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Abstract In this paper, we explore non-homogeneous stochastic linear-quadratic (LQ)
optimal control problems with multidimensional states and regime switching. We focus
on the corresponding stochastic Riccati equation (SRE), which mirrors that of the
homogeneous stochastic LQ optimal control problem, and the adjoint backward stochastic
differential equation (BSDE), which arises from the non-homogeneous terms in the state
equation and cost functional. We solve both the SRE and adjoint BSDE using the
contraction mapping method, which helps represent the closed-loop optimal control and
the optimal value of our problems. In particular, we extend some results of Hu et al. [7]
to the multidimensional case.
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1. Introduction

The linear-quadratic (LQ) optimal control problem is a widely researched and classical topic in
control theory. Wonham studied the stochastic LQ optimal control problem with deterministic
coefficients in [24] and discussed the corresponding Riccati equation in detail in [25]. Bismut [1]
first addressed the stochastic Riccati equation (SRE) in 1976; however, he was only able to solve
some special cases. Peng [17] used Bellman’s principle and Wonham’s method to establish
existence and uniqueness results for a more general SRE. After extensive research (see [8—11)),
Tang [22] effectively resolved the most comprehensive SRE. We refer to [16, 20, 21] for further
advancements in stochastic LQ optimal control problems and SREs.

In fields like engineering, management, and economics, different states often require different
equations, leading to LQ problems with Poisson jumps. Wu and Wang [26] introduced a
stochastic LQ problem whose state equation is driven by both Brownian motion and Poisson process,
solving the related Riccati equation whose coefficients partially degenerate to zero. Hu and
Oksendal [5] first studied the non-homogeneous stochastic LQ problem with Poisson jumps
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although they did not solve the Riccati equations. Yu [29] obtained the existence and uniqueness
results for forward—backward stochastic equations with Poisson jumps under monotone conditions,
applying these to backward stochastic LQ problems. Li et al. [12] discussed the stochastic LQ
problem with Poisson processes under indefinite conditions.

Another form of state switching under varying equations is referred to as regime switching. Li
and Zhou [13] studied a stochastic LQ problem with Markovian jumps in parameter values over
a finite time horizon, while Li et al. [14] explored the infinite time horizon case. Liu et al. [15]
examined near-optimal controls for regime switching LQ problems with indefinite control weight
costs. Recent breakthroughs include Zhang et al. [30], who established both open-loop and closed-
loop solvability for stochastic LQ optimal control problems in Markovian regime switching
systems with deterministic coefficients. Hu et al. [6] investigated the stochastic LQ control
problem with regime switching, random coefficients, and cone control constraints in a one-
dimensional state equation. Wen et al. [23], Chen and Luo [2] used different methods to solve
multidimensional stochastic LQ optimal control problems with regime switching and the
corresponding matrix-valued Riccati equations. The LQ problem with regime switching has
numerous applications in mathematical finance, especially in mean-variance portfolio selection
and asset-liability management, see [7, 18, 27, 28, 31].

In this paper, we focus on solving non-homogeneous stochastic LQ optimal control problems
with multidimensional states and regime switching. We begin by revisiting the matrix-valued SRE,
also discussed in our previous work [2] for homogeneous problems. Compared with [2], we now
establish both the existence and uniqueness of the solution for the Riccati equation. Next, we
address the adjoint BSDE, which is determined by the SRE and non-homogeneous terms in the
state equation and cost functional. Unlike the scalar-valued case in Hu et al. [7], our adjoint
BSDEs are multidimensional with unbounded coefficients under each regime, rendering the
transformation method used by [7] ineffective. To the best of our knowledge, the only related
work dealing with this kind of multidimensional BSDEs with unbounded coefficients is Delbaen
and Tang [3]; however, their results cannot be applied to our adjoint BSDEs. By using a
contraction mapping method, we achieve solvability of the adjoint BSDEs, extending some
results from [3]. Finally, we derive the optimal control and optimal value for the non-
homogeneous stochastic LQ problem, represented by the solutions of the SRE and adjoint BSDE.

The rest of this paper is organized as follows: In Section 2, we formulate the multidimensional
stochastic LQ optimal control problems with regime switching and present our three main results.
Section 3 provides insights into the multidimensional BSDEs with unbounded coefficients. The
proofs of these theorems are detailed sequentially in Section 4.

2. Formulation of the problem and main results

Let T > 0 be fixed and (2, F,P) be a fixed complete probability space on which are defined a
standard one-dimensional Brownian motion W = {W(¢);0<t< T} and a continuous-time
stationary Markov chain «; valued in a finite state space M ={1,2,...,¢} with ¢ > 1. We
assume that W(t) and «; are independent processes. The Markov chain has a generator
Q = (qij)yy, With g5 =0 for i # j and Zﬁzl gi; = 0 for every i € M. We define the filtrations
Fi=0{W(s),as:0<s<t} VN and FV = a{W(s):0< s <t} VN, where N is the totality
of all the P-null sets of F. For a random variable 7, ||n]l denotes the L*°-norm of 7, i.e.,

In]loo := ess sup |n(w)|. Equalities and inequalities between random variables and processes are

w
understood in the P-a.s. and P ® dt-a.e. sense, respectively.
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We use the following notation throughout the paper:

R™: the n-dimensional Euclidean space with the Euclidean norm | - |;

R™>™ : the Euclidean space of all (m x n) real matrices;

S™ : the space of all symmetric (n X n) real matrices;

I, : the identity matrix of size n;

MT : the transpose of a matrix M;

tr(M) : the trace of a matrix M;

