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Abstract This study addresses the existence, uniqueness, and comparison theorem for
unbounded solutions of one-dimensional backward stochastic differential equations (BSDEs)
with sub-quadratic generators, considering both finite and infinite terminal times. Initially,
we establish the existence of unbounded solutions for BSDEs where the generator g
satisfies a time-varying one-sided linear growth condition in the first unknown variable y
and a time-varying sub-quadratic growth condition in the second unknown variable z. Next,
the uniqueness and comparison theorems for unbounded solutions are proven under a time-
varying extended convexity assumption. These findings extend the results in [12] to the
general time-interval BSDEs. Finally, we propose and verify several sufficient conditions
for ensuring uniqueness, utilizing innovative approaches applied for the first time, even in
the context of finite time-interval BSDEs.
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1. Introduction

Throughout this study, let d denote a positive integer, and (By;)¢>o represent a standard
d-dimensional Brownian motion defined on a complete probability space (2, F,P). The filtration
(Fi)i>0 represents the completed natural o-algebra generated by (By);>¢, with Fp := F, where
the terminal time T is either a positive real number or T' = +oo. Let |z| denote the Euclidian
norm for z € R? and z - y represent the standard scalar inner product for z,y € R%. We consider

the following one-dimensional backward stochastic differential equation (BSDE for short):
T T
th :£+/ g(‘Sstst)ds_/ Zs'stv le [OvT]v (11)
t ¢

where the terminal value & is an JFp-measurable random variable, and the generator
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g(w,t,y,2) : Q2 x[0,T] x R x R — R is an (F;)-progressively measurable stochastic process for
each (y,z) and it is almost everywhere continuous in (y, z). The triple (£, T, g) is referred to as
the parameters of BSDE (1.1). A solution to BSDE (1.1) is a pair of (F;)-progressively
measurable processes (Y3, Zt)epo,r) that take values in R x R? and satisfy (1.1). For brevity,
BSDE (1.1) is often denoted as BSDE (&, g). General nonlinear BSDEs were first studied in 1990
by Pardoux and Peng [21], who established the existence and uniqueness of L? solutions for
multidimensional BSDEs with square-integrable parameters and uniformly Lipschitz continuous
generators. Since then, BSDEs have garnered substantial attention from numerous researchers
and have evolved into essential tools in various fields, including partial differential equations,
mathematical finance, stochastic control, and nonlinear mathematical expectation. For more details,
interested readers are referred to [5, 8, 9, 12, 17-19, 22—24].
In this study, we focus on BSDE (1.1) with generator g satisfying the following condition:

dP x dt-a.e., |g(w,t,y,2)| < filw) + BE)|y| +v(#)|2]%, ¥ (y,2) € R x RY, (1.2)

where (f¢)tcjo,r) is a nonnegative (F;)-progressively measurable process, 3(-) and ~(-) are two
nonnegative deterministic functions depending solely on the time variable t. Additionally, let
a € (1,2). Tt is well established that L? solutions, LP (p > 1) solutions, L' solutions, and
bounded solutions for general time-interval BSDEs have been extensively studied. For instance,
when the generator ¢ satisfies condition (1.2) with o = 1, Chen and Wang [4] were the first to
propose and analyze the existence and uniqueness of L? solutions for BSDEs over general time-
interval. Subsequently, Fan [10], Fan and Jiang [14], Zong and Hu [26, 27] established the
existence and uniqueness of LP (p > 1) solutions for such BSDEs. Moreover, Fan [10, 11]
addressed the existence and uniqueness of L' solutions under the assumption that the generator
g satisfies condition (1.2) with a € (0,1). For bounded solutions of general time-interval BSDEs
with a quadratic generator g satisfying (1.2) with a =2, see Fan [10], Luo and Fan [20], and
Kobylanski [19] for finite time-interval cases. Notably, Bahlali et al. [1] established an existence
and uniqueness result for L2 solutions of finite time-interval quadratic BSDEs, where the
generator g takes the form f(y)|z|?. In this case, f must be globally integrable on R, as f being
a positive constant alone is insufficient to ensure the existence of a solution. The existence and
uniqueness of the L? (p > 1) solutions for such quadratic BSDEs was further investigated by
Yang [25], under the condition that f is globally integrable on R and bounded on any compact
subset of R.

On the other hand, Briand and Hu [2] introduced a localization procedure to establish the
existence of unbounded solutions for finite time-interval quadratic BSDEs with terminal
conditions (, f.) satisfying only a certain exponential moment condition. This represents the
weakest integrability requirement necessary to ensure the existence of unbounded solutions. The
uniqueness of unbounded solutions was later proven by Briand and Hu [3] for finite time-interval
quadratic BSDEs with convex generators and unbounded terminal conditions (¢, f.) satisfying all
exponential moment conditions, utilizing the 6 -difference technique. Further studies on
unbounded solutions for finite time-interval quadratic BSDEs can be found in Delbaen et al. [6, 7]
and Fan et al. [13]. Recently, using the localization procedure, Fan and Hu [12] explored the
existence of unbounded solutions for a finite time-interval BSDEs with terminal conditions (&, f.)
satisfying all sub-exponential moment conditions. This was the assumption that the generator g
satisfies (1.2) with « € (1,2), and that both 5(-) and «(-) are nonnegative constants. They also
applied the 6 -difference technique to establish the uniqueness of unbounded solutions under an



Probability, Uncertainty and Quantitative Risk 33

extended convexity condition for the sub-quadratic generator g, which is typically satisfied by a
local Lipschitz perturbation of a proper convex function. Notably, all the studies discussed in this
context pertain to finite time-interval BSDEs. This raises two questions: do these results hold for
general time-interval BSDEs, and can the extended convexity condition be further weakened?
The present study aims to address whether the results of [12] can be extended to general time-
interval BSDEs.

This study focuses on the existence, uniqueness, and comparison theorem for unbounded
solutions of general time-interval BSDEs with sub-quadratic generators g satisfying (1.2) with
a € (1,2) and terminal conditions (§, f.) satisfying all sub-exponential moment conditions. Our
results generalize the corresponding ones of Fan and Hu [12] to the infinite time-interval case. Firstly,
to establish the existence of unbounded solutions for general time-interval BSDEs, we introduce
two new time-varying assumptions, (EX1) and (EX2), on the generator g (see the beginning of
Section 3 for details). These assumptions generalize the assumption (H1 ”) of Fan and Hu [12] to
the infinite time-interval case. We would emphasis that the deterministic functions 5(-) and ~(+)
in (EX1) and (EX2) must satisfy 3(-) € L'([0,T];R;) and v(-) € Lﬁ([O,T];RJF), which appear
to be the most appropriate integrability conditions for ensuring the existence of unbounded solutions.
When a =1, ﬁ equals 2, this is just the case in Chen and Wang [4], Fan [10], and Zong and
Hu [26, 27]. Our proof begins by establishing a uniform a priori estimate for the first process Y.
in any bounded solution (Y., Z.) of BSDE (&, g). This is achieved by constructing a suitable test
function ¥(s,x) and applying Ito6-Tanaka’s formula to (s, YS), where V. is defined in (3.5). We
then verify the existence of unbounded solutions for BSDE (&, g) using the localization procedure
proposed by Briand and Hu [2] (see the first two steps of the proof of Theorem 3.2 in Section 3
for details). Secondly, to establish a comparison theorem for unbounded solutions of general time-
interval BSDEs, we introduce a new time-varying extended convexity assumption (UN) (see tl*le
beginning of Section 4.1 for details). Due to the presence of the term ~(¢)[In(e + |22])] ™,
assumption (UN) not only extends assumption (H2') of Fan and Hu [12] to the infinite time-
interval case but is also strictly weaker, even for finite time-interval cases. The main idea of the
proof involves applying the 6 -difference technique proposed by Briand and Hu [3]. However, the
weaker assumption (UN) introduces a new challenge, which we overcome (see the first step of
the proof of Theorem 4.2 in Section 4 for details). Finally, we propose several weaker sufficient
conditions under which the time-varying extended convexity assumption (UN) holds. These
conditions allow for a broader class of perturbations of proper convex functions than those
considered in Fan and Hu [12] (see Propositions 5.4 and 5.5, as well as Examples 5.7 and 5.8 for
details). Some of these conditions are explored here for the first time, even for finite time-interval
BSDEs.

The remainder of this paper is organized as follows. Section 2 introduces the necessary
notations and a key lemma that will be used in subsequent sections. Section 3 presents and
proves an existence result for unbounded solutions of general time-interval BSDEs with sub-
quadratic generators. The main result, stated in Theorem 3.2, extends Theorem 2.2 of Fan and
Hu [12] to general time-interval BSDEs. In Section 4, we establish a comparison theorem for
unbounded solutions of general time-interval BSDEs with sub-quadratic generators. This result,
detailed in Theorem 4.2, serves as an extension of Theorem 3.2 in Fan and Hu [12]. Additionally,
Theorem 4.3 provides an existence and uniqueness result for unbounded solutions of such BSDEs,
generalizing Theorem 3.9 of Fan and Hu [12] to the infinite time-interval case. Section 5
introduces and proves three sufficient conditions for ensuring uniqueness (see Propositions 5.1,
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5.4 and 5.5). Remarks and examples are included in Sections 3, 4, and 5 to illustrate the results.
Notable examples include Remarks 3.1, 3.3 and 3.4 in Section 3, Remark 4.1 in Section 4, and
Remarks 5.2, 5.3, 5.6, as well as Examples 5.7 and 5.8 in Section 5. Finally, three technical
lemmas used to prove Propositions 5.4 and 5.5 are provided in the Appendix. These lemmas are
noteworthy and hold independent interest.

2. Preliminaries

In this section, we introduce the notations and a key lemma that will be used later. Let a V b

denote the maximum of two real numbers a and b, a* :=a V0, and a~ := (—a)™. For a € (1,2),
let o* represent the conjugate of «, defined such that 1/a+1/a* =1 or
a
= — > 2
“ a—1

Denote R, :=[0,+00), R_:=(-00,0], 14=1 if 2 €A and 0 otherwise, and sgn(z):=
1,50 — lz<o- Recall that an (F;)-progressively measurable scalar process (Xt)iep,r) is said to
belong to class (D) if the family of random variables {X,}, where 7 ranges over all (F%)-
stopping times valued in [0,7], is uniformly integrable. For any real p > 1, we define the
following spaces:

o L>°(Q, Fr,P) denotes the set of all Fr-measurable bounded random variables.

e $°(0,T;R) denotes the set of all (F;)-progressively measurable, continuous, and bounded
processes.

o« MP(0,T;R%) denotes the set of all (F;)-progressively measurable R?-valued processes

(Zt)tE[O,T] such that
¥
T
| Z |pmri= | E (/ |Zt2dt> < +00.
0

e LP([0,T];R4) denotes the set of all nonnegative deterministic functions wu(-) such that

o
=

T
/ uP (t)dt < 4o0.
0

Let a € (1,2), B(:) € LY([0,T];Ry), v(-) € Lﬁ([O,T];RJr), and (f¢)icjo,r) be a nonnegative
(Fi)-progressively measurable process with sub-exponential moments of any order, i.e.,

2
T a*
E [exp p(/ fsds> <400, Vp>1
0

The assumptions and definitions introduced above will be utilized throughout this study.
The following Lemma 2.1 can be viewed as a direct consequence of Lemma 3.4 and Theorems
3.2 and 3.3 in Fan [10]. This lemma will play a crucial role in proving our main results.

Lemma 2.1 Assume that £ € L>°(Q, Fr,P), and the generator g satisfies the following two
assumptions:

)

(H2) There exists a function u(t) € L*([0,T];R,) such that dP x dt-a.e., for each (y,z) €
R x R4,

(H1) dP x dt-a.e., g(w,t,-,-) : R x R% = R is continuous;

lg(w, t,y, 2)] < u(t).
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Then, the BSDE (§,g9) admits a minimal bounded solution (Yi,Zt)ico,r) i S*(0,T;R)x
M2(0,T;R?).

Furthermore, assume that £,&' € L>(Q, Fr,P), and both generators g and g’ satisfy (H1) and
(H2). Let (Ys, Zt)iepo,r) and (Y{, Z{)icjo,1) be the minimal bounded solutions of the BSDEs (€, g)
and (£',q' ), respectively, in the space of S>(0,T;R) x M?(0,T;R%). If P-a.s., £ <&, and

dP x dt-a.e., g(t,Y/, Z;) < g'(t,Y{,Z;) (vesp. g(t, Y3, Zt) < g'(t, Y2, Zt)),
then P-a.s., for each t € [0,T], Y; <Y .

3. Existence of the unbounded solution

Let us first present the following assumptions on the generator g, which can be compared to
assumption (H1") in Fan and Hu [12].

(EX1) g exhibits a time-varying one-sided linear growth in y and a time-varying sub-quadratic
growth in z, i.e., dP x dt-a.e., for each (y,z) € R x R?,

sgn(y)g(w, t,y, 2) < fe(w) + B(E)|y| + ()]
(EX2) dP x dt-a.e., g(w,t,-,-): R xR?+— R is continuous, and g exhibits a time-varying

general growth in y and a quadratic growth in z. Specifically, there exists a constant ¢ > 0 such
that dP x dt-a.e., for each (y,z) € R x R?,

l9(w, t,y, 2)| < felw) + BOY(Iyl) + cl2]?,

where () is a nonnegative, increasing, and continuous function that satisfies 1(0) = 0.

Remark 3.1 Recall that the time-varying functions B(-) and ~(-) must satisfy the following
integrability conditions:
B() € LY([0,T;Ry) and () € L= ([0, T];Ry). (3.1)

It is evident that (3.1) is trivially satisfied when T < 400 and both B(-) and ~(-) are constants.
Moreover, regardless of whether T < 400 or T = 400, the functions B(-) and v(-) satisfying (3.1)
can be unbounded. Consequently, assumptions (EX1) and (EX2) extend the scope of assumption
(H1") in Fan and Hu [12], where B(-) and v(-) are constants and T < 4o0.

Theorem 3.2 presents an existence theorem for the unbounded solution of a general time-
interval BSDE under assumptions (EX1) and (EX2), which is the main result of this section.

Theorem 3.2 Assume that £ is a terminal value and g is a generator satisfying assumptions
(EX1) and (EX2). If |£| + fOT fedt has sub-exponential moments of any order, i.e.,

T a
E [exp | p <|£ —l—/ fsds> < +oo, Vp>1, (3.2)
0
then BSDE (€, g) admits a solution (Yi, Z¢)¢ejo,r) such that P-a.s.,
) T T ax
exp <|Yt T*) +E, / |Z,?ds| < KE; |exp | K | |¢] +/ fsds , te[0,T], (3.3)
t t

where K >0 is a constant that depends only on (o, T, B(:),v(:)). Furthermore, for each p > 1,
there exists a constant K, > 0 that depends only on (o, T,p, B(-),¥(:)) such that P-a.s.,
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2 »
o T 3
E |exp [p| sup |Ys +E / | Zs|?ds
sE[t,T] t

2
3

T >
< K,E |exp | K, <|£ +/ fsds> , te€0,7T]. (3.4)

Proof The proof is structured into the following two steps.

Step 1 We prove that inequalities (3.3) and (3.4) hold for any bounded solution (Y%, Zt):c(o,1)
of the BSDE (&,g), provided that |¢] < ¢ and |f;] < ce* hold for each t € [0,7] and some

constant ¢ > 0. The proof is primarily inspired by Lemma 2.7 in Fan et al. [16]. Let ¢ € [0,T] be
fixed. Define the test function

Wisa) = exp (u(s)e7 ), (5,0) € [t,T] X [0, +0)

where ¢ > (04*/2)‘1*/2 and u(-):[t,T) - Ry is an undetermined deterministic function
satisfying u(-) > 1 and p/(-) > 0. Note that the larger the a*, the smaller the value of (s, z). A
straightforward computation gives that for each (s, z) € [t,T] X [zq, +00),

bs(s,2) = P(s, 2 (s)z7" > 0,
(s, 0) = (s, 2)p(s) o >0,

o (5,2) = (s, a(s) a2 [2“@)“2 (1 B 2)]

a*
2 2 2
> wsaule) Zat | Zaft 1] >0

For such a case, © — (s, z) is strictly convex on [z, +oo) Note that lilgl_ (04*/2)0‘*/2 = }00.
*_y

When o* is getting larger, z( is getting larger. Define A(s fo dr and

Y, = ey | + & +/ eA(T)frdr, s e[t T, (3.5)
t

where k is an undetermined constant, depending only on «, that is greater than zg. Let L(-)

denote the local time of Y'(-) at 0. Considering assumption (EX1) and applying Ito-Tanaka’s
formula to (s, YS), we obtain

di(s, Vi) = [ws<s7ffs> + (5, Vo) e (—sgn(Ya)g(s, Ya, Zs) + B(s)[Ya| + fo)
+ g5, TIANZ | s 405 VAL + 5. VA sgn() 2. - a5
> 0 12) |1 T = 27 Ao 2
b e (Zuer - (1- 2 )12 as

+ (s, f/s)eA(S)sgn(Ys)Zs -dBs, se€lt,T].

