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Abstract In this study, we develop a theory of optimal stopping problems within the G-
expectation framework. To address this problem, we first introduce a type of random times,
called G-stopping times, which are specifically suited for this setting. In the discrete-time
case with a finite horizon, we define the value function backward and show that it is the
smallest G-supermartingale that dominates the payoff process, ensuring the existence of
an optimal stopping time. We then extend these results to both the infinite-horizon case
and the continuous-time setting. Moreover, we establish the relationship between the
value function and the solution of the reflected backward stochastic differential equation
driven by G-Brownian motion.
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1. Introduction

Consider a filtered probability space (2, F, P,F = {F;}ic[0,77), the objective of the optimal
stopping problem is to find a stopping time 7* to maximize the expectation of X, over all
stopping times. Here, X is a given progressively measurable and integrable process, called the
payoff process. In financial markets, X can be regarded as the gain of an option. An agent has
the right to stop this option at any time ¢ and then get the reward X;, or to wait in the hope
that he would obtain a bigger reward if he stops in the future. This problem has wide
applications in finance and economics, such as pricing for American contingent claims and the
decision of a firm to enter a new market. Note that there is an implicit hypothesis in the above
examples that the agent knows the probability distribution of the payoff process. This
assumption excludes the case in which the agent faces Knightian uncertainty. In this study, we
investigate the optimal stopping problem under Knightian uncertainty, especially volatility
uncertainty.

Optimal stopping problems under Knightian uncertainty have attracted significant attention
due to their theoretical and practical importance. Relevant studies in this field include [1-5, 7, 8,
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13, 19, 25]. For example, Riedel [25] examined optimal stopping problems within a multiple
priors framework, where a traditional linear expectation is replaced by a nonlinear one. Cheng
and Riedel [5] and Grigorova et al. [8] investigated the optimal stopping problem under g -
expectation induced by a backward stochastic differential equation (BSDE) for the case of
continuous and irregular rewards, respectively. Bayraktar and Yao [1, 2] further explored this
problem under what they termed filtration-consistent nonlinear expectations. In these studies,
the authors imposed assumptions on either the set of multiple priors P or the nonlinear
expectation £ to ensure that the associated conditional expectation remains time-consistent and
that the optional sampling theorem holds. Similar to the classical case, the value function is an
E-supermartingale that dominates the payoff process X . Moreover, the first hitting time 7* is optimal,
and X is an &-martingale up to time 7*. However, in the above studies, all probability measures
in P are assumed to be equivalent to a reference measure P, implying that these models
primarily captures drift uncertainty. However, addressing volatility uncertainty requires P to be
a family of non-dominated probability measures, making the problem more complex. Bayraktar
and Yao [3, 4], Ekren, Touzi and Zhang [7], and Nutz and Zhang [19] investigated the optimal
stopping problem under a non-dominated family of probability measures. Specifically, [4, 7]
studied the problem sup. supp EY[X,], which can be interpreted as a control problem, whereas
[3, 19] studied inf, supp E¥[X], which can be viewed as a game problem. Notably, in these studies,
the value function is defined pathwise. They also obtained the optimality of the first hitting time
7* and the nonlinear martingale property of the value function stopped at 7*. Recently, Huang
and Yu [13] considered a more general case under an a-maxmin nonlinear expectation, which is time-
inconsistent.

According to the above studies, it is obvious that we need some nonlinear expectations to
study the optimal stopping problem under Knightian uncertainty. Recently, Peng systematically
established a time-consistent nonlinear expectation theory, called G-expectation theory (see [21,
22]). As the counterpart of the classical linear expectation case, the notions of G-Brownian motion,
G-martingale and G-Itd’s integral were also introduced. A basic mathematical tool for the
analysis is BSDEs driven by G-Brownian motion (G-BSDE) studied by Hu et al. In [10, 11], they
proved the existence and uniqueness of solutions to G-BSDE and established the corresponding
comparison theorem, Girsanov transformation and Feynman-Kac formula. The G-expectation
theory is convincing as a useful tool for developing a theory of financial markets under volatility
uncertainty. Therefore, in this study, we aimed to investigate the optimal stopping problem
under the G-expectation framework.

In the classical setting, the value function is typically defined as the essential supremum over a
set of random variables. However, in the G-framework, the essential supremum must be defined
in the quasi-surely sense, which may not always exist. Additionally, random variables in the
G-framework must satisfy certain continuity and monotonicity properties. For a given random
time 7 and process X, X, may not belong to an appropriate space where the conditional G -
expectation is well-defined. These challenges make the study of optimal stopping under G -
expectation significantly more complex and far from being fully understood.

In this study, we first address the optimal stopping problems under G-expectation in the discrete-
time case, considering both finite- and infinite-time horizon. To facilitate our analysis, we
introduce a new type of random time, called the G-stopping time. The key advantage of this
approach is that it allows the definition of the conditional G-expectation to be extended to the
random variable X stopped at a G-stopping time 7. Moreover, within this broader framework,
many essential properties, such as time consistency, remain valid. For finite-time case, we define
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the value function V backward. It is straightforward to verify that the value function is the
minimal G-supermartingale that dominates the payoff process X. Although our approach is
limited to a specific class of stopping times, this restriction does not result in a significant loss of
information. Notably, the first hitting time after time t serves as an optimal G-stopping time for
the value function defined at time ¢. Then, we extend the theory to the infinite horizon case,
where the backward induction cannot be applied directly. The value function is defined by the
limit of the one in the finite-time case. We show that it is still the minimal G-supermartingale,
which is greater than the payoff process and satisfies the recursive equations similar to the finite-
time case. This problem has not been addressed by the previous studies [3, 7, 19]. Recall that Li,
Peng and Soumana Hima [16] studied the reflected BSDE driven by G-Brownian motion, which
implies that the solution is required to be above an obstacle process. The solution of the reflected
G-BSDE is the minimal nonlinear supermartingale that dominates the obstacle process. We show
that it coincides with the value function of the optimal stopping problem in the continuous-time
case when the payoff process X equals to the obstacle process.

From a mathematical perspective, the optimal stopping problem introduced in [7] is the most
closely related to our work. Compared with their results, the advantage of considering this
problem under G-expectation lies in the following aspects. First, we do not need to assume the
boundedness of the payoff process, and we can analyze this problem in the setting of infinite-time
horizon. In the continuous-time case, we show that the value function can be obtained as the
limit of the discrete-time value functions, which is particularly useful for numerical approximation.
Additionally, similar to the result in [5], we demonstrate that the value function, defined by the
Snell envelope, coincides with the solution of a reflected BSDE driven by G-Brownian motion,
which improves the results in [18] since they can only get the e -optimality. At last, the case that
the payoff process is Markovian can be involved and similar results as the classical case still hold.

The remainder of this paper is organized as follows. We first recall some basic results of G-
expectation and reflected G-BSDEs in Section 2. In Section 3, we introduce the G-stopping times
and the essential supremum in the quasi-surely sense. Section 4 presents the study of optimal
stopping problems under G-expectation in finite- and infinite-time horizon. Then, we extend the
results to the continuous-time case and show that the value function of optimal stopping
problem corresponds to the solution of the reflected G-BSDE in Section 5. Finally, Section 6
presents some results of optimal stopping when the payoff process is Markovian.

2. Preliminaries

In this section, we review some notations and results in the G-expectation framework. For
simplicity, we only consider the one-dimensional case. For more details, refer to the papers [12, 16,
17, 21, 22, 23].

2.1 G-expectation and extended conditional G-expectation

Let Q= Cy([0,00);R), the space of real-valued continuous functions starting from the origin,
be endowed with the following norm:

oo
1,2 —i 1 2 1.2
w,w) = 2 max |w; —wi|) A1), forw',w® e Q.
plot i) = 302 (s ek ) 11

Let B be the canonical process on €). Set

Lip(Q) == {@(By, s Br,): mEN, t1, tn €[0,00), ¢ € Cyrip(R™)},
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where Cp rip(R™) denotes the set of bounded Lipschitz functions on R™. Let (Q,Ll-p(ﬂ),fE) be
the G-expectation space, where the function G : R — R is defined by

G(a) := %]]:Z[an] = %(62a+ —c%a™).

