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Abstract This work concerns a type of stochastic systems in which the forward
equations are general stochastic differential equations and the backward equations are
stochastic variational inequalities. We first prove an averaging principle for general
stochastic differential equations in the L?P (p > 1) sense. In addition, a convergence rate
for p =1 is presented. Combining general stochastic differential equations with backward
stochastic variational inequalities, we then establish another averaging principle for
backward stochastic variational inequalities in the L? sense using a time discretization
method. Finally, we apply our result to nonlinear parabolic partial differential equations
to obtain their averaging principles.
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1. Introduction

We take a complete probability space (€2,.#,P) on which I-dimensional standard Brownian
motion W is defined, and we assume that F := (%;)s>0 is the P-augmentation for the natural
filtration of W. We set t > 0 and consider the following stochastic differential equation (SDE):
for any s > t,

AXHC = b(2, XEH)ds + o(2, X)W,
Xite =, W

where the mappings b: Ry x R™ — R™ and o : R, x R™ — R™*! are both Borel measurable. ¢
is a #; -measurable random variable, and 0 < £ < 1 is a small parameter. Eq.(1) is usually called
a multiscale SDE. People care about the limit of its solution as € — 0, that is, the averaging
principle. There have been many studies related to the averaging principles for Eq.(1). For
example, in [21], N’Goran and N'Zi studied the averaging principle for multivalued SDEs in the
probability sense. Later, Xu and Liu [30] improved the convergence result in [21] in the L? sense.
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Recently, Guo et al. [15] established an averaging principle for Eq.(1) in the L? sense when b
and o satisfy the local Lipschitz and monotone conditions. Shen et al. [29] also proved an
averaging principle in the L? sense when b and o depend on the distribution of X5*¢. Herein,
we present an averaging principle for Eq.(1) in the L% sense. In addition, a convergence rate for
p =1 is presented.

Next, we couple Eq.(1) with a backward stochastic variational inequality (SVI), and we
investigate the limit for the forward-backward multivalued stochastic system as e — 0.
Concretely speaking, we set T' > t and consider the following backward SVI: for any t < s < T,

AYEHS € Dp(YE)ds = [f1(2, X5, Y00 4+ fo(Z209)]ds + 257 AW, o
V' = g(X5") € D)

where ¢ is a proper convex lower semicontinuous function, d¢p is its subdifferential operator, and
the mappings f1 : Ry x R™ x R — RZ, £y : R™*! — R and g : R™ — R are all Borel measurable.
If we take ¢ = I, where O is a closed convex subset of R? and Int(Q) # () (see example 2.1),
Eq.(2) becomes a reflected backward SDE. We note that our reflected backward SDEs are
different from reflected backward SDEs in [9, 12] for the 1-dimensional case, and from those in
[11, 14, 19] for the multidimensional case. The difference for the 1-dimensional case is that our
boundary is fixed, whereas those results allow randomly moving boundaries. Furthermore, the
difference for the multidimensional case is that the conditions that the solution processes satisfy
in the reflected backward SDEs are more than the conditions for the solution processes in ours.
That is, those reflected backward SDEs cover ours. In addition, it is worth noting that in [§],
Chassagneux, Nadtochiy, and Richou proved the well-posedness of our reflected backward SDEs
when O is non-convex and has a weak star-shaped property.

Essaky and Ouknine [13] concluded that in the case where f;(s,z,y) is independent of s and
f2(2) = 0, if the solution X**¢ of Eq.(1) converges in law to the solution of the corresponding
averaging equation, the solution Y=< of Eq.(2) also converges in law to the solution of the
corresponding averaging equation. Recently, Hu et al. [16] studied Eq.(2) with ¢ = 0. However,
they did not explicitly express the convergence of X< or Y&*<. Herein, we prove that Y=<
converges to the solution of the corresponding averaging equation in the L? sense. In addition,
we note that if fi(s,,y) is independent of z and if g(Xfp’t’c) is replaced by a random variable, a
convergence rate can be obtained. However, we do not measure the convergence rate because we
want to apply the averaging principle for Eq.(2) to the averaging of nonlinear parabolic partial
differential equations (PDEs).

In the following, we consider the nonlinear PDE:
P L () (5 2 (4 2) + (Ve o (] 2) € p(ut(t), 10T
u*(T,z) = g(x), w(t,x) € Dom(p), x€R™,

where

I B 4 02 [t 0
Z° = ii;:l(aa )ij <€,x) 9207 —|—;bi (5’33) Er
Eq.(3) is often used to model fluctuation problems that involve obstacles and constraints in
engineering, biology, and other fields (cf. [1, 13, 26]). As e tends to 0, the limit problem for
Eq.(3) is often closely related to engineering robustness, or to changes in biological populations,
and so on. Therefore, it is important to study the limit problem of Eq.(3).

There have been many results for the limit problem for Eq.(3) (cf. [1, 3-5, 10, 23]) where
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© =0 and b,0, f; are independent of s. Let us recall some examples. In [1], Bensoussan et al.
systematically elaborated the limit problem for PDEs. Later, Buckdahn and Ichihara [5] studied,
using a probability approach, the homogenization of Hamilton-Jacobi-Bellman equations with
periodic structures. Hu et al. [16] proved, using a probability approach, the averaging for Eq.(3)
where ¢ =0 and b,0, and f; depend on s. Essaky and Ouknine [13] observed, using a
probability approach, the averaging for Eq.(3) where ¢ #0, fi(s,z,y) is independent of s and
fa(z) = 0. However, until now, there have been few studies on the averaging of Eq.(3) with
© #0 and fo(z) # 0. Here, we investigate the averaging of Eq.(3) with ¢ # 0 and f3(z) # 0 and
two other types of PDEs.

The novelty of this study is threefold. The first point of novelty is that we prove one averaging
principle for general SDEs in the L?” (p > 1) sense. Moreover, a convergence rate is presented
for p =1, which is important for numerical simulation. The second point is that we establish the
averaging principle for backward stochastic variational inequalities in the L? sense through a
time discretization method. Because the operator dp is multivalued, nonlinear, and not smooth,
we need new ideas and approaches to reach this goal. The third point is that we obtain the
averaging of nonlinear parabolic PDEs.

Finally, this paper is arranged as follows. In the next section, we introduce notation and concepts,
and we recall some results that are used in the sequel. In Section 3, two main results are formulated.
Next, the proofs of the main results are presented in Sections 4 and 5. In Section 6, we apply our
result to nonlinear parabolic PDEs. Finally, we provide an example to explain our results in
Section 7.

The following convention will be used throughout the paper: C, with or without indices,
denotes different positive constants whose values may change from one context to another.

2. Preliminaries

In this section, we introduce notation and concepts, and we recall some results that are used in
the sequel.

2.1 Notation

In this subsection, we introduce some notation.

For convenience, we will use | - | and || - || as the norms of vectors and matrices, respectively.
Furthermore, we let (-, -) denote the scalar product in R?, and we let B* denote the transpose
of a matrix B.

Let C(R?) be the collection of continuous functions on R?, and let C2(R?) be the space of
continuous functions on R¢ that have continuous partial derivatives of up to order 2.

2.2 Maximal monotone operators

In this subsection, we introduce maximal monotone operators.
For a multivalued operator A : R — 2]Rd7 where 28" stands for all the subsets of R?, we set

D(A):={z eR?: A(z) #0},
Gr(A) == {(z,y) eR* :2 € D(A), y€ A(z)}.
We say that A is monotone if <:U1 — X9, Y1 — y2> >0 for any (z1,11), (z2,92) € Gr(A), and A is

maximal monotone if

(z1,11) € Gr(A) —= <x1 — 9, Y1 — y2> >0, V(zo2,y2) € Gr(A).
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We next give an example to explain maximal monotone operators.

