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1.  Introduction

X

X ∼ N(0.1, 0.4) X ∼ N(−0.1, 0.4)

P = {P1, · · · , PK}
(Ω,F) X

max1⩽i⩽K EPi [X
2] < ∞ X P

The  concepts  of  upper  and  lower  variances  generalize  the  classical  notion  of  variance  to
situations involving multiple probabilities or problems with uncertainty. For example, consider a
random  variable    representing  daily  stock  return.  Without  loss  of  generality,  we  assume

  and    in  bull  and  bear  markets,  respectively.  The  mean  and
variance  of  these  normal  distributions  can  be  estimated  from  the  stock's  historical  data.
Although we may attempt to estimate the “risk” (variance) of the stock after one month, we do
not know whether the stock market will be in a bull or bear state in the future. In this case, the
upper and lower variances are useful for measuring risk. Specifically, let   be a
set  of  probability  measures  on  measurable  space  .  For  each  random  variable    with

, the upper and lower variances of   under   are respectively defined
as follows:

V (X) = min
µ∈R

max
1⩽i⩽K

EPi
[(X − µ)2], V (X) = min

µ∈R
min

1⩽i⩽K
EPi

[(X − µ)2].
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V (X)

Walley  [8]  indicated  that  calculating  the  lower  variance  is  relatively  straightforward,  whereas
calculating  the  upper  variance  is  more  difficult  (see  Appendix  G  in  [8]).  In  this  study,  we
introduce a simple algorithm for calculating the upper variance  .

G-Var
G-Var

V (X)

P
RK

+

Upper  and  lower  variances  are  widely  used,  especially  in  mathematical  finance.  Li  et  al.  [1]
used these variances to develop a general   model with mean-uncertainty, which generalized
the   model with zero-mean proposed by Peng et al. [6] and Pei et al. [4]. In this study, we
introduce  a  new  application  of  the  upper  variance.  Because  the  upper  variance    can  be
regarded as the supremum of the variance over the convex hull of   (see Theorem 2.3), it can be
calculated using a quadratic programming problem on the unit simplex in   (see Proposition

4.1). The proposed algorithm also facilitates solving a class of quadratic programming problems,
where the related optimal value corresponds to the upper variance under multiple probabilities.
The  remainder  of  this  paper  is  organized  as  follows.  Section  2  recalls  the  concepts  and

properties  of  upper  and  lower  variances.  Section  3  presents  the  algorithm  for  calculating  the
upper variance. Section 4 explores the application of the upper variance in quadratic programming. 

2.  Preliminaries

We  begin  by  recalling  the  preliminaries  of  the  sublinear  expectation  theory  introduced  by
Peng [5], which serves as a powerful tool for addressing problems involving uncertainty, such as
problems under multiple probability measures.

(Ω,F) P (Ω,F)

EP
Let    be  a  measurable  space  and    be  a  set  of  probability  measures  on    that

characterizes Knightian uncertainty. We define the corresponding upper expectation   as follows:

EP [X] = sup
P∈P

EP [X].

EPClearly,   is a sublinear expectation that satifies the following properties:

EP [X] ⩽ EP [Y ], X ⩽ Y(i) Monotonicity:   if  ;
EP [c] = c,∀c ∈ R(ii) Constant preserving :  ;

EP [X + Y ] ⩽ EP [X] + EP [Y ](ⅲ) Sub-additivity:  ;
EP [λX] = λEP [X],∀λ ⩾ 0(ⅳ) Positive homogeneity:  .

(Ω,F ,EP)We call   as the sublinear expectation space.
co(P) PIn this study, we denote   as the convex hull of  . It is evident that:

EP [X] = sup
P∈P

EP [X] = sup
P∈co(P)

EP [X].

EP [X] −EP [−X] X µX

µ
X

X

[µ
X
, µX ] X MX

The upper expectation   and the lower expectation   of   are denoted by   and
,  respectively.  These  are  referred  to  as  the  upper  and lower  means  of  ,  respectively.  The

interval   characterizes the mean-uncertainty of  , denoted by  .

Next,  we recall  the  concept  of  upper  and lower  variances,  first  introduced by Walley  [8]  for
bounded random variables under coherent prevision and later generalized by Li et al. [1].

(Ω,F , P ) X

X VP (X)

Let   be a probability space and   be a random variable with a finite second moment.
The variance of  , denoted by  , is defined as follows:

VP (X) = EP [(X − EP [X])2].

We note that

EP [(X − µ)2] = VP (X) + (EP [X]− µ)2,

then we have

60 Xinpeng Li, Miao Yu, Shiyi Zheng



VP (X) = min
µ∈R

EP [(X − µ)2].

EP EPUsing   instead of  , we obtain the following definition of upper and lower variances.

X (Ω,F ,EP)

EP [X2] < ∞ X

Definition  2.1  For  a  random variable  on  the  sublinear  expectation  space  with
, the upper variance of  is defined as

V (X) := min
µ∈MX

{EP [(X − µ)2]},

Xand the lower variance of  is

V (X) := min
µ∈MX

{−EP [−(X − µ)2]}.

EP [(X − µ)2] µ

µ∗ ∈ MX

Remark  2.2  Because  is  a  strictly  convex  function  of ,  there  exists  a  unique
 such that

V (X) = EP [(X − µ∗)2].

We may then prove that

V (X) = min
µ∈R

{EP [(X − µ)2]}, V (X) = min
µ∈R

{−EP [−(X − µ)2]}.

For more details, refer to studies by Walley [8] and Li et al. [1].
Using the minimax theorem, we obtain the following variance envelop theorem.

X (Ω,F ,EP)

EP [X2] < ∞
Theorem 2.3  Let  be a random variable on the sublinear expectation space  with

. Then

V (X) = supP∈co(P) VP (X)(i)  .

V (X) = infP∈co(P) VP (X) = infP∈P VP (X)(ii)  .

MX co(P)

EP [(X − µ)2] P µ

Proof  We  note  that    is  convex  and  compact,  and    is  convex,  and  furthermore,
 is an affine function of   and a convex function of  , by minimax theorem in Sion [7],

we have
V (X) = min

µ∈MX

sup
P∈P

EP [(X − µ)2] = min
µ∈MX

sup
P∈co(P)

EP [(X − µ)2]

= sup
P∈co(P)

min
µ∈MX

EP [(X − µ)2] = sup
P∈co(P)

VP (X).

It is also evident that
V (X) = min

µ∈MX

inf
P∈P

EP [(X − µ)2] = min
µ∈MX

inf
P∈co(P)

EP [(X − µ)2]

= inf
P∈co(P)

min
µ∈MX

EP [(X − µ)2] = inf
P∈co(P)

VP (X),

and

V (X) = min
µ∈MX

inf
P∈P

EP [(X − µ)2] = inf
P∈P

min
µ∈MX

EP [(X − µ)2] = inf
P∈P

VP (X).

□
P

P
Remark 2.4  Unlike the envelop theorems in Walley [8] and Li et al. [1], we do not require  to

be weakly compact. However, the convexity of  is necessary, as illustrated in Example 2.5.

X X ∼ N(0.1, 0.4) P1 X ∼ N

(−0.1, 0.4) P2 P = {P1, P2}
Example 2.5  Let  be  normally  distributed  with  under  and 

 under . Taking , we obtain

V (X) = VP∗(X) = 0.41 > 0.4 = max{VP1
(X), VP2

(X)},
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P ∗ = 1
2 (P1 + P2)where  and

V (X) = 0.4 = VP1
(X) = VP2

(X).

P
P = {P1, · · · , PK} co(P)

In this study, we focus on the case where   consists of a finite number of probability measures,
i.e.,  . In this case, the convex hull   is given by

co(P) = {Pλ : Pλ = λ1P1 + · · ·+ λKPK , ∀ λ = (λ1, · · · , λK)T ∈ ∆K},
∆K = {λ ∈ RK : λ1 + · · ·+ λK = 1, λi ⩾ 0, 1 ⩽ i ⩽ K}where  .

V (X)

V (X) = min1⩽i⩽K VPi
(X) V (X) λ∗ ∈ ∆K

V (X) = VPλ∗ (X) Pλ∗

V (X)

As indicated by Walley [8], calculating the lower variance   is usually easy using Theorem
2.3 because  . For the upper variance  , there exists   such
that  , but   is not generally an extreme point (see Example 2.5). Therefore,
the calculation of the upper variance   is more challenging.
 