Herein, we always assume that G is non-degenerate, i.e., ¢?>0. The (conditional) G-
expectation for £ € L;,(€2) can be calculated as follows. We assume that £ can be represented as

gzgp(Bthh)“' aBtn)-
Then, fOr t € [tk—latk), k’ = 17. -n,

Et[<p(Bt1aBt27"' 7Btn,)] = uk(tht;Btu"' 7Btk—1)’

where, for any k=1,--- n, up(t,z;x1, -+ ,xx—1) is a function of (¢,z) parameterized by
(1, ,xk—1) such that it solves the following fully nonlinear PDE defined on [tx_1,tx) X R:
Orug, + G(aﬁuk) =0
with terminal conditions
ug(te, o301, p—1) = U1 (Ek, 521,00, Ti—1,2), k< n

and U (b, 2521, -+, Zn_1) = (1, ,&n_1, ). Hence, the G-expectation of ¢ is Fo[€].

For each p > 1, the completion of L;,(€2) under the norm |||z, := (E[|€[P])M* is denoted by
L?,(2). The conditional G-expectation E¢[-] can be extended continuously to the completion

L?,(9). Besides, Denis, Hu and Peng [6] proved that the G-expectation has the following
representation.

Theorem 2.1 (/6]) There exists a weakly compact set P of probability measures on (2, B(Q)) ,
such that

E[¢] = sup Ep[¢] forall &€ LE(Q).
PeP

P is called the set that represents E.

Let P be a weakly compact set that represents [E. For this P, we define the capacity
c¢(A) := sup P(4), AeB(Q).
Pep

A set A € B(Qr) is called polar if ¢(A) = 0. A property holds “quasi - surely” (q.s.) if it holds
outside a polar set. In the following, we do not distinguish the two random variables X and Y if
X=Y,qgs.
The following notations (see [12]) are frequently used in this paper.
L%(Q) :={X : Q — [~00,00] and X is B(2)-measurable},
L(Q) :={X € L°(Q) : EP[X] exists for each P € P},
LP(Q) == {X € L°(Q) : E[| X|?] < oo} for p > 1,

L () = {X e LYQ) : 3{X,,} C L5(Q) such that X,, | X, q.s.},
L) ={X -Y: X,Y € L§ ()},

Lg (Q):={X e LY(Q) : 3{X,,} € LY () such that X,, T X,q.s.},
LE(Q) = {X e LY(Q) : 3{X,,} € LY () such that B[ X, — X|] — 0}.
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Remark 2.2 (i) It is easy to check that LY (Q) C L (Q) and Lg Q) C Eg (). Furthermore,
we have LE () C Lg‘ (Q). Let &€ € LE(Q) with representation € = X —Y , where X,Y € L& ().
By the definition of LY (Q), there emists a sequence {Y,} C LL(Q) such that Y, LY , g.s. It
follows that X —Y, 1 X Y(=¢€), ¢s Noting that X —Y, € L5 (Q), by the definition of

Lé* () , we have € € L (Q)

(ii) Notably, LE (Q), Lg (), Eg () are not linear spaces and LE (Q) is a linear space.

Set U = {w.a:w e Q} for t > 0. Similarly, we can define L°(Qy), L£(Q:), LP(Q), LL(),
L5 (Q0), Lé"(ﬂt) and Eé(Qt) respectively. As demonstrated in [12], we can extend the

conditional G-expectation to space Eg (©), and it satisfies the following property.

Proposition 2.3 (/12]) For each X € f/g (Q) , we have for each P € P,

E([X] = ess sup PEC[X|F], P-a.s.,
QEP(t,P)

where P(t,P) ={Q € P: Eq[X]| = Ep[X]|,VX € L;;,(%)}.
Because the conditional expectation can be well-defined on the space f/g (Q), we can modify
the definition of G-martingale (-sub, -supmartingale) slightly.

Definition 2.4 A process M {Mt}te[o 1) 18 called a G-martingale (-sub, supermartmgale resp.),
if for each t € [0,T], M, € L (Qt) and By[M,] = M, (>,<,resp.), for any 0 < s <t < T.

The extended conditional G-expectation shares many properties with the classical conditional
expectation, except the linearity. More precisely, we have the following proposition:

Proposition 2.5 ([12]) We have

(1) X,Y € Lg(Q), X <Y = ]Et[ | < B[V

(2) X € Lg (), Y € LG () = BilX +Y] = X + B[]

(3) XY € L () > BifX +Y] <E,[X] + B[V

(4) X €L () is bounded, X 20, Y €L (Q), Y20, lim, oo B[Y Iiysny] = 0 = E[XY] =
XE,[V);

(5) X € L (Q) = B [E[X]] = Bops[X];

(6) {Xn}32y € LE (LG (), X L X(Xp 1 X) g.5.5 X € LE(Q)(Lg () and By[X] =
lim o0 B [X,0].

Next, we present some examples of random variables that belong to the above spaces.

Proposition 2.6 ([12]) We have

(1) Let X be a bounded upper (resp. lower) semicontinuous function on Q. Then, X € Lg (Q)
(resp. X € L (Q) );

(2) Let X € LE(SU,R™) and let f be a bounded upper (resp. lower) semicontinuous function on
R”. Then, f(X) € L& (Q) (resp. f(X) € LE(Q) ).

Remark 2.7 Let X € L (), a € R. Then, by the above proposition, we have Itx<ays I{x>a}s
Iix—ay € LG ().
2.2 G-It calculus and reflected G-BSDEs

In this subsection, we recall some basic results about reflected BSDE driven by G-Brownian motion.
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Definition 2.8 (i) Let MZ(0,T) be the collection of processes in the following form: for a given
partition {tg, -, ty} = mr of [0,T],

2
L

ne(w) = ) &§i(w)ly, 6,0 (),
j

I
o

where & € Lip(Sk,), i=0,1,2,--+ N —1. For each p>1 and n€ MZ(0,T), let [0l gz, :=
o T s T
{El(Jy InslPds)P?IVP, nllagg, = (BLfy Ins|Pds])/P and denote by HE(0,T), ME(0,T) the
completion of MZ(0,T) under the norm || - a2 |- [larz, » respectively.
(ii) Let S&(0,T) = {h(t, Biyats-- - Bioat) 1 t1, .oty € [0,T),h € Cp rip(R™™)}. For p > 1 and
n e S%0,T), set [nllsz, = {E[supte[oﬂ [m:|P1}Y/P. Denote by SE(0,T) the completion of S&(0,T)

under the norm || - ||sz,.
We have the following continuity property for any Y € S%(0,T) with p > 1.

Lemma 2.9 (/15]) ForY € S%.(0,T) with p > 1, we have, by setting Yy := Yy for s > T,

1
) _o.

The parameters of reflected G-BSDE consist of the following three parts: the generators fand

sup sup |Y;-—Y,[P

F(Y):=limsup | E
te[0,T] s€t,t+e]

e—0

g, the obstacle process {X;};c0,7] and the terminal value £, where fand g are maps
ft,w,y,2): [0,T] x Qr x R?* = R.
We will make the following assumptions: There exists some 5 > 2 such that

(H1) for any y, 2, f(-,y:2),9(, -y, 2) € MG(0,T);

(H2) [f(t,w,y,2) = f(t,w,y', 2)| + |g(t,w, 9, 2) — g(t,w, 0", 2)[ < L(ly — y'| + |z = 2[) for some
L > 0;

(H3) {Xi}eeqom € Sg(O,T) and Xy < I, t € [0,T], q.s., where I is a generalized G-Ito process

of the following form
t t
I, =1 +/ bl (s)ds +/ ol (s)dB, + K/,
0 0

and {b'(t)}1eo,1) € Mg(O,T), {o!(t)}repo,m) € Hg(O,T), KT e Sg(O,T) is a nonincreasing G-
martingale;
(H4) € € L(Qr) and € > X7, ¢.5.

Let us now introduce the reflected G-BSDE with a lower obstacle. A triple of processes
(Y, Z, L) is called a solution of the reflected G-BSDE with a lower obstacle if for some 2 < a < 3,
the following properties hold:

(a) (Y,Z,L) € S&(0,T) and YV; > X4, 0 <t < T}
(b) Yo =&+ [ f(s.Ye. Zo)ds + [, 9(5.Ye, Z)d(B)s — [, ZudBs+ (Lt — Lo);
(c) {— fg(YS — Xs)dLs}ejo,r) is @ nonincreasing G -martingale.

Here, we denote by S&(0,T) the collection of processes (Y, Z,L) such that Y € S&(0,T),
Z € H&(0,T), L is a continuous nondecreasing process with Lo = 0 and L € S&(0,T).
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Theorem 2.10 ([16, 17]) If we assume that (&, f,9,X) satisfy (H1)-(H/), then the reflected G -
BSDE with data (&, f,g,X) has a unique solution (Y,Z,L). Moreover, for any 2 < a <, we
have Y € S&(0,T), Z € H&(0,T) and L € S&(0,T).