Example 2.1 For a lower semicontinuous convex function ¢ : RY — (=00, +00] , we assume
Int(Dom(p)) # 0, where Dom(p) = {z € R ¢(x) < oo} and Int(Dom(p)) is the interior of
Dom(yp). We define the subdifferential operator of the function ¢ as

dp(x) = {y e R%: (y,z—z) + o(x) < p(z),Vz € R4},

Then, Oy is a mazimal monotone operator.
If we take a closed convex set O C R with Int(O) # () and define 1o as follows:

_J0, if €O,
Io(x) := {—i—oo, ifudo.

Io is a lower semicontinuous convez function with Int(Dom(Ip)) = Int(O) # 0.

Take any T > 0 and set it to a constant value. Let #; be the set of all continuous functions
K :[0,T] — R¢ with finite variations, and let Ko = 0. For K € %, and s € [0,T], we will use
|K|§ to denote the variation of K on [0, s], and we write |K|7y := |K|Z. Then, we set

o ;:{(X, K): X € C0([0,T),D(A)), K € %,

and (X; — z,dK; — ydt) > 0 for any (z,y) € G’I"(A)},

where D(A) stands for the closure of D(A4) in R? and (X; — z,dK,; — ydt) is the scalar product
in R?. For &/, we obtain the two following results (cf.[7, 31]).

Lemma 2.2 For X € C([0,T],D(A)) and K € ¥, the following statements are equivalent:
(i) (X, K) € o;
(ii) For any x,y € C([0,T],R?) with (zs,ys) € Gr(A) for any s € [0,T], it holds that
<Xs — T, dK — ysd3> = 0;
(iii) For any (X ,K') € o , it holds that
<XS ~ X, dK, — dK;> > 0.

Lemma 2.3 Assume that Int(D(A)) # 0. For any a € Int(D(A)), there exists My >0, and
My, M3 > 0 such that for any (X, K) € o and 0 <t < s < T,

/<Xr—a,dKT>>M1|K|f—M2/ | X, —aldr — M3 (s —1t).
t t

2.3 Backward stochastic variational inequalities

In this subsection, we introduce backward SVIs.
Consider the following backward SVI on R%: for any 0 < s < T,

Y, € 9p(Ya)ds — F(s,Ys, Zs)ds + ZdWs, W
Yr =¢,
where ¢ : R — (—00,+00] is a proper (¢ # +o0) convex and lower semicontinuous function,
©(y) = p(0) =0, the coefficient F:Q x [0,7] x R? x R¥! 1+ R? is Borel measurable, V(y,z) €
R x RXE F(.,y,2) is (Zt)tejo,r)-progressively measurable, and & is a Fr-measurable random
variable with values in D (d¢) and E[|£]? + ¢(£)] < co. We define solutions for Eq.(4).
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Definition 2.4 We say that Eq. (4) admits a solution having the terminal value & if there exists
a triple {(Ys, K¢, Z;) : t € [0, T} that is a (F4)iepo,m)-progressively measurable process and that
satisfies the following:

(i) (Y,K)e o ,dP xdt-a.e. onQ x[0,T], where A in o is replaced by Oyp;
(ii)
T
1E< sup |Yt|2+/ |Zs||2d8+|K|oT> < 00;
0<t<T 0
(iii)

T T
Ytzf—(KT—KtH/ F(S,YS,Zs)ds—/ Z,dW,.
t t

3. Main results
In this section, we formulate the main results.
3.1 Averaging principle for SDEs

In this subsection, we present an averaging principle for Eq.(1).
Consider Eq.(1), i.e.,

dXSHC = b(2, XSH0)ds + o (2, XO10)dWs,
X =¢.

We assume:
(H;U) There exists a constant L; > 0 such that for any s € Ry, z; e R™,i=1,2,

|b(8,.131) - b(83z2)| + HO’(S,LEl) - O'(S,l‘g)H < L1|1'1 - l‘2|,
b(s,0)| + [lo (s, 0)[| < L

(H;,,) There exist b: R™ — R™, 5 : R™ — R™*! such that for any 7 € Ry, 2 € R™,
2

17T . ; 2
T/o b(s,z)ds — b(z)| < ki(T)(1+ |z]?),

T

7
%/0 lo(s, 2) = a(@)|*ds < ra(T)(1 + |2]?),

where k;(-) is a continuous and positive bounded function with lim x;(T) =0,i=1,2.
T—o00

Remark 3.1 b and G are Lipschitz continuous in x. Indeed, for x1, x5 € R™,

[b(a1) = b(a2)]”
17 1T i
7/ b(s,xl)ds—T/ b(s,x2)ds
T Jo T Jo

T
%/0 b(s, z2)ds — b(xy)

2
+3

2

_ 1 /T 1 /T _
<3 b(;vl)—7/ b(s,x1)ds +3 7/ b(s,x2)ds — b(z2)
T Jo T Jo

2

N 2 N
_ 1 [T 1 [T
b(ml)—%/o b(s, z1)ds +3%/0 Ib(s, 21) — b(s, )| 2dls + 3

< Cl‘ﬂ(T)(l + |J)1|2 + ‘xg‘Q) + 3L§|l‘1 — $2|2.
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Let T — oo. We obtain that |b(x1) — b(x2)|? < 3L3|x1 — x2|?. By the same deduction, one can

verify that & is Lipschitz continuous in x.

If E|¢|*P*2? < oo for any p >0, then under (Hll,,g) and by [18, Theorem 19.3], Eq.(1) has a
unique solution X&*¢ with E|XZ4¢|?*+2 < oo for any s>t. We can then construct the
following SDE:

t _
ot (5)

By Remark 3.1 and [18, Theorem 19.3], we obtain that Eq.(5) also has a unique solution X*¢
with E|X!¢|?P*2 < 0o for any s >t. The following theorem indicates the relationship between
Xet< and XtC.

Theorem 3.2 Suppose that (Hé’a) and (Hia) hold, and E|(|**T2 < oo for any p > 1. Then, it
holds that

ImE [ sup [XO0¢ — XE1?P | = 0. (6)
e—=0 sE[t,T]

In particular, we have that for 0 <y <1,

E sup [X50¢ — X002 < C(e7 + ¥ 4 ki(e771) + ma(e?7)), (7)
s€t,T]

where the constant C > 0 is independent of €.
The proof of the above theorem is presented in Section 4.

Remark 3.3 In [15], Guo et al. also studied Eq.(1) and obtained only that

ImE [ sup |X§’t’< — X§’<|2 =0
=0 sE[t,T]

under the local Lipschitz and monotone conditions. Here, we are able to give the convergence rate.
3.2 Averaging principle for backward SVIs

In this subsection, we present an averaging principle for Eq.(2).
Consider Eq.(2), i.e.,

AYEHS € Dp(YE)ds = [f1(2, X506, Y0 4 fo(Z249)]ds + Z50SaW,
Yrht = g(X3") € D(dy),
where ¢ is the same as that in Subsection 2.3.

