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Abstract This paper investigates the optimal control problem for a class of fully coupled
forward-backward stochastic partial differential equations (FBSPDEs). Based on the
existence of a unique solution to such equations, we formulated the associated optimal
control problem within a convex control domain. By employing the convex variational
method, we derive the associated stochastic maximum principle (SMP) for the optimal
control problem intrinsic to this system. Finally, to demonstrate the applicability of our
theoretical results, we apply SMP to a class of linear quadratic problems and obtain
explicit expressions for the unique optimal control.
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1. Introduction

A forward stochastic differential equation (SDE) coupled with a backward stochastic
differential equation (BSDE) is called a forward backward stochastic differential equation (FBSDEs).
The FBSDEs mainly originates from the study of stochastic control problems. When the
stochastic maximum principle (SMP) is applied to address the stochastic optimal control
problem for forward or backward systems, the system equations and their dual equations form a
fully coupled FBSDEs, which is often referred to as a stochastic Hamiltonian system. In financial
mathematics, fully coupled FBSDEs also arise in modeling scenarios such as those involving large
investors. The current research on FBSDEs focuses on the following three aspects. The first is to
study the existence and uniqueness of solutions and the properties of fully coupled FBSDEs
under various conditions, and relevant literature is available at [2, 5, 13, 20, 25, 29, 30, 38, 42, 43,
55, 60, 63]. The second aspect focuses on the optimal control and differential strategy problems
of controlled FBSDEs by establishing the corresponding SMP using the verification theorem and
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dynamic programming principle with viscosity solution theory. Key relevant literature include [16,
21, 23, 26, 27, 33, 41, 45, 47, 49, 52, 53, 61, 62, 64]. The third is to research the applications of
FBSDEs in financial mathematics, such as the random recursive effect problem [7, 10], optimal
control problem under nonlinear expectation [59], and optimal investment risk minimization
problem [37]. Accordingly, the study of FBSDEs holds significant theoretical and practical value,
particularly in financial engineering.

The current research on FBSDEs mainly concentrates on the finite dimensional case, whereas
the research on the infinite dimensional FBSDEs is still in its early stages, offering significant
potential for exploration. For example, Guatteri (2007) [14] investigated a specific class of infinite-
dimensional FBSDEs known as forward-backward stochastic evolution equations (FBSEEs)
characterized by the fact that the second-order differential operator in the equations is
nonrandom and time independent, which is assumed to be an infinitesimal generator that can
generate a class of semigroup operators. In the sense of mild solutions, Guatteri utilized the basic
theory of infinite dimensional SEEs and BSEEs, along with the contraction mapping method, to
establish the existence and uniqueness of local solutions under the Lipschitz condition. However,
they did not establish the existence and uniqueness of global solutions in general cases, which are
limited to practical applications. In the same year, Yin and Wang [58] studied a class of FBSDEs
that take values in Hilbert space and establish the existence and uniqueness of the solution under
the assumption of monotone coefficients, characterized by the fact that the equations do not
contain second-order differential operators, i.e., they are first-order SDEs in the sense of partial
differential equations (PDEs).

With the need for finer descriptions, higher applicability, richer solutions, and wider
applications in describing phenomena in physics, biology, finance, etc., FBSPDE, as a natural
extension of FBSDE, introduces partial derivatives on space, such as gradient and Laplace operator,
which can better describe the interaction of multiple stochastic processes in space, as well as
dealing with nonlinear problems. For specific FBSPDEs, Yin [56] first studied the Cauchy
problem for a class of super parabolic FBSPDEs in 2014. They first established the existence and
uniqueness of the local weak solutions using the contraction mapping principle under the
Lipschitz condition, and then established the existence and uniqueness of global weak solutions
using the continuation method and contraction mapping principle under some monotonicity
assumptions on the coefficients of the equations. Yin [57] further investigated the solvability of
FBSPDEs with nonmonotonic coefficients. In this paper, this topic is further investigated to
consider the optimal control problem for stochastic systems described by fully coupled FBSPDEs.
In 2018, Feng et al. [11] obtained an approximation procedure by studying the solutions of
FBSDEs with smooth coefficients and their relation to the classical solutions of quasi-linear
elliptic PDEs by establishing a connection with the weak solutions of quasi-linear elliptic PDEs.
They further investigated the unique weak solution of the proposed linear elliptic PDEs by
means of the solution of its quasi-linear elliptic PDEs on the infinite horizon. Cardaliaguet et al.
(2019) [4] studied a class of FBSPDEs with linear coefficients of o as well as periodic boundary
conditions under specific strong assumptions and obtained wellposedness in Holder space.
Furthermore, one can refer to [8, 36] for the study of numerical approximation of fully coupled
FBSPDEs. Among them, [8], as a pioneering work in this area, proposed a numerical method for
solving a special class of coupled linear FBSPDEs. Recently, Molla and Qiu [36] investigated a
class of coupled FBSPDEs with homogeneous Dirichlet boundary conditions and nonlinear
coefficients. They presented an approach that combines finite element methods and machine
learning techniques to solve such coupled FBSPDEs.
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Since the 1970s, the optimal control problem for stochastic systems has been extensively studied,
yielding a wealth of fundamental and significant results. A classical approach to solving the
optimal control problem is to establish the necessary conditions satisfied by the optimal control,
which is commonly referred to as Pontryagin’s maximum principle. Regarding the SMP for the
general case of finite-dimensional stochastic systems, Peng (1990) [40] conducted a related study
and developed a global SMP by introducing a second-order dual equation through second-order
variational differentiation of the state equation. The general case is the case where the control
variable assumes a nonconvex domain, and the diffusion term of the state equation contains the
control variable. Wu [54] and Yong [61] investigated the nonfully coupled and fully coupled cases
of forward backward stochastic controlled systems, respectively. And they established the global
form of the maximum principle for the general case via transforming the original problem into an
optimal control problem for a terminal-constrained forward stochastic systemsexploiting Eckland’
s variational principle and second-order dual methods. In contrast to these approaches [54, 61],
Hu [17] obtained a global MP for stochastic recursive systems in the general case by introducing
two new dual equations for the second-order variations of the backward component of the system.
For the optimal control problem of infinite-dimensional forward stochastic systems, detailed
investigations have also been conducted by numerous researchers, including Bensoussan [3], Peng
and Hu [19], Zhou [67], Li and Tang [48] and so on. Nevertheless, these results are largely subject
to one of the following assumptions: (i) the control domain is a convex set; (ii) the diffusion term
of the state equation does not depend on the control process; (iii) both the state equation and
cost functional are linear with respect to the state variables. Thus, for the general case of
optimal control problems of infinite dimensional forward stochastic evolution systems, i.e., the
case where the control variable takes on a nonconvex domain, and the diffusion term of the state
equation contains a control variable, its SMP has been an open problem that has been
unresolved for many years.

In view of the second-order variational methods developed by Peng in the finite dimensional case,
the main difficulty in the infinite dimensional case lies in performing second-order dual analysis, i.
e., conducting a dual characterization of the quadratic terms of the variational inequalities. In
the finite dimensional case, second-order dual analysis can be characterized by an adapted
solution of a matrix-valued BSDE, where the matrix-valued BSDE is called a second-order dual
equation, and its adapted solution is called a second-order dual process. In the infinite
dimensional case, the second-order dual equation transforms into an operator-valued infinite-
dimensional BSDE, and there is no universal solvability theory. Zhang and Lii [28] made
significant contribution to this problem by introducing a relaxation transpose solution to
characterize operator-valued infinite-dimensional BSDEs. Consequently, they obtained the global
SMP of the optimal control. Similarly, Fuhrman et al. [12] studied the optimal control problem
for a specific class of stochastic parabolic PDEs with deterministic coefficients. They derived the
corresponding SMP by leveraging the compactness and Markov structure of the system. In
contrast to [12, 28], Meng and Du [6] established a global form of the SMP for the general case
by utilizing the Lebesgue differential theorem and the Reisz representation theorem for stochastic
bilinear functionals for a second-order dual representation of non-Markov state equations.
Lenhart et al. [24] established the existence of optimal control and the necessary conditions for
the existence of optimal control via dual principles and backward stochastic partial differential
equations (BSPDEs) for stochastic partial differential equations (SPDEs) systems in which the
noise is a space-time Gaussian random quantity with nonlocal terms. Stannat [46] extended the
SMP of SPDEs in nonconvex control domains by representing the second order adjoint state as a



70 Suya Zhang, Maozhong Xu, Qingzin Meng

solution to the function-valued BSPDE. For the stochastic optimal control problem for infinite
dimensional backward systems, Mahmudov and McKibben (2007) [32] investigated the specific
case in which the second-order differential operator of the system is non-stochastic and time-
invariant by assuming that it is an infinitesimal generator that generates a class of semigroup
operators. They established the corresponding SMP in the sense of mild solutions. Different from
[32], Meng, et al. (2013, 2014) [34, 35] studied the optimal control problem for infinite
dimensional backward stochastic systems with random coefficients, where the second-order
differential operator of the system is stochastic and time-dependent. They established the local
and global forms of SMP under convex control and nonconvex control domains, respectively, in
the sense of the weak solution of the PDE. Notably, Al-Hussein and Gherbal (2014) [1] studied
the optimal control problem for a class of forward backward doubly SDEs taking values in a
Hilbert space. They established the corresponding SMP, which is characterized by the fact that
the system does not contain second-order differential operators, i.e., it is a first-order differential
equation in the sense of a PDE.

Similar to Yin [56], we use a set of non-degeneracy conditions under monotonicity assumptions.
This approach was originally introduced by [20] for the infinite dimensional case and generalized
by [15], which considers the existence of infinitesimal generators and unbounded operators. Therefore,
the objective of this paper is to investigate Kolmogorov-type PDEs in infinite dimensional space
with spatial variables, i.e., fully coupled FBSPDESs of parabolic type:

dX(t,x) = |:£F(t,l',X(t,$),Y(t,.’E),Z(t,l‘)) + f(t,x, X(t,2), VX (t,2),Y(tz), VY (t,2),
Z(t,x))}dt + <J(t,x7X(t7x), VX(t2),Y(t ), VY(tz), Z(t, ;v)),dW(t)>7
dy (t,z) = — [sB(t,x,X(t,x),Y(t,x), Z(t,x)) + b(t,x, X (t,x), VX (t,z), (1.1)

Y(t,z), VY (t,2), Z(t,x))}dt + <Z(t,ac),dW(t)>, (t,x) € [0,T] x R",
X(0,z) = ¢(z,Yo(z)), Y(T,2) =+(z,Xr(2)), * € R",

where we denote
{zp(t, z,X(t,2),Y(t,2),Z(t,x)) £ V- (AVX(t,2) + BVY (t,z) + CZ(t,2)),
t

Lp(t,x, X(t,2),Y(t,x), Z(t,x)) 2V - (= DVX(t,x) + EVY (t,x) + FZ(t,z)), (1.2)

where A = A(t,z), B= B(t,z), D= D(t,z), E = E(t,x) € S* are random fields, C = C(t) and
F = F(t) are also matrix-valued random fields with corresponding dimensions. T' € (0,00) is a
finite deterministic time. Note that if A, B, D, and FE are differentiable in z, then the divergence
form of the operators £r and £p would be equivalent to the standard form with some
corresponding changes in the functions f and b:

{EF(t, z, X(t,2),Y (), Z(t,2)) £ tr{ AD*X (t,2) + B2’Y (t,x) + CTVZ(t,z)},

Lp(t,x, X(t,2),Y(t,x), Z(t,x)) & tr{ — DP*X (t,2) + EZ?Y (t,z) + F'VZ(t,z)}, (13)

where 22 denotes the Hessian operator.