Proposition 2.11 ([14]) Let f=g=0, and assume that (§,X) satisfy (H3) and (H4). Then,
the first argument Y of the solution to the reflected G-BSDE with data (£,0,0,X) is a G-
supermartingale dominating the process X .

3. Essential supremum in the quasi-surely sense

In this section, we introduce the essential supremum in the quasi-surely sense and a new type
of random time, called G-stopping time, appropriate for the study of optimal stopping under G-
expectation. We then investigate some properties of the extended (conditional) G-expectation.

Definition 3.1 A random time 7:Q — [0,00) is called a G-stopping time if I, <y € L (1)
for each t > 0.

Let H C LY(Q) be a set of random variables. We give the definition of essential supremum of
H in the quasi-surely sense. Roughly speaking, we only need to replace the “almost-surely” in
the classical definition by “quasi-surely.”

Definition 3.2 The essential supremum of H , denoted by esssup £, is a random variable in
LO(Q) such that: sen

(i) For any £ € H, esssup & = &, q.s.

(i1) If there exists angoetﬁer random variable ' € L°(Q) such that ' > &, q.s. for any £ € H ,

then esssup £ <1, q.s.
EEH

Remark 3.3 (i) Similarly, we may define the essential infimum. The essential supremum and
infimum in the quasi-surely sense (if exist) must be unique.

(ii) Suppose that n € H and for any £ € H, n = &, q.s. Then, we have esssup & = 1.
EEH

Remark 3.4 In the classical case, the essential supremum can be constructed by countable
many random variables; however, this does not hold true for the one in the quasi-surely sense. We
may consider the following example. Let 1 = 0? < 62 = 2. Consider H = {IyBy, =y, v € [1,2]}. If
there exists H = {IBy,=an}>n € [1,2],n € N}, such that

esssup § = sup I{(py, =z, }-
EeEH neN

Then, there exists a constant xg € [1,2] such that o # x,, , for any n € N . We have

C(Slelgf“thwn} < I{<B)1:w0}) = C(<B>1 = IQ) = ].,

which is a contradiction.
We now list some typical situations under which the essential supremum exists.

Proposition 3.5 If there are only countable many random wvariables in H, then the essential
supremum exists.

Proof Without loss of generality, we may assume H = {£,,n € N}. We then define
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N(w) := sup &, (w).
neN

It is easy to check that 7 is the essential supremum of H. O

Definition 3.6 A set H is said to be dense in H , if for any € € H , there exists a sequence
{€n,n € N} C H such that E[|&, —£]] = 0 as n — occ.

Proposition 3.7 If H has a countable dense subset, then the essential supremum of H exists.

Proof Without loss of generality, set H = {&mn,m € N} is the countable dense subset of H.
Denote

sup & (w).
meN

n(w) :

We claim that 7 is the essential supremum of . It is sufficient to prove for any £ € H, n > &,
q.s. For any & € H, there exists a sequence {£,,n € N} C H such that E[|§, — £]] = 0 as n — oo.
By Proposition 6.1.21 in [23], there exists a subsequence {énk},;“;l such that,

§= lim énk7 q.s.
k— o0
Since for any k, énk < 7, we have £ < 1, g.s. O
Proposition 3.8 Assume that H C LY (Q) is upwards directed and

sup E[¢] = sup —E[—¢].
EEH EeEH

Then, the essential supremum of H exists.

Proof Since the family H is upwards directed, there exist two increasing sequences {£,n € N}
C H,i=1,2, such that
lim E[¢)] = sup E[¢], lim —E[-£)] = sup —E[—¢]. (3.1)
n—oo §€H n—oo EGH
We claim that n := sup,, 7, is the essential supremum of H, where 1, = &L V £2. Obviously, the
second statement in Definition 3.2 holds. We now prove the first statement. It is easy to check that

sup E[¢] > Efn,] > E[¢]],
EEH

sup —E[—€] > —E[-n,] > —E[-€2].
EEH

Letting n — oo, it follows that

sup E[¢] = lim E[n,] = lim —E[—n,] = sup —E[—¢].
GGH n—oo n—oo SEH

Applying Proposition 28 (7) in [12], we have

El) = lim B[], —E[-7] = lim —E[-n,],
n—oo n—oo
which implies that  has no mean uncertainty. For any £ € H, using the monotone convergence
theorem, we obtain that

Elpvé = lim Elp, v € < sup B¢].
o0 EEH

n

Then, we conclude that
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0 <E[§ vy —n] =E[¢ vy —Ely] <0,
which indicates that £ Vp —n = 0, q.s. The proof is complete. O

In the following, we list some properties of the extended (conditional) G-expectation. It is
natural to extend the definition of G-expectation E to the space L(Q), still denoted by [E. For
each X € L(Q), the extended G -expectation has the following representation

E[X] = sup EP[X].

Lemma 3.9 Let {X,,,n € N} C L(2). Suppose that there exists a random variable Y € L(Q)
with —E[—Y] > —o00 such that, for any n > 1, X,, 2Y q.s. Then, liminf,,_, ., X,, € L(2) and

Elim inf X,,] < lim inf B[X,,].

n—oo n—oo
Proof By the classical monotone convergence theorem and Fatou’s Lemma, we have for each
P € P, EPliminf, o X,] exists and

EP[liminf X,,] < liminf E7[X,,] < liminfE[X,,].

n—oo n—oo n—oo
Taking supremum over all P € P, we obtain the desired result. O

Remark 3.10 Notably, the Fatou Lemma of the “limsup ” type does not hold under G-expectation.
For example, set0 < o? < % = 1. Consider the sequence { X, n € N} , where X,, = Ity ei—2 1)}
It is easy to check that X,, — 0 and E[Xn] =1 for any n € N. Therefore, we have

0 = Eflimsup X,,] < limsupE[X,] = 1.

n—oo n—oo

Next, we extend the definition of conditional G-expectation. For this purpose, we need the
following lemma, which generalizes Lemma 2.4 in [10].

Lemma 3.11 For each &, nGLZ}(Q) and AeB() , if E1a=nla q.s., then Et[§]IA Q]Et[n}lA q.s.

Proof Otherwise, we may choose a compact set K C A with ¢(K)>0 such that
(Et[g] —E, 7))~ >0 on K. Noting that K is compact, there exists a sequence of nonnegative
functions {(,}22, € Cp(Q) such that (, | Ix, which implies that Ix € Lg(Qt). Since
&,n € L), there exist &, € Ly (Q) and {€7}22,, {(nP}e2, € LL(Q), i =1,2 such that
& L& mit L nand

§=&—&, n=m—1n.
Set X,, =& +n%, Y, =& +n7. Then, {X,}52,,{Y,}32, C LL(Q) and they are decreasing in
n. We denote by X,Y the limit of {X,}52,{Y,}22,, respectively. It is easy to check that
X, Y e Lé(Q) and £ — =X — Y. For each fixed I,m,n € N, we have
E[G(Xn = Vi) T L BTk (Xn = Yin) 7], as @ oo,
and
EIGE[(Xn — Vi) 7)) 4 BIKE[(X, — Vi) 7], as [ — o0,
Noting that
E[G (X — Yin) ™) = EIGE[(Xn — Yn) 7],
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it follows that

E[IK(Xn —Yn)T]= E[IKIAEt[(Xn ONE
For each fixed m,n € N, we have I (X, —Y,,)” € L& (Q). First letting m — oo, we obtain
I (Xn — V)™ L Ix(X, —Y)™ and Ix(X, —Y)~ € L5 (Q). Then, letting n — oo, we obtain
Ie(Xp, =Y) 1 Ig(X-Y) and Ig(X -Y) € Lé* (Q). Therefore, we can calculate that

lim lim E[Ix(X, — Y) | =RIx(X —Y) | =E[Ix(—n)"]=0.

n—o0 m—0oo
By a similar analysis, we have

lim  lim BB [(X, — Yyn)7]] = BIE[(X — Y)7]] = BlIE[(E — 7))

n—o0 Mm—0o0

By Proposition 34 (4) and (8) in [12], we can check that

(Befe] — Beln))™ <Ee[(€—m)7],
which yields E,[(¢ — )] > 0 on K. Recall that ¢(K) > 0, which implies that E[IxE.[(& —n)7]]