For each r € [t,T] and each integer m > 1, we define the following stopping time:

oy = inf{s € [rT): / (1&95(7', YT)) 24| 7, 12dr > m} AT
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with the convention inf ) = +00. By integrating over [r,o" |, we obtain that for each m > 1 and
ret,T],

~ m r oo Tm 5 o2 2 o2 —1 s a
DT+ X < 0o T )+ [0 T [T + Zu) v e 612,
1 A2 2 n 2 2
-7 (Zurd - (12 2)) iz as

N o 2
(BRIZI - T |2 4 2

N——

}ds

Xm .= / " (s, Vi)eAsgn(Y,) Z, - dBs.
I

where

Using Young’s inequality, we have

2 5
(Y

Z|)

~ 2
a

2y(s)Ye| Zs|* = (yf (%(s)Yj*%)
1

with

o
2

. .2 .
Noticing p(s) > 1 and Yy > k, we choose k := ((a*)2 + a*) > xo such that Y,*" > 2InY, and
then

~ 2 _2
a*

(s, Vo)V ’

A 2 A2
> exp (Ys"* ) Yoor T > 1L

According to the previous inequalities, we obtain that for each m > 1 and r € [¢,T],

W(r, Yr) + X"
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Then, given that E.[X™] = 0, by taking the conditional expectation with respect to F,. in (3.6),
we obtain that for each m > 1 and r € [¢,T],

/ " \Z,2ds

Furthermore, by applying Fatou’s lemma and Lebesgue’s dominated convergence theorem, along

Y. ¥) +E, <E, [¢(0},. Yor)] (3.8)

m

with the boundedness of Y. and f., and sending m — oo in (3.8), we obtain

r a% T
exp (u(r) (eA<’”>|YT|+k+ / eA(s)fst> >+Er / PARE
t r

. 2
<E, |exp | u(T) <|§eA(T) +k —|—/ eA(S)fsds> , reltT). (3.9)
t

F3

Letting r = ¢ in the last inequality, we deduce that for each ¢ € [0,T],

2 T
exp (u(t) (eA<“|n|+k)“ )+Et / PARCE
t

2
oF

T
< E; |exp | u(T) <§|eA<T>+k+/ eA(S)fsds> , (3.10)
t

which yields that
2

T
exp (|Yt < KE; |exp | K <|§ —|—/t fsds> (3.11)

‘%)‘i‘Et

T
/ | Z4|2ds
t

K := (exp (M(T)ko%)) v (,u(T)eA(T)) .

Thus, the desired inequality (3.3) holds for any bounded solution (Y3, Z)icjo,r of the BSDE
(€,9) when [§] < ¢ and |f| < ce™* hold for each t € [0,T] and some constant ¢ > 0.

Furthermore, using Doob’s martingale inequality, inequality (3.9), and the property
(a+b)* <a*+b* for a,b >0 and A € (0,1), we deduce that for each p > 1 and ¢ € [0, 77,

2_
sup_exp (pu(r) (Ol hs [[er0ras) )]
relt,T) t

with

E [exp p( sup Yr|> <E

re(t,T)
2 p
T o
<E| sup S E, [exp | u(T) <§|6A(T)+k‘+/ eA(S)des)
re(t,T) t
P P T ¥
< <p1> B |exp () (I61eA T + k4 [ 4O fas
- t
2
» \? 2 T o
S <1> ePHMFE | exp | ppu(T)eAT) <|§|+ / fsd8> < 400,
b= t

(3.12)

On the other hand, using inequalities (3.6) and (3.7), we can deduce that for each m > 1 and
p>1,
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E / "2, 2ds
I

p

2

<E |(vton Tu) + x7)

<ort {E [(g[z(afm?%))g] +E [|Xm%] } . reltT]

Considering the definition of X" and the fact that Y, > k> 1, and applying Burkholder-Davis-
Gundy’s inequality and Holder’s inequality, we observe that

271E (X7 ] < 271 (u(T)) AR (/m (6.9’ |Zs|2ds>

y
4

» O g
<2 T)EEATE | sup (s K2)) </ '25'2d5>
] T

s€[r,or,
1 T

o stmpoms| n (s65)

s€[r,on]

P
2

Then,

E (/ " |ZS|2ds>

(NS}

sup (w(s,ffs))p

s€[r,or ]

< 2B | (0o o)) | + 22Dt T

<<8u(T>>pepA<T>E[ swp (0(5,79))" |, re 1T,

s€[r,or]

From the last inequality, by letting m — oo and r =t, and applying Fatou’s lemma, Lebesgue’s
dominated convergence theorem, and inequality (3.12), we obtain that for each ¢ € [0,T],

E (/tT |Zs|2ds>

— (Su())er

P
2

< (S,U(T))PePA(T)E [ sup (LZJ(S,?Q)IJ
s€t,T]

2
sup exp (w(r) (e“<r>|m+k+ / e“‘(s)fsds> )]
re(t,T) t

2

p 2 T o

< (8u(T))PerA™) (pl> ePH k"7 exp [ pu(T)e ™ <§| +/ fsds> . (3.13)
p—= t

Combining inequalities (3.12) and (3.13), for each p > 1, ¢t € [0,T], we have

2

2
¥ T 2
E |exp |p| sup |V +E / AKE
set,T] t

2
*

T @
S KQE |exp | K <€|+/ fsd3> ; (3.14)
t

where

K, = ((1)?1)17 ((8M(T))p€pA(T) n 1) ezm(T)kaz*> v (p,u(T)eA(T)> )
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Thus, the desired inequality (3.4) holds for any bounded solution (Y, Z;).c[o,r] of the BSDE
(¢,9), provided that |£| < ¢ and |f;| < ce™* for each ¢ € [0, 7] and some constant ¢ > 0.

Step 2 Building on Step 1, we employ the localization procedure of Briand and Hu [2] to
construct the desired solution. For each pair of positive integers n, ¢ > 1 and (w,t,y,z2) €
Qx [0,T] x R1F4 let

It is immediately apparent that [£™7) < €| A (nV q) and |g™9] < |g| A[(nV q)e™!]. Moreover, it
can also be verified that the generator g™? satisfies assumptions (H1), (H2), (EX1), and (EX2)
with u(t) = (nVq)e "t and f; A[(nVq)e ?] replacing f;. Consequently, by Lemma 2.1, the
following BSDE (£9, g™9) admits a minimal bounded solution (Y;*%, Z{"),c(o ) in the space of
S%(0,T;R) x M2(0,T;R?):

T T
}/tnyq — é-n,q +/ gn,q(s,}/sn,q7 Z;L#I)ds _ / Z‘;ﬂ’q . dBS7 te [07T}
t t

From the comparison result stated in Lemma 2.1, we know that (Y;"?);c[o,7] is non-decreasing in
n and non-increasing in ¢. Furthermore, by virtue of the assertion (3.11) from Step 1, for each
t €10,7T] and n,q > 1, we have

T 2
K <|§”7q| —|—/t fsN[(nV q)eﬂds)

2
3

T o
K <|s| + /0 fsd8> ,

o)

exp <|Yt”’q %) < KE; |ex

< K]Et ex

o)

which implies

a
-

T o
V"9 < [ InK +1In < E; |exp K<|§|+/ f5d8>
0

Thus, in view of the last inequality and assumption (EX2), we can apply the localization
procedure initially developed by Briand and Hu [2] to obtain an (F;) -progressively measurable
Rvalued process (Zt)tejo, 1), such that Z™% converges to Z. as n, ¢ tend to infinity. Consequently,
the pair (Y. :=inf,sup, Y9, Z) is a solution to the BSDE (&, g). Moreover, the desired
inequalities (3.3) and (3.4) for (Y., Z.) follow immediately from Step 1 and the definition of
(Y., Z.). This completes the proof. O

Remark 3.3 From the above proof, it is straightforward to verify that in the assumptions of
Theorem 8.2, if |€| is replaced by €T and (EX1) is replaced by the following (EX1'):

(EX1') dPx dt-a.e., for each (y,z) € R x R?,

Lyyso19(w, t,y, 2) < fi(w) + B()|y| +(t)]2]".