(-,-) : the Frobenius inner product on R"*™  which is defined by (A, B) = tr(A'" B);

|M| : the Frobenius norm of a matrix M, defined by (tr(MMT))

N|=

)
Furthermore, we introduce the following spaces of random processes: for the Euclidean spaces
H=R"R"™ S", p>2 and all {F;};>0-stopping time 7 < T":

LE(Q;H) = {£: Q — H | £ is Fr-measurable, and essentially bounded } ;

HE(0,T;H) =< ¢: [0,T] x Q — H| ¢(-) is an {.7-}}t>0 -adapted process

with E </OT |¢)(t)|dt> < oo};

LE(0,T;H) = {(b 1[0, T] x Q@ — H| ¢() is an {F},5,-adapted process

with E (/OT |¢(t)|2dt> T oo};

L5 (Q;C(0,T5H)) = 62 [0,T] x Q — H | ¢(-) is an {F;},5-adapted process

and continuous with E < sup |¢>(t)|p> < oo};

t€[0,T)

LE(0,T;H) = {¢ ([0, T] x Q= H | ¢() is an {F;},5,-adapted essentially bounded process};

L;_lb'“o(O, T;H) =< ¢:[0,T] x Q — H| ¢(-) is an F-progressively measurable process

T
El-/ |¢)(3)|ds|]-}] <oo};

Lff’bmo(o, T:H)=4¢:[0,T] x Q— H| ¢(-) is an F-progressively measurable process

’ )
/|¢(s)|2ds|]-}] <oo}.

L (Q:H), Hyw (0, T3 H), Ly (0, T5H), Ly (Q:C(0, T3 H)), L (0, T3 H) and L3 (0, T5 H)
are defined in a same manner by replacing F by FW.

with sup
0<T<T

with sup ||E

0<r<T

For convenience, we recall the following definition from [3]:

Definition 2.1 Let M(-) € Lillv)f/no(o, T;H) and €>0. A finite sequence of stopping times
0=ty <t1 < - <tp =T is said to e=slice M(-) in L?}E@I‘O(O,T; H) o ||M(')|‘L§‘;“}‘°(ti,ti+1;H) <e,
for i=0,1,--- Jh—1. If such a sequence of stopping times exists, we say that M(-) is e—
sliceable in L?;‘;;“(o, T;H).
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We now introduce the non-homogeneous multidimensional stochastic LQ optimal problem with
regime switching. We consider the following n -dimensional controlled linear stochastic
differential equation over the finite time interval [0, T7]:

dX (t) =[A(t,ap) X (t) + B (t, ) u(t) + b (t, )] dt
+[C (t,00) X (t) + D (t, ) u(t) + o (t, )] AW (t), t€[0,T], (2.1)
X(O) =T, Q) :i07

where A(t,w,i), B(t,w,i),C(t,w,1), D(t,w,i) are all {Ffv}t20—adapted processes of suitable
sizes for i € M and z € R™ is an initial state, ig € M is an initial regime. The solution
X={X(®);0<t<T} of (2.1), valued in R™, is called a state process; the process
u={u(t);0 <t < T} of (2.1), valued in R™, is called a control which influences the state X,
and is taken from the space U[0,T] := L%(0,T;R™).

To measure the performance of control u(-), we introduce the following quadratic cost functional:

T
J (@00, u()) == E /0 ((Q(t, o) (X (1) — gt o)), X (8) — q(t, o)) + (R(t, ) (u(t) — (¢, o)),

u(t) = r(t, a0)))dt + (Glar) (X(T) = g(ar)) , X(T) — glaz)) |-
(2.2)
For state equation (2.1) and cost functional (2.2), we introduce the following assumption:

(«71) For all i € M,

A(t,w, i), C(t,w,i) € LFw (0, T;R™™™),
B(t,w,1), (t w,1) € LEw (0, T; R™X™),
Q(t,w,1) € Lw (0,T;8"),

R(t,w,i) € L}OW (0,T;S™),

G(w, i) € Lw (;8"),

b(t,w, i), (t w, i), q(t,w,i) € LEw (0, T;R™),
r(t, w, ) Fw (0, T;R™),

g(w,1) € (Q R™).

Under condition (&71), for any initial state z and any control u(-) € U[0,T], standard SDE
theory shows that equation (2.1) has a unique solution X (-) € L%(Q; C(0,T;R™)). We refer to
such (X (),u(-)) as an admissible pair.

The following problem, called the stochastic LQ optimal control problem with regime switching,
can then be formulated:

Problem (SLQ) For any initial pair (z,ip) € R™ x M, find a control u* € U[0,T] such that

J(‘Z'?i()vu*) = uEZI/IIg‘T] J(I7i07u) =V (I’,io) . (23)

Any element u* € U[0,T] satisfying (2.3) is called an optimal control of Problem (SLQ)

corresponding to the initial pair (z,i9) € R™ x M. The corresponding state process X*(-) =

X (-;u*) is referred to as an optimal state process. We also define V (x,ip) the value function of
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Problem (SLQ). Our objective is to solve Problem (SLQ). In classical LQ problems, it is
commonly observed that positive definite coefficients in (2.2) provide a sufficient condition for
the solvability of the Riccati equation, and subsequently the LQ problem, as illustrated in [22].
Therefore, we also introduce the following assumption:

(e72) For all i € M,t € [0,T] and some A > 0,
R(t,1) > M, Qt,1) >0, Gli) >0.