> 0. This is a contradiction, and the proof is complete. |

Lemma 3.11 allows us to extend the definition of conditional G-expectation. For each t > 0, set

Lo Q) = {5 = ZWiIAi : {A;}, is a partition of B(Q),n; € L (Q),n € N} .
i=1
Definition 3.12 For each £ € Lgl’o’t(ﬂ) with representation & =Y. m;la,, we define the
conditional expectation, still denoted by ES, by setting

= ZEs[ﬂi]IAu fors>t. (3.2)

Remark 3.13 Although the conditional expectation is well-defined for any £ € Eg (Q) as in

[12], we do not know if the space L9N(Q) s contained in Eg (Q). This is why we give the

definition as (3.2). If feL (Q)HL*I’O’t(Q) , then the extended conditional G -expectation

defined by (3.2) coincides with the one in Proposition 2.3. For any §€L*1Ot(ﬂ) with
representation £ =Y . nila, and s >t , we obtain that

ZI@ )14, —ZIA ess sup T E9[n;|F,] = ess sup (ZEQ[mFS]IAi>

‘=7 QeP(s,P) QeP(s,P) =

=ess sup TE?
QEP(s,P)

ZmIA |Fs| = esssup PEC[E|F,], P-a.s.
i=1 QEP(s,P)

for any P € P.

4. Optimal stopping in discrete-time case

This section provides insights into the optimal stopping problem under G-expectation for the
discrete-time case, i.e. the G-stopping time 7 takes values in some discrete set. We first
investigate the finite-time case by applying the method of backward induction and then extend
the results to the infinite-time case.
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4.1 Finite-time horizon case
We assume that the payoff process X satisfies the following condition.

Assumption 4.1 {X,,,n=0,1,--- ,N} is a sequence of random variables such that for any n,
X, € LE(Q).

Theorem 4.2 Suppose Assumption 4.1 holds. We define the following sequence {Vi,,n =
0,1,---,N} backward: let Vo = Xn and

Vi = max{X,,E,[Voi1]}, n < N —1.
Then, we have
(1) {Vs,n=0,1,--- N} is the smallest G-supermartingale that dominates {X,,n =0,1,
(2) Denote by T;jn the set of all G-stopping time taking values in {j,--- ,N}. Set 7; =
inf{l > j : Vi = Xi}. Then, 7; is a G-stopping time and Von-, € LE (Qy,) , for any j < N and
n < N. Furthermore, {Vunr,,n = j,--- , N} is a G-martingale and for any j < N,

V; = B;[X,,] = esssup E;[X,].
TET; N

Proof (1) It is easy to check that for any n =0,1,--- | N

7

Vi = Xn, and V,, = By [Viid],

3

which implies {V,,,n=0,1,--- , N} is a G -supermartingale dominating {X,,,n =0,1,--- ,N}. If
{Up,n=0,1,--- N} is another G -supmartingale dominating {X,,n=0,1,--- N}, we have
UN 2 XN = VN and
Un—1 2 En_1[Un] = En_1[Viv], Uvo1 > Xnoi.
It follows that Uy_1 > Vy_1. By induction, we can prove that for all n =0,1,--- ,N, V,, < U,.
(2) For any n = j,---, N, we can check that

{ri <n} =Ui_{m =k} = U {Vi = X}
and

Iry<ny = 02X Iy xi=0}-
A

By Remark 2.7, Ity _x,—o} € L (Q), for any j < k < n. It follows that Iir<ny € L5 ().
That is, 7; is a G-stopping time.
It is easy to check that, for any j <n < IV,

n—1
Varr, = > (Vi = Vis) I mycy + Vi
k=j
n—1 n—1
= (Ve = Vi) Tirycry — D (Vi = Viey)) " Iiry<iy + Vi (4.1)
k=j k=3

We conclude that Vya-, € LE (Q,). Note that
‘/(n-i-l)/\Tj - Vn/\‘rj = I{Tj2n+1}(vn+1 - Vn) = I{Tjgn}c(vn+1 - IAETL[‘/n+1]) (42)

Since {r; < n} € B(Q,,), applying Lemma 3.11 and Equation (3.2), we have
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EnlIir, <nye (Virr = Ba[Viia))] = I cnye B[ (Vags — B [Voga])] = 0. (4.3)
By combining (4.2) and (4.3), we obtain
0 =En[Vinsiyrr, = Varr,] = BalVint1)ar,] = Vans,,
which shows that {Viar;,n =j,j+1,---,N} is a G-martingale. Consequently, we have

Vi = Ej[v‘fj] =E;[X-,].

By Remark 3.3, it remains to prove that, for any 7 € 7; v,

Vi > B[X,). (1.4)
First, similar to (4.1), we have X, € L (Qn). Then,
A ) N-1
En_1[X-] SEnva[Va]l =Eno1 | Y (Vi = Vi) Iy + Vi
k=j
N-—2
= (Vi = Vs 7y + Vvl gzan—1) + En_ 1[VNIfr=n1]
k=j
N—2
= (Vi = Vs 7y + Vvl pen—1y + En_ VN 7=y
k=j
N—2

(Vk — Vir) I r<hy + V-1 = Vin_1)ars

El

AN

where we use Equation (3.2) again in the last equality. By repeating this procedure, we obtain
that (4.4) holds. The proof is complete. O

Remark 4.3 If {V,,}_, is defined by
Vv =Xy, Vp=min{X,,E,[Vhi1]}, n<N-1
By a similar analysis, we have:

(1) {Voy,n=0,1,--- N} is the largest G-submartingale dominated by {X,,n=0,1,--- /N};
(2) Set j =inf{l > j : V; = X;}. Then, Tj is a G-stopping time and Vo, € LE () . for any

<N and n < N. Furthermore, {Vanr,,n = j,--- ,N} is a G-martingale and for any j < N,
V= Ej[XTJ] = ig_llllva [X].

4.2 Infinite-time horizon case

In this subsection, we study the infinite-time case. The conditions on the payoff function are
more restrictive than those for the finite-time case, because the order of the right-hand side of
Doob’s inequality under G-expectation is strictly larger than the one of the left-hand side (see
Theorem 3.4 in [26]). In addition, the value function for the infinite-time case is defined as the
limit of the one for the finite-time case in the sequel. When verifying that it belongs to an
appropriate space, we need to ensure the positivity of the value function (see the proof of
Proposition 4.8 below), which can be guaranteed by the positivity of the payoff function. Due to
the translation invariance property of G-expectation, it suffices to assume that the payoff
function is bounded from below.



Probability, Uncertainty and Quantitative Risk 277

Assumption 4.4 {X,,n € N} is a sequence of random variables bounded from below and for
anyn €N, X,, € Lg(Qn) , where B > 1. Furthermore,

Elsup |X,|°] < oo.
neN

For each fixed N € N, we define the following sequence {f/nN ,n=20,1,--- N} backward: let
V& = Xy and
VN = max{X,,E,[VN,]}, n<N-L (4.5)
It is easy to check that for any n < N < M, f/nN < VnM . We may define

Ve = lim VN (4.6)

n N>n,N—o00

Proposition 4.5 The sequence {V.°,n € N} defined by (4.6) is the smallest G-supermartingale
that dominates the process {X,,,n € N}.

Proof By monotone convergence theorem, letting N — oo in (4.5), we have
vnoo = max{Xn, En[ ~noil}}3

which implies that {Vn“’,n € N} is a G-supermartingale which dominates the process {X,,
n € N}. Let {U,,n € N} be a G-supermartingale dominating the process {X,,n € N}. By
Theorem 4.2, {f/nN ,n=0,1,--- N} is the smallest G-supermartingale that dominates {X,,
n=0,1,--- ,N}. Then, for each n € N and N > n, we have f/nN < U,. It follows that

—00
which yields that {Vnoo,n =0,1,---,N} is the smallest G-supermartingale dominating {X,,
n=0,1,-,N}. O

For each j €N, denote by 7; the collection of all G-stopping times taking values in
{j,j+1,---} such that

lim ¢(r > N) =0. (4.7
N—o0
Set
Vo = sup E[X,].
7€To

Remark 4.6 If a G-stopping time 7 satisfies condition (4.7), noting that {r = 00} C {7 > N}
for any N € N, we obtain that

0<ce(r=00)< lim ¢(r > N)=0,

N —o0

which implies that T is finite quasi-surely. However, the inverse does not hold. Consider the
following example. Let 0 < g% < 52 = 1. Set

L if (B)1 =0,
T =
N, if (Bhe(l-g,1-5], N>2

It is easy to check that T is a G-stopping time and c(T = 00) = 0. However, for any fized N € N,
we have
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C(T>N)=C<<B>1>1—]1[>=1.