3.  Calculation of the upper variance

V (X)

P = {P1, · · · , PK}
In this section, we propose a simple algorithm to calculate the upper variance   under the

set of probability measures  .
Our goal is to solve the following minimax problem:

V (X) = min
µ∈MX

max
1⩽i⩽K

EPi
[(X − µ)2]. (1)

We rewrite (1) as

V (X) = min
µ∈MX

max
1⩽i⩽K

(µ2 − 2µiµ+ κi), (2)

µi = EPi
[X] κi = EPi [X

2] 1 ⩽ i ⩽ Kwhere   and  ,  .
µ1 ⩽ µ2 ⩽ · · · ⩽ µKWithout loss of generality, we assume  .

µ∗
To  prove  our  main  theorem,  we  introduce  the  following  two  lemmas.  The  first  lemma

characterizes  the  position  of  the  optimal    for  (1).  The  second  lemma  calculates  the  upper
variance for two probability measures.

µ∗ ∈ MXLemma 3.1.  The unique optimal  in (1) must satisfy one of the following two conditions:

µ∗ fi(µ) := µ2 − 2µiµ+ κi(i)   is the minimum of some parabola .
µ∗ fi fj fi(µ

∗) = fj(µ
∗)(ii)   is the intersection of two parabolas  and , i.e., .

µ∗Proof  If   is not the intersection of two parabolas, without loss of generality, we assume that

f1(µ
∗) < f2(µ

∗) < · · · < fK(µ∗).

O µ∗There exists a neighborhood   of   such that

f1(x) < f2(x) < · · · < fK(x), ∀x ∈ O.

Thus, we have

min
x∈O

max
1⩽i⩽K

fi(x) = min
x∈O

fK(x),

µ∗ fKand   is the minimum of  .  □
X P = {P1, P2}Lemma 3.2  The upper variance of  under  can be calculated as

V (X) = max{κ1 − µ2
1, κ2 − µ2

2, h(µ12)},
where

µ12 =


(
µ1 ∨

κ2 − κ1

2(µ2 − µ1)

)
∧ µ2, µ1 < µ2,

µ1, µ1 = µ2,
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h(x) = x2 − 2µ1x+ κ1and .

Proof  We complete the proof by considering two cases.
µ1 = µ2,First, if   we have

g(µ) := max{f1(µ), f2(µ)} =

{
f1(µ), κ1 ⩾ κ2,

f2(µ), κ1 < κ2.

It is easy to check that

V (X) = min
µ∈MX

g(µ) =

{
κ1 − µ2

1, κ1 ⩾ κ2,

κ2 − µ2
2, κ1 < κ2.

h(µ12) = κ1 − µ2
1 V (X) = max{κ1 − µ2

1, κ2 − µ2
2, h(µ12)}.Furthermore, since  , we have 

µ1 < µ2, f1(µ) = f2(µ)Second, if   the solution of the equation   is

µ̂ =
κ2 − κ1

2(µ2 − µ1)
.

We consider the following function

g(µ) := max{f1(µ), f2(µ)} =

{
f2(µ), µ < µ̂,

f1(µ), µ ⩾ µ̂.

µ̂We discuss the location of  .
µ̂ ∈ [µ1, µ2],(1) If   it is easy to verify that

V (X) = min
µ∈MX

g(µ) = f2(µ̂) = f1(µ̂) = h(µ12) = max{κ1 − µ2
1, κ2 − µ2

2, h(µ12)}.

µ̂ < µ1, κ1 − µ2
1 > κ2 − µ2

2 h(µ12) = f1(µ1) µ12 = µ1(2) If   then   and   since  , therefore,

V (X) = min
µ∈MX

g(µ) = min
µ∈MX

f1(µ) = f1(µ1) = max{κ1 − µ2
1, κ2 − µ2

2, h(µ12)}.

µ̂ > µ2, κ2 − µ2
2 > κ1 − µ2

1(3) If   then we have   and

κ2 − µ2
2 > µ2

2 − 2µ1µ2 + κ1 = h(µ12),

and therefore,

V (X) = min
µ∈MX

g(µ) = min
µ∈MX

f2(µ) = f2(µ2) = max{κ1 − µ2
1, κ2 − µ2

2, h(µ12)}.

□
X P = {P1, · · · , PK}Theorem 3.3  The upper variance of  under  can be calculated as

V (X) = max
{

max
1⩽i⩽K

(κi − µ2
i ), max

1⩽i<j⩽K
hij(µij)

}
,

where

µij =


(
µi ∨

κj − κi

2(µj − µi)

)
∧ µj , µi < µj ,

µi, µi = µj ,
1 ⩽ i < j ⩽ K

hij(x) = x2 − 2µix+ κiand .