Remark 2.2 When R(-,i) >0, Q(-,i) — S(-,i) "R(-,i)"*S(-,i) = 0, i € M, the SLQ problem
with the state equation
dX(t) = [A(t,on) X (t) + B (t, ) u(t) + b (¢, )] dt
+ [C (ta at) X(t) +D (ta at) u(t) +o (tv at)] dW(t)7 te [07 T]7
X(O) =T,y = i()

and the cost functional

Ty (i u() = B [<G<aT> (X(T) - glar)), X(T) - glaz)

LS ) () (st

is equivalent to another one with
AX () = [Z (t,00) X (£) + B (t, 00) () + b (¢, ozt)] at
n [6 (t, ) X(t) + D (t,00) U(t) + o (1, at)] AW (), telo,1],

where

A(t, )= A(t, o) — B(t, o) R(t, o) 1S (8, ),
C(t,ap) = C(t, o) — D(t, ) R(t, o) LS (E, ovp),
T(t,ap) = r(t,ap) + R(t,a) 1S (¢, ap)q(t, o),
Qt,ap) = Q(t, o) — S(t, o) TR(t, o) 1S (E, g,

u(t) = u(t) + R(t,ar) "1S(t, ) X (2).
Therefore, we only need to consider S(-,i) = 0,i € M in this paper.
2.1 SRE and adjoint BSDE

Inspired by classic methods for non-homogeneous LQ optimal control problems, we consider
the following n x n-dimensional SRE:
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dP(t,i) = — [P(t,i)A(t,i) + A(t,i) " P(t,i) + C(t,4) " P(t,9)C(t,1) + A(t,i)C(t,4)
+ C(t,3) TA(t, 1) + Q(t, 1) + Z (i P(t.§) = (P(t,0)B(t,0) + O(t,0) T P(¢,0) D(t, )
+A(t,1)D(t,4)) (R(t, 1) + D(t,z)TP(t,z)D(t,z'))*1 (B(t,i)" P(t,q)
+D(t,i) " P(t,i)C(t,i) + D(t,4) " A(t,1))] dt + A(t,i)dW (2),

R(t,i) + D(t,i)" P(t,i)D(t,i) > 0, t€[0,T],
P(T,i) = G(i), i€ M,

(2.4)
and n-dimensional adjoint BSDE:
AK (t,1) = — [(A(t,§) — B(t,)T(t,7)) K (t,4) + (C(t,i) — D(t,)T(t,4)) ' L(t, )
+T(t,3) " (D(t,i)" P(t,i)o(t,i) — R(t,i)r(t,i)) + Q(t,9)q(t,i) — P(t,i)b(t,7)
—(O(t,9) " P(t,i) + A(t,4))o(t,i +Z (4K } dt + L(t,i)dW (t), te[0,T],
K(T,i) =G(i)g(i), i€ M, 5

where

T(t,i) = (R(t,i)+D(t,i) T P(t,i)D(t,i)) " (B(t,i)T P(t,i)+D(t,i)T P(t,i)C(t,i)+D(t,i) T A(t,4)).
Definition 2.3 A wvector process (P(-,i),A(-,1))_, is called a solution of SRE (2.4), if it

satisfies (2.4), and (P(-,1),A(-,i)) € LFw (;C(0,T;8™)) x Lillxno(O,T; S™) for all i € M.

Definition 2.4 A wvector process (K(-,i),L(-,i))¢_, is called a solution of BSDE (2.5), if it
satisfies (2.4), and (K (-,4), L(-,1)) € L% (2 C(0,T;R™)) x L20"(0, T;R™) for all i € M.

Before presenting our main results, we recall the following lemma from standard matrix analysis,
which directly follows from [4, Theorem 7.4.1.1]. This lemma will be utilized throughout this paper.

Lemma 2.5 We assume A,B € S"™ with B being positive semidefinite. Then, with Amaz(A)
denoting the largest eigenvalue of A , we have

tr(AB) < Apax(A4) - tr(B).

Corollary 2.6 Let A € R"™™ B c R™ % We have

|AB| < [A] - |B.

2.2 Main results

In our previous work [2], we established the existence of the solution for SRE (2.4) using
Piccard iteration. We will now demonstrate that the uniqueness of the solution can also be
achieve through the contraction mapping method.

Theorem 2.7 Let (o7/1) and (</2) hold. There exists a sufficiently small constant L, > 0, when

|D(t,i)R(t,3) *D(t,i)"| < L,, i€ M, tecl0,T], (2.6)
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SRE (2.4) has a unique solution (P(-,z’),A(-,i))i:1 such that (P(-,i),A(,7)) € LW (0,T;S")
xLi}t‘}’/‘“’(O,T; S™) and P(-,i) > 0 for all i € M.

Based on the solvability of SRE (2.4), we propose the following theorem, showing the existence
and uniqueness results for the BSDE solution (2.5), even with unbounded coefficients.

Theorem 2.8 Under the conditions of Theorem 2.7, BSDE (2.5) has a unique solution
(K (i), L(-,4))\_; such that (K(-,4),L(-,7)) € L% (0,T; R™) x L;WO(O,T;R”) for alli e M.

By leveraging the solvability of SRE (2.4) and BSDE (2.5), we can effectively address Problem
(SLQ). The following theorem provides an optimal feedback control for Problem (SLQ) and the
optimal value.