Proposition 4.7 Under Assumption 4.4, we have
7o = V5.
Proof By Theorem 4.2, it is obvious that Vo > VON , for any N € N, which implies that

Vo > ‘7(300. We then prove the inverse inequality. For any 7 € Tg and € > 0, there exists some N
such that ¢(7 > N) < e. By Assumption 4.4 and the Holder inequality, we can calculate that

BI|X; ~ Xran]) < Bl2sup | Xl rsn] < C(Eup | XD (Bl T < CEF (48)

It follows that

E[X,] <E[X n]+Ce VYN +Ce VP +0e7.
Let e — oo; since 7 is arbitrarily chosen, we finally obtain the desired result. |
Proposition 4.8 Assume that
=inf{l >j: V> =X;}
satisfies condition (4.7). Then, we have

(i) 7, € T; and VnOXT LY ¢ (), for each n € N;
(i) {V,ex wnr, e =J,J +1,---} is a G-martingale;
(iii) For anyj €N,

Ve = IEJ[XTJ] = esssup E;[X,].
TET;
Proof (i) Noting that for any k€ N and N >k, V;¥ > X}, and VN 1 V> as N — oo, then
we have {V® = X} = ﬂN>k{Vk = Xy}, which implies

Lpe=xy = J8L Ly =,y

By the proof of Theorem 4.2, we have I{VkN:Xk} € Lg (Q%). By applying Proposition 2.5, we
confirm that I{ye_x,, € Lg (). Since

Iy = WX g x, s

it follows that I, <n) € Lg(Qn) Without loss of generality, we assume X,, > 0 for any n € N.
It is easy to check that

n—1

Vnoo/i'r = Z(Vkoo - Vkoil)l{"'j<k} + Vnoo
k=j

Since Iir <y € Lg (), there exists a bounded sequence {52{’“}3":1 C Lé(Qk) such that
&% | It;, <1y - Note that

- Vk+1§]’ \: V n’ , as N — oo,

— V& =V Iir <y s m— o,

VNEr LVNI <y, asn— oo,

VkNI{Tjgk} T Vkool{-,-jgk}, as N — oo.
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It follows that —V% Iy <y € Lo (Qur1) and VoI, cpy € L (Q). Hence, Vs, € L ().
(ii) Note that
‘7(%0—{-1)/\7—]‘ - Vno/.i‘rj = I{TjE'rL-i-l}(Vno—T-l - f/’noo) = I{Tjgn}c(‘?noil - En[~no-<i)-l]) (49)
Since {r; < n} € B(Q,) and V.23, —n[ V2,] € LE (t1), applying Lemma 3.11 and (3.2), we

have

ETL [I{Tjé’ﬂ}c (‘77?-7—1 - E"[Vnoj-l])} = I{T]’<n}CfEn[‘~/’r?-T-l - En[~7ﬁ1]] =0. (410)
By a similar analysis as Step (i), we obtain that Vn°/°if G (Qn) The above two equalities
imply that
0= En [‘/(C;Lo-&-l)/\ﬁ - Wﬁ‘rj} = En[‘/(%o—i-l)/\q] ‘/no./iTJ
which shows that {V,> oar, s =7J,j +1,---} is a G-martingale.

(iii) First, we claim that there exists some 1 < p < 8 such that
1) [sup |‘~/n°°p} < 00.
neN
By Theorem 4 2, we have VN = E;[X,~], where TV =inf{l > j: VN = X;}. It is easy to check
that |VN| E;[sup,en | Xn|] and

E[ sup |VNP} 1) { sup [; {sup|X |p”
I<GEN I<GEN 7 LneN

Since E[sup, ey | Xn|?] < 0o, by Theorem 3.4 in [26], there exists a constant C' independent of N
such that E[suplgjg N |‘7]N [P] < C'. By monotone convergence theorem, we have
E {sup|f/n°°|p] = lim I@[ sup VN|p}
neN N—oo  |1gi<N
We then show that
Ve = B, [V) = By, )
Indeed, by Step (ii), we have for any n > j
Vi = E;[VoRs,]- (4.11)
For any € > 0, there exists some N > 0 such that, for any n > N, ¢(7; > n) <e. It is easy to
check that

RV, ) — B V)] < BIVES,, — V22
R ~ . ~ 1/p
<E |25 V%11 | <€ (E[sup|vn°°|p]) i (1.12)
neN neN

where ]%Jr % = 1. First, letting n — oo, since ¢ is arbitrarily small, (4.11) and (4.12) yield that
f/,OO =k [VOO] In the following, we show that for any 7 € 7}, f/joo > [E;[X,]. For any 7 € 7; and
€ > 0, there exists some N such that ¢(7 > N) < . We obtain that

B-1
X, — Xl < B [250p X, 1o | < €

It follows that
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E;[X,] = lim E;[X An].
;[ Xr] [Niares [ X7an]
Recalling Theorem 4.2, for each N > j, we have f/joo > ‘7jN > Ej[XTAN]. Letting N — oo, we

deduce that f/joo > [£;[X,]. This completes the proof. |

Remark 4.9 Foreach fited N € N |, we may define the sequence {Kﬁ], n=0,1,---, N} recursively:
Let VN = Xy and

VY = min{X,,E,[VN,,]}, n<N-1
Evidently, for anyn < N < M, Kﬁy < ZQJ. Thus, we define

Vo= lim VY.
N>2n,N—oo

Then, similar results still hold for the sequence {V°°,n € N}. More precisely, set
m, =inf{l > j: V;° = X;}.
Assume that T; is finite quasi-surely (i.e. c¢(t; > N) =0, as N — oo ). Then, we have

(i) 7 €T and V3., € L Q) , for each n € N;

(i) {Voar,,n=14,7 +1,---} is a G -martingale;
(iii) For any j € N,

V3 =B[Xy,] = essinf By [X.];

(iv) The sequence {V.>°,n € N} is the largest G-submartingale dominated by the process { X,
n € N}.

5. Optimal stopping in continuous-time

5.1 Finite-time horizon case

In this subsection, we present the relationship between the value function of the optimal
stopping problem and the solution of the reflected G-BSDE. For simplicity, assume the time
horizon is [0, 1]. We need to consider the following payoff process {X}:e0,1]-

Assumption 5.1 The payoff process {X;}iejo1] € Sg((), 1), where 8 > 1.

Denote by 777 the collection of all G-stopping times 7 such that s <7 <t and by T, the
collection of all G-stopping times taking values in Z,, such that s <7 <t, where 0 < s<t<1
and Z, = {k/2",k =0,1,--- ,2"}. Set

Vo= sup E[X,]. (5.1)

TG%"E
For each n € N, we define the following sequence {Vt’;},k =0,1,---,2"} backward: let V* = X,
and

‘/tzl = maX(thaﬁtZ [m%+1])3 k= 07 ]‘7 e 72n - ]-7
where ¢} = k/2". By Theorem 4.2, for any n € N and £ =0,1,---,2", we have

Vin = esssup Et;[XT]-

TET N, T2ty



Probability, Uncertainty and Quantitative Risk 281

It is easy to check that for any n € N and £k =0,1,---,2™, t’f < Vt’%ﬂ. Then, we define
t%o = lim t’;?. (5.2)

m>=n,m— oo

Proposition 5.2 Let 7 =U,Z,. For each t€ I, we have V,*° € L*G1 (€%). Morevoer, the
sequence {V;>°,t € T} is the smallest G -supermartingale that dominates the process {X;,t € I}.

Proof Let t},¢" € Z and t} < t[", where m,n € N. It is easy to check that

By [Vie] =By [ lim thM} — By [ lim VM

M>m,M— oo MZ>=(mVn),M—oo
- lim By [Vt{‘f ] < lim VM = Ve
M>(mvn),M—oco * l M>(mvVn),M—co 'k k
Now, let {U;,t € T} be a G-supermartingale that dominates {X;,¢ € Z}. By Theorem 4.2, we
know that {V",te€Z,} is the smallest G-supermartingale that dominates {X:t€Z,}.
Therefore, for any m > n, we have Ut;, > Vt’;? Letting m — oo, we have Utz, > Vt?]:", which
completes the proof. O

Proposition 5.3 Assume that the payoff process {Xi}icjo,1) satisfies Assumption 5.1. Then, we
have

Vo = V5.
Proof Note that for each n,
Ve = sup E[X,].