This study focuses on an innovative class of fully coupled forward-backward stochastic partial
differential control systems, aiming to establish a necessary and sufficient maximum principle
utilizing SPDE techniques. To achieve this objective, we first employ It6’s formula to
demonstrate the continuous dependence theorem for SPDEs and BSPDEs within Gelfand triples
under appropriate assumptions. The necessary maximum principle is rigorously established under
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the assumption of convexity in the control domain. We also establish a sufficient SMP by
incorporating extra convexity assumptions on the initial cost, terminal cost, and Hamiltonian.
To illustrate our results, we apply them to a linear quadratic (LQ) control problem. By
employing sufficient and necessary maximum principles, we derive the optimal control strategy
under dual representation. The novelty of this work lies in the use of PDE techniques. By
constructing a Hamiltonian and Taylor expansion, we streamline the computation of performance
metrics, thereby avoiding the complexities associated with traditional variational methods.
Importantly, our study is not a mere extension of the results from finite-dimensional FBSDEs to
FBSEEs, where coefficients are stochastic functions of space and time. Instead, our focus is on
FBSDEs containing real partial derivatives, employing PDE techniques for estimation and
solving optimal control problems, distinguishing our approach in terms of methodology and
assumptions from existing methods.

The remainder of this paper is organized as follows. Section 2 introduces the notations in
Hilbert spaces and their Itd’s formula. Section 3 presents two lemmas on SPDE and BSPDE.
Section 4 presents an important estimate of FBSPDE based on a Gelfand triple. In Section 5, we
establish sufficient and necessary SMP for the optimal control problem of FBSPDE. Finally, in
Section 6, we investigate a kind of LQ problem and obtain the expression for the optimal control
using the previous results.

2. Notations and preliminaries

Let T'>0 be given a positive number. Consider a filtered complete probability space
(Q,F,F,P) with a filtration F={F,:t€[0,T]} satisfying the usual conditions of right-
continuity and P-completeness, which is generated by a d-dimensional standard Brownian
motion {W(t) = (Wi (t), Wa(t),...,Wa(t))" : t € [0,T]}. Let &}, ) be the predictable o-algebra
on [m,n] x Q and, in particular, & be the predictable o -algebra on [0,7] x Q. We denote by
%(A\) the Borel g-algebra of any topological space A. For any m € N,1 € R, let H'(R";R™) be
the Sobolev space Wi(R™;R™), where we denote HO(R";R™) = L?(R™;R™). Additionally, let
|| be the standard norm of R™, ||-|/zz be the norm of L?*(R";R™), ||| gz-1 be the norm of
H=Y®R™;R™) and || - ||, || - ||z» be norms of H*(R™;R™). They are given as follows:

XI5, 2 [ Pae (x| 2 [ oxPas, and X[ 2 X[+ X))

Denote by H~'(R";R™) the dual space of H'(R";R™). Denote by (-,-)z2, (-,-)z: the inner
product of L?(R";R™) and H'(R";R™), respectively, and by (-,-)g-1 g1 the duality product
between H~'(R™;R™) and H'(R";R™). For VX € L?*(R™;R™), there exists an X'€
H Y R™R™), s.t. (X', Y)g-1 1 = (X,Y)2,VY € H'(R™;R™). The mapping X — X' is linear,
injective, compact and continuous, and we can identify X’ with X. In this sense, we identify
(L?(R™;R™))~! with L?(R";R™) and then L?(R™;R™) is a dense subset of H~1(R";R™). Thus,
we get a Gelfand triple H!(R™";R™) C L?(R";R™) ¢ H-}(R"; R™).
In the following, we introduce some notations for later use.

® R™: the n-dimensional Euclidean space.

® R™"*™: the collection of all n x m matrices.

e AT: the dual operator of the operator A.

® A~!: the inverse operator of the operator A.

® S C R™*™: the collection of all n x n symmetric matrices.
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® S C S": the collection of all n x n non-negative definite symmetric matrices.
® V& =(0:,6006,...,0:,6) ", VEeC'(R™R).

o V(= (V¢,VC,...,Vin), Y(eCHR™Y;R™).

oV &= % vee CYRYRY).

oz,
i=1 "

eV .- (=(V-(,V-C,...,V-Cn)T, VCeCHR™;R™™ ™).
® L% (Q;H): the space of all F-strongly measurable random variables £ : Q — H satisfying

2 2
HSHL%(Q;H) = EH5HH < oo.
o (f (0, T; L?(Q; ]HI)) : the space of all H-valued and F-adapted continuous processes f : [0,7] x Q
— H satisfying

Hf(.)HZTF(OyT§L2(Q§H)) = sup {EHf(t)H;H] < 0.

0<t<T
® L2(€;C(0,T;H)): the space of all H-valued and F-adapted continuous processes f : [0,7] x Q
— H satisfying
IO oo =E| s 101 <o
€10,

® L2(Q;L?(0,T;H)): the space of all H-valued and F-adapted processes f:[0,7] x Q — H
satisfying

T
1O oy =E| | I£0Ect] <.

® L°(0,T;H): the space of all H -valued and F -adapted essentially bounded processes.
o Z2(R™;R) £ LE(Q; C(0,T; L*(R™;R))) N L (€ L2(0,T; HY(R™; R))). For any X(-,-) €
ZZ(R™;R), its norm is given by

2 2 r 2
I3 ey = B[ X0+ [ 6 ]

o Z2(R™RY) £ LA(Q; L2(0,T; L?(R™;R?))). For any Z(-,-) € £2(R™;R?), its norm is given by
T
2 2
126 =] [ 1200 e
o SRR RU) 2 2R R) x LR RY) Formy®(-,") = (V(,-), Z(, ) € SRR RIH),
its norm is given by

T T
06 grassny =E| sup (V5 [ V@ e [ 260 ]
e te[0,T] 0 0

b JV]P‘Q(Rn; R2+d) £ gﬁ(an R)2 2 g]Fz(an Rd) For any (I)(a ) = (X(a ')aY(’v')a Z(v)) €
N2 (R™; R*F4) | its norm is given by

T
2 2 2 2
19 s =E| s 16N+ [ 1K@ Naat 4 smp [

T T
s [ Iveolas [zl

In what follows, we denote K to be a positive constant, which may differ from line to line.
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Next, we propose the following form of 1t6’s formula.

Lemma 2.1 Suppose that X(-,-) € L(Q; L?(0,T; HY(R™; R))), a(,-) € L3(Q; L*(0,T
H~YR™R))) and B(-,-) € LA(; L*(0,T; L*(R™;R%))) , with the following relation satisfied

dX(s) = a(s)ds + (B(s),dW(s)), s€[0,T]. (2.1)

Then It6’s formula holds as follows:
t
Xl = X1 + / [2(a(), X (5)) s s + 18G5)] 17| s

+2/0t< R"X(s,x)ﬁ(s,x)dx,dW(s)>, s€[0,7]. (2.2)

Proof This result is classic, and the proof can be found in [39] and [44]. O

3. SPDE and BSPDE

In what follows, we present some basic results on SPDE and BSPDE. First, consider the
SPDE of the following form:

dX(t,z) = [v. (AVX (t,2) + 0(t, z)) + f(t,x,X(t,@,VX(t,x))} dt
+ <J(t,x, X(t,z), VX(t,x)),dW(t)>, (3.1)
X(0,z) = ¢(x), (t,x) €[0,T] x R™.
Moreover, the coefficients (A, 0, f, o, ¢) are assumed to satisfy the following conditions:

Assumption 3.1 (i) The random mapping A : [0,T] x Q@ x R" — S™ is & @ B(R"™)—measurable.
Suppose that A is uniformly bounded and there exists a constant ¢; > 0 such that

A>cal,
where I is an identity matriz with the n X n dimension.
(ii) The mapping
O(t,w,z): [0,T] x A xR" - R"
is P @ B(R™)-measurable .
(iii) The mappings
flt,w,z,71,72) : [0,T] x A x R" x R x R" — R,
o(t,w,z,v1,72) : [0,T] x 2 x R x R x R" — R?
are P @ BR") @ B(R) @ B(R")-measurable. There exist constants Lf, L, L >0, such that
for all (y1,72), (31,72) € R x R™, V(t,w,z) € [0,T] x 2 x R™ |
|f (t,w,z,71,72) — f(t,w, 2,91, %2 ‘ Lf<|’71 ’71| + |72—72‘),
|cr (t,w,z,v1,72) — o(t,w, x, 31, ¥2 | < LY |71 W1| +Lg|72 —72|~

(iV) ¢( ) € L2 (Q LQ(Rn R)) 9() " ) € LH%(Q;L2(07T; LQ(anRn)))v f(’ K "050) € L%‘(Q;IP
(0,T; L2(R™; R))) anda(, ,+0,0) € LE(Q; L?(0,T; L?(R™; RY))) .
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Before discussing the a priori estimation of the SPDE, we present the definition of a weak solution.

Definition 3.1 The random function X (-,-) € Z2(R"™;R) is called a weak solution to the SPDE
(5.1) if for each n € HY(R™;R) and almost every (t,w) € [0,T] x §, it holds that

(x06.9000),, = (600000) = [ (Al )95+ 605,900
[ (0 X009 90
+ /Ot <U(s, L X(s,7), VX (s, ~)),77(-)dW(s)> . (3.2)

L2

Lemma 3.1 (Continuous Dependence Theorem of SPDE) Under Assumption 3.1, we further
assume that 2c; > |Lg|?. Let (A0, f,0,¢) and (A,0,f,&,¢) be two sets of coefficients for the
SPDE (3.1) and suppose that X(-,-), X(-,-) € Z2(R";R) are the solutions of the SPDE (3.1)
corresponding to (A,0, f,0,¢) and (A,0, f,5,0) , respectively. Then, there exists a constant K
depending only on ¢y, T, LY, L] and LS such that

E| sw X0 - X013 +E| [ "X - X(0lfas]

te[0,T)

T T
< KE |:||¢_¢||%2+/0 |‘9(t)_é<t)’|i2dt+ 0 Hf<t7X(t)va(t))_.f(taX( ) VX HLz

+/0 |o(t, X (t), VX(t)) — a(t, X (t), VX (1)) HL2 } (3.3)

In particular, for (A,0, f,a,¢) = (A,0,0,0,0) , we have the following priori estimate:

B sw x| +2| ' X (0|

t€[0,T]

T T T
gKE[||¢||%2+/O }|9(t)||2Lth+A ||f(t,(),0)||2Lth+A lot.0,0)|%dt|.  (3.)

Proof First, for simplicity, we denote by

{X':Xu,x)—X(t x), 0=0(tz)—0(tz), ¢=d(x)- o),
Fit, X, VX) = f(t, X,VX) = f(t,X,VX), &t X ,VX)=0(tX,VX)—a(t X, VX).

