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Abstract   This paper investigates the optimal control problem for a class of fully coupled
forward-backward  stochastic  partial  differential  equations  (FBSPDEs).  Based  on  the
existence  of  a  unique  solution  to  such  equations,  we  formulated  the  associated  optimal
control  problem  within  a  convex  control  domain.  By  employing  the  convex  variational
method,  we  derive  the  associated  stochastic  maximum principle  (SMP)  for  the  optimal
control problem intrinsic to this system. Finally, to demonstrate the applicability of our
theoretical  results,  we  apply  SMP  to  a  class  of  linear  quadratic  problems  and  obtain
explicit expressions for the unique optimal control.
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1.  Introduction

A  forward  stochastic  differential  equation  (SDE)  coupled  with  a  backward  stochastic
differential equation (BSDE) is called a forward backward stochastic differential equation (FBSDEs).
The  FBSDEs  mainly  originates  from  the  study  of  stochastic  control  problems.  When  the
stochastic  maximum  principle  (SMP)  is  applied  to  address  the  stochastic  optimal  control
problem for forward or backward systems, the system equations and their dual equations form a
fully coupled FBSDEs, which is often referred to as a stochastic Hamiltonian system. In financial
mathematics, fully coupled FBSDEs also arise in modeling scenarios such as those involving large
investors. The current research on FBSDEs focuses on the following three aspects. The first is to
study  the  existence  and  uniqueness  of  solutions  and  the  properties  of  fully  coupled  FBSDEs
under various conditions, and relevant literature is available at [2, 5, 13, 20, 25, 29, 30, 38, 42, 43,
55, 60, 63]. The second aspect focuses on the optimal control and differential strategy problems
of controlled FBSDEs by establishing the corresponding SMP using the verification theorem and
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dynamic programming principle with viscosity solution theory. Key relevant literature include [16,
21, 23, 26, 27, 33, 41, 45, 47, 49, 52, 53, 61, 62, 64]. The third is to research the applications of
FBSDEs in financial mathematics, such as the random recursive effect problem [7, 10], optimal
control  problem  under  nonlinear  expectation  [59],  and  optimal  investment  risk  minimization
problem [37]. Accordingly, the study of FBSDEs holds significant theoretical and practical value,
particularly in financial engineering.
The current research on FBSDEs mainly concentrates on the finite dimensional case, whereas

the  research  on  the  infinite  dimensional  FBSDEs is  still  in  its  early  stages,  offering  significant
potential for exploration. For example, Guatteri (2007) [14] investigated a specific class of infinite-
dimensional  FBSDEs  known  as  forward-backward  stochastic  evolution  equations  (FBSEEs)
characterized  by  the  fact  that  the  second-order  differential  operator  in  the  equations  is
nonrandom and  time  independent,  which  is  assumed  to  be  an  infinitesimal  generator  that  can
generate a class of semigroup operators. In the sense of mild solutions, Guatteri utilized the basic
theory of infinite dimensional SEEs and BSEEs, along with the contraction mapping method, to
establish the existence and uniqueness of local solutions under the Lipschitz condition. However,
they did not establish the existence and uniqueness of global solutions in general cases, which are
limited to practical applications. In the same year, Yin and Wang [58] studied a class of FBSDEs
that take values in Hilbert space and establish the existence and uniqueness of the solution under
the  assumption  of  monotone  coefficients,  characterized  by  the  fact  that  the  equations  do  not
contain second-order differential operators, i.e., they are first-order SDEs in the sense of partial
differential equations (PDEs).

σ

With  the  need  for  finer  descriptions,  higher  applicability,  richer  solutions,  and  wider
applications  in  describing  phenomena  in  physics,  biology,  finance,  etc.,  FBSPDE,  as  a  natural
extension of FBSDE, introduces partial derivatives on space, such as gradient and Laplace operator,
which  can  better  describe  the  interaction  of  multiple  stochastic  processes  in  space,  as  well  as
dealing  with  nonlinear  problems.  For  specific  FBSPDEs,  Yin  [56]  first  studied  the  Cauchy
problem for a class of super parabolic FBSPDEs in 2014. They first established the existence and
uniqueness  of  the  local  weak  solutions  using  the  contraction  mapping  principle  under  the
Lipschitz condition, and then established the existence and uniqueness of global weak solutions
using  the  continuation  method  and  contraction  mapping  principle  under  some  monotonicity
assumptions on the coefficients of the equations. Yin [57] further investigated the solvability of
FBSPDEs  with  nonmonotonic  coefficients.  In  this  paper,  this  topic  is  further  investigated  to
consider the optimal control problem for stochastic systems described by fully coupled FBSPDEs.
In  2018,  Feng  et  al.  [11]  obtained  an  approximation  procedure  by  studying  the  solutions  of
FBSDEs  with  smooth  coefficients  and  their  relation  to  the  classical  solutions  of  quasi-linear
elliptic PDEs by establishing a connection with the weak solutions of quasi-linear elliptic PDEs.
They  further  investigated  the  unique  weak  solution  of  the  proposed  linear  elliptic  PDEs  by
means of the solution of its quasi-linear elliptic PDEs on the infinite horizon. Cardaliaguet et al.
(2019) [4] studied a class of FBSPDEs with linear coefficients of   as well as periodic boundary
conditions  under  specific  strong  assumptions  and  obtained  wellposedness  in  Hölder  space.
Furthermore, one can refer to [8, 36] for the study of numerical approximation of fully coupled
FBSPDEs. Among them, [8], as a pioneering work in this area, proposed a numerical method for
solving a special class of coupled linear FBSPDEs. Recently, Molla and Qiu [36] investigated a
class  of  coupled  FBSPDEs  with  homogeneous  Dirichlet  boundary  conditions  and  nonlinear
coefficients.  They  presented  an  approach  that  combines  finite  element  methods  and  machine
learning techniques to solve such coupled FBSPDEs.
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Since the 1970s, the optimal control problem for stochastic systems has been extensively studied,
yielding  a  wealth  of  fundamental  and  significant  results.  A  classical  approach  to  solving  the
optimal control problem is to establish the necessary conditions satisfied by the optimal control,
which is commonly referred to as Pontryagin’s maximum principle. Regarding the SMP for the
general case of finite-dimensional stochastic systems, Peng (1990) [40] conducted a related study
and developed a global SMP by introducing a second-order dual equation through second-order
variational differentiation of  the state equation. The general  case is  the case where the control
variable assumes a nonconvex domain, and the diffusion term of the state equation contains the
control variable. Wu [54] and Yong [61] investigated the nonfully coupled and fully coupled cases
of forward backward stochastic controlled systems, respectively. And they established the global
form of the maximum principle for the general case via transforming the original problem into an
optimal control problem for a terminal-constrained forward stochastic systemsexploiting Eckland’
s variational principle and second-order dual methods. In contrast to these approaches [54, 61],
Hu [17] obtained a global MP for stochastic recursive systems in the general case by introducing
two new dual equations for the second-order variations of the backward component of the system.
For  the  optimal  control  problem  of  infinite-dimensional  forward  stochastic  systems,  detailed
investigations have also been conducted by numerous researchers, including Bensoussan [3], Peng
and Hu [19], Zhou [67], Li and Tang [48] and so on. Nevertheless, these results are largely subject
to one of the following assumptions: (i) the control domain is a convex set; (ii) the diffusion term
of the state equation does not depend on the control process;  (iii)  both the state equation and
cost  functional  are  linear  with  respect  to  the  state  variables.  Thus,  for  the  general  case  of
optimal  control  problems  of  infinite  dimensional  forward  stochastic  evolution  systems,  i.e.,  the
case where the control variable takes on a nonconvex domain, and the diffusion term of the state
equation  contains  a  control  variable,  its  SMP  has  been  an  open  problem  that  has  been
unresolved for many years.
In view of the second-order variational methods developed by Peng in the finite dimensional case,

the main difficulty in the infinite dimensional case lies in performing second-order dual analysis, i.
e.,  conducting a  dual  characterization of  the  quadratic  terms of  the  variational  inequalities.  In
the  finite  dimensional  case,  second-order  dual  analysis  can  be  characterized  by  an  adapted
solution of a matrix-valued BSDE, where the matrix-valued BSDE is called a second-order dual
equation,  and  its  adapted  solution  is  called  a  second-order  dual  process.  In  the  infinite
dimensional  case,  the  second-order  dual  equation  transforms  into  an  operator-valued  infinite-
dimensional  BSDE,  and  there  is  no  universal  solvability  theory.  Zhang  and  Lü  [28]  made
significant  contribution  to  this  problem  by  introducing  a  relaxation  transpose  solution  to
characterize operator-valued infinite-dimensional BSDEs. Consequently, they obtained the global
SMP of the optimal control. Similarly, Fuhrman et al. [12] studied the optimal control problem
for a specific class of stochastic parabolic PDEs with deterministic coefficients. They derived the
corresponding  SMP  by  leveraging  the  compactness  and  Markov  structure  of  the  system.  In
contrast to [12, 28], Meng and Du [6] established a global form of the SMP for the general case
by utilizing the Lebesgue differential theorem and the Reisz representation theorem for stochastic
bilinear  functionals  for  a  second-order  dual  representation  of  non-Markov  state  equations.
Lenhart et al. [24] established the existence of optimal control and the necessary conditions for
the existence of optimal control via dual principles and backward stochastic partial  differential
equations (BSPDEs) for stochastic  partial  differential  equations (SPDEs) systems in which the
noise is a space-time Gaussian random quantity with nonlocal terms. Stannat [46] extended the
SMP of SPDEs in nonconvex control domains by representing the second order adjoint state as a
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solution to the function-valued BSPDE. For the stochastic optimal control problem for infinite
dimensional  backward  systems,  Mahmudov and McKibben  (2007)  [32]  investigated  the  specific
case  in  which  the  second-order  differential  operator  of  the  system  is  non-stochastic  and  time-
invariant  by assuming that  it  is  an  infinitesimal  generator  that  generates  a  class  of  semigroup
operators. They established the corresponding SMP in the sense of mild solutions. Different from
[32],  Meng,  et  al.  (2013,  2014)  [34,  35]  studied  the  optimal  control  problem  for  infinite
dimensional  backward  stochastic  systems  with  random  coefficients,  where  the  second-order
differential operator of the system is stochastic and time-dependent. They established the local
and global forms of SMP under convex control and nonconvex control domains, respectively, in
the sense of the weak solution of the PDE. Notably, Al-Hussein and Gherbal (2014) [1] studied
the  optimal  control  problem  for  a  class  of  forward  backward  doubly  SDEs  taking  values  in  a
Hilbert space. They established the corresponding SMP, which is characterized by the fact that
the system does not contain second-order differential operators, i.e., it is a first-order differential
equation in the sense of a PDE.
Similar to Yin [56], we use a set of non-degeneracy conditions under monotonicity assumptions.

This approach was originally introduced by [20] for the infinite dimensional case and generalized
by [15], which considers the existence of infinitesimal generators and unbounded operators. Therefore,
the objective of this paper is to investigate Kolmogorov-type PDEs in infinite dimensional space
with spatial variables, i.e., fully coupled FBSPDEs of parabolic type:

dX(t, x) =
[
LF (t, x,X(t, x), Y (t, x), Z(t, x)) + f(t, x,X(t, x),∇X(t, x), Y (t, x),∇Y (t, x),

Z(t, x))
]
dt+

⟨
σ(t, x,X(t, x),∇X(t, x), Y (t, x),∇Y (t, x), Z(t, x)), dW (t)

⟩
,

dY (t, x) = −
[
LB(t, x,X(t, x), Y (t, x), Z(t, x)) + b(t, x,X(t, x),∇X(t, x),

Y (t, x),∇Y (t, x), Z(t, x))
]
dt+

⟨
Z(t, x), dW (t)

⟩
, (t, x) ∈ [0, T ]× Rn,

X(0, x) = ϕ(x, Y0(x)), Y (T, x) = ψ(x,XT (x)), x ∈ Rn,

(1.1)

where we denote{
LF (t, x,X(t, x), Y (t, x), Z(t, x)) ≜ ∇ ·

(
A∇X(t, x) +B∇Y (t, x) + CZ(t, x)

)
,

LB(t, x,X(t, x), Y (t, x), Z(t, x)) ≜ ∇ ·
(
−D∇X(t, x) + E∇Y (t, x) + FZ(t, x)

)
,

(1.2)

A = A(t, x), B = B(t, x), D = D(t, x), E = E(t, x) ∈ Sn C = C(t)

F = F (t) T ∈ (0,∞)

A,B,D E x

LF LB
f b

where   are random fields,   and
 are  also  matrix-valued random fields  with corresponding dimensions.    is  a

finite deterministic time. Note that if  , and   are differentiable in  , then the divergence
form  of  the  operators    and    would  be  equivalent  to  the  standard  form  with  some
corresponding changes in the functions   and  :{

L̃F (t, x,X(t, x), Y (t, x), Z(t, x)) ≜ tr
{
AD2X(t, x) +BD2Y (t, x) + C⊤∇Z(t, x)

}
,

L̃B(t, x,X(t, x), Y (t, x), Z(t, x)) ≜ tr
{
−DD2X(t, x) + ED2Y (t, x) + F⊤∇Z(t, x)

}
,

(1.3)

D2where   denotes the Hessian operator.
This study focuses on an innovative class of fully coupled forward-backward stochastic partial

differential  control  systems,  aiming  to  establish  a  necessary  and  sufficient  maximum  principle
utilizing  SPDE  techniques.  To  achieve  this  objective,  we  first  employ  Itô’s  formula  to
demonstrate the continuous dependence theorem for SPDEs and BSPDEs within Gelfand triples
under appropriate assumptions. The necessary maximum principle is rigorously established under
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the  assumption  of  convexity  in  the  control  domain.  We  also  establish  a  sufficient  SMP  by
incorporating  extra  convexity  assumptions  on  the  initial  cost,  terminal  cost,  and  Hamiltonian.
To  illustrate  our  results,  we  apply  them  to  a  linear  quadratic  (LQ)  control  problem.  By
employing sufficient and necessary maximum principles,  we derive the optimal control strategy
under  dual  representation.  The  novelty  of  this  work  lies  in  the  use  of  PDE  techniques.  By
constructing a Hamiltonian and Taylor expansion, we streamline the computation of performance
metrics,  thereby  avoiding  the  complexities  associated  with  traditional  variational  methods.
Importantly, our study is not a mere extension of the results from finite-dimensional FBSDEs to
FBSEEs, where coefficients are stochastic functions of space and time. Instead, our focus is  on
FBSDEs  containing  real  partial  derivatives,  employing  PDE  techniques  for  estimation  and
solving  optimal  control  problems,  distinguishing  our  approach  in  terms  of  methodology  and
assumptions from existing methods.
The  remainder  of  this  paper  is  organized  as  follows.  Section  2  introduces  the  notations  in

Hilbert  spaces  and  their  Itô’s  formula.  Section  3  presents  two  lemmas  on  SPDE and  BSPDE.
Section 4 presents an important estimate of FBSPDE based on a Gelfand triple. In Section 5, we
establish sufficient and necessary SMP for the optimal control problem of FBSPDE. Finally, in
Section 6, we investigate a kind of LQ problem and obtain the expression for the optimal control
using the previous results. 

2.  Notations and preliminaries

T > 0

(Ω,F ,F,P) F =
{
Ft : t ∈ [0, T ]

}
P-completeness{

W (t) = (W1(t),W2(t), . . . ,Wd(t))
⊤ : t ∈ [0, T ]

}
P[m,n] σ-algebra

[m,n]× Ω P σ [0, T ]× Ω

B(Λ) σ-algebra Λ m ∈ N, l ∈ R H l(Rn;Rm)

W l
2(Rn;Rm) H0(Rn;Rm) = L2(Rn;Rm)

| · | Rm ∥ · ∥L2 L2(Rn;Rm) ∥ · ∥H−1

H−1(Rn;Rm) ∥ · ∥ ∥ · ∥H1 H1(Rn;Rm)

Let    be  given  a  positive  number.  Consider  a  filtered  complete  probability  space
  with  a  filtration    satisfying  the  usual  conditions  of  right-

continuity  and  ,  which  is  generated  by  a  d-dimensional  standard  Brownian
motion  . Let   be the predictable 

on   and, in particular,   be the predictable   -algebra on  .  We denote by
 the Borel   of any topological space  . For any  , let   be

the  Sobolev  space  ,  where  we  denote  .  Additionally,  let
 be the standard norm of  ,   be the norm of  ,   be the norm of

 and  ,   be norms of  . They are given as follows:∥∥X∥∥2
L2 ≜

∫
Rn

∣∣X∣∣2dx, ∥∥X∥∥2 ≜
∫
Rn

∣∣∇X∣∣2dx, and
∥∥X∥∥2

H1 ≜
∥∥X∥∥2

L2 +
∥∥X∥∥2.

H−1(Rn;Rm) H1(Rn;Rm) ⟨·, ·⟩L2 ⟨·, ·⟩H1

L2(Rn;Rm) H1(Rn;Rm) ⟨·, ·⟩H−1,H1

H−1(Rn;Rm) H1(Rn;Rm) ∀X ∈ L2(Rn;Rm) X ′ ∈
H−1(Rn;Rm) ⟨X ′, Y ⟩H−1,H1 = ⟨X,Y ⟩L2 ,∀Y ∈ H1(Rn;Rm) X → X ′

X ′ X

(L2(Rn;Rm))−1 L2(Rn;Rm) L2(Rn;Rm) H−1(Rn;Rm)

H1(Rn;Rm) ⊂ L2(Rn;Rm) ⊂ H−1(Rn;Rm)

Denote  by    the  dual  space  of  .  Denote  by  ,    the  inner
product  of    and  ,  respectively,  and  by    the  duality  product
between    and  .  For  ,  there  exists  an 

, s.t.  . The mapping   is linear,
injective,  compact  and  continuous,  and  we  can  identify   with  .  In  this  sense,  we  identify

 with   and then   is a dense subset of  . Thus,
we get a Gelfand triple  .
In the following, we introduce some notations for later use.