1 ⩽ i < j ⩽ K V ij(X)

Pi Pj

Proof  For  ,  let    denote  the  upper  variance  under  the  two  probability

measures   and  . Then, using Lemma 3.2, we obtain

V ij(X) = max{κi − µ2
i , κj − µ2

j , hij(µij)}.

V (X) ⩾ V ij(X) 1 ⩽ i < j ⩽ KIt is obvious that   holds for any  , and we obtain
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V (X) ⩾ max
1⩽i<j⩽K

{
max{κi − µ2

i , κj − µ2
j , hij(µij)}

}
=max

{
max

1⩽i⩽K
(κi − µ2

i ), max
1⩽i<j⩽K

hij(µij)

}
. (3)

µ∗ ∈ MX

κi − µ2
i = minµ∈R fi(µ) 1 ⩽ i ⩽ K

Let   be the optimal point in (1). According to Lemma 3.1, for Case (i), we note that
,  . Therefore, if Case (i) holds, we have

V (X) ⩽ max
1⩽i⩽K

(κi − µ2
i ).

fi
Pi V (X) Pi

Pj 1 ⩽ i < j ⩽ K

For  Case  (ii),  we  note  that  each  parabola    is  determined  by  the  corresponding  underlying
probability measure  . In this case,   can be calculated under two probability measures 
and  ,  . Thus, we have

V (X) ⩽ max
1⩽i<j⩽K

V ij(X).

Combining these two cases, it can be seen that

V (X) ⩽ max
{

max
1⩽i⩽K

(κi − µ2
i ), max

1⩽i<j⩽K
hij(µij)

}
. (4)

Therefore, from (3) and (4), it follows that

V (X) = max
{

max
1⩽i⩽K

(κi − µ2
i ), max

1⩽i<j⩽K
hij(µij)

}
.

□
X P = {P1, · · · , PK}Corollary 3.4  The upper variance of  under  can be calculated as:

V (X) = max
1⩽i<j⩽K

{
V ij(X)

}
,

V ij(X) Pi Pj 1 ⩽ i < j ⩽ Kwhere  is the upper variance under  and , .

µ1 ⩽ µ2 ⩽ · · · ⩽ µK

Next,  we  present  our  algorithm.  Owing  to  Lemma 3.2,  Theorem 3.3,  and  Corollary  3.4,  our
algorithm does not require the assumption  .

X P = {P1, · · · , PK} µi = EPi
[X] κi =

EPi [X
2] 1 ⩽ i ⩽ K

Given  a  random  variable    under  ,  we  calculate    and 
,  .

Algorithm:
1 ⩽ i < j ⩽ K µijStep (1): For each pair of probabilities Pi and Pj,  , we calculate   as

µij =


(
µ
ij
∨ κj − κi

2(µj − µi)

)
∧ µij , µi ̸= µj ,

µi, µi = µj ,

µ
ij
= µi ∧ µj , µij = µi ∨ µj .

Step (2): Output

V (X) = max
{

max
1⩽i⩽K

(κi − µ2
i ), max

1⩽i<j⩽K
hij(µij)

}
,

hij(x) = x2 − 2µix+ κiwhere  .
In addition, the lower variance is calculated as

V (X) = min
1⩽i⩽K

(κi − µ2
i ).

µi κi XIn practice,   and   can be easily estimated from the data. For example, let   be the daily
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{xi}i∈I

{xj}j∈J I J

return  of  one  stock.  In  the  real  market,  we  can  obtain  the  daily  return  data    (resp.
) from the bull (resp. bear) market, where   (resp.  ) denotes the periods of the bull (resp.

bear) market. Then, we can estimate the sample means and variances as

µ̂1 =

∑
i∈I xi

|I|
, µ̂2 =

∑
j∈J xj

|J |
,

and

σ̂2
1 =

∑
i∈I(xi − µ̂1)

2

|I| − 1
, σ̂2

2 =

∑
j∈J(xj − µ̂2)

2

|J | − 1
.

µi = µ̂i κi = σ̂2
i + µ2

i i = 1, 2We then take   and   ( ) to calculate the upper and lower variances. 

4.  Application: Quadratic programming

By Theorem 2.3, (1) is equivalent to the following convex quadratic programming problem.