Using Ito’s formula to ||)A((s)||2L2 and integration by parts technique, we obtain

1X(t)]2
t t
0 0

t t
+/ ||a(s,X,VX)76(5,X,VX)||2Lst+2/ (R, (05, X, VX) — (s, X, VX)) dIW,) 12
0 0
(3.5)

It is easy to verify that
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t R t R t R 1 [t
—2/ (VX,AVX+9)L2ds<—2cl/ ||VX||2ds—|—el/ ||VX||2ds+€—/ 10]32ds
0 0 0 1Jo
t R R 1 t
(e —a) [ (1R~ 1R [)ds + = [ s
0 €1 Jo
Substituting (3.6) into (3.5), we derive
t
IOl + (201 = 1) [ 1% s
~ to 1 [t -
IRl + (21 = 0) [ IR Iads+ = [ (B3
0 0
t
+2/ <X7f(SaX7VX) _.f_(‘stvVX»L?ds
0
t
—l—/ HU(S,X,VX)—6(3,)_(,V)_()Hif_,ds
0
t
+2/ (R, (0(s, X, VX) — (s, X, VX)) dW,) 1.
0
Then, by taking expectation on both sides of (3.7), we can get
A~ t A~
B[IROIE:] + (201 — e [ 1%IEds]
712 L 2 (A 2
< E[!|¢HL2 (26 —61)/ IX|[2ads + E/ 16]2.ds
0 0
t
+2/ <X,f(S,X7VX) - f(S,X7VX)>L2dS
0

t
+/ ||U(5,X, VX)-— 5(5,X,VX)||i2ds}
0

75

(3.8)

From the Lipschitz condition in Assumption 3.1 and Young’s inequality ab < ea® + ibQ,Ve >0,

we obtain

2/t ‘()?,f(&X, VX) — f(s, X, VX)) 2|ds
0

t
<2 [ R all 5, 9X) = £ X, T8 4 15 X, 90) = s, X, 9) | s
0
t t
< 2/0 RYPAHCRe VX>—f(s,X,VX>||L2ds+2/O X [l (s, X, VX) = F(5, X, VX
t t
<] [ (IR I + 1%, 9R] Jas+ 2 |12 ol o, .92 s

’Lf‘2 b t R 1/t ~
< (o] + b ve ) [ IR [ads e [ [9R]ds+ = [ 176 X7 uds
0 0 0

€2

2 2 R ds L [ %%
= (2L rana ) [ IRIGdsre [ R [ 16X V) s,
0 0 0

€2

likewise,

)HL2ds

(3.9)



76 Suya Zhang, Maozhong Xu, Qingzin Meng
¢ S S\ 12
/ |o(s, X, VX) —5(s,X,VX)|,.ds
0
K > > > = > S 12
:/ o (s, X, VX) — o5, X, V) + o(s, X, VX) — 5(s, X, VX) || ds
0
K = S (12
< (1+64)/ |o(s, X, VX) —0(s,X,VX)|,.ds
0

t
+(1+1>/ o(s, X, VX) = a(s, X, VX)||>.ds
0

€4
t . ~ 2 1 b S o (12
< e [ (B + 2519 ) as+ (14 2) [ ot X, X0 s

1 t t -
< e (10 D) jotl [ IRl as+ 0 e e |23 [ 9K 0
0 0

+ (1 + 614) /t 3(s, X, VX)|[3.ds
_ (1+e4)<(1+ >|L”| S+ e) L] >/ IR 2,ds
+(1+e) (1+e) |Lg) / |1 X )% ds + <1+ )/ 15(s, X, VX)||72ds. (3.10)
Combining (3.8), (3.9) and (3.10), we derive
E[IX0I2:] + (201 1 — e — (1 +e) (1 4 )| 5] U X||H1ds}
< E[||¢?||22 + (201 —a +2|L |+ ‘LEJJQ

# e (14 D) P - e 1) 18) IR

7/ ||9|\L2ds+—/ 17 (s, X, VX)||7ds + <1+ )/ 15(s, X, VX)|[7ds|.  (3.11)

+ €3 — €2

Noting that 2c¢; > |LS|?, for any e3 > 0, choose sufficiently small €;, €z, €4,€5 > 0, such that
Ko = Ko(c1, L) =2¢1 — €1 — €3 — (1 + 64) (1 + 65) |L‘2’|2 >0 holds, then applying Gronwall’s

inequality gives
R ) o 1 t ) 1 T B g
sup E[IS0)1E:] < exp(THE| 87+ = [ Wtsas+ = [ X950 as
te[0,T) €3 Jo
+ (1 + )/ |5(s, X, VX) Hdes] (3.12)

where K1 =Ky (c1, LY, 1§, L§) = 2¢1 — e +2|Lf [+ 2 4 g — 5 4 (1 + €4) (1 + %) 1L * - (1+
1) (1+€s5) ’Lg‘g. Furthermore, according to (3.11) and (3.12), we get
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[ [ 1%

T 1 T B B
[1005.] + ] [ 18]+ [ s Le] [ X 0]

(e 2l o]

TR 1 T o oo
{]E ||¢||L2 +TK1 sup E[Hxﬂm 7/ ||9|§2ds+EU Hf(s,X,VX)Hist}
K» t €1 Jo €3 0

+N\

—_

€[0,T]

+ (1 + 64) EUOT H&(S,X,VX)HQLst]}

T T
< TR g1317,) + 2 [ 1005+ 22| [ 17 X V0] 05

(1+K2) U 15 (s, X, VX) ||L2ds]}

From (3.7), (3.9) and (3.10), and taking supremum over ¢ € [0, 7], then we have
T
]E{ sup ||X(t)||iz] +K2EU ||X§{1ds]
t€[0,7) 0
212 e 2 e 2112 | T 12
B[+ [ IR Ids+ = [ s+ 2 [ X VR s
0 €1 Jo €3 Jo
1 e o a2
+ 1+€— HO’(S,X,VX)||L2dS+2 sup
4/ Jo

t€[0,T

(3.13)

/0 <5€a (U(S’XaVX) 75(S7X,VX))C1WS>L2 :|

(3.14)
Subsequently, we deal with the stochastic integrals in (3.14) using the Burkholder-Davis-Gundy

inequality and Lipschitz continuity condition together with (3.12) and (3.13). As a result, we
obtain the following equation

t
ZE[ sup /Q?, (0(s,X,VX) — (s, X, VX))dW,)
telo, T | Jo
-7 2
< 8V2E (/ 2 ds> ]
< 8VIE (/ 112, - | (o(s. X, VX)&(S,X,VX))||2L2ds)2]
< 8VIE ( sup | Rt HB/ (o5, X, VX) — a(s X,VX))Hst)Z}
te[0,T]
3
<l s RO+ 20 (e D) 5P - 0 a)lal?) [ 181

te[0,T]
32 T s 32 JU
P2 a)arasl? [ 18 a2 (14 1) [ o6 % 95 s
<€6E|: sup HX

S Hm} + K| |l9]]7. | + E[/ |I9IIL2ds] + JEU 1F(s, X, VX) Hdes}

+<K3+i’:) <1+ ) [/ 5(s, X, VX) HLst}

[N

(X, (o5, X,VX) — (s, X,VX)))

|

(3.15)
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where Ky = Ka(T, 1, Lf L5, L§) = (14 e4) ( (1 + i) Zg]” = (1+ 65)|Lg|2)TeXp{TK1} +8
(1+ €a) (1 + e5)| Lg |? KL epdTHG )

Bringing (3.15) and (3.12) into (3.14) gives

(1~ )E| swp IR + KB [ ' %1

t€[0,T)

~ K r K o
< KE[IG3:] + 2B | [ 1aas] + S| [ X 90 s
€1 0 €3 0

1 T o

+ Ky (1 + 6) E[/ 5 (s, X, VX)H;ds}, (3.16)
4 0

where K, = K4(T,c1, L7, L], L§) =1+ K3+ K \Texp{TK;}. Then, we choose e >0 small

enough that 1 — eg > 0 holds, which means that (3.16) turns into the following form

T
E[ sup |X(t>||24 +E[ / ||X||§pds}

t€[0,T)
o~ T ~ T ~ — — 2 T — — 2
<K5E[|¢||%z+/ ||0H'izds+/ ||f(s,X7VX)||des+/ [5(s, X, VX)|[}.ds|,  (3.17)
0 0 0

where K5 = K5(T,c1,L, L], L3) = Kamaxt i g1t 2} Thus, the proof of the desired estimate
5 5\4,C1, s 15 o min{1—eg, K2} . ) p

(3.3) is completed. Next, we prove the estimate (3.4) simply by making (A, 0, f,&,¢) = (A,0,0,
0,0).

O

Lemma 3.2 (Existence and Uniqueness of SPDE) For any generator (A, 0, f,0,¢$) satisfying

Assumption 3.1 and the condition 2c; > |L§|*, SPDE (3.1) has a unique solution X(-,-) €
ZE(R™;R).

Proof For relevant proofs, we can refer to [56] and omit the detailed proofs. O

Secondly, we consider the BSPDE as follows:
dY (t,2) = — [v A(EVY(t,z) + FZ(t,2) + 9(t, 7)) + b(t, 2, Y (t, ), VY (t, 2), Z(t, x))}dt
+(2(t,2),aW (1)), (3.18)
Y(T,2) =¢(), (t,z) € [0,T] x R".

Furthermore, the coefficients (E, F, 9, b,1) are assumed to satisfy the following assumptions:

Assumption 3.2 (i) The random mappings E : [0,T] x Q x R™ — §" is & @ B(R™)-measurable
and F :[0,T] x Q — R"*9 js ZP-measurable. Suppose that E,F are uniformly bounded. Assume
there exists a constant co > 0 such that

E—FFT > ¢,

where I is an identity matriz with the n x n dimension.

(ii) The mapping
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Yt w,z) : [0,T] x A xR" - R"
is P @ B(R"™)-measurable .
(iii) The mappings
b(t,w, x,71,72,73) : [0,T] x 2 x R" x R x R® x R - R

is P BR") @ BR) @ BR") @ B(R?)-measurable. There exist constants L® >0, such that
fO?” all (7%72773)7 (:71”_}/275/3) ER X R" x Rd,V(t,w,[E) € [OaT] x Q0 x R® )

‘b(tawaxar}/lary2a’y3) - b(t7w7$7’71a’72a'73)‘ < Lb("Yl - :Yl’ + }72 - ’72‘ + "73 _’?3’>
(iv) () € L%-T(Q;L2(R";R)), I(-,-,+) € LA(Q; L2(0,T; L*(R™; R™))), b(-,-,-,0,0,0) € L2(Q;
L*(0,T; L*(R™;R))).

Before discussing the a priori estimation of the BSPDE, we present the definition of a weak
solution.

Definition 3.2 The pair (Y(-,-),Z(-,-)) € AZ(R™%RYY) is called a weak solution to the
BSPDE (8.18), if for each n € HY(R™;R) and almost every (t,w) € [0,T] x 2, it holds that

(Y00, = (w000)),, - [ T {(B(s. )Y () + P (5,0 +9(5.).V0())_ds

L2

L2

ds — /T <Z(s7 -),n(-)dW(s)>L2.
' (3.19)

N /tT<b(s,-,Y(s,-),VY(S,')»Z(&')),??(‘)>

Lemma 3.3 (Continuous Dependence Theorem of BSPDE) Let Assumption 3.2 hold. Suppose
that (E, F,9,b,%) and (E, F,0,b,1) are two sets of coefficients for the BSPDE (3.18). Moreover,
we assume that (Y (-,-),Z(-,"), (Y (-,+), Z(-,-)) € A2 R™;R*) are the solutions of the BSPDE
(3.18) corresponding to (E,F,9,b,v)) and (E,F,0,b%), respectively. Then the following
estimate holds:

T T
ELS}S"T 1) - Y(t)'iz] +E[ / v - Y(t)llﬁpdt} +E[ / 12(8) — Z(1)|2dt
n ’ Lo
< KE[W 7o W ORO]
0
T
+ [ 10 0. 97 (0, 20) ~ 56,V (.Y o), Z(t))llizdt] , (3.20)

where K is a positive constant depending on co, T and the Lipschitz constant L of the mapping
b. Furthermore, if (E,F,0,b,%) = (E, F,0,0,0) , we have the following estimate:

B[ sw [v@l:| 5| [ ' v @la +5| [ ' 120t

te[0,T)
T T
<K]E[||¢||2LQ+/O Hﬁ(t)”izdt—s—/o Hb(t,0,0,0)Hizdt} (3.21)

where the positive constant K is similar to the previous one.
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Proof Similarly, to simplify our notation, we denote by

Applying Itd’s formula to ||)A/(5)||2L2 first and using Assumption 3.2, we obtain

T
P02 + / 1Z)24ds
t

T T
1715 —2 [ BT T yds =2 [ (25T pnds -2

T
Z),Y)2ds — 2/ (Y, Z) p2dW,. (3.22)
t

T A~
/ <19, VY> L2 ds
t

T
+ 2/ (b(s,Y,VY, Z) - b(s,Y,VY,
t

It is easy to verify that

T T T
fz/ (EVY,VY)desf2/ <Z,FTVY>L2d572/ (9,VY)2ds
t t t
T oo N 1 /T ) T o 1 T )
<-2( (E-FF )VY,VY>L20L9+5 1Z2)2ds +ex [ [VYIPds+ = [ [d]|7zds
t t t 1Jt