Rn●  : the n-dimensional Euclidean space.
Rn×m n×m●  : the collection of all   matrices.
A⊤ A●  : the dual operator of the operator  .
A−1 A●  : the inverse operator of the operator  .
Sn ⊂ Rn×n n× n●  : the collection of all   symmetric matrices.
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Sn+ ⊂ Sn n× n●  : the collection of all   non-negative definite symmetric matrices.
∇ξ = (∂x1

ξ, ∂x2
ξ, . . . , ∂xn

ξ)⊤, ∀ξ ∈ C1(Rn;R).● 
∇ζ = (∇ζ1,∇ζ2, . . . ,∇ζm), ∀ζ ∈ C1(Rn;Rm).● 

∇ · ξ =
n∑
i=1

∂ξi
∂xi

, ∀ξ ∈ C1(Rn;Rn).● 
∇ · ζ = (∇ · ζ1,∇ · ζ2, . . . ,∇ · ζm)⊤, ∀ζ ∈ C1(Rn;Rn×m).● 
L2
Ft
(Ω;H) Ft-strongly ξ : Ω → H●  : the space of all   measurable random variables   satisfying∥∥ξ∥∥2

L2
Ft

(Ω;H)
= E

∥∥ξ∥∥2H <∞.

CF
(
0, T ;L2(Ω;H)

)
H-valued F-adapted f : [0, T ]× Ω

→ H
●  : the space of all   and   continuous processes 

 satisfying ∥∥f(·)∥∥2
CF(0,T ;L2(Ω;H))

= sup
0⩽t⩽T

[
E
∥∥f(t)∥∥2H] <∞.

L2
F
(
Ω;C(0, T ;H)

)
H-valued F-adapted f : [0, T ]× Ω

→ H
●  : the space of all   and   continuous processes 

 satisfying

∥f(·)∥2L2
F(Ω;C(0,T ;H)) = E

[
sup
t∈[0,T ]

∥f(t)∥2H
]
<∞.

L2
F(Ω;L

2(0, T ;H)) H-valued F-adapted f : [0, T ]× Ω → H●  :  the  space  of  all    and    processes 
satisfying ∥∥f(·)∥∥2

L2
F(Ω;L2(0,T ;H))

= E
[ ∫ T

0

∥∥f(t)∥∥2Hdt] <∞.

L∞
F (0, T ;H) H F●  : the space of all   -valued and   -adapted essentially bounded processes.

R2
F(Rn;R) ≜ L2

F
(
Ω; C(0, T ; L2(Rn;R))

)
∩ L2

F
(
Ω; L2(0, T ;H1(Rn; R))

)
X(·, ·) ∈

R2
F(Rn;R)
●  .  For  any 

, its norm is given by∥∥X(·, ·)
∥∥2

R2
F (Rn;R) = E

[
sup
t∈[0,T ]

∥∥X(t, ·)
∥∥2
L2 +

∫ T

0

∥∥X(t, ·)
∥∥2
H1dt

]
.

L 2
F (Rn;Rd) ≜ L2

F(Ω;L
2(0, T ;L2(Rn;Rd))) Z(·, ·) ∈ L 2

F (Rn;Rd)●  . For any  , its norm is given by∥∥Z(·, ·)∥∥2
L 2

F (Rn;Rd)
= E

[ ∫ T

0

∥∥Z(t, ·)∥∥2
L2dt

]
.

N 2
F (Rn; R1+d) ≜ R2

F(Rn; R)× L 2
F (Rn; Rd) Θ(·, ·) = (Y (·, ·), Z(·, ·)) ∈ N 2

F (Rn;R1+d)●  . For any  ,

its norm is given by∥∥Θ(·, ·)
∥∥2

N 2
F (0,T ;R1+d)

= E
[

sup
t∈[0,T ]

∥∥Y (t, ·)
∥∥2
L2 +

∫ T

0

∥∥Y (t, ·)
∥∥2
H1dt+

∫ T

0

∥∥Z(t, ·)∥∥2
L2dt

]
.

N 2
F (Rn; R2+d) ≜ R2

F(Rn; R)2 × L 2
F (Rn; Rd) Φ(·, ·) = (X(·, ·), Y (·, ·), Z(·, ·)) ∈

N 2
F (Rn;R2+d)

●  .  For  any 

, its norm is given by∥∥Φ(·, ·)∥∥2
N 2

F (Rn;R2+d)
= E

[
sup
t∈[0,T ]

∥∥X(t, ·)
∥∥2
L2 +

∫ T

0

∥∥X(t, ·)
∥∥2
L2dt+ sup

t∈[0,T ]

∥∥Y (t, ·)
∥∥2
L2

+

∫ T

0

∥∥Y (t, ·)
∥∥2
L2dt+

∫ T

0

∥∥Z(t, ·)∥∥2
L2dt

]
.

In what follows, we denote K to be a positive constant, which may differ from line to line.
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Next, we propose the following form of Itô’s formula.

X(·, ·) ∈ L2
F(Ω ; L2(0, T ;H1(Rn ; R))) α(·, ·) ∈ L2

F(Ω ; L2(0, T ;

H−1(Rn;R))) β(·, ·) ∈ L2
F(Ω;L

2(0, T ;L2(Rn;Rd)))
Lemma  2.1  Suppose  that   , 

 and   , with the following relation satisfied

dX(s) = α(s)ds+
⟨
β(s), dW (s)

⟩
, s ∈ [0, T ]. (2.1)

Then Itô’s formula holds as follows:∥∥X(t)
∥∥2
L2 =

∥∥X(0)
∥∥2
L2 +

∫ t

0

[
2
⟨
α(s), X(s)

⟩
H−1,H1 +

∥∥β(s)∥∥2
L2

]
ds

+ 2

∫ t

0

⟨∫
Rn

X(s, x)β(s, x)dx, dW (s)
⟩
, s ∈ [0, T ]. (2.2)

Proof  This result is classic, and the proof can be found in [39] and [44]. □ 

3.  SPDE and BSPDE

In  what  follows,  we  present  some  basic  results  on  SPDE  and  BSPDE.  First,  consider  the
SPDE of the following form:

dX(t, x) =
[
∇ ·
(
A∇X(t, x) + θ(t, x)

)
+ f(t, x,X(t, x),∇X(t, x))

]
dt

+
⟨
σ(t, x,X(t, x),∇X(t, x)), dW (t)

⟩
,

X(0, x) = ϕ(x), (t, x) ∈ [0, T ]× Rn.

(3.1)

(A, θ, f, σ, ϕ)Moreover, the coefficients   are assumed to satisfy the following conditions:

A : [0, T ]× Ω× Rn → Sn P ⊗ B(Rn)−measurable
A c1 > 0

Assumption 3.1  (i) The random mapping  is .
Suppose that  is uniformly bounded and there exists a constant  such that

A ⩾ c1I,

I n× nwhere  is an identity matrix with the  dimension.

(ii) The mapping

θ(t, ω, x) : [0, T ]× Ω× Rn → Rn

P ⊗ B(Rn)-measurableis  .

(iii) The mappings

f(t, ω, x, γ1, γ2) : [0, T ]× Ω× Rn × R× Rn → R,
σ(t, ω, x, γ1, γ2) : [0, T ]× Ω× Rn × R× Rn → Rd

P ⊗ B(Rn)⊗ B(R)⊗ B(Rn)-measurable Lf , Lσ1 , L
σ
2 > 0

(γ1, γ2), (γ̄1, γ̄2) ∈ R× Rn, ∀(t, ω, x) ∈ [0, T ]× Ω× Rn
are .  There  exist  constants ,  such  that

for all  ,∣∣f(t, ω, x, γ1, γ2)− f(t, ω, x, γ̄1, γ̄2)
∣∣ ⩽ Lf

(∣∣γ1 − γ̄1
∣∣+ ∣∣γ2 − γ̄2

∣∣),∣∣σ(t, ω, x, γ1, γ2)− σ(t, ω, x, γ̄1, γ̄2)
∣∣ ⩽ Lσ1

∣∣γ1 − γ̄1
∣∣+ Lσ2

∣∣γ2 − γ̄2
∣∣.

ϕ(·, ·) ∈ L2
F0

(Ω;L2(Rn;R)), θ(·, ·, ·) ∈ L2
F(Ω;L

2(0, T ;L2(Rn;Rn))), f(·, ·, ·, 0, 0) ∈ L2
F(Ω;L

2

(0, T ;L2(Rn;R))) σ(·, ·, ·, 0, 0) ∈ L2
F(Ω;L

2(0, T ;L2(Rn;Rd)))
(iv) 

 and  .
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Before discussing the a priori estimation of the SPDE, we present the definition of a weak solution.

X(·, ·) ∈ R2
F(Rn;R)

η ∈ H1(Rn;R) (t, ω) ∈ [0, T ]× Ω

Definition 3.1  The random function  is called a weak solution to the SPDE

(3.1) if for each  and almost every , it holds that⟨
X(t, ·), η(·)

⟩
L2

=
⟨
ϕ(·), η(·)

⟩
L2

−
∫ t

0

⟨
A(s, ·)∇X(s, ·) + θ(s, ·),∇η(·)

⟩
L2

ds

+

∫ t

0

⟨
f(s, ·, X(s, ·),∇X(s, ·)), η(·)

⟩
L2

ds

+

∫ t

0

⟨
σ(s, ·, X(s, ·),∇X(s, ·)), η(·)dW (s)

⟩
L2
. (3.2)

2c1 > |Lσ2 |2 (A, θ, f, σ, ϕ) (A, θ̄, f̄ , σ̄, ϕ̄)

X(·, ·) X̄(·, ·) ∈ R2
F(Rn;R)

(A, θ, f, σ, ϕ) (A, θ̄, f̄ , σ̄, ϕ̄) K

c1, T, L
f , Lσ1 Lσ2

Lemma 3.1  (Continuous  Dependence  Theorem of  SPDE) Under  Assumption  3.1,  we  further
assume  that  . Let   and   be  two  sets  of  coefficients  for  the

SPDE  (3.1) and  suppose  that   ,   are  the  solutions  of  the  SPDE  (3.1)

corresponding to   and   ,  respectively.  Then, there exists a constant 

depending only on   and   such that

E
[

sup
t∈[0,T ]

∥X(t)− X̄(t)∥2L2

]
+ E

[ ∫ T

0

∥X(t)− X̄(t)∥2H1ds
]

⩽ KE
[
∥ϕ−ϕ̄∥2L2+

∫ T

0

∥∥θ(t)−θ̄(t)∥∥2
L2dt+

∫ T

0

∥∥f(t, X̄(t),∇X̄(t))−f̄(t, X̄(t),∇X̄(t))
∥∥2
L2dt

+

∫ T

0

∥∥σ(t, X̄(t),∇X̄(t))− σ̄(t, X̄(t),∇X̄(t))
∥∥2
L2dt

]
. (3.3)

(A, θ̄, f̄ , σ̄, ϕ̄) = (A, 0, 0, 0, 0)In particular, for   , we have the following priori estimate:

E
[

sup
t∈[0,T ]

∥X(t)∥2L2

]
+ E

[ ∫ T

0

∥X(t)∥2H1ds
]

⩽ KE
[
∥ϕ∥2L2 +

∫ T

0

∥∥θ(t)∥∥2
L2dt+

∫ T

0

∥∥f(t, 0, 0)∥∥2
L2dt+

∫ T

0

∥∥σ(t, 0, 0)∥∥2
L2dt

]
. (3.4)

Proof  First, for simplicity, we denote by{
X̂ = X(t, x)− X̄(t, x), θ̂ = θ(t, x)− θ̄(t, x), ϕ̂ = ϕ(x)− ϕ̄(x),

f̂(t,X,∇X) = f(t,X,∇X)− f̄(t,X,∇X), σ̂(t,X,∇X) = σ(t,X,∇X)− σ̄(t,X,∇X).

∥X̂(s)∥2L2Using Itô’s formula to   and integration by parts technique, we obtain

∥X̂(t)∥2L2

= ∥ϕ̂∥2L2 − 2

∫ t

0

⟨∇X̂, A∇X̂ + θ̂⟩L2ds+ 2

∫ t

0

⟨X̂, f(s,X,∇X)− f̄(s, X̄,∇X̄)⟩L2ds

+

∫ t

0

∥∥σ(s,X,∇X)− σ̄(s, X̄,∇X̄)
∥∥2
L2ds+ 2

∫ t

0

⟨X̂,
(
σ(s,X,∇X)− σ̄(s, X̄,∇X̄)

)
dWs⟩L2 .

(3.5)

It is easy to verify that
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−2

∫ t

0

⟨∇X̂, A∇X̂ + θ̂⟩L2ds ⩽− 2c1

∫ t

0

∥∇X̂∥2ds+ ϵ1

∫ t

0

∥∇X̂∥2ds+ 1

ϵ1

∫ t

0

∥θ̂∥2L2ds

=−
(
2c1 − ϵ1

) ∫ t

0

(
∥X̂∥2H1 − ∥X̂∥2L2

)
ds+

1

ϵ1

∫ t

0

∥θ̂∥2L2ds. (3.6)

Substituting (3.6) into (3.5), we derive

∥X̂(t)∥2L2 +
(
2c1 − ϵ1

) ∫ t

0

∥X̂∥2H1ds

⩽ ∥ϕ̂∥2L2 +
(
2c1 − ϵ1

) ∫ t

0

∥X̂∥2L2ds+
1

ϵ1

∫ t

0

∥θ̂∥2L2ds

+ 2

∫ t

0

⟨X̂, f(s,X,∇X)− f̄(s, X̄,∇X̄)⟩L2ds

+

∫ t

0

∥∥σ(s,X,∇X)− σ̄(s, X̄,∇X̄)
∥∥2
L2ds

+ 2

∫ t

0

⟨X̂,
(
σ(s,X,∇X)− σ̄(s, X̄,∇X̄)

)
dWs⟩L2 . (3.7)

Then, by taking expectation on both sides of (3.7), we can get

E
[
∥X̂(t)∥2L2

]
+
(
2c1 − ϵ1

)
E
[ ∫ t

0

∥X̂∥2H1ds
]

⩽ E
[∥∥ϕ̂∥∥2

L2 +
(
2c1 − ϵ1

) ∫ t

0

∥X̂∥2L2ds+
1

ϵ1

∫ t

0

∥θ̂∥2L2ds

+ 2

∫ t

0

⟨X̂, f(s,X,∇X)− f̄(s, X̄,∇X̄)⟩L2ds

+

∫ t

0

∥∥σ(s,X,∇X)− σ̄(s, X̄,∇X̄)
∥∥2
L2ds

]
. (3.8)

ab ⩽ ϵa2 + 1
4ϵb

2,∀ϵ > 0From the Lipschitz condition in Assumption 3.1 and Young’s inequality  ,

we obtain

2

∫ t

0

∣∣∣⟨X̂, f(s,X,∇X)− f̄(s, X̄,∇X̄)⟩L2

∣∣∣ds
⩽ 2

∫ t

0

∥∥X̂∥∥
L2

∥∥f(s,X,∇X)− f(s, X̄,∇X̄) + f(s, X̄,∇X̄)− f̄(s, X̄,∇X̄)
∥∥
L2ds

⩽ 2

∫ t

0

∥∥X̂∥∥
L2

∥∥f(s,X,∇X)−f(s, X̄,∇X̄)
∥∥
L2ds+2

∫ t

0

∥∥X̂∥∥
L2

∥∥f(s, X̄,∇X̄)−f̄(s, X̄,∇X̄)
∥∥
L2ds

⩽ 2
∣∣Lf ∣∣ ∫ t

0

(∥∥X̂∥∥2
L2 +

∥∥X̂∥∥
L2

∥∥∇X̂∥∥)ds+ 2

∫ t

0

∥∥X̂∥∥
L2

∥∥f̂(s, X̄,∇X̄)
∥∥
L2ds

⩽
(
2
∣∣Lf ∣∣+ ∣∣Lf ∣∣2

ϵ2
+ ϵ3

)∫ t

0

∥∥X̂∥∥2
L2ds+ ϵ2

∫ t

0

∥∥∇X̂∥∥ds+ 1

ϵ3

∫ t

0

∥∥f̂(s, X̄,∇X̄)
∥∥
L2ds

=

(
2
∣∣Lf ∣∣+ ∣∣Lf ∣∣2

ϵ2
+ϵ3−ϵ2

)∫ t

0

∥∥X̂∥∥2
L2ds+ϵ2

∫ t

0

∥∥X̂∥∥2
H1ds+

1

ϵ3

∫ t

0

∥∥f̂(s, X̄,∇X̄)
∥∥
L2ds, (3.9)

likewise,
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∫ t

0

∥∥σ(s,X,∇X)− σ̄(s, X̄,∇X̄)
∥∥2
L2ds

=

∫ t

0

∥∥σ(s,X,∇X)− σ(s, X̄,∇X̄) + σ(s, X̄,∇X̄)− σ̄(s, X̄,∇X̄)
∥∥2
L2ds

⩽ (1 + ϵ4)

∫ t

0

∥∥σ(s,X,∇X)− σ(s, X̄,∇X̄)
∥∥2
L2ds

+

(
1 +

1

ϵ4

)∫ t

0

∥∥σ(s, X̄,∇X̄)− σ̄(s, X̄,∇X̄)
∥∥2
L2ds

⩽ (1 + ϵ4)

∫ t

0

(∣∣Lσ1 ∣∣∥∥X̂∥∥L2 +
∣∣Lσ2 ∣∣∥∥∇X̂∥∥L2

)2
ds+

(
1 +

1

ϵ4

)∫ t

0

∥∥σ̂(s, X̄,∇X̄)
∥∥2
L2ds

⩽ (1 + ϵ4)

(
1 +

1

ϵ5

) ∣∣Lσ1 ∣∣2 ∫ t

0

∥∥X̂∥∥
L2ds+ (1 + ϵ4) (1 + ϵ5)

∣∣Lσ2 ∣∣2 ∫ t

0

∥∥∇X̂∥∥
L2ds

+

(
1 +

1

ϵ4

)∫ t

0

∥∥σ̂(s, X̄,∇X̄)
∥∥2
L2ds

= (1 + ϵ4)

((
1 +

1

ϵ5

) ∣∣Lσ1 ∣∣2 − (1 + ϵ5)
∣∣Lσ2 ∣∣2)∫ t

0

∥∥X̂∥∥2
L2ds

+ (1 + ϵ4) (1 + ϵ5)
∣∣Lσ2 ∣∣2 ∫ t

0

∥∥X̂∥∥2
H1ds +

(
1 +

1

ϵ4

)∫ t

0

∥∥σ̂(s, X̄,∇X̄)
∥∥2
L2ds. (3.10)

