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Abstract This paper investigates the nonparametric estimation of the functional
coefficients of the forward-backward stochastic differential equations with random
terminal time, focusing on both local constant and local linear estimators. We establish
the asymptotic properties of these estimators under both long observation time spans and
short sampling intervals, providing precise expressions for the bias and variance terms.
Moreover, we propose an empirical likelihood method to construct data-driven confidence
intervals for these functional coefficients. We conduct numerical simulations to examine
the finite-sample properties of the estimators and to compare the performance of the
empirical likelihood method with the conventional approach for constructing confidence
intervals based on asymptotic normality.
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1. Introduction

The nonlinear backward stochastic differential equation (BSDE) was introduced by Pardoux
and Peng [12]. They showed that when BSDEs are coupled with forward stochastic differential
equations (SDEs), these forward-backward stochastic differential equations (FBSDEs) provide a
probabilistic interpretation for systems of quasilinear parabolic and elliptic partial differential
equations (PDEs). This generalized the classical Feynman—Kac formula for linear parabolic and
elliptic PDEs, as discussed in Peng [14]. Subsequently, many researchers developed theories for
FBSDEs and their applications. In mathematical finance, FBSDEs are used in the theory of
stochastic differential utility and the evaluation of contingent claims for large investors. The
existence and uniqueness of solutions to certain types of FBSDEs are closely linked to optimal
stochastic control problems. In many applications, there is a lack of prior information about
model structure. Therefore, it becomes important to identify and estimate, using discretely
observed data, the parameters and functionals of the process. Over the past few decades, there
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have been extensive studies of the nonparametric estimation of the (jump-) diffusion processes
and stochastic volatility models (see [1-4, 7-9, 16, 17, 19-21]). However, although it is an
important tool for describing stochastic processes in various fields, research pertaining to the
statistical inference of BSDEs is relatively scarce. In this study, we consider the nonparametric
estimation of FBSDEs with random terminal time.

Consider the following FBSDE:

t t
X, ::E+/ b(XS)der/ o(Xs)dWs,
o 0 ) (1.1)
Y, = g(X,) + / F(Xo, Vs Z0)ds — / Z,dW,,
AT t

AT

where {W:},5, is a d-dimensional standard Brownian motion defined on a complete filtered
probability space (Q,.%#,P), and {%;};>0 is the natural filtration of this Brownian motion,
where %, contains all the P-null elements of .%. The function g is continuous, and 7 is the .%;
stopping time with values in [0,00]. The processes X, Y, and Z take values in RY, R", and
R™*? respectively. The functional coefficients b, o, and f are assumed to be unknown, and we
observe the processes {X:}i>0 and {Y:}i>0 at discrete times. In this study, we are interested in
developing nonparametric estimators for the generator f and the diffusion term Z of the FBSDE.

Studies on statistical inference of BSDEs have been rarely reported. Kutoyants [10, 11] studied
the approximation of the solutions to several types of FBSDEs with unknown parameters in
forward SDEs. These unknown parameters could be estimated from continuous or discrete
observations of the SDE. By substituting these estimators into the solution to the corresponding
PDE, an estimate of the solution to the BSDE can be obtained. For the nonparametric
estimation of BSDEs, Su and Lin [18] proposed a local constant estimator for the diffusion term
in a linear FBSDE with a fixed terminal time. They also established a least squares estimator for
the unknown parameter in the generator. Chen and Lin [6] considered a coupled Markovian
FBSDE with fixed terminal time, and they constructed local linear estimators for the generator
and diffusion term and derived the asymptotic properties of these estimators.

Some of the assumptions in these studies are quite strict, such as the stationary assumptions
on the process X, Y and their increments. Moreover, their estimators are based on the
relationship between FBSDEs with deterministic terminal time and quasilinear parabolic PDEs,
where the solutions (Y, Z;) and the functional coefficients of the FBSDEs are deterministic
functions of X; and t. However, this framework provides insufficient information for estimating
bivariate functions when only a single trajectory of the process is observed. BSDEs that have
random terminal time are reportedly connected with quasilinear elliptic PDEs, where the
solutions to these BSDEs are deterministic functions of X;. That is, the solutions depend on the
current state of Xy, rather than on time. Applying this property, we construct the local constant
and local linear estimators for the generator and diffusion term in FBSDEs with random
terminal time. The asymptotic properties of these estimators are derived under mild conditions
(the process X and Y need not be stationary). Furthermore, the local polynomial estimator and
the double-smoothing estimator can be easily generalized.

Common confidence intervals for these estimators can be obtained based on their asymptotic
normality, provided that consistent estimators of the asymptotic variances are available. However,
this type of confidence interval is always symmetric, and the estimated variances usually have
large biases. We apply the empirical likelihood method in conjunction with the local constant
estimators to construct data-driven confidence intervals that can account for possible skewness of
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the estimators and prevent imprecise variance estimation. We focus on local constant smoothing,
and the extensions to the local linear or local polynomial estimators are straightforward.

This paper is organized as follows. The models and some preliminaries are introduced in
Section 2. The estimators and their asymptotic properties are presented in Section 3. Section 4
introduces the empirical likelihood method for constructing point-wise confidence intervals. The
proofs are given in Section 5, and some numerical examples are presented in Section 6.

2. Model setup and preliminaries

Denote L2?%(0,7;R™), where k € R, as the space of R™-valued progressively measurable
processes f such that

- 1/2
15Ol = (B [ 1r0RHar) - <,
0
and L?(0,7;R") := L%9(0, 7; R™). Further, define
L2’k(0,7') = LQ’k(O,T;R") X LQ’k(O,T;R”Xd)7 X = R% x R" x R"*¢,

Let {X7;t > 0} denote the solution to the following forward SDE:

t t

Xf=x+/ b(Xg)ds+/ o (XT)dW,, t30, (2.1)

0 0

where 2z € R?, b: R4 - R?, and o : R* — R?*? are globally Lipschitz and twice continuously

differentiable functions.

2.1 BSDEs with infinite horizon

Consider the infinite-horizon BSDE, which is defined as follows:
T T
Yf:ijJr/ f(Xf,Yf,Zf)ds—/ Z3dWs, Vt,T st. 0<t<T, (2.2)
t t

where f: % — R"™ is a continuous function, and the process {X7;¢ > 0} is defined as (2.1).
Assumption 2.1 There exists some constants C; >0, Co >0, u <0, p> 0 such that
[f(z,y,2) < Cr (1 + 2" + [yl + [12]]) ,
(2, y1,2) = f2,92,2), 91 — y2) < plys — 2l
|f(@,y,21) — (2,9, 22)| < Callz1 — 22|

Moreover, for some \ > 2u+ C2 and for all x € RY,

E/ |F(XE,0,0)[2eMdt < .
0

According to Theorem 3.1 in Pardoux [13], under Assumption 2.1, BSDE (2.2) has a unique
solution {(Y;%,Z¥);t > 0} that belongs to L?*(0,00). Consider a semilinear elliptic PDE in R¢
with the form

ZLui(x) + fi (x,u(x), (Vuo)(z)) =0, z€RY 0<i<n, (2.3)

where

d 0 1 02

7
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is the infinitesimal generator of the Markov process {X7;t > 0}.