T, N 1 (T 1 (7
2 2 2 2
<- (202—61)/t (17131 —||Y||L2)ds+§/t |Z||L2ds+a/t 19]22ds. (3.23)

Substituting (3.23) into (3.22), we derive
% 2 TS 2 1T 2
IOl + (e =er) [ IV s+ [ 1Z]z0s
~12 r 1 /7
< |\wHL2+(2C2—el)/ ||Y||2Lst+g/ 19|22 ds
t t

T T
+2/ <Y,b(s,Y,VY,Z)—B(S,Y,VY,Z)>L2ds—2/ {
t t

~

Y, Z)2dW,. (3.24)

Then, by taking expectation on both sides of (3.24), we obtain

% 2 o 2 1 T 2
E[||Y(t)||L2} + (QCQ—el)]EU ¥ 13 ds] +21EU Zdes}
t t
~2 NP, 1 T
< IE[Hz/JHLZ} + (2¢2 — el)E[/t |Y|L2ds} + ﬁE{/ﬁ ||19|L2ds]
T A~ — — — —
—}—ZE{/ (Y,b(s,Y,VY,Z) —b(s,Y, VY, Z)>L2d5]. (3.25)
t

With the Lipschitz condition in Assumption 3.2 and Young’s inequality ab < ea? + ibQ,Ve >0,

we obtain
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T
2/ ‘(Y7b(s7Y, VY, Z) — b(s,V,VY, Z))
t

T
2/ 1P . 1605 Y, VY, 2) — b(s, ¥
t

ds

T
<2/ 1Y 2]b(s. Y. VY, Z) = b(s,Y, VY, Z)| .ds

+2/ 1P . |65, 7, V¥, Z) — b(s, ¥, VY, Z)|| .ds

T
<ol [ (715 17070+ 09l 21,2 2 [ 10,0

Y,VY,Z)|,.ds
TR LN 1o e e (1o s e (1212
<o+ Eh e B e [P s e [ 19T+ e [ 12150
€2 t t t
+i/ ;|6(5,Y,w,2>||;ds
€4 J¢
(g 2 2L ! _
22+ tea—e ||Y||de$+€2 P s
+%/|@ﬁ¢&ﬁ;/l@&iVﬁZMZ®. (3.20)
¢ 4.t
Combining (3.25)—(3.26), we have
B[ITONR] + (ex - - )] [ 1910 + (5 - o] [ 1210
~ Lb L
<[] + (20 — er +2/17] + 127 | 4 | e U |YL2ds}
IE[/ [b(s, Y, VY, Z)H;ds] +€IE[/ |19||%2ds}. (3.27)
¢ 1 ¢
For any ¢4 > 0, select €1, €9,e3 > 0 small enough such that 2co —€; — €3 >0 and 5 —e3 >0
then applying Gronwall’s inequality, we obtain

sup E[[[7(0)]7]

t€[0,T

T T
<exp{TK}E ]3] +‘”‘p{fﬁ}mu ||b(s,Y,VY,Z)Hist] +6Xp{?<1}1@[/0 ||z9||%2ds],

(3.28)
where K; =

Ki(ca, |LP)) = 2¢co — €1 + 2|Lb| + % + |Lb| + €4 — €. Furthermore, according to
(3.27) and (3.28), we obtain

T ) 2 K, T Ky T )
EU ||Z||L2ds] < KQE[||¢||L2} + E[/ |b(s, Y, VY, Z)||L2ds} + IE{/ |19||L2d5},
0 €4 0 €1 0

(3.29)
where Ky = Ko(T, co, |L?|) = %ﬁwm.

Combining (3.24) and (3.26), then taking supremum on both sides and expectation yields
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2] s [F0I:] + (e - - )] [ 17130 + (G - )s] [ 17105

t€[0,T
s T ) 1 T 1 T )
gE[quHm} +K1E[/O ||Y||L2ds} +€4E[/0 |b(s, Y, VY, Z)HLst] +€1E[/0 |19||L2ds}
T A~ o~
/ Y, Z) s ] (3.30)
t

Subsequently, we deal with the stochastic integrals in (3.30) by means of the Burkholder-Davis-
Gundy inequality and the Lipschitz continuity condition together with (3.29), and obtain the

+ QE[ sup
t€[0,T]

following result

r T
2E| sup / (Y, Z) S} :2E{ sup / (Y, Z)p2dWs — / Y,Z) S]
L t€[0,T] tefo, 7] | Jo
t
QQE‘/ (Y, Z) + sup /(Y,Z> S}
tel0,7]) |1 JO
t
<2E| sup /(YyZ> s| + sup /(Y,Z> s:|
Lte[0,T] | JO telo,T] | Jo
T, 2 3 T o, 3
<16\/§E[/ (Y, Z) e ds} <16\/§E[ sup HY |\L2/ ||Z|\L2ds}
0 te[0,T 0
128 LN
< €5E|: sup HY HLQ} +E[/ ||Z||%2ds}
t€[0,T] €5 0
128K2 128Ky N
< eE Y(t b(s,Y,VY,Z)
i s [701] + 22201017 + 2] [ s
128K r
+ g [ ||ﬂ||i2ds]. (3:31)
€1€5 0

Substituting (3.28) and (3.31) into (3.30), we obtain

(1= )| swp [P0 + (22—~ )| [ ) | + (5 - o) E| [ ' |Z1-as]

te[0,T]

< <1+ 12SK2 + TK; exp{TK} )E[H@HH

5

T
i 1(1 + 128K, +TK, eXP{TK1}>E{/ [b(s, Y, VY, Z )Hizds}

€4 €5
1 128K
+ . (1 + ; > 4 TK, exp{TK1}> [ |19||de8] (3.32)
1 5

which implies
E{ sup Y(t)niz] +1EU |Y§{1ds] +EU ||Z||2des]
t€[0,T] 0 0

s T T
gKB{E[HwHLQ}HEUO ||b(s,y,vy,Z)HL2ds]+EM ||19L2ds”, (3.33)
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max{l,i7é (1+12§:2+TK1exp{TK1})
Illin{1—€5,202—61—62,%—63}
proof of estimate (3.20), and next, it is convenient to prove estimate (3.21) simply by making

(E7F7,l§7l_)’,llz_1) = (E7F’O’0,0)'

where K3 = K3(T, ca, |L?]) =

. Hence, we have completed the

O

Lemma 3.4 (Existence and Uniqueness of BSPDE) For any generator (E, F,9,b,1) satisfying
Assumption 3.2, BSPDE (3.18) admits a unique solution (Y (-,-),Z(-,")) € AZ(R™;R*4).

Proof Similarly, this proof can be found in [18, 31, 56]; so, we omit the detailed proofs. O
4. FBSPDE
In this section, we study FBSPDE (1.1). Revisiting the FBSPDEs we studied:
dX(t,x) = [Sp(t, z, X(t,x),Y(t,x), Z(t,x)) + f(t,z, X (t,x), VX(t,2),Y(tz), VY (¢, z),
Z(t,w))|dt + (o(t 2, X (t,2), VX (1,2), Y (,2), VY (t,2), Z(t, ), dW (D) ),
dY (t,z) = —[SB(t,x,X(t,a:),Y(t,x), Z(t,x))+b(t,z, X(t,x), VX (t,z), Y (¢, z), VY (¢, x), (4.1)

Z(t,x))} dt + <Z(t,x),dW(t)>, (t,z) € [0,T] x R™,
X(0,2) =¢(x,Yy), Y(T,z)=19¢(z,Xr), zeR",

where we denote
{SF(t,x,X(t,x),Y(t, x),Z(t,x)) £ V- (AVX(t,x) + BVY (t,z) + CZ(t,x)),

Lp(t,z, X(t,2),Y(t,x),Z(t,x)) £V - (- DVX(t,z) + EVY (t,z) + FZ(t,)). (4.2)

Similar to the cases of SPDE (3.1) and BSPDE (3.18), we still have to make the following
assumptions for the coefficients (A, B,C,D, E, F, f,0,b,¢,1) of FBSPDE (1.1).

Assumption 4.1 (i) The random mappings A,B,D,E : [0,T] x Q x R" — S" is & @ B(R") -
measurable and C,F :[0,T] x Q — R"¥9 is P-measurable. Suppose that A,B,C,D,E F are

uniformly bounded. Assumer there exists constants cg,cy,co,Cy,Co, C3 > 0 such that
AA 0 BB 0 ccr oo

and

<B—C’CT 0

0 D—FFT)>COI’ A}Clj, E‘*Z*—'F;r}CQI7

where I is an identity matriz with the n X n dimension.
(ii) The mappings
ftw,z,y): [0, T] x QX R" x R = R,
b(t,w,x,7): [0,T] x A x R" x R — R,
o(t,w,z,7) : [0,T] x 2 x R" x R — R4
are P @ B(R") @ B(R) @ B(R") @ B(R) @ BR") @ B(RY)-measurable, where v = (71,72, 73,
Y4,75) € R and R £ R x R*" xR x R® x R%. There exist constants L7, Ly, L3, LY >0, such that
for all v = (y1,72,73,74,75), 7 = (31,72, 73,74, 75) € R, V(t,w,z) € [0,T] x @ x R™,
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[ (tw,2,7) = (w2 9| <L (] + Rl + [Fa] + 5] + s )
) +Lg|;7\2 y

[b(t, w0, 2,7) = b(tsw,2,7)| < L (3] + [Ra] + [Fs] + Pl + )

| (t,w,z,v) —o(t,w, x, )|<L1(”V1’+"Y3|+’74

where ; = v; —y; with 1 =1,2,3,4,5.
(iii) The mappings
Ppw,z,73) : A XR" xR = R,
Pw,z,71) : xR xR =R

are Fo @ B(R") @ B(R)-measurable and Fr @ B(R™) @ B(R)-measurable, respectively. There
exist constants L?, LY > 0, such that for all v1,v3,71,73 € R, Y(w,2) € Q x R" |

’¢(Wa$a73) - ¢(W,.’I,',’Vg } X L¢|’73
W(‘%%’Yl) - w(w7$7’71 | < Lw’ﬁﬁ‘

where v; = v; — y; with i =1,3.

(iv) é(-,0) € L% (4 H (R™R)), ¥(-, T) € L%, (% H' (R R)), 9(-,-,-) € LA(Q; L2(0, T; L*(R™;
Rn)))? f( ) 7 707070’070)7b( ) 7 7070’0’0,0) e LZ(Q7L2(O’T’L2(RTL;R))) a(" " .’0,07070’0) EL]%‘
(4 L*(0,T; L*(R™; RY))).

(v) For simplicity of notation, define

7
_b(t7 T, 7) V2 Y1
A(t7x7’7) = f(t,i)’],"y) ) Y= 3 5 7/ = V3 3
U(tv €T, ’Y) V4 V5
s

and
[A(t, z,7), 7’} —b(t,z, ) + f(t,2,7)73 + (ot 2,7),75)-
There exist four constants 51 = 0, By > 2,u1 > 0, 2 = 0 such that the following conditions hold:

(a) One of the following two cases holds true. Case 1: f1 > 0,1 > 0, 5y > %»N? > 0. Case 2:
/82 > %7/”'2 > Oaﬁl 2 07/”‘1 2 0.

(b) For each ’y:(’71372773)’74775),’7:(’71,’723’737:)/4a’75) € m; ’7/ = (’7137&75)7’7/ - (’717:73»’75)
€R xR x R V(t,w,z) € [0,T] x Q x R",
~ 2:|

[A(tﬂ?ﬁ) At,z 3’)ﬁ} —31‘%‘2—52“%2
)AL

(V(z,71) = (z, T
(p(z,73) — B(x,73)) 73 < ﬂ2ﬁ3\2,

~ 12
1|’71| )

where ¥; = v; —; with 1 =1,2,3,4,5.