Combining (3.8), (3.9) and (3.10), we derive

E
[
∥X̂(t)∥2L2

]
+
(
2c1 − ϵ1 − ϵ2 −

(
1 + ϵ4

)(
1 + ϵ5

)∣∣Lσ2 ∣∣2)E[ ∫ t

0

∥X̂∥2H1ds
]

⩽ E
[∥∥ϕ̂∥∥2

L2 +

(
2c1 − ϵ1 + 2

∣∣Lf ∣∣+ ∣∣Lf ∣∣2
ϵ2

+ ϵ3 − ϵ2

+
(
1 + ϵ4

)(
1 +

1

ϵ5

) ∣∣Lσ1 ∣∣2 − (1 + ϵ4
)(
1 + ϵ5

)∣∣Lσ2 ∣∣2)∫ t

0

∥∥X̂∥∥2
L2ds

+
1

ϵ1

∫ t

0

∥θ̂∥2L2ds+
1

ϵ3

∫ t

0

∥∥f̂(s, X̄,∇X̄)
∥∥2
L2ds+

(
1 +

1

ϵ4

)∫ t

0

∥∥σ̂(s, X̄,∇X̄)
∥∥2
L2ds

]
. (3.11)

2c1 > |Lσ2 |2 ϵ3 > 0 ϵ1, ϵ2, ϵ4, ϵ5 > 0

K2 = K2(c1, L
σ
2 ) = 2c1 − ϵ1 − ϵ2 −

(
1 + ϵ4

)(
1 + ϵ5

)∣∣Lσ2 ∣∣2 > 0

Noting  that  ,  for  any  ,  choose  sufficiently  small  ,  such  that

  holds,  then  applying  Gronwall’s

inequality gives

sup
t∈[0,T ]

E
[
∥X̂(t)∥2L2

]
⩽ exp{TK1}E

[∥∥ϕ̂∥∥2
L2 +

1

ϵ1

∫ t

0

∥θ̂∥2L2ds+
1

ϵ3

∫ T

0

∥∥f̂(s, X̄,∇X̄)
∥∥2
L2ds

+

(
1 +

1

ϵ4

)∫ T

0

∥∥σ̂(s, X̄,∇X̄)
∥∥2
L2ds

]
, (3.12)

K1=K1(c1, L
f , Lσ1 , L

σ
2 ) = 2c1 − ϵ1 + 2

∣∣Lf ∣∣+ |Lf |2
ϵ2

+ ϵ3 − ϵ2 +
(
1 + ϵ4

) (
1 + 1

ϵ5

) ∣∣Lσ1 ∣∣2 − (1+
ϵ4
)(
1 + ϵ5

)∣∣Lσ2 ∣∣2
where 

. Furthermore, according to (3.11) and (3.12), we get
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E
[ ∫ T

0

∥X̂∥2H1ds
]

⩽ 1

K2

{
E
[∥∥ϕ̂∥∥2

L2

]
+K1E

[ ∫ T

0

∥∥X̂∥∥2
L2ds

]
+

1

ϵ1

∫ T

0

∥θ̂∥2L2ds+
1

ϵ3
E
[ ∫ T

0

∥∥f̂(s, X̄,∇X̄)
∥∥2
L2ds

]
+

(
1 +

1

ϵ4

)
E
[ ∫ T

0

∥∥σ̂(s, X̄,∇X̄)
∥∥2
L2ds

]}
⩽ 1

K2

{
E
[∥∥ϕ̂∥∥2

L2

]
+ TK1 sup

t∈[0,T ]

E
[∥∥X̂∥∥2

L2

]
+

1

ϵ1

∫ T

0

∥θ̂∥2L2ds+
1

ϵ3
E
[ ∫ T

0

∥∥f̂(s, X̄,∇X̄)
∥∥2
L2ds

]
+

(
1 +

1

ϵ4

)
E
[ ∫ T

0

∥∥σ̂(s, X̄,∇X̄)
∥∥2
L2ds

]}
⩽ 1 + TK1 exp{TK1}

K2

{
E
[∥∥ϕ̂∥∥2

L2

]
+

1

ϵ1

∫ T

0

∥θ̂∥2L2ds+
1

ϵ3
E
[ ∫ T

0

∥∥f̂(s, X̄,∇X̄)
∥∥2
L2ds

]
+

(
1 +

1

ϵ4

)
E
[ ∫ T

0

∥∥σ̂(s, X̄,∇X̄)
∥∥2
L2ds

]}
. (3.13)

t ∈ [0, T ]From (3.7), (3.9) and (3.10), and taking supremum over  , then we have

E
[

sup
t∈[0,T ]

∥X̂(t)∥2L2

]
+K2E

[ ∫ T

0

∥X̂∥2H1ds
]

⩽ E
[
∥ϕ̂∥2L2 +K1

∫ T

0

∥X̂∥2L2ds+
1

ϵ1

∫ T

0

∥θ̂∥2L2ds+
1

ϵ3

∫ T

0

∥∥f̂(s, X̄,∇X̄)
∥∥2
L2ds

+

(
1 +

1

ϵ4

)∫ T

0

∥∥σ̂(s, X̄,∇X̄)
∥∥2
L2ds+ 2 sup

t∈[0,T ]

∣∣∣∣ ∫ t

0

⟨X̂,
(
σ(s,X,∇X)− σ̄(s, X̄,∇X̄)

)
dWs⟩L2

∣∣∣∣].
(3.14)

Subsequently, we deal with the stochastic integrals in (3.14) using the Burkholder-Davis-Gundy
inequality  and  Lipschitz  continuity  condition  together  with  (3.12)  and  (3.13).  As  a  result,  we
obtain the following equation

2E
[

sup
t∈[0,T ]

∣∣∣∣ ∫ t

0

⟨X̂,
(
σ(s,X,∇X)− σ̄(s, X̄,∇X̄)

)
dWs⟩L2

∣∣∣∣]

⩽ 8
√
2E
[(∫ T

0

∣∣∣∣⟨X̂, (σ(s,X,∇X)− σ̄(s, X̄,∇X̄)
)
⟩L2

∣∣∣∣2ds) 1
2
]

⩽ 8
√
2E
[(∫ T

0

∥∥X̂∥∥2
L2 ·

∥∥(σ(s,X,∇X)− σ̄(s, X̄,∇X̄)
)∥∥2
L2ds

) 1
2
]

⩽ 8
√
2E
[(

sup
t∈[0,T ]

∥∥X̂(t)
∥∥2
L2

∫ T

0

∥∥(σ(s,X,∇X)− σ̄(s, X̄,∇X̄)
)∥∥2
L2ds

) 1
2
]

⩽ E
[
ϵ6 sup
t∈[0,T ]

∥∥X̂(t)
∥∥2
L2 +

32

ϵ6

(
1 + ϵ4

)((
1 +

1

ϵ5

) ∣∣Lσ1 ∣∣2 − (1 + ϵ5
)∣∣Lσ2 ∣∣2)∫ T

0

∥∥X̂∥∥2
L2ds

+
32

ϵ6

(
1 + ϵ4

)(
1 + ϵ5

)∣∣Lσ2 ∣∣2 ∫ T

0

∥∥X̂∥∥2
H1ds+

32

ϵ6

(
1 +

1

ϵ4

)∫ T

0

∥∥σ̂(s, X̄,∇X̄)
∥∥2
L2ds

]
⩽ ϵ6E

[
sup
t∈[0,T ]

∥∥X̂(t)
∥∥2
L2

]
+K3E

[∥∥ϕ̂∥∥2
L2

]
+
K3

ϵ1
E
[ ∫ T

0

∥θ̂∥2L2ds
]
+
K3

ϵ3
E
[ ∫ T

0

∥∥f̂(s, X̄,∇X̄)
∥∥2
L2ds

]
+

(
K3 +

32

ϵ6

)(
1 +

1

ϵ4

)
E
[ ∫ T

0

∥∥σ̂(s, X̄,∇X̄)
∥∥2
L2ds

]
, (3.15)
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K3 = K3(T, c1, L
f , Lσ1 , L

σ
2 ) =

32
ϵ6

(
1 + ϵ4

)((
1 + 1

ϵ5

) ∣∣Lσ1 ∣∣2 − (1 + ϵ5
)∣∣Lσ2 ∣∣2)T exp{TK1}+ 32

ϵ6(
1 + ϵ4

)(
1 + ϵ5

)∣∣Lσ2 ∣∣2 1+TK1 exp{TK1}
K2

where 

.

Bringing (3.15) and (3.12) into (3.14) gives

(
1− ϵ6

)
E
[

sup
t∈[0,T ]

∥X̂(t)∥2L2

]
+K2E

[ ∫ T

0

∥X̂∥2H1ds
]

⩽ K4E
[
∥ϕ̂∥2L2

]
+
K4

ϵ1
E
[ ∫ T

0

∥θ̂∥2L2ds
]
+
K4

ϵ3
E
[ ∫ T

0

∥∥f̂(s, X̄,∇X̄)
∥∥2
L2ds

]
+K4

(
1 +

1

ϵ4

)
E
[ ∫ T

0

∥∥σ̂(s, X̄,∇X̄)
∥∥2
L2ds

]
, (3.16)

K4 = K4(T, c1, L
f , Lσ1 , L

σ
2 ) = 1 +K3 +K1T exp{TK1} ϵ6 > 0

1− ϵ6 > 0

where  .  Then,  we  choose    small

enough that   holds, which means that (3.16) turns into the following form

E
[

sup
t∈[0,T ]

∥X̂(t)∥2L2

]
+ E

[ ∫ T

0

∥X̂∥2H1ds
]

⩽ K5E
[
∥ϕ̂∥2L2 +

∫ T

0

∥θ̂∥2L2ds+
∫ T

0

∥∥f̂(s, X̄,∇X̄)
∥∥2
L2ds+

∫ T

0

∥∥σ̂(s, X̄,∇X̄)
∥∥2
L2ds

]
, (3.17)

K5 = K5(T, c1, L
f , Lσ1 , L

σ
2 ) =

K4 max{ 1
ϵ1
, 1
ϵ3
,1+ 1

ϵ4
}

min{1−ϵ6,K2}

(A, θ̄, f̄ , σ̄, ϕ̄) = (A, 0, 0,

0, 0)

where  .  Thus,  the  proof  of  the  desired  estimate

(3.3) is completed. Next, we prove the estimate (3.4) simply by making 

.
□

(A, θ, f, σ, ϕ)

2c1 > |Lσ2 |2 X(·, ·) ∈
R2

F(Rn;R)

Lemma  3.2  (Existence  and  Uniqueness  of  SPDE) For  any  generator    satisfying
Assumption  3.1  and  the  condition   ,  SPDE  (3.1)  has  a  unique  solution 

.

Proof  For relevant proofs, we can refer to [56] and omit the detailed proofs. □
Secondly, we consider the BSPDE as follows:

dY (t, x) =−
[
∇ ·
(
E∇Y (t, x) + FZ(t, x) + ϑ(t, x)

)
+ b(t, x, Y (t, x),∇Y (t, x), Z(t, x))

]
dt

+
⟨
Z(t, x), dW (t)

⟩
,

Y (T, x) =ψ(x), (t, x) ∈ [0, T ]× Rn.

(3.18)

(E,F, ϑ, b, ψ)Furthermore, the coefficients   are assumed to satisfy the following assumptions:

E : [0, T ]× Ω× Rn → Sn P ⊗ B(Rn)-measurable
F : [0, T ]× Ω → Rn×d P-measurable E,F

c2 > 0

Assumption 3.2  (i) The random mappings  is 
and  is . Suppose that  are uniformly bounded. Assume

there exists a constant  such that

E − FF⊤ ⩾ c2I,

I n× nwhere  is an identity matrix with the  dimension.

(ii) The mapping
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ϑ(t, ω, x) : [0, T ]× Ω× Rn → Rn

P ⊗ B(Rn)-measurableis  .
(iii) The mappings

b(t, ω, x, γ1, γ2, γ3) : [0, T ]× Ω× Rn × R× Rn × Rd → R

P ⊗ B(Rn)⊗ B(R)⊗ B(Rn)⊗ B(Rd)-measurable Lb > 0

(γ1, γ2, γ3), (γ̄1, γ̄2, γ̄3) ∈ R× Rn × Rd,∀(t, ω, x) ∈ [0, T ]× Ω× Rn
is .  There  exist  constants ,  such  that

for all  ,∣∣b(t, ω, x, γ1, γ2, γ3)− b(t, ω, x, γ̄1, γ̄2, γ̄3)
∣∣ ⩽ Lb

(∣∣γ1 − γ̄1
∣∣+ ∣∣γ2 − γ̄2

∣∣+ ∣∣γ3 − γ̄3
∣∣).

ψ(·, ·) ∈ L2
FT

(Ω;L2(Rn;R)), ϑ(·, ·, ·) ∈ L2
F(Ω;L

2(0, T ;L2(Rn;Rn))), b(·, ·, ·, 0, 0, 0) ∈ L2
F(Ω;

L2(0, T ;L2(Rn;R)))
(iv) 

.

Before discussing the a priori  estimation of  the BSPDE, we present the definition of  a weak
solution.

(Y (·, ·), Z(·, ·)) ∈ N 2
F (Rn;R1+d)

η ∈ H1(Rn;R) (t, ω) ∈ [0, T ]× Ω

Definition  3.2  The  pair  is  called  a  weak  solution  to  the

BSPDE (3.18), if for each  and almost every , it holds that⟨
Y (t, ·), η(·)

⟩
L2

=
⟨
ψ(·), η(·)

⟩
L2

−
∫ T

t

⟨
E(s, ·)∇Y (s, ·) + F (s)Z(s, ·) + ϑ(s, ·),∇η(·)

⟩
L2

ds

+

∫ T

t

⟨
b(s, ·, Y (s, ·),∇Y (s, ·), Z(s, ·)), η(·)

⟩
L2

ds−
∫ T

t

⟨
Z(s, ·), η(·)dW (s)

⟩
L2
.

(3.19)

(E,F, ϑ, b, ψ) (E,F, ϑ̄, b̄, ψ̄)

(Y (·, ·), Z(·, ·)), (Ȳ (·, ·), Z̄(·, ·)) ∈ N 2
F (Rn;R1+d)

(E,F, ϑ, b, ψ) (E,F, ϑ̄, b̄, ψ̄)

Lemma 3.3  (Continuous Dependence Theorem of BSPDE) Let Assumption 3.2 hold. Suppose
that   and   are two sets of coefficients for the BSPDE (3.18). Moreover,

we assume that   are the solutions of  the BSPDE

(3.18)  corresponding  to    and   ,  respectively.  Then  the  following

estimate holds:

E
[

sup
t∈[0,T ]

∥Y (t)− Ȳ (t)∥2L2

]
+ E

[ ∫ T

0

∥Y (t)− Ȳ (t)∥2H1dt
]
+ E

[ ∫ T

0

∥Z(t)− Z̄(t)∥2L2dt
]

⩽ KE
[
∥ψ − ψ̄∥2L2 +

∫ T

0

∥∥ϑ(t)− ϑ̄(t)
∥∥2
L2dt

+

∫ T

0

∥b(t, Ȳ (t),∇Ȳ (t), Z̄(t))− b̄(t, Ȳ (t),∇Ȳ (t), Z̄(t))∥2L2dt
]
, (3.20)

K c2, T Lb

b (E,F, ϑ̄, b̄, ψ̄) = (E,F, 0, 0, 0)

where   is a positive constant depending on   and the Lipschitz constant   of the mapping
. Furthermore, if   , we have the following estimate:

E
[

sup
t∈[0,T ]

∥Y (t)∥2L2

]
+ E

[ ∫ T

0

∥Y (t)∥2H1dt
]
+ E

[ ∫ T

0

∥Z(t)∥2L2dt
]

⩽ KE
[
∥ψ∥2L2 +

∫ T

0

∥∥ϑ(t)∥∥2
L2dt+

∫ T

0

∥∥b(t, 0, 0, 0)∥∥2
L2dt

]
, (3.21)

Kwhere the positive constant   is similar to the previous one.
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Proof  Similarly, to simplify our notation, we denote by
Ŷ = Y (t, x)− Ȳ (t, x), Ẑ = Z(t, x)− Z̄(t, x),

ϑ̂ = ϑ(t, x)− ϑ̄(t, x), ψ̂ = ψ(x)− ψ̄(x),

b̂(t, Ȳ ,∇Ȳ , Z̄) = b(t, Ȳ ,∇Ȳ , Z̄)− b̄(t, Ȳ ,∇Ȳ , Z̄).

