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Asymptotic behavior of a weighted self-repelling diffusion
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Abstract Let BY be a fractional Brownian motion with Hurst index % < H < 1. In this
paper, we consider the self-repelling diffusion

BH+// ydXHds + vt

where v € R, and g is a nonnegative Borel function. The process is an analogue of linear
self-interacting diffusion (M. Cranston and Y. Le Jan Math. Ann. 303 (1995), 87-93.).
Based on the asymptotic behavior of the weight function ¢ at infinity, we establish the
large time behavior of the recursive convergence of the solution X . For example, when
g€ C®Ry) and 0 < g(t) — +o0 (t — +00), we demonstrate that there is a sequence
{\n} of positive real numbers such that JZ (0;g) := g(t)e D XH — v+ ¢ an

JH(n;g) == G(t) (JtH(n —1;9) — An—1 (foo + V)) — A\ (fH + V) (t = 400)

in L? and almost surely for every n € {1,2,...}, where G(t fo s)ds and ¢ :=
f g r)dBH

Keywords Fractional brownian motion, Self-repelling diffusion, Malliavin calculus,
Recursive convergence

2020 Mathematics Subject Classification 60G22, 60H07, 60F05

1. Introduction

As a special case of path dependent stochastic differential equations, Cranston and Le Jan [6]

introduced a linear self-attracting diffusion driven by the equation
t S
Xy =B — 0/ / (Xs — Xp)drds+wvt, t>0 (1.1)
0o Jo

with 6 > 0 and v € R, where B is a one-dimensional standard Brownian motion. They showed
that process X; converges in L? and almost surely, as ¢ tends to infinity. A more general path

dependent stochastic differential equation was first developed by Durrett and Rogers [8] as a
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model for the shape of a growing polymer (Brownian polymer)
t s
X =Xo+ By +/ / f(Xs — X,)drds, (1.2)
o Jo

where B is a d-dimensional standard Brownian motion and f is Lipschitz continuous. X
corresponds to the location of the end of the polymer at time ¢. Under some conditions, they
established an asymptotic behavior of the solution of the stochastic differential equation and
gave some conjectures and questions. Let .Z*(t,2) be the local time of the solution process X.
Then, (1.2) can be rewritten as

¢
Xt:XO—i—Bt—l—/ ds/f(—x)fx(&Xs—l—x)dx
0 R

for all ¢ > 0. This formulation shows how process X interacts with its own occupation density.
We may call this solution a Brownian motion interacting with its own passed trajectory, i.e., a self-
interacting motion. Equation (1.2) defines a self-interacting diffusion without any assumption on
f. We will call it self-repelling (resp. self-attracting) if z - f(z) > 0 (resp. < 0) for all z € R?, in
other words if it is more likely to stay away from (resp. come back to) the places it has already
visited before. Benaim et al. [2] considered a self-interacting diffusion with dependence on the
(convolved) empirical measure as follows

1 t
dX, = v2dB, — (t VW (X, — Xs)ds> dt,
0

where W is an interaction potential function. A great difference between these diffusions and
that of Brownian polymers is that the drift term is divided by ¢. In many cases of W, the
interaction potential is attractive enough to compare the diffusion (a bit modified) to an Ornstein-
Uhlenbeck process, which gives access to its ergodic behavior. More works can be found in
Benaim et al. [1], Cranston and Mountford [7], Gauthier [10], Herrmann and Roynette [11],
Herrmann and Scheutzow [12], Mountford and Tarrés [16], Sun and Yan [20, 21], Yan et al. [24],
and the references therein.

On the other hand, inspired by Chakravarti and Sebastian [4] and Cherayil and Biswas [5],
Yan et al. [24] considered an analogue of the self-attracting diffusion driven by fractional
Brownian motion and studied the next linear case:

=B — 9// — XMdrds +vt, t>0, (1.3)

where B is a fractional Brownian motion (fBm, in short) with Hurst parameter % <H<1.
The solution of (1.3) is a Gaussian process, and when 6 >0 Yan et al. [24] showed that the
solution converges almost surely and in L?, to a normal random variable, as ¢ tends to infinity.
Moreover, Gan and Yan [9] and Sun and Yan [21] considered the parameter estimation of (1.3),
by using the least squares method due to Hu and Nualart [14].

In this study, our idea arises from the following simple analysis. Using integration by parts,
Equation (1.1) can be rewritten as

t s
X; :x—i—Bt—H/ / rdX,ds+vt, t=0.
0
Inspired by this result, one can consider the equation

t s
X;=x+ By + / / g(r, X, )dX,ds + vt.
o Jo
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As an attempt, in this paper we consider the equation
Xf=2+Bf + / / YAXHds + vt (1.4)

with v € R, where g is a Borel function and B is a fractional Brownian motion with Hurst
index 0 < H < 1. When g(r) = a # 0, the equation is a classical Ornstein-Uhlenbeