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Abstract Sublinear expectation relaxes the linear property of classical expectation to
subadditivity and positive homogeneity, which can be expressed as E(-) = supycg Fo(-)
for a certain set of linear expectations {Ep : § € ©}. Such a framework can capture the
uncertainty and facilitate a robust method of measuring risk loss reasonably. This study
established a law of large numbers for m-dependent random vectors within the framework
of sublinear expectation. Consequently, the corresponding explicit rate of convergence
were derived. The results of this study can be considered as an extension of the Peng’s
law of large numbers [22].
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1. Imntroduction

In probability and statistical theory, the classical linear expectation can be determined exactly
and is dependent on the certain probability measure, which is a rarity in our real world. In contrast,
the uncertainty of probability itself is a common and challenging issue in several application
scenarios such as uncertain statistics, measures of risk, and supper-hedging in finance [1, 4, 5, 7,
9]. To overcome this, [18, 20, 21] formulated a new framework, referred to as sublinear expectation.
This framework relaxes the linear property of the classical linear expectation to subadditivity
and positive homogeneity (Definition 2.1 (iii) and (iv)). A sublinear expectation E can be
expressed as E(X) = supgece Ep(X) (Lemma 2.2 in the subsequent section), where the linear
expectations {Ejp : 6 € ©} can be considered as an uncertain model of probabilities {FPy : 6 € ©}.
Therefore, sublinear expectation can capture the uncertainty and provides a robust method of
measuring risk loss.

Within the existing profound theoretical results of probability theory, the law of large numbers
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(LLN) and the central limit theorem (CLT) are two important theorems, which have been
extensively used in several practical fields such as statistics, data science, financial pricing, and
risk controls. Consequently, concerns regarding whether these two profound results hold
parallelly under sublinear expectations are natural and reasonable. Thus, another study provided
an affirmative answer to this question. This study, focused on LLN under sublinear expectations.
[18] first formulated an LLN for random variables satisfying moment condition E(X;X;1;) =
E(-X;Xi+;) =0 for 4,j=1,2,.... Subsequently, [21] proposed the notions of identically
distributed and independent under sublinear expectations (Definitions 2.2 and 2.3 below), based
on which he formulated a more general form of LLN for independent and identically distributed
random vectors. [14] extended the LLN proposed by Peng to the nonidentically distributed case.
[8] obtained a rate of convergence for Peng’s LLN, and formulated a new LLN considering rate of
convergence. Further, [24] established Stein’s method for LLN under sublinear expectations, and
obtained the rate of convergence of Peng’s LLN for one-dimensional random variables. Furthermore,
[13] derived the same result as that of [24] employing Chatterji’s inequality.

The above theoretical results all necessitated independence of random variables or vectors,
which is challenging to achieve in the real world. [12] proposed a notion of m-dependence, which
is a weaker and reasonable replacement of independence. In the framework of classical linear
expectations, [2, 6, 15, 23] extensively studied such dependence and developed the corresponding
limit theorems. However, the parallel results in sublinear expectations have seldom been
accomplished. [17] formulated a CLT for m-dependent random variables under sublinear expectations.
Other studies attempted to improve this result. For instance, [10] derived a CLT for one-
dimensional m-dependent random variables under the Lindeberg condition. [11] established a
CLT for linear processes generated via m-dependent random variables. As evident, LLN cannot
be derived from CLT directly under the framework of sublinear expectation. To the best of our
knowledge, there are no studies focused on LLN for m-dependent random variables or vectors
under sublinear expectations, particularly for nonasymptotic convergence bound. Thus, this
study formulated an LLN for m-dependent random vectors under sublinear expectations and
derived the corresponding explicit rate of convergence. The result can be regarded as an
extension of Peng’s LLN.

The remainder of this paper is organized as follows. Section 2 describes the framework of
sublinear expectation and the corresponding notions. Section 3 presents the primary results on
the law of large numbers. Furthermore, all Proofs are presented in Section 4.