T€7I)7,”1
Consequently, we have Vp > V", n € N. Letting n tends to infinity, we have V > V5°. Next, we
prove the inverse inequality. For each 7 € 71 and n € N, set

on

T = 27[{0<T<2%} + kZ 271{%0%%}'
=2

It is easy to check that 7" € 73" . By applying the continuity property of X (see Lemma 2.9),
we have

lim K[| X, — X,»|]=0.

n— oo

It follows that
RE[X,] = lim E[X,»] < lim V" = V§®.

n—00 n— oo

Since 7 is arbitrarily chosen, we deduce that Vo < V5. O

According to [5], the value function of the optimal stopping problem defined by g-expectation
coincides with the solution of the reflected BSDE with a lower obstacle. The following theorem
indicates that our value function (5.1) defined by G-expectation corresponds to the solution of
the reflected BSDE driven by G -Brownian motion.

Theorem 5.4 Let X satisfy (H3) in Subsection 2.2. Let (Y,Z,L) be the solution of the
reflected G-BSDE with parameters (X1,0,0,X). Then, for any t € T , we have

Y; = V™ = esssup B[ X, ].
7'67?‘?‘1’
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k

Proof Since t € 7, we assume that t = 5+

for some k=0,1,...,2™, m € N.

Step 1 We first prove Y; =V,>*. By Proposition 2.11, Y is a G-supermartingale that
dominates the process X. By Theorem 4.2, for all n > m, we have Y; > V. It follows that
Y; 2 lim, o0 V" = V;>°. We then show the inverse inequality. For each fixed n > m and ¢ > 0, set

0 =inf{s €Z,,s >t: A, <¢e},
where Ay =Y — X. It is easy to check that 7" is a G-stopping time taking values in Z,, and

lim lim 7' =7,
e—=0n—o0

where

T=inf{s > t: As = 0}.
By a similar analysis as the proof of Proposition 7.7 in [16], we have Y; = E,[X,]. By the
continuity property of X (see Lemma 2.9), we have

Y, = By[X,] = lim lim B [X,n] < lim lim V;* = V;©.

e—>0n—o0 € e—>0n—o0

Step 2 We show that Y; = V,® = esssup E,[X,]. For any 7 € T, and n > m, set

TETtOE
_ 2" 2" "ME _ .
n 2" mk‘—I—l] n A mk+ZI
T = . n—m E s T— nm—mip =My .
on {shr <rg 2Rkt s on e
1=

We can check that 7 € 7. By the continuity property of X, it follows that
E X, = lim By [X ] < lim V" = V©.

n—oo n—oo
It remains to show that if n > IAEt[XT]7 for any 7 € 7,7, then n > Y;. By the analysis in Step 1,

noting that 7' € 7,y C 7,7, we have

Y, = EX,] = lim lim E,[X,.] <.

e—0n—o0

The proof is complete. O
5.2 Infinite-time horizon case

This subsection is focused on the infinite-time horizon case. Since we need to use the Fatou
lemma (see Lemma 3.9) in the proof of Proposition 5.6, the payoff process is assumed to be
bounded from below.

Assumption 5.5 {X;,t > 0} is bounded from below and for any n € N, X € Sg((),n), where
B8 > 1. Furthermore, I@[supt>0 | X¢|?] < o0.

Set t} = 2% and Z° ={t} : k=0,1,---}. For each fixed n,N € N, define the following

sequence {‘/tZN :k=0,1,--- , N} backward:

N _ N _ o N
Vi = X, VY = max{Xy Eg [VAY]), k<N -1
It is easy to see that for any k < N < M, Vt%N < V;{LM We define
Ve = lim vp
K Nzk,N—ooco 'k

Then, Vtz e Ly (th)- If n < m, the for any N € N, we can easily check that
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N LN2mT
Vit < Vim , k<N,
k kom—n
which yields that Vi < V% = V. We define
k kom—n k
Vin = lim V% = lim Vi
k m>2n,m—o0  k2m—n m>2n,m—oo F

Then Vir € LE (Q4p) and V satisfies the following property.

Proposition 5.6 The sequence {Vi,t € I} is the smallest G-supermartingale that dominates
{ X4, t € I}, where T = U2 Z°. Moreover, we have

Vo= sup E[X,], (5.3)
TET®

where T;>° is the collection of all G-stopping time taking values in [t, 00) and satisfying equation (4.7).

Proof By Proposition 4.5 and 4.7, we derive that {Vii k€ N} is the smallest G-
supermartingale dominating { X,k € N} and

Ve = sup E[X,],
TET
where 7,” is the collection of all G-stopping time taking values in Z;°, no less than ¢ and
satisfying Equation (4.7). It is easy to check that for any ¢}, ¢/ € Z° with ¢} < t]*, we have
. o ) o
Etﬁ [‘/tfn] - EtZ |: lm V;]ng:|

M>m,M—o0

- lim By {V% }

M3 (mVn),M—oo oM —m

< lim VA =V,
M>2(mVn),M—oco “k2M-n k
which yields that {V;,t €Z*°} is a G-supermartingale. If {U;,t € Z°°} is another G-
supermartingale dominating {X;,t € Z°>°}, then for ¢t =t} € Z> and m > n, it is easy to check
that Uy > Vit = Vi . It follows that
k2

m—n

Ut}; = lim ‘/7577’? = %Z?

m2>=n,m— oo

which implies that {V;,¢ € Z°°} is the smallest G-supermartingale dominating {X;,t € Z°}. To
prove Equation (5.3), first note that Vo = lim, o0 V" < SUP, 7o IE[XT]. In contrast, for any
T € Ty, there exists 7" € T;* such that 7" — 7. Noting that X is continuous and applying

Lemma 3.9, we obtain

E[X,] = E[liminf X ] < liminfE[X ] < liminf V* = V4.

n—oo n—oo n—oo
Since 7 is chosen arbitrarily, the proof is complete. O

Remark 5.7 {V;,t € Z°} can be defined by the following procedure. By Equation (5.2) and
Proposition 5.2, we can construct a sequence {VtOO’N,t € I°°,t < N} such that it is the smallest
G -supermartingale dominating the process {X;,t € It < N}. Moreover, by Theorem 5.4, for
any t € I with t < N , we have

Vool = esssup B[ X
TET, S, TN

It is easy to check that for t < N < M, V2N < VoM For each t = ty € I, We define



284 Hanwu Li

Vi= lim V>V,

N>t,N—oo

We claim that Vi, = V; for any t € I°°. It suffices to prove that {Vt,t € I°°} is the smallest G -
supermartingale dominating {X;,t € I>°}. For any s,t € > with s <t , we have

Esm]zlﬁs{ lim V;‘”N]: lim  EJ[VN < lim VN =V

N>t,N—oo N>t,N—oco N>t,N—oco

Now suppose that {Ui,t € I} is the a G-supermartingale dominating {X¢,t € I}, then we
have Uy > VtOC’N for any t < N. Letting N — oo yields that U, > V;.

By a similar analysis as the proof of Proposition 4.8, we obtain that for any 7 € T,>° and
teL>

B X, = lim  EX;an] < lim o VN =V
N>t,N—oo N>t,N—oo

In contrast, if there exists some n € L(Qy), such that n =B, [X,] for any 7€ T with some
teI>, thenn> Vtoo’N for any N >t , which implies that n > V,. By the definition of essential
supremum, the above analysis shows that

V; = ess sup &, [X:]
TETS®

for each t € T*.

6. Markovian case

In this section, we present some results of optimal stopping under G-expectation when the
payoff process is Markovian. More precisely, consider the payoff process {X%¢} generated by the
following G-SDE:

Xt =¢ +/ b(XC)dr +/ h(XES)d(B), +/ o(X4)dB,, (6.1)
t t t
where £ € L7, (Q), p> 2 and b, h, 0 : R — R are deterministic functions satisfying the following:
(H1) There exists a constant L > 0, such that for any =,y € R,
b(z) = b(y)| + |h(z) — h(y)| + [o(z) — o(y)| < Llz —yl.
Then, we have the following estimates, which can be found in [16, 23].

