||H%Mo)
e8Co(l€llco+T M) - o o
2 (10" I + 19°7 U ) (4.73)

Since Y is bounded, its jumps are also bounded. Therefore, there exists a version of V such
that

[V llLe@)<2[Y [lse . (4.74)
This result together with (2.2), yields
1718 < IV I3 + 17 13V 13 +4 1Y 3 (4.75)

By adding 4 || Y ||% to both sides of (4.73), we deduce that
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17 120 <A € o 200 + ™y aCutielasan
TErvo > oo o2

(4MT
P C

2
20,

e8Ce(l|€lloc+TM) Voo 0 o
2 (I W + 19" 11%3) - (4.76)
0

Using equations (4.63), (4.72), and (4.76) and considering (4.53), we conclude the result of
Theorem 4.3. O

Remark 4.4 It is easy to see that the constraint of the BSDE (3.1) can be extended to a more
general form. Specifically, for each t € [0,T], the map in the constraint can be defined as the
unique solution to the equation E (g(Y; —x)) =0, where g is a function exhibiting properties
similar to those of the arctan function.
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