We assume:
(H,) There exist g1 € Ny U {0} and constant Ly > 0 such that

lo(g(x))] < La(1 + |2]?*), =€ R™;
(Hy) There exist g2 € Ny and constant Ls > 0 such that for any z; € R™,i = 1,2,
9(z1) — g(x2)| < La(1 + [21]® + |22]|®)|z1 — 22f;

(H}) There exist g3 € Ny and two constants Ly, Ls > 0 such that for any s € Ry, z; € R™,
yi €RY z; e R i =12,
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Ifi(s,z1,y1) — fi(s, 2, y2)| < La((1 4 |21] + |22| ) |21 — 22| + |y1 — ¥2]),
|f1(5,0,0)] < La, [fa(21) = fa(22)| < Lsllz1 — 22

(H?c) There exists fi : R™ x R? — R? that, for any 7' € R4,z € R™, y € R, satisfies
1T _ ’ .
2 [ Alnds - A <m@+ ),
0

where k3(-) is a continuous and positive bounded function with lim k3(7") = 0.

T—oo
Remark 3.4 (i) By (H,) , it holds that for x € R™, K
l9(x)| < (2L3 + [g(0))(1 + |z[=F). (8)
(ii) (H}) implies that for s € R,z € R™,y € RY, 2z € RIX!,
[fr(s,2,y)| < 2La(L+ [2|® T+ [yl),  [f2(2)] < (Ls + | £200)1) (1 + [|2]). (9)

(iii) By a deduction similar to that in Remark 8.1, we know that for any z; € R™ y; € R%
i=1,2,

[fi(z1,y1) = fi(ze,y2)] S O((L+ [21]® + [a2]9)|21 — za| + [y1 — y2)),
|.f1(0a0)| < L4'

If E[¢]?P*2 < oo for any p > ‘“2_2 V g2 V g3, then under (Hé’a), (Hy), (Hy), and (H}) and by
[26, Theorem 1.1], the system (2) has a unique solution (Y&*¢ K¢ 754C) that satisfies:

2dr + E|K=¢

f<oo.

T
B sup [VEUP 4 [ B|zee
s€(t,T] t

We then construct the following backward SVI:

AV € 0p(YH0)ds — [fi(X50, Y00 + fo(Z0)]ds + Z5dWs, (10)
_ _ _ 10
Y7¢ = g(X7°) € D(dy).

According to Remark 3.1, [18, Theorem 19.3], Remark 3.4 (iii), and [26, Theorem 1.1], the

assumptions (Hllw), (Hig), (Hy), (Hy), (H}), and (H?) assure that Eq.(10) has a unique
solution (Y*¢, K¢ Zt¢) with

E sup |YI¢

T
2 +/ E||Zﬁ’c||2dr +E|Kt’4|? < 00.
s€t,T] t

Now, it is time to state the main result in this subsection.

Theorem 3.5 Assume that (Hig) , (ngw) ., (Hy), (Hy), (H}) , and (ch) hold, and
E|¢[?P*2 < oo for any p > L2V o V gs. It then holds that

limE sup [Yo0¢ —YHS2 =0.
20 selt,1]

The proof of the above theorem is presented in Section 5.
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Remark 3.6 We note that if fi(s,z,y) is independent of s and if fa(z) =0, the backward
equation in system (2) is the same as equation (2.6) in [13]. Under similar assumptions, Essaky
and Ouknine proved that if X5b¢ converges in law to Xt , then Yo also converges in law to
Yt (cf. [13, Theorem 3.1]). Because the mean square convergence implies convergence in law,

our result is stronger.

4. Proof of Theorem 3.2
In this section, we present Theorem 3.2. We begin with some key estimates.

Lemma 4.1 Under (Hi’(,) and E[¢|?P*? < oo for any p = 0, it holds that

E sup |[XJTCPPF2 < O(1+E|CPPPT?), (11)
seltT]
E|X50¢ — XU 22 L oW + h%H2), t<s<s+h<T, (12)

where C is independent of ¢.

Lemma 4.2 Suppose that (Hag) and (HIQM) hold, and E|¢|**T2 < oo for any p > 0. It then
holds that

E sup |[X04PT2 < O(1+E[¢)*T?), (13)
s€[t,T]

where C' is independent of €.
Because the proofs for the two lemmas above are standard, we omit them (cf. [18, Lemma 21.2]).

Proof of Theorem 3.2 First, by (1) and (5), it holds that

E sup | XS4 — Xb6|2
s€t,T]
s . o 2 T - B
< 2E sup / (b (L x21) = B(XE)) +8IE/ o (£, X71€) = o(XE)|2r
seft,T) |Jt € t €
s r B 2 s o 2
<A4E sup / (b (f,Xﬁ’t*f) —b(Xﬁ’t’C)) dr| +4E sup / (B(XSHC) — B(XEC)) dr
selt,T) |/t € s€[t,T)
T r T _
+16E/ ||U<E,Xf_>t*<)—5—(Xf.*t’<)|\2dr—|—16E/ [7(X4€) — 5 (X5<) |2dr
t
— S 7’ — 2
C’/ E sup |X50¢ — X5S2dr + 4E sup / (b (f,Xf’“) —b(Xf”“C)) dr
s€(t,r] selt,T] |/t €
T T
+ 16E/ o (£, X71€) = o(X71<) | 2ar
t g
T —
::C’/ E sup [X20¢ — X0C12dr 4 J) + Jo. (14)
t SE[t,r]

For J;, we obtain by (H;U) and (Hg_’g) that
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2

) r 2 b sl tC be
<52 g | (05 05) 5 - (55 )
s 2
t,¢ 70 vEtC
R ele) /t <b ( Xf(é)ﬂ) - b<Xr<5>+t)) dr

T . [5+10+ ooy N
<C/ BIXEC — XSS P+ 16E sup / (0 (5 X2500) — B0 dr
t se[t,T] |/t €
+ 16E sup

se[t,T) /[;t](;_,_t (b ( Xf‘(g)a-t) - b(XTE(g)CJFt)) dr

=:Ji1 + Jig + Ji3,

where § is a fixed positive number depending on ¢, 7(0) := [%51]4, and [Z5%] denotes the integer

r—t

part of
For Ji1, (12) implies that

Ji1 < OT(§ + 52)
For Jio, it follows from (H ) that

6
J12<16[ ] Z E
k=0

2

/() (0 (5 Xi5) - o) ar

2

(k+1)5+¢
1S

<16(T—t)5 E g/ (b( LX) - b(Xiatft)) du

k5+t

() sup E(L+ XD
o<k [T -1

0
<0K1 () .
€
For Ji3, it holds by the linear growth of b,b and (11) that

_ 2
Ji13 < 160E sup / ‘b xSbC ) _p(xsbe ) dr
B selt, 1) J[252 )6+ ( r(6)+ ) ( T(5)+t)

T e
€
< cm/t (14 IX75 ) ar

< Co.
By combining the above deductions, we obtain that
J1<C(5+52+m (g)) (15)
The same computation as that for J; then yields that
J2<C(6+52+m (g)) (16)

Finally, inserting (15) and (16) into (14), we obtain by the Gronwall inequality that

_ 1) 1
E sup |[X0¢ - XLS2 <O <6+ 6% + k1 () + Ko <)> )
s€[t,T] € £
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By taking § = &7 for 0 < v < 1, we obtain (7).
Next, by the Chebyshev inequality and (7), it holds that for any 6 > 0,

IE( sup ] |X§,t,¢_)‘(é,g‘2) o

= <G @+ (@) e (971),

sup it t,
P(SEtT”XE <Xt <|>9)

which implies that

sup \X‘Z’t’C — Xﬁ’c\ £ 0,
s€[t,T]

as ¢ tends to 0. In addition, it follows from (11) and (13) that

supE sup [X7H¢ — XLCPPH2 < O(1 4 E[¢*H?).
€ s€[t,T]

Therefore, by the Vitali convergence theorem one can obtain that
; sup et,¢ _ yt.¢|2p) —

e

which completes the proof. O

5. Proofs of Theorem 3.5

In this section, we prove Theorem 3.5. First, we prepare some key lemmas.