∥Ŷ (s)∥2L2Applying Itô’s formula to   first and using Assumption 3.2, we obtain

∥Ŷ (t)∥2L2 +

∫ T

t

∥Ẑ∥2L2ds

=
∥∥ψ̂∥∥2

L2 − 2

∫ T

t

⟨E∇Ŷ ,∇Ŷ ⟩L2ds− 2

∫ T

t

⟨Z,F⊤∇Ŷ ⟩L2ds− 2

∫ T

t

⟨ϑ,∇Ŷ ⟩L2ds

+ 2

∫ T

t

⟨b(s, Y,∇Y, Z)− b̄(s, Ȳ ,∇Ȳ , Z̄), Ŷ ⟩L2ds− 2

∫ T

t

⟨Ŷ , Ẑ⟩L2dWs. (3.22)

It is easy to verify that

− 2

∫ T

t

⟨E∇Ŷ ,∇Ŷ ⟩L2ds− 2

∫ T

t

⟨Z,F⊤∇Ŷ ⟩L2ds− 2

∫ T

t

⟨ϑ,∇Ŷ ⟩L2ds

⩽− 2

∫ T

t

⟨
(
E − FF⊤)∇Ŷ ,∇Ŷ ⟩L2ds+

1

2

∫ T

t

∥Ẑ∥2L2ds+ ϵ1

∫ T

t

∥∇Ŷ ∥2ds+ 1

ϵ1

∫ T

t

∥ϑ∥2L2ds

⩽−
(
2c2 − ϵ1

) ∫ T

t

(
∥Ŷ ∥2H1 − ∥Ŷ ∥2L2

)
ds+

1

2

∫ T

t

∥Ẑ∥2L2ds+
1

ϵ1

∫ T

t

∥ϑ∥2L2ds. (3.23)

Substituting (3.23) into (3.22), we derive

∥Ŷ (t)∥2L2 +
(
2c2 − ϵ1

) ∫ T

t

∥Ŷ ∥2H1ds+
1

2

∫ T

t

∥Ẑ∥2L2ds

⩽
∥∥ψ̂∥∥2

L2 +
(
2c2 − ϵ1

) ∫ T

t

∥Ŷ ∥2L2ds+
1

ϵ1

∫ T

t

∥ϑ∥2L2ds

+ 2

∫ T

t

⟨Ŷ , b(s, Y,∇Y, Z)− b̄(s, Ȳ ,∇Ȳ , Z̄)⟩L2ds− 2

∫ T

t

⟨Ŷ , Ẑ⟩L2dWs. (3.24)

Then, by taking expectation on both sides of (3.24), we obtain

E
[
∥Ŷ (t)∥2L2

]
+
(
2c2 − ϵ1

)
E
[ ∫ T

t

∥Ŷ ∥2H1ds
]
+

1

2
E
[ ∫ T

t

∥Ẑ∥2L2ds
]

⩽ E
[∥∥ψ̂∥∥2

L2

]
+
(
2c2 − ϵ1

)
E
[ ∫ T

t

∥Ŷ ∥2L2ds
]
+

1

ϵ1
E
[ ∫ T

t

∥ϑ∥2L2ds
]

+ 2E
[ ∫ T

t

⟨Ŷ , b(s, Y,∇Y, Z)− b̄(s, Ȳ ,∇Ȳ , Z̄)⟩L2ds
]
. (3.25)

ab ⩽ ϵa2 + 1
4ϵb

2,∀ϵ > 0With the Lipschitz condition in Assumption 3.2 and Young’s inequality  ,

we obtain
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2

∫ T

t

∣∣∣⟨Ŷ , b(s, Y,∇Y, Z)− b̄(s, Ȳ ,∇Ȳ , Z̄)⟩L2

∣∣∣ds
⩽ 2

∫ T

t

∥∥Ŷ ∥∥
L2

∥∥b(s, Y,∇Y, Z)− b(s, Ȳ ,∇Ȳ , Z̄) + b(s, Ȳ ,∇Ȳ , Z̄)− b̄(s, Ȳ ,∇Ȳ , Z̄)
∥∥
L2ds

⩽ 2

∫ T

t

∥∥Ŷ ∥∥
L2

∥∥b(s, Y,∇Y, Z)− b(s, Ȳ ,∇Ȳ , Z̄)
∥∥
L2ds

+ 2

∫ T

t

∥∥Ŷ ∥∥
L2

∥∥b(s, Ȳ ,∇Ȳ , Z̄)− b̄(s, Ȳ ,∇Ȳ , Z̄)
∥∥
L2ds

⩽ 2
∣∣Lb∣∣ ∫ T

t

(∥∥Ŷ ∥∥2
L2 +

∥∥Ŷ ∥∥
L2

∥∥∇Ŷ ∥∥+ ∥∥Ŷ ∥∥
L2

∥∥Ẑ∥∥
L2

)
ds+ 2

∫ T

t

∥∥Ŷ ∥∥
L2

∥∥b̂(s, Ȳ ,∇Ȳ , Z̄)∥∥
L2ds

⩽
(
2
∣∣Lb∣∣+ ∣∣Lb∣∣2

ϵ2
+

∣∣Lb∣∣2
ϵ3

+ ϵ4

)∫ T

t

∥∥Ŷ ∥∥2
L2ds+ ϵ2

∫ T

t

∥∥∇Ŷ ∥∥2ds+ ϵ3

∫ T

t

∥∥Ẑ∥∥2
L2ds

+
1

ϵ4

∫ T

t

∥∥b̂(s, Ȳ ,∇Ȳ , Z̄)∥∥2
L2ds

=

(
2
∣∣Lb∣∣+ ∣∣Lb∣∣2

ϵ2
+

∣∣Lb∣∣2
ϵ3

+ ϵ4 − ϵ2

)∫ T

t

∥∥Ŷ ∥∥2
L2ds+ ϵ2

∫ T

t

∥∥Ŷ ∥∥2
H1ds

+ ϵ3

∫ T

t

∥∥Ẑ∥∥2
L2ds+

1

ϵ4

∫ T

t

∥∥b̂(s, Ȳ ,∇Ȳ , Z̄)∥∥2
L2ds. (3.26)

Combining (3.25)−(3.26), we have

E
[
∥Ŷ (t)∥2L2

]
+
(
2c2 − ϵ1 − ϵ2

)
E
[ ∫ T

t

∥Ŷ ∥2H1ds
]
+
(1
2
− ϵ3

)
E
[ ∫ T

t

∥Ẑ∥2L2ds
]

⩽ E
[∥∥ψ̂∥∥2

L2

]
+
(
2c2 − ϵ1 + 2

∣∣Lb∣∣+ ∣∣Lb∣∣2
ϵ2

+

∣∣Lb∣∣2
ϵ3

+ ϵ4 − ϵ2
)
E
[ ∫ T

t

∥Ŷ ∥2L2ds
]

+
1

ϵ4
E
[ ∫ T

t

∥∥b̂(s, Ȳ ,∇Ȳ , Z̄)∥∥2
L2ds

]
+

1

ϵ1
E
[ ∫ T

t

∥ϑ∥2L2ds
]
. (3.27)

ϵ4 > 0 ϵ1, ϵ2, ϵ3 > 0 2c2 − ϵ1 − ϵ2 > 0 1
2 − ϵ3 > 0For any  , select   small enough such that   and  ,

then applying Gronwall’s inequality, we obtain

sup
t∈[0,T ]

E
[
∥Ŷ (t)∥2L2

]
⩽ exp{TK1}E

[∥∥ψ̂∥∥2
L2

]
+

exp{TK1}
ϵ4

E
[ ∫ T

0

∥∥b̂(s, Ȳ ,∇Ȳ , Z̄)∥∥2
L2ds

]
+

exp{TK1}
ϵ1

E
[ ∫ T

0

∥ϑ∥2L2ds
]
,

(3.28)

K1 = K1(c2, |Lb|) = 2c2 − ϵ1 + 2
∣∣Lb∣∣+ |Lb|2

ϵ2
+ |Lb|2

ϵ3
+ ϵ4 − ϵ2where  .  Furthermore,  according  to

(3.27) and (3.28), we obtain

E
[ ∫ T

0

∥Ẑ∥2L2ds
]
⩽ K2E

[∥∥ψ̂∥∥2
L2

]
+
K2

ϵ4
E
[ ∫ T

0

∥∥b̂(s, Ȳ ,∇Ȳ , Z̄)∥∥2
L2ds

]
+
K2

ϵ1
E
[ ∫ T

0

∥ϑ∥2L2ds
]
,

(3.29)

K2 = K2(T, c2, |Lb|) = 1+K1T exp{TK1}
1
2−ϵ3

where  .

Combining (3.24) and (3.26), then taking supremum on both sides and expectation yields
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E
[

sup
t∈[0,T ]

∥Ŷ (t)∥2L2

]
+
(
2c2 − ϵ1 − ϵ2

)
E
[ ∫ T

0

∥Ŷ ∥2H1ds
]
+
(1
2
− ϵ3

)
E
[ ∫ T

0

∥Ẑ∥2L2ds
]

⩽ E
[∥∥ψ̂∥∥2

L2

]
+K1E

[ ∫ T

0

∥Ŷ ∥2L2ds
]
+

1

ϵ4
E
[ ∫ T

0

∥∥b̂(s, Ȳ ,∇Ȳ , Z̄)∥∥2
L2ds

]
+

1

ϵ1
E
[ ∫ T

0

∥ϑ∥2L2ds
]

+ 2E
[

sup
t∈[0,T ]

∣∣∣∣ ∫ T

t

⟨Ŷ , Ẑ⟩L2dWs

∣∣∣∣]. (3.30)

Subsequently, we deal with the stochastic integrals in (3.30) by means of the Burkholder-Davis-
Gundy  inequality  and  the  Lipschitz  continuity  condition  together  with  (3.29),  and  obtain  the
following result

2E
[

sup
t∈[0,T ]

∣∣∣∣ ∫ T

t

⟨Ŷ , Ẑ⟩L2dWs

∣∣∣∣] = 2E
[

sup
t∈[0,T ]

∣∣∣∣ ∫ T

0

⟨Ŷ , Ẑ⟩L2dWs −
∫ t

0

⟨Ŷ , Ẑ⟩L2dWs

∣∣∣∣]

⩽ 2E
[∣∣∣∣ ∫ T

0

⟨Ŷ , Ẑ⟩L2dWs

∣∣∣∣+ sup
t∈[0,T ]

∣∣∣∣ ∫ t

0

⟨Ŷ , Ẑ⟩L2dWs

∣∣∣∣]

⩽ 2E
[

sup
t∈[0,T ]

∣∣∣∣ ∫ t

0

⟨Ŷ , Ẑ⟩L2dWs

∣∣∣∣+ sup
t∈[0,T ]

∣∣∣∣ ∫ t

0

⟨Ŷ , Ẑ⟩L2dWs

∣∣∣∣]

⩽ 16
√
2E
[ ∫ T

0

∣∣∣∣⟨Ŷ , Ẑ⟩L2

∣∣∣∣2ds] 1
2

⩽ 16
√
2E
[

sup
t∈[0,T ]

∥∥Ŷ (t)
∥∥2
L2

∫ T

0

∥∥Ẑ∥∥2
L2ds

] 1
2

⩽ ϵ5E
[

sup
t∈[0,T ]

∥∥Ŷ (t)
∥∥2
L2

]
+

128

ϵ5
E
[ ∫ T

0

∥Ẑ∥2L2ds
]

⩽ ϵ5E
[

sup
t∈[0,T ]

∥∥Ŷ (t)
∥∥2
L2

]
+

128K2

ϵ5
E
[∥∥ψ̂∥∥2

L2

]
+

128K2

ϵ4ϵ5
E
[ ∫ T

0

∥∥b̂(s, Ȳ ,∇Ȳ , Z̄)∥∥2
L2ds

]

+
128K2

ϵ1ϵ5
E
[ ∫ T

0

∥ϑ∥2L2ds
]
. (3.31)

Substituting (3.28) and (3.31) into (3.30), we obtain(
1− ϵ5

)
E
[

sup
t∈[0,T ]

∥Ŷ (t)∥2L2

]
+
(
2c2 − ϵ1 − ϵ2

)
E
[ ∫ T

0

∥Ŷ ∥2H1ds
]
+

(
1

2
− ϵ3

)
E
[ ∫ T

0

∥Ẑ∥2L2ds
]

⩽
(
1 +

128K2

ϵ5
+ TK1 exp{TK1}

)
E
[∥∥ψ̂∥∥2

L2

]
+

1

ϵ4

(
1 +

128K2

ϵ5
+ TK1 exp{TK1}

)
E
[ ∫ T

0

∥∥b̂(s, Ȳ ,∇Ȳ , Z̄)∥∥2
L2ds

]
+

1

ϵ1

(
1 +

128K2

ϵ5
+ TK1 exp{TK1}

)
E
[ ∫ T

0

∥ϑ∥2L2ds
]
, (3.32)

which implies

E
[

sup
t∈[0,T ]

∥Ŷ (t)∥2L2

]
+ E

[ ∫ T

0

∥Ŷ ∥2H1ds
]
+ E

[ ∫ T

0

∥Ẑ∥2L2ds
]

⩽ K3

{
E
[∥∥ψ̂∥∥2

L2

]
+ E

[ ∫ T

0

∥∥b̂(s, Ȳ ,∇Ȳ , Z̄)∥∥2
L2ds

]
+ E

[ ∫ T

0

∥ϑ∥2L2ds
]}
, (3.33)
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K3 = K3(T, c2, |Lb|) =
max{1, 1

ϵ1
, 1
ϵ4

}
(
1+

128K2
ϵ5

+TK1 exp{TK1}
)

min{1−ϵ5,2c2−ϵ1−ϵ2, 12−ϵ3}

(E,F, ϑ̄, b̄, ψ̄) = (E,F, 0, 0, 0)

where  .  Hence,  we have completed the

proof  of  estimate (3.20),  and next,  it  is  convenient  to  prove estimate (3.21)  simply by making
.

□
(E,F, ϑ, b, ψ)

(Y (·, ·), Z(·, ·)) ∈ N 2
F (Rn;R1+d)

Lemma 3.4  (Existence and Uniqueness of BSPDE) For any generator   satisfying
Assumption 3.2, BSPDE (3.18) admits a unique solution  .

Proof  Similarly, this proof can be found in [18, 31, 56]; so, we omit the detailed proofs. □ 

4.  FBSPDE

In this section, we study FBSPDE (1.1). Revisiting the FBSPDEs we studied:

dX(t, x) =
[
LF (t, x,X(t, x), Y (t, x), Z(t, x)) + f(t, x,X(t, x),∇X(t, x), Y (t, x),∇Y (t, x),

Z(t, x))
]
dt+

⟨
σ(t, x,X(t, x),∇X(t, x), Y (t, x),∇Y (t, x), Z(t, x)), dW (t)

⟩
,

dY (t, x) =−
[
LB(t, x,X(t, x), Y(t, x), Z(t, x))+b(t, x,X(t, x),∇X(t, x), Y (t, x),∇Y (t, x),

Z(t, x))
]
dt+

⟨
Z(t, x), dW (t)

⟩
, (t, x) ∈ [0, T ]× Rn,

X(0, x) =ϕ(x, Y0), Y (T, x) = ψ(x,XT ), x ∈ Rn,

(4.1)

where we denote{
LF (t, x,X(t, x), Y (t, x), Z(t, x)) ≜ ∇ ·

(
A∇X(t, x) +B∇Y (t, x) + CZ(t, x)

)
,

LB(t, x,X(t, x), Y (t, x), Z(t, x)) ≜ ∇ ·
(
−D∇X(t, x) + E∇Y (t, x) + FZ(t, x)

)
.

(4.2)

(A,B,C,D,E, F, f, σ, b, ϕ, ψ)

Similar  to  the  cases  of  SPDE  (3.1)  and  BSPDE  (3.18),  we  still  have  to  make  the  following
assumptions for the coefficients   of FBSPDE (1.1).

A,B,D,E : [0, T ]× Ω× Rn → Sn P ⊗ B(Rn)
C,F : [0, T ]× Ω → Rn×d P-measurable A,B,C,D,E, F

c0, c1, c2, C1, C2, C3 > 0

Assumption 4.1  (i) The random mappings  is  -
measurable  and  is .  Suppose  that  are

uniformly bounded. Assumer there exists constants  such that(
AA 0
0 EE

)
⩽ C1I,

(
BB 0
0 DD

)
⩽ C2I,

(
CC⊤ 0
0 FF⊤

)
⩽ C3I,

and (
B − CC⊤ 0

0 D − FF⊤

)
⩾ c0I, A ⩾ c1I, E − FF⊤ ⩾ c2I,

I n× nwhere  is an identity matrix with the  dimension.
(ii) The mappings

f(t, ω, x, γ) : [0, T ]× Ω× Rn ×R → R,

b(t, ω, x, γ) : [0, T ]× Ω× Rn ×R → R,

σ(t, ω, x, γ) : [0, T ]× Ω× Rn ×R → Rd

P ⊗ B(Rn)⊗ B(R)⊗ B(Rn)⊗ B(R)⊗ B(Rn)⊗ B(Rd)-measurable γ = (γ1, γ2, γ3,

γ4, γ5) ∈ R R ≜ R× Rn × R× Rn × Rd Lf , Lσ1 , L
σ
2 , L

b > 0

γ = (γ1, γ2, γ3, γ4, γ5), γ̄ = (γ̄1, γ̄2, γ̄3, γ̄4, γ̄5) ∈ R, ∀(t, ω, x) ∈ [0, T ]× Ω× Rn

are ,  where 

 and . There exist constants , such that

for all  ,
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∣∣f(t, ω, x, γ)− f(t, ω, x, γ̄)
∣∣ ⩽ Lf

(∣∣γ̂1∣∣+ ∣∣γ̂2∣∣+ ∣∣γ̂3∣∣+ ∣∣γ̂4∣∣+ ∣∣γ̂5∣∣),∣∣σ(t, ω, x, γ)− σ(t, ω, x, γ̄)
∣∣ ⩽ Lσ1

(∣∣γ̂1∣∣+ ∣∣γ̂3∣∣+ ∣∣γ̂4∣∣+ ∣∣γ̂5∣∣)+ Lσ2
∣∣γ̂2∣∣,∣∣b(t, ω, x, γ)− b(t, ω, x, γ̄)

∣∣ ⩽ Lb
(∣∣γ̂1∣∣+ ∣∣γ̂2∣∣+ ∣∣γ̂3∣∣+ ∣∣γ̂4∣∣+ ∣∣γ̂5∣∣),

γ̂i = γi − γ̄i i = 1, 2, 3, 4, 5where  with  .
(iii) The mappings

ϕ(ω, x, γ3) : Ω× Rn × R → R,
ψ(ω, x, γ1) : Ω× Rn × R → R

F0 ⊗ B(Rn)⊗ B(R)-measurable FT ⊗ B(Rn)⊗ B(R)-measurable
Lϕ, Lψ > 0 γ1, γ3, γ̄1, γ̄3 ∈ R, ∀(ω, x) ∈ Ω× Rn

are  and ,  respectively.  There
exist constants , such that for all  ,∣∣ϕ(ω, x, γ3)− ϕ(ω, x, γ̄3)

∣∣ ⩽ Lϕ
∣∣γ̂3∣∣,∣∣ψ(ω, x, γ1)− ψ(ω, x, γ̄1)

∣∣ ⩽ Lψ
∣∣γ̂1∣∣,

γ̂i = γi − γ̄i i = 1, 3where  with  .
ϕ(·, 0) ∈ L2

F0
(Ω;H1(Rn;R)) ψ(·, T ) ∈ L2

FT
(Ω;H1(Rn;R)) ϑ(·, ·, ·) ∈ L2

F(Ω;L
2(0, T ;L2(Rn

Rn))), f(·, ·, ·, 0, 0, 0, 0, 0) b(·, ·, ·, 0, 0, 0, 0, 0) ∈ L2
F(Ω;L

2(0, T ;L2(Rn;R))) σ(·, ·, ·, 0, 0, 0, 0, 0) ∈ L2
F

(Ω;L2(0, T ;L2(Rn;Rd)))

(iv)  ,  ,  ;
,      

.
(v) For simplicity of notation, define

Λ(t, x, γ) :=

 −b(t, x, γ)
f(t, x, γ)
σ(t, x, γ)

 , γ :=


γ1
γ2
γ3
γ4
γ5

 , γ′ :=

 γ1
γ3
γ5

 ,

and [
Λ(t, x, γ), γ′

]
:= −b(t, x, γ)γ1 + f(t, x, γ)γ3 +

⟨
σ(t, x, γ), γ5

⟩
.