2. Preliminaries

In this section, we briefly recall Peng’s framework of sublinear expectation and introduce the
notion of m-dependent under sublinear expectations. First, we define certain notations used in
this paper. Let Q be a given set and H be a linear space of real valued functions defined on Q
such that if random variables Xi,...,X, € H then ¢(Xy,...,X,) € H for each ¢ € Cp1;p(R?).
Here, where CY;,(RP) denotes the linear space of bounded Lipschitz functions. Let Ve and
Hessp denote the gradient and Hessian matrix of ¢, respectively. We refer to X € HP, if
X =(X1,...,X,) and X; € H for all 1 <i<p. For a ¢ x g matrix A, let |42 = A;{;(AAT)
be the spectral norm of A, where AT is the transpose of A. For a p-dimensional vector
= (z1,...,7p) € RP let x|y = (3F_, #2)1/2 be the ¢2 -norm of z. Further, let a - b be the inner
product of two vector a and b. For two sequences of positive numbers {a,} and {b,}, we obtain
an < by, or by, 2 ay if there exists a constant ¢ > 0 such that limsup,, . an/b, < c. If a, < by,

and b, < a,, we say a, < b,.
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Definition 2.1 (Sublinear expectation). A sublinear expectation B on H is a functional
E :H — R that satisfies the following properties: for all X,Y € H,

i) Monotonicity: X > Y implies E(X) > E(Y).

ii) Constant preservation: E(c) = ¢, for any ¢ € R.

ili) Sub-additivity: E(X +Y) < E(X) +E(Y).

iv) Positive homogeneity: E(AX) = AE(X), for any A > 0.

A~ N N

The triple (2, H,E) is referred to as the sublinear expectation space. If only (iii) and (iv) are
satisfied, such an E is referred to as a sublinear functional. The following properties of sublinear
expectation can be checked easily.

Lemma 2.1 For any X,Y € H, it holds that

(a) E(X)-E(-Y) <E(X +Y) <EX)+EY).
(b) E(X +Y)=E(X)+E(Y) if E(Y) = —E(-Y).
(c) [E(X)—-EY)| <E(JX -Y]).

Based on Definition 2.1 (ii) and Lemma 2.1 (a), we also have E(X +¢) =E(X) + ¢ and
—E(—X) < E(X) for any X € H and constant ¢ € R. Further, based on Lemma 2.1 (a), we
know that the sublinear expectation E reduces to a classical linear expectation if
E(-Y) = —E(Y). The following lemma states that a sublinear expectation can be expressed as a
supremum of linear expectations.

Lemma 2.2 (Theorem 1.2.1 of [22]). Let E be a functional defined on a linear space H that
satisfies subadditivity and positive homogeneity. Then, there exists a family of linear functionals
Ey: H — R, indexed by 0 € O, such that

E(X) =sup Ep(X) for X € H.
0co

Furthermore, if E is a sublinear expectation, then the corresponding Egy is a linear expectation.

Lemma 2.2 establishes a bridge between sublinear and linear expectations. In this study, the
theoretical analysis is primarily based on this statement. Under the framework of sublinear
expectation, we adopted the following notions of identical distribution and independence, which
were designed by [21, 22].

Definition 2.2 (Identical distribution). Let X; and X5 be two p-dimensional random vectors
defined on the sublinear expectation spaces (2, H,E1) and (Q,H,Es), respectively. They are
referred to as identically distributed, denoted by X, 4 Xo, if

Ei{p(X1)} = E2{p(X2)} for all p € Cp 1ip(R?).

Remark 2.1 By Proposition 1.3.2 of [22], we know that X; ng implies E1{(X1)} =
Eo{y)(X2)} for all ¢ € Cp 1ip(RP), where C ri,(RP) denotes the linear space of local Lipschitz
function ¢(-) satisfying |p(z) — o(y)] < C(1+ |z|* + |y|*)|z — yl2, Yo,y € RP, for some C >0
and nonnegative integer a depending on ¢(-).

Definition 2.3 (Independence). In a sublinear expectation space (2, H,E), a random wvector
Y € HP' is considered as independent of another random vector X € HP? unde E if for each test
function ¢ € Cy, 1;p(RP*1P2) we have

E{QO(Xv Y)} = E[E{(p(l‘, Y)}ac:X} .
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Remark 2.2 If E is a linear expectation, the above definition simply indicates the classical
independence. In contrast to linear expectations, “Y is independent of X” does not imply that “X
1s independent of Y7 under sublinear expectations Further, details can be obtained from Fxample
1.3.15 of [22].

Based on the above independence between two random vectors, we introduce the following
definitions of independent random and m-dependent random vectors.

Definition 2.4 (Independent random vectors). The sequence of random vectors {X;}32, is
considered to be independent, if X;41 is independent of (X1,...,X;) for each j > 1

Definition 2.5 (m-dependent random vectors). The sequence of random wvectors {X;}32, is
considered to be m-dependent if (Xs,...,X) is independent of (X1,...,X,) for any t >2s>r
such that s —r > m.

Remark 2.3 Definition 2.4 has been extensively used in the study of limit theorems under
sublinear expectations, including those by [14, 16, 19, 25]. In the case that E is a linear expectation,
Definition 2.5 coincides with the classical notion of m-dependent introduced by [12]. Moreover, if
E is a sublinear expectation, Definition 2.5 is equivalent to the m-dependence defined by [10, 11,
17] for either the one-dimensional or multi-dimensional case.

3. Main results

In this section, first, we describe the two laws of large numbers for independent random
vectors without the assumption of identical distribution, wherein the rates of convergence are derived.
Consequently, we formulate a law of large numbers for m-dependent random vectors under
sublinear expectations, which extends the Peng’s law of large numbers [22] to the local
dependent case (m-dependent) and derives the explicit rate of convergence. Finally, we present
two corollaries to discuss our main results.

Proposition 3.1 presents a law of large numbers for independent random vectors, which can be
regarded as an extension of Theorem 2.3 of [8] to the nonidentically distributed case. The proof
of Proposition 3.1 is presented in Section 4.1.

Proposition 3.1 Let {X;}52, be a p-dimensional sequence of independent random wvectors
under a sublinear expectation E such that E =supgcg Eg for a family of linear expectation
{Ep:0€0O}. Let M; ={Ey(X;):6 €O} and P; is the convex hull of closure of M,. We write
Sk = Zi:l(Xi — p1i)/n with p; = argsup,ep, {p - Vo(Si—1)} and So = 0. For ¢ € Cp 15p(RP). Thus,

we we have

*

E{0(5.)} — (0 Z[supEeﬂX Ey(X0) 3} + diam®(P;)|

where \* = sup,cpy ||[Hessp()||2.

For any A C R? and z € RP, we define the distance d4(z) = inf,ca | — w2 and the diameter
diam(A) = sup, ,e4 [T — yl2. Applying Proposition 3.1, the next proposition describes a law of
large numbers for independent and nonidentically distributed random vectors based on the
distance d(z). The proof is presented in Section 4.2. We write X =n=13"" | X;.

Proposition 3.2 Assume that the conditions of Proposition 3.1 hold. Further, we assume
{Eog[Xi]:0 € O} ={Ey[X1]: 0 € ©} for all 2<i<n. If the convex hull of the closure of
{Ey(X1) : 0 € O} is bounded convex polytope P with K vertices, we have
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_ K <& Kdiam?(P
E{dp(X)} < — Zggg Eo{|Xi — Eo(X:)2} + Kdiam (P)
=1

Proposition 3.2 alleviates the identical distributed constriction in the Peng’s law of large
numbers, which facilitates the derivation of our main results. To present the main results, we
introduce certain new notation. Let {X;}3°; be a sequence of p-dimensional random vectors
under a sublinear expectation E such that E = supycg Fy for a family of linear expectation
{Ey : 0 € ©}. We define

0 = sup max Eo{|X; — Ep(Xi)[3},
which can be considered as an extension of equation (2.1) in [8] to the multi-dimensional case
without the identically distributed constraint.