Lemma 5.1 Suppose that (Hllm), (Hy), (Hy), and (H}c) hold, and E|(|*P*2 < oo for any
. Then, there exists a constant C' > 0 such that

qul

T
E sup \Y:’“l2+/ E||Z5 0| Pdr + E[K=5C[T < O(L+E[¢=F2 + E[¢Pe*2). (17)
s€t,T] t

Proof By the It6 formula, it holds that

T
et [ zet e
:‘g(X;’t’CMZ—Q/ (Y0 dREH) — / (Yot<, Zetaw,)
T Sr
w2 (v (SXE YN b fo (250 Y, (18)
£

Taking the expectation on two sides, we know by Lemma 2.2 and (8), (9) that for any
v € 0p(0),

T T T
E[YE¢)? + / E||Z54)2dr < O(1 + E[¢[22+2) + 2 / E|Y[o]dr + C / E|Y, 06 2dr

S S S

T T
1
+CT+C/ E| X502+ 2dr + 5/ E|| Z2¢) 2 dr,
S

and
1 [T T
E|YSH + ) / E(|Z5¢|Pdr < C(1 4+ E[¢[*22 + E|¢[*®2) + (jo|* + CO)T + C/ E|Y,5¢|2dr.
S S (19)

The Gronwall inequality implies that



Probability, Uncertainty and Quantitative Risk 201

sup E|YSC2 < O(1 + E[¢P2%F2 + BI24+2),
s€t,T]

which, together with (19), yields that
T
/ E||Z25¢|2dr < O(1 + E[¢|?2 12 + E|¢|?+2).
t

In the following, we investigate (18), and obtain by the BDG inequality that
1/2
ZIIZi’t’CIIZdr>

T T T
+CT+C/ E\Xﬁ’t’c|2‘“+2dr+0/ E|Yf’t’<|2dr+0/ E|ze5¢|2dr
t t t

T T
E sup [V < O(1+ E|CP%+2) 4 2 / E[Y54<|juldr + CE < / e
se[t,T] t t

T
1
< C(1+E|([*®2T? + E[¢)P21?) + 0/ E Sl[lp] |VE5C 1 2dr + SE stT] [Y,e862,
t selt,r relt,

which, together with the Gronwall inequality, yields that

E sup [V 7917 < O(1+E[¢*e+ +E[¢Pe+?).
re(t,T)

Finally, according to Lemma 2.3 and (18), it holds that

T T
My | KEHT < Jg(X559) 2 + 2M, / [YEC|ds + 2M3T — 2 / (Y2he, ZetCawy)
t t

T
+ 2/ <yse,t747fl (§7X§’t’<,YS€’t’<) + fg(Zj’t’<)>ds.
t

Hence, by (8) and (9),
E|K"<|T < C(1+ E[gP 2 + E|C[2+?).
Thus, the proof is complete. O

By the same deduction as that of (17), we then obtain the following result.

Lemma 5.2 Suppose that (Hi’g) , (Hia) , (Hy) , (Hy) , (H}) , and (H?c) hold, and E|¢|?P*? < oo
for any p > q12_2 V g2 V q3. There then exists a constant C > 0 such that

T

E sup [V + / E(| Z5|2dr + E[K"[] < O(1+ E[¢[*®=+2 + E[¢[**F2). (20)
s€[t,T] t

Lemma 5.3 Under the assumptions of Theorem 8.5, it holds that

lim sup sup E[V5H¢ — Kffé’fﬁ =0, (21)
020 5[, 7] s<r<s+o

lim sup sup E|YH¢ — Y2 =o. 22
B Y, stol (22)

Proof As the proofs of (21) and (22) are similar, we prove only (21).
First, we know that for p >0 and t <s<r<s+o<T,
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s+o
Yote = vag - Katf e wets [ [ (BXEtC ) 4z du
- / e ZStdW,.

By the It formula, it then holds that

2du

s+o
YE VSR [z
T
s+o s+o U
——z [ (v vt e [ (Ve - VS A XY ) du
T T
s+o s+o
2 [ (Y VS R ) du— [ (Ve YRSz, ) (23)
T T

Next, we compute —2 f:ﬂ) <Y1f’t’< —Yfff,dKZ’t’<>. Take any a € Int(D(dp)). There is a

fp > 0 such that for any R >0 and 0 < 6 < 6y,

{v€ B, R): dz,(DOR)) > 0} £,

where B(a, R) := {z € R?: |z —a| < R}, d(-,-) is the Euclidean distance in R¢, and (D(9¢))¢
denotes the complement of D(Jdyp). We set

gr(0) :=sup {|z| : z € Op(x) for all x € B(a, R) with d (m, (W)C) > 0} ,

and by the local boundedness of d¢ on Int(D(dy)) (cf. [2]), it holds that
9R(9) < 00
We again set
hi(e) = inf {0 € (0,00) : gu(0) < o™/}, 00,
and we obtain that

gr(0+hr(0) <o/ and lim o (0) = 0.

We take or > 0 such that g + hg (0r) < 6. For 0 < 0 < or A 1, we let Kﬂ%’R be the projection

of Kf_ff onto {m € B(a,R) : d (ac, (D(&p))c) >0+ hR(g)}. Thus, for Hif’gR € 8¢(Yff;R),

sup |Y54¢ —a| < R,and 0 <r — s < g, it holds that
v€E(t,T]

s+o
—2 / (Yot - vt age)
7nsﬂ) s+o
I 2/ <Yus,t,g“ _ Y;,_,[_;R’ dKZ’t’C> _ 2/ <}/Ss_;_,gz;R _ }/Se_i,_téc’ dKZ,t,C>
7‘5+g T .
<—2/1 (Yot = vas ™ e du+ 2 (o + hr(o) [K°<),
T

T
<402 (R+lal) + 2 (o + hr(o)) [K="],
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and furthermore, by (23),

|2dul

{ sup |V "C—al<R}
ve(t,T)

st+o
e,t,¢ _ €,t,¢ |2 €,t,¢
|Yr Y9+g | I{ sup |Yf’t'<—a\<R} +/ HZu
veE[t,T) r

s+o
< 40"*(R+ |al) + 2 (0 + hr(0) K| + C/ Yo — YOI du

{ sup |V "¢—a|<R}
veE(t,T]

s+o £.0 120542 s+o £.12 1 s+o o2
+OQ+C/ |XZ” ‘ @ du+C/ |Y'u(::77 | du+§/ ”Zf/’ H dUI{ sup Y5 —a|<R}

veE(t,T]
s+o
/ th@dwﬂ‘ :
T

s+o
+2/ (Yo, ZedW, )| + (R + |a])

In the following, we take the expectation on both sides of the above inequality, and obtain by
the BDG inequality and the Holder inequality that

s+o
¢ e.t,¢)2 4,112
sup  E|Y,S0C — VI It ‘ng,t,g_aKR}—l—E/ 1Ze55 duly (o jyvet<_a<ry
s 1

s<r<s+o velt,T] veEt, T
1/2 t,¢|T e t t,¢12
g,l,
< 4o / (R+|a’|)+2 (Q+hR(9))E |KE’ ’C|t +CV]E/ |Y;? ’<7Ys+g | I{ sup \Yf't’c—a\SR}du
s ve(t,T]

st+o s+o 1 s+o
+CQ+C’/ E|X§’t’4|2Q3+2du+C/ ]E\Yj’t’“du—kgl[ﬂ/ 1 Z55¢ )| 2dul

{ sup ]|Y:’f’<fa|<R}

velt, T
1/2 sto 1/2 sto 1/2
+C[E sup [Y50¢2 (/ E|Z5’t’c|2du) + C(R+ |a)) (/ E||Zi’t’c||2du>
u€[s,s+0] s s
Thus, it follows from the Gronwall inequality that
sup  E|Y50C —YELC12T, <t

o + I o eaicn)