β1 ⩾ 0, β2 ⩾ 1
2 , µ1 ⩾ 0, µ2 ⩾ 0There exist four constants  such that the following conditions hold:

(a) β1 > 0, µ1 > 0, β2 ⩾ 1
2 , µ2 ⩾ 0

β2 >
1
2 , µ2 > 0, β1 ⩾ 0, µ1 ⩾ 0

  One of the following two cases holds true. Case 1: . Case 2:
 .

(b) γ=(γ1, γ2, γ3, γ4, γ5), γ̄=(γ̄1, γ̄2, γ̄3, γ̄4, γ̄5) ∈ R γ′ = (γ1, γ3, γ5), γ̄
′ = (γ̄1, γ̄3, γ̄5)

∈ R× R× Rd,∀(t, ω, x) ∈ [0, T ]× Ω× Rn,
  For each , 


[
Λ(t, x, γ)− Λ(t, x, γ̄), γ̂′

]
⩽ −β1

∣∣γ̂1∣∣2 − β2

[∣∣γ̂3∣∣2 + ∣∣γ̂5∣∣2],(
ψ(x, γ1)− ψ(x, γ̄1)

)
γ̂1 ⩾ µ1

∣∣γ̂1∣∣2,(
ϕ(x, γ3)− ϕ(x, γ̄3)

)
γ̂3 ⩽ −µ2

∣∣γ̂3∣∣2,
γ̂i = γi − γ̄i i = 1, 2, 3, 4, 5where  with  .

(A,B,C,D,E, F, f, σ, b, ϕ, ψ)If the coefficients   satisfy Assumption 4.1, it is called a generator
of FBSPDE. Before discussing the a priori estimation of the FBSPDE, we present the definition
of a weak solution.

(X(·, ·), Y (·, ·), Z(·, ·)) ∈ N 2
F (Rn;R2+d)

η ∈ H1(Rn;R) (t, ω) ∈ [0, T ]× Ω

Definition  4.1  The  triple  is  called  a  weak  solution  to
the FBSPDE (1.1) if for each  and almost every , it holds that

84 Suya Zhang, Maozhong Xu, Qingxin Meng



⟨
X(t, ·), η(·)

⟩
L2
=
⟨
ϕ(·), η(·)

⟩
L2
−
∫ t

0

⟨
A(s, ·)∇X(s, ·)+B(s, ·)∇Y (s, ·)+C(s)Z(s, ·),∇η(·)

⟩
L2

ds

+

∫ t

0

⟨
f(s, ·, X(s, ·),∇X(s, ·), Y (s, ·),∇Y (s, ·), Z(s, ·)), η(·)

⟩
L2

ds

+

∫ t

0

⟨
σ(s, ·, X(s, ·),∇X(s, ·), Y (s, ·),∇Y (s, ·), Z(s, ·)), η(·)dW (s)

⟩
L2

(4.3)

and⟨
Y (t, ·), η(·)

⟩
L2

=
⟨
ψ(·), η(·)

⟩
L2

−
∫ T

t

⟨
D(s, ·)∇X(s, ·)+E(s, ·)∇Y (s, ·)+F (s)Z(s, ·),∇η(·)

⟩
L2

ds

+

∫ T

t

⟨
b(s, ·, X(s, ·),∇X(s, ·), Y (s, ·),∇Y (s, ·), Z(s, ·)), η(·)

⟩
L2

ds

−
∫ T

t

⟨
Z(s, ·), η(·)dW (s)

⟩
L2
. (4.4)

c0 ⩾
√
C1

2c1 > |Lσ2 |2 (A,B,C,D,E, F, f, σ, b, ϕ, ψ)(
X(·, ·), Y (·, ·), Z(·, ·)

)
∈ N 2

F (Rn;R2+d)

Lemma  4.1  (Existence  and  Uniqueness  of  FBSPDE)  Let  Assumption  4.1,    and
 be satisfied. For any generator   , FBSPDEs (1.1) has a

unique solution  .

Proof  In fact, Yin [56] has studied this problem and gave a detailed proof, and the conditions
we propose satisfy those in [56, Theorem 4.4]. Therefore, we do not repeat it here. □

c0 ⩾
√
C1 2c1 > |Lσ2 |2

(
X(·, ·), Y (·, ·), Z(·, ·)

)
,(

X̄(·, ·), Ȳ (·, ·), Z̄(·, ·)
)
∈ N 2

F (Rn;R2+d)

(A,B,C,D,E, F, f, σ, b, ϕ, ψ) (A,B,C,D,E, F, f̄ , σ̄, b̄, ϕ̄, ψ̄)

Theorem  4.1  (Continuous  Dependence  Theorem  of  FBSPDE)  Let  Assumption  4.1  hold.
Additionally,  we  assume  that    and  .  Suppose  that 

 are the solutions of the FBSPDEs (1.1) corresponding to

two given generators   and   , respectively.

Then, we have the following estimate:

E
[

sup
t∈[0,T ]

∥X̂(t)∥2L2 + sup
t∈[0,T ]

∥Ŷ (t)∥2L2

]
+ E

[ ∫ T

0

(
∥X̂(t)∥2H1 + ∥Ŷ (t)∥2H1 + ∥Ẑ(t)∥2L2

)
dt
]

⩽ KE
[ ∫ T

0

(∥∥f(t, X̄(t),∇X̄(t), Ȳ (t),∇Ȳ (t), Z̄(t))− f̄(t, X̄(t),∇X̄(t), Ȳ (t),∇Ȳ (t), Z̄(t))
∥∥2
L2

+
∥∥σ(t, X̄(t),∇X̄(t), Ȳ (t),∇Ȳ (t), Z̄(t))− σ̄(t, X̄(t),∇X̄(t), Ȳ (t),∇Ȳ (t), Z̄(t))

∥∥2
L2

+
∥∥b(t, X̄(t),∇X̄(t), Ȳ (t),∇Ȳ (t), Z̄(t))− b̄(t, X̄(t),∇X̄(t), Ȳ (t),∇Ȳ (t), Z̄(t))

∥∥2
L2

)
dt
]

+ E
[∥∥ϕ(Ȳ (0))− ϕ̄(Ȳ (0))

∥∥2
L2 +

∥∥ψ(X̄(T ))− ψ̄(X̄(T ))
∥∥2
L2

]
, (4.5)

K c1, C1, c2, T, µ1, µ2, β

Lf , Lσ1 , L
σ
1 , L

b (A,B,C,D,E, F, f̄ , σ̄, b̄, ϕ̄, ψ̄) = (A,B,C,D,E, F, 0, 0, 0, 0, 0)

where    is  a  positive  constant  depending  on   and  the  Lipschitz  constants
. Furthermore,  if   ,  we

have the following estimate:

E
[

sup
t∈[0,T ]

∥X(t)∥2L2 + sup
t∈[0,T ]

∥Y (t)∥2L2

]
+ E

[ ∫ T

0

(
∥X(t)∥2H1 + ∥Y (t)∥2H1 + ∥Z(t)∥2L2

)
dt
]

⩽ KE
[ ∫ T

0

(∥∥f(t, 0, 0, 0, 0, 0)∥∥2
L2 +

∥∥σ(t, 0, 0, 0, 0, 0)∥∥2
L2 +

∥∥b(t, 0, 0, 0, 0, 0)∥∥2
L2

)
dt

+
∥∥ϕ(0)∥∥2

L2 +
∥∥ψ(0)∥∥2

L2

]
, (4.6)
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Kwhere the positive constant   is similar to the previous one.

Proof  Similarly, we denote by
X̂ = X(t, x)− X̄(t, x), Ŷ = Y (t, x)− Ȳ (t, x), Ẑ = Z(t, x)− Z̄(t, x),

ϖ̂(t,X,∇X,Y,∇Y, Z) = ϖ(t,X,∇X,Y,∇Y, Z)− ϖ̄(t,X,∇X,Y,∇Y, Z), ϖ = f, σ, b,

ϕ̂(Y0) = ϕ(Y0)− ϕ̄(Y0), ψ̂(XT ) = ψ(XT )− ψ̄(XT ).

On the one hand, the continuous-dependence theorem of SPDE (see Lemma 3.1) leads to

E
[

sup
t∈[0,T ]

∥X̂(t)∥2L2

]
+ E

[ ∫ T

0

∥X̂∥2H1dt
]

⩽ KE
[ ∫ T

0

(∥∥f̂(t, X̄,∇X̄, Ȳ ,∇Ȳ , Z̄)∥∥2
L2 +

∥∥σ̂(t, X̄,∇X̄, Ȳ ,∇Ȳ , Z̄)∥∥2
L2 + ∥Ŷ ∥2L2

+ ∥∇Ŷ ∥2 + ∥Ẑ∥2L2

)
dt+ ∥ϕ̂(Ȳ0)∥2L2 + ∥Ŷ0∥2L2

]
. (4.7)

On the other hand, under Assumption 4.1,  the continuous-dependence theorem of BSPDE (see
Lemma 3.3) yields

E
[

sup
t∈[0,T ]

∥Ŷ (t)∥2L2

]
+ E

[ ∫ T

0

∥Ŷ ∥2H1dt
]
+ E

[ ∫ T

0

∥Ẑ∥2L2dt
]

⩽ KE
[ ∫ T

0

(∥∥b̂(t, X̄,∇X̄, Ȳ ,∇Ȳ , Z̄)∥∥2
L2 + ∥X̂∥2L2 + ∥∇X̂∥2

)
dt+ ∥ψ̂(X̄T )∥2L2 + ∥X̂T ∥2L2

]
. (4.8)

Λ(t, x, γ)
⟨
X̂(s), Ŷ (s)

⟩
L2

Furthermore, by applying Itô’s formula and the definition of   to  , we have

E
[
⟨X̂T , ψ(XT )− ψ̄(X̄T )⟩L2

]
= E

[
⟨Ŷ0, ϕ(Y0)− ϕ̄(Ȳ0)⟩L2

]
+ E

[ ∫ T

0

⟨σ̂(t, X̄,∇X̄, Ȳ ,∇Ȳ , Z̄), Ẑ⟩L2dt

+

∫ T

0

⟨f̂(t, X̄,∇X̄, Ȳ ,∇Ȳ , Z̄), Ŷ ⟩L2dt+
∫ T

0

⟨−b̂(t, X̄,∇X̄, Ȳ ,∇Ȳ , Z̄), X̂⟩L2dt
]

+ E
[ ∫ T

0

[
Λ(t,X,∇X,Y,∇Y, Z)− Λ(t, X̄,∇X̄, Ȳ ,∇Ȳ , Z̄), (X̂, Ŷ , Ẑ)⊤

]
dt
]

+ E
[ ∫ T

0

⟨∇ ·
(
A∇X̂ +B∇Ŷ + CẐ

)
, Ŷ ⟩H−1,H1dt

+

∫ T

0

⟨
−
(
∇ ·
(
−D∇X̂ + E∇Ŷ + FẐ

))
, X̂
⟩
H−1,H1

dt
]
. (4.9)

It is easy to verify that⟨
∇ ·
(
A∇X̂ +B∇Ŷ + CẐ

)
, Ŷ
⟩
H−1,H1

+
⟨
−
(
∇ ·
(
−D∇X̂ + E∇Ŷ + FẐ

))
, X̂
⟩
H−1,H1

= −
⟨
A∇X̂ +B∇Ŷ + CẐ,∇Ŷ

⟩
L2

+
⟨
−D∇X̂ + E∇Ŷ + FẐ,∇X̂

⟩
L2

⩽ 1

2ϵ1

⟨
AA∇Ŷ ,∇Ŷ

⟩
L2

+
ϵ1
2

∥∥∇X̂∥∥2 + 1

2ϵ2

⟨
EE∇Ŷ ,∇Ŷ

⟩
L2

+
ϵ2
2

∥∥∇X̂∥∥2 + 1

2

∥∥Ẑ∥∥2
L2

−
⟨(
B − CC⊤)∇Ŷ ,∇Ŷ ⟩

L2
−
⟨(
D − FF⊤)∇X̂,∇X̂⟩

L2
.

(4.10)
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2ab ⩽ 1
ϵa

2 + ϵb2,∀ϵ > 0

ϵ1 = ϵ2 =
√
C1

From  the  monotonicity  condition  and  the  elementary  equality  ,  and
taking it here as  , then we derive(

µ1 − ϵ5
)
E
[∥∥X̂T

∥∥2
L2

]
+ µ2E

[∥∥Ŷ0∥∥2L2

]
+
(
β1 − ϵ3

)
E
[ ∫ T

0

∥∥X̂∥∥2
L2dt

]
+
(
c0 −

√
C1

)
E
[ ∫ T

0

∥∥∇X̂∥∥2dt]
+ β2E

[ ∫ T

0

∥∥Ŷ ∥∥2
L2dt

]
+
(
c0 −

√
C1

)
E
[ ∫ T

0

∥∥∇Ŷ ∥∥2dt]+ (β2 − 1

2

)
E
[ ∫ T

0

∥∥Ẑ∥∥2
L2dt

]
⩽ 1

4ϵ3
E
[ ∫ T

0

∥∥b̂(t, X̄,∇X̄, Ȳ ,∇Ȳ , Z̄)∥∥2
L2dt

]
+

1

4ϵ4
E
[ ∫ T

0

(∥∥f̂(t, X̄,∇X̄, Ȳ ,∇Ȳ , Z̄)∥∥2
L2

+
∥∥σ̂(t, X̄,∇X̄, Ȳ ,∇Ȳ , Z̄)∥∥2

L2

)
dt
]
+

1

4ϵ5
E
[∥∥ψ̂(X̄T )

∥∥2
L2

]
+

1

4ϵ6
E
[∥∥ϕ̂(Ȳ0)∥∥2L2

]
+ ϵ4E

[ ∫ T

0

(∥∥Ŷ ∥∥2
L2 +

∥∥Ẑ∥∥2
L2

)
dt
]
+ ϵ6E

[∥∥Ŷ0∥∥2L2

]
. (4.11)

β1 > 0, µ1 > 0, β2 ⩾ 1
2 , µ2 ⩾ 0 c0 ⩾

√
C1 ϵ3 ϵ5

β1 − ϵ3 > 0 µ1 − ϵ5 > 0 K1 = max{β1 − ϵ3, c0−√
C1}

For  the  case  ,  notice  that  ,  where  we  take    and 
sufficiently  small  to  make    and  .  Then  letting 

, we get

(
µ1 − ϵ5

)
E
∥∥X̂T

∥∥2
L2 +K1E

∫ T

0

∥∥X̂∥∥2
H1dt

⩽ 1

4ϵ3
E
[ ∫ T

0

∥∥b̂(t, X̄,∇X̄, Ȳ ,∇Ȳ , Z̄)∥∥2
L2dt

]
+

1

4ϵ4
E
[ ∫ T

0

(∥∥f̂(t, X̄,∇X̄, Ȳ ,∇Ȳ , Z̄)∥∥2
L2

+
∥∥σ̂(t, X̄,∇X̄, Ȳ ,∇Ȳ , Z̄)∥∥2

L2

)
dt
]
+

1

4ϵ5
E
[∥∥ψ̂(X̄T )

∥∥2
L2

]
+

1

4ϵ6
E
[∥∥ϕ̂(Ȳ0)∥∥2L2

]
+ ϵ4E

[ ∫ T

0

(∥∥Ŷ ∥∥2
L2 +

∥∥Ẑ∥∥2
L2

)
dt
]
+ ϵ6E

[∥∥Ŷ0∥∥2L2

]
. (4.12)

ϵ4 ϵ6Combining (4.12) and (4.8), and choosing   and   small enough, we have

E
[

sup
t∈[0,T ]

∥Ŷ (t)∥2L2

]
+ E

[ ∫ T

0

∥Ŷ ∥2H1dt
]
+ E

[ ∫ T

0

∥Ẑ∥2L2dt
]

⩽ K

{
E
[ ∫ T

0

(∥∥b̂(t, X̄,∇X̄, Ȳ ,∇Ȳ , Z̄)∥∥2
L2 +

∥∥f̂(t, X̄,∇X̄, Ȳ ,∇Ȳ , Z̄)∥∥2
L2

+
∥∥σ̂(t, X̄,∇X̄, Ȳ ,∇Ȳ , Z̄)∥∥2

L2

)
dt
]
+ E

[∥∥ψ̂(X̄T )
∥∥2
L2

]
+ E

[∥∥ϕ̂(Ȳ0)∥∥2L2

]}
. (4.13)

Furthermore, substituting (4.13) into (4.7) yields

E
[

sup
t∈[0,T ]

∥X̂(t)∥2L2

]
+ E

[ ∫ T

0

∥X̂∥2H1dt
]

⩽ K

{
E
[ ∫ T

0

(∥∥b̂(t, X̄,∇X̄, Ȳ ,∇Ȳ , Z̄)∥∥2
L2 +

∥∥f̂(t, X̄,∇X̄, Ȳ ,∇Ȳ , Z̄)∥∥2
L2

+
∥∥σ̂(t, X̄,∇X̄, Ȳ ,∇Ȳ , Z̄)∥∥2

L2

)
dt
]
+ E

[∥∥ψ̂(X̄T )
∥∥2
L2

]
+ E

[∥∥ϕ̂(Ȳ0)∥∥2L2

]}
. (4.14)
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Then, combining (4.13) and (4.14), we obtain

E
[

sup
t∈[0,T ]

∥X̂(t)∥2L2

]
+ E

[ ∫ T

0

∥X̂∥2H1dt
]
+ E

[
sup
t∈[0,T ]

∥Ŷ (t)∥2L2

]
+ E

[ ∫ T

0

∥Ŷ ∥2H1dt
]
+ E

[ ∫ T

0

∥Ẑ∥2L2dt
]

⩽ K

{
E
[ ∫ T

0

(∥∥b̂(t, X̄,∇X̄, Ȳ ,∇Ȳ , Z̄)∥∥2
L2 +

∥∥f̂(t, X̄,∇X̄, Ȳ ,∇Ȳ , Z̄)∥∥2
L2

+
∥∥σ̂(t, X̄,∇X̄, Ȳ ,∇Ȳ , Z̄)∥∥2

L2

)
dt
]
+ E

[∥∥ψ̂(X̄T )
∥∥2
L2

]
+ E

[∥∥ϕ̂(Ȳ0)∥∥2L2

]}
. (4.15)

β2 >
1
2 , µ2 > 0, β1 ⩾ 0, µ1 ⩾ 0

(A,B,C,D,E, F, f̄ , σ̄, b̄, ϕ̄, ψ̄) = (A,B,C,D,E, F, 0, 0, 0, 0, 0)

For the case  , the estimate (4.5) can be proved similarly. Moreover,

by  letting  ,  we  obtain  the  estimate
(4.6). The proof is completed. □ 

5.  SMP for forward-backward control systems

U ⊂ Rk
This  section presents  a class  of  fully  coupled forward-backward stochastic  partial  differential

optimal control problems. Let   be a nonempty convex subset, known as the control domain.

u(·, ·) u(·, ·) ∈ L 2
F (Rn;Rk)

u(t, x) ∈ U , a.e., t ∈ [0, T ] , x ∈ Rn,P-a.s. Uad.