Lemma 2.2 ([13], Theorem 4.1) Let Assumption 2.1 hold. If u € C*(R%R™) is a classical
solution to PDE (2.3) such that

E [/ A (Vuo)(XP)||2dt| < 0o, z € RY,
0

then for each x € R, {(u(X¥), (Vuo)(X¥));t > 0} is the unique solution to BSDE (2.2).
2.2 BSDEs with random terminal time

Let G be an open bounded subset of R? with a boundary of class C'. For each z € G, define
the stopping time 7, = inf{¢t > 0: X7 ¢ G}. Assume that P(7, < co) =1, and for all z € G, the
set I' = {z € 9G; P (1, > 0) =0} is closed. Consider the following BSDE:

ve—g(x2)+ [ p(xnyE 2oy ds / " zraw, (2.4)

tATs tATs

where g € C(R?), f is continuous and satisfies Assumption 2.1. Additionally, assume that for

some A > 2u+ C3, Elexp (\7;)] < oo for all z € G. Then, BSDE (2.4) has a unique solution
{(Y®, ZF);t > 0} in L?*(0,7,). Next, consider the PDE with the Dirichlet boundary condition

{fui(x) + fi(z,u(z), (Vuo)(z)) =0, 0<i<n, z€G,

2.5
ui(z) = gi(x), 0<i<n, xecdq. (2:5)

Lemma 2.3 ([13/) Let Assumption 2.1 hold. If PDE (2.5) has a classical solution
u € C2(G;R™) , then {(w(XF), (Vuo)(XE));0 <t < 7.} is the unique solution to BSDE (2.4).

Remark 2.4 The conditions that guarantee a unique solution u € C? to elliptic PDE (2.5) can
be found in Theorem 4.1 in Peng [14].

3. Nonparametric estimation of the coefficients

In this section, we construct the nonparametric estimators for the generator and the diffusion
term in models (2.2) and (2.4). We consider the one-dimensional case for simplicity; similar
results can be generalized to the multi-dimensional case under a more complex proof. Let
9 = (l 7) denote the range of the process X and Y in the two models, where —co < I <7< 0.
Assume the processes X and Y in (2.2) and (2.4) are observed at {t = to,t1,t2,...,t,} within
the time interval [0,7] with ¢c =0 and ¢, =T, where the observations are equispaced. The
observations are given by {XO,XA, . ,X(n_l)A,XnA} and {YO,YA, . ,Y(n_l)A,YnA}, where
A =T/n is the observation interval.

In the following, assume that PDEs (2.3) and (2.5) have unique solutions and that
Assumption 2.1 holds. Under these assumptions, the solutions to the above FBSDEs (Y/*, Z})
could be represented as deterministic functions of XF. Accordingly, we denote —f(X7,Y/*, ZF)
and Z¥ as f(X,) and Z(X,), respectively. Finally, for the diffusion process X that satisfies SDE
(2.1) and a smooth function § € C*, the conditional expected increment can be expressed as

E[3(Xirna — §(Xia) | Xia] = Z3(Xia)A + R, (3.1)

(i+1)A
/ / E [£°§(X,) | Xia] dsdt.

where
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If E [|£2G(X,)|] < oo, where ¢ > 0, then R = Op(A?). Letting
§(x) = u(z) —u(Xia) and (u(z) —u(Xa))?
we have
L§(Xin) = (Wb+u"0%/2)(X;n) and  (v'0)*(X;a).
IfE [|£%u(Xy)|] < 00, E [|L2u*(Xy)|] < 00, E [Ju(Xi—s)L%u(X;)|] < 0o, wheret > 0,5 > 0,then

_ 1
f(Xia) = AILIIO ZE [(Yisna — Yia)| Xia] (3:2)
and
Z%(X;a) = lim g [(Yisna — Yia)?| X;a] (3.3)
¢ AS0 A (i+1) i iA] - :

According to the infinitesimal moment conditions (3.2) and (3.3), common nonparametric
regression methods, such as local constant regression and local polynomial regression, can be
employed to estimate the generator f and diffusion term Z2 at each spatial point z. In this section,
we focus on local constant and local linear estimators, as the statistical properties of other
estimators can be obtained by simple generalization of these two methods.

3.1 Nonparametric kernel estimation of the generator

3.1.1 Local constant estimator
The local constant estimator f(z) for the BSDEs (2.2) and (2.4) is defined as follows:

Faw(z) = & h Do i{z(:n 1K)((Y:(i+1:13)A —Yia) :: ND(ifI;{)’ (3.4)

where K is the kernel function whose property is specified below, and h is the bandwidth. To
evaluate the property of the estimator, we decompose faxw(x) as follows:

faw (@) = gpnw () + ggnw () + Grxw (),

where
dposw(e) = o)+ 25 vt =TT gt = D,
with
n—1
B(K. f) = 221( (XZAh ””) (F (Xia) = J@)
- n-! o (i+1)A
M(K, f) B % =0 ® <AXZAh> /iA ZSdWQ,
B 1 n—1 Xia— (i+1)A ~
R(K,f):hi_OK(Ah> /m (f(XS)_f(Xm)) ds

For the asymptotic property of the estimator, we make the following assumptions:

Assumption 3.1 The kernel function K(-) is bounded, twice continuously differentiable, has
support [—1,1], and satisfies [* K(u)du=1, [* uK(u)du=0. Moreover, define 1(K;)=
2 WK (u)du, I(K) = [2 K*(u)du.
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Remark 3.2 These conditions can be satisfied by many kernel functions, including the
Epanechnikov kernel K (u) = 2(1 — u?)I{j, <1y and the quartic kernel K (u) = 13(1 — u?)*I{u <1y

where I denotes the indicator function.

Assumption 3.3 The process X is recurrent, i.e., the scale function of X, which is

S(a) = / " e ( / ! _Uzzlzg) dx) dy,

where ¢ is a generic fized number belonging to 9, satisfies

lim S(a) = —c0, lim S(a) = 0.
a—l a—T
Remark 3.4 Intuitively, recurrence ensures that the Markov process X can visit every spatial
point x € P infinite times with probability one when T — oco. The recurrence-related concepts
and their applications for statistical inference of stochastic processes can be found in [1, 2]. This
condition does not imply the existence of a time-invariant distribution for X , therefore,
nonstationarity is allowed.

To illustrate the asymptotic properties of the estimators, we use the local time £(T,z) of the
Markov process X defined in Ait-Sahalia and Park [1]. It measures the amount of calendar time
spent by the process in the neighborhood of z. For a recurrent diffusion process, ¢(T,z) diverges
as T — oo at every spatial point x. In this paper, the local time ¢(T,x) of the Markov process
X in FBSDEs (2.2) and (2.4) must satisfy the following assumptions.

Assumption 3.5 (i) There exists € >0 such that {(T,z) = Op ({(T,x)?), where {(T,z) =

SUP|z—y|<e E(Ta y) :
(i) L(T,z) = Op(ar) for some nonrandom sequence (ar).

Remark 3.6 In Assumption 3.5, condition (i) primarily controls the rate of the local time in

the neighborhood of a spatial point. It is trivially satisfied when T is fixed. As T — oo, it is
satisfied for Brownian motion, for which we have % = Op(1). Condition (ii) applies
more generally to diffusion processes and is automatically satisfied for fivzed T. For T — oo, the
asymptotic behavior of £(T, x) depends on the recurrence properties of the process X . For example,

in the case of a positive recurrent process, {(T,x) = Op(T) as T — oo. Specifically, for Brownian
motion, {(T,x) = Op(V/T).