Then, for any solution (Yi,Zi)iepo,r) of the BSDE (§,g) such that supcpo Y;" has sub-
exponential moments of any order, there exists a constant k > 1 and a differentiable function
p(+) 2 [0,T] — [1,400) such that P-a.s., for each t € [0,T],
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2 T
exp (H(t) (eA(t)Yt+ + k) “ ) +E, / 1{YS>0}|ZS|2ds
t

2

T a*
< E; |exp | u(T) (§+6A(T) +k —|—/ eA(s)fsds>
t

Consequently, there exists a constant K > 0, depending only on («, T, 5(:),~(:)), such that P-a.s.,
for each t € [0,T],

2
¥

T a
< KE; |exp | K <§++/ fsds>
t

In the above proof, it suffices to use Y.*, 1y oY, and LL. in place of |Y.|, sgn(Y.), and L.,

respectively.

T
2_
exp ((YtJr)“*)JrEt / Liy,>0|Zs[*ds
t

Remark 3.4 From (3.5) and (3.7) in the proof of Theorem 3.2, it is evident that the
integrability conditions for the functions B(-) and v(-) in (3.1) are likely the most appropriate to
ensure the existence of an unbounded solution. When a =1, 2/(2 — ) = 2, which corresponds to
the cases studied in Chen and Wang [4], Fan [10] and Zong and Hu [26, 27]. Moreover, to apply
existing results on the minimal bounded solution of a general time-interval BSDE, a time-varying
truncation for the generator g becomes mecessary, particularly for the case of T = +0o0. This is
illustrated in the definition of g"™P in the second step of the proof of Theorem 8.2. Similar
arguments can be found in Fan [12] and Fan et al. [15].

We would like to note that similar arguments to those presented in Remarks 3.1 and 3.4 can
be applied in the subsequent sections. For simplicity, we omit them.

4. Uniqueness of the unbounded solution

In this section, we establish a general comparison theorem and a general uniqueness and
existence theorem for unbounded solutions of BSDEs, extending the corresponding results from
Fan and Hu [12].

4.1 Comparison theorem

Next, we introduce the following time-varying extended convexity assumption for the
generator g.
(UN) The generator g satisfies either of the following conditions:
(i) dP x dt-a.e., for each (y;, ) € R™4, i =1,2 and 6 € (0,1),
Liy, —oys>03 (9(w, t, 91, 21) — Og(w, t, Y2, 22))
< (1= 0)(fu(w) + BOlal + () [ (e + 2] F + B oyl +v(®)ld0zl");  (41)
(ii) dP x dt-a.e., for each (y;,z;) € R'?, i =1,2 and 6 € (0,1),
— Ly —oyp <0y (9(w, t, 41, 21) — Og(w, t, Y2, 22))
< (1= O)(fo(w) + Bt el + () [ (e + [22)] T + BE)|day| +(2)l602]%), (4.2)

where
Yy — Hyg s L zZ1 — 92’2

gy = =
0Y 1-0 [ 1—0
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Assume further that v(-) : [0, 7] — Ry satisfies
T
0< / ~(t)dt < +oo. (4.3)
0

Remark 4.1 (i) It is clear that even in the case where T < +oco and both (-) and ~(-) are
a®/2

nonnegative constants, the presence of the term ~(t) [ln(e + |22])] makes assumption (UN)

strictly weaker than assumption (H2') in Fan and Hu [12]. Additionally, it is easy to verify that if
g(w,t,y,2) satisfies conditions (i) of (UN), then g(w,t,y,z2):=—g(w,t,—y,—2) satisfies
condition (i) of (UN).

(ii) Using a similar argument as on page 29 of Fan et al. [16], we conclude that if g satisfies
assumption (UN), then dP x dt-a.e., g(w,t,-,-) is locally Lipschitz continuous on R x RY.

(iil) It is straightforward to verify that if the generator g; satisfies inequality (4.1) (resp. (4.2))
for i =1,2, then for any k; >0, i = 1,2, the generators kigi + kaga, g1V g2, and g1 A g2 also

satisfy inequality (4.1) (resp. (4.2)).
(iv) Setting y1 =y =y and z1 = 20 = z in (4.1) and (4.2) respectively yields that for some
constant k > 0 depending only on «,

Liyso19(w,t,y, 2) < filw) +28() |yl + ky(t)|2]*
and
—Ly<oy9(w,t,y, 2) < fe(w) +28@1) |yl + kv (t)]2]*

These inequalities imply that the generator g exhibits a time-varying one-sided linear growth in y
and a time-varying sub-quadratic growth in z.
(v) Setting z1 = zo = z in (4.1) or (4.2) and then letting 6 — 1 yields

1{y17y2>0}(9(°~"7 t,y1, Z) - g(wa t,y2, Z)) < ﬁ(t)lyl - Z/2|~
This implies that the generator g satisfies a time-varying monotonicity condition in y.

Theorem 4.2 presents a general comparison theorem for unbounded solutions of BSDEs under
assumption (UN), serving as the main result of this subsection.

Theorem 4.2 Assume that & and &' are two terminal values satisfying P-a.s., £ <&, g and ¢’
are two generators, and let (Y, Zt)ieo,m) and (Y{, Z{)icjo,) be the corresponding solutions to the
BSDEs (€, 9) and (£',9"), respectively, such that for each p > 1,

2

E |exp p( sup (|Y| + |Yt’|)> < +oo (4.4)
te[0,T]

and Z., 7' € MP(0,T;R?). If g (vesp. ¢') satisfies assumption (UN) and
dP x dt-a.e., g(t,Y{,Z;) < g'(t.Y{,Z)) (vesp. g(t,Yr, Zy) < §'(t, Y2, Z4)), (4.5)
then P-a.s., for each t € [0,T], Y; < Y.

Proof The proof is organized into the following four steps.

Step 1 Define

Joi= fo+ B, + (@) (e +|ZD)T . teo,T].
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First, we prove that fOT ftdt has sub-exponential moments of any order, i.e.,

T o*
E |exp | p (/ fsds> < 400, Vp>1. (4.6)
0

In fact, by virtue of 3(-) € L'([0,T];R,) and inequality (4.4), we have for each p > 1,

r 2 2
T a* T oF
E |exp [ p / B(1)[Y;|dt <E|exp [p( sup 17 [ Bty
0 tE[O,T] 0

r 2 2
T a* a*
=E |exp|p / B(t)dt sup |Y/| < 400. (4.7)
0 t€[0,7]

On the other hand, by combining inequality (4.3), Holder’s inequality, and the basic inequality
(a +b)? <29(a? 4+ b?) for a,b> 0 and g > 0, we deduce that for each p > 1,

E (/ v(t)IZt’dt> <E < / w<t><1+|zza>dt>

.
: 89

T 61’ T ) 20‘) 6P T
< 2% / Ayt | +2%E / yE=e (t)dt / |Zi[*at < +oo,
0 0 0

Op Sp

where

2
oF

T
dpi=p (/0 ’y(t)dt>

Note that dy; : fﬂ{(t);i;dt defines a probability measure on [0,7], and [ln(ka—kx)]%, with
0

ko = exp (0‘7), is a concave function on R,. Applying Jensen’s inequality to the concave

function and using the previous inequality, we conclude that

r 2

T . o
E |exp | p (/ (#) (In(e + |Zt/|))2dt>
0
. 2
T - ar
<E |exp |6, </ (In(ko + |Z{])) = th)
0
< E |exp (6 In (k + |Z’|dut>>
<2 [k + R (/ | Z] |th

T p
= 2% kgp ( (/ ~(t |Z’|dt> < +o0. (4.8)
fo (¢ ’

p

( + ' Z£|dut>
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In light of inequalities (4.7) and (4.8), along with integrability of process f., the desired assertion
(4.6) follows directly from Holder’s inequality.