If the coefficients (A, B,C,D,E,F, f,0,b,¢,1) satisfy Assumption 4.1, it is called a generator
of FBSPDE. Before discussing the a priori estimation of the FBSPDE, we present the definition
of a weak solution.

Definition 4.1 The triple (X(-,-),Y(-,"),Z(-,")) € A2(R";R?*9) is called a weak solution to
the FBSPDE (1.1) if for each n € H*(R™;R) and almost every (t,w) € [0,T] x Q, it holds that
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PSS
Jal
\.@F
~—
3
—~
N
~_—
~
¥
Il
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<
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~

. J](-)>L2—/Ot <A(s7 VX (s, )+B(s, ) VY (s,)+C(s)Z(s,-), Vn(~)> ds

L2

—|—/Ot <f(s,-,X(s,~),VX(5,-),Y(3,-),VY(S,-),Z(S,-)),U(-)> ds

L2

+/ <U(87~7X(S7-),VX(S,~),Y(S,-),VY(S7-),Z(S,-)),n(-)dW(8)> (4.3)
0

L2

P
b.<
—
T~
NG
3
—~
N
~_—
I

L2

(w00 = [ (Dl )T (5,4 B, VY (s, )+ Fs) 206, ). V(1)) s
+ /tT <b(s, 5 X(s,-),VX(s,),Y(s,), VY (s,-), Z(s, )),77()> ds

- /tT (205 ) m()aW () (1.4)

Lemma 4.1 (Existence and Uniqueness of FBSPDE) Let Assumption 4.1, co = +/C1 and
2c1 > |LS|? be satisfied. For any generator (A, B,C,D,E,F, f,0,b,¢,%), FBSPDEs (1.1) has a
unique solution (X(-,-),Y (-,-), Z(-,")) € A2 (R™;R*T).

Proof In fact, Yin [56] has studied this problem and gave a detailed proof, and the conditions
we propose satisfy those in [56, Theorem 4.4]. Therefore, we do not repeat it here. O

Theorem 4.1 (Continuous Dependence Theorem of FBSPDE) Let Assumption 4.1 hold.
Additionally, we assume that co >+/C1 and 2c¢; > |L§|?. Suppose that (X(-,-),Y(-,-),Z(-,")),
(X(),Y (), Z(-,") € MR R*T) are the solutions of the FBSPDEs (1.1) corresponding to
two given generators (A, B,C, D, E,F, f,0,b,¢,%) and (A,B,C,D,E, F, f,&,b, ¢,v) , respectively.
Then, we have the following estimate:

B[ sw IR+ sup]n?(m%z] vE| | T(||)?<t>|ip+||?<t>||zl+||2<t>|%2)dt}

te[0,T] tel0,T

T
< K]E[/O (||f(t,X(t),VX(t),Y(t),VY(t),Z(t)) —f(t,X(t),VX(t),Y(t),VY(t),Z(t))HZLZ
+ ot X (), V), Y (1), VY (), Z(t) — a(t, X (1), VX (1), Y (1), VY (1), Z()| ;.

o, X 0), VXLV (0. 9V (0, 2(6) - e, X0, VX0, 70, 97 (0,200

+E[H¢<Y<o>> — BV (0)|2a + |l (X (1)) — w<X<T>>HiZ], (4.5)

where K is a positive constant depending on c1,Cy,ca, T, 1, e, B and the Lipschitz constants
LY L, LY, LY. Furthermore, if (A,B,C,D,E,F, f,&,b,¢,v) = (A,B,C,D,E,F,0,0,0,0,0), we
have the following estimate:

] sup IXCOIE:+ s VO] 2 [ (IO + 1Y 01 + 1201

t€[0,T]

T
< K]E[/ (117(2,0,0,0,0,0)[[7. + [|o(£,0,0,0,0,0)|[3. + [b(¢,0,0,0,0,0) 7. )t
0

+ o3 + [ O] (16
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where the positive constant K is similar to the previous one.
Proof Similarly, we denote by

= X(t,2) - X(t,x), Y=Y(t,2)-Y(ta), Z=2Ztz)— 2z,
(t,X,VX,Y,VY,Z) = w(t,X,VX,Y,VY,Z) - @(t,X,VX,Y,VY,Z), w=fo,b,
T)-

(Yo) = 6(Yo) — 6(Yo), ¥(X1) = (X7) — (X

On the one hand, the continuous-dependence theorem of SPDE (see Lemma 3.1) leads to

& >

<)

T
E[ sup ||X<t>||iz} +E[ / |X||%pdt]

te[0,T]

< KE[/ (Hf Y,VY,2)|3, +|5(t, X, VX, Y, VY, Z)|[2, + V]2
+ VY + ||Z||%z)dt +16(¥0)72 + |?o||%z] (4.7)

On the other hand, under Assumption 4.1, the continuous-dependence theorem of BSPDE (see
Lemma 3.3) yields

T T
E[ sup ||y<t)§2] +E[/ ||y||§,1dt] +1E[/ ||Z|2L2dt}
te(0,T] 0 0
T, o . R R o R
<KE[/ (Hb(t,X,vx,Y,VY,Z)HLz+||X||2Lz+||VX||2)dt+||w(XT)||%2+||XT||%2] (4.8)
0

Furthermore, by applying Ito’s formula and the definition of A(t,z,v) to <)?(5), 57(5)>L2 , we have

T
+E[/ (V- (AVX + BVY +CZ),Y)y 1 gdt
TO N . N N

+/O (- (v (_DVX+EVY+F2)),X>H17H1dt} (4.9)

It is easy to verify that
(V-(AVR+BVY +C2).7)  +(-(V-(~-DVX+EVY +FZ)).X)
- <AV)? 4+ BYY +C7Z, v?>L2 v < _ DVX + EVY 4 FZ, VJ?>L2
€ 512 1 S oS € sn2 L2
<5 <AAVY vP) L+ IV + 2—62<EEVY,VY>L2 + 2[VX|* + 5112117

~((B-cCT)VY.VY) —((D-FFT)VX,VX) (4.10)
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From the monotonicity condition and the elementary equality 2ab < %aQ + €eb?,Ve > 0, and
taking it here as ¢; = €5 = 1/C, then we derive

(11— es)B[ | Rr2.] + ok ol
T o~

+(61—63)E|:/0 HXH2Lth} (co— V/Cr [/ Vx| dt}

T 1 T
+m[ [ 1P 1aat] + (e - vERE| /0 V7 at] + (5 - )| [ 121

1 TN o o o -
<o U [b(t, X, VX, V.YV, 2) ||L2dt} +464EU0 (7. x.vx.7.97. 2)|,
n ||8(t,X,VX,Y,VY,Z)HLQ)dt} n ;?IE[H@Z(XT)H;}
1 ~ T, ~ ~

+ B [IE0IL] + ] [ (1715 + 1215 )] + comIFo] ) (111

For the case 1 > 0,1 > 0,8 > %,,ug 0, notice that cy > +/C1, where we take e3 and €5
sufficiently small to make f; —e3 >0 and p3 —e5 > 0. Then letting Ky = max{/; — €3,co—

VCi}, we get
o2 T s 2
(1 = )[R, + KiE [ [R50
0
T T
u«:[/ Hg(t,)_(,V)_(,Y,VY,Z)Hith]—5—41]E[/ (|7 %, VX 7,97, 2)|,
0 4 0
T o oo A2 1 ~ =2 1 ~ o2
+ Ha(t,X,VX,Y,VY7Z)||L2)dt} + 4—€5E{||w(XT)HL2} tgE [ESal

T
+64E[/0 (172, + HZH;)dt} + B[ 0][%). (4.12)

Combining (4.12) and (4.8), and choosing €, and ¢z small enough, we have
]E{ sup ||Y(t)||2L2} +E[/ ||Y||§{1dt} +EU ||Z||2L2dt}
te[0,T]
gK{E[/ (||b (L. X, VX, Y, VY, 2)|[;, + ||[(t, X, VX, Y, VY, 2)|%,

+uanKVXvamzwmw4+EMWXﬂm4+EM&ﬁm@4} (.13)
Furthermore, substituting (4.13) into (4.7) yields

E[sm>nx<>m]+E[ATwiﬁpw}

t€[0,T]

<K{E[/O (It X, 9%, 7,V

VY, 2|2 + || ft X, VX, 7,9V )|
+ 60X VXY, 97 2)3 )] +E[IBEnlG] e[l @
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Then, combining (4.13) and (4.14), we obtain

B sw 1RO +E| [ ' I%1eae] +E] swp [FOIE:]

t€[0,T] t€[0,T]
T T
+E[/ |Y||§{1dt} +E[/ ||Z||2L2dt}
0 0
T e e o S oS B2
< K{E[/ (o, X, VX, ¥, VY, 2)|5. + |71, X, VX, ¥, V¥, 2)||7.
0
T oo ~ o2 ~ =2
+ |7 X, VX, ¥, VY, 2)[ . )d } +E[|\¢<XT>HL2] +E[H¢(Y0)HL2]}- (4.15)
For the case 35 > ,,ug > 0,31 = 0,1 = 0, the estimate (4.5) can be proved similarly. Moreover,
by letting (A7B,C,D,E,F,f, .b, o, ) (A,B,C,D,E,F,0,0,0,0,0), we obtain the estimate
(4.6). The proof is completed. O

5. SMP for forward-backward control systems

This section presents a class of fully coupled forward-backward stochastic partial differential
optimal control problems. Let %7 C R* be a nonempty convex subset, known as the control domain.

Definition 5.1 A control process u(-,-) is called admissible if u(-,-) € Z2(R™R¥) and
u(t,x) € %, a.e., t €[0,T],x € R" P-as.. The set of all admissible control is denoted by %yq.

For any given admissible control wu(-,-) € %4, we consider the following control systems
driven by FBSPDE:

dX(t,x) :{Sp(t,x,X(t,z),Y(t,x),Z(t,x)) + flt,x, X(t,2), VX (t,2),Y(t,z), VY (t,x), Z(t, x),
ult, ))}dt+< (t,z, X (t, ), VX(t,x),Y(t,x),VY(t,x),Z(t,x),u(t,m)),dW(t)>,
dY (¢, z) [23 (t,x, X(t,2),Y(t,x), Z(t,z)) + b(t,x, X(¢t,2), VX (t,2),Y(t,z), VY (¢, ),

Z(t, z),u(t,x))]dt n <Z(t,x),dW(t)>,
X(0,z) =¢(z,Yo(x)), Y(T,z) = ¢(z, Xr(x)), (t,z) € [0,T] x R",

(5.1)

where we use the notations in Section 4 and extend the definitions of functions (b,0, f) to the
control set % . The corresponding solution (X(-,-),Y(-,-), Z(-,-)) is called the state under a
given control u(-,-). Next, we denote the cost functional as follows:

éIE[/OT/Hg(t,a:,X(t,x),Y(t,a:),Z(t,x),u(t,x))da:dt
—s—/nh(m,XT(x))dm—i—/n)\(m,Yo(:c))dx]. (5.2)

Besides, we assume the following holds.

Assumption 5.1 (i) The mappings
ftw,v,u) : [0, T] x QX RX U — R,
b(t,w,v,u): [0,T] X A xR x % — R,
o(t,w,y,u) : [0,T] x QxR x % — R?
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are P @ BR") @ BR) @ B(R") @ B(R) @ B(R") @ B(R?) @ B(% )-measurable, where =
(Y1,72,73,74,73) € R and RER x R” x R x R® x R, For almost all (t,w,z) € [0,T] x 2 x R",
w(t,w,x,v,u) s continuously differentiable in (y1,73,7s,u) and the corresponding partial
derivatives we, , Wy, Wys, Wy are continuous and uniformly bounded, where w = f,0,b.
(ii) The mappings
d(w,z,73), M(w, z,7v3) : A X R" xR — R,
Y(w, z,71), h(w,z,71) : A XxR*" xR >R

are Fo @ B(R") @ B(R)-measurable and Fr @ B(R") @ B(R)-measurable, respectively. For
almost all (w,z) € A xR, Y(w,z,m),h(w,z,71) and ¢(w,x,73), N(w,x,v3) are continuously
differentiable in v1 and 3, respectively, and the corresponding partial derivatives v, , ¢~, are
continuous and uniformly bounded, and h.,,\y, are continuous. Furthermore, for almost all
(w,z) € QX R™, there exist constants L', L" L} L* >0, such that for all v (-),73(-) €
I2(R™R)

[ han@)as

[ Aws(e)ds

(iii) The mappings
g(t,w, 71,73, 75,u) : [0,T] x QX R® xR x R x R x % — R,
are Z @ B(R") @ B(R) @ B(R) @ B(RY) @ B(% )-measurable. For almost all (t,w,z) € [0,T]x
QxR™, g(t,w,z,v1,73,75,u) is continuously differentiable in (y1,7s,7v5,u) and the corresponding
partial derivatives o, , Gy, Gvs, Gu are continuous. Furthermore, for almost all (t,w,x) € [0,T]x
Q x R™, there exist constants L9,L9 >0, such that for all (v1(-),73(-),75(-),u(-)) € L*(R™;
R) x L2(R™";R) x L2(R™;RY) x L*(R™; %),

[ sttn (o)) 35(0). u(o))d

<L (14 ul,).

< I (1+ sl 2 )-

<t (1) | [ @

< (1 + ||73||ig>, ‘/Rn Ay (2, y3())d

<191+ nlf3e + [sllze + sl + lull32)-

‘/n gfyl(t,:L‘771(39),'73(:17),75($),U(£E))dl’ + /]R" g’Ys(tvxaVl(x)v’%(‘r)a75(w)7u(x))dx

_|_

| otz (@) n(e). 35(0), u(@)de

[ gt (@) al@). (o). uta))da | +

<L (1 Il e + sl + sl + 2 )-

(iv) For any given control u(-,-) € Uaq, the coefficients of the equation (5.1) satisfy
Assumption 4.1.

By Lemma 4.1, we know that FBSPDE (5.1) admits a unique solution (X(-,-),Y(-,"),
Z(-,4) € M2 (R R*) Vu(-,+) € Xaq. In addition, (ii) in Assumption 5.1 and the a priori
estimate (4.6) indicate that

| (u(-, )| < oo.

Next, we propose the optimal control problem as follows:

Problem 5.1 Find an admissible control u(-,-) € Uaq such that

J(u* (") = u(-,-i)%f%ad'](u(.’.)). (5.3)
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Such an admissible control w*(-,-) is called an optimal control when (5.3) is satisfied, and
(X*(-y), Y*(-, ), Z*(+,-)) is called the corresponding optimal trajectory, which solves (5.1) under
Assumptions 4.1 and 5.1.

The Hamiltonian #:[0,7] x R" x RxRxR¥x% xR x R x R? — R is formulated formally as

%(taxvx7n733u7paqw‘€) = - b(t»$>}«'7 V;;U>v0a33u)p(tam) + f(ta%?aV}«'7UaVU737U)Q(ta$)
+ <U(t7$,1a V;; , VU,&,U), KZ(t,.’L')> + g(thapv U737u)' (54)

It is obvious that the Hamiltonian 52 is also continuously differentiable for (z,1,3,u) from
Assumption 4.1 and 5.1. Substituting J77,¢, ¢, 74, represent the corresponding partial
derivatives. For any control process u(:,-) € %a, let (X(-,-),Y(-,-), Z(-,-),p(-,-),q(-,-),k(-,-)) be
the corresponding state process (5.1) and the adjoint processes (5.6), respectively. In particular,
we denote by (X*(-,-),Y*(-,),Z*(-,),p*(-,"),q¢*(-,-),x*(-,:)) the state and adjoint processes
corresponding to the optimal control w*(-,-). For simplicity, the argument (¢,z) is suppressed,

and we have the following notations for subsequent use:

Lr(t,z) = Lp(t,z,X,Y,Z) =V - (AVX + BVY +C2),

£p(t,x) = Lp(t,2,X,Y,Z) =V - (~DVX + EVY + FZ),

At x) = At 2,1, 9,5,u,p" (8 2), ¢ (8 ), 57 (1, ),

HP(t,x) = H(t,x,1,9°,5" u’,p*(t,2), ¢"(t, 2), K" (t, @),

A () = At 2,0 (8 2), 9" (E, )37 (8 ), u™(E, ), p™ (8, @), g7 (£, ), K7 (L, ), (5.5)

w(tvx) = w(taxvxvnaﬁvu)a wp(t»x) = w(t,%}‘p,t)pvépaup)»

wi(t,x) := w;(t, 2, 2" (¢, x), 9" (¢, x), 3" (¢, ), u" (¢, z)),

3(35, YO) = ¢($,Y0($)) - QZ(.’E, YE)(.’E)), QZ(% XT) = ¢($, XT(x)) - ’(Z((E,XT(.’E)),
po(.’L’) = p(07$)7 QT(ZU) = q(T7 .’II), 1= Ly, 3u w= f7 g, b7p7q7 K, g.

To derive the maximum principle, for any admissible pair (X(~, Y, Z( ), ul )), the
following adjoint equations for the controlled system (5.1) and (5.2), which control the unknown
F-adapted processes p(-,-),q(-, ), k(-,*) are introduced

dp(t,z) = — {V - (B"Vq(t,x) — E"Vp(t,2)) + folt,2)q(t,x) + (oy(t, z), (¢, x))
—by(t, z)p(t, z) + gy (2, x)} dt — { —CTVq(t,z) + FTVp(t, x)
+ f;(t, x)q(t, x) + <03(t, x), K(t, x)> —by(t,x)p(t, x) + g;(t,x) | dW (1), (5.:6)

dg(t,z) = — {V. (ATVq(t,x) + DTVp(t, ;v)) + fe(t, x)q(t, z) + <0F(t7$), /i(t,x)>

—be(t, x)p(t, z) + g (t, x)} dt + s(t,z)dW(t), (t,z) €[0,T] x R",

Po(x) = = Ag(2,Y0(2)) = ¢y (2, Yo(2))q0 (@),  qr(x) = he(z, Xr(2)) — Pe(, X7 (2))pr(z),

Meanwhile, we can rewrite the adjoint equation (5.6) into the following form:
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[v (BTVq(t,z) — ETVp(t,z)) +%(t,m)}dt
[ CTVq(t,x) + FTVp(t,z) + AL, x)}dW( ),
[v (ATVq(t,z) + DT Vp(t,z) + %’;(t,x)}dt + w(t,2)dW (D), (t,z) € [0,T] x R,

( ) — Ay (2, Yo(2)) — ¥y (@, Yo(2))qo(2), QT(JJ)th(x,XT(l‘))—%(JinT(JJ))pT(JJ)( )
5.

As a result, we have the following lemma.

Lemma 5.1 Let Assumptions 4.1 and 5.1 hold. Then, there exists a unique triple (p(-,-),
q(, ), k(7)) € A2 (R™R2H) | which solves the adjoint equation (5.6).

Proof We can verify that the coefficients of equation (5.6) satisfy Assumption 4.1, and the
unique solution exists from Lemma 4.1. Thus, we complete the proof. O

Next, we present the main results of this paper, i.e., the sufficient and necessary SMP for
Problem 5.1.

5.1 Sufficient maximum principle

In this subsection, we obtained one of the main results of this paper, i.e., a sufficient condition
for the optimality of Problem 5.1, which can also be called SMP.

For any control process u(-,-) € Zaa, let (X (), Y (-,-), Z(-,-),p(-,),q(+, ), k(")) € A2 (R™
R2T4) x 42(R";R?>T4) be the corresponding solutions to the state equations (5.1) and the
adjoint equations (5.6), respectively.

First, we introduce the following lemma.

Lemma 5. 2 Suppose Assumptions 4.1 and 5.1 hold. For any (t,x) € [0,T] x R™ , we have
J(u(-,-) = J(W ()

= / / ” 1) = A (42 (X1, ) X (1)
- A ) (¥ (t0) = Y (0.0)) ~ () (0,0),200,2) - 2, Y]
+E [/ (h(x, X1) = h(z, X3) + Az, Yo) — A(z, YO*))dx]
| [ (a0 Yo(o)) = ot 5 @) = (e X3 2)
o X ) )) (X (@) — X)) + (Ml ()

000 Y5 (@) 0)) (oli) = Y5 2) () (0o X (o) ~ 0G0 X)) e (5
Proof Assume that (X(-,-),Y(-,-),Z(-,-),u(,-)) is an arbitrary admissible pair. With the

definitions of the Hamiltonian (5.4) and cost functional (5.2), it is clear that one can obtain

T ) = T ()
k| / [ () = o )+ (1) blt) = 8 (0,2)) =" (t.2) (F(t.2) = (1,2)

—(k*(t,x),0(t,x) — 0*(t,x)>)dxdt] +E {/ (h(m,XT) — h(z, X3) + A=, Yo) — Az, YJ))dx}
(5.9)
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By applying It6’s formula to <q* (), X(t) — X*(t)> + <p* (t),Y(t) — Y*(t)>L2, we have

LQ

d<q (). X(0) - X"(1)  +d(p <>Y<t>—Y*<t>>
= (V- (AT () + DTV (1), X >H = (0, X(0) - X)) dt
(V- (AV(X(0) = X" ) + BY(Y () =Y () + C(2(0) = 2'(1)),a" (1),
~ (V- (BTVq"(t) - ETVp' (1)), Y HlHldt7< (t),Y(t)fY*(t)>L2dt
~(V- (= DV(X(®) - X*(t))JrEV(Y(t)fY*(t))+F(Z(t)fZ*(t))),p*(t)>H71’Hldt
~(~CTVC W FTO (0.2(0) - 2°(0)) A= (Wi 0. 2() - 2°(1)) dt

+ <q*(t), F(t) - f*(t)>L2dt - <p*(t), b(t) — b*(t)>L2dt + <n*(t),cr(t) - o*(t)> dt,  (5.10)

L2
then taking (5.10) into (5.9), it is quite easy to get (5.8). O

Theorem 5.1 Let Assumptions 4.1 and 5.1 hold. Suppose that (X"‘(~,~),Y*(~,o),Z>‘k(~,')7
u*(,)) is an admissible pair and (p*(-,-),q¢*(-,-),k*(-,-)) 1is the adjoint process of the
corresponding adjoint equation (5.7) with ¥(-, Xr) = v Xr and ¢(-,Yo) = oYy , where b and ¢
are Fr -measurable bounded random wariable and Fo-measurable bounded random wvariable,
respectively. Moreover, if the following conditions hold:

(1) 2t z,x,0,3u,05 ¢, k%), h(w,z,1), Mw,z,n) are convex in (r,9,3,u), r and vy,
respectively;

(2) *(t,x) = mingeq H(t, x,r*,9",3%,u,p*, q¢*,k*), for almost all (t,w,x) € [0,T] x Q x R"
, then (X*(-, N, Y* (), Z% (), u (- )) is an optimal pair of Problem 5.1.

Proof Assume that (X(-,-),Y(-,-),Z(-,-),u(:,-)) is an arbitrary admissible pair. According to
Lemma 5.2, the difference of J(u(-,-)) — J(u*(+,-)) becomes (5.8). As J(¢t,z,r,v,3, u,p*, ¢, K*)
is convex in (r,n,3,u), for almost all (¢t,w,z) € [0,T] x Q x R, by virtue of Proposition 5.4 in
Chapter 1 of Ekeland and Temam [9], we have

/n (j?(t, z) — jf*(t,x))dx > <9f;*(t),X(t) - X*(t)>L2 + <yﬁ,*(t),y(t) - Y*(t)>

+ {7 (1), 2(t) - Z*(t)>L2 + (A (1), ult) —w®) . (5.11)

L2

L2

and

[ (b Xa(@) = bl X @) + M, Yo(a)) = Mo ¥ () )do
> (h(X5), X1 = X7) |+ (M(0). Yo Y5 ) . (5.12)

Additionally, as S*(t,z) = mingecq J€(t, ,r*, 0%, 3%, u,p*,¢", k") and the convex optimization
principle, by virtue of Proposition 2.1 in Chapter 2 of Ekeland and Temam [9], for almost all
(t,w,z) € [0,T] x Q x R", we have

<jz’;;*(t), ult) — u*(t)> > 0. (5.13)

L2
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Meanwhile,

(45.9(%0) = 65", = (pisv(Xr) — v(X7))

L2

+ <¢;(X%>p*T7XT - X%> - <¢0(Y0*)q8, Yy — y0> —0.