Assumption 3.7 Given A — 0 and h — 0 such that

(i) h~*A =0,

(i) VAL (LZ?) = op(1), VAM((Z?) 0) = op(\/RU(T, z)),

(i) VAA(ZLF) = 05(1), VEM(f'0) = 05(/RIT, 7)),
where M (H) := sup,cr [H(X,)|, and H(X,) is a function of the process X .

Remark 3.8 For several processes that are commonly used in economics, the exact order of the
extremal process is known. For example, the extremal processes of the Ornstein—Uhlenbeck
process and the Cox—Ingersoll-Ross process are of orders Op(y/IogT) and Op(logT), respectively.

The divergence rate of the extremal process for a class of continuous-time diffusion processes is
discussed in [4, 5].
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Theorem 3.9 Let Assumptions 2.1, 3.1, 3.3, 3.5, and 3.7 hold. If PDEs (2.3) and (2.5) have a
unique solution v € C*, and

E [|£%u(Xy)|] < oo forallt >0
Then we have

()

o+ @)

Gow (@) = Fz) + B2I(K >( '(”>+oﬂm<h2>+op<h3/2£<m>1/2>

s(z)

uniformly in T as h — 0 and A — 0, where s(x) is the speed function of the process X at the
generic lever x, given by s(x) = 2/S (x)o®(x), and

VIUT, 2) g nw(z) 5 1(K) Z(2)N

where N is a standard normal random variable. Furthermore, §.xw(z) = op(h?).

Remark 3.10 Note that g, nw(z) and §onw(z) represent the bias and variance terms of the
estimator fxw(z), respectively. graw(x) is a negligible bias. If hé(T,x) L o, hoU(T, ) =

0a.5.(1), we have

VAT, ) fyw(x) =5 /I(K2) Z(2)N.

3.1.2 Local linear estimator

The local linear estimator of f(z) for (2.2) and (2.4) is given by

fun(z) ==

N(K, f)D(K,) — N(K1, f)D(K1)
(K)D(K2) — (D(K1))?2

where

n—1
Xin — 2 Xin —x
;0 (h> K (h> (Y(i-&-l)A - Ym) s

f/iL(I) can be decomposed as

fin(z) = Gpn(x) + ggin() + grrn(x),

where
) _ s\, BE, f)D(K3) — B(K1, f)D(K1)
gp,LL(‘r) - f(.’B) + (K)D ) (D(Kl))2 )
(@) = M(K, f)D(Ky) — M(Ky, f)D(K1)
Jalt D(K)D(K) — (D(K1))?
e (z) = R(K, f)D(K>) — R(Ky, f)D(K;)
Irt DR)D(K) — (DK

similar to the definition of N (K7, ) and N(K, f), B(Kl,f) is defined as B(K, f), M(Kl,f) as
M(K, f), R(Ky, f) as R(K, f), except that K is replaced by K, K;(z) = 2K ().
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Theorem 3.11 Let Assumptions 2.1, 3.1, 3.3, 3.5, and 3.7 hold. If PDEs (2.3) and (2.5) have a
unique solution uw € C*, and E UD?QU(Xt)H < oo forallt >0, Then, we have

dpaae) = ) + 12D TED 1 op(12) + 0p 20T, 2) 11

uniformly in T as h — 0 and A — 0, and

VAT, 2)gq11(x) = /I(K2) Z(2)N.

Furthermore, g, 11(z) = op(h?).

Remark 3.12 Note that ﬁqw(a:) and ﬁL(x) are consistent only if hié(T,x) L 0. For a
recurrent process, we have (T, x) 20 as T — o0 for each x € 9, whereas {(T,xz) does not
diverge for a transient process. Therefore, for recurrent processes X, the local constant and local

linear estimators of the generator for the infinite-horizon BSDE (2.2) are consistent, but this
does not hold for the BSDE with random terminal time (2.4).

Similar to the local constant estimator, g, pp(z) represents the main bias term of the local
linear estimator. The local linear estimator can effectively reduce the bias, as its bias term
depends on the second-order derivative of the true function, rather than its first-order derivative
and the speed function of the process X. Additionally, g, r(x) corresponds to the variance term
of the estimator.

For both the local constant and local linear estimators of the generator, the optimal
bandwidths that minimize their mean squared errors are, respectively,

) ) g\ 2 )
W = oK) 22/%(z) (f”(af) n 2f’(w)s((x))> (T,2)7,
R = (K)Z*P () ' (x)~2/50(T, z) /7,

1/5
where ¢(K) = %

Multivariate regression analysis, machine learning techniques, and other statistical methods
can be employed to analyze the functional form of the generator, based on the estimators of the
generator and diffusion term, along with discrete observations of X and Y.

3.2 Nonparametric kernel estimation of the diffusion term

3.2.1 Local constant estimator

The local constant estimator for Z2(z) is given by
2

7 (z) = B i 1K( =) (Yiip1)a — Yia) _ N(K,Z)
e S rerey T DK (3.6)

Ziw(z) = Zp,NW(x) + Zq,NW(fU) + ZAE,NW(x),

where

ZzNW( )= Z%(z) + DK

with
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A n—1 X‘A . ~ ~
B(K,Z)=—)Y K= Z3(X;p) — 22
16.2)= 7 LK (F) (7 0x) - 2).
n—1 o (i+1)A
M(K,Z) = LS Kk (X’A x) / 2Y; — Yin) ZedW,,
h =0 h iA
—1 .
1 n Xin — (i+1)A N
R =3 YK (F27) [ (200 - 26 an
h 1=0 h iA
n—1 i
1 Xz — T (+DA ~
s() = 3 K (FA7) [ 2 - v o
=0 iA

Assumption 3.13 Given A — 0 and h — 0 such that

(i) h~*A =0,

(ii) A (b).4((Z%)) = 0p(1), VAM (0).4 ((Z°)) = 0p(1),

(iti) VAL (LH)) = op(1), VAA((H) 0) = op(\/M(T,x)), Hy = uf, f, uZ, Z.

Theorem 3.14 Let Assumptions 2.1, 3.1, 3.3, 3.5, and 8.13 hold. If PDEs (2.3) and (2.5) have
a unique solution u € C*, and E [|L%u?(X,)|] < oo, E [[u(X;—s)L?u(X,)|] < oo, where t >0,

s > 0; then we have

ZZ,NW(x) _ Z2(m) +h2l(K1) ((22)2//(:5) + (22)/($)Sl(x)> +0P(h2) +O]P(h3/2€(T,$)71/2) (3'7)

P

uniformly in T as A — 0 and h — 0, and

he(T, x 1z ~
<<A)> 22 ww(@) % \/21(K2) Z%(x)N.
Moreover, ZENW(I) = op(h?).