Theorem 2.9 Under the conditions of Theorem 2.7, Problem (SLQ) admits an optimal control,
expressed as a feedback function of time t , regime i , and state X,
w*(t, X,i) = — (R(t,i) + D(t,i)T P(t,i)D(t,4)) "
[(B(t,i) T P(t,i) + D(t,i) " P(t,i)C(t,i) + D(t,i) T A(t,9)) X
+ D(t,4) " P(t,i)o(t, i) — R(t,i)r(t,i) — B(t,i)  K(t,i) — D(t,%) " L(t,i)] . (2.7)
Moreover, the corresponding optimal value is
V(@,io) = (P(0,d0)z, ) — 2(K(0,%0), z) + E[(G(ar)g(ar), g(ar))]

T
+E |;/0 [<Q(tv at)q(ta Oét), Q(t7 O‘t)>+<R(t7 Ozt)T(t, at)a T(tv at)>+<P(ta O‘t)a(tﬂ at)a U(tv at)>

— 2(K (t, ), b(t, ) — 2(L(t, o), o (t, ) — ((R(t, ) + D(t, o) " P(t, ) D¢, ozt))71
(D(t, ) "P(t, o0)o(t, ) — R(t, ap)r(t, o) — B(t,on) T K(t, ) — D(t, ) T L(t, o)),

D(t, Oét)TP(t, ar)o(t, ) — R(t, ap)r(t, op) — B(t, at)TK(t, a)—DI(t, ozt)TL(t, ozt)>)dt ,

where (P(-,i),A(-,i))iZl is the unique solution of (2.4) and (K(-,i),L(-,i))E:1 is the unique

solution of (2.5).

3. Multidimensional BSDEs with unbounded coefficients

In this section, we discuss the following k-dimensional BSDE with unbounded coefficients,

which takes a more general form of equation (2.5):
{dY(t) =—[a(®)TY (1) + BT Z(t) +7(1) " Z(t) + n(t)]dt + Z(#)dW (t), t€[0,T],

Y(T) = ¢, (3.1)

witha(-) € L2070, T; R¥*F), B(-) € L% (0, T RF¥*) () € LE0"°(0, 75 R) and 4(-) is d-sliceable
in Li__’eéno(O,T; R**k) for some & € (0,1).

Theorem 3.1 The equation (3.1) admits a unique solution (Y (-),Z(:)) such that (Y (), Z(-)) €
L% (0,T;RF) x L23°(0, T;RY).

Proof We denote (y(-),z(:)) € LS (0, T;R¥) x Li}kv’;no(O,T; R*) and consider the following
BSDEs:

{dY(t) = —[a(®) "y (t) + ) T=(t) + (1) T2(t) + n(t)]dt + Z(t)AW (), t € [0,T],

Y . (3.2)
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From [19, Proposition 2.1], BSDE (3.2) has a unique solution (y(-),z(-)) € L% (Q; C(0,T; R*))x
L%:W (0, T; Rk)'

First, we will prove that for some constants e,a,d,m >0, T'(y(:),2(-)) = (Y (), Z(-)) is a
contraction map on the closed convex set %. defined by:

&) ,bmo a
B :{(y()vz()) € L]-'W (T —&T; Rk) X LQ]:};V (T —&T; Rk) : gHy()“%;"W (T—e,T;R*)

1
2 2
IO gy < Tg [0 5 im0 gz ran)

where (y(-),z(+)) is defined on Q x [T —&,T] and ¢,a,d will be determined later (see (3.4)).

Applying Ito’s formula to |Y ()% o

/ ' |Z<s>|2ds]

T

[ @yl 56 5) #2060 T5) 4 (s, Y<s>>ds]

E: ) + 2, V ()P | v oras| e | [ z<s>|2ds]
T T T

| B ras| + | [ ae)Rds| + 2B [/ V(S)Y(S)IzdS]

/tln(S)Ids +%1Et Vt In(s)||Y (s)|*ds

2 2
< ||§||L;°W(Q;Rk) + m‘|77(')||L;“;;m(T_E7T;Rk) + aHy(')”LOfOW(T—a,T;R’C)

n [T —e,T] and taking conditional expectation, we have

Y ()]* + E

= [|€|2] + 2E;

+ER, 1 bE,
a

1
+ gEt + C]Et

+ m]Et

2 € 2 € 2
LGRS O ( laO 2o zimens) + 3 18O i, 0rzecr)

1 ) 1 ,
+ E ||’Y(')||L§;“;V“‘(>(T,57T;kak) + m|77(')||L;l"/3‘°(T57T;Rk)> ||Y()||L;°W (T—e,T;RF)

for some €, a,b,c > 0, which implies
1Y O, e rme) + 1120 )IILz o (7o TRk

||§||L°° (QRk)+m||77()HL1bm°(T e, T;RF) +a||y()||L°°W(T e, T;R¥)
2 2
0+ O e ey ( 0O 2t oy + 5 18Oz, o1imenny

1 ) 1
+ E ”’Y(.)”Lijb‘}‘}”(Tfs,T;Rka) + mn(')”L;b‘;"(Tg’T;Rk)) ||Y()||%;__°W (T—e,T;RF)" (33)
Since 7(-) is d-sliceable in L?;IV)‘I,HO(O,T;R”X"), Then, there are suitable ¢,a,b,c > 0 such that
£ < max; ‘tz’+1 — ti‘,

b+c<17

2
= M p2mo0 ripesey + 5 IBON L5, o.rims (3.4)

1
+E ||7(')||L?E/“"(T_€7T;kak) + E”n(')”L;}‘?}O(O,T;R’C) +a<1.
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Therefore, we denote
€ 2 £ 2
a=maxfa /(1= 10O s o — £ 19O, omamn -