L2 L2
Thus, combining (5.11), (5.12), (5.13) and (5.14), it is easy to see that

J(u(--) = J(w () = 0.

5.2 Necessary maximum principle

93

(5.14)

(5.15)

This subsection presents one of the main results of this paper, i.e., a stochastic necessary

condition for the optimality of Problem 5.1, which can also be called the necessary SMP.

For any given admissible control u(-,:) € %4, since % is convex, we have the following
perturbed control process u?(:,-) :==u*(-,-) + p(u(:,-) = u*(-,")) € %a,0 < p < 1. Let (X*(-,-),
Y*(,-),Z*(-,-)) and (X*(-,-),Y"(-,-), Z*(-,-)) be the state processes corresponding to u*(,-) and
uf(-,-), respectively. Meanwhile, (p*(-,-),¢*(-,-),k*(+,-)) is the adjoint process corresponding to

the optimal control uw*(-,-). Then, we have the following convergence result.

Lemma 5.3 Suppose Assumptions 4.1 and 5.1 hold. Then,

E{ sup [|X4(8) = X*(@)|[;. + sup [[Y7() =¥ ()f;
te[0,7] t€[0,7]

T 2 2 2
+ E[/O (It = X* @5 + Y@ = Y Ol + HZ‘)(t)Z*(t)HLQ)dt} = 0(p%). (5.16)

Proof By a priori estimation (see Theorem 4.1) and the boundedness of the partial derivatives,

we have the following inequality

IE[ sup || X7(t) — X*(t)||3, + sup HYp(t)—Y*(t)Hiz]
te[0,T] te[0,T]

T
*E[/ (I1X2(®) = X @70 + 1) = YO + [|270) - Z*(t)!liz)d’f}

< KIE[/OT <||up(t) - u*(t)HZLZ)dt}
_ Kp2E[/OT (Hu(t) = u*(t)”;)dt}

= 0(p*).

This proof is complete.

(5.17)

O

Next, we present the variational formula for the cost functional J(u(-,-)) with Hamiltonian ¢

and state process (X(-,-),Y (), Z(-,")).
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Lemma 5.4 Suppose Assumptions 4.1 and 5.1 hold. Then, for any admissible control
U(+y ) € Uad , the directional derivative of the cost functional J(u(-,-)) at u*(-,-) in the direction

u(-, ) —u*(-,-) is as follows

dipj(u*('a )+ p(u(~, ) —ur(, ')))|P:0
— lim J(u (o) +p(uls ) —u(,0)) = J (@)
_p—>0 P

:]E[ /0 : (At X7 (0, Y7 (6), 27 (8), 0 (8),p" (1), 4" (0), 5° (1), u(t) - u*(t)>L2dt} . (518)
Proof Using (5.8), we obtain
Tl () = I (u"(,-))
= E[/OT /n (%”"(t,x) — A (t,x) — AT (4, x) (XP(tx) — X*(t,2)) — 2 (t,2) (YO (L, )
—Y*(t,x)) = (A (t,x), Z2°(t,x) — Z*(t,x)) — (A (¢, x),ul(t, ) — u* (L, x)>)dxdt]
+E /O ' /R (A () (1) u*(t,x)>da:dt]

+E / (ne, X8) — bz, X3) + A, YY)~ A, YJ))dx}

o /R (q;@) (9, Y§ (@) = ol Y5 (2))

= (he(w, X (@) = Gle, X7 (2)pip() ) (X (@) = X ()

(= Y5 @) = (5 (@) )) (Y ) - Y5 ()
() (@, X)) — w<x,X;<x>>))dx]. (5.19)

By means of Taylor series expansion and change of variables, we have

E[ /O ' / ) (jf”(t, ) — AL, m))dxdt]
= E[/OT / /01 (%;”’A(t,w) (XP(t,x) — X*(t,2)) + S0 ¢, 2) (YA (t,2) — Y*(t, )
+ (APt x), ZP(t @) — Z¥ (L, 2)) + (ALt @), ul (L x) — u” (t,a:)>)d/\da:dt} : (5.20)
where PNt ) = H(t, 2, 1P (t, ), 9P (8, x), 377 (¢, @), uP A (t, x), p*(t, ), ¢* (t, x), k* (¢, z)) with

Pt ) = (¢, x) + M\ (t,z) and uP(t, ) := u*(t,x) + M\ (t,x). Thus, combining (5.20) and

(5.16) and using the dominated convergence theorem gives
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[/ /n — A" (t,x) — c%’;*(t,x)(Xp(t,m) —X*(t,m))
— A (tx)(YP(t, x) — Y*(t,x)) — (A (t,x), ZP(t,x) — Z*(t, x))

— (A (8 x), ul (¢, 2) — u*(t7x)>)dxdt}
= olp)- (5.21)
Similarly, we can conclude that

IE[/ (h(x, X0) = h(z, X3) + Mz, Y{) — Az, YO*))dx}

-HE[/n <q6‘(m)(¢>(x,yop($)) — ¢(, Yy (x)))

= (e, X (@) = le, X7 (2))pip(2) ) (X () = X7 ()
+ (= M@ Y () = 6y (2,5 (@ x) O(z) - Vi (@)
— (@) (9o, X(@) — (o, X ))))dw]
= o(p). (5.22)

Consequently, combining (5.21), (5.22) and (5.19) yields
tim o~ (7 (u" () + p(u ) = u' (1)) = T (u'(,) )

_ EMT/" <%*(t,x),u(t,x) - u*(t,x)>dxdt}

The proof is complete. O
We now show the main results of this section.

Theorem 5.2 Let Assumptions 4.1 and 5.1 hold. Assume that u*(-,-) is the optimal control
with the corresponding trajectory (X*(-,-),Y*(-,), Z*(-,*)) and the corresponding adjoint process
*(,),q* (-, ), k*(-,-)) . Then, for any admissible control u(-,-) € % , and almost all (t,w,x) €
[0,T] x Q x R™ , we have the following result:

(Al X (), Y (1), Z° ()" (1), 7 (8. 2), 0" (6,2), 57 (1, 2)), ult, @) = (£ 2)) > 0.

(5.23)
Proof Based on Lemma 5.4 and the optimality of u*(-,-), we deduce that
T
B [ (A0 X057 0.2 000 00700 0 @) ul) - 00 (0) ]
0
J(u* (-, - ) =t () = T (ur (-
_ i 2 () — () = I () >0, Yu(,) € Uaa- (5.24)
p—0 P
The proof is complete. O

Based on the minimum condition (5.23) of Theorem 5.2, combined with the state equation (5.1)
and the adjoint equation (5.7) corresponding to the optimal control w*(-,-), we derive the
following stochastic system:
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o

D

*

—~

“i‘k

oS
| ——|

=[V . (AVX*(t,2) + BYY*(t,2) + CZ*(t,x)) + [*(t, x)]dt + o (t,2)dW (t),
[ — DVX*(t,2) + EVY*(t,z) + FZ*(t, 7)) + b"(t, :c)}dt + 75 (t,2)dW (1),
[v (BTVq" (t,z) — ETVp*(t,z)) +9ﬁ,*(t,x)}dt

[ CTVG (t,x) + FTVp* (t,a) + A, x)}dvv( ),

[v (ATVq" (t,z) + DT Vp* (t, z)) —i-f%’;*(t,:c)}dt—&-f@*(t,a:)dW(t),

X" (Oa x) =¢(z, YO* z)), Y'(T,z) =(z,Xp(z)),
Po(7) = = Ap(2, Y5 (7)) — by (2, Y5 (2)) 5 (%), a7 (x) = e, X7(2)) = e (2, X7(2))p7(2),
<%*(t,x),u(t,x) - u*(t,x)> >0, Yue, (t,x)e[0,T]xR".

(5.25)

Obviously, this is a kind of fully coupled FBSPDEs. The last inequality denote the minimum
condition, which is the so-called optimal system or stochastic Hamiltonian system of Problem
5.1, whose solution is a 7-tuple stochastic process (X(-,-),Y(-,-),Z(-, ), u(- ), p(),q(-s-),
k(- 0)) € AR R x L2(R™; RF) x A2 (R™; R*T). Under appropriate assumptions, we
have the following equivalent relation between the solvability of the stochastic Hamiltonian
system (5.25) and the existence of the optimal control of Problem 5.1.

Corollary 5.1 Suppose Assumptions 4.1, 5.1, and condition (i) in Theorem 5.1 hold. Then, the
existence of solution to the stochastic Hamiltonian system (5.25) is equivalent to the existence of
the optimal control of Problem 5.1.

Proof First, we prove the existence and uniqueness of an optimal control of Problem 5.1
when the adapted solution (X(v ')7 Y(7 ')7 Z(a ')7 ’LL(', ')7p('a ')a q('a ')7 H('v )) € J’{P‘zURn; R2+d) x
LR RF) x A2(R™; R2F9) exists for the stochastic Hamiltonian system (5.25). As J#(t,x,
X*Y*, Z* u,p*,q*,k*) is convex on u and based on the minimum condition of the Hamiltonian
system (5.25), the following formula holds

H(t, o, XY 25w, p" ¢ KY) = mi% (o, XY 2% u,p*,¢", k"), (t,x) €[0,T] x R"™.

ue
(5.26)
Therefore, (X(7 ')7 Y(v ')7 Z(7 ')7 ’LL( )
On the contrary, if (X(-,-),Y(-,-),Z(,-),u(:,-)) is an optimal pair with corresponding adjoint

process (p(+,),q(-,*),%(-,-)), then by Theorem 5.2, (X(-,-),Y(-,-),Z(),u(-),p(),q(s-),
k(-,+)) is an adapted solution of the stochastic Hamiltonian system (5.25). Thus, the proof is

-)) is an optimal pair according to Theorem 5.1.

completed. 0

6. Application in LQ optimal control problem

In this section, we delve into a class of LQ control problems. The LQ control problem is a
special form of the optimal control problem that assumes linear relationships between the state
and control variables with a quadratic cost functional. Due to its well-structured mathematical
framework, the LQ control problem has been widely used in the fields of control engineering,
automated systems, robot control, economics, finance, and so on. These applications underscore
its pivotal role in the field of optimal control. For readers interested in recent advances in LQ
problems driven by FBSDEs, references include [22, 49-51, 65, 66].
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Let the control domain % = RF, then the admissible control set is denoted by

Uoa = LE(R™;R¥). For any u(-,-) € Zaa, we consider the following control system driven by a
linear FBSPDE:

AX(t,2) = [V (AVX(t2) + BsVY (£,2) + CoZ(1,2) ) + A X (1 ) + A VX (t,2) + BiY (t7)
+BoVY (t,2) + CiZ (1 w) + Tult, @) |dt + [G1X (12) + GV X (4,2) + HaY (1, 2)
F HoVY (t,2) + Ty Z(t, ) + Ku(t, x)} aws,

dY (t,z) = — [v : ( ~DsVX(tz) + EVY (t ) + FaZ(t, a:)) F DX (t,2) + DoV X(t )

FEY (L) + EVY (L a) + FiZ(t,z) + Lult, x)} At + Z(t, 2)AW,,
X(0,z) =Y (0,2), Y(T,2) =¢vX(T,x), (t,z) € [0,T] x R",

(6.1)
with the quadratic cost functional as follows:
T
J(u(-,-) = ]E[/O ((QX(L 9, X(t, .)>L2 + (Ru(t,-), u(t, .)>L2 +(8Y (t,-), Y (t, .)>L2
+(VZ(t,), Z(t, -)>L2>dt + (MXr,, Xp) 0+ (NYo, Y0 s (6.2)

where A = As(t, x), Bs = Bs(t, ), D3 = Ds(t, x), E3 = E(t,x) € L (0,T; Cp(R™;S™)). Similarly,
Ay = As(t,x), By = Ba(t,z), Do = Da(t, ), Ea = Ea(t, x), G = Ga(t,x), Ha = Ha(t,z) € L (0,T;
Cyp(R™; R™*")). Cy = Ca(t), Fo = Fa(t) € LF(0,T; Cp(R™; R™¥4)). Ay = A (t, ), By = Bi(t, ),
D1 =Di(t, ), & =&i(t,z), G1 = Gi(t,x), Hi = Hi(t,x) € LF(0,T; Co(R™;R)). C1 =Ci(t), T =
Ti(t), F1 = Fi(t) € LE(0,T; C,(R™;RY)) . T=T(t,z), K=K(t,z), L=L(t,z) € LF(0,T; Cy(R™;
R¥)). Q= Q(t,x),S = S(t,x) € L¥(0,T; Cp(R™;R)), R = R(t,z) € L (0,T; Cp(R™;SF)), V=
V(t) € Lg°(0, T;R), p, M € LE (2; Co(R™; R)), ¢, N € LE (2; Co(R™; R)).
Moreover, we impose the following assumption:

Assumption 6.1 (i) V(w,z) € Q x R™, the random variables M, N are nonnegative definite.