Step 2 Assume that the generator g satisfies condition (i) of assumption (UN), and that
dP x dt-a.e., g(t,Y!,Z}) <¢'(t,Y/,Z]). To proceed, we utilize the O-difference technique
developed by Briand and Hu [3]. For each fixed 6 € (0,1), define

Y — 6y’ Z. —07'
59U. = ﬁ and 59‘/ = Te

Then, the pair (dpU., dpV.) satisfies the following BSDE:
T T
0pU; = 0pUr -l-/ 599(8,59[]3, 59V5)ds — / 6pVs-dBg, te€ [O,T],
t t

where dP x ds-a.e., for each (y,z) € R x RY,

1
599(37:‘/’ Z) = m [Q(S, (1 - G)y + GYZa (1 - 9)2 + GZ.Q) - 99(8, Ys/7 Z;)]
0ol YL 20) — g/ (s, YL, Z0). (4.9)

It follows from (UN) and (4.9) that dP x ds-a.e., for each (y,z) € R x R9,
Liy>01009(5, 9, 2) < fo + B(s)|Y{[ +7(s) [In (e +1Z.])] = + B(s)yl +v(s)]2[*
= fo + B(s)lyl +(s)]2]%, (4.10)
which together with inequality (4.6) implies that the generator dpg satisfies assumption (EX1’)
with f in place of f., and

—peNt _ _ N
saf = 0T O HOE N

Then, according to Remark 3.3, there exists a constant K >0 depending only on («,T,
B(-),7(+)), such that for each ¢ € [0,T7,

2
*

2 T *
exp (0pU;")°" < KBy |exp | K <§+ —|—/ fsds> ,
0

and then

*

2
oF

T
(Y, = 0Y))" < (1-0){ In | KE; |exp K<g++/ fsd8>
0

Consequently, the desired conclusion follows by letting § — 1 in the last inequality. Specifically,
P-a.s., for each t € [0,T], Y; < Y.

Step 3 We now consider the case where the generator ¢’ satisfies condition (¢) of assumption
(UN), and dP x dt-a.e., g(t,Yy, Z:) < ¢'(t, Yy, Z¢). In this case, the generator dpg in (4.9) should
be replaced by the following equality:

1
699(8,%2) = m [g(s,Ys, Zs) - g/(SaYi%Zs)}
1
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It is straightforward to verify that dgg satisfies inequality (4.10). Using an identical argument as
in Step 2, we arrive at the desired conclusion.

Step 4 Suppose that the generator g satisfies condition (i4) of assumption (UN), and that
dP x dt-a.e., g(t, Y/, Z}) < ¢'(t,Y/,Z]). For each t € [0,T7], let us define

§ = _§7 YA; = _Y:fa Zt = _Zta g(tayvz) = _g(ta Y, _Z)

and

§i=—¢, Y ==Y, Z:=-Z/, §ty.7)=—gt—y, —2)

Then, (Yt, ZAt)te[O,T] and (Yt’, ZA,f)te[O,T] are solutions to the BSDEs (é, g) and (é’,g’), respectively.
It is straightforward to verify that P-a.s., & < &, § satisfies condition (i) of assumption (UN),
and d Px dt-a.e.,

g/(t> Y/;fla Zt/) = _gl(t7 Yt/7 Ztl) < —g(t, Yt/7 Ztl) = g(ta f/t/J ZA;)
Thus, by applying the results from Step 3, we conclude that P-a.s., for each ¢ € [0, 7],
_E/t/:f/tlgf/t:_}/ta

which implies that Y; <Y/. In the same way, we can prove the case where the generator ¢’
satisfies condition (i) of assumption (UN), and dP X dt-a.e., ¢(t,Y:, Z¢) < ¢'(t,Ys, Z¢). This
completes the proof. O

4.2 Existence and uniqueness

Based on Theorems 3.2 and 4.2, the following general existence and uniqueness theorem for
unbounded solutions of BSDEs follows immediately, extending Theorem 3.9 in Fan and Hu [12].

Theorem 4.3 Assume that £ is a terminal value and g is a generator satisfying assumptions
(EX1), (EX2), and (UN). If || + fOT fidt has sub-exponential moments of any order, i.e.,

2
3

T «
E |exp p<|€+/ fsd$> < +oo, Vp>1,
0

then the BSDE (§,g) admits a unique solution (Yi, Zt)iejor) such that sup,cpory|Y:| has sub-
exponential moments of any order, and Z. € MP(0, T;R?) for all p > 1.

5. Sufficient conditions ensuring the uniqueness

In this section, we propose and prove several sufficient conditions that ensure the assumption
(UN) holds. Some of these conditions are explored here for the first time, even for the finite time-
interval case. For narrative convenience, we first examine a special type of assumption (UN),
denoted as (UN').

(UN'") g satisfies either of the following conditions:
(i) dP x dt-a.e., for each (y;,2;) € R'* i=1,2 and 6 € (0,1),

Liy,—0y.>03 (9(w, t,y1,21) — O0g(w, t, Y2, 22))
< (1= 0)(fe(w) + B(B)ly2] + B(E)|00y| + ¥()[d62|"); (5.1)
(ii) dP x dt-a.e., for each (y;,z;) € R4 i=1,2 and 0 € (0,1),
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- 1{y1—9y2<0}(9(w7 t,y1,21) — 0g(w, t,y2, 22))
< (L= 0)(fe(w) + B(E)|ya| + B(#)0gy| + v(t)[d62]), (5.2)

where gy and dyz defined in assumption (UN).
The Propositions 5.1 and 5.4 provide sufficient conditions ensuring that assumption (UN’) holds.
These propositions represent the first two main results of this section.

Proposition 5.1 Assume that the generator ¢ satisfies the assumption (EX1). Then,
assumption (UN') holds for g if it satisfies either of the following conditions:

(i) dP x dt-a.e., g(w,t,-,-) is convex or concave;
(i) g(t,y,2) =v(@#)l(y)q(z), where both [ : R+ R and q:R%— R are bounded and Lipschitz
continuous functions, q(z) has a bounded support, and v(t) € L*([0,T]; R4) N Lﬁ([QT]; R4).

The proof of Proposition 5.1 is analogous to the proofs of conditions (i) and (iii) in Proposition
3.5 of Fan and Hu [12], and is therefore omitted here.

Remark 5.2 Let g(w,t,y,2) = g1(y) + g2(y) and g(w,t,y, 2) := g3(2) + ga(2) be defined as on
page 38 of Fan and Hu [12]. It is straightforward to werify that B(t)g(w,t,y,z) and
Y g(w,t,y,z) satisfy assumption (UN'). Additionally, it is clear that if g(w,t,y,z) satisfies
condition (i) of (UN'), then g(w,t,y,z) := —g(w,t, —y, —2) satisfies condition (ii) of (UN').

Next, let a >0, d =1, u(-), k1 (), k2(-) € L'([0, T Ry), (), 1 (), e2(),es() € LH([0, TR )N
L%([O,T J;Ry). In order to explore other sufficient conditions ensuring that assumption (UN’)

holds, we introduce the following assumptions on the generator g.

(A1) g exhibits time-varying linear growth in y and time-varying sub-quadratic growth in z,
i.e., dP x dt-a.e., for each (y,z) € R x R, we have

lg(w,t,y,2)] < fe(w) +u(®)yl + v(t)[2]"
(A2) dP x dt-a.e., for each z € R, we have
(i) g(w,t,-, z) satisfies a time-varying monotonicity condition on R_, i.e.,
V(y1,p2) € R xR, sgn(yr — y2)(9(w, b, 41, 2) — g(w, £, 2, 2)) < k1(b)|yr — yal-

(ii) g(w,t,-, z) satisfies a time-varying Lipschitz continuity condition on R, i.e.,

V(y1,92) € Ry xRy, |g(w,t,y1,2) — g(w, t, 92, 2)| < k2(t)|y1 — y2l-
(A3) dP x dt-a.e., for each y € R, we have
(i) g(w,t,y,-) is a time-varying Lipschitz continuous function on [—a,al, i.e.,

Y (21, 22) € [—a,a] X [—a,al, |g(w,t,y,z1)— glw,t,y,22)| < c1(t)]z1 — 22].
(ii) g(w,t,y,-) is convex on (—oo, —a] and [a, +00), respectively.
(A4) dP x dt-a.e., for each y € R, we have
Vzela,400), glw,ty,z)—gwtya)=—ct)(z—a)
and

Vze (7005 7‘” ’ g(wat7yvz) - g(watvyv 70‘) =z 63(t)(z + a)'
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Remark 5.3 (i) If g(w,t,-, 2) satisfies the time-varying Lipschitz continuity condition on R, i.e.,
dP x dt-a.e., for each z € R, we have

v(ylqu)ERXRa |g(w7t7y17 ) g(w ti‘/27 )‘ ()‘yl_y2|
then g(w,t,-, z) satisfies assumption (A2). Consequently, assumption (A2) generalizes the time-

varying Lipschitz continuity condition of the generator g with respect to y.

