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Abstract Hanson-Wright inequality provides a powerful tool for bounding the norm |||
of a centered stochastic vector £ with independent entries and sub-gaussian behavior.
This paper extends the bounds to the case when & only has bounded exponential
moments of the form log E exp(V ~1¢,u) < |Jul|?/2, where V2 > Var(¢) and ||ul| < g for
some fixed g. For a linear mapping (), we present an upper quantile function z.(B,x)
ensuring P(||Q¢]| > z.(B,x)) < 3¢~ with B = Q V2QT. The obtained results exhibit a
phase transition effect: with a value x. depending on g and B, for x < x., the function
2.(B,z) replicates the case of a Gaussian vector &, that is, 22(B,x) = tr(B)+
2y/xztr(B2) + 2z||B||. For x > x., the function z.(B,z) grows linearly in x. The results
are specified to the case of Bernoulli vector sums and to covariance estimation in
Frobenius norm.
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1. Introduction

Many statistical results rely on some deviation bounds on the Euclidean norm of a zero mean
random vector & € RP. Modern applications motivate further studies of this problem under
nonclassical setups with small or moderate n and large p. If £ is a zero mean Gaussian vector
and @: RP — R? is a linear mapping, then Q& is also zero mean Gaussian with the variance
B =Var(Q¢) = QVar(¢)Q". For the squared norm [Q€||?, it holds E|Q¢|? = tr(B),
Var(||Q€||?) = tr(B?). Moreover, the upper and lower quantile functions for [|Q€||?> can be
written explicitly in terms of tr(B), tr(B?), and ||B||: for any x > 0,

P(IQg|” ~ tx(B) > 2/xtx(B?) + 2| Bljx) < o™,
P(IQ€ - tx(B) < ~2v/xu(BY) <o,

see e.g. [8]. If the effective trace tr(B)/||B|| is large, the squared norm |[Q€|? — tr(B)
concentrates around its expectation tr(B). An extension of these bounds to a sub-gaussian case
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is discussed in [10], however, under limiting assumption of independent entries of £. In the recent
years, a number of new results were obtained in this direction. We refer to [7] for an extensive
overview and advanced results on Hanson-Wright type concentration inequalities. However, sub-
gaussian behavior of the vector & can be very restrictive in many applications. In this paper we
consider a couple of typical examples.

The first one corresponds to generalized regression which includes models with binary, exponential,
poissonian data etc. To be more specific, we focus on models with binary responses such as
binary classification, logistic regression, and many others. Given feature vectors ¥; € RP, binary
responses Y; are modelled as Y; ~ Bernoulli(u'/iT v), where v € RP is an unknown parameter
vector to be estimated. The corresponding penalized maximum likelihood estimator (MLE) ©¢g
can be written as

n
e M argmaXZ{Y;JliTU - ¢(W;F’U)} — peng(v),
Y=
where ¢(0) = —log(1 —6) and pens(v) is a penalty indexed by a tuning parameter G. [11]
studied in details the case of a quadratic penalization peng(v) = ||Gv||?/2 for some matrix G
describing smoothness of v, and argued that parametric inference for such logistic regression
requires some possibly sharp bounds on the scaled vector £, with

n
€6 E DG Y (Vi —EY)¥:, D defzw oo )]+ G

Here v* is the background truth under the correct model specification Y; ~ Bernoulli(®, v*),
otherwise it is the best parametric fit to this model. The main difficulty in obtaining some
deviation bounds on ||| is that this vector is in general only sub-exponential, not sub-
gaussian; see Section 3 for further details.

Another example is provided by empirical covariance. Let X; ~ N(0,X) be i.i.d. zero mean
Gaussian vectors in R? with a covariance matrix X' € 9t,,. By Y we denote the empirical covariance

def 1 ZX XT

The well developed random matrix theory mainly focuses on the spectral or operator norm of
Y — ¥;see e.g. [13, 14] and references therein. The Frobenius loss || £ — Y||3, is much less studied.
We mention [9] for the Gaussian case and [3] for X; sub-gaussian. In some statistical problem
like high dimensional random design regression [2, 5] or error-in-operator models [12], Frobenius
norm of ¥ — ¥ arises in a natural way. The difference S-¥is quadratic in the X ’s, hence,
only sub-exponential. [5] applies Hanson-Wright approach and illustrates difficulties of studying
Y

This note presents some deviation bounds on the norm [|Q€|| for the case when the moment
generating function Eexp(&, u) is well defined on a sufficiently large but bounded set of vectors
u € RP. The main challenge of the study is that the standard technique based on Markov
inequality for [|Q€||?> does not apply because the exponential moments of [|Q€||? diverge. We
apply a kind of trimming technique combined with pilling device to obtain nearly sharp bounds
in the form

P(||Q€|l > zc(B,x)) < 3e™™

with a phase transition effect: for x < x. ~ g?/4, the quantile function 2. is exactly as in the
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Gaussian case: 22(B,x) = tr(B) + 2y/xtr(B2) + 2||B||x. This is important because the value g is
typically large and for all moderate x, we can apply nearly sharp Gaussian quantiles which only
depend on the covariance matrix B and do not involve any other constant(s). The upper
quantiles from Hanson-Wright or Bernstein type inequalities involve additional constants like
|€llp, which can be quite large. For x > x., the function z.(B,x) grows linearly as Cx/g for an
absolute constant C.

The paper is organized as follows. The main deviation bounds on ||Q€|| are collected in Section
2. Applications to weighted Bernoulli vector sums are given in Section 3. Sharp deviation bounds
for empirical covariance matrix are given in Section 4. Some useful technical facts about
Gaussian quadratic forms are collected in the Appendix A and Appendix B.

2. Deviation bounds under light exponential tails

Let & be a zero mean random vector in R? with covariance Var(§¢) and let @Q: RP — R? be a
linear mapping. This section presents some deviation bounds on the norm ||Q€|| for the case of
light exponential tails of £. Namely,

(g) for some fized g > 0 and some self-adjoint operator V2 in RP with V? > Var(£),

2
o(w) 2 log Bexp((u,v16) < U0 werr, Juj<g (2.1)
In fact, it is sufficient to assume that
sup Eexp((u, V71¢)) <C. (2.2)

llul<e

The quantity C can be very large but it is not important. Indeed, the function ¢(u) is analytic
on the disk ||u|| < g, and condition (2.2) implies an analog of (2.1):

[ul? | mllul® _ ful? 38
5 T 6 S (H?)’ lull < &,

for a fixed value 73. Moreover, reducing g allows to take V2 equal or close to Var(¢) and 73

P(u) <

close to zero. In the contrary to Hanson-Wright’ type results, we do not specify the structure of
the random vector £ and do not require its entries to be independent. The next section presents
our main results under (g). The proofs are postponed until the end of the section.