Definition  5.1  A  control  process  is  called  admissible  if  and
. The set of all admissible control is denoted by 

u(·, ·) ∈ UadFor  any  given  admissible  control  ,  we  consider  the  following  control  systems
driven by FBSPDE:

dX(t, x) =
[
LF (t, x,X(t, x), Y (t, x), Z(t, x)) + f(t, x,X(t, x),∇X(t, x), Y (t, x),∇Y (t, x), Z(t, x),

u(t, x))
]
dt+

⟨
σ(t, x,X(t, x),∇X(t, x), Y (t, x),∇Y (t, x), Z(t, x), u(t, x)), dW (t)

⟩
,

dY (t, x) =−
[
LB(t, x,X(t, x), Y (t, x), Z(t, x)) + b(t, x,X(t, x),∇X(t, x), Y (t, x),∇Y (t, x),

Z(t, x), u(t, x))
]
dt+

⟨
Z(t, x), dW (t)

⟩
,

X(0, x) =ϕ(x, Y0(x)), Y (T, x) = ψ(x,XT (x)), (t, x) ∈ [0, T ]× Rn,
(5.1)

(b, σ, f)

U
(
X(·, ·), Y (·, ·), Z(·, ·)

)
u(·, ·)

where we use the notations in Section 4 and extend the definitions of functions   to the
control  set  .  The  corresponding  solution    is  called  the  state  under  a

given control  . Next, we denote the cost functional as follows:

J(u(·, ·)) ≜ E
[ ∫ T

0

∫
Rn

g(t, x,X(t, x), Y (t, x), Z(t, x), u(t, x))dxdt

+

∫
Rn

h(x,XT (x))dx+

∫
Rn

λ(x, Y0(x))dx
]
. (5.2)

　Besides, we assume the following holds.

Assumption 5.1  (i) The mappings

f(t, ω, γ, u) : [0, T ]× Ω×R× U → R,
b(t, ω, γ, u) : [0, T ]× Ω×R× U → R,

σ(t, ω, γ, u) : [0, T ]× Ω×R× U → Rd
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P ⊗ B(Rn)⊗ B(R)⊗ B(Rn)⊗ B(R)⊗ B(Rn)⊗ B(Rd)⊗ B(U )-measurable γ =

(γ1, γ2, γ3, γ4, γ5) ∈ R R ≜ R× Rn × R× Rn × Rd (t, ω, x) ∈ [0, T ]× Ω× Rn

ϖ(t, ω, x, γ, u) (γ1, γ3, γ5, u)

ϖγ1 , ϖγ3 , ϖγ5 , ϖu ϖ = f, σ, b

are ,  where 
 and . For almost all ,

 is  continuously  differentiable  in  and  the  corresponding  partial
derivatives  are continuous and uniformly bounded, where  .
(ii) The mappings

ϕ(ω, x, γ3), λ(ω, x, γ3) : Ω× Rn × R → R,
ψ(ω, x, γ1), h(ω, x, γ1) : Ω× Rn × R → R

F0 ⊗ B(Rn)⊗ B(R)-measurable FT ⊗ B(Rn)⊗ B(R)-measurable
(ω, x) ∈ Ω× Rn ψ(ω, x, γ1), h(ω, x, γ1) ϕ(ω, x, γ3), λ(ω, x, γ3)

γ1 γ3 ψγ1 , ϕγ3
hγ1 , λγ3

(ω, x) ∈ Ω× Rn Lh, L̃h, Lλ, L̃λ > 0 γ1(·), γ3(·) ∈
L2(Rn;R)

are  and ,  respectively.  For
almost  all ,  and  are  continuously
differentiable  in  and ,  respectively,  and  the  corresponding  partial  derivatives  are
continuous  and  uniformly  bounded,  and  are  continuous.  Furthermore,  for  almost  all

,  there  exist  constants ,  such  that  for  all 
 ,∣∣∣∣ ∫
Rn

h(x, γ1(x))dx

∣∣∣∣ ⩽ Lh
(
1 +

∥∥γ1∥∥2L2

)
,

∣∣∣∣ ∫
Rn

hγ1(x, γ1(x))dx

∣∣∣∣ ⩽ L̃h
(
1 +

∥∥γ1∥∥L2

)
,∣∣∣∣ ∫

Rn

λ(x, γ3(x))dx

∣∣∣∣ ⩽ Lλ
(
1 +

∥∥γ3∥∥2L2

)
,

∣∣∣∣ ∫
Rn

λγ3(x, γ3(x))dx

∣∣∣∣ ⩽ L̃λ
(
1 +

∥∥γ3∥∥L2

)
.

(iii) The mappings

g(t, ω, x, γ1, γ3, γ5, u) : [0, T ]× Ω× Rn × R× R× Rd × U → R,

P ⊗ B(Rn)⊗ B(R)⊗ B(R)⊗ B(Rd)⊗ B(U )-measurable (t, ω, x) ∈ [0, T ]×
Ω× Rn g(t, ω, x, γ1, γ3, γ5, u) (γ1, γ3, γ5, u)

gγ1 , gγ3 , gγ5 , gu (t, ω, x) ∈ [0, T ]×
Ω× Rn Lg, L̃g > 0 (γ1(·), γ3(·), γ5(·), u(·)) ∈ L2(Rn;
R)× L2(Rn;R)× L2(Rn;Rd)× L2(Rn;U )

are . For almost all 
,  is continuously differentiable in  and the corresponding

partial  derivatives  are continuous. Furthermore, for almost all 
,  there  exist  constants ,  such  that  for  all 

,∣∣∣∣ ∫
Rn

g(t, x, γ1(x), γ3(x), γ5(x), u(x))dx

∣∣∣∣ ⩽ Lg
(
1 +

∥∥γ1∥∥2L2 +
∥∥γ3∥∥2L2 +

∥∥γ5∥∥2L2 +
∥∥u∥∥2

L2

)
,∣∣∣∣ ∫

Rn

gγ1(t, x, γ1(x), γ3(x), γ5(x), u(x))dx

∣∣∣∣+ ∣∣∣∣ ∫
Rn

gγ3(t, x, γ1(x), γ3(x), γ5(x), u(x))dx

∣∣∣∣
+

∣∣∣∣ ∫
Rn

gγ5(t, x, γ1(x), γ3(x), γ5(x), u(x))dx

∣∣∣∣+ ∣∣∣∣ ∫
Rn

gγu(t, x, γ1(x), γ3(x), γ5(x), u(x))dx

∣∣∣∣
⩽ L̃g

(
1 +

∥∥γ1∥∥L2 +
∥∥γ3∥∥L2 +

∥∥γ5∥∥L2 +
∥∥u∥∥

L2

)
.

u(·, ·) ∈ Uad(iv)  For  any  given  control ,  the  coefficients  of  the  equation  (5.1)  satisfy
Assumption 4.1.

(X(·, ·), Y (·, ·),
Z(·, ·)) ∈ N 2

F (Rn;R2+d), ∀u(·, ·) ∈ Uad

By  Lemma  4.1,  we  know  that  FBSPDE  (5.1)  admits  a  unique  solution 
.  In  addition,  (ii)  in  Assumption  5.1  and  the  a  priori

estimate (4.6) indicate that ∣∣J(u(·, ·))∣∣ <∞.

Next, we propose the optimal control problem as follows:

u(·, ·) ∈ UadProblem 5.1  Find an admissible control   such that

J
(
u∗(·, ·)

)
= inf
u(·,·)∈Uad

J
(
u(·, ·)

)
. (5.3)
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u∗(·, ·)
(X∗(·, ·), Y ∗(·, ·), Z∗(·, ·))
Such  an  admissible  control    is  called  an  optimal  control  when  (5.3)  is  satisfied,  and

 is called the corresponding optimal trajectory, which solves (5.1) under
Assumptions 4.1 and 5.1.

H : [0, T ]× Rn × R×R×Rd×U ×R× R× Rd → RThe Hamiltonian   is formulated formally as

H (t, x, x, y, z, u, p, q, κ) = − b(t, x, x,∇x, y,∇y, z, u)p(t, x) + f(t, x, x,∇x, y,∇y, z, u)q(t, x)

+
⟨
σ(t, x, x,∇x, y,∇y, z, u), κ(t, x)

⟩
+ g(t, x, x, y, z, u). (5.4)

H (x, y, z, u)

Hx,Hy,Hz,Hu

u(·, ·) ∈ Uad (X(·, ·), Y (·, ·), Z(·, ·), p(·, ·), q(·, ·), κ(·, ·))

(X∗(·, ·), Y ∗(·, ·), Z∗(·, ·), p∗(·, ·), q∗(·, ·), κ∗(·, ·))
u∗(·, ·) (t, x)

It  is  obvious  that  the  Hamiltonian    is  also  continuously  differentiable  for    from
Assumption  4.1  and  5.1.  Substituting    represent  the  corresponding  partial
derivatives. For any control process  , let   be
the corresponding state process (5.1) and the adjoint processes (5.6), respectively. In particular,
we  denote  by    the  state  and  adjoint  processes
corresponding to the optimal  control  .  For simplicity,  the argument    is  suppressed,
and we have the following notations for subsequent use:

L̄F (t, x) := LF (t, x, X̄, Ȳ , Z̄) = ∇ · (A∇X̄ +B∇Ȳ + CZ̄),

L̄B(t, x) := LB(t, x, X̄, Ȳ , Z̄) = ∇ · (−D∇X̄ + E∇Ȳ + FZ̄),

H̃i(t, x) := Hi(t, x, x, y, z, u, p
∗(t, x), q∗(t, x), κ∗(t, x)),

H ρ(t, x) := H (t, x, xρ, yρ, zρ, uρ, p∗(t, x), q∗(t, x), κ∗(t, x)),

H ∗
i (t, x) := Hi(t, x, x

∗(t, x), y∗(t, x), z∗(t, x), u∗(t, x), p∗(t, x), q∗(t, x), κ∗(t, x)),

ϖ(t, x) := ϖ(t, x, x, y, z, u), ϖρ(t, x) := ϖ(t, x, xρ, yρ, zρ, uρ),

ϖ∗
i (t, x) := ϖi(t, x, x

∗(t, x), y∗(t, x), z∗(t, x), u∗(t, x)),

ϕ̂(x, Y0) = ϕ(x, Y0(x))− ϕ̄(x, Y0(x)), ψ̂(x,XT ) = ψ(x,XT (x))− ψ̄(x,XT (x)),

p0(x) = p(0, x), qT (x) = q(T, x), i = x, y, z, u, ϖ = f, σ, b, p, q, κ, g.

(5.5)

(
X(·, ·), Y (·, ·), Z(·, ·), u(·, ·)

)
F-adapted p(·, ·), q(·, ·), κ(·, ·)

To  derive  the  maximum  principle,  for  any  admissible  pair  ,  the

following adjoint equations for the controlled system (5.1) and (5.2), which control the unknown
 processes   are introduced

dp(t, x) =−
[
∇ ·
(
B⊤∇q(t, x)− E⊤∇p(t, x)

)
+ fy(t, x)q(t, x) +

⟨
σy(t, x), κ(t, x)

⟩
− by(t, x)p(t, x) + gy(t, x)

]
dt−

[
− C⊤∇q(t, x) + F⊤∇p(t, x)

+ fz(t, x)q(t, x) +
⟨
σz(t, x), κ(t, x)

⟩
− bz(t, x)p(t, x) + gz(t, x)

]
dW (t),

dq(t, x) =−
[
∇ ·
(
A⊤∇q(t, x) +D⊤∇p(t, x)

)
+ fx(t, x)q(t, x) +

⟨
σx(t, x), κ(t, x)

⟩
− bx(t, x)p(t, x) + gx(t, x)

]
dt+ κ(t, x)dW (t), (t, x) ∈ [0, T ]× Rn,

p0(x) =− λy(x, Y0(x))− ψy(x, Y0(x))q0(x), qT (x) = hx(x,XT (x))− ψx(x,XT (x))pT (x).

(5.6)

Meanwhile, we can rewrite the adjoint equation (5.6) into the following form:
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

dp(t, x) = −
[
∇ ·
(
B⊤∇q(t, x)− E⊤∇p(t, x)

)
+ Hy(t, x)

]
dt

−
[
− C⊤∇q(t, x) + F⊤∇p(t, x) + Hz(t, x)

]
dW (t),

dq(t, x) = −
[
∇ ·
(
A⊤∇q(t, x) +D⊤∇p(t, x) + Hx(t, x)

]
dt+ κ(t, x)dW (t), (t, x) ∈ [0, T ]× Rn,

p0(x) = − λy(x, Y0(x))− ψy(x, Y0(x))q0(x), qT (x) = hx(x,XT (x))− ψx(x,XT (x))pT (x).
(5.7)

As a result, we have the following lemma.

(p(·, ·),
q(·, ·), κ(·, ·)) ∈ N 2

F (Rn;R2+d)

Lemma  5.1  Let  Assumptions  4.1  and  5.1  hold.  Then,  there  exists  a  unique  triple 
 , which solves the adjoint equation (5.6).

Proof  We  can  verify  that  the  coefficients  of  equation  (5.6)  satisfy  Assumption  4.1,  and  the
unique solution exists from Lemma 4.1. Thus, we complete the proof. □
Next,  we  present  the  main  results  of  this  paper,  i.e.,  the  sufficient  and  necessary  SMP  for

Problem 5.1. 

5.1  Sufficient maximum principle

In this subsection, we obtained one of the main results of this paper, i.e., a sufficient condition
for the optimality of Problem 5.1, which can also be called SMP.

u(·, ·) ∈ Uad (X(·, ·), Y (·, ·), Z(·, ·), p(·, ·), q(·, ·), κ(·, ·)) ∈ N 2
F (Rn;

R2+d)× N 2
F (Rn;R2+d)

For  any  control  process  ,  let 
  be  the  corresponding  solutions  to  the  state  equations  (5.1)  and  the

adjoint equations (5.6), respectively.
First, we introduce the following lemma.

(t, x) ∈ [0, T ]× RnLemma 5.2   Suppose Assumptions 4.1 and 5.1 hold. For any   , we have
J(u(·, ·))− J(u∗(·, ·))

= E
[ ∫ T

0

∫
Rn

(
H̃ (t, x)− H ∗(t, x)− H ∗

x (t, x)
(
X(t, x)−X∗(t, x)

)
− H ∗

y (t, x)
(
Y (t, x)− Y ∗(t, x)

)
−
⟨
H ∗

z (t, x), Z(t, x)− Z∗(t, x)
⟩)

dxdt
]

+ E
[ ∫

Rn

(
h(x,XT )− h(x,X∗

T ) + λ(x, Y0)− λ(x, Y ∗
0 )
)
dx
]

+ E
[ ∫

Rn

(
q∗0(x)

(
ϕ(x, Y0(x))− ϕ(x, Y ∗

0 (x))
)
−
(
hx(x,X

∗
T (x))

− ψx(x,X
∗
T (x))p

∗
T (x)

)(
XT (x)−X∗

T (x)
)
+
(
− λy(x, Y

∗
0 (x))

− ϕy(x, Y
∗
0 (x))q

∗
0(x)

)(
Y0(x)− Y ∗

0 (x)
)
− p∗T (x)

(
ψ(x,XT (x))− ψ(x,X∗

T (x))
))

dx
]
. (5.8)(

X(·, ·), Y (·, ·), Z(·, ·), u(·, ·)
)

Proof  Assume  that    is  an  arbitrary  admissible  pair.  With  the

definitions of the Hamiltonian (5.4) and cost functional (5.2), it is clear that one can obtain
J(u(·, ·))− J(u∗(·, ·))

=E
[ ∫ T

0

∫
Rn

(
H̃ (t, x)− H ∗(t, x) + p∗(t, x)

(
b(t, x)− b∗(t, x)

)
− q∗(t, x)

(
f(t, x)− f∗(t, x)

)
−
⟨
κ∗(t, x), σ(t, x)− σ∗(t, x)

⟩)
dxdt

]
+ E

[ ∫
Rn

(
h(x,XT )− h(x,X∗

T ) + λ(x, Y0)− λ(x, Y ∗
0 )
)
dx
]
.