1
O g ) b e

and obtain

1

2
- H’Y(‘)||L;§;;“(T_5,T;kak)

a 2 2
EHY()HL?W (T—e,T;RF) + ||Z() HL_?_,;*"/"‘;“(T_&T;RIC)

a
< SO 5 (7 + O e | + 1605, iz + 10O ez

1 2
< 775 16132, @y + 1O 1o

yielding (5(), 2()) € Be. For (12(),21()), (32(), () € B, we demote
(Y1(), 21()) = L1 (), 21.()), (Ya(), Z2()) = Tlya(), 22(+))
and
AY () =1() = Ya(), AZ() = Z1() = Za(),
Ay() = v1(-) —y2(), Az() = 21 () — 22().
Similar to (3.3), we can also obtain
”AY(')HQL;"W(T—E,T;R’V) + ||AZ(.)||§‘?§)}V"°(T757T;RI¢)

<alAyOls,, - rme) + (0 +0) ||AZ(-)||2L;W(T_E7T;R,€)
15 2 € 2
+ (E1a0 g s + 180N, o r20ms
! 2 AY ()2
+ - ||'7(')HL§;“’/';°(T—5,T;R’“X’C) | (')HL;;W (T—e,T5RF)>
and thus

a
g”y(')”zL;ow(T—s,T;Rk) + HZ(')HzL;wo(T,E,T;Rk)

a

SO0l EOT  p——

We have now proven that BSDE (3.1) has a unique solution (Y (), Z(-)) on [T — ¢,T] such that
(Y(:),Z(-)) € L¥w (T — &, T;R¥) x Lila’,“o(T—e,T; R¥). By applying the same method, we can
prove that BSDE (3.1) has a unique solution (Y'(-),Z(-)) on [(T' —2¢)V tp—1,T — €] such that
(Y(:),Z(-)) € L¥w ((T — 2¢) V tp—1,T — &;R¥) x L?_llv’éno((T —2¢) Vitp_1,T — &;RF). In conclusion,
we can prove the solvability of BSDE (3.1) on [0,T]. O

As a natural extension, we consider the following BSDE:

AV (t) = — (£, Y (£), Z(t))dt + Z(O)AW (1), t € [0,T),
Y(T) =¢,

where for any (y,z) € R¥ x RF — R¥ | f(.,y,2) is F"-adapted and has the form
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[y, 2) =g(t.y,z) + h(t, 2)
and
| < a(t)lyl+ B(t)lz| +7(t),
—9(t,5,2)| < ab)ly — gl + B(t)|= — 2],

for y, 7, z,Z € R¥, and non-negative adapted processes d(~),5(~),’y(~),f](~) satisfy

3(-) € Lw (0, T;RMF),
( )is § shceable in L% bmo(0 T; RE*F) for some § € (0,1),
o & < [oP, || < |¢|? for some p € (0,2) and ¢ € L23"°(0, T; R¥*F).

Similar to the proof of Theorem 3.1, we can obtain the following result:

Corollary 3.2 The equation (3.5) admits a unique solution (Y (-),Z(-)) such that (Y (-),Z(:)) €
L (0,T:R*) x L3w°(0, T;RY).

4. Proofs of our main results

4.1 Solvability of SRE (2.4)

In this subsection, we focus on the solvability of SRE (2.4). The cornerstone of our approach is
constructing a contraction map, inspired by [2]:

Proof of Theorem 2.7 First of all, for ¢ € M, ¢ € [0,T], we denote
(t,i, P,A):=P(t,i)A(t, i)+ A(t,7) " P(t,i)+C(t,i) " P(t,7)C(t, z)+A(t,z)C(t i) +C(t,3) T A(t, 1),
H(t,i,P,A) := — (P(t,i)B(t,i) + C(t,i) " P(t,i)D(t,i) + A(t,i)D(t, 1)) (R(t,i) + D(t,i) " P(t,9)
- D(t,4)) " (B(t,9) T P(t,i) + D(t, i) " P(t,9)C(t, z) +D( L) TA(t, 1))
We consider (p(-,4), A(-,4))!_; € L3 (0,T3S™) x L2%(0,T;S™*%), p(-,i) > 0 and the following
equation:
dP(t,i) = —[I(t,2, P,A) + Q(t,%) + H(t,i, P,A) + qu; P(t,i) + Z#i qi;p(t, j)ldt + A(t, o) dW (),
R(t,i) + D(t,i) " P(t,i)D(t,i) >0, t€[0,T], i€ M,

P(T,4) = G(i). "

From [2], BSDE (4.1) has a unique solution (P(-,4),A(-,4))!_; € L3 (0,T;S™) x L2%™(0,

T;S™ ) and P(-,i) >0. We will now prove O((p(-,4),A(-,i))\_;) == (P(-,i),A(-,z))é:1 is a
contraction map on the closed convex set € by

¢ = {(p('ai)a)‘('vi))é_l € L;OW (OaT; Sn) X L?WO(OaT;Sn) :p('vi) =0, ||e§p'p(,7i)||%;cw (0,T;8™)

1
+ 5 lleAC,

2o ziony <2 (19T CONE s, m + QL >%?W<O,T;Rn)}}

where p is a positive constant determined later. Applying Itd’s formula to e”|P(t,)|*> and
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taking conditional expectation, we have

T
e’ | P(t,3)]* + Eq / eP*|A(s,4)[*ds
t

T
—E, [*T|P(T, )] + 2E, / (TI(s, 4, P, A) + Q(s,4) + H(s,i, P, A) + qui P(s, 1)
t

T
+aipls, §), Ps.i))ds| — pE, [/t e’”IP(SJ)IQdS]