(ii) If g(w,t,y,-) is conver on R, then g(w,t,y,-) satisfies assumption (A8) with a=0.
Consequently, assumption (A8) generalizes the convexily condition of the generator g with
respect to z.

(iii) If g(w,t,y, ) satisfies condition (ii) of (A3) and has a right derivative at point a with a
lower bound —co(t) and a left derivative at the point —a with an upper bound c3(t), then
g(w,t,y,-) satisfies assumption (A4).

Proposition 5.4 Let d = 1. If the generator g satisfies assumptions (H1), (A1), (A2), (A3),
and (A4), then it also satisfies condition (i) of assumption (UN').

Proof Given arbitrary (y;,2;) ERxR,i=1,2 and 6 € (0,1), and let dpy and Jpz be defined
in assumption (UN’). It follows from assumptions (H1) and (A2), along with Lemma 6.1, that

1{y1 >0y2} [g(w7 ta Y1, 22) - Gg(wa t7 Y2, ZQ)]
< (1= 0) [(k1(8) + Fa()1doy] + (a(8) + ko () izl + Lyimoyy9(s by 22)] - (5.3)
Furthermore, define

P(w, t,y1, |2]) := filw) + u(®)lya] + v (t)[2]%,
where ¢(w,t,y1,-) : Ry — Ry is a non-decreasing continuous function. In light of assumptions
(H1), (A1) (A3), and (A4), along with Lemma 6.2 and (iii) of Remark 5.3, we obtain that

g(w,t,y1,21) — Og(w, t, y1, 22)

< (1 =0) [p(w, t, |y1], |00z] + 2a) + 2¢(t)[dgz| + 11c(t)a + 22¢(w, t, |y1], a)]

= (1—-10)[23ft(w) + 23u(t)|y1]| + v(t)||d92] + 2a]” + 22v(t)a™ + 2¢(t)|dgz] + 11c(t)a]
(1=0) [23f¢(w) + 23u(t)[y2] + 2%v()(|662|* + (20)*) 4 220(t)a” + 2c(t)|do 2| + 11c(t)al
(1= 0) [23fe(w) + 23u(t)[y1 — Oy2| + 23u(t)8]y2| + 4v(t)|e2|"

+38v(t) &+ 20( )|doz| + 11c(t)a]

—0) [fi(w) + 23u(t)|ya| + 23u(t)|6ey| + (4v(t) + 2¢(t))[602|*] ,

IN N

where ¢(t) := c1(t) V ca(t) V es(t), and the process fi(w) := 23f;(w) + 38v(t)a®™ + 2¢(t) + 11c(t)a
has sub-exponential moments of any order. Combining inequality (5.3) and the last inequality,
we obtain

Ly >ouo39(w, ty1, 21) — Og(w, L, ya, 20)]
=Ly >0p03[9(w, t Y1, 21) — Og(w, 91, 22)] + Ly, 504,31 0[9(w, Y1, 22) — Og(w, T, Y2, 22)]
1{y1>9y2}9 —0)g (w t yQaZ2)
Ly >0y 319w, ty1,21) — Og(w, t,y1, 22)] + (1= 0)0 [(ky(t) + ka2(t))[doy] + (k1 (t) + k2(t))|y2]]
(1=0) [fe(w) + (23u(t) + k1 (t) + ko (t)y2| + (23u(t) + ki (1) + k2(t))|0ey]
+(v(t) + 2¢(t))]0p2]%] -

<
<

Then, the desired inequality (5.1) holds with fi;(w) := fi(w), B(t) := 23u(t) + k1(t) + k2(t) and
~(t) := v(t) + 2¢(t). This completes the proof. O
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Next, let d =1, a( ) € L'([0,T};Ry), and &(-),5(-) € L== ([0, T};Ry) satisfying 0 < [, e(t)d
< 400 and 0 < fo t)dt < +00. To explore sufficient conditions ensuring that assumption (UN)
holds, we introduce the following assumptions on the generator g.

(A5) g exhibits time-varying linear growth in y and time-varying logarithmic growth in z, i.e.,
dP x dt-a.e., for each (y,z) € R x R, we have

90w, 1,9, 2)] < f(w) + Ayl +0(t) [ (e + 2] 7
(A6) There exists a constant a > 0 such that dP x dt-a.e., for each y € R, we have
(i) g(w,t,y,-) is a time-varying Lipschitz continuous function on R, i.e.,
V (z1,22) ERX R, |g(w,t,y,21) — g(w,t,y, 22)| < &(t)|z1 — 22|
(ii) g(w,t,y,-) decreases on (—oo, —a] and increases on [a, +00).
Proposition 5.5 is the third main result of this section.

Proposition 5.5 Let d =1. If the generator g satisfies assumptions (H1), (A2), (A5), and
(A6), then it also satisfies condition (i) of assumption (UN).

Proof Given arbitrary (y;,z;) € Rx R, ¢ =1,2, and 0 € (0,1), and let dpy and dgz be defined
in assumption (UN). Define

O, tyn |2]) = fulw) + a(t)|a] + () [ (e + [2])] 7,

where ¢(w,t,y1,:) : Ry — Ry is a non-decreasing continuous function. In light of assumptions
(H1), (A5), and (A6), along with Lemma 6.3, we obtain

g(W, t7 Y1, Zl) - 99(0.)7 t? Y1, 22)
< (1= 0) [4c(t)[0pz| + 4¢(t)a + 11¢(w, L, [y1], a) + ¢(w, L, |y1], [22])]

= (1= 6) [12/u(w) + 120(0)lyn | +4e()|02] + 4e(t)a +0() [ (e + |22])] T
+115(¢) [In (e + a)]%

<(L=0)[12fi(w) +
+o(t) [In (e + | 22))]

(t)|y1 — Oy2| + 12a(t)0|y2| + 4¢(t)|dpz| + 4E(t)a

a*

+119(t) [In (e + a)] 2

2u
a*
3

<(1-9) [ft(w) + 12u(t) |y2| + 12u(t)|dey| + v(¢) [In (e + |z2\)]% + 4¢(t)]0g2|*

where the process fi(w):=12f;(w)+ 115(t) [In (e + a)]% + 4&(t)a + 4¢(t) has sub-exponential
moments of any order. Furthermore, in light of assumptions (H1) and (A2), it follows from
Lemma 6.1 that inequality (5.3) holds. Combining inequality (5.3) and the last inequality, we obtain
Loy, soy039(w, 8,91, 21) — Og(w, t, 2, 22)]
= Ly soya39(w, 1,91, 21) — Og(w, .41, 22)] + Ly, 50403 0l9(w, £ 91, 22) — Og(w, 2, 22)]
— Ly 504} 0(1 = O)g(w, £, 2, 20)
< Lyisoyaylg(ws 91, 21) — Og(w, b, 91, 20)] + (1= 0)0 [(k1(2) + k2 () [00y] + (K1 () + ka(t))[y2]]

< (1= 0) [ felw) + (ki (t) + Ea(t) + 12a(t))|yo| + 0(¢) [In (e + |22])] =

+ (k1 (t) + k2(t) + 12a(t))|0gy| + 42(¢)|dez]* | -
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Thus, the desired inequality (4.1) holds with fi(w) := fi(w), B(t) := k1(t) + ko(t) + 12u(t) and
~(t) := 0(t) 4+ 4¢(t). The proof is then complete. O

Remark 5.6 Let d>2. It is straightforward to wverify that for each i=1,2,...,d, if
d():R—=R satisfies assumption (UN) (resp. (UN')) with R? instead of Rt then

g(w, t,y,z) = Z g'(2%) satisfies assumption (UN) (resp. (UN')), where z = (2%,22,..., 29T e R?.

The following examples demonstrate that Theorem 4.3 is not covered by any existing results.

Example5.7 Let B(-) € L'([0, T|;Ry), v(-) € L}([0, T]; Ry ) N L== ([0, T); R.). For (w,t,y,z) €
Qx[0,T] x R x R with z = (21, 22,...,29)7, define

d
9wy, 2) = | Bew)| + B(E) (FLyo0 + sinyl0) +7(8) 3 a(=1) + 1 (8)]21,
i=1
where
-, T < -2
g(z) :=¢ —3x-1, —2<z<2;
—2x, x 2 2.