3.2.2 Local linear estimator
The local linear estimator of Z(z) for (2.2) and (2.4) is defined as follows:
N(K, Z)D(K) — N(K1, 2)D(K))
D(K)D(K») — D(K;)? ’

ZEL(:C) =

where N(K7,Z) is defined as N(K, Z) with K replaced by K;.
Ziy (x) = ZA;%,LL(J;) + ZS,LL(Z') + ZA?,LL(x)v

where

B(K,Z)D(K3) — B(Ky, Z)D(K,)
D(K)D(K3) — D(K1)? ’
22, (x) = M(K,Z)D(K2) — M(Ky, Z)D(K;)
¢.LL D(K)D(K,) — D(K,)? ’
(R(K, Z) + S(K))D(K,) — (R(Ky, Z) + S(K1))D(Ky)

fraale) = D(K)D(Kz) — D(K,)? ’

ZA;%,LL(CE) =7*(z) +

where B(K1,Z) is defined as B(K,Z), and similarly, M(K1,Z), R(K1,Z) and S(K;) are
defined as M (K, Z), R(K,Z), and S(K) respectively, with K replaced by K.
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Theorem 3.15 Let Assumptions 2.1, 8.1, 3.8, 3.5, and 3.13 hold. If PDEs (2.3) and (2.5) have
a unique solution u € C*, and E [|£%u?(X,)|] < 0o, E [[u(X;—s)L?u(X)|] < oo, where t >0,
s > 0, then we have

(2%)"(z)

Z211(@) = Z2(@) + WKL) = + 0p(h?) + Op (BT, 2)712) (3.9)

uniformly in T as A — 0 and h — 0, and

1/2
<M(£f”)> 72 (z) -5 \/21(K;) Z%(2)N.
Moreover, ZfLL(x) = op(h?).

Remark 3.16 To ensure the consistency of Z%W(x) and ZEL(x), it is sufficient to have A — 0
and h — 0; there is no need for ¢(T,x) L0 or T = co. In other words, these estimators can
be consistent as long as A tends to 0 sufficiently fast relative to h, and the process X need not
be recurrent. Therefore, both estimators can be applied to the infinite-horizon BSDE (2.2) and
the BSDE with random terminal time (2.4).

If % = Oa.s.(]-)v then we have

1/
<M(ix)) 2(a) s VAT 2N,

where Z2(x) represents both Z2(z) and Z2 (z).
For the local constant and local linear estimators of the diffusion term, assuming
0T, z)/A N o0, the optimal bandwidths that minimize their mean squared errors are, respectively,

) ) ) , —2/5
b = 25 2) ((2)@) + A2 @5 ) AT ),
= 2'°e(K) 20 ()((22)" () ">/ P AP 0T, ) 12,
1/5
where ¢(K) = igi?%z/{).
Although the above theorems provide the asymptotic conditional variance of the estimators,

calculating this variance can be quite challenging in practice due to lack of knowledge about the
true function and the availability of only a single trajectory. In such cases, the bootstrap method
can be used for statistical inference of the terms of interest.

4. Empirical likelihood confidence intervals

This section investigates the empirical likelihood method for constructing the data-driven point-
wise confidence intervals for the generator and diffusion term of the two types of FBSDEs.

4.1 Confidence interval for the generator

Xi —a\ (Y+pa —Yia
. =K _
oo 8) = K (S5 ) (FEAS ).

where 6 is the candidate value of the target quantity f (z). Define

Denote

L¢(z,h,0) = max { np; | Zpigfi (x,h,0) =0, p; >0, Zpi = 1}, (4.1)
i=1 i=1

(p1,+5pn) i=1
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and
ly(z,h,0) = —2log L¢(z,h,0). (4.2)

The following theorem describes the asymptotic properties of I¢(z, h,§), which helps to construct
the confidence interval for f(z).

Theorem 4.1 Let the assumptions in Theorem 3.9 hold. Suppose that A2 (f*) = op(ht(T, x)),
and A (Z%) = op(ht(T, z)) uniformly in T as A — 0 and h — 0. Furthermore, assume that

he(T, x) £ oo,

and
as n,T — oco. Then,

and

_ - —2
Ly x,h,f(a:)—&-ﬂ 32 (1,7-(31;)),
' he(T, x) I(K2)Z2(x)
as n,T — oo, where 7(z) is fivzed and x*(p1,p2) is the chi-squared distribution with degree of

freedom p1 and non-central parameter po. The 1 — a empirical likelihood confidence interval for
f(x) is then defined as

IE:s = {lf(l’,h,g) < X%—a(l)}a

where o is the significance level and x3_ (1) is the inverse cumulative distribution function of
the x2(1) distribution evaluated at 1 — c.

Remark 4.2 (i) Here, we focus on local constant smoothing, although the extension to local
linear (or polynomial) smoothing is straightforward. In fact, let
~ Y -Y;
e 6) = R ) (HH4=52 )
where I?(m, h) = Kp(Xia —)sn2 — (Xin — ) Kp(Xia — )81, and

n

Snj = Z(Xm — ) Kp(Xia — ), j=1,2. Kup(-)=K(-/h)/h.

i=1
Define
L(z,h,0) :== max {ani | D pigi(a,h,0) =0, p; >0, ) pi = 1},
i=1 i=1 i=1

(P17 Pn)

and
(. h,0) := —2log L'}"(x, h,0).

The conclusion, which is analogous to Theorem 4.1, can then be established, and the corresponding
empirical likelihood confidence interval can similarly be constructed.

(i) lf(z,h,0) can easily be calculated. Using Lagrange multipliers, the constrained
optimization problem (4.1) is solved by
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~ 1
P U+ A (@ 1, 0) gy, (2, 1, 0))

where Af(x, h,0) satisfies

- 95, (w,h,0)
=0. 4.4
2T (g 8 (44)

After 0 is obtained, we can solve (4.4) numerically and compute
n—1

Ip(w,h,0) =2 log (14 As(x, h,0)gy, (x,h,0)).
i=1
(iii) In the previous section, Theorem 3.9 established the asymptotic normality of the local
constant estimator for f(x) Hence, its confidence interval at the 1 — « level is expressed as

I = | Aw(@) = 210 (0(F @), Fyw(@) + 210/ (0(F(2)))7? |

where O(f(z)) = (R(T,2))"(K2)Z2(x) is the asymptotic variance of the estimator, and 21—a/2
is the inverse cumulative distribution function of the standard normal distribution at 1 — /2. It
is important to note that the confidence interval involves two unknown quantities: ¢(T,xz) and
Z2 (z). Estimating these quantities is crucial to constructing the normal confidence interval, and
the symmetry of the interval can lead to inaccuracies in the estimation. In practice, £(T,x) can

be estimated by E(T,x):%Z?le(%), and Z*(x) can be estimated using the local

constant or local linear estimators described earlier.
4.2 Confidence interval for the diffusion term

The empirical likelihood confidence interval for Z2(z) can be constructed in a similar way. Denote

o (Xi—a\ ((Yaina —Yia)?
gZi(x7h70) _K( h ) < A -0 )

and

Lz(xz,h,0) := max
(P15 ,pn)

[Tnpi 1Y pigz (@,h,0) =0, pi >0, Y pi = 1}, (4.5)
i=1

i=1 j i=1
lz(x,h,0) :=—2log Lz(x,h,0). (4.6)

The following theorem describes the asymptotic properties of Iz (x, h, ), which helps to construct
the confidence interval for Z2(z).

Theorem 4.3 Let the assumptions in Theorem 3.1j hold, and let A24(f?) = op(hl(T, x)),
VAM(Z%) = op(hU(T, x)) uniformly in T as A — 0, h — 0. Furthermore,

he(T, x) as
A b)
and
50T
h E(A,x) s

as n,T — oco. Then,

Lz (x, b, Z%(x)) -2 X2 (1),
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and

_, & d 2 ;@)
ly <x,h,Z (z) + W) — X (1, 21(K2)24(;z:)),

as n,T — oco. Then, the empirical likelihood confidence interval at the 1 — « confidence level for
Z2(z) is defined as

Ig,ﬁ = {lZ(x7h79) < X%fa(l)}'

Remark 4.4 Based on the results from Theorem 8.14 in the previous section, the normal

confidence interval for Z2 (z) at the 1 — « confidence level is
Y = [222) = Ziapp(0(Z2 @)Y, Z2%(2) + Z1app(0(Z2@)?]

where 9(Z2(x)) = 2(hl(T, z) /A) " 1(K3) Z*(x). Here, I(T, ) is the estimate of {(T,x), and Z(x)
is the local constant or local linear estimator of Z(a:) The method for constructing confidence

intervals using weights from local linear estimation can be found in Remark 4.2.