Proposition 6.1 Let &,¢' € LY,(Q) and p > 2. Then, we have, for each § € [0,T — t],

E:| sup |X§”E — X§’5/|p
| s€(t,t+3]

B [IXE51P] < ca+lep),

< C|€ - fllpa

E, | sup |XI€—¢P| <O+ [¢P)or/2,
_sE[t,t—i—é]

where the constant C' depends on L,G,p and T.
For simplicity, set XZ := X%, By Lemma 4.1 in [9], we have the following Markov property.
Lemma 6.2 For each given ¢ € Cy 1;p(R) and s,t > 0, we have
Ei[p(X7s)] = Elp(XY)]y=xz-
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6.1 Discrete time case

In this subsection, we first investigate the discrete-time case. For a given function
f € Cyprip(R) and x € R, consider the following optimal stopping problem:

FN(z):= sup E[f(X])], (6.2)

T€To.N
where 7o v denotes the set of all G -stopping times taking values in {0,1,--- , N}.
Lemma 6.3 For ecach N € N, the function FN defined by Equation (6.2) is bounded and Lipschitz.
Proof Since f € Cy 1;p(R), FY is bounded. Moreover, by Proposition 6.1, we have
[FN (@) = FN(y)l < sup E[f(X7) = f(XY)[] < CE[ sup |X] — X{|| < Clz —yl.

7€To0,N te[0,N]
|

Set X* = f(XZ¥). It is easy to check that {X? n € N} satisfies Assumption 4.4. Similar to
Section 4, we define the following sequence {V,N,n = 0,1,--- , N} backward. Let V3 (x) = f(f[ and

V(@) = max{ X2, B,V @)}, <N -1
It is worth noting that V¥ (x) = FN(x). Moreover, we have the following identity
VN(z) = FN="(X¥), for0<n<N. (6.3)
This will be shown in the proof of the next theorem. Next, we set
Cp,={zcR:FN"(z) > f(z)},
Dy ={z€R: F¥="() = f(a)},
for any n =0,1,--- , N. Then, we define
T =imf{0<n < N:X®eD,}.

Since both F¥~™ and f are Lipschitz continuous, then D,, is a closed set, which implies that
x

Iixzep,y € Lg (€2,). Therefore, we conclude that Tg’ is a G-stopping time. Finally, for any

f € Cy ip(R), define the following transition operator T':

Tf(x) = E[f(XT)].

Theorem 6.4 Consider the optimal stopping time problem (6.2). Then, for any n=1,2,--- N,

the value function F™ satisfies the Wald-Bellman equations
F*(x) = max{f(z), TF"* ()}, (6.4)

where FO(x) = f(x). Furthermore, we have

(i) Tg’z is a G-stopping time and optimal for the problem given in (6.2);

(ii) The sequence {FN="(XZ%),n=0,1,---,N} is the smallest G-supermartingale that
dominates {f(XZ),n=0,1,--- N} for eachz € R;

(iii) The stopped process {FN*”/\Tg’m(X””A N=)yn=0,1,--+ N} is a G-martingale for each

n TD

z eR.

Proof We claim that {Vj'} satisfies the Wald-Bellman equations. Indeed, it is easy to check
that V(x) = X = f(z) and
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Vo () = max{Xg, B[V} ()]} = max{f(2), E[f (X{)]} = max{f(x), TV («)}.
We assume that for any n < k, V@*(z) = max{f(z), E[VZ"(X¥)]}. We then obtain that
VI () = max{ £(X7), Ex[f (X0} = max{£(XE), BIf (XT)]y=x; } = Vi (X7,
and
VIt (@) = max{ f(XF_y), Bxoa [V (2))) = max{ £ (X ), Era V) (X))}
= max{f(X{_,), E[Vg (X)]ly=xp_, } = V&' (Xii_1)-
By the above procedure, we have
VI (@) = max{F(XT), Ba [Vo ()]} = max{f(XT), E [Vg"H(X3)]}
= max{ f(X7), B[Vy ™ (XT)]y=x7 } = Vi (XT),
which yields that
Vot (@) = max{f (), B[V ()]} = max{f(«), B[V5" (XT)]}.

E[V;
Note that the above analysis also establishes that for any 0 <j<n <N, V' (z) = V})”*]'(Xf).
Recall that F"(x) = Vg*(x), n =0,1,---, N, which implies that (6.

3) holds and F™ satisfies the
Wald-Bellman equation. Applying Theorem 4.2, the conclusions (i)—(iii) hold. O

For the infinite-time case, the value function is defined by

F(z) = sup E[f(X2)], (6.5)

where f € Cp 1ip(R). Let V2°(z) = limy_00 V, (). By Proposition 4.7, we have
F(z) = Vg®(x) = lim F¥(2), (6.6)
which implies that F' is a bounded lower semicontinuous function. Then, letting N — oo in
Equation (6.3), it follows that
V>X(x) = F(Xy), forneN.
Set
C={zeR:F(z)> f(x)},
D={zeR:F(z) = f(x)}.

Since F' is lower semicontinuous, D is a closed subset of R. Then, we define
tH =inf{n > 0: X7 € D}.
Similar to the finite-time case, 75 is a G-stopping time.
Definition 6.5 A measurable function F : R — R is said to be superharmonic, if for all x € R,
TF(z) < F(x).

Remark 6.6 It is worth noting that there is an implicit assumption in the above definition that
F(X}) € LY(Q) for each x € R.

Lemma 6.7 Suppose that F is lower semicontinuous and bounded from below (resp. upper
semicontinuous and bounded from above). Then, F is superharmonic if and only if {F(XZ),
n € N} is a G-supermartingale for any x € R.
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Proof Since F' is lower semicontinuous and bounded from below, there exists a sequence
{F™,m € N} C Cp ip(R) such that F™ 1 F. For the “if ” part, suppose that F' is superharmonic.
Note that F™(XZ) € L§(Q,) and F™(XZ) 1t F(XZ) for any m,n € N and = € R. We obtain that

F(X7) > TF(X7) = B[F(X{)ly=xz = lim E[F"(X{)]ly=x;
k : 6.7
= lim E,[F™(XZ, )] =E,[F(X!,)], o0

m—r o0

for all n € N and = € R, which implies {F(X?Z),n € N} is a G-supermartingale. For the “only if ”
part, note that F(X?Z) > ]En[F(Xij)] holds for any n € N. Letting n =0 yields that F is

superharmonic. O

Using the relationship between F and FY (see (6.6)) and Theorem 6.4, we obtain the
following result.

Theorem 6.8 Consider the optimal stopping time problem (6.5). Then, the value function F
satisfies the Wald-Bellman equation

F(z) = max{f(z), TF(x)}. (6.8)
Furthermore, assume that for any x € R, 75 satisfies (4.7). Then, we have

(i) 78 is a G -stopping time and optimal in Equation (6.5);
(ii) The value function F is the smallest superharmonic function that dominates f on R;
(iii) The stopped process {F(XﬁATB), n=0,1,--- N} is a G-martingale for each z € R.

It is easy to check that for any n=1,2,--- | N, there exists a unique solution to the Wald-
Bellman Equation (6.4). However, when the time horizon is infinite, there may be many
solutions to the Wald-Bellman Equation (6.8). For example, if f(z)=¢, any F(z)=C >¢
solves this equation. In the following, we give a sufficient condition under which the solution to
Equation (6.8) is unique.

Theorem 6.9 Suppose that G :R — R s lower semicontinuous and bounded from below
satisfying the Wald-Bellman equation

G(x) = max{f(x), TG()}

for x € R. Furthermore, we assume that, for some p > 1,

1) {sup |G(X§)|”} < o0
neN

for any x € R. If the following “boundary condition at infinity” holds,

limsup G(X7) = limsup f(X}), g¢.s. (6.9)

n—oo n— o0
for any x € R, then G equals to the value function F.