Based on Proposition 3.2, applying large-and-small-blocks technique, Theorem 3.1 describes a
law of large numbers for m-dependent random vectors under sublinear expectations. The proof is
presented in Section 4.3. Further applications of large-and-small-blocks technique can be found in
[3]. Theorem 3.1 is an extension of the Peng’s law of large numbers to local dependent case (m-
dependent) without the identically distributed constraint and provides the corresponding rate of
convergence.

Theorem 3.1 (LLN for m-dependent random vector). Let {X;}$2, be a p-dimensional sequence
of m-dependent random vectors under a sublinear expectation E such that E = supyce £g. We
assume that (i) if m > 1, given any 6 € ©, Ep(X;) = Eg(X1) for all 2 <i < n; and (ii) if m =0,
{Ep[X;]: 0 € ©} = {Ep[X1]: 0 € ©} for all 2<i<n. If the convexr hull of the closure of
{Ep(X1) : 0 € ©} is bounded convex polytope P with K vertices, we obtain
K'Yk,  Kdiam?(P)

nl/2 n ’

where Ky, = 8v/2m2(52 vV 1)3/4I(m > 1) + (K /n)Y/?621(m = 0).

E{dp(X)} <

Remark 3.1 If m =0 and X;11 4 X; for each i =1,2,..., Theorem 3.1 reduces to the result

of the independent and identically distributed case,

- K&2  Kdiam?(P
B(dp (X)) < 20 KGT(P),

where G2 = supgee Eo{|X1 — Eo(X1)|3} for this case. It achieves the rate of convergence for
independent and identically distributed case derived in Theorem 2.2 of [8]. Moreover, the
formulated law of large numbers under sublinear expectation can be compatible with the
nonidentically distributed and local dependent case for m > 1, where Theorem 3.1 yields

B (%)) < SVAEM) 2@ v DY Kdia(P).

nl/2 n
Notably, if max{K,52,m} = O(1), the result lacks the factor n='/% compared to the independent
case forthe first term in the rate of convergence. This may be because, to dealwith the local dependence,

1/2

our large-and-small-blocks method rejected L < n small blocks of size m, which resulted in a

total O(nl/Q) reduction of data points in the sample size.

Based on Theorem 3.1, we can also obtain the rate of convergence of E{d%(X)} when P is a
regular convex set that can be approximated by polytope. The next corollary states a result
when P is a circle. The proof is presented in Section 4.4.
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Corollary 3.1 Under the conditions of Theorem 3.1, if P is a circle with radius R, we have

- \'/? 27K 49\ /° 64n R2
E 2 X m
{dp(X)} < (4) n2/5 ( ) n4/s

16
with Ky = 8v/2mY2(52 v 1)3/4I(m > 1) + {7/(4n*)}V/5 /752 I(m = 0).

Selecting P = [a,b] for some a,b € R, which is a polytope with K = 2 vertices, and applying
Theorem 3.1, we obtain the following one-dimensional law of large numbers for m-dependent
random variables under sublinear expectations.

Corollary 3.2 Under the conditions of Theorem 3.1, if P = [u, ] with T =E(X;) and
pu=—E(-=X1), we have

o V26, 2diam?(P)

E{d%(X)}\ n1/2 + n ’ (1)

where Ky = 8vV/2m2(52 vV 1)3/4I(m > 1) + (2/n)252I(m = 0).

Remark 3.2 Notice that d3(X) = (X — )3 + (X — p)%, where (-); = max(-,0) and (-)- =

min(-,0). Then, we can rewrite (1) as

V26, 2diam?(P)

E{(X - @)} + (X - w2} < =55 n

(2)

When m =0 and fi = p = p for certain p € R, by (2), we have
2572

B(IX — ) < 222

Consequently, lim, . E(]X —pu|?) =0 if 62 =o(n), which implies the Peng’s law of large
numbers for one-dimensional case [18]. When m > 1, the Corollary 3.2 extends the Peng’s law of

large number to the local dependent case with explicit rate of convergence.