2.1 Main results

Let a random vector & satisfy E€ =0 and (g). The goal is to establish possibly sharp
deviation bounds on ||Q€||? for a given linear mapping Q: R? — RY. Define
def

BEQVQT, p=u(B), v?Eu(BY), =B,
22(B,x) ¥ tr B+ 2¢/xt0(B2) + 2% B|| = p + 2vv/x + 2x)\.

Also fix some p < 1, a standard choice is p = 1/2. Our main result applies for all x satisfying the

(2.3)

condition
5\ 2
2(B,x) <p (gf - p) (2.0
p(x) o)
with z(B,x) from (2.3) and p(x) defined by p=1(x) =1+ 5 see (B.3). One can see that the

left hand-side of (2.4) increases with x while the right hand-side decreases. Therefore, there
exists a unique root x. such that with p. = p(x.),
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22(B,x )—p(g\f ]p>2. (2.5)

He He

The value x. is important, it describes the phase transition effect: the upper quantile function of
|QE|| exhibits the Gaussian-like behavior for x < x., while it grows linearly with x/g for x > x,
as in a sub-exponential case.

Theorem 2.1 Assume (g). Fiz x. by (2.5) for some p < 1/2. It holds
P(|Q€| = 2(B,x)) <3¢, x<x.. (2.6)
For p=1/2, the value x. from (2.5) fulfills

1 2p\° g’
— — — < < =. 2.7

If g > \/2p/ A then z. = z2(B,x.) follows
gV A/2— (1-2712)/p <z <gV/A2+ /D (2.8)

The results of Theorem 2.1 state nearly Gaussian deviation bounds for the norm of the vector
Q¢ satisfying (g). Namely, the Gaussian deviation bound P(||Q&|| > 2(B,x)) <e™* from
Theorem B.1 applies with the additional factor 3 for all x < x.. Condition g > \/m is important.
Otherwise, the value x. is not significantly large and the zone x < x. with Gaussian-like
quantiles is too narrow. It turns out that out of this range, the norm | Q€| exhibits a sub-
exponential behavior.

Theorem 2.2 Assume (g). With x. from (2.5) and z. = z(B, x.), set » = (zﬁf%' It holds

HD(HQ&H >Zc+%71(xfxc)) < 3e™ 7, X 2 X,

~ (2.9)
P(|QEIl > 2) < exp{—xc — »(z — 2)}, 2> 2.

The obtained deviation bounds of Theorem 2.1 and Theorem 2.2 can be fused into one. To be
more specific, we fix p = 1/2.

Corollary 2.3 Assume (g). Let x. be defined by (2.5) with p=1/2. For all x > 0,
P(||QE&| > z.(B,x)) < 3e™ %, (2.10)
where with » < (f 1)f and X A x¢ def min{x, x.},
x < X,

— 2.11
2(B,x.) + z Xc, X > X (2.11)
»x

ze(B, %) & 2(Byx Axe) + 2 H(x— %)y =

Moreover, x. follows (2.7) and z. = z2(B,x.) satisfies (2.8) provided g > /2p/\

If g> /p/A then x. is large and z.(B,x) = z(B,x) < \/p + v2xA for all reasonable x. For
g < v/2p/A, the accurate bound (2.11) can be simplified by a linear majorant which does not

involve x..

Theorem 2.4 Assume (g). Fix s = Then (2.10) applies with

g
(VB+1)VA
ze(B,x) < /D + % 4 1k
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The next result provides some upper bounds on the exponential moments of ||Q€|. We
distinguish between zones z < z. and z > z, with z. = z(B, x.); see (2.5).

Theorem 2.5 Assume (g). Let x. fulfill (2.5) and z. = 2(B,x.). For any z € [\/D, 2¢] and any
v < VP it holds

2vx 7
_ 2
Ee’IQ¢11(]| Q¢ > 2) < 6exp{1/z - %} (2.12)
def gV
Further, for any v < s = NoCTNL
3 c—/D)?
Ee”IQ¢MI(| Q|| > 2.) < ” expl vz, — Ge— VPP . (2.13)
x—v 2A
Moreover, for z > z.,
_ 2
Ee’IQ811(|| Q¢ > 2) < 5% exp{yzc I CaViO (e —v)(z — zc)} (2.14)
n—v 2\
2.2 Proof of Theorem 2.1
By normalization, one can easily reduce the study to the case ||B|| = 1. Moreover, replacing &

with V71¢ and Q with QV reduces the proof to the situation with V = I,. This will be assumed
later on. For p € (0,1) and 3(u) = g/p — +/p/p > 0, define trimming ¢, (u) of u € R? as

u, if flull < 3(w),
tu(u) = 4 3(n)

(2.15)
3,
[[el]

otherwise.

By construction ||t,(u)|| < 3(n) for all u € RP.

Lemma 2.6 Assume (g) and let |B||=1. Fiz p€ (0,1) s.t. 3(n) =g/ — /1> 0. Then
with t,(-) from (2.15)

Eexp{£12(Q¢)} < 2exp{@(u)}. (2.16)
where
D) < pv +EP (2.17)
M=aa - 2 ‘
Furthermore, for any 3 < 3(u),
_ns?
P(IQ€l > 5. 1Q¢] < 5(m) < 2exp{ -2 + o) }. (2.18)

Proof Let us fix any value of £. We intend to show that
7
exp{§ ||tu(Q§)H2} < 2K exp{p'/?yTt,(Q€)}. (2.19)

Here E., means conditional expectation w.r.t. v ~N(0,I,) given &. Obviously, with

A ={u: p'?|QTul| < g}, it suffices to check that
def
7€) 2 By ep {10y 1,(Q€) — L10,(Q)12 1y € 4) > 172 220

With C, = (27)7?/2, it holds
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1
Z.(6) = ¢, /A exp (1T 1,(Q€) — LIt QO — 5 lull? ) du
=Cp /A exp(—%”u - :ul/zt,u(QE)HQ)du = P7(7 - N1/2tu(Q€) € A).

The definition of A and the condition |/t,(Q€)|| < 3(u) imply in view of ||Q| <1

Pa(y — n!/21,(Q€) € A) =Py (1Q7 (v — #2,(QE)I| < g/u*?)
Py (IQT Il < g/u'/? — 1! 23(1) = Py (IIQ Il < v/B) > 1/2

and (2.20) follows. Taking expectation for both sides of (2.19) and the use of Fubini’s
theorem yield

Eexp{ £ |14, (Q€)I?} < 2B {Eexp{u!/*7T4,(Q€)} Ww'*|QT ] < 8)}-
Obviously, for any u € RP,
exp{uT t,(Q€)} + exp{—uTt,(Q€)} < explu’ Q€} + exp{—uT Q€}
and by (2.1)
Eexp] & 1,(08)17} < 28 {exp (5 1047 QI7) 1G:1Q7 ] < &)
<9y exp( 17T QI7) = 24et (T, — QT Q).