1/2

s+o
< (40" (R+ |al) +2 (0 + hr(2) E|K=|T) + Cot+ C(L+ R+ |a]) ( / Enzz’t*@“n?du)

Based on this and the absolute continuity of the integration, we let ¢ — 0 first and then
R — oo to conclude (21), which completes the proof. O

Proof of Theorem 3.5
Step 1 We estimate ftTIEHZf.’t’C — Zb¢||2dr.
First, combining (2) with (10), we obtain that

Yot Y =g (X50) - g (X5) - (Kt - Kot + (K5 - KL)
T
+/ (f1 (g,va“,Y?“) —fi (XﬁvC,Y:vC)) dr
T B T B
+ / (f2(22"C) — fo (Z0°)) dr — / (Z28¢ — ZEC) aw,.

The It6 formula for [YE4¢ — YE¢|? and (Hy) (H}) imply that
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|2dr

T
\Y;“ _ yst74|2 +/ ||Z$’t’< _ Z;?C

S
T
iy (X;,t,c) —y (X;c) 2 2/ <Yf’t’< ¥ d (K- Kgc»
] (
_ 2/ <Y7§,t,C _ Y (Z206 — 70 dW,>
T B , S
+2 / <Yf’t’< —Y (7, X2, Yf’“) — fi (X6, 746 )>dr
s 13
T — —
n 2/ <YTE¢,C LV f (25) — (Zﬁ’<)>dr

Lemma 2.2

_ 2 _
S0 (1 Xt X)X

T
B 2/ <Ys,t,< — Y (Z50C 7t dWT>
T _ r _
+ 2/ <}/r€,t,c _ Yrt,g’ 1 (;Xﬁ’t’CerE’t’C) - (Xf,t,c’yre,t,c»dr
T — — — — —
n 2/ <Y;s,t,c LYy (XS Y)Y (Xﬁ,<7y7;,<)>dr
T B _
+ 2/ <yr67t,C _ YTLC’ f (Z;s,t,C) — fo (Zﬁ’c)>dr
_ 2 _
< L§ (1 + |X;,t,C|qz + |X%C|q2> |X%t,C _ X%C|2
T
_ 2/ <Ye,t,< _ YR (Zot6 = 700 dWT>
T
n 2/ <Yf’t’< YR f (C’Xi,t,c,yre,t,c) - A (Xf’t’c,Yf’t’<)>dr
€
S
T _ 2 _
+ Li/ (14 | X20C|% 4+ [ X0C|%) T | XS — X0 2dr
T B T _
+ (1 +2Ls + L2/n) / Y28 — VA Pdr + n/ |Z55¢ = Zp< | *dr,

S

where 0 < 17 < 1 is a constant. By taking the expectation on two sides, we obtain that

dr

T
E|Y;’t’g _ Yst,4|2 Jr/ ]E||Zﬁ’t’< _ Z?C

S

1/2
< C (1 +E[¢['e +E|¢|te)"/? (E sup. | xhC X§v<|4>
selt,

T T
(Lt 23f) [ BV v PRas b [ B2 - 2 Par
T ~ r -
+ 2E/ (Yt — v fy (;,Xﬁvt’C,Yf’t’C) — fu (X2 YERO)
S

Please note that

(24)
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2 sup E

T
/ <yre,t,< VL (C,Xﬁ’t’C,Yf’t’C) A (Xf’t’C,Yf’t’C)>d7‘
s€t,T] s €

s+0
s€[t,T] s<r<s+9 s€[t,T) s<r<s+4d

1/2
<C ( sup sup E[YSH¢ — Ys’t’c|2 + sup sup E|YC— YstJ’faQ)

+C sup sup E[YSh¢ — YS‘EJ’F%C
s€[t,T] s<r<s+d

2 440Try” (g) +C(5+6?)

T
+ 2/ sup E[YSHC — YEC 2dr, (25)
t

SE[t,r]
where ¢ is the same as that in the proof for Theorem 3.2. Thus, it holds that

T
sup E[Y2HC — VIO 4 (1 - ?7)/ E[|Z0C — Zp¢|*dr
set,T] t

T
<T(e) + (3+ 2Ly + LE/n) / sup E[YSH¢ — V¢ 2dr, (26)
t  s€ft,r]
where
I(e) :== C(1 +E[¢[*® + E[¢[**)Y*(E SEPT] | XShC — X Oz
se|t,

. 5
+C w <sgp+§E|Yf’t’C —YS5 + 4C’T/<cé/2(g) + C(6 4 6%)
se 3 SXRTXS

1/2
+C | sup  sup EVSNC-VESP 4 sup  osup EIYSC VISP
s€[t,T] s<r<s+4d s€[t,T] s<r<s+0

The Gronwall inequality implies that

sup El}/ss,t,g‘ _ Y;,qz < F(E)e(4+6L‘2‘)T.
s€t,T]

Inserting the above inequality into (26), we obtain that
T
| Bz - e

t

|2dr < CT(e). (27)

Step 2 We prove im E sup |YV51¢ —YH¢|?2 = 0.
=0 selt, 1]

For (24), it holds by the BDG inequality that

|2dr

T
E sup |Y557tvC _ Yst,4|2 _|_/ EHZﬁ’t’C _ Zﬁ,C
set,T] t

_ 2 _
< Lg]E (1 + |X7€:t’C a2 4 |X§:C|qz) |X7€:t’C _ X;l<|2

. 1/2
+CER ( [ wene - ppepyzzne - Z:v<||2dr)
t

+ 2E sup

T
/ <ys,t,c v f, (C7X87t,C7Y€7t7C) ~h (X87t747y67t74)> dr
se[t,T] s T T c T T T T

T
+6L2E / (14 [XE0€[ 4 | K0CJ)2 | XHE - X 24,
t
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T B T _
bR [ e i+ 1k [ 254~ 2 Pan
t t

1/2
_ 1 _
< C (LBl + E[(*) " (E sup |X54 - Xﬁvﬂ‘*) +5B sup (VP4 —FCP
sEelt, selt,

T
+ (2+6L3) / E sup |YFh¢ —YhHS

t se(t,r]

T
dr + C/ E||Z&h¢ — Z8¢|2dr
t

+ 2E sup

T
/ (Yot =7,y (5, XYY = i (XS vt Y.
set,T] |Js €

In addition, by deduction similar to that for (25), we obtain that

2E sup

T
/ <YT€,t7C Syt (D xEh yEndy fl(Xf7t’4,Yf’t7<)> ar
s€t,T] |/s €

1/2

)t Va2 vt

<C ( sup  sup E[YVEH — VISP + sup  sup E[VHC - }/'S+<62>
SE[t,T] s<r<s+6 SE[t,T] s<r<s+4d

+C sup sup E|YSH¢ — Y;it(;c
s€[t,T) s<r<s+6

24 4CT/<;§/2(§) +C(6+62)

T
—|—2/ E sup |}f’t’c—}1t’c|2dr,
t

selt,r]
which, together with (27) and the Gronwall inequality, yields that
E sup |YS5C = Y2 <CT(e).
s€[t,T]
Finally, we study the limit of E sup |YZ%¢ —Y#¢|? as € — 0. On the one hand, it holds by
se(t, T
(6) that et

limE sup |[X50¢ — X061t =0.
e—0 s€[t,T)

On the other hand, we take § = &7 for 0 < v < 1, and by (21) and (22) we obtain that
= O’

lim sup sup E|Yo0¢ — V02
=0 SE[t,T] s<r<s+6

: V't Vi€ |12
611_% sup  sup E[Y¢ - Y512 =0,
s€[t,T] s<r<s+4

1)
lim /@é/Q () =0.
e—0 £
Combining the above deductions, we obtain that
lmE sup [Yoh¢ — Y22 =0.