In light of Proposition 5.4, (iii) of Remark 4.1, and Remark 5.6, it is straightforward to verify
that the generator g satisfies assumptions (EX1), (EX2), and (UN'), but it does not satisfy either
the time-varying Lipschitz continuity condition or the convexity/concavity condition with respect
o (y,2). In particular, we note that g is not time-varying locally Lipschitz continuous in y.

Example 5.8 Let 3(-) € L'([0,T];R), v(-) € Lﬁ([O,T];RJF) satisfying inequality (4.3). For
(w,t,y,2) € Ax[0,T] x R x R with z = (2%,22,..., 21T, define

04*

d
9(w,t,y,2) = |By(w)| + BV IylLy<o +7(8) Y [Inle + [21)] ™ +2v(1)]=|
i=1

According to Proposition 5.5, (iii) of Remark 4.1, and Remark 5.6, it is straightforward to verify
that the generator g satisfies assumptions (EX1), (EX2), and (UN), but it does not satisfy either
the time-varying Lipschitz continuity condition or the convexity/concavity condition with respect
o (y,2). In particular, g is not time-varying locally Lipschitz continuous in y.

6. Appendix

Lemma 6.1 Let f(z) : R— R be a continuous function. Assume that there exist two constants
k1, ko > 0 such that

(i) f(x) satisfies a monotonicity condition on R_, i.e.,
V(z1,22) € RO xR_,  sgn(z1 — z2)(f(z1) — fx2)) < k1|21 — 2]
(i) f(x) is Lipschitz continuous on Ry, i.e.,

V(irl,l'g) €R+ XR+, ‘f(xl)—f(fﬂg)‘ <k2|$1 — ZT2|.

Then, for each (x1,22) € R X R and 6 € (0,1), we have

f(xy) — 0f(x2) xy — Oz

1{$1>9x2}1f9 < (/ﬂ + k2) 1_-4 + (/f1 + k2)|$2| + 1{x1>9x2}f($2). (6.1)
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Proof Given arbitrary (z1,z2) € RxR and 6 € (0,1), note that inequality (6.1) is clearly
true when xz; < f0zs. We only need to consider the following three cases: x1 > 0z > 0,
0>x1 >0xy>x9 and z1 > 0> Oxs.

(a) The case of 1 > 0xo > 0: In light of (ii), we have

f(@1) = 0f(x2) < |f(21) — f(z2)| + (1 = 0) f(22) < kafz1 — 22| + (1 —0) f(22)

-0
< (0= 0) ko[22 b + )|

(b) The case of 0 > x1 > 03 > z3: Using (i), we obtain

f(@1) = 0f(22) = fz1) = fla2) + (1 = 0) f(22) < K|z — w2 + (1 - 0)f(x2)

—6
< (0-0) [l [P0 b+ ).

(c) The case of x1 > 0 > Ozo: It follows from (b) that

f(0) = 0f(z2) < (1—0) [k-l

—01’2
1-46

T kafeal + f(xzﬂ |

Then, by combining (ii) and the last inequality, we have

f(@1) = 0f(x2) = f(21) = £(0) + f(0) — 0f (2)

—0zx
< kol + (1 - 6) {kl T ; + ki lwa| + f(@)}
x1 — Oz
= (1) [+ k)| 252 ke + )
In conclusion, inequality (6.1) holds. |

Lemma 6.2 Let f(z) :R— R be a continuous function such that |f(x)| < ¢(|z|) for each
x € R, where ¢(z) : Ry — Ry is a nondecreasing continuous function. Assume that there exist
two constants a > 0 and k > 0 such that

(i) f(z) is Lipschitz continuous on [—a,a], i.e.,

¥ (@1,22) € [—a,0] X [~a,a], (1) = F(@2)] < Klar — o)

(i) f(x) is conver on (—oo, —a] and [a,+00), respectively;

(iii) Both f’ (—a) and f! (a) are finite value.

Then, for each (x1,22) € R xR and 6 € (0,1), we have

f(x1) — 0f(z2)
fls) —0J1r2) <¢>(

xry — 91‘2

1-46

r, — 9562

| T 11koa + 226(a), (6.2)

+ 2a> + 2]{}0

where
ko = [fL(=a)| V[fi(a)| V k.
Proof Without loss of generality, we assume that a > 0. The proof is organized into the
following four steps.
Step 1 We construct a continuous function g(z) such that

e g(z) = f(z), Vo € (—o0,—a] U [a, +00);
e g(z) is convex on (—oo, o] and [z, +00) for some zy € (—a,a), respectively.
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In fact, we define g(x) (Figure 1) as follows:

f(l‘), T e (_007 _a'];
o(z) = ko(z +a) + f(—a), x € (=a,zl;
—ko(z —a) + f(a), =€ [20,a);
f(x), x € [a,+00),
where, in light of (i),
To f(_a;k_o f(a“) c (7a’a)
yA

-a 0] % a z

Figure 1 A graph of g(z)

By the definition of g(z), we get

Ve eR, [g(@)] <|f(x)]+koa+2 sup [f(2)] < é(|z]) + koa + 2¢(a). (6.3)

[_U':a]

Step 2 Define g(x) := g(x + zo) — g(xo) (Figure 2). Given arbitrary (z1,22) € Rx R and
6 € (0,1), we prove that g(z) satisfies the following inequality

g(x1) — 0g(x2) x1 — 0x3 1 — 02
< _— . .
-0 <@ 1T-0 +al+ko - + 2koa + 5¢(a) (6.4)
First, g(0) = 0 and we have
e g(x) is Lipschitz continuous on [—a — xg,a — xo], i.e.,
V (z1,22) € [—a — xo,a — x| X [—a — xo,a — 0], |g(z1) — g|(x2)] < kolz1 — 22);

e g(z) is convex on (—o00,0] and [0,400), respectively.
On the other hand, from the definition of g and inequality (6.3), we know that

Ve eR, ()] <lg(x+zo)l +[9(zo)| < ¢(Jz] + a) + 2koa + 5¢(a). (6.5)

Next, we consider the following four cases: x1,z2 >0, 21,22 <0, 22 <0< 27 and x; <
0 < X2.

N

Figure 2 A graph of g(x)
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(a) The case of x1, 22 > 0: Define g;(x) (Figure 3) as follows:

() = {g(m), x € [0, 400);

—kox, x € (—00,0).

o[\ z

\\

Figure 3 A graph of gi(x)

It is clear that gi(z) is convex on R and satisfies ¥V z € R, g1(x) < |g(z)| + ko|z|. Then, we have

xr1 — 9%‘2

g1 (91‘2 + (1 — 9)19) — 9?1(1‘2)
1-6 B 1-6 B 1-6
_ (1 — Oxq _(x1 —0Oxo z1 — Ox9
< — | < - < L
\m( 1-0 >\w9< 1—9:N+%° 1-0
(b) The case of 1, z2 < 0: Define ga(z) (Figure 4) as follows:

_ _)g(x), x€ (~00,0];
ga() = {kox, z € (0,400).

g(w1) = 0g(w2)  gi(w1) — 0gi(z2)

Y

Figure 4 A graph of ga(z)
Tt is clear that go(x) is convex on R and satisfies
VzeR, ga(x) <|g(x)]+ kolzl.
Then, we have
g2 <9$2 +(1— 9)1_0> —0ga(2)
1-6 B 16 B 1-6
_ (1 — Oxq (a1 —0Oxo x1 — 09
< — | < —_ ko |————
(=57 <o (=7 [+

1-6
(c) The case of x5 < 0 < x1: It follows from (a) that

xry — 9%‘2
g(x1) —0g(x2)  ga(x1) — 0ga(w2)
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g(z1) —09(0) _ [ a1 [ ™
= 2 K = _— . .
1—9  ~9\1-9) " 7\1-9¢ (6.6)
In view of (b), we get
g_](O) — 0§(x2) _ 701‘2 79%2
—= K = . .
T <21, ko T—a (6.7)
Then, by combining inequalities (6.6) and (6.7), along with g(0) = 0, we obtain
g(@1) = 0g(z2) _ g(x1) —09(0) +9(0) — Og(z2) _ [ =1 o |71 = O
-0 1—0 S9\1=e) T T2
(d) The case of 1 < 0 < x3: It follows from (b) that
g(w1) —0g(0) _ T [ T
—r =~ K — | = . .
11— ~%\1-9) " 7\1-0 (6.8)
By virtue of (a), we have
g(O) — 9@(:52) _ —0x9 —0xo
— == K = . .
1o S9\174) =M1y (6.9)

Then, by combining inequalities (6.8) and (6.9), along with §(0) = 0, we obtain

g(x1) —0g(x2) _ g(x1) — 05(0) +g(0) — Og(x2) < ( wle) ko

1—6 o 1—-6 1-—

xlfé)mg
1-46

In conclusion, in light of inequality (6.5), inequality (6.4) holds.