We also use that for any p > 0 by (B.4),

/2 _ ptr(B) | p?tr(B?)

- oL =
log det (I — uB) < T D(p),

and the first statement follows. Moreover, by Markov’s inequality

5 2
P(|Q€l > 5. Q€] < 3(1) < e *Eexp{ £ 14,(Q€) 12} < 2exp{ -2+ o(n)},

and (2.18) follows as well. O
The use of p = p(x) from (B.3) in (2.16) yields
(B
—M Y d(p) = —x, (2.21)

and similarly to the proof of Theorem B.1
P(IQ€I* > 22(B,x), Q€] <3(n)) < 2¢7, (2.22)
It remains to consider the probability of large deviation P([|Q€|l > 3()).

Lemma 2.7 Assume ||B||=1. Given x>0, fix p= u(x) and 3(n) =g/pw— /p/p. Assume
(2.4) for some p < 1/2. Then

P(lQEI > 3(n) <e™™. (2.23)

Proof Denote n = ||Q€]|. By (2.22)

]P’(n > z(B,x), n < 3(u)) < 27 (2.24)
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For pu = p(x), it holds (2.21) with ®(u) given by (2.17). Bounding the tails of 7 in the region
1 > 3(p) requires another choice of p. Namely, we apply (2.18) with pu instead of p yielding

P(n > 3(1),n < 3(pp)) < 20Xp{—m + @(p,u)}.

2
In a similar way, applying (2.24) with p?u in place of u and using that
p3(pp) =g/ —Vpp/p <30 (2.25)
yields

2 2
P(n > 3(pu),n < 3(p°w)) < 2exp{f%(pu) +¢(p2u)}

ngxp{_ﬂéz(N)_F@(pzﬂ)}.

This trick can be applied again and again yielding in view of (2.25)

P(n>3(1) < D _P(n>3(p" 1), n <3(0" 1)
k=0

ZQeXp{ P s (0 ) 2+ (0" ) }

oo

Z2exp{ P~ s (1) /2 + 2(pM )
Condition p32(u) = 2%(B, 1)/2 and (2.21) ensure for p < 1/2,

P(n > 3(1) ZZexp{ pFu2(B,pu)/2 + ()}
k=0

<2 exp{@(pF T ) — pFB(p) — pFx} <

This yields (2.23). O

Putting together (2.22) and (2.23) yields (2.6).
Now we check (2.7). Normalization by A reduces the proof to the case ||B| = [|QV?QT| = 1.
We use the simplified bounds z(B,x) < /p+Vv2x and p~!' =1+ 4/p/(4x). Now (2.4) with

p =1/2 can be rewritten as
g > VaD+ uV2(y/p + V2x). (2.26)
The use of = V4x/(V4x + \/p) yields

(B4 VER) = VB YRV

VRN
and (2.26) is not possible for x > g?/4. Further, with y = v4x/g and a = \/p/g,
JED+ /3B + VI + 71
iD+iV2(Vp ) _ 3@ yWlasy o y(V2-Da g
g 0‘+Y a+y a+y

Together with (2.26), thls yields y >1—+2a and (2.7) follows. For (2.8) we use z.
VP + V2Axe and 2. 2 \/P/2 + V2Ax.

N
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2.3 Proof of Theorem 2.2

Assume w.l.o.g. A = 1. First we present an accurate deviation bound, which, however, does
not provide a closed form quantile function for ||Q&||. Then we show how it implies a rough
linear upper bound on this quantile function. For x. from (2.5) and x > x., fix p by the relation

2 2.,2
pus-(p) pp | pv
5 =Xt D) =x+ T (2.27)

where 3(u) = g/ — +/p/p; cf. (2.21). Tt is easy to see that the solution p exists and unique. Moreover,
if x=x. then p=p. and 3*(u.) =2%(B,x.); see (2.5). If x>=x. then pu<pu. and
3%(n) > 2*(B,x).
Lemma 2.8 For x > x., define p by (2.27). Then with 3(1) = g/ — /D/ 14,
P(lQ&I* > p3*(n)) < 3e™™. (2.28)
Proof We again apply Lemma 2.6, however, the choice u = p(x) from (B.3) is not possible
anymore in view of z(B,x) > 3(u). More precisely, for x large, the value u(x) approaches one
and this choice of p yields the value 3(u) smaller than we need. To cope with this problem, we

apply (2.18) of Lemma 2.6 with a sub-optimal p from (2.27) ensuring pu32(u) — ®(u) = x. By
(2.18) of Lemma 2.6

2
P(1Q¢] > vis(n). Q€] < a(1) < 2exp{ -1 4 gy — 9=

Repeating the arguments from the proof of Lemma 2.7 implies

P([IQ&[* > pa*( ZZexp{—fp 1520 ) + Do )}

o0

<> 2 exp{—y"““uf(u) + ﬁb(p’“u)}
k=0

—x —x - L _ —x
27 + 2¢ Zexp{*§(p "= Dpps®(p) + (") - gP(M)} < 3e

as stated in (2.28). O

It remains to evaluate p3%(u) with p from (2.27) and 3(u) = g/u — /p/p- For p < pe,

(& va) =xro

and

\/\/ﬁ; =/2x+29(p) +/pD-

This results in

VP3(p) =

3\%

(£ - P < (VBT 2000 + V7P) VBT 200

< g (x4 20(ne) +V/p p(2x+ 20())) = 2(x).

@\H
(o]
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By (2.5), this inequality becomes equality for x =x. and p=p. with /p3(uc) = 2(x.) =
2(B,x.). Furthermore, the derivative of zZ(x) w.r.t. x satisfies

d 1 VPP 1 VPP
ax 7> \/ﬁg<2+ 2x+2¢(uc)><\/ﬁg(2+ 2xc+2q5(uc)>'

Moreover, 2x. + 2®(ju.) = 2%(B, x.) and

e L (py DB 2P
dx (Kﬁg<2+z<3,xc))< N
yielding

Z(x z Mx—x =z X 2+\/ﬁ —X

(x) < Z(xc) + \/ﬁg( c) =2(B,xc) + 7 (x — xc),
and hence,

z 2+\/ﬁx—x — g 2 e
VB < (B,x) 4 =P k) = et (2:29)

This implies (2.9).
2.4 Proof of Theorem 2.4

As previously, assume A=1. We use z(B,x.) <P+ v2x.. Further, » 'x.—2x.+
%/\/5 > 0 and thus,

V2%, — % 'x,. < %/\/§
Therefore, for x > x., it holds

ze(B,x) = z(B, %) +

X — X¢ Xe X » X
< 2(;_ 7< .
SV VI - SR o

In the zone x < x., it holds z.(B,x)=2(B,x) <, /p+ Vv2x and it remains to note that
V2x < %/\/§+ » 1x.