Proof Without loss of generality, we assume that G > 0. Since G satisfy the Wald-Bellman
equation, it is superharmonic and G > f. By Theorem 6.8, we have G > F'. In the following, we
show the converse inequality. Define the random time

P =inf{n >0: G(X3) < f(XZ)+e}=inf{n>20: X% € D},

where € > 0 and
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D.={zeR:G(x) < f(z) +¢}.
It is a closed subset of R due to the lower semicontinuity of G. Therefore, 77 is a G -stopping

time for any € > 0 and z € R. Additionally, by (6.9), 7% satisfy condition (4.7). We claim that

€

{G(XFzpp),n € N} is a G -martingale for all z € R. Following a similar analysis in the proof of
Theorem 4.8, we have G(X:,,) € Lg (), for each n € N. Note that Irzc, 1y € LE (Qno1).
It follows that I{rs5n) € L (1) and G(XZ, ) (rz<n1y € Lg (2u_1). We obtain that
foreach n > 1 and z € R,
En—l[G(X%/\n)]

Bn1[G(X0) {re5ny] + G(XTe p (1) [ {rz<n—1}
= B 1 [GX) ez 2ny + G(XE) (e <n)
=TG(X5_)(rezny + G(XTe) (72 <n—1}

= G(X5_ ) (rzzny + G(XE ) (7o gn—1y

= G(XZA(n-1))>

where in the third equality we use Equation (6.7). Therefore, we have

E[G(XTenn)] = G(2)
for all n > 0 and = € R. A similar analysis as (4.8) shows that
E[G(XL)] = lm B[G(XE,,)] = G(a)
for all z € R. Recalling (6.5) and the definition of 72, we obtain that
Fl) > BIf(X%,)] > E[G(X5)] - ¢ = G(a) — e
Since e can be arbitrarily small, we obtain F' > G, which completes the proof. |

Remark 6.10 The results in this subsection extends those in Subsection 1.2 in [24] to the G -
expectation framework (Theorem 6.4, Theorem 6.8 and Theorem 6.9 generalizes Theorem 1.7,
Theorem 1.11 and Theorem 1.18 in [24], respectively).

6.2 Continuous-time case

In this section, we investigate the optimal stopping problem in the continuous-time case when
the payoff process is Markovian satisfying Equation (6.1). Similar to Definition 6.5, a basic
concept is given as follows:

Definition 6.11 A measurable function f: R — R is called excessive (w.r.t X; ), if
f(z) = B[f(XF)] forallt >0, zeR.

Definition 6.12 A measurable function f:R — R is called superharmonic (w.r.t X ), if

f(z) = E[f(XT)]
for all G-stopping time T satisfying Equation (4.7) and oll x € R.

Remark 6.13 [t is worth noting that in the above definitions, there is an implicit assumption
that f(X2%) € LY(Q) for each G-stopping time T and x € R.

It is easy to check that a superharmonic function is excessive. The following proposition shows
that the converse is true for some typical f.



Probability, Uncertainty and Quantitative Risk 289

Proposition 6.14 Suppose that f is bounded and lower semicontinuous. If f is excessive, then
it 1s also superharmonic.

Proof We first prove this result for f € Cp 1ip(R). Without loss of generality, we assume that
f=0.

Step 1 Suppose that 7 is a discrete G-stopping time of the following form:

T = Z ti]{'r:ti}~
i=0

By a similar analysis as the proof of Theorem 4.2, we have f(XZ) € Lg (%,) and

n

Z f(XZ)I{T—tL}]

=0

E[f(X)=E

) Zf IV rery + By, [f(Xt’;)f{T—tn}]}
) Zf IV =ty + B,y [f(XF)] I{T—tn}]
) Zf Nrepy +E [f(Xt b I)LZXEH f{r—tn}l
<E Zf IV ety + F(XF I)I{T%l}] << fla),

where we use the Markov property in the fourth equality.

Step 2 If 7 is bounded and continuous, there exists a sequence of discrete G -stopping time
{r"}52; such that |7 —7"| < 1/2". By applying the continuity of f(X?*), similar to the proof of
Proposition 5.3, we have

E[f(X)]) = lim E[f(X7.)] < f(2).

n—oo
Step 3 If 7 satisfy Equation (4.7), by a similar analysis as the proof of Proposition 4.7, it
follows that
E[f(XP)] = lim B[f(X7n)] < f(2).

N —o00
Next, we show that the result still hold for f, which is bounded and lower semicontinuous. We
can choose a sequence {fn}n 1 C Ch.Lip(R) such that f, 1T f. By the proof of Theorem 3.11, we
obtain that f(X?*) € L (€,,) for each discrete G-stopping time 7 with the form in Step 1. Moreover,
since fn(XF) T f(X7) for any t > 0 and z € R, we have

Ef(XF, )] = lim Bi[fu(X[ 0] = lim B[fu(XD)]y—x; = BIf (XD)]y—xz- (6.10)

Then, the proof of Step 1 can be extended to the case where f is lower semicontinuous and
bounded from below. If 7 is continuous and bounded and 7" is chosen as Step 2, noting that f
is lower semicontinuous and applying Fatou’s Lemma, it is easy to check that

E[f(XD)] < B [liminf (X7)| < lminfE[f(X7.)] < f(2).

n—00

Repeating the proof of Step 3, we finally obtain the desired result. O
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Proposition 6.15 Suppose that f is bounded and lower semicontinuous. Then, f is excessive if
and only if {f(X¥)} is a supermartingale for any x € R.

Proof If {f(X7)} is a supermartingale, it follows that

BIf(XP)] < f(XG) = f(=),
which implies that f is excessive. The other direction can be shown easily by using Equation (6.10).
The proof is complete. O

For any given bounded and Lipschitz continuous function g, by the following iterative procedure,
we can construct the smallest superharmonic function that dominates g.

Proposition 6.16 Let g be a bounded and Lipschitz continuous and define the following sequence:
go(z) = g(),

gn(l') = Sup E[gnfl(Xtm)]a n= ]-727 Tty
teSy

where S, ={k-27":0< k<4"}. Then, g, T g and g is the smallest superharmonic function
that dominates g.

Proof It is obvious that {g,} is bounded and increasing. Moreover, by Proposition 6.1, we have

l91(z) — g1(y)| < sup E[|g(X7) — g(X})[] < C sup E[| X7 — X}[] < Clz —y,
tESl tESl

where C' is the Lipschitz constant for g. By induction, we obtain that g, is continuous. Define
g(z) = lim,, 00 gn (). Then, g is bounded and lower semicontinuous. We claim that g is excessive.
Indeed, we can show that

§(@) > ga(w) = Blga1(X7)), foramyte Sp n>1.

Letting n — o0, it follows that

g = E[g(X[))], foranyteS=U2,5,.
If t ¢S, there exists {t,}52; C S such that ¢, — t. By Fatou’s Lemma and noting that g is

lower semicontinuous, we have

Elg(X7)] < Bllminfg(X7)] < liminfElg(X7 )] < g(a).

n— oo

The above two inequalities imply g is excessive. By Proposition 6.14, g is superharmonic. If f is
a superharmonic function and f > g, by induction, it is easy to check that f > g, for any
n=1,2,---. Letting n tend to infinity, we finally obtain the desired result. |

Theorem 6.17 Let g be a bounded and Lipschitz function. Define
V(w) = sup E[g(X7)],
TET

where T is the collection of all G-stopping times satisfying Equation (4.7). Then, V is the
smallest superharmonic function that dominates g.

Proof Set I° ={0,5%, -+, 2, -} for any n>1 and denote by 7, the set of all G-
stopping times taking values in Z2° and satisfying Equation (4.7). Consider the following optimal
stopping problem:

V'(z) = sup. E[g(X2)).
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It is easy to see that V' > V™ for any n > 1. Moreover, for any 7 € T, there exists a sequence of
G -stopping time {7"} such that 7™ € 7,>° and 7" — 7. Applying Fatou’s Lemma, we have

E[g(X®)] = E[liminf g(X?.)] < liminfE[g(X?.)] < liminf V" (z),
n—oo n—oo n—oo

which implies that V™* 1tV and V is bounded and lower semicontinuous. By Lemma 6.7 and
Theorem 6.8, we know that {V™(X7),t€Z°} is a G-supermartingale for each z € R. If

t €I =USL, 17, without loss of generality, we assume that ¢ = 2% By simple calculation, we
have
EV(XH)] = lim EV*X)]< lim  V'z)= V().

n—oo,n=>m n—oo,n=>m

If t ¢ 7%, there exists {t,} C Z° such that ¢, — t. Noting that V is lower semicontinuous, it
follows that

E[V(X])] < Elliminf V(X] )] < liminfE[V(X7 )] < V(2).

n—oo n—oo

We obtain that V is an excessive function. Applying Proposition 6.14 shows that V is also
superharmonic. For any superharmonic function f > g, it is easy to check that

V(z) = sup E[g(X7)] < sup B[f(X7)] < f(x),
TET TeT

which yields that V is the smallest superharmonic function that dominates g¢. O

Remark 6.18 Proposition 6.14, Proposition 6.16, and Theorem 6.17 generalize Theorem
10.1.6, Theorem 10.1.7, and Theorem 10.1.9 (a) in [20] to the G-expectation framework.
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