J#i
T
+ LR, l / e”5|P(s,i)|2ds]
t

T

/ ePSIQ(s,i)Ist]
T

/t eﬂﬂp(m)ﬁds]

T
S Eq [e"T|P(T,9)[*] +2LAE, l / e”|P(s,i)|ds
t

1 T T
+ §]Et / eP*|A(s,1)|?ds| + B, / eP*|P(s,1)]?ds| + E,
¢ ¢

T
+2(1 - 1)*¢°TE; / eP*|P(s,)|*ds
t

T
— pE; [/ epS|P(s,i)|2d5]
¢

1 . 1.
< ”eQPTG(Z)H%;CW(Q;S”) + llez”Q(,i )||L°°W(0 TR T 57T Z le2” ||L°°W(0 T;sm)

T
/ 7 |A(s, z‘)2ds]
t

where qzmixqij and Lga,Lc are positive constants depending on A(-,7),C(-,i). Now we
VE)

choose p=2La+2Lc+2(1—1)2¢*T+1 and obtain (P(-,i),A(-,i)), €€ from (p(-,i),

AC,1))izy € €. For (p1(,i), Mi(4))izy, (2 9), A2 (-, 0))i=y € €, we denote

(Pr(0), M 1)izy = O((a(50), A 0))ize), (Pa(0), Aa(1))icy = O((p2( 1), Aa(1))izs)

1
+ 2(— )T > E

J#i

T
1
+ <2LA +2Lc +2(1-1)%¢*T +1— p)Et / eP$|P(s,1)|*ds| + QEt
t

and
AP(-, i) = Pi(-,i) — Pa(+4), AA(, ) = A (-, 8) — Ao (-, ),
Ap(,i) = p1(51) = pa(-, i), AN, 1) = A1(+49) — A2 (),
and obtain the following BSDE:
dAP(t,i) = — [H(t, i, AP,AN) + H(t,i, Pi, A1) — H(s, i, Pa, As)
+aAP() + Y g Ap(t5)|de + AN AW (1), (4.2)

AP(T,i) =0.

Then we focus on
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H(t,i, Py, A1) — H(t,i, Py, As)

= [f (AP(t,z‘)B(t,z‘HC(t,i)TAP(t,z‘)D(t,i))(R(t,i)+D(t,i)Tpl(t,i)D(t,i))*l(B(t i) Py(t,4)
+DT(t,9)Pi(t,9)C(t,1))—(Pa(t, ) B(t, i)+ C(t,i) "Pa(t, i) D(t, 1)) (R(t, i)+ D(t,) "Pa(t, i) D(t, ))

(B(t,i)TAP(t,1) +DT(t DAP(t,1)C(t,4)) + (Pa(t,i)B(t, i) + C(t, i) Pa(t,i)D(t,1))

- (R(t,i) + D(t,4)T Pa(t,i)D(t,4)) " D(t,0) TAP(t,i)D(t, i) (R(t,i) + D(t,i)T Py(t,§)D(t,i)) "
(B(t,) T Pi(t,d) + DT (t,4) Pi(t,)C(,1))]
+{—(AP(t,i)B( iIHO(t, 1) TAP(t,i)D(t, ) (R(t,)+ D(t,i) TPy (t, i) D(t,7)) " D(t,d) "My (t,4)
— As(t,9)D(t, 1) (R(t,i) + D(t, )TPQ(t,z')D(t,z’))*l(B(t,i)TAP(t,z’) + D (t,i))AP(t,i)C(t,1))
+ Ao (t,4)D(t, i) (R(t, i) + D(t, i)' Py(t,1)D(t, i)) Dt i) T AP(t,i)D(t, i) (R(t, 1)
+ D(t,4) " Py(t,9)D(t,4)) " ( (t,i) " Pi(t,3) + D' (t,9) P (t,9)C(t,1)) + (P(t, 1) B(t,
+C(t,0) " Py(t,1)D(t,0)) (R(t,0) + D(t,i)" Po(t,))D(t, ) "' D(t, )T AP(t, ) D(t, )
S (R(t, D) +D (k) P (t, i) D(t, )" D(t,i) A (,0)+ Ao (t, ) D(t, 8) (R(E, §) +D(t,8) Pa(t, 1) D(t, 7))

1 \D
i)

)

D(t,i)TAP(t,i)D(t,7) (R(t,i) + D(t,i)T Py(t,i)D(t,4)) " D(t,4) T Aq(t, 2)}

+ [— (Pa(t, ) B(t,0)+C(t,i) T Py(t,i)D(t,7)) (R(t,i)+D(t,i) T Pa(t,i)D(t, i) D(t,i) T AA(t, )
—AA(t,3)D(t,i)(R(t, i) + D(t,i) " Pi(t,3)D(t, z'))‘1 (B(t, i) Pi(t, i) + D' (t,4)P1(t,4)C(t, i))}
+ [—Az(t,i)D(t,z‘) (R(t,i) + D(t,i) T Py(t,i)D(t,i)) " D(t,i) T AA(t,4)

—AA(t, ) D(t, i) (R(t, i) + D(t,4) T Py(t,0)D(t,1)) " DT (£, 1) A4 (£,4)

=:Hq(t,i) + Ha(t, i) + Hs(t,i) + Hy(t,1).
Thanks to (/1) and (&/2) and (P1(~,i),A1(~,i))§=1 , (Pa(-y4), Aa(-yd ))1 1 € L% (0,T;8™) x L2 ,bimo
(0,T;S™ %), Py(-,4), Ps(-,i) > 0, there exists mnon-negative adapted processes a(-),5(-) €
L%3°(0,T;R) and B(-) € LX (0,T;R) such that for i € M,t € [0,T],
|AP(t,i)A(t,i) + A(t, i) TAP(t, 1) + C(t, i) TAP(t,0)C(t, i) + Hy(t,i) + Ha(t,i)| < a(t)|AP(t,4)],
[AA(t,9)CO(t,0) + C(t,9) TAA(,0) + Ha(t,1)] < B6)AA( )],
[Ha(t,0)] <Y(0)AAE, )]

Here, we can choose 7(t) = 2max (|D(t,i)R(t, i)~ D(t, 1) " Ay (¢,4)], |D(t, i) R(t, i) " D(t, 1) T Aa(t,3)]).