2.5 Proof of Theorem 2.5

Assume w.olg. A =1. First consider z > z.. By (2.29) of Theorem 2.2, it holds with

x=gp/(2+ /p) and x. = (2. — /D)?/2,
P(IQEl > =) = P(IQE] > 2 + 2 — 2) < 3o~ (%),

In particular, P(||Q€|| > z.) < 3e™*. Integration by parts yields for v < s,

EerUIQ€lI=20) 11(|| Q€| > 2.) = — /Oo =) dP([| Q€| > 2)

Zc

— P(|QE] > z.) + v / /=2 B(| Q€| > 2) d=

c

< e~ %e +l// eu(zfzc)fxcfn(zfzc) dz — (3+ 3v > e—xc’

- (2.30)

c

and (2.13) follows. Similarly, for z > z., we derive (2.14) as follows
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B8 1(|Qg] > 2) = — [ e"dp(jg] > 1

z
< SeVZc—Xc—%(Z—Zc) + 3v euzc—xc—%(z—zc) — 3 euzc—xc—(%—v)(z—zc).

-V -V

Now fix z, with 2z, — VP 2 2v but z, < z.. Then

Ee” Q€1 1(|| Q¢ > 20) = _/ e dP([| Q€ > 2)

Zo

= eer(lQgl >z +v ([ + [ )e”P(annm)dz.

By (2.6), for any z € [z, 2], it holds in view of 2(B,x) < \/p + V2%,
P(|QE| > z) < 3¢~ =vP)*/2,
As (Vzi(zi\/@Q/Q)/:l/vaL\/ﬁé —v for z — /p = 2v, it holds

u/ e =vP)?/2q, < ev#o—(2=vP)*/2 V/ Temver)q, < evzo—(zo=VP)*/2
Zo

Zo

and also vz, — (20 — \/P)?/2 > vz, — (2. — /P)?/2. Putting this together with the above bound
on f:co e”*P(||Q€|| = z)dz as in (2.30) completes the proof of (2.12).

3. Deviation bounds for Bernoulli vector sums

Let Y; be independent Bernoulli(6}), i =1,...,n. We denote Y = (Y;) € R". Weighted sums
of the Y; naturally appear in various statistical tasks including classification, binary response models,
logistic regression etc. Recent applications include e.g. stochastic block modeling; see e.g. [1, 6]
and references therein, or ranking from pairwise comparison [4] among many others. We show
how the general bounds of Section 2 can be used for vector sums of Bernoulli r.v.s. For a linear
mapping ¥: R"” — RP, define £ =¥ (Y — EY). Below we state some deviation bounds on the
squared norm |[|£]|? starting from the univariate case.

3.1 Weighted sums of Bernoulli r.v.’s: Univariate case

Given a collections of weights (w;), define
S = zn:Yiwi,
i=1
V%= Var(S) = iﬁ;‘(l — 0 w?,
i=1
w* = max |w;].

First, we state a deviation bound for a centered sum S — ES.

Proposition 3.1 Let Y; be independent Bernoulli(df) and w; € R, i=1,...,n. Then
S =57 Yw; satisfies
A(S —ES)
|4

o log(2)V.

logEexp{ } < )\2, A < (3.1)

w*

Furthermore, suppose that given x > 0,
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V> gw*ﬁ (3.2)
Then
P(VHS —ES| > 2v/x) < 2™ (3.3)
Without (3.2), the bound (3.3) applies with V' replaced by Vy =V V (3w*/x /2).

Proof Without loss of generality assume w* = 1, otherwise just rescale all the weights by the
factor 1/w*. We use that

Flu) 1og]EeXp{u(S - JES)} - ﬁ: [1og(9;few +1-07) - uwieﬂ .

i=1
This is an analytic function of u for |u| <log2 satisfying f(0)=0, f(0)=0, and, with
v} =log 0 —log(l — 67),
N N v +uw1

y 07 (1 — 07) emvs : al
f (’LL) Z (u;*eui, +1— 0* Z w+6;w1 I 1) ;el(u){l - Hl(u)}w

i=1

for ;(u) = evituwi/(evituwi 4 1), Clearly 6;(u) and thus, 6;(u){l—6;(u)} monotonously
increases with w and it holds for 65 = 6,(0),

w{l—0;i(u)} <e6; (1-67) <267 (1-6;), |u| <log2.
This yields
fw) <V2a®, Jul < log2.

As x < 4V?/9, the value A = /x fulfills \/V = /x/V <log2 < 27'/2. Now by the exponential
Chebyshev inequality

P(v—l(s ~ES) > 2\/;2) < exp{—20x + fF(A/V)}
< exp(—2Av/x+ A\?) =e ™
Similarly one can bound ES — S. o
3.2 Deviation bounds for Bernoulli vector sums

Now we present an upper bound on the norm of a vector £ = (Y —EY), where ¥ is a linear
mapping ¥: R™ — RP. It holds

Var(¢) = Var(PY) = & Var(Y)¥ .
We aim at bounding the squared norm ||Q€||? for another linear mapping @Q: R? — RY.

Theorem 3.2 Let Y; ~ Bernoulli(6}), i=1,...,n. Consider £&=%¥(Y —EY), and let
V2 > 2Var(¢). Define

w* = max [VIf|, g =log(2)/w”

X

Then with B = QV?QT and z.(B,x) from (2.11), it holds
P(||Q€ll > 2(B,x)) < 3e™*
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Proof We apply the general result of Corollary 2.3 under conditions (2.1). For any vector w,
consider the scalar product (V1€ u) = (V7@ (Y —EY), u). It is obviously a weighted centered
sum of the Bernoulli r.v.’s Y¥; — 0 with

Var(V71¢, u) < |lul?/2.
One can write with ¢, =Y; — 6} and € = (¢;),
(V7 u) = (e, 0"V 1u).
By the Cauchy-Schwarz inequality, it holds

@ TV | o = max| (V') Tu| < w*ull.