5. Proofs

To give proofs for the main theorems, we first introduce some useful lemmas. In these lemmas,
we assume that w is a nonnegative, bounded, and twice continuously differentiable function on
R with a support [—1,1], as assumed for the kernel function in Assumption 3.1, and that w is
twice continuously differentiable on &. The proofs for certain lemmas are not provided here,
but can be found in Lemmas 6, 8, 9, 10, 11, and 12 in the “Proofs” section of Ait-Sahalia and
Park [1].

Lemma 5.1

s iA— T P
%Zw (XZAh> = %/O @ <X ; > dt + Op (h2AUT, z))
= (w)(T,z) + op(£(T, z)) + Op (W >AUT, z)),

g

uniformly in T as h — 0 and A — 0, where l(w) = [ w(x)dzx.

Lemma 5.2

0
T
w (Xsh_ x) w (X,)ds + Op (R 2AUT, z))

Il
= >~
o

(0)w(x)l(T, z) + op({(T,x)) + Op (h*QAE(T, x)) ,
uniformly in T as h — 0 and A — 0.

Lemma 5.3 Assume that h — 0 and A — 0 such that

(1) %A — 0,

(2) VAM (Lw) = op(1), VAM (w'c) = op(\/M(T, x)).
Then
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=0 !

A

= Op (A (Lw)U(T, z)) + Op (h_1/2A//{(w’a)£(T, g;)l/?) = op (R2U(T, z))

and

\/% g ! <th x) /i(iH)A (w (Xs) —w(Xia)) ds

A
o (ﬂ%(gw)ﬁz(ca x)) +Op (\/E//(w/a)e(z: x)1/2> = 0s(VhU(T, 7))
uniformly in T as h — 0 and A — 0.
Lemma 5.4 Assume that h — 0 and A — 0 such that
(1) h*A =0,
(2) VAM(L () = 0p(1), VA ((uf)) = 0(/FIT, 7)),

(3) VEM(LT) = 08(1), VEM(F'5) = op(/BIT, 7).
Then

n—1 o (i+1)A ~
Iy (Xﬂh 9“) [ W= v = o (12UT.)
i=1 ?

and

n—1 N (i+1)A ~

uniformly in T as h — 0 and A — 0.

Proof It is easy to obtain that

(Y: = Yia) F(Xe) = (u(Xs) — u(Xia)) f(Xe)
= ((P)X0) — @)(Xia))  u(Xia) (FX) = f(Xia)).

Then,

Applying Lemma 5.3 under conditions (1) and (2),
Oy = Op (A/// (g(u f)) T, x)) +Op (h*I/QA/// ((u f)’a) o, m)1/2)

= op(VhU(T, x)),

uniformly in T" as h — 0 and A — 0. With the It6 formula, C; can be decomposed as
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;Sw <X2Ah_x> u(Xia) /Z_(Hl)A (f(Xt) - f(XiA)) de

i=1 A
n—1 o (i+1)A ~

- % p (XA}L”C) u(Xm)/ (i + DA — )2 F (X, )at
i=1 1A

1 .
1 n Xi - (+1)A _
1Y (Ahx) wXia) [ G+ DA =) (X,
i=1 A
= Co1 + Coa.

According to Lemma 5.2,

A n—1 ~

Cn < 825 Il (FA7E) ul(Xia) = Ol (2 T ),
i=1

uniformly in 7" as h — 0 and A — 0. Moreover, Css can be regarded as a continuous martingale

whose  quadratic  variation is of Op(h tA2#Z ((f’0)2> (T, x)). Therefore, Co =

Op(h=Y2A (f')€(T,x)"/?). Under conditions (1) and (3),

Oy = Op (A///(.,zﬂ AT, z) + B~ Y200 (flo)i(T, x)l/Q) = op(\/RU(T, 7)),

uniformly in 7" as h — 0 and A — 0. The proof of the second part is similar to the first part; thus,
we omit it here. O

Lemma 5.5

1 (T X,—=x X,—7 B s'(x)
ﬁ/o - K( - )ds_l(Kl)s(m) (T, z) + Op(x/RU(T, 7)) + os(hU(T, 7)),

uniformly in T as h — 0 and A — 0.

Lemma 5.6

i (s

— (K1) ( () ((j)) n “’;”) h20(T, ) + Os(h¥/20(T, 2)V/2) + op(R2U(T, z)),

w, =

uniformly in T as h — 0 and A — 0.

Lemma 5.7

T g o /
%/0 Xsh K<Xh )(w(Xs)—w(as))ds:l(Kl)w (2)RU(T, z) + op(hé(T, ),

uniformly in T as h — 0 and A — 0.

Next, we proceed with the proof of the main theorems in Section 3. The proof of Theorem 3.9
is similar to that of Theorem 3.14, and the proof of Theorem 3.15 is similar to that of Theorem
3.11. Therefore, we omit the proofs of Theorems 3.9 and 3.15 here.

Proof of Theorem 3.11 Let w in Lemma 5.1 be K and Kj, respectively; then, we obtain
D(K) = U(T,z) + op({(T,x)) + Op (h2AUT, 2)) ,

_ (5.1)
D(K>) = l(K1)UT, z) + op(€(T, z)) + Op (W >AUT, 2)),
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uniformly in 7" as h — 0 and A — 0. Applying Lemma 5.1 and 5.5, we obtain

D(K) = I(K) "Z((;)) h(T, @) + Op(\/ (T, 7)) + 0p(h(T, z)) + Op (W 2AUT, ), (5.2)

uniformly in 7" as h — 0 and A — 0. Then,
D(K)D(K>») — (D(K1))* = I(K1)(U(T, 2))* + op(((T, )?),

uniformly in 7" as h — 0 and A — 0.
We first analyze §p rr.(z). According to Lemma 5.2 and 5.6, let w = K, w = f, we obtain

K, f)
1 /T X
=3l K(

= 1K) (f%x) 2L 2()> WU, ) + Op(h> AT, 2)

+ Op(h3/20(T, 2)'/?) + op(h2U(T, z)), (5.3)

7) (7060 - 5)) ds + 0n2 8001, 2)

uniformly in 7 as h — 0 and A — 0. Similarly, taking @ = K; and w = f in Lemma 5.2 and

B(Ky, f) h/ K1< )(f(XS)—f(x)) ds 4+ Op(h =2 AL(T, z))
= I(Ky) f'(z)h(T, z) + op(ht(T, z)), (5.4)

5.7, we obtain

uniformly in 7" as h — 0 and A — 0. Combining (5.1), (5.2), (5.3), and (5.4), we obtain
B(K, [)D(K>) = B(K1, /) D(K1)

1(K,) (f( ) ((x)) + ! //2(”3)) h2U(T, ) 4+ Op(h*/20(T, 2)Y/?) + op(h?U(T, x))

X [L(K1)UT, z) + op(U(T, x))]

_ [z( K1) F (2)h(T, z) + op(he(T, x)} {z(m) Ss ((;)) he(T, ) + op(he(T, x))}

(LKD) " (@) (T, ) + Op((RU(T, 2))*?) + 0p(h*¢(T, 2)?),

/

h2
T2
uniformly in 7" as h — 0 and A — 0. Furthermore,

B (LK) " () (AT, ))? + Op((hU(T, ))*/?) + op(h2U(T, 7)?)
WEL) (T 2))? + op (T, 2)?)