(5.9)
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⟨
q∗(t), X(t)−X∗(t)

⟩
L2

+
⟨
p∗(t), Y (t)− Y ∗(t)

⟩
L2

By applying Itô’s formula to  , we have

d
⟨
q∗(t), X(t)−X∗(t)

⟩
L2

+ d
⟨
p∗(t), Y (t)− Y ∗(t)

⟩
L2

= −
⟨
∇ ·
(
A⊤∇q∗(t) +D⊤∇p∗(t)

)
, X(t)−X∗(t)

⟩
H−1,H1

dt−
⟨

H∗
x (t), X(t)−X∗(t)

⟩
L2

dt

+
⟨
∇ ·
(
A∇

(
X(t)−X∗(t)

)
+B∇

(
Y (t)− Y ∗(t)

)
+ C

(
Z(t)− Z∗(t)

))
, q∗(t)

⟩
H−1,H1

dt

−
⟨
∇ ·
(
B⊤∇q∗(t)− E⊤∇p∗(t)

)
, Y (t)− Y ∗(t)

⟩
H−1,H1

dt−
⟨

H∗
y(t), Y (t)− Y ∗(t)

⟩
L2

dt

−
⟨
∇ ·
(
−D∇

(
X(t)−X∗(t)

)
+ E∇

(
Y (t)− Y ∗(t)

)
+ F

(
Z(t)− Z∗(t)

))
, p∗(t)

⟩
H−1,H1

dt

−
⟨
− C⊤∇q∗(t) + F⊤∇p∗(t), Z(t)− Z∗(t)

⟩
H−1,H1

dt−
⟨

H∗
z (t), Z(t)− Z∗(t)

⟩
L2

dt

+
⟨
q∗(t), f(t)− f∗(t)

⟩
L2

dt−
⟨
p∗(t), b(t)− b∗(t)

⟩
L2

dt+
⟨
κ∗(t), σ(t)− σ∗(t)

⟩
L2

dt, (5.10)

then taking (5.10) into (5.9), it is quite easy to get (5.8). □(
X∗(·, ·), Y ∗(·, ·), Z∗(·, ·),

u∗(·, ·)
)

(p∗(·, ·), q∗(·, ·), κ∗(·, ·))
ψ(·, XT ) = ψXT ϕ(·, Y0) = ϕY0 ψ ϕ

FT F0

Theorem  5.1    Let  Assumptions  4.1  and  5.1  hold.  Suppose  that 

  is  an  admissible  pair  and    is  the  adjoint  process  of  the

corresponding  adjoint  equation  (5.7) with   and   ,  where   and 
are   -measurable  bounded  random  variable  and   -measurable  bounded  random  variable,
respectively. Moreover, if the following conditions hold:

H (t, x, x, y, z, u, p∗, q∗, κ∗), h(ω, x, x), λ(ω, x, y) (x, y, z, u), x y(1)    are  convex  in    and   ,
respectively;

H ∗(t, x) = minu∈U H (t, x, x∗, y∗, z∗, u, p∗, q∗, κ∗), (t, ω, x) ∈ [0, T ]× Ω× Rn(
X∗(·, ·), Y ∗(·, ·), Z∗(·, ·), u∗(·, ·)

)(2)   for almost all 
, then   is an optimal pair of Problem 5.1.(

X(·, ·), Y (·, ·), Z(·, ·), u(·, ·)
)

J(u(·, ·))− J(u∗(·, ·)) H (t, x, x, y, z, u, p∗, q∗, κ∗)

(x, y, z, u) (t, ω, x) ∈ [0, T ]× Ω× Rn

Proof  Assume that   is an arbitrary admissible pair. According to

Lemma 5.2, the difference of   becomes (5.8). As 
is  convex in  ,  for almost all  ,  by virtue of  Proposition 5.4 in
Chapter 1 of Ekeland and Temam [9], we have∫

Rn

(
H̃ (t, x)− H ∗(t, x)

)
dx ⩾

⟨
H ∗

x (t), X(t)−X∗(t)
⟩
L2

+
⟨
H ∗

y (t), Y (t)− Y ∗(t)
⟩
L2

+
⟨
H ∗

z (t), Z(t)− Z∗(t)
⟩
L2

+
⟨
H ∗
u (t), u(t)− u∗(t)

⟩
L2
, (5.11)

and ∫
Rn

(
h(x,XT (x))− h(x,X∗

T (x)) + λ(x, Y0(x))− λ(x, Y ∗
0 (x))

)
dx

⩾
⟨
hx(X

∗
T ), XT −X∗

T

⟩
L2

+
⟨
λy(Y

∗
0 ), Y0 − Y ∗

0

⟩
L2
. (5.12)

H ∗(t, x) = minu∈U H (t, x, x∗, y∗, z∗, u, p∗, q∗, κ∗)

(t, ω, x) ∈ [0, T ]× Ω× Rn

Additionally,  as    and  the  convex  optimization
principle,  by  virtue  of  Proposition  2.1  in  Chapter  2  of  Ekeland and Temam [9],  for  almost  all

, we have⟨
H ∗
u (t), u(t)− u∗(t)

⟩
L2

⩾ 0. (5.13)
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Meanwhile, ⟨
q∗0 , ϕ(Y0)− ϕ(Y ∗

0 )
⟩
L2

−
⟨
p∗T , ψ(XT )− ψ(X∗

T )
⟩
L2

+
⟨
ψx(X

∗
T )p

∗
T , XT −X∗

T

⟩
L2

−
⟨
ϕy(Y

∗
0 )q

∗
0 , Y0 − Y ∗

0

⟩
L2

= 0. (5.14)

Thus, combining (5.11), (5.12), (5.13) and (5.14), it is easy to see that

J(u(·, ·))− J(u∗(·, ·)) ⩾ 0. (5.15)

□
 

5.2  Necessary maximum principle

This  subsection  presents  one  of  the  main  results  of  this  paper,  i.e.,  a  stochastic  necessary

condition for the optimality of Problem 5.1, which can also be called the necessary SMP.

u(·, ·) ∈ Uad U

uρ(·, ·) := u∗(·, ·) + ρ
(
u(·, ·)− u∗(·, ·)

)
∈ Uad, 0 ⩽ ρ ⩽ 1 (X∗(·, ·),

Y ∗(·, ·), Z∗(·, ·)) (Xρ(·, ·), Y ρ(·, ·), Zρ(·, ·)) u∗(·, ·)
uρ(·, ·) (p∗(·, ·), q∗(·, ·), κ∗(·, ·))

u∗(·, ·)

For  any  given  admissible  control  ,  since    is  convex,  we  have  the  following

perturbed  control  process  .  Let 

 and   be the state processes corresponding to   and

,  respectively.  Meanwhile,    is  the adjoint process  corresponding to

the optimal control  . Then, we have the following convergence result.

Lemma 5.3   Suppose Assumptions 4.1 and 5.1 hold. Then,

E
[

sup
t∈[0,T ]

∥∥Xρ(t)−X∗(t)
∥∥2
L2 + sup

t∈[0,T ]

∥∥Y ρ(t)− Y ∗(t)
∥∥2
L2

]

+ E
[ ∫ T

0

(∥∥Xρ(t)−X∗(t)
∥∥2
H1 +

∥∥Y ρ(t)− Y ∗(t)
∥∥2
H1 +

∥∥Zρ(t)− Z∗(t)
∥∥2
L2

)
dt
]
= O(ρ2). (5.16)

Proof  By a priori estimation (see Theorem 4.1) and the boundedness of the partial derivatives,
we have the following inequality

E
[

sup
t∈[0,T ]

∥∥Xρ(t)−X∗(t)
∥∥2
L2 + sup

t∈[0,T ]

∥∥Y ρ(t)− Y ∗(t)
∥∥2
L2

]

+ E
[ ∫ T

0

(∥∥Xρ(t)−X∗(t)
∥∥2
H1 +

∥∥Y ρ(t)− Y ∗(t)
∥∥2
H1 +

∥∥Zρ(t)− Z∗(t)
∥∥2
L2

)
dt
]

⩽ KE
[ ∫ T

0

(∥∥uρ(t)− u∗(t)
∥∥2
L2

)
dt
]

= Kρ2E
[ ∫ T

0

(∥∥u(t)− u∗(t)
∥∥2
L2

)
dt
]

= O(ρ2). (5.17)

This proof is complete. □
J(u(·, ·)) H

(X(·, ·), Y (·, ·), Z(·, ·))
Next, we present the variational formula for the cost functional   with Hamiltonian 

and state process  .
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u(·, ·) ∈ Uad J(u(·, ·)) u∗(·, ·)
u(·, ·)− u∗(·, ·)

Lemma  5.4  Suppose  Assumptions  4.1  and  5.1  hold.  Then,  for  any  admissible  control

 , the directional derivative of the cost functional   at   in the direction

 is as follows

d
dρ
J
(
u∗(·, ·) + ρ

(
u(·, ·)− u∗(·, ·)

))
|ρ=0

= lim
ρ→0

J
(
u∗(·, ·) + ρ

(
u(·, ·)− u∗(·, ·)

))
− J

(
u∗(·, ·)

)
ρ

=E
[ ∫ T

0

⟨
Hu(t,X

∗(t), Y ∗(t), Z∗(t), u∗(t), p∗(t), q∗(t), κ∗(t)), u(t)− u∗(t)
⟩
L2

dt
]
. (5.18)

Proof  Using (5.8), we obtain

J
(
uρ(·, ·)

)
− J

(
u∗(·, ·)

)
= E

[ ∫ T

0

∫
Rn

(
H ρ(t, x)− H ∗(t, x)− H ∗

x (t, x)
(
Xρ(t, x)−X∗(t, x)

)
− H ∗

y (t, x)
(
Y ρ(t, x)

− Y ∗(t, x)
)
−
⟨
H ∗

z (t, x), Zρ(t, x)− Z∗(t, x)
⟩
−
⟨
H ∗
u (t, x), u

ρ(t, x)− u∗(t, x)
⟩)

dxdt
]

+ E
[ ∫ T

0

∫
Rn

⟨
H ∗
u (t, x), u

ρ(t, x)− u∗(t, x)
⟩
dxdt

]
+ E

[ ∫
Rn

(
h(x,Xρ

T )− h(x,X∗
T ) + λ(x, Y ρ0 )− λ(x, Y ∗

0 )
)
dx
]

+ E
[ ∫

Rn

(
q∗0(x)

(
ϕ(x, Y ρ0 (x))− ϕ(x, Y ∗

0 (x))
)

−
(
hx(x,X

∗
T (x))− ψx(x,X

∗
T (x))p

∗
T (x)

)(
Xρ
T (x)−X∗

T (x)
)

+
(
− λy(x, Y

∗
0 (x))− ϕy(x, Y

∗
0 (x))q

∗
0(x)

)(
Y ρ0 (x)− Y ∗

0 (x)
)

− p∗T (x)
(
ψ(x,Xρ

T (x))− ψ(x,X∗
T (x))

))
dx
]
. (5.19)

By means of Taylor series expansion and change of variables, we have

E
[ ∫ T

0

∫
Rn

(
H ρ(t, x)− H ∗(t, x)

)
dxdt

]

= E
[ ∫ T

0

∫
Rn

∫ 1

0

(
H ρ,λ

x (t, x)
(
Xρ(t, x)−X∗(t, x)

)
+ H ρ,λ

y (t, x)
(
Y ρ(t, x)− Y ∗(t, x)

)
+
⟨
H ρ,λ

z (t, x), Zρ(t, x)− Z∗(t, x)
⟩
+
⟨
H ρ,λ
u (t, x), uρ(t, x)− u∗(t, x)

⟩)
dλdxdt

]
, (5.20)

H ρ,λ(t, x) := H (t, x, xρ,λ(t, x), yρ,λ(t, x), zρ,λ(t, x), uρ,λ(t, x), p∗(t, x), q∗(t, x), κ∗(t, x))

xρ,λ(t, x) := x∗(t, x) + λxρ(t, x) uρ,λ(t, x) := u∗(t, x) + λuρ(t, x)

where   with

 and  .  Thus,  combining (5.20)  and

(5.16) and using the dominated convergence theorem gives
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E
[ ∫ T

0

∫
Rn

(
H ρ(t, x)− H ∗(t, x)− H ∗

x (t, x)
(
Xρ(t, x)−X∗(t, x)

)
− H ∗

y (t, x)
(
Y ρ(t, x)− Y ∗(t, x)

)
−
⟨
H ∗

z (t, x), Zρ(t, x)− Z∗(t, x)
⟩

−
⟨
H ∗
u (t, x), u

ρ(t, x)− u∗(t, x)
⟩)

dxdt
]

= o(ρ). (5.21)

Similarly, we can conclude that

E
[ ∫

Rn

(
h(x,Xρ

T )− h(x,X∗
T ) + λ(x, Y ρ0 )− λ(x, Y ∗

0 )
)
dx
]

+ E
[ ∫

Rn

(
q∗0(x)

(
ϕ(x, Y ρ0 (x))− ϕ(x, Y ∗

0 (x))
)

−
(
hx(x,X

∗
T (x))− ψx(x,X

∗
T (x))p

∗
T (x)

)(
Xρ
T (x)−X∗

T (x)
)

+
(
− λy(x, Y

∗
0 (x))− ϕy(x, Y

∗
0 (x))q

∗
0(x)

)(
Y ρ0 (x)− Y ∗

0 (x)
)

− p∗T (x)
(
ψ(x,Xρ

T (x))− ψ(x,X∗
T (x))

))
dx
]

= o(ρ). (5.22)

Consequently, combining (5.21), (5.22) and (5.19) yields

lim
ρ→0

ρ−1
(
J
(
u∗(·, ·) + ρ

(
u(·, ·)− u∗(·, ·)

))
− J

(
u∗(·, ·)

))
= E

[ ∫ T

0

∫
Rn

⟨
H ∗
u (t, x), u(t, x)− u∗(t, x)

⟩
dxdt

]
.

The proof is complete. □
We now show the main results of this section.

u∗(·, ·)
(X∗(·, ·), Y ∗(·, ·), Z∗(·, ·))

(p∗(·, ·), q∗(·, ·), κ∗(·, ·)) u(·, ·) ∈ U (t, ω, x) ∈
[0, T ]× Ω× Rn

Theorem 5.2   Let  Assumptions  4.1  and 5.1  hold.  Assume that    is  the  optimal  control
with the corresponding trajectory   and the corresponding adjoint process

 .  Then,  for  any admissible  control   ,  and almost  all 
 , we have the following result:⟨

Hu(t, x,X
∗(t, x), Y ∗(t, x), Z∗(t, x), u∗(t, x), p∗(t, x), q∗(t, x), κ∗(t, x)), u(t, x)− u∗(t, x)

⟩
⩾ 0.

(5.23)

u∗(·, ·)Proof  Based on Lemma 5.4 and the optimality of  , we deduce that

E
[ ∫ T

0

⟨
Hu(t,X

∗(t), Y ∗(t), Z∗(t), u∗(t), p∗(t), q∗(t), κ∗(t)), u(t)− u∗(t)
⟩
L2

dt
]

= lim
ρ→0

J
(
u∗(·, ·) + ρ

(
u(·, ·)− u∗(·, ·)

))
− J

(
u∗(·, ·)

)
ρ

⩾ 0, ∀u(·, ·) ∈ Uad. (5.24)

The proof is complete. □

u∗(·, ·)
Based on the minimum condition (5.23) of Theorem 5.2, combined with the state equation (5.1)

and  the  adjoint  equation  (5.7)  corresponding  to  the  optimal  control  ,  we  derive  the
following stochastic system:
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

dX∗(t, x) =
[
∇ ·
(
A∇X∗(t, x) +B∇Y ∗(t, x) + CZ∗(t, x)

)
+ f∗(t, x)

]
dt+ σ∗(t, x)dW (t),

dY ∗(t, x) =−
[
∇ ·
(
−D∇X∗(t, x) + E∇Y ∗(t, x) + FZ∗(t, x)

)
+ b∗(t, x)

]
dt+ Z∗(t, x)dW (t),

dp∗(t, x) =−
[
∇ ·
(
B⊤∇q∗(t, x)− E⊤∇p∗(t, x)

)
+ H ∗

y (t, x)
]
dt

−
[
− C⊤∇q∗(t, x) + F⊤∇p∗(t, x) + H ∗

z (t, x)
]
dW (t),

dq∗(t, x) =−
[
∇ ·
(
A⊤∇q∗(t, x) +D⊤∇p∗(t, x)

)
+ H ∗

x (t, x)
]
dt+ κ∗(t, x)dW (t),

X∗(0, x) =ϕ(x, Y ∗
0 (x)), Y ∗(T, x) = ψ(x,X∗

T (x)),

p∗0(x) =− λy(x, Y
∗
0 (x))− ϕy(x, Y

∗
0 (x))q

∗
0(x), q∗T (x) = hx(x,X

∗
T (x))− ψx(x,X

∗
T (x))p

∗
T (x),⟨

H ∗
u (t, x), u(t, x)− u∗(t, x)

⟩
⩾ 0, ∀u ∈ U , (t, x) ∈ [0, T ]× Rn.

(5.25)

(X(·, ·), Y (·, ·), Z(·, ·), u(·, ·), p(·, ·), q(·, ·),
κ(·, ·)) ∈ N 2

F (Rn;R2+d)× L 2
F (Rn;Rk)× N 2

F (Rn;R2+d)

Obviously,  this  is  a  kind  of  fully  coupled  FBSPDEs.  The  last  inequality  denote  the  minimum
condition,  which  is  the  so-called  optimal  system  or  stochastic  Hamiltonian  system  of  Problem
5.1,  whose  solution  is  a  7-tuple  stochastic  process 

.  Under  appropriate  assumptions,  we

have  the  following  equivalent  relation  between  the  solvability  of  the  stochastic  Hamiltonian
system (5.25) and the existence of the optimal control of Problem 5.1.

Corollary 5.1  Suppose Assumptions 4.1, 5.1, and condition (i) in Theorem 5.1 hold. Then, the
existence of solution to the stochastic Hamiltonian system (5.25) is equivalent to the existence of
the optimal control of Problem 5.1.