=0 seft, 17

Step 3 We prove (25).
We set

I:=2 sup E
s€t,T]

)

T
|- v (B YE) < RO YR ) du

and
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T
. e,t, vt RNG v t.¢ u e,t, e,t, r e,t, e,t,
KQSQEPT]E/S (Vi€ = Vi€ = WG+ WG (X0 YE0) = R (X YE) ) du
T et ote u 4G yetC
. e it it € €
+2 élﬁpT]]E/ <Yu(6) =Y, 5 h (;XZ Y C)—fl( Xu(é)’Yu(5)>>du

T
+2 sup E <Yu5(§)C Vs h ( X f)yj&f) - f (Xi,t,c7y;,t,<)> du
s€t,T] s

T
+2 sup B[V - Vi A (2X0E Ya) - B (X YES) ) du
s€(t,T] s

=: Il+I2+.[3+I4.
For I, by the Holder inequality and the growth of fi, f1, it holds that

1/2
<2 |Y“< VoY TGP d“)

(%)

1/2
‘fl D G Y”C) fl(XZ’t’C,qu’t’g)rdU)

u(8)

1/2
1+]E|XatC|2q3+2+E|YatC| ) )

1/2
0< E|Y€t< Yopt P + B[V - Ylfgg)?)du)

1/2
<C| sup  sup E|YH -V 24 sup sup E[VAC — Y;tfé\Q . (29)
s€ft,T] s<uLs+4d s€ft,T] s<uLs+4d

For I, the Holder inequality and (H}) imply that
’ t.¢ t,¢ r U e et
e,t, t,C |2 +, " o, -
" /t ey ~ Vo) du+/t E|f (E’XZ Lyi) _fl( > Xu(oy Yu(s) )‘ du
T _ T
< / sup E|yss,t,é‘ —Yst’<|2du—|—2Li/ E|Yu5,tg Ystgl du
t  s€[tu] t
T t t
+ 2L3/t E(1+ X001 4+ X505 1% X0 — X Pdu

T
</t sup EIYf‘t’CYf’CIQdU+C< sup  sup E[YSC - ffag)

s€[t,u] s€[t,T] s<u<s+d
+ 2L3TC(1 4 E|¢|*2)Y2(5 + 6%). (30)

For I3, by the same deduction as that for I, we obtain that

sE[t,u] s€[t,T) s<u<Ls+6 )

+2L2TC(1 4 E|¢[43)Y/2(6 + 62). (31)

T
I3 </ sup E|YEHC — YEC2du + C ( sup  sup E|YSHC —v5Le
t

For I, we define X5t¢ = ¢, Yoh< = Y2 and Y2¢ = ¥, for u € [0,t], and obtain that
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T
e o t.C t.C t,¢ t,¢
I, <2E [) <Y€(5) Y (8)° fl ( u((S) ’Y;f(é ) 'fl (Xz(‘s) 7Y“€(5) )>du

t,C t,¢ t,C tC te P,
+2 sw E /O <y€(6) — Y5 h ( Xy Yals) ) fi (Xj(g) Yois) >>d“
<4 swp B| [ (Y Vi n (S ) - A (X Y ) du
@ u(®) (62 Yu(o)
s€1[0,7) 0
1316 i
s€[0,T) 0
S
+4 sup E/ yj,tc th’fl Xat(7ygt( f X”CY”C
s€[0,T] [§]5< Q) ( u(d) ) 1 ( )>
=: Iy + Iyo,

where u(d) := [%]0. Then, (H}) yields that

[51-1) ksnys . u . . -
I <4 swp E /M (V5" =T A (X5 Y) = A (X6 v5) ) du

s€[0,T] k=0

1/2
(k+1 2

u ¢ 8t 7 ¢ 16t
(g’XZ(S ’Yksé ) —h (Xlié vasa du
9\ 1/2

e [(+D)d/e
o R Y O B A R ) B
kd/e

[ } bup E
o<k<[£]-1

< 40T <‘5>

(32)
By the Holder inequality, it holds that
1/2
Iyp <4 sup / E ‘fl ( Xg(t)c YEtC) fl(XZ(is)CvYE(t)c)‘ du
s€[0,T]
) 1/2
X (/ E|Yu€((ts< Yi{g)IQdU>
(516
. 1/2
<4C sup / (1 +EIXC5 P2 + BV 5P du
s€[0,T] (£]6
) 1/2
,t,C 12 ot,¢ (2
« (/[] EIYLEP +EITES)| )du>
B
< 0. (33)
By combining (29)—(33) with (28), we conclude (25). Thus, the proof is complete. O

6. Applications

In this section, we apply Theorem 3.5 to nonlinear parabolic PDEs.
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6.1 Application to parabolic variational inequalities

In this subsection, we require that d =1, =2 € R™, and we study the averaging for
parabolic variational inequalities.

Let u® be the viscosity solution for the following parabolic variational inequality (see [26,
Definition 4.2] for the definition of the related viscosity solutions),

{ QL) | g (tya) + fi(L, @, ul (8 2)) + fo( VUl (t2)o (L, ) € Dp(us(t,2)), t € [0,T],
ut(T,z) = g(x), u°(t,z) € Dom(p), =ze€R™,

(34)
where Lo .
L= imzzl(ga*)ij < > O0x;0x; ;b < ) ox;’
and let @ be the viscosity solution for the following parabolic variational inequality,
{ L) o Pa(t,x) + fi(x,alt,z)) + fo(Va(t,2)(z)) € dp(a(t,z)), te [0,T], )
u(T,z) = g(x), u(t,x) € Dom(p), z€R™,

where

1 m m
) Z: 8:(:1835] Z 836z '

i=1
We assume:
(H;) For each R > 0, there exists a continuous function ag : Ry — Ry, ar(0) =0, such that

[fi(s;21,9) = fils, 2, y)| < ar(jey —waf), s €[0,T],  [oa],[zs| <R

Theorem 6.1 We assume that (Hi’g) , (Hig) , (Hy) , (Hy), (H}) , (H?) and (H?}) hold. Then,
for any (t,z) € [0,T] x R™,
lim u®(t, z) = u(t, x).

e—0

Proof First, by [26, Theorem 4.1 and 4.2], we know that wu®(t,z) = Y, """ a(t,z) = Y,"*
unique viscosity solutions for Eq.(34) and Eq.(35), respectively. Therefore, the result follows from
Theorem 3.5. a

Remark 6.2 If fi(s,z,y) is independent of s and fa(z) =0, Theorem 6.1 is the same as [13,
Theorem 4.1]. Therefore, our result is more general.

6.2 Application to viscosity solutions for systems of parabolic variational inequalities

In this subsection, we require that ( =z € R™, fo(z) = 0, and study the averaging for systems
of parabolic variational inequalities.