Jprn(z) — f(m) =

= B @)+ OnlB 24T, 2)2) + 0p (1),

uniformly in 7" as h — 0 and A — 0.
To deal with gq11(z), we define a continuous martingale M as

n—1 i+1)A
1 Xm—w> /<+
Mpr = — E K ZsdW.
T Vh ( h ;

i=1 iA

Note that M (K, f) = h~Y/2My. According to Lemma 5.2 and 5.3, if the conditions (1) and (2)

in Assumption 3.7 hold, we obtain
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_ (i+1)A
ZK1< 8 x)/ Z2%ds

A

S o E () e

iA
= U(K*)Z*(2)U(T,z) + op(U(T, z)) + OP(h oT,x)),
uniformly in 7" as h — 0 and A — 0. Therefore,
M(K1, f) = Op(h™ 2T, 2)'/?),

and

M(Ky, f)D(K1) = Op(h™"2UT, 2)"/?) x Op(hl(T, x)) = Op(VhU(T, z)*?).
Moreover,

VIUT, 2)gq ()

M(K, f)D(K5) — M(Ky, f)D(K))
D(K)D(K3) — (D(kK,))?

=/h(T,x)

EDUT,2)(1+0p(1) = Op(VR((T,2)*?)
M ) R T2+ op(0) Dt Grtur )
_ OP(\/EM(Kv f))

UT, ) or(1),

uniformly in 7" as h — 0 and A — 0. Define another continuous martingale M as
(i+1)A

M= IZK< ) e

In fact, M(K, f) = h~*/2Mp. With Lemma 5.2 and 5.3, we obtain

_ 1 - 1A1>/(i+1)A 2
— Z4ds

( 2)Z2%(@)U(T, x) + op(U(T, x)) + 0p(R*U(T, ),

and

(31,7 = fZ ( lA_xMZH)AZSdS
= VhZ(x)U(T,z)(1 + op(1)),

uniformly in 7" as h — 0 and A — 0. According to Theorem V.1.6 in Revuz and Yor [15], let
Mz =V ({(M)r), then V is the DDS Brownian motion of M. Define

V(aT X )

- Var

where ap = [(K3)Z?(z)ar is a sequence of nonrandom vectors. Then,

)

In fact, for any T', Vr is a standard Brownian motion. Based on the above results, as h — 0 and

Vi() =
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A — 0, we obtain
<M7W>T o <MaW>T P

<M7W> P
AT <W>T = T — 0.

— 0,
(M)
Then, by applying Corollary XIII. 2.4 in Revuz and Yor [15], we obtain
(Ve, W) 5 (Vo, W),

where Vj is a standard Brownian motion independent of W. Note that
(M) _ I(K2)Z?(x)0(T, ) + op(£(T, x)) _ UT,2) +op(1)
ar l(Kg)ZQ(,T)OéT ar .

Then, as h, A — 0,

ar

Furthermore,

VRMET) 4, /05 20N,

uniformly in 7" as h — 0 and A — 0, where N is a standard normal random variate independent
of {(T,x).
For §,1.(z), weset w = K, K; and w = f in Lemma 5.3. If (1) and (3) in Assumption 3.7 hold,

we have
R(K, f) = op(R*U(T ), R(K1, [) = op(h*U(T, ),
and
R(K, f)D(Ks) = R(K1, f)D(K:1) = os(h*((T, ))?),
uniformly in 7" as h — 0 and A — 0. Furthermore,
grin(z) = op(h?),
uniformly in 7" as h — 0 and A — 0. In conclusion, the theorem is proved. |

Proof of Theorem 3.14 Applying Lemma 5.2 and 5.6, we have
n—1

A XiA — X =9 59

7K () (2 0xa) - 2)

— (K ((22)'(@ s'(z) | (22)2“(rc)> B20(T, z) + op (h¥/20(T, 2)"/2) + Op(R2(T, z)),

and
D(K) = (T, z) + op({(T,x)) + Op (h>AUT, x)) ,

uniformly in T as h — 0 and A — 0. Then, (3.7) can be obtained. For Z(?,Nw(x)> we first

analyze the numerator (denoted as fl(x)) Define a continuous martingale M as

n—1 i+1)A
- 4 Xin —x i+
Mr=\7a Zizo o (h) /m (e = Yia) i o

Note that My = y/h/AA(z). With the Ito formula, we have
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n—1 i A
- 4 Xin —ax\ [0 -
M)y = — K2<Z )/ Y; — Yia)2Z3(X,)dt
(M) A ;:O W R (Y: ) Z7(Xe)

n—1 i+1)A
. 4 2 Xin — 72 . /( " )2
LK ( : )[z () [ (V)
G+1A 2 /52 ~2
+ / (Vi = Yia)™ (Z2%(X4) - Z (Xm»dt]
A
=: Ay + Ay + As + Ay + As,

where

(i+1)A  pt
A 1A
Z*(Xia) (Ys — Yia) Z(X,)dW.dt,
Xon g\ DA N 3
20 [ v @000 - 22
1A

We will analyze every part in the following. With Lemma 5.2, if (1) in Assumption 3.7 holds,
we obtain

T _ _
A= %/ K? (Xth x) Z4(Xy)dt + Op(h2AU(T, z))
0

= 27*(2)I(K2) (T, z)(1 + op(1)),
uniformly in 7" as h — 0 and A — 0. According to Lemma 5.4, if
VAM (L (uf) =o0p(1), VAM(LS)=o0p(1),
and
VA ((uf)o) = op(/hU(T, ), VAM(f'0) = op(v/ DT, z)),
we obtain
Ay =op (KT, ),

uniformly in 7" as h — 0 and A — 0. The specific steps of the proof can be found in A4. For As,
using Lemma 5.2 and 5.3, if

WA =op(l), VAM(L(Z?) =o0s(1), VAM((Z?) o) = op(\/h(T,x)),
then
As = Op (A%(X(Zz))é(T,x)) +O0p (h_l/zA///((ZQ)’a)é(T, x)1/2) = op ((R2(T,z))) ,

uniformly in 7" as h — 0 and A — 0. Note that A4 can be expressed as a continuous martingale
whose quadratic variation can be bounded by
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(i+1)A
74 . —Y. 2 72
; ( )2 [ 0= i) 2
Os (A () +VB.4(2) 1)
1= G+DA ~ o -
- Z4(X;a) (Z2(Xy)—Z%(Xip))dt+— Y K* Z5(X; ))
(ize ( =)z | P () s
Or (At () + VB (2)) /1)
X Op (A///(.,sz?)z(T,x) +hTV2AM((Z2) o) (T, )% + / K*(u)duZ®(2)0(T, x))
O (A (]) + VAM(Z))2 /1) x (op(WU(T,2)) + Op(U(T, 2)))
where the first inequality uses the following relationship:

/; F(X.)ds| + /L Z(X,)dW,| < 0 (A///(f)+\/m), (5.6)

where t € [iA, (i + 1)A], 1 < i < n—1. Using Lemma 5.2 and 5.3, if
A =0, VAM(LZY) =o0s(1), VAM((Z?) o) = op(/W(T,z)),