4. Proofs

4.1 Proof of Proposition 3.1

In this section, we will follow the same proof strategy employed in [8] to present Proposition
3.1. Let Y; = (X; — u;)/n. Then, Si = Zle Y;. We write S = {S1,...,5}. For any random
vectors X and Y, we denote Ex{p(X,Y)} = E{eo(X,y)}|,=y. Based on Taylor’s theorem, it
holds that

1
Evi {¢(Sk) — ¢(Sk-1)} = Ey, {Yk -V(Sk—1) + /0 (1 —1)Y, Hessp(Sk—1 + tY3) Y dt} :

Notice that

Ex, {0(St) — (St} — Ex, {¥i - w<sk1>}]
1
1
< Eyk{‘ / (1 - t)YkTHeSSgO(Sk,1 + tYk)Yk dt‘} < 5)\*E(|Yk|§)
0

and
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1
E(|Yk[3) = — sup Eo(| Xy, — purl3)

n< gco
1

= — sup[Eo{| Xz — Eg(Xy)[3} + | Eo(Xx) — pixl3]
n< gco
1 .

<= [Sup Eo{| Xk — Eo(X1) |3} + dlamZ(Pk)} .
ne [ oco

Then, it holds that

By, {¢(Sk) — 0(Sk-1)} — Evi {Yk - Vio(Sk-1) }|

i [sup Eo{| Xk — Eo(X1) |3} + diamZ(”Pk)} . (3)
0cO

S 2n?

We next show Ey, {Y; - Vo(Sk—1)} = 0. Notice that
Evi {Xk - Vo(Sk-1)} =E{Xk - Vo(2) }Ho=s,_, = sup Eo{ X - V() }Ha=s, 4
€

= sup Eg(Xy) - Vo(Sk—1) = sup p-Vp(Sk-1)- (4)
0cO pEMy

For 0 < A1, A2 <1 such that A\; + Ay = 1 and j1, pio € My, which is the closure of My, we have
(Arpa + Aapz) - Vo(Sk—1) = Apir - Vo(Sk—1) + Aapiz - Vo(Sk—1)
< sup p-V(Sk-1) = sup p- Vo(Sk-1).
HEM HEM,

As p1, e € P, and Py is convex, we know Ajpq + Agpio € Pr. Then, we have

sup pt- Vo(Sk—1) < sup - Ve(Sk—1) < sup p- Vo(Sk-1).
HEPk HEM HEP

Combined with (4), we obtain

Ey, {Xk - Vo(Sk-1)} = sup p-Ve(Sk-1).
HEPy

As p = argsup,ep, {1t - Vo(Sk-1)}, we have
Ev, (Vi V(S 1)} = By {(Xe — ) - Vol Sk 1)}
= By, (X V(Si1) — e Vp(Si 1))
= %[EYk{Xk? “Vo(Sk-1)} — i - Vo(Sk—_1)]

1
= [ sup f1- Vo(Sk—1) — py - VsO(Skl)] =0.

N | pePs

Thus, (3) yields,

[Ey, {#(Sk) — ¢(Sk—1)}| < 2% {Sgg Eo{| X1 — Eo(Xi)|3} + diamz@k)} : (5)

We let Sp = 0. As Y, is independent of Sp,_1) = {S1,...,Sn-1}, using (5) recursively, we have
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E{p(Sa)} — (0) = E[Z{so(sk) - so(Sk_l)}}
= n—1
— BBy, | (650 — o510} + 65 ~ 9(5,-1)])
k=1
_ E[  (o(Sk) — 9(Se1)} + By {0(Sh) so(Sn_n}}
k=1
< E[ " (o(Sk) — w(Sk_n}] X [sup Eo{| X — Bo(Xu)[2} + diam?(Py)
— 2n® [ oco
<. < ;7; bugEg{Xi — Ep(X;)|3} +diam2(7>k)} .
i=1 LU€

However,

E{p(Sn)} — ¢(0)

=E { i{w(é’k) — @(Sk-1)} + Ey, {©(Sn) — w(snl)}}
k=1

*

> E[kzl{so(sk) - so(Sk_l)}} - [ggg Eo{|Xo — Eo(Xa)3} + diam?(P,)

A* n
2 o 2 - E Xi — E )(Z 2 . 2 .
2 ; [ggg o] 0(X,)[3} + diam (pk)}

Thus, we complete the proof of Proposition 3.1. a

4.2 Proof of Proposition 3.2

We denote the set of vertices of the polytope P by V. As P has K vertices, we have |V| = K.