Step 3 Given arbitrary (z1,z2) € RxR and 6 € (0,1), we prove that g(z) satisfies the
following inequality

g(z1) — Og(z2)
T <¢(

z1 — 0o
1-0

1‘1—9{,62
1-46

+ 4koa + Td(a). (6.10)

+ 2(1) + ]ﬂo

In fact, it follows from the definition of g(z) that

lg(z0)| < koa + 2 sup |f(z)| < koa + 2¢(a).

[—a,a]
By combining inequality (6.4) with the last inequality, we obtain
g(@1) — Og(x2) _ (9(w1 — xo + @0) — g(x0)) — O(g(x2 — @0 + x0) — g(w0))

4 = 0 + g(x0)
e T
<o ([ Oan mro)) | ) g (= 20) 2 0@ B0) | gy 7(a)
1—6 1-6
—9 -0
< ¢>( % — xo +a> + ko % + kol|zo| + 3koa + T¢(a)
<¢(xz_%”-+m)+kox?%?2+4%a+7dw~

Hence, the inequality (6.10) holds.
Step 4 We prove that f(x) satisfies (6.2). Define h(z) := f(z) — g(x). Then, h(zx) satisfies (i)
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with Lipschitz constant kg, and h(z) =0 when |z|> a. Note that h(xz) has a bound

(
M :=koa + 3 sup |f(z)| < koa + 3¢(a), for each (x1,22) E R x R and 0 € (0,1), we have

—a,a

|h(0z2) — h(22)| = [h(022) — h(z2)[1ipe(0,1/2)}y + |M(02) — h(22)|1{pe(1/2,1))
<(1-9) 12ﬁ491{96(0,1/2]} + (1 = 0)kol|2|lqjzy <203 Loe(1/2,1)}
< (1 - 0)(4M + 2koa).
Then,
h($1)1:96h(502) < |h($1)1—_h9(9$2)| |h(9$21)_—9h($2)| + h(m)|
< ko ””11%9;2 +5M + 2koa < ko % + Thoa + 15¢(a). (6.11)

Finally, in light of f(x) = g(«) + h(x), and inequalities (6.10) and (6.11), we deduce that
f(@1) —0f(x2) _ g(x1) —Og(xa) | h(z1) — Oh(zs)

1-40 1-40 1—0
-0 -0
<o [ [PA7202) 4 oa) + 2k 2012 4 11kga + 226(a).
1-0 1-40
Therefore, the inequality (6.2) holds. O

Lemma 6.3 Let f(z):R+— R be a continuous function such that |f(z)| < ¢(|z]) for each
x € R, where ¢(x): Ry — Ry is a nondecreasing continuous function. Assume that there exist
two constants a > 0 and k > 0 such that

(i) f(x) is Lipschitz continuous on R, i.e.,
Y (@n,2s) ER X R, |f(m1) — f(z2)] < K1 — ol

(ii) f(x) decreases on (—oo,—a] and increases on [a,+00).
Then, for each (x1,22) € R X R and 6 € (0,1), we have

1-06

xr1 — 933‘2

<4
k 1—-46

+ 4ka + 11¢(a) + ¢(|z2]). (6.12)

Proof Without lost of generality, we assume that a >0 and f(a) < f(—a). The proof is
organized into the following three steps.

Step 1 We construct a continuous function g(x) such that

(1) g(z) = f(z), V2 € (—o0, —a] U [a, +0);
(2) g(z) decreases on (—o0,0] and increases on [0, +00).

In fact, we define g(z) (Figure 5) as follows:

f(x)a HANS (700, 7a];
ket @+ s, ze (a0
90 =1 f(a), x € [0,a);

1), 2 € a, +00),

where given (i),
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Figure 5 A graph of g(x)

We note that g(x) satisfies (i) with Lipschitz constant 2k, i.e.,
V(x1,22) ERXR, |g(x1) — g(x2)| < 2k|z1 — 22]. (6.13)
By the definition of g(z), we get

Ve eR, g(x) < fz)+ sup [f(z)] < o(|z]) + ¢(a). (6.14)

[—a,a]

Step 2 We prove that g(z) satisfies the following inequality:

561—91‘2
1-6

g(w1) — Og(z2)
1-6

< 2k + ¢(|z2|) + ¢(a). (6.15)

Given arbitrary (z1,z2) € R X R and 6 € (0,1), we need to consider the following six cases:
120220, 21 <220, 2222120, 22 <21 <0, 21 <0< w2 and 22 <0< 21

(a) The case of 1 > x2 > 0: By inequality (6.13) and (6.14), we have

g(w1) —0g(x2)  g(x1) — g(2)

xr1T —x
= +9($2)<2k‘ —

+ g(x2)

1-0 1-6 16
) St - bz 1 023 — 2 +9g(x2) = %m — 2k + g(x2)
1-46 1-46
x1 — Ox x1 — O
<2 |1 202 o) < 2k L2022 ) + o).

(b) The case of 21 < x2 < 0: On account of inequality (6.13) and (6.14), we have

g(w1) —Og(z2)  g(x1) — g(z2) T — T2
p— <
— Oxs — 0 — 0
= ok A TR () = 2k 2y + g(a)
1-0 1-6
z, — Oz r1 — Oz
< 2k 711_92 + g(z2) < 2k %92 + ¢(|z2]) + ¢(a).

(¢) The case of x5 > x1 > 0: In light of (2), we have

g(wl)l—_%g(xz) = g(mi :g(fﬂz) +g(72) < g(22) < é(|22]) + ¢(a).
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(d) The case of x5 < z1 < 0: Using (2), we have

(e) The case of 21 < 0 < xo: It follows from (c¢) that

%%7(5”2) < ¢(|z2]) + ¢(a).

Then, by combining inequality (6.13) and the last inequality, we obtain

g(x1) —Og(z2)  g(z1) —g(0) n g(0) — Og(z2)

1-6 1-6 1-46

|+ o)+ o(0) < 26|

91‘2

< 2k )
1 6

+ ¢(|z2]) + ¢(a).

(f) The case of zo < 0 < z1: According to (d), it follows that

% < o(|z2) + 6(a).

Then, using inequality (6.13) and the above inequality, we obtain
glar) = Og(z2) _ g(z1) —9(0) | 9(0) — bg(a2)

1—-0 1—-46 1—-46
\ T ollasl) + ola) < 2k |

95(,‘2

< 2k o1 e
1 0

+ ¢(|z2]) + ¢(a).

x
1-4
In conclusion, inequality (6.15) holds.

Step 3 We prove that f(x) satisfies inequality (6.12). Define h(z) := f(x) — g(z). Then, h(x)
is a Lipschitz continuous function with Lipschitz constant 2k, and h(z) =0 when |z| > a. Note
that h(z) has a bound M := 2 sup |f(z)] < 2¢(a). For each (x1,22) € R x R and 6 € (0 ,1), we

[—a,a]

have

|h(0x2) — h(x2)| = |h(0x2) — h(22)|1{0e(0,1/2)) + [P(022) — h(22)[1{0e(1/2,1))

oM
S (=07 —pleoaszy + 201 = Okle2llyje <20t Lioeq 2,0}

< (1—0)(AM + 4ka).

Then,
h(x1) = Oh(za) _ |h(z1) — h(Ox2)| | |h(022) — h(z2)|
<
1-9¢ X 1-6 + 1-0 +|h(372>|
— O
<2k % +5M + 4ka < 2k THQ‘” + 4ka + 10¢(a). (6.16)

Finally, in light of f(x) = g(x) + h(x), inequalities (6.15) and (6.16), we deduce that
flx1) = 0f(x2) _ g(@) —Og(wa) | (x1) — Oh(2)

1-0 1-0 1-6
-0
< 4k % +4dka + 11¢(a) + ¢(|22])-
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Therefore, inequality (6.12) holds. O
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