Applying Ito’s formula to |AP(t,i)|> on [T —¢,T] and taking conditional expectation, we

derive the following:

T
|AP(t,4)|* + E, / |AA(s,4)|>ds
t

T
:2]Et / <H(S,i,AP,AA)+H(S,i,P1,A1)—H(S,i,PQ,Ag)
t
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J#i
1 T 1 T
< ey / a(s)?|AP(s,i)]*ds| + ¢ 2E, / |AP(s,)|*ds —i—aZEt / |Ap(s, j)|>ds
¢ gy ¢
(1 -1)¢? g 2 7 g 2 1 g 2 2
+——F / |AP(s,i)|*ds| + bE; / |AA(s,7)|“ds| + E]Et / B(s)°|AP(s,1)|*ds
a t t t
_ T N2 1 T, 2 N2
+ cE; |AA(s,i)|*ds | + =E; F(8)*|AP(s,4)|*ds]| .
t ¢ t

for some €, a, b, ¢ > 0, which implies
-\ 12 -\ (12
||AP(7 7’)HL;_QW (T —e€,T;S™) + ||AA(’ Z)”L;}‘};‘O(T—E,T;S")

<ay |lAp(, ||L°°W(T ersm) + (0 +O)AA(, )IILzmT e Tism)
JAi

1,02 1 (I=1)g% €=
+ (62 ||a(')HL;‘;';°(o,T;Ran) tex a EHﬁ HL‘X’ (0,T;Rnxn)

1 2
= AN 22m0 AP(-9)||3 gn)-
IOt iz ) PAPCIE 5, (r-erin
From (2.6), when L, > 0 is sufficiently small, we have
17 2. 2w (0,7 R xn) <1,

then there exists suitable €, a,b,¢ > 0 such that

(I=1)g%¢

1= 2 1 2 15 2

1-— f2 ||O[(«)||Lilk‘)/{/un(07T;Rn><n) — €2 — 3 - % ||6()HL;_°W (0,T;Rnxn) - C ”’7(')||Li_’l‘>/vmo(07T;Rn><n) >07

1—-b—c>0,

( 1)
1= e a2 — et - EDE 50 P ST <b
L2yw°(0,T5R™x™) a b L%y, (0,T;R™xn) ¢ L%y°(0,T;R"x ™)
(4.3)

Let
d— a(l —1)

- F. 2 1 (I-1)¢® 2 15 2

1 — €2 ||a(.)||L;bV$U(O’T;Rn><n) — €2 — % - % H/B HL:X:W (0 TRan) - Z ||’Y(.)||L§;1‘)}$°(O,T;Rn><n)

and we can obtain

I
HL°° (T—ersm +(1=0—70) ZHAA )||i2,l$0(T_e7T;Sn)
F

i=1

<a(l—-1) Z”AP ||L°°W(T €, TiSm)
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which means SRE (2.4) has a unique solution (P(~J),A(~,z’))i:1 on [T —¢,T] such that
(P(-,),A(+,7) € Lw (T — €, T;S™) x L?;IV)VHIO(T —€,T;S™). With this method we can solve SRE
(24) on [T —2¢,T — €|, [T — 3¢, T — 2¢], ..., and finally [0, T]. O

4.2 Solvability of adjoint BSDE (2.5)

Based on SRE (2.4), we examine the solvability of BSDE (2.5), which is a special case of
BSDE (3.1).

Proof of Theorem 2.8 For each i € M and any ¢ € [0,T], we set

a(t,i) = A(t,1) — B(t,9)I'(t,1),

B(t,i) = C(t,i)—D(t,i) (R(t, i)+ D(t, i)TP(t i)D(t, z‘))*l(B(t i) T P(t,i)+D(t, i) T P(t,9)C(t,1)),
y(t, i) = —D(t z) (R(t,i) + D(t,i) " P(t, ) A(t, 1),

n(t,i) =T(t,4) " (D( t i)' P(t,i)o(t,i) — (t Z) (t, >) ( i)q(t, i) — P(t,9)b(t, 1),

—C(tl t,i)o(t,i) + At i)a(t, 1),

Then, we can rewrite BSDE (2.5) as
dK(t,i) = — [a(t, W)UK (t,0) + B(t,3) T L(t, i) 4+ ~(t, i) T L(t, i) + n(t, i) + zg.:l qi; K (t,4)] dt

+ L(t,i)dW (1), tel0,T],
K(T,i) = €@), ieM.