Y; — Yia| <

the second inequality can be obtained. According to the last inequality, if
A (f) = op((RUT.2))"/?), VDM (Z) = op((hU(T,2))"?),
then
Ay = op(U(T, x)),
uniformly in 7" as h — 0 and A — 0. For Ay, according to
Z2(X0) = 2%(Xia) < M (Z%))|X0 = Xial < Op (AMW).A(Z2)) + (D ()20 (7))
combining the It6 formula, we have

A5 < Op (DA AM(Z2)) + VB (o) (Z7)))

(S () 7 o)
o (s (552) [ o)

= op (As1 + As2 + As3),

where

n—1 i+1)A t
2 Xin — (E+1) 5
A :—E K? ! Y, —Yia) f(X)dsdt
51 h pard ( L >[ /1 ( ) ( ) sat,

n—1

1 .
Asp = — Y K*( =
N ; ( h

n—1 o (i+1)A  pt
Mgy = 2 Sz (Ka—w / /(Y Yia) Z(X,)dW,dt.
hA h iA iA

P
>
|
S
N—
—
P
t
B3
G
hest
[Va)
o
~
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The proof of As; is similar to that of As; the proof of Asy refers to A; and As; and the proof of
Ass is the same as that of Ay. It can be shown that As = op (¢(T,z)) uniformly in T as h — 0
and A — 0. Combining Ay, As, A3, Ay, and A5, we have

(M)p = 2Z*(2)l(K2) (T, z)(1 + op(1)).

On the other hand, if (1) in Assumption 3.13 holds, and \/Z///(f(uZ)), \/Z,//Z(XZ) = op(1),
then VA (uZ) o), NAM(Z'0) = op(+/hE(T,x)). Similar to the proof of Lemma 5.4, we obtain

(W, M)r = \/; ( ZA_””) /:H)A (Y = Yia) Z(Xy)dt
- oﬂ»(\/ﬁe(T,x)),

uniformly in 7" as h — 0 and A — 0. Therefore,

Similar to the proof of the asymptotic normality of g, r(z) in Theorem 3.11, we have

0T, z)" 2Ny -% /21(K2) Z%(x)N
Then,

hé(i,x)Z;NW(z) — Z(T,x)fij}ra;im(l))MT L V2U(K3) Z%(2)N

For the bias term ZAf,NW(a:), using Lemma 5.3, if
WA =0, VA#(LZ?) =0p(1), VAM((Z?) o) = op(/hU(T,x)),
then
F S K (Y=) [ATVS (22X - Z2(Xa) )
A Zn e ( 8= x)
uniformly in 7" as h — 0 and A — 0. For the second part of Z“T27NW($)7 according to Lemma 5.4,
if

= OP(hQ)’

VAM(L(f), VML) =0e(1) VAM((uf)a), VAM(fT)=o0p(/hUT, ),

then we have

n—1 A — i+1)A ~
B o K (XAT) fZ(A 2 9(Y; — Via) F(X0)dt — on(R2
A n— 1 7A T - O]P’( ),
ﬁ K (%472)
uniformly in T as h — 0 and A — 0. In conclusion, the proof is complete. O

In Section 4, the proofs of Theorem 4.1 and Theorem 4.3 are analogous. Therefore, we will
only prove Theorem 4.1, starting with a lemma.

Lemma 5.8 Let
Z? 11 gj% (Iv h’a 0)

Ag(z,h,0) = 5
f (o5 K (B4=2))
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Then, under the conditions of Theorem 4.1, for all 9,
hO(T, ) Ap(x, h, 0) — 1(K2)Z%(x).
Proof According to the It 6 formula, we have
h(T,x)As(z, h,0)
BT, ) S0y 2 (B2 (Heg e —g)’
N (i K (F572))?

I D Y Y &G e e e
CTL KRR ST K(5)
on ghé(T:r) 27 | K2(Xia= I)Ywnﬁ_ i
SR S KR
A gzhé(T:E) Zz 1K2( ih= Xino)

Py 1K( o= T) P 1K( SHA=E)
= Af1+Af2+Af3'

According to Lemma 5.1, we have Y ., K(X’ﬁ_x) = Op(hf(T,z)/A). Similar to the proof of

Theorem 3.14, we obtain
21 1K2( 1A m)(Y(L+1>AA_ in)?
Zz IK( LA $)

Therefore, Ay, LN I(K3)Z?(x). Similarly, Ay, N 0, Ay, 0. Thus, the proof is complete. O

WK 22 (2).

Proof of Theorem 4.1 For convenience, let A¢(z,h,6) in equation (4.3) be denoted as Af(6).
Similarly, denote gy, (z, h,8) and If (z, h,0) as gy, (6) and (), respectively.

We now aim to demonstrate that for 6 = f(x) + \/%, where 7(z) is given, the following

holds,

2
1+(0) 2§l (T+ X (0)gy, () —(Z?ill gfi(g)) + op(1)
f = og F\v)gy, = n op(l),
i=1 Zz 11 g]%L (0)
which can be rewritten as
1.(0 B]%(x,h ) 5
f()-_W+OIP() (5.7)
where
nfl

"SR ()
According to Theorem 3.9, assuming that hé(T,z) £ co, and h24(T,x) <%0, as n,T — oo,

we have

\Vh Tach:chf —)x/ KQZ

Finally, combining this with Lemma 5.8, we can deduce the conclusion of the Theorem. Hence,
we now proceed with the proof of equation (5.7). Based on the boundedness of the kernel
function K and equation (5.6), we obtain
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sup 19y, (0)| < O (4 (f) +.4(2)/VA).

1<isn

With the application of (4.4), we have

- g1 (0)
Z 14+ X (0)gy,(0)

Ap(0) 32, 97.(0
T 1+ supycicn g, (0 ||)‘f
(0 92,(0) = suprcic Loy, ol |zi=1 9s <9>|) Ar(6) = 1 2 97.(0)
L+ supycicn 197 (0)[[Ar(0)] .

Therefore,
o 0101, (6) < o0l
With Lemma 5.1, £ DN K (%8=2) = Op(¢(T,z)). Then,
ZK (XAh_x> = Op (M(i’x)) . (5.10)

Moreover, according to Theorem 3.9, we have

\/7223{1 ?J;Q(A)z) = Op(1).