Bound (3.1) of Proposition 3.1 on the exponential moments of (V=& u) implies

log Eexp{(V'&,u)} < [ul?/2, |ul <log(2)/w*.
Therefore, (2.1) is fulfilled with g =log(2)/w*. The deviation bound (2.10) of Corollary 2.3
yields the assertion. O
4. Frobenius norm losses for empirical covariance

Let X; ~N(0,%) be iid. zero mean Gaussian vectors in RP with a covariance matrix
2 e M,. By X we denote the empirical covariance

Sdef 1 = T
s N X, x]

Our goal is to establish sharp dimension free deviation bounds on the squared Frobenius norm
12— D%,

12— Z|lf = tr(Z - 2)%.
We demonstrate how the general results of Section 2 can be used for obtaining accurate
deviation bounds for || X — X||Z and for supporting the concentration phenomenon.

4.1 Upper bounds

First we establish a tight upper bound on ||X — Y||3,. We identify the matrix Y with the
vector in the linear subspace of RP*P composed by symmetric matrices. Our aim is in showing
that the quantiles of | £ — X||2, mimic well similar quantiles of || X — X||2, for a Gaussian matrix
Y with the same covariance structure as . Define

p(E) = (tr 22 +tr 2% v*(2) = (tr 22)° + tr 2% (4.1)

Later we show that p(X) = E||X — X2, = tr Var(¥) and v2(X) = tr{Var(X)}2 while A(X) =
| Var(X)| = 2||2]|2. In our results we implicitly assume a high dimensional situation with p(X)
large. The presented bounds also require that n > p(X).

Theorem 4.1 Assume |X| =1 and p(X) <n/8. Given x with 4/x < +/n/8 —+/p(X), fix
p<1by

p(1— p)\/nf8 = \/p(Z) + 4V, (4.2)
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Then

P(n) - ZII3,

> Tlp{]p(x) +2v(2)Vx + 4x}) < 3e . (4.3)

4.2 Lower bounds

This section presents a lower bound on the Frobenius norm of 5 — ¥. Later in Section 4.3

we state the concentration phenomenon for || X — X 1,

Theorem 4.2 Let || Y] =1 and p(X) and v(X) be defined by (4.1). For x>0 with

2v/x < p(X)/v(X), define p = p(x) = 2f/v ) and assume that there is o < 1/2 satisfying
1 -2« \f]p
4.4
Ve =V (v ) ()
Then

1 -2«

P(nni 33 < p(Z) - QV(Z)ﬁ) < 27,

4.3 Concentration of the Frobenius loss

Putting together Theorem 4.1 and Theorem 4.2 yields the following corollary.

Corollary 4.3 Under conditions of Theorem 4.1 and Theorem 4.2, it holds for any x resolving
(4.2) and (4.4) on a random set 2(x) with P(£2(x)) > 1 — 5e™~,

1 -2«

—— p(2) - (X)W <nl|E - D, < —{p ) +2v(2)Vx + 4x}. (4.5)

This result mimics similar bound of Theorem B.1 for ¥ Gaussian and of Theorem 2.1 for & sub-
Gaussian. However, the empirical covariance X is quadratic in the X;’s and thus, only sub-

exponential. We pay an additional factor (1 — p)~" in the upper quantile function and the factor

11:25 in the lower quantile function for this extension.

Further we discuss the concentration phenomenon for the Frobenius error n||§ — Y3, around
its expectation p(X). Even in the Gaussian case, it meets only in high-dimensional situation
with p(X) large. As vZ(X) < p(D)A(X) = 2p(X), this also implies v(X) < p(¥). Statement
(4.5) can be rewritten as

2B vy <l - Bl - p(9) < PRL) 4 HHENA
11—« 1—p 1—p
Therefore, concentration effect of the loss n||% — Y||2, requires p(X) large and o and p small.
Then for x < p(X), quantiles of n||§ — Y||3, — p(¥) are smaller in order than p(X). Definition
(4.2) of p ensures p < /p(X)/n, and hence, “ p < 17 is equivalent to “ p(X) < n”. Condition
ensuring o« < 1 is similar. To see this, assume v2(X)=<p(X). Then x < p(Y) yields
w(x) = 2y/x/v(X) < 1 and definition (4.4) of a implies

n

4.4 Weighted frobenius norm

The result can be easily extended to the case of a weighted Frobenius norm. Consider for any
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linear mapping A: R? — R? the value n||A(2' - D)AT|2..

Theorem 4.4 Let |[X|| =1 and A: R? — R? be a linear operator with ||A| =

Define X 4 o AXAT,

def

JAT Al = 1.

pa p(Ea) = tr2(Za) +tr(Za)%, vA Ev3(524) = {0(Z3)V + tr(Za)?,

and assume pa <n/8. The the statements of Theorem 4.1 and Theorem 4.2 apply to

n||AE — D)AT|2, after replacing p(X) and v(X) with pa and va.
Proof We can represented

VRAE - D)AT = AXV2g 512 AT

with £ from (4.6). This reduces the result to the previous case with X4 = AYAT in place of ¥.

4.5 Proof of Theorem 4.1

Each vector v; = X~'/2X is standard normal. Define

£= 7111/2;(%-7? - L)
We will use the representation S - Y =n1251/2g 5Y2 and
n||E - D), = (V2 X EXV?) = || V2 B2 3.
The main step is in applying Theorem 2.1 to the quadratic form ||QE||3, with Q&
First check (2.1) for £ = €.

Lemma 4.5 For any symmetric I' € M, with || '||p, < g < /n/2, it holds

E(I,€)? = 2|| T,
1 1

S—( | e Qu—— [
]-72”71/2“]—” || ”Fr 1727171/2g || HFr

logEexp(I', &) <

O

(4.6)

=X12eg /2,

(4.7)

Proof Let us fix any symmetric I' € 9, with ||I'||p < g. For the scalar product (I',€), we

use the representation

(IE) = tr(I'€) = # > {4 v —E(v, Tv,)}-

i=1

Then by independence of the =, ’s and Lemma A.1, it holds

ZE{’YTF% F’yi)}Q =2tr "%,

Now consider the exponential moment of (I, E). Again7 independence of the ~; ’s yields

log E exp(I, £) ZlogEexp \f —vntrl

:§logdet(]lp— —Vntrll

4
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provided that 2I" < /nl,. Moreover, by Lemma A.2

wrr R
1—2n~ 12|~ 1—2n /2|

glogdet(ﬂp — V20— ntr | <

and the assertion follows in view of || I'|| < ||I']|pr < g. O

We now fix g=py/n/2. Then the random matrix & =& follows condition (2.1) with
V2 =2(1 - p)~'1. This enables us to apply Theorem 2.1 to the quadratic form [|QE|2. for
QE = X2 x1/2 By (4.7), it holds Var(€) = 2I. Now introduce a Gaussian element & with the
same covariance structure. One can use & = (C+¢T)/V2, where ¢ = (Gij) is a random p -matrix

with i.i.d. standard normal entries (;;. Indeed, for any symmetric p-matrix I,
E(E,I)? = 2E(¢, ') = 2.

Statement (2.6) of Theorem 2.1 yields nearly the same deviation bounds for [|QE||2, as for
|QE|2, with & ~ N(0, Var(€)). Theorem B.1 claims

P(|QE(F, > 2*(B,x)) <e %,
where B = Var(Q€) and the quantile z(B,x) is defined as
2%(B,x) = tr B 4 2y/xtr(B?) + 2x||B]|. (4.8)
Lemma 4.6 Let £ = ¢+ CT)/\@, where ¢ = ((ij) is a random p-matriz with i.i.d. standard
normal entries (;;. Consider Qg = XV2E XV It holds for B= Var(Qg),
trB=p(Y), trB>=v*Y), |B|=2.
Proof We may assume X = diag{\q,... )\p}. Then it holds by Lemma A.1
IQENT, = |1=2E 12}, = Z N (G + G S 2D AN ¢ (4.9)
3,7=1 1<g
and thus
B N 2 p
tr B =E|QE|f =2 N\, = <Z >\1-> +3 A =p(¥)
i<y i=1 i=1

Further we compute v2(X) = tr B2. Note that Var(]|QE||2,) # Var(|QE||2,). Due to Lemma A.1,
it holds v2(X) = Var(||QE||2,)/2 yielding by (4.9)

) =23 AN} Var(¢, _22/\2>\2+22/\4 (tr 22)” + tr 2%,
i<] i#]
Finally, Var(€) = 2I and || ¥ = 1 implies A(X) = ||Q Var(£)QT|| = 2. O

Now we apply Theorem 2.1 to n||Y — Y| = |Q€||2,. Following to Lemma 4.5, define
B = (1—v)"'B. Then with 22(B,x) from (4.8)

P(nuﬁ ~ 3 > 22(B,x)> =P(|QEIZ > 22(B,x)) <3¢, x<x,

and assertion (4.3) follows in view of Lemma 4.6 and z%(B,x) = (1 — v)~122(B, x). However, it is

still necessary to check that the upper bound (4.3) applies for a given x. (2.7) provides a
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sufficient condition g/\ > \/p/\+Vv8x with p=p(X)/(1 —p) and A =2/(1—p) for g=

pv/i/2. By (4.2)
R e L

and the result follows.

4.6 Proof of Theorem 4.2
As in the proof of the upper bound, we apply Markov’s inequality
P(n| - D|2 < 2) < e#z/Z‘Eexp(_gnnf - 2||§r). (4.10)

However, now we are free to choose any positive p. Later we evaluate the exponential moments
of —n||¥ — X||Z, for all 4 >0 and then, given x, fix p and z similarly to the Gaussian case to

ensure the prescribed deviation probability e™*.

Denote by ¢ = (¢;;) a random p x p matrix with ii.d. standard Gaussian entries (;; and
¢ (¢4 ¢")/2. Then for any pu > 0,

exp(—pn||E = £|3,/2) = Ecexp{iymm (£ — £,¢)} = Ecexp{iym (£ - £,0)}.
Therefore, by independence of the X; ’s,
Eexp(—pn| 2 — 2||2./2) = EcEexp(iv/pn (& — ¥,¢))
- EC{Eexp(i\/M(XleT _x @)}n
- EC{EeXp(im<'y'yT L, 21/2521/2>)}".
Further, by Lemma A.2, with B = X1/2¢ X1/2,

{Eexp(iv/i/n (v" = 1,,8)}

= exp{nlogdet(I, — 21\/,u/nB)_1/2 —iy/pntr(B)}. (4.11)
Let some x > 0 and some « € (0,1/2) be fixed. Define
d:ef2\/;( df 1—a  1T—a 2yx (4.12)

v(X)’ P =1 0" T 1 2a v(X)’

and introduce a random set 2(«) with

)€ ¢ 2Va/n||B| <a}, B=SY2(¢+¢T) V). (4.13)
It holds on 2(«) by (4.11) similarly to (A.4) of Lemma A.2
o o tr(B?
E" exp{iv/pa/n (vy" =1, B)} < exp (—ua tr(B8°) + “1_;)>
= exp (— 11125 o tr(82)> = exp(—pu tr(B?)). (4.14)

Exponential moments of tr(B8%) from (4.15) under P¢ can be easily computed. We proceed
assuming X = diag{\;} and using that (;; +(;; ~N(0,2) for i# j, and all (;+(;; are
mutually independent for i < j. This implies
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P

tr(B?) = i STAN G+ G2 E Y NN (4.15)

i,j=1 1<

and

2\ _ N p(X)
]E(‘EI'(B)fZAzAJ* 9 ’
(A Y]
1
E¢ exp{—u tr(BQ)} = E¢ exp (—,uz Ai Aj g‘%) = exp <—2 Z log(1 4+ 2u \; )\j)).

i< <]

(4.16)

The latter expression can be evaluated by using (A.3) of Lemma A.2:

E, exp{—pu tr(B%)} exp( TIPS VRS PPY: X“) —exp( ‘“pQ(E) + “2"1(2)).

A Y] A Y]

This and (4.14) yield

~ 3 2,2 b
Eexp(—M;nHE - E||%r> < Pe(2()°) —l—exp(—'quQ( ) + £ V4( >>
and for any z by Markov’s inequality (4.10)
- y; 2,2 3
P(TLHE— EH%r < Z) < e“az/QIP((.Q(Oz)C) _’_exp(ﬂgz . N]p2( ) + I V4( ))
With u = 2y/x/v(X), we define z by
2/xp(X
o2 = 1{p(2) - 2(2)VR) = 2B i (4.17)
yielding
Hoz  pp(E)  pAvA(E) _p B _ep(X) | e
> 5 + 1 =3 {p(2) - 2v(X)vx} 5 + 1 =—x
and
P(n]|Z = 22, < 2) < e + &P (2())
where

(07

2 p(Z) — 2EVE = () - 1 p(E) - 2EWE

= (1-

For bounding the probability of the set 2(«)¢ from (4.13), one can apply the advanced results
from the random matrix theory. To keep the proof self-contained, we use a simple bound
|1B]|?> < ||1B||%, = tr(B?). For any matrix I', it holds

2
Var(C F E(Z sz Cl] +le)) = HFH%r
2,7=1

yielding || Var(¢)[| <1 and | Var(B)||<1. Also by (4.16) E|B|% = p(X)/2. Therefore, by
Theorem B.1 applied to ||B]|2,, it holds for any x,,

Pe(1Blle: > VP(E2)/2 +V2x,) <e

By (4.12) and (4.17), it holds
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2
w o, Het _PEWE | PAD)

o = 2 S () S Wy
and
p(X) | p) ) Xz
Pe( 1Bl > + g e ¥ Ha
C(” Ie 2 Vaux)) OF

Therefore, by definition (4.13) and condition (4.4)

He*2P (2(a)°) < e“az/QP’(IIBFr . )
2\ /fia

and the result follows.

Appendix

A. Moments of a Gaussian quadratic form

Let v be standard normal in RP for p < co. Given a self-adjoint trace operator B, consider a
quadratic form <B'y,’y>.
Lemma A.1 It holds E<B7,'y> =tr B. Moreover,
E(<B'y7'y> — ter)2 = 2tr B2,
—trB)’ = 8tr B?,

((B7.7) )
E((Bv,~) — tr B)" = 48tr B* + 12(tr B)?,
((BY.7) )°

E({B~,~) — tr B)” = 512tr B® 4+ 32tr B tr B,
and
E(B~, 'y>2 = (tr B)? + 2tr B,
E(Bv,7)" = (tr B)> + 6tr B tr B? + 8tr B,
E(B~, >4 = (tr B)* +12(tr B)? tr B + 32(tr B) tr B® 4 48tr B* + 12(tr B?)?,
Var(B~, 'y> = 8(tr B)? tr B® + 32(tr B) tr B® 4 48 tr B* + 8(tr B?)%.

Moreover, if B <1, and p = tr B, then tr B™ < p||B||™~! form > 1 and
E(Bv,7)” < p? +2p||B| < (p + ||B])?,
E(By,7)" < p* + 6p?| Bl| + 8p|| B|* < (p+ 2| BI)?,
E(Bv,7)" <p*+12p°| B| + 44p*|[ BI* + 48p| B|® < (p + 3] B])*,
E(By,v)" < p” +20p*(|B]| + 140p° | B||* + 272p%|| B|* + 512p|| B||* < (p + 4] BI)®,
Var(B~v,v)” < 8p® + 40p?|| B| + 48p||B|*.

5

2

Finally,
E(yy" = L)B(yy" ~ 1) = B+ tx(B),
yielding
E[|B(yy" = Ip)|# = (tr B) + tr B%. (A.1)

Proof Let « be standard normal in RP. The same holds for U~ for any orthogonal transform
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U in RP. The use of the spectral decomposition B =U'AU with U orthonormal and A
diagonal enables us to represent <B'y,'y> = </1U7, U'y> and thus, to reduce the statements to
the case when B is diagonal: B = diag(A1, A2, ..., Ap). Then

p
£ € (By,v)—trB=Y A2 1),
j=1

where +; are i.i.d. standard normal. This easily yields with p,, = tr(B™),

ZV =Ex? tr B? = 2po,
ZA?’ : = Ex® tr B> = 8ps,

B¢ = Zx* — D'+ Y NNE(R] - 1)’E(y] - 1)°
i#j
= (IEIX —3(Ex?)?) tr B* + 3(Ex? tr B*)? = 48p4 + 12p3,

ZX’ —1)°+ Y ANNE(] - 1)’E(y] - 1)°
i#]
= {E v?—1)° —E(y* — 1)’E(y* — 1)*} tr B® + E(y* — 1)’E(7* — 1)® tr B? tr B®

= 512ps5 + 32p2 Ps3,

and
E(Bv,7)" = (E(Bv,7))" + E€* = p* + 2py,
E(Bv,7)" = E(§ + p)* = p° + E€* + 3p B> = p* + 6p D2 + 8ps,
E(By,7)" =E(¢ +p)"' = p* + 6p°EE2 + dp E¢? + Ee*
= p* + 12p® ps + 32p ps + 48pa + 12p3,
and

Var<B'y,'y>2 =E¢+p)— (p*+ 21p2)2
= p* + 6p?EE? + 4p EE® + EE' — (p? + 2p2)” = 8p? p2 + 32D ps + 48pa + 8p3.

Also

E(Bv,v)’ =E(¢ +p)° = p° + 10p°EE2 + 10p® BE + 5pEE* + BEP

= p° + 20p° pa 4 80p>ps + 5p(48ps + 12p3) + 512ps + 32p2 ps.

Assume ||B|| = 1 yielding py, < p. Then
‘<p*+2p<(p+ 1)

P <p?+6p2+8p < (p+2)°,
E<Bv ) < pt 4 12p° + 44p? + 48p < (p + 3)°,
E(B-~, ~/> < p° 4 20p* + 140p> + 272p? + 512p < (p + 4)°.

For the last result of the lemma, observe that with B = diag(A1, A2,...,Ap),
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p 2 /4
E[BY2(vyT —L)B 2l = Y ANE(y; — diy) (Z/\ ) +Y N
i=1

ij=1
and assertion (A.1) follows. O
Now we compute the exponential moments of centered and non-centered quadratic forms.

Lemma A.2 Let ||B|| =X and v ~ N(0,1,). Then for any p € (0,A71),

EeXp{%(B'y,'y)} = det(I, — uB)~Y/2.
Moreover, with p = tr B and v? = tr Bz,
11272
If B is positive semidefinite, \; > 0, then
2.2
758
—— < . .
log]EeXp{ 5 ((BY.7) = lp)} <4 (A.3)
For any complex valued p with Np| <1,
2 2 3.2
utr B } Alp]?v
< . .
log]Eexp{ ((Bv,v) —p) — 1 ‘ < 60— D) (A.4)

Proof W..o.g. assume A =1. Let \; be the eigenvalues of B, |\;| <1. As in Lemma A.1,
one can reduce the statement to the case of a diagonal matrix B:diag()\j). Then

(Bv,v) = ?: ,\j%?, and by independence of the v; ’s,

]E{ (Bry,~ } HEexp( Ajeﬁ) - ﬁ \/liT/\] = det(I,, — uB)
j=1

Below we use the simple bounds:

—1/2

Now it holds for u > 0,

loglE{g«B%v) -p)} EP

2
1E P 2)\2 N2V2
:752{10g(1*,u)\ +pAt < 241_u)\ S 41— pX)’
=1

Similarly for any complex p with |u|A < 1,

log det (I, — uB)~Y/2 —

2 2 2 2
H oy BT _ B2 _ kP pTtr BT
logE{ 5 ((B7,7) - p) 1 }‘ = |logdet(I, — uB) 5 1
1 IR P |ul*Av?
= log(1 — p)j) — pAj — —-2 = .
e Z{°g SR } 2 50D ~ 601~ A

J=1 Jj=1

Statement (A.3) can be proved similarly. O
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Now we consider the case of a non-centered quadratic form (B=y,~)/2+ (A,~) for a fixed
vector A.