Let v® be the viscosity solution for the following system of parabolic variational inequalities
(see [20, Definition 4 and Remark 5] for the definition of the related viscosity solutions),

W) o gt (ta) + fi(L w05 (8 2) € Dp(v(t, @), e [0,T), -
v:(T,z) = g(z), v°(t,z) € Dom(p), = eR™,
where
. e L& . t 82vk tr)  — t v, (t, x) B
(ZL0})(t,x) = iijzzjl(aa )ij <€x) P, Z; < >8x k=1,---,d,

and let ¥ be the viscosity solution for the following system of parabolic variational inequalities,
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P) | Pyt ) + fi(e,0(t,x)) € Dp(a(t, x)), te[0,T], )
o(T,z) = g(x), v(t,x) € Dom(p), xe€R™,
where
_ 1 m . 62 m _ a
D‘Z'Uk(t}l') 125 Z(UU )Zj(x)m+2bz($)a7, k:l’ ’d.
i,j=1 T =1 v

We assume:

(H(,) For all p € Dom(p), there exists a neighborhood V' of p such that (9¢)o is bounded on
D(0p) NV, where for g € D(0y), (0¢)o(o) € RY is unique such that |(J¢)o(0)| = inf|dp(0)].
Moreover, if p € Dom(p) and y € R? such that p+y € Dom(y), there exists a neighborhood V
of p such that

V9 e VNDOyp), Tt>0:9+ty e D(Dy).

Theorem 6.3 Assume that (H;’U) , (Hg’g), (Hy) , (H}) , (H?) , and (H(,) hold. Then, for any

(t,z) € [0,T] x R™,

L .
811_r>r(1)11 (t,z) = v(t, x).

Proof First, [20, Theorem 6 and 7] imply that v°(t,z) =Y, "", o(t,z) = Y;"" are unique
viscosity solutions for Eq.(36) and Eq.(37), respectively. Therefore, the result follows from
Theorem 3.5. O

6.3 Application to the viscosity solutions for quasilinear parabolic PDEs

In this subsection, we require that ¢ =0,d=1,{ =z € R™, and study the averaging for
quasilinear parabolic PDEs.
Let w® be the viscosity solution for the following PDE,

PG 20wt 0) + it () + Vot ao(La) =0, 1e0.T)
w*(T,z) =g(z), ze€R™,
and let w be the viscosity solution for the following PDE;,
2D 4 Lio(t,a) + falw, 0(t,2)) + fo(V(t,2)o(2) =0, te[0,T) 59)
w(T,z) =g(x), zeR™.

By [25, Theorem 4.3], we conclude that the relationship between w® and w is as follows.
Theorem 6.4 Assume that (Hi,g) , (H,ZW) . (Hy), (H}) , and (Hi) hold. Then, for any
(t,z) € [0,T] x R™,
lim w® (¢, x) = w(t, x).

e—0

7. Example

In this section, we present an example to illustrate our result.
Example 7.1 Assume that m=1l=d=1,( =z € R, and consider the following forward-
backward multivalued stochastic system: 0 <t < s < T,
AXSHT = 155 cos(XOPT)ds + (1 — e 3 ) sin(XSH7)dW,,
Xs,t,x — N
' ’ (40)
dYEHT € 9p(YELT)ds + Z5H%dW,
Vit = g(X3) € DO
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where ¢,g satisfy (Hy) and (Hg). It is easy to see that b(s,z) = 135 cos(z),o(s,x) =
(1 —e3/?)sin(x), f1(s,x,y) = f2(z) =0 satisfies (Hi,o) and (H}) Thus, the system (40) has a
unique solution (X&H® Yete K&tz zetz)
Taking b(z) = cos(x), _( ) = sin(x), we justzfy that
. 2

—/ (s,2)ds — b(x) ;/Ole_Scos(x)dscos(z)

1 1 1
< = — = _dslzP <=1+ ]z
T/o (1+s)? ol < T( [#I%).

and

7/ (5,7) — 5(2) ds——/ — =) sin(z) — sin(z)|ds

<z / edslof < (1+]af)
That 1s, (HZJ) holds. Therefore, by Theorem 3.5, we obtain that

limE sup Yo% — YE¥? =0,
€20 selt, 1]

where (X4, Yt* K4 Z5%) s the unique solution for the following system.:
dX5% = cos(X1®)ds + sin(X®)dW,
X" =u,
dYH® € 9p(YH®)ds + Zb=dW,
Y7 = g(X7") € D(9y).
Nezt, we investigate the following PDEs:

ou® (t,z _t . 82us (t,x ou® (t,x e
2GR 51— e s (@) TR 4 iy cos(a) 2GR € Dt a)), LEOTL
u* (T, z) = g(x), z€R,
and
ou(t,x . a%u T ou(t,x _
7((92; ) %San((E)iBm(;m) + cos(x)% € dp(u(t,z)), te€]0,T], (42)

a(T,z) =g(x), z€R.

By Theorem 6.1, it holds that the viscosity solution u®(t,x) for Eq.(41) converges to the viscosity
solution u(t,x) of Eq.(42).

Acknowledgements

This work was supported by the NSF of China (Grant No.12071071) and the Jiangsu Provincial Scientific Research
Center of Applied Mathematics (Grant No. BK20233002).
The author is very grateful to Professor Ying Hu for valuable discussions. Besides, the author thanks two reviewers

since their suggestions and comments allowed her to improve the results and the presentation of this paper.

References
[ 1] Bensoussan, A., Lions, J.-L. and Papanicolaou, G., Asymptotic Analysis for Periodic Structures, North-Holland
Publishing Co., Amsterdam, 1978.

[ 2] Brézis, H., Operateurs Maximaux Monotones Et Semi-Groupes De Contractions Dans Les Espaces De Hilbert,
North Holland Mathematics Studies, Vol. 5, North-Holland Publishing Co., Amsterdam, 1973.

[ 3] Buckdahn, R. and Hu, Y., Probabilistic approach to homogenizations of systems of quasilinear parabolic PDEs



212 Huijie Qiao

with periodic structures, Nonlinear Analysis: Theory, Methods & Applications, 1998, 32(5): 609—619.

[ 4 ] Buckdahn, R., Hu, Y. and Peng, S., Probabilistic approach to homogenization of viscosity solutions of parabolic
PDEs, Nonlinear Differential Equations and Applications NoDEA, 1999, 6: 395—411.

[ 5] Buckdahn, R. and Ichihara, N., Limit theorem for controlled backward SDEs and homogenization of Hamilton-
Jacobi-Bellman equations, Applied Mathematics and Optimization, 2005, 51: 1-33.

[6] Cépa, E., Equations différentielles stochastiques multivoques, In: Azéma, J., Emery, M., Meyer, P. A. and Yor,
M. (eds.), Séminaire De Probabilités XXIX, Lecture Notes in Mathematics, Vol. 1613, Springer, Berlin,
Heidelberg, 1995.

[ 7] Cépa, E., Probleme de Skorohod multivoque, The Annals of Probability, 1998, 26(2): 500-532.

[ 8 ] Chassagneux, J.-F., Nadtochiy, S. and Richou, A., Reflected BSDEs in non-convex domains, Probability Theory
and Related Fields, 2022, 183: 1237—1284.

[ 9] Cvitanic, J. and Karatzas, 1., Backward stochastic differential equations with reflection and Dynkin games, The
Annals of Probability, 1996, 24(4): 2024—2056.