((hE(T, x))1/2>
Pl QA |-

Similarly, using (5.10) and Lemma 5.8, we obtain

3550 = 0r (M52,

Therefore,

According to
() = on(hU(T, x)), VAM(Z®) = op(hU(T, ),

hE(T,x))l/?’
(0] < .
élgnwﬂ( )| < op <( A2

Substituting these results into (5.9), we obtain

we have

As(6) = O (WA»/) and A sup [95,0)° = ox(1).
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Applying the Taylor expansion, we have

RS 95.(0)
0= X T A 007,

%Z 95, (0) |1 = Ap(0)g5,(0) + —~— 7

n

1< Ar(6) ) 1o~ Mi(0)g%.(0)
n ;gﬁ(e) N 2 950) + n 2 L+ As(0)gy,(0)

i=1 i=1

then we can obtain

Z?ﬂgi(@) + op(1). (5.11)

Finally,
n—1 n—1 n—1
2> log (1+ Ap(0)gy, (0) = 2A(6 Z 97,(0) = X30) > g7.(0) + > _ s, (6), (5.12)
i=1 i=1 i=1
where
n—1
an, <D XH0)g7,(0)] < AF(0) sup gy, (6 |Zgﬁ = op(1 (5.13)
i—1 <ign
Combining (5.11), (5.12), and (5.13), we obtain (5.7). In summary, the theorem is proved. ]

6. Simulation

In this section, we compare, under different sample sizes and observation time intervals, the finite-
sample properties of the local constant and local linear estimators for the generator and diffusion
term of the infinite horizon FBSDE. Furthermore, we compare the coverage rates and interval
lengths of the confidence intervals based on the asymptotic normality of the estimators with
those based on empirical likelihood. To evaluate the performance of the estimators, we employ
the following measures:

11 &
MAE, = — Y — Y [d'(x) — v(zy)],
11 & 2
MSE'I} = E Z Z Z ’f)l(xz) - U(xl)| )
=1 =1

where v denotes the function to be estimated, which represents the generator and diffusion term

of the FBSDE. [ represents the [ -th Monte Carlo replication, and L = 1000. {x;}7, are chosen

uniformly to cover the range of sample path of X. We use the Epanechnikov kernel

K(u) = %(1 - u2)1{|u‘<1}, and the bandwidth h is selected using the cross-validation rule.
Consider an infinite horizon FBSDE,

t
Xt = o +/ UdWGv
o . (6.1)
Y, = Yr +/ ((2+ o) sin X, —20% cos X, — Y, + 0Z,) ds — / Z dW,, ¥V ¢, T > 0.
t t
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The solution to (6.1) is Y; = 2sin Xy, Z; = 20 cos X;. The parameters we take are zy = 0.05,
o =0.5.

Tables 1 and 2 report the MAE and MSE of the local constant (denoted as “NW”) and local
linear (denoted as “LL”) estimators for the generator and diffusion term over the estimation
interval [0.45,0.52], under different observation time spans 7' and sample sizes n. The results
show that for the generator, as the observation time span T increases, the estimation error
decreases significantly. For the diffusion term, an increase in sample size n leads to a reduction
in the error, which is consistent with the theoretical results.

Table 1 MAE and MSE of the local constant and local linear estimators for the generator

MAE(x10?) MSE(x10%)
(1,4)
NW LL NW LL
(4,0.002) 0.0525 0.0488 2.7578 2.3781
(5,0.004) 0.0094 0.0105 0.0904 0.1151
(5,0.002) 0.1083 0.1749 11.7613 30.6226
(8,0.004) 0.0751 0.0779 5.6850 6.0629
(10,0.008) 0.0617 0.0608 3.8141 3.6944

Table 2 MAE and MSE of the local constant and local linear estimator for the diffusion term

MAE(x10%) MSE(x107)
(T, n)
NW LL NW LL

(4,2000) 0.0435 0.0305 0.1993 0.0936
(5,1250) 0.0858 0.0245 0.7936 0.0610
(5,2500) 0.0359 0.0085 0.0085 0.0090
(8,2000) 0.0375 0.0301 0.1423 0.0905
(10, 2500) 0.0476 0.0144 0.2522 0.0354

Figure 1 compares the means of the local constant and local linear estimators for the generator
and diffusion term based on 1000 trajectories over the estimation interval [0.45, 0.52], with
different values for T and n.

0.3 0.84
— true — ftrue
N © (4, 0.002), \m 0.83 | E41 1[> ggﬁ; NW
0.2+F > — — (4,0.002), L
NN (5, 0.004), N 0.82 1 . (8, 0.004), o
RS IR ‘ ’ E?U[)l?ﬂll)i)Lk\\
011 Sol o — - Goomerr 0.81 K3 ~ (10, 0.004), LL
© N T = 0.80
= 0 T~ N =
= R SO N 0.79
01 - LN LT 0.78
o N 0.77
0.2 S~
~ 0.76
0.3 . 0.75 —
0.45 0.46 047 048 049 050 0.51 0.52 0.45 046 047 048 049 050 0.51 0.52
T T
(a) Estimation of the generator (b) Estimation of the diffusion term

Figure 1 Estimation of the generator and diffusion term. (-,-) represents (7, A); the “true” lines represent the true function
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Tables 3 and 4 report the performance of the confidence intervals constructed using the
asymptotic normality of the local constant estimator (denoted as “Am”) and the empirical
likelihood (denoted as “EL”) for the generator and diffusion term at z = 0.5216. In this context,
f (z) and ZQ(x) represent the true values of the generator and diffusion term at x, respectively,

Shaolin Ji, Chenyao Yu, Linlin Zhu

and f\“(:c) and Eﬁw(x) denote the local constant estimators of the generator and diffusion term

at x, respectively. We present the effects of different 7', n, and h on the average interval length
(denoted as “length”) and coverage rate (denoted as “Cov”), based on 1000 sample paths. In

Table 3, the variance estimator is given by wvar = (hé(T, x))*ll(Kg)Z%W(m), where /(T,z) =
AR (Xia=2) and in Table 4, it is var = 2A(WU(T, z)) " 1(K2) Zbw ().

Table 3 Comparison of two types of confidence intervals for the generator

length Cov (%) _ R
(T, A) h f(z) faw (@) var
EL Am EL Am

0.8 2.0489 2.0094 92.0 92.8 -0.1505 0.5126
(5,0.004) 1.0 1.8415 1.7807 93.8 93.4 —0.1246 —0.1429 0.4543
1.2 1.8415 1.6194 93.9 93.1 -0.1396 0.4131
0.8 1.7890 1.7638 90.8 92.1 —0.1697 0.4499
(8,0.004) 1.0 1.5912 1.5508 92.6 93.7 —0.1246 —0.1587 0.3956
1.2 1.4505 1.3974 94.2 94.1 -0.1490 0.3565
0.8 1.6649 1.6370 91.4 92.9 -0.1223 0.4176
(10,0.004) 1.0 1.4756 1.4340 93.6 93.5 -0.1246 -0.1269 0.3658
1.2 1.3357 1.2857 95.0 94.4 -0.1313 0.3280

Table 4 Comparison of two types of confidence intervals for the diffusion term

length Cov(%) ~ N
(T, A) h Z2(z) ZZw (@) var
EL Am EL Am

0.08 0.4010 0.4815 94.0 96.0 0.7865 0.1228
(4,0.002) 0.20 0.2455 0.2399 94.5 92.5 0.7517 0.7547 0.0612
0.40 0.1930 0.1684 67.5 57.5 0.7471 0.0430
0.08 0.5007 0.6016 93.0 94.5 0.7647 0.1535
(5,0.004) 0.20 0.3603 0.3641 94.5 94.0 0.7517 0.7588 0.0929
0.40 0.2497 0.2322 78.5 75.5 0.7415 0.0592
0.08 0.4380 0.5020 92.5 94.0 0.7641 0.1281
(8,0.004) 0.20 0.2909 0.2932 94.5 92.0 0.7517 0.7522 0.0748
0.40 0.2165 0.2030 77.0 73.0 0.7445 0.0518

From these results, it is evident that the confidence intervals based on the empirical likelihood
method outperform those based on the traditional asymptotic normality. In particular, the empirical

likelihood intervals generally exhibit shorter average lengths and higher coverage rates. This
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suggests that the empirical likelihood method is more efficient in utilizing sample information,
and it leads to more accurate and reliable interval estimates in practical applications.
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