(X(·, ·), Y (·, ·), Z(·, ·), u(·, ·), p(·, ·), q(·, ·), κ(·, ·)) ∈ N 2
F (Rn;R2+d)×

L 2
F (Rn;Rk)× N 2

F (Rn;R2+d) H (t, x,

X∗, Y ∗, Z∗, u, p∗, q∗, κ∗) u

Proof  First,  we  prove  the  existence  and  uniqueness  of  an  optimal  control  of  Problem  5.1
when  the  adapted  solution 

  exists  for  the  stochastic  Hamiltonian  system  (5.25).  As 

 is convex on   and based on the minimum condition of the Hamiltonian
system (5.25), the following formula holds

H (t, x,X∗, Y ∗, Z∗, u∗, p∗, q∗, κ∗) = min
u∈U

H (t, x,X∗, Y ∗, Z∗, u, p∗, q∗, κ∗), (t, x) ∈ [0, T ]× Rn.
(5.26)

(X(·, ·), Y (·, ·), Z(·, ·), u(·, ·))Therefore,   is an optimal pair according to Theorem 5.1.
(X(·, ·), Y (·, ·), Z(·, ·), u(·, ·))

(p(·, ·), q(·, ·), κ(·, ·)) (X(·, ·), Y (·, ·), Z(·, ·), u(·, ·), p(·, ·), q(·, ·),
κ(·, ·))

On the contrary, if   is an optimal pair with corresponding adjoint
process  ,  then  by  Theorem  5.2, 

  is  an  adapted  solution  of  the  stochastic  Hamiltonian  system  (5.25).  Thus,  the  proof  is
completed. □ 

6.  Application in LQ optimal control problem

In  this  section,  we  delve  into  a  class  of  LQ control  problems.  The  LQ control  problem is  a
special form of the optimal control problem that assumes linear relationships between the state
and control variables with a quadratic cost functional. Due to its well-structured mathematical
framework,  the  LQ  control  problem  has  been  widely  used  in  the  fields  of  control  engineering,
automated systems, robot control, economics, finance, and so on. These applications underscore
its pivotal role in the field of optimal control.  For readers interested in recent advances in LQ
problems driven by FBSDEs, references include [22, 49–51, 65, 66].
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U = Rk

Uad = L 2
F (Rn;Rk) u(·, ·) ∈ Uad

Let  the  control  domain  ,  then  the  admissible  control  set  is  denoted  by
. For any  , we consider the following control system driven by a

linear FBSPDE:

dX(t, x) =
[
∇ ·
(
A3∇X(t, x) + B3∇Y (t, x) + C2Z(t, x)

)
+A1X(t, x) +A2∇X(t, x) + B1Y (t, x)

+ B2∇Y (t, x) + C1Z(t, x) + J u(t, x)
]
dt+

[
G1X(t, x) + G2∇X(t, x) +H1Y (t, x)

+H2∇Y (t, x) + I1Z(t, x) +Ku(t, x)
]
dWt,

dY (t, x) =−
[
∇ ·
(
−D3∇X(t, x) + E3∇Y (t, x) + F2Z(t, x)

)
+D1X(t, x) +D2∇X(t, x)

+ E1Y (t, x) + E2∇Y (t, x) + F1Z(t, x) + Lu(t, x)
]
dt+ Z(t, x)dWt,

X(0, x) = ϕY (0, x), Y (T, x) = ψX(T, x), (t, x) ∈ [0, T ]× Rn,
(6.1)

with the quadratic cost functional as follows:

J(u(·, ·)) = E
[ ∫ T

0

(⟨
QX(t, ·), X(t, ·)

⟩
L2 +

⟨
Ru(t, ·), u(t, ·)

⟩
L2 +

⟨
SY (t, ·), Y (t, ·)

⟩
L2

+
⟨
VZ(t, ·), Z(t, ·)

⟩
L2

)
dt+

⟨
MXT,·, XT,·

⟩
L2 +

⟨
NY0,·, Y0,·

⟩
L2

]
, (6.2)

A3 = A3(t, x), B3 = B3(t, x), D3 = D3(t, x), E3 = E3(t, x) ∈ L∞
F (0, T ;Cb(Rn;Sn))

A2 = A2(t, x), B2 = B2(t, x), D2 = D2(t, x), E2 = E2(t, x), G2 = G2(t, x), H2 = H2(t, x) ∈ L∞
F (0, T ;

Cb(Rn;Rn×n)) C2 = C2(t), F2 = F2(t) ∈ L∞
F (0, T ;Cb(Rn;Rn×d)) A1 = A1(t, x), B1 = B1(t, x),

D1 = D1(t, x), E1 = E1(t, x), G1 = G1(t, x), H1 = H1(t, x) ∈ L∞
F (0, T ;Cb(Rn;R)) C1 = C1(t), I1 =

I1(t), F1 = F1(t) ∈ L∞
F (0, T ;Cb(Rn;Rd)) J =J (t, x), K=K(t, x), L=L(t, x) ∈ L∞

F (0, T ;Cb(Rn;
Rk)) Q = Q(t, x),S = S(t, x) ∈ L∞

F (0, T ;Cb(Rn;R)), R = R(t, x) ∈ L∞
F (0, T ;Cb(Rn;Sk)) V =

V(t) ∈ L∞
F (0, T ;R), ψ,M ∈ L∞

FT
(Ω;Cb(Rn;R)), ϕ,N ∈ L∞

F0
(Ω;Cb(Rn;R))

where  . Similarly,

.  . 
. 

.  
.  , 

.
Moreover, we impose the following assumption:

∀(ω, x) ∈ Ω× Rn M,NAssumption 6.1  (i)  , the random variables  are nonnegative definite.

∀(t, ω, x) ∈ [0, T ]× Ω× Rn Q S(ii)  , the stochastic processes  and  are nonnegative definite.
∀(t, ω) ∈ [0, T ]× Ω V(iii)  , the stochastic process  is nonnegative definite.
∀(t, ω, x) ∈ [0, T ]× Ω× Rn R

δ > 0

(iv)   ,  the  stochastic  process  is  positive  definite.  Besides,  there
exists a constant  such that⟨

Ru(t, ·), u(t, ·)
⟩
L2 ⩾ δ

⟨
u(t, ·), u(t, ·)

⟩
L2 , ∀u ∈ U .

(v) The super-parabolic condition holds, i.e.,(
A3A3 0
0 E3E3

)
⩽ C1I,

(
B3B3 0
0 D3D3

)
⩽ C2I,

(
C2C⊤

2 0
0 F2F⊤

2

)
⩽ C3I,

and let the following conditions hold,(
B3 − C2C⊤

2 0
0 D3 −F2F⊤

2

)
⩾ c0I, A3 ⩾ c1I, E3 −F2F⊤

2 ⩾ c2I,

c0, c1, c2, C1, C2, C3 > 0 c0 ⩾
√
C1 2c1 > ess sup

(t,x)∈[0,T ]×Rn

|G2G⊤
2 | I

n× n

where the constant  with  and  and 

is an identity matrix with  dimension.
u(·, ·) ∈ Uad(vi)  For  any  given  control ,  the  coefficients  of  the  equation  (5.1)  satisfies

Assumption 4.1.
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Now, we propose the optimal control problem as follows:

u(·, ·) ∈ UadProblem 6.1   Find an admissible control   such that

J
(
u∗(·, ·)

)
= inf
u(·,·)∈Uad

J
(
u(·, ·)

)
. (6.3)

u∗(·, ·)
(X∗(·, ·), Y ∗(·, ·), Z∗(·, ·))
Such  an  admissible  control    is  called  an  optimal  control  when  (6.3)  is  satisfied,  and

 is called the corresponding optimal trajectory, which solves (6.1) under
Assumptions 6.1.

(X(·, ·), Y (·, ·),
Z(·, ·)) ∈ N 2

F (Rn;R2+d), ∀u(·, ·) ∈ Uad∣∣J(u(·, ·))∣∣ <∞.

(f, σ, b, g, h, λ)

By  Lemma  4.1,  we  know  that  FBSPDE  (5.1)  admits  a  unique  solution 
.  In  addition,  Assumption  6.1  and  the  a  priori  estimate

(4.6)  indicate  that    Therefore,  Problem  6.1  is  well-defined.  The  coefficients

 in Problem 5.1 are specified as

f(t, x,X,∇X,Y,∇Y, Z, u)=A1X(t, x)+A2∇X(t, x)+B1Y (t, x)+B2∇Y (t, x)+C1Z(t, x)+J u(t, x),
σ(t, x,X,∇X,Y,∇Y, Z, u)=G1X(t, x)+G2∇X(t, x)+H1Y (t, x)+H2∇Y (t, x)+I1Z(t, x)+Ku(t, x),
b(t, x,X,∇X,Y,∇Y, Z, u)=D1X(t, x)+D2∇X(t, x)+E1Y (t, x)+E2∇Y (t, x)+F1Z(t, x)+Lu(t, x),
g(t, x,X, Y, Z, u)=

⟨
QX(t, x), X(t, x)

⟩
+
⟨
Ru(t, x), u(t, x)

⟩
+
⟨
SY (t, x), Y (t, x)

⟩
+
⟨
VZ(t, x), Z(t, x)

⟩
,

h(x,XT )=
⟨
MX(T, x), X(T, x)

⟩
,

λ(x, Y0)=
⟨
NY (0, x), Y (0, x)

⟩
.

(f, σ, b, g, h, λ)

H : [0, T ]× Rn × R× R× Rd × U × R× R× Rd → R

From Assumption 6.1, we observe that the coefficients   satisfy Assumption 5.1
and  4.1.  It  is  then  possible  to  apply  SMP  to  Problem  6.1.  Likewise,  the  Hamiltonian

 becomes

H (t, x, x, y, z, u, p, q, κ)

= − p
(
D1x+D2∇x+ E1y+ E2∇y+ F1z+ Lu

)
+ q
(
A1x+A2∇x+ B1y+ B2∇y+ C1z+ J u

)
+
⟨
κ,G1x+ G2∇x+H1y+H2∇y+ I1z+Ku

⟩
+
⟨
Qx, x

⟩
+
⟨
Ru, u

⟩
+
⟨
Sy, y

⟩
+
⟨
Vz, z

⟩
. (6.4)(

X(·, ·), Y (·, ·), Z(·, ·), u(·, ·)
)

Therefore, for any given admissible control pair  , the dual equation

can be written as follows:

dp(t, x) =−
[
− E1p(t, x) + E⊤

2 ∇p(t, x)− E3∆p(t, x) + B1q(t, x)− B⊤
2 ∇q(t, x) + B3∆q(t, x)

+H1κ(t, x)−H⊤
2 ∇κ(t, x) + 2SY (t, x)

]
dt−

[
−F⊤

1 p(t, x) + F⊤
2 ∇p(t, x)

+ C⊤
1 q(t, x)− C⊤

2 ∇q(t, x) + I⊤
1 κ(t, x) + 2VZ(t, x)

]
dWt,

dq(t, x) =−
[
−D1p(t, x) +D⊤

2 ∇p(t, x) +D3∆p(t, x) +A1q(t, x)−A⊤
2 ∇q(t, x)

+A3∆q(t, x) + G1κ(t, x)− G⊤
2 ∇κ(t, x) + 2QX(t, x)

]
dt+ κ(t, x)dWt,

p(0, x) =− 2NY (0, x)− ϕq(0, x), q(T, x) = 2MX(T, x)− ψp(T, x).

(6.5)

U = RkAs  , the control is unconstrained, and then the minimum condition in Theorem 5.2 is as
follows:

Hu(t, x,X, Y, Z, u, p, q, κ) = 0, a.e., (t, ω, x) ∈ [0, T ]× Ω× Rn, u ∈ U . (6.6)
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Based on the above, the stochastic Hamiltonian system is rewritten in linear form as

dX(t, x) =
[
A1X(t, x) +A2∇X(t, x) +A3∆X(t, x) + B1Y (t, x) + B2∇Y (t, x) + B3∆Y (t, x)

+C1Z(t, x) + C2∇Z(t, x) + J u(t, x)
]
dt+

[
G1X(t, x) + G2∇X(t, x) +H1Y (t, x)

+H2∇Y (t, x) + I1Z(t, x) +Ku(t, x)
]
dWt,

dY (t, x) = −
[
D1X(t, x) +D2∇X(t, x)−D3∆X(t, x) + E1Y (t, x) + E2∇Y (t, x) + E3∆Y (t, x)

+F1Z(t, x) + F2∇Z(t, x) + Lu(t, x)
]
dt+ Z(t, x)dWt,

dp(t, x) = −
[
− E1p(t, x) + E⊤

2 ∇p(t, x)− E3∆p(t, x) + B1q(t, x)− B⊤
2 ∇q(t, x) + B3∆q(t, x)

+H1κ(t, x)−H⊤
2 ∇κ(t, x) + 2SY (t, x)

]
dt−

[
−F⊤

1 p(t, x) + F⊤
2 ∇p(t, x)

+C⊤
1 q(t, x)− C⊤

2 ∇q(t, x) + I⊤
1 κ(t, x) + 2VZ(t, x)

]
dWt,

dq(t, x) = −
[
−D1p(t, x) +D⊤

2 ∇p(t, x) +D3∆p(t, x) +A1q(t, x)−A⊤
2 ∇q(t, x)

+A3∆q(t, x) + G1κ(t, x)− G⊤
2 ∇κ(t, x) + 2QX(t, x)

]
dt+ κ(t, x)dWt,

X(0, x) = ϕY (0, x), Y (T, x) = ψX(T, x),

p(0, x) = −2NY (0, x)− ϕq(0, x), q(T, x) = 2MX(T, x)− ψp(T, x),

Hu(t, x,X, Y, Z, u, p, q, κ) = 0, (t, x) ∈ [0, T ]× Rn.
(6.7)

The  most  important  theorem  of  this  section,  which  is  concerned  with  the  representation  of
optimal control, is given as follows:

(X(·, ·), Y (·, ·), Z(·, ·), u(·, ·), p(·, ·), q(·, ·), κ(·, ·)) ∈ N 2
F (Rn;R2+d)× L 2

F (Rn;Rk)× N 2
F (Rn;R2+d)

u∗(·, ·)

Theorem  6.1  Suppose  Assumption  6.1  holds.  Then,  there  exists  a  unique  adapted  solution

to the stochastic Hamiltonian system and there is a unique optimal control   of Problem 6.1,
with the following dual representation:

u∗(t, x) = −1

2
R−1

(
− L⊤p∗(t, x) + J⊤q∗(t, x) +K⊤κ∗(t, x)

)
. (6.8)

J
(
u(·, ·)

)
L 2

F (Rn;Rk) R
J
(
u(·, ·)

)
Q,S,V,M N R

Proof  First, we prove the existence and uniqueness of the optimal control of Problem 6.1. It
follows from Theorem 4.6 that the cost functional   is continuous and consequently lower-

semi continuous on  . Since the control weight matrix process   is uniformly positive

definite,    is  strictly  convex.  In  addition,  based  on  the  nonnegative  property  of  the

operators   and   and the uniformly positive property of  , we have

J
(
u(·, ·)

)
⩾ LE

∫ T

0

∫
Rn

∣∣u(t, x)∣∣2dxdt = L
∥∥u(·, ·)∥∥2

L 2
F (Rn;Rk)

. (6.9)

J(u(·, ·))Therefore, we deduce that the cost functional   satisfies the coercive condition:

lim
∥u(·,·)∥L2

F (Rn;Rk)
→∞

J(u(·, ·)) = ∞. (6.10)

J(u(·, ·))
L 2

F (Rn;Rk)

u∗(·, ·) ∈ L 2
F (Rn;Rk)

In summary, we have verified that the cost functional   satisfies coercive, strictly convex,
lower-semi continuous, and that the space   is clearly a reflexive Banach space. Then,

by  Proposition  2.12  of  [9],  we  have  the  existence  and  uniqueness  of  the  optimal  control
 of Problem 6.1.
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u∗(·, ·)
(X∗(·, ·), Y ∗(·, ·), Z∗(·, ·), u∗(·, ·), p∗(·, ·), q∗(·, ·),

κ∗(·, ·)) ∈ N 2
F (Rn;R2+d)× L 2

F (Rn;Rk)× N 2
F (Rn;R2+d)

(X∗(·, ·), Y ∗(·, ·), Z∗(·, ·)) (p∗(·, ·), q∗(·, ·), κ∗(·, ·))
u∗(·, ·)

(X̄∗(·, ·), Ȳ ∗(·, ·), Z̄∗(·, ·), ū∗(·, ·), p̄∗(·, ·), q̄∗(·, ·),
κ̄∗(·, ·)) ∈ N 2

F (Rn;R2+d)× L 2
F (Rn;Rk)× N 2

F (Rn;R2+d)

ū∗(·, ·)
ū∗(·, ·) = u∗(·, ·)

(X̄∗(·, ·), Ȳ ∗(·, ·), Z̄∗(·, ·), p̄∗(·, ·), q̄∗(·, ·), κ̄∗(·, ·)) = (X∗(·, ·), Y ∗(·, ·), Z∗(·, ·), p∗(·, ·), q∗(·, ·), κ∗(·, ·))

Next, we establish that there exists a unique adapted solution to the stochastic Hamiltonian
system  (6.7).  As  a  consequence  of  Corollary  5.1,  as  long  as  the  optimal  control    in
Problem  6.1  exists,  then  there  exists  a  solution 

  to  the  stochastic  Hamiltonian  system
(6.7),  with   being  the  optimal  state,  and   being
the adjoint process  corresponding to the optimal control  .  According to Corollary 5.1,  if
there  exists  another  adapted  solution 

  to  the  stochastic  Hamiltonian  system
(6.7), then   must be the optimal control of Problem 6.1. However, due to the uniqueness
of  the  optimal  control,  the  assertion    is  obtained.  Moreover,  in  view  of  the
uniqueness  of  the  solution  of  the  FBSPDE  (see  Lemma  5.1),  we  give  the  conclusion

.
In summary, there exists a unique solution to the stochastic Hamiltonian system (6.7).

(X∗(·, ·), Y ∗(·, ·), Z∗(·, ·), p∗(·, ·), q∗(·, ·), κ∗(·, ·)) u∗(·, ·)

In the following,  we derive the dual  characterization of  the optimal  control.  On the basis  of
Corollary  5.1,  assume  that  the  unique  solution  to  the  stochastic  Hamiltonian  system  is

,  then    is  the  unique  optimal  control  of
Problem 6.1 while satisfying the following minimum condition

Hu(t, x,X
∗, Y ∗, Z∗, u∗, p∗, q∗, κ∗) = 0, a.e. t ∈ [0, T ], x ∈ Rn, P-a.s. (6.11)

After taking equation (6.4) into the above equation, one gets

2Ru∗(t, x)− L⊤p∗(t, x) + J⊤q∗(t, x) +K⊤κ∗(t, x) = 0. (6.12)

To this point, it is easy to derive (6.8). We have completed the proof. □
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