For each v € V, we define
Ty ={weRP:w—wv=c(u—v)for someu € Pandc>0}.
Let @(x) =df, _,(z) with T, —v={u—v:ueT,}. By Lemma 51 of [§], it holds that

A* = sup, gy |Hessp(x)||2 = 2 and

v-Vo(x) =sup{p-Ve(r)}, for allz e RP.
HEP

By applying Proposition 3.1 to {X;}$2, with \* =2 and p; = v, we have

o ER ] o0 < 1 g ol - o+ P,

n

Here,

e Y G S R NES

n

Owing to 0 € T, — v, we know ¢(0) = d7, _,(0) = 0. Then
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_ 1 — diam?(P
E{d}, (X)} < — ZSEE Eo{|Xi — Eo(X,)|3} + diam™(P)
=1

As P =NyeyT, and |V| = K, we have

. . K < Kdiam?(P
E{d(X)} < D E{df, (X} < 5D swp Bo{|Xi — Bp(X0)[3} + Kdiam (P)
veY i=1

Thus, we complete the proof of Proposition 3.2. O
4.3 Proof of Theorem 3.1

In this section, based on Proposition 3.2, we use the large-and-small-blocks technique to derive
Theorem 3.1.

First, we deal with the case of m > 1. Let Q = o(n) be a positive integer that diverges with n.
We first decompose the sequence {X;}?; to L+1 blocks with L= |n/Q|: G/=
{{-1D)Q+1,...,0Q} for £ €[L] and Gr+1 ={LQ+1,...,n}. Let b>m be a nonnegative
integer such that @ = b+ m. We decompose each G, for ¢ € [L] to a “large” block with length b
and a “small” block with length m. Specifically, Z, ={(¢{-1)Q +1,...,({—1)Q + b} and
To={(t-=1)Q+b+1,....0Q} for € [L], and Jp41=Gr41. Define X, =b"13, . X; and
Xe=m'Y 0 X; for £€[L], and X1 =(n—LQ)" Dicdni, Xi- As {Xi}, is an m-
dependent sequence under sublinear expectation E, we know that {X@}é::l is an independent
sequence under E. Let X = L~! Zle X, and pg = Ey(X1). As Ep(X;) = pe for all 1 < i< n,
we know that Eg(X'g) =g for all 1< < n. Recall that the convex hull of the closure of
{pg : 0 € ©} is bounded convex polytope P with K vertices. By applying Proposition 3.2 to the
sequence {Xg}é::l, we have

L

. K . Kdiam?(P
B (X)) < 75 Y sup (1Ko — o) + S0 ),
=1Y¢

n
Notice that

)

Eol| s~ wal}) = Eo{ |5 3006~ )

i€y
1 T
B L} { - )
1E€Ly i€Zy
1
=5 > Eo{(Xi, — po) " (Xi, — o)}
1i,i0€ZLy
1
<3 ; Eo(|1Xi — pol3) < gfgnEe(lXi — pol3)
i€T,

where the fourth step is owing to the Cauchy-Schwarz inequality and the fact that 2ab < a? + b%.
Then, we have

. K Kdiam?(P
E{d%(X*)} <  Sup max Eo(|Xi — 1|3) + Kdiam (P) .

pco 1<isn n

(6)
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As X*=L"" Z/,L:l X, = (Lb)~! ZeL:l ZiGIg Xi, we have