Lemma A.3 Let ||B|| = A < 1. Then for any A,

1 I, — B)~1/2A|? _
Eexp{§<B'y,’y> + <A,’y>} = exp{ I ; I } det(L, — B)~Y/2.
Moreover, for any u € (0,1),

10gEeXp{g(<B%’7> -p)+ <A,7>}

I —uB —1/2A 2
— ||( p — M 2) H +10gd€t(]1p _MB)_l/z —up

@ —pB) AR e
= 2 41— M)’

(A.5)

Proof Denote a = (I, — B)"'/2A. It holds by change of variables (I, — B)'/?z =u for
Cp = (2m)7P/2,

EQXP{%<B’Ya’Y> + <A77>} = Cp/exp{—%«ﬂp — B)z, ) + (A,w)}dm
— ¢, det(I, — B)"\/? /exp{—%Hqu +(a,u) bdu = det(1, - B) /2 el

The last inequality (A.5) follows by (A.2). O
B. Deviation bounds for Gaussian quadratic forms

The next result explains the concentration effect of [|Q€||? for a centered Gaussian vector
£ ~N(0,V?) and a linear operator Q: RP — R?, p,q <oo. We use a version from [8]. For
completeness, we present a simple proof.

Theorem B.1 Let & ~ N(0,V?) be a Gaussian element in RP and let Q: RP — RY be such that
B =QV?Q" is a trace operator in R?. Then with p = tr(B), v? = tr(B?), and A = ||B|, it holds
for any x>0,

IP’(||Q£||2 P> 2uVE A+ 2)\x) <e ™, (B.1)

P(||Q€||2 —p<—2v x/i) <e ™ (B.2)
It also implies
P(|1Q€]I* — p| > 22(B,x)) < 277,
with
z9(B, x) of 2v/x + 2)x.
Proof We use the identity in distribution [|Q&|? 4 (Bv,~v) with v~ N(0,I;). Markov’s

inequality yields for any p > 0,

((Bv.v) —p) - 22222 ZQ(B’X)).

P((B7,7) = p > 22(B,%)) < Eexp( :

=

Given x > 0, fix p < 1/X by the equation
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B 2vx _
T~ v or )\—1—2\7. (B.3)
By (A.2)
logB{ 5 ((Bv7) ~p) } < =3 (B4)

For (B.1), it remains to check that the choice p by (B.3) yields

pPv? pza(B,x)  pPv? (VX _
A1) 2 41— BAMARE) _“(T _‘”[_AX> -

The bound (B.2) is obtained similarly from Markov’s inequality applied to —(B~,~) + p with
p = 2v—1y/x. The use of (A.3) yields

P(<B%7> -p< —2v\/5<) < Eexp{g( (By,7)+p) — MVﬁ}

< eXp(M4 —uv\f>—e *

as required. O

Corollary B.2 Assume the conditions of Theorem B.1. Then for z > v,

2 2
P(||Q€|1? — p| = = <2exp{— : }<2exp(—z>. B.5
([IQ&I? — p| = 2) (v+m)2 4v2 4+ 4z (B-5)

Proof Given z, define x by 2vy/X + 2Ax = z or 2\y/x = V/v2 + 2)\z — v. Then
(Vv 22z —v)? 22

e }:exp{_(v+\/V2+W)2}'
This yields (B.5) by direct calculus. O

IP)(||62€||2 — P = Z) < e ¥ = exp{_

Of course, bound (B.5) is sensible only if z > v,
Corollary B.3 Assume the conditions of Theorem B.1. If also B > 0, then
P(||Q¢l? > 22(B,x)) < e

with
2(B,x) ©p+2vvx+22x < (Vb + V2Ax)”.
Also
P(IQ€|? ~p < —2v V&) <™.
Proof The definition implies v? < pA yielding the statement of the corollary. O

As a special case, we present a bound for the chi-squared distribution corresponding to
Q=V?=1,, p<oo. Then B=1,, tr(B) =p, tr(B?) =p and A(B) =1

Corollary B.4 Let v be a standard normal vector in RP. Then for any x > 0,
[ecIP(|V]* = p+ 2¢/PX + 2x) <e ™%,
Pl = vp+ v2x) <€ ;
P(Iv]* < p—2vpx) <

e
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The bound of Theorem B.1 can be represented as a usual deviation bound.
Theorem B.5 Assume the conditions of Theorem B.1. For y > 0, define

o (VyFTp—vD)?
x(y) = 5 :

Then
P(|QEI* = p+y) < e 0,

/
E{(IQ¢]> - p) (IQ€I > p+y)} < 2(L Ip)l ? ex ).

Moreover, let ;> 0 fulfill e = pX + p\/Ap/x(y) < 1. Then

" exp{—(1- ()}

2_
E{e 196" -0)/2 11| Qg > > p +3)} < -

Proof Normalizing by A reduces the statements to the case with A =1.

n=[Q¢|* —p and
z(x) = 2,/Px + 2x.
Then by (B.1) P(n > 2(x)) < e *. Inverting the relation (B.9) yields

x(z) = i(\/z +p- \/]@2

and (B.6) follows by applying z = y. Further,

E{nll(n>y)} = / 2)dz < / e ¥ dz = /( )e_X 2/ (x) dx.
y x(y

As 2/(x) = 2+ /p/x monotonously decreases with x, we derive

IR e WiFD
Einl(n > < 2(x e X = = omx(y) = VI TE ()
il =)} =) x'(y) VY +Dp— P

and (B.7) follows.
In a similar way, define z(x) from the relation p~!logz(x) = \/pPx + x yielding

z(x) = exp(uy/Px + px).
The inverse relation reads

— (Vi Tlogz 7 /A - VpT)
Then with x(y) = x.(e"/2) = (V§F b — D) /4,

E{e"?1(n>y)} = / P(e"/? > z)dz = / P(n > 2p~ " logz) dz

21y /2 eHy/2

</ e*"“(z)dz:/ e *Z/(x)dx.
enr/2 x(y)

Further, in view of g+ 0.5 p/p/x < p+ p/p/x(y) = € < 1 for x > x(y), it holds

7 (x) = (1 + 0.5 u/p/x) exp(uy/Px + px) < exp(uxy/p/x(y) + px) = exp(ex)

(oo}
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(B.8)

Define

(B.9)
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and
e 1
E{e"/2 11(y > y)} < / o (1-0% gy — o~ (1-0x(y)
x(y) 1-e
and (B.8) follows. O
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