[10] Delarue, F., Auxiliary SDEs for homogenization of quasilinear PDEs with periodic coefficients, The Annals of
Probability, 2004, 32(3B): 2305—2361.

[11] Fakhouri, I., Ouknine, Y. and Ren, Y., Reflected backward stochastic differential equations with jumps in time-
dependent random convex domains, Stochastics, 2018, 90(2): 256—296.

[12] El Karoui, N., Kapoudjian, C., Pardoux, E., Peng, S. and Quenez, M. C., Reflected solutions of backward SDE’s
and related obstacle problems for PDE’s, The Annals of Probability, 1997, 25(2): 702-737.

(13] Essaky, E. H. and Ouknine, Y., Homogenization of multivalued partial differential equations via reflected
backward stochastic differential equations, Stochastic Analysis and Applications, 2004, 22(1): 81-98.

[14] Gegout-Petit, A. and Pardoux, E., Equations différentielles stochastiques rétrogrades réfléchies dans un convexe,
Stochastics and Stochastic Reports, 1996, 57(1-2): 111-128.

[15] Guo, Z., Xu, Y., Wang, W. and Hu, J., Averaging principle for stochastic differential equations with monotone
condition, Applied Mathematics Letters, 2022, 125: 107705

[16] Hu, M., Jiang, L. and Wang, F., An averaging principle for nonlinear parabolic PDEs via FBSDEs driven by G-
Brownian motion, Journal of Mathematical Analysis and Applications, 2022, 508(2): 125893

[17) Hu, Y. and Peng, S., A stability theorem of backward stochastic differential equations and its application,
Comptes Rendus de I'Académie des Sciences-Series I-Mathematics, 1997, 324(9): 1059-1064.

(18] Huang, Z., Basis of Stochastic Analysis(in Chinese), 2nd edn., Science Press, Beijing, 2001.

[19] Klimsiak, T., Rozkosz, A. and Slominski, L., Reflected BSDEs in time-dependent convex regions, Stochastic
Processes and their Applications, 2015, 125(2): 571-596.

[20] Maticiuc, L., Pardoux, E., Rascanu, A. and Zailinescu, A., Viscosity solutions for systems of parabolic variational
inequalities, Bernoulli, 2010, 16(1): 258—273.

[21] N’Goran, L. and N’Zi, M., Averaging principle for multivalued stochastic differential equations, Random
Operators and Stochastic Equations, 2001, 9: 399-407.

[22] N’Zi, M. and Ouknine, Y., Equations differentielles stochastiques retrogrades multivoques, Probability and
Mathematical Statistics, 1997, 17(2): 259-275.

[23] Pardoux, E., Homogenization of linear and semilinear second order parabolic PDEs with periodic coefficients: A
probabilistic approach, Journal of Functional Analysis, 1999, 167(2): 498—520.

[24] Pardoux, E. and Peng, S., Adapted solutions of backward stochastic equations, System and Control Letters, 1990,
14(1): 55—61.

[25] Pardoux, E. and Peng, S., Backward stochastic differential equations and quasilinear parabolic partial differential
equations, In: Rozovskii, B. L. and Sowers, R. B. (eds.), Stochastic Partial Differential Equations and Their
Applications, Lecture Notes in Control and Information Sciences, Vol. 176, Springer, Berlin, Heidelberg, 1992.

[26] Pardoux, E. and Réascanu, A., Backward stochastic differential equations with subdifferential operator and related
variational inequalities, Stochastic Processes and their Applications, 1998, 76(2): 191-215.

[27] Qiao, H., Infinite horizon BSDEs with dissipative coefficients in Hilbert spaces and applications, Journal of
Mathematical Analysis and Applications, 2009, 355(2): 725—738.

(28] Qiao, H. and Gong, J., Backward multivalued McKean-Vlasov SDEs and associated variational inequalities,
Discrete and Continuous Dynamical Systems-S, 2023, 16(5): 819-845.

[29] Shen, G., Song, J. and Wu, J. -L., Stochastic averaging principle for distribution dependent stochastic differential
equations, Applied Mathematics Letters, 2002, 125: 107761

[30] Xu, J. and Liu, J., An averaging principle for multivalued stochastic differential equations, Stochastic Analysis
and Applications, 2014, 32(6): 962-974.

[31] Zhang, X., Skorohod problem and multivalued stochastic evolution equations in Banach spaces, Bulletin Des
Sciences Mathématiques, 2007, 131(2): 175-217.


https://doi.org/10.1007/s000300050010
https://doi.org/10.1007/s000300050010
https://doi.org/10.1007/s00245-004-0805-3
https://doi.org/10.1007/s00245-004-0805-3
https://doi.org/10.1007/s00245-004-0805-3
https://doi.org/10.1007/s00245-004-0805-3
https://doi.org/10.1007/s00245-004-0805-3
https://doi.org/10.1007/s00440-022-01125-0
https://doi.org/10.1007/s00440-022-01125-0
https://doi.org/10.1007/s00440-022-01125-0
https://doi.org/10.1080/17442508.2017.1346654
https://doi.org/10.1080/17442508.2017.1346654
https://doi.org/10.1080/17442508.2017.1346654
https://doi.org/10.1081/SAP-120028024
https://doi.org/10.1081/SAP-120028024
https://doi.org/10.1080/17442509608834054
https://doi.org/10.1016/j.aml.2021.107705
https://doi.org/10.1016/j.aml.2021.107705
https://doi.org/10.1016/j.jmaa.2021.125893
https://doi.org/10.1016/j.jmaa.2021.125893
https://doi.org/10.1016/j.jmaa.2021.125893
https://doi.org/10.1016/j.jmaa.2021.125893
https://doi.org/10.1016/j.jmaa.2021.125893
https://doi.org/10.1016/j.spa.2014.09.013
https://doi.org/10.1016/j.spa.2014.09.013
https://doi.org/10.1016/j.spa.2014.09.013
https://doi.org/10.1006/jfan.1999.3441
https://doi.org/10.1006/jfan.1999.3441
https://doi.org/10.1016/0167-6911<span style='cn-spacing:0pt;en-spacing:0pt;justify-protected:true;'>(</span>90<span style='cn-spacing:0pt;en-spacing:0pt;justify-protected:true;'>)</span>90082-6
https://doi.org/10.1016/S0304-4149<span style='cn-spacing:0pt;en-spacing:0pt;justify-protected:true;'>(</span>98<span style='cn-spacing:0pt;en-spacing:0pt;justify-protected:true;'>)</span>00030-1
https://doi.org/10.1016/S0304-4149<span style='cn-spacing:0pt;en-spacing:0pt;justify-protected:true;'>(</span>98<span style='cn-spacing:0pt;en-spacing:0pt;justify-protected:true;'>)</span>00030-1
https://doi.org/10.1016/j.jmaa.2009.02.030
https://doi.org/10.3934/dcdss.2022207
https://doi.org/10.3934/dcdss.2022207
https://doi.org/10.3934/dcdss.2022207
https://doi.org/10.1080/07362994.2014.959594

	1 Introduction
	2 Preliminaries
	2.1 Notation
	2.2 Maximal monotone operators
	2.3 Backward stochastic variational inequalities

	3 Main results
	3.1 Averaging principle for SDEs
	3.2 Averaging principle for backward SVIs

	4 Proof of Theorem 3.2
	5 Proofs of Theorem 3.5
	6 Applications
	6.1 Application to parabolic variational inequalities
	6.2 Application to viscosity solutions for systems of parabolic variational inequalities
	6.3 Application to the viscosity solutions for quasilinear parabolic PDEs

	7 Example
	References