_ _ 1 < 1 L
X-X'=-> Xi—— X;
== (Xi—po) — EZ (X — o)
i=1 =14€T,
1(<& L+1 1 &
{ZZ(Xlue)JFZZ(XzMe)}LbZ (X — po)
t=1i€Z, t=14i€J; t=1i€Z,
1 1\ & Ll
(=14i€Zy =1 ieJ,

If we let b< (mn/6)/2, it holds that n— Lb<2Lm, which implies |[n~'— (Lb)~'|=
|(n — Lb)(nLb)~t| < 2m(nb)~!. Then, we have

L L+1
(X = X°a) <[5 = 2| S0 T Bl — pola) + = 3 3 Bo(1Xi — pila)
¢=11i€Z, =11ieJy
< LLLTm nax By (|X; — prol2).
Taking the supremum over @, we have
E(|IX — X*|2) < 2™ sup max Eo(|Xi — o). (7)

n  geo I<ikn

Based on the triangle inequality, we obtain
dp(X) = inf |w - X|2 < inf \w — X*|2 + |X* - X|2 = dp(X*) + |X — X*‘g .
weP weP

Combined with (6) and (7), and noticing that 4~ 'nb~! < L < 2nb™", it holds that
E{dp(X)} < E{dp(X")} +E(|X — X*|5)

4KDb Kdiam*(P) = 8m
< 27 _ 2 b SV _
S T pup g, P ol TR T g e B = )
4Kb52  8mo, Kdiam?(P
< ooy + ( ), (8)
n b n

where the last step is owing to the Cauchy—Schwarz inequality and Ey(X;) = pg. By balancing
the first and the second terms, we obtain b = (2K ~'a 'mn)Y/2. If 52 > 1. As K > 2, we know
that b < (mn)'/2. Then, we have

8V2(Km)/255/ N Kdiam?(P)

nl/2 n

E{dp(X)} < 9)

If 52 < 1, by (8), it holds that

2
E{d2(X)} < 4In(b +87m+ Kdla: (P) .

By balancing the first and the second terms, we have b = (2K~ mn)'/? < (mn)/2. Consequently,

we obtain
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- 8V2(Km)'/?  Kdiam?*(P)
B (X)) < .
Combining (9) and (10), it holds that
8V2(Km)'/2(52 v1)3*  Kdiam?(P)
nt/2 i n '

(10)

n

E{d%(X)} <

When m = 0, we know that {X;}$2, is an independent sequence. By applying Proposition 3.2 directly,
we have

_ K&2  Kdiam?(P
B{d3 (X)) < 20n y KAam(P).

Thus, we complete the proof of Theorem 3.1. O
4.4 Proof of Corollary 3.1

n

For any integer k > 3, denote by P a k-sided polytope with P as the inscribed circle. We
write Ry as the radius of P,. As shown in the proof of Remark 2.3 of [8], Ry =
R/cos(m/k) <2R and Ry — R<7n?R/k%*. Then, diam(P) =2R; < 4R. Consequently, Oy
such that Pr = {Fy(X;) : 0 € O} and

sup max Fp{|X; — Eo(X;)[3} = sup max Eg{|X; — Eo(X;)[3}-
0€0; 1sisn geo 1<isn

We write Ej, = supgee, Fo. As dp(X) < dp,(X) + Ri — R, by Theorem 3.1, we have

B{d3(X)} <E{d(X)} < 28,42, (X)} + 2(Ry — R)?
212k, 2kdiam2(73)

e +2(Ri — R)’
212k, 32kR2 ) 2R\
nl/2 n + k2 ’

where #,, = 8v/2m/2(52 v 1)3/*I(m > 1) + (k/n)*/?621(m = 0). By balancing the second and
the third terms, we have k = (49n/16)/°7 > 3. Then, we have

7 \° 27k 49\ '/ 647 R?
2 ! m +)
E{d'P(X)} < <4> n2/5 (16) nd/s
with #,, = 8v2m'/2(62 v 1)¥4I(m > 1) + {7/(4n?)}*/°\/m52I(m = 0). Thus, we complete the
proof of Corollary 3.1. O
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