(4.4)
We define
-Oé(t, 1) 0 ] qiln q2ln - quln !
Ot(t, 2) q21]n q221n e q2lIn
alt) = . + : : - : ’
L 0 a(t, )] anln  qo2ln - quly
ﬁ(t 1) 0 ’Y(t 1) 0
£2 t,2
8 = B(t,2) = V(t,2) |
L O B(t,1)] 0 v (t,1)
_KEt, 1; Et, 13 nEt, 1; 551;
K(t,2 t,2 t,2 2
ko= | 0 =P = "] = YY)
LK(t,0) L(t,1) n(t,1) £(0)
and again rewrite BSDE (4.4) as
dK(t) = —[a(t) TK(t) + B(t) TL(t) + y(t) " L(t) + n(t)]dt + L(t)dW (t), te[0,T],
K(T)=¢. (4.5)

From (2.6), when L, > 0 is sufficiently small, we have

||1(.)HL;WO(O7T;Rnlxnl) < 1.
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From Theorem 3.1, BSDE (4.5) has a unique solution (K(-),L(-)) such that (K(-),L(:)) €
L%w (0,75 ;R x Li_lar,no(O, T;R™), which concludes the proof. O

4.3 Optimal control and optimal value

Thanks to the solvability of SRE (2.4) and BSDE (2.5), we can now represent the optimal
control and optimal value using their unique solutions, as demonstrated in the following proof.

Proof of Theorem 2.9 From the proof of Lemma 4.2 in [7], it is evident that w* is an
admissible control. To avoid ambiguity, we will abbreviate ¥ (t,ay) to @, v = A B,C,D,
b,0,Q,R,q,p, P\, K, L, X, u. By applying Itd’s formula to t — (P(t,ay)X(t), X (t))) and ¢+
—2(K(t,aq), X(t))), and taking the expectation, it holds that:

E[(G(ar)X(T), X(T))] = (P(0,i0)z, x)

T
=2E / (PBu+ Pb+ ADu+ Ao 4+ C " PDu + C" Po, X)dt
0

+E

T
/ (R+D"PD)"Y(B"P+D"PC+D"AN)X,(B"P+D"PC + DM)X)dt]
0

T T
+E / (P(Du+0),Du+o)dt| — E / (X, X)dt
0 0

and

—2E [SG(aT)g(ozT% X(T)] + 2 (K(0,40), )

T
= —2E / (R+D"PD)"Y(B"P+D"PC+D"AMNX,B"K+D'"L—~ D" Po + Rr)dt
0

T
+2E / (Qq— Pb—CTPo — Ao, X)dt| — 2E
0

/T<Bu + b,K)dt]
0

T
—2E / (Du+U,L>dt].
0

(4.7)

Now we denote

v(t,i) = — (R(t,i) + D(t,))P(t, i) D(t, i) )"

(
[(B(t,i) T P(t,i) + D(t,i) " P(t,9)C(t,i) + D(t,i) T A(t,9)) X
+ D(t,i)" P(t,i)o(t, i) — R(t,i)r(t,i) — B(t, i) K(t,i) — D(t,i) " L(t,1)]

and add (4.6) and (4.7), then we can obtain

E[(G(ar)X(T), X(T)) — 2(G(ar)g(ar), X(T))] = (P(0,i0)z, z) + 2 (K(0,i0), )
=2E '
0

(PBu+ Pb+ ADu+ Ao+ CTPDu+ C"Po+ Qq— Pb—C" Po — Ao, X>dt]

+E

T
/ (R+D"PD)"Y(B"P+D"PC+D"AN)X,(B"P+D'"PC + DTA)X>dt]
0
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T
—2E / (R+D"PD)"Y(B"P+D"PC+D"AN)X,B"K+D"L —D"Po + Rr)dt
0

T
+E / (P(Du+ o) — 2L, Du+ o)dt| — E —92E
0

T
/ (X, X)dt
0

T
/ (Bu+b, K)dt]
0

) [/T(QX,X - 2q>dt]

T
-E [/ (R+D"PD)""(D"Po —Rr—B'K-D"L),D"Poc —Rr — B'K — DTL)dt]
0

/OT<PU, o)dt /OT<b, K)dt} —2E /OT<U, L)dt} :

which implies

T T
= T uUu—v),u—7v — U, U — 2T
_El/o (R+ DT PD)(u—v),u—v)dt| —E /O (Ru,u — 2r)dt

+E —2E

E[(G(ar)(X(T) — g(ar)), X(T)—g(ar))]+E

| (@ =X~y + = - r>)dt]

= (P(0,i0)z, x) = 2(K(0,40), z) + E[(G(ar)g(ar), g(ar))]

/OT<Qq, q)dt /OT<RT, r}dt]

s
~E / (R+D"PD)"Y(D"Ps—Rr—B'"K —-D'L),D"Po — Rr — B"K — D" L)dt
0

/OT@,mdt /OZU, W].

Since for any t € [0,7], i € M, we have

[T
+E / (R+DTPD) " (u—v),u—vydt| +E +E
0

—2E —2E

s
+E / (Po,o)dt
0

R(t,i) + D(t,3) T P(t,i)D(t,i) > 0,

then it holds that

E[{G(ar)(X(T)=g(ar)), X(T)—g(ar))|+E

T
/0 (QX —q), X —q) + (R(u—p),u — p>)dt]
> (P(0,i0)z,z) — 2(K(0,10), z) + E [(G(ar)g(ar), g(ar))]

T
~-E / (R+D"PD)"Y(D"Po —Rr—B'"K -D'L),D"Po — Rr — B'K — DT L)dt
0

+E /0 ((Qq.q) + (Rr.) + (Po, o) — 2(b, K) — 2(o, L)) dt

and the equality holds when wu(¢,7) = v(t, ). Now we obtain the optimal control and optimal value.
O
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