V (X) X {P1, · · · , PK}Proposition 4.1  Let  be the upper variance of  under , then

V (X) = max
λ∈∆K

(λTκ− (λTµ)2), (5)

κ = (EP1 [X
2], · · · , EPK

[X2])T µ = (EP1 [X], · · · , EPK
[X])Twhere , and .

Proof  By Theorem 2.3, we obtain

V (X) = max
λ∈∆K

VPλ
(X).

It is easily observable that

VPλ
(X) = EPλ

[X2]− (EPλ
[X])2 = λTκ− (λTµ)2.

□
As  shown  in  (5),  this  is  a  convex  quadratic  programming  problem.  Numerous  numerical

algorithms  are  available  to  solve  such  problems,  such  as  the  polynomial-time  interior-point
algorithm (Nesterov and Nemirovskii [3]) and accelerated gradient method (Nesterov [2]). However,
most existing algorithms provide only approximate solutions. In this section, we propose a simple
method  to  solve  such  this  problem  exactly  using  upper  variance  under  multiple  probability
distributions.
We now state the following theorem:

µ = (µ1, · · · , µK)T ∈ RK κ = (κ1, · · · , κK)T ∈ RKTheorem  4.2  Given  and ,  the  solution  to
the following maximization problem:

V = max
λ∈∆K

(λTκ− (λTµ)2)

is given by

V = max
{

max
1⩽i⩽K

(κi − µ2
i ), max

1⩽i<j⩽K
hij(µij)

}
,

where

µij =


(
µ
ij
∨ κj − κi

2(µj − µi)

)
∧ µij , µi ̸= µj ,

µi, µi = µj ,

µ
ij
= µi ∧ µj , µij = µi ∨ µj ,

hij(x) = x2 − 2µix+ κiand .
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i0 V = κi0 − µ2
i0 λ∗ λ∗

i0
= 1 λ∗

j = 0

j ̸= i0 1 ⩽ i0 < j0 ⩽ K V = hi0j0(µi0j0) λ∗

λ∗
i0

=
µj0

µj0−µi0
+

κi0
−κj0

2(µi0−µj0 )
2 λ∗

j0
= 1− λ∗

i0
λ∗
j = 0 j ̸= i0, j0

If there exists  such that , then the optimal  is given by  and ,
.  Otherwise,  there  exists  such  that .  The  optimal  is

then given by , , and , .

C = min1⩽i⩽K{κi − µ2
i }Proof  We provide only a sketch of the proof of this theorem. Let  .

C > 0 V

λ∗
(1)  .  In  this  case,  (2)  is  equivalent  to  (1).  We  can  calculate    by  Theorem  3.3  and

Corollary 3.4. Now we consider the optimal  .
i0 V = κi0 − µ2

i0
λ∗
i0

= 1 λ∗
j = 0 j ̸= i0If there exists   such that  , then it is clear that   and   for  .

1 ⩽ i0 < j0 ⩽ K V = hi0j0(µi0j0)If there exists   such that  , we consider the following maximize
problem:

max
λi0

+λj0
=1

{
λi0κi0 + λj0κj0 − (λi0µi0 + λj0µj0)

2
}
. (6)

The optimal solution of (6) is

λi0 =
µj0

µj0 − µi0

+
κi0 − κj0

2(µi0 − µj0)
2
,

and

V =
µj0κi0 − µi0κj0

µj0 − µi0

+
(κi0 − κj0)

2

4(µi0 − µj0)
2
= hi0j0(µi0j0).

0 ⩽ λi0 ⩽ 1Similar to the proof of Case (ii) in Theorem 3.3, we know in this case that  .
C ⩽ 0 κ̄ = κ− C + 1 κ̄i − µ2

i > 0 1 ⩽ i ⩽ K

λT κ̄ = λTκ− C + 1 λ∗ C > 0

(2)  .  In  this  case,  we  define  .  Now  ,  ,  and  noting
that  , the optimal   is the same as in the case where  .  □

κi − µ2
i > 0 1 ⩽ i ⩽ K V

X {P1, · · · , PK} EPi
[X] = µi

EPi [X
2] = κi 1 ⩽ i ⩽ K X

Pi X ∼ N(µi, κi − µ2
i ) 1 ⩽ i ⩽ K

Remark  4.3  If , ,  then  can  be  regarded  as  the  upper  variance  of  a
random  variable  under  the  set  of  probability  measures  with  and

, . Specifically, we can assume that  is normally distributed under each
 with , .
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