(i) V(t,w,z) € [0,T] x Q x R™, the stochastic processes Q and S are nonnegative definite.

(i) V(t,w) € [0,T] x Q, the stochastic process V is nonnegative definite.

(iv) V(t,w,z) € [0,T] x Q x R™, the stochastic process R is positive definite. Besides, there
exists a constant 6 > 0 such that

<’Ru(t, 9, u(t, ~)>L2 > 5<u(t, ), u(t, ~)>L2, Yu € U.

(v) The super-parabolic condition holds, i.e.,

AsAs 0 B3B3 0 CoCy 0
( 0 5353)<01]’ < 0 D3D3><C2I’ < 0 RrFr ) SOh

and let the following conditions hold,
( B3 — CoCy 0

0 Dg—]-"z]-"2T>>COI’ Aszal, & —FoF) >l

where the constant cg,cy,cz,C1,Ca, Cs > 0 with co > +/C1 and 2c; >  esssup  |GoGy | and I

. . . L . . (t,)€[0,T]xR™

s an identity matriz with n X n dimenston.
(vi) For any given control u(-,-) € Uaa, the coefficients of the equation (5.1) satisfies

Assumption 4.1.
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Now, we propose the optimal control problem as follows:

Problem 6.1 Find an admissible control u(-,-) € %aq such that

J(U*(, )) - u(vl)nef%adJ(U(’ )) (63)

Such an admissible control u*(-,-) is called an optimal control when (6.3) is satisfied, and

(X*(+,), Y*(-,), Z*(-,-)) is called the corresponding optimal trajectory, which solves (6.1) under
Assumptions 6.1.

By Lemma 4.1, we know that FBSPDE (5.1) admits a unique solution (X(-,-),Y(-,-),
Z(-,+) € A2 (R R Vu(-,+) € Xaq. In addition, Assumption 6.1 and the a priori estimate
(4.6) indicate that |J(u(:,-))| < oo. Therefore, Problem 6.1 is well-defined. The coefficients
(f,0,b,9,h,\) in Problem 5.1 are specified as

2, X, VX, Y,VY, Z u)= A1 X (t,2)+ A VX (t, 2)+B,Y (t, 2)+B2 VY (¢, 2) +C1 Z (t, )+ Tu(t, x),
o(t,z, X,VX,Y,VY, Z, u) =G X (t,2)+G VX (t, e HH1Y (t,2) + H2 VY (t, )+ 11 Z (L, x) + Ku(t, x),
b(t,z, X, VX, Y, VY, Z u)=D1 X (t,z)+D2VX(t,x)+&E Y (t,x) +EVY (¢, x)+ F1Z(t, x) + Lu(t, x),
g(t,z, XY, Z, u)=<QX(t,x),X(t,J;)>—|—<Ru(t,x),u(t,a:)>+<SY(t,x),Y(t,x)>—|—<VZ(t,3:),Z(t,x)),
h(z, X1)=(MX(T,z),X(T,z)),
Mz, Yp)=(NY(0,2),Y(0,2)).

From Assumption 6.1, we observe that the coefficients (f,o,b,g,h,\) satisfy Assumption 5.1

and 4.1. It is then possible to apply SMP to Problem 6.1. Likewise, the Hamiltonian
H [0, T] xR*" x RxRxRYx % x RxRxR?— R becomes

HO(t,x,1,9,3,u,p,q, K)
- p(Dlzc £ DoV + E1y + £V + Fiz + ,cu)

+ q<A1F + AoV + Biy + Bo Vi + Cij + ju)
+ <n, Gir + GoVr + Han + HaVy + Toj + ICu>
+ <ch,zc> + <Ru, u> + <SU, t)> + <V5,5>. (6.4)

Therefore, for any given admissible control pair (X(-,-),Y(-,-), Z(:,-),u(:,-)), the dual equation
can be written as follows:

dp(t,@) = = | = Ewp(t, @) + E] Vp(t,2) — E5Ap(t, @) + Bua(t, @) — B Va(t,2) + BsAq(t, )
+ Mt 2) — HJ Valt,z) + 25Y (t,2)|dt — | = Fplt,2) + FJ Vp(t, )
+Cl gt w) — Cf Va(t z) + ] k(t, z) + 2VZ(t, 2)| W, 65)
dg(t,z) = — { — Dip(t,x) + Dy Vp(t, ) + D3Ap(t, =) + Aiq(t, ) — Ay Vq(t, x)

+ A3Aq(t,z) + Gur(t, x) — GF Vk(t,z) + 20X (¢, a:)] dt + w(t, 2)dWs,

As % = R¥, the control is unconstrained, and then the minimum condition in Theorem 5.2 is as
follows:

ot e, X, Y, Z, u,p,q,k) =0, ae.,(t,w,z)e[0,T]xQAxR", weZ. (6.6)



Probability, Uncertainty and Quantitative Risk 99

Based on the above, the stochastic Hamiltonian system is rewritten in linear form as
dX(t,z) = [Al)((t, )+ VX (t,2) + AAX (8 2) + BiY (,2) + BoVY (¢, ) + BsAY (¢, )
Y1 Z(t,z) + CoV Z(E x) + Tult, x)] dt + [ng(t, 2) + GV X (tz) + HiY (t,z)
Y HVY (4 2) + T Z(E ) + Ku(t, x)}dwt,
Ay (t,z) = — [DlX(t, 2) + DyVX (t,2) — DsAX (L, 2) + E1Y (1, ) + E;VY (£, z) + EsAY (¢, )
YFZ(tx) + FVZ(tx) + Lult, x)} dt + Z(t, z)dW,,
dp(t,z) = — [ —&p(t,z) + & Vp(t,x) — E3Ap(t,x) + Biq(t,z) — By Vq(t, ) + B3 Aq(t, z)
Y Hyk(t z) — HI Va(t,z) + 28Y (¢, x)} at — [ — FTp(t, ) + Ff Vp(t, z)
+CT q(t,z) — CF Va(t,z) + I k(t, z) + 2V Z(¢, x)} aw,,
dq(t,z) = — [ — Diplt, ) + DI Vp(t,z) + D3 Ap(t, z) + Arq(t, x) — A] Vq(t, z)
FAsAq(t, @) + Gik(t, x) — G Vi(t, o) + 20X (¢, :@}dt + k(t, )dW,
X(0,2) = Y (0,2), Y(T,z)=X(T,z),
p(0,2) = =2NY(0,2) — ¢q(0,z), ¢(T,2) =2MX(T,z) — ¥p(T, ),
Atz X,Y, Z,u,p,q,k) =0, (t,z)€[0,T] x R™

(6.7)

The most important theorem of this section, which is concerned with the representation of
optimal control, is given as follows:

Theorem 6.1 Suppose Assumption 6.1 holds. Then, there exists a unique adapted solution
(X(v ')a Y(a ')a Z(a ')a u('a ')ap('a ')a q('» ')’ H('a )) € ‘/KFQ(R"; R2+d) X g]Pg(an Rk) X JVIE‘Q(RTL; R2+d)
to the stochastic Hamiltonian system and there is a unique optimal control u*(-,-) of Problem 6.1,

with the following dual representation:
1
w(ta) = —3R7! ( — LTt x) + T (@) + KT R, m)). (6.8)

Proof First, we prove the existence and uniqueness of the optimal control of Problem 6.1. It
follows from Theorem 4.6 that the cost functional J (u(7 )) is continuous and consequently lower-
semi continuous on 311? (R™;R¥). Since the control weight matrix process R is uniformly positive
definite, J (u(,)) is strictly convex. In addition, based on the nonnegative property of the
operators Q,S,V, M and N and the uniformly positive property of R, we have

T(u(- ) > L]E/O /n |u(t, z)|*dedt = L|\u(-,-)||;§(Rn;Rk). (6.9)

Therefore, we deduce that the cost functional J(u(-,-)) satisfies the coercive condition:

J(u(-,-)) = 0. (6.10)

”u('a')‘lgjg(Rn;Rk)—>00
In summary, we have verified that the cost functional J(u(-,-)) satisfies coercive, strictly convex,
lower-semi continuous, and that the space %2 (R"; R¥) is clearly a reflexive Banach space. Then,

by Proposition 2.12 of [9], we have the existence and uniqueness of the optimal control
u*(,-) € L2 (R™;R*) of Problem 6.1.
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Next, we establish that there exists a unique adapted solution to the stochastic Hamiltonian
system (6.7). As a consequence of Corollary 5.1, as long as the optimal control w*(-,-) in
Problem 6.1 exists, then there exists a solution (X*(-,-),Y™*(-,-), Z*(-,),u*(-,-),p*(-,*), ¢* (-, ),
k() € A2 (R R x L2(R™; RF) x A2(R";R**) to the stochastic Hamiltonian system
(6.7), with (X*(-,-),Y*(-,*), Z*(-,-)) being the optimal state, and (p*(-,-),q*(-,-),x*(+,-)) being
the adjoint process corresponding to the optimal control u*(-,-). According to Corollary 5.1, if
there exists another adapted solution  (X*(-,-),Y*(-,-), Z*(-,-), u*(-,+), p* (), @* (-, -),
£*(,) € 2R R x L2(R™;RF) x A2(R"; R*H) to the stochastic Hamiltonian system
(6.7), then @*(-,-) must be the optimal control of Problem 6.1. However, due to the uniqueness
of the optimal control, the assertion @*(-,-) =wu*(-,-) is obtained. Moreover, in view of the
uniqueness of the solution of the FBSPDE (see Lemma 5.1), we give the conclusion
(X7, Y (), Z27C5 )7 (o), (o) BEC)) = (X0 ), Y () Z27C) P (i) a7 () B0 () -
In summary, there exists a unique solution to the stochastic Hamiltonian system (6.7).

In the following, we derive the dual characterization of the optimal control. On the basis of
Corollary 5.1, assume that the unique solution to the stochastic Hamiltonian system is
(X, Y (), Z5(, ), p* (), a* (4, ), 6*(+, ), then w*(-,-) is the unique optimal control of
Problem 6.1 while satisfying the following minimum condition

(e, XY, 2% u*,p*,q", k") =0, ae. t €[0,T], x € R", P-as. (6.11)
After taking equation (6.4) into the above equation, one gets
2Ru*(t,x) — L p*(t,x) + T " q*(t,x) + KTw*(t,2) = 0. (6.12)
To this point, it is easy to derive (6.8). We have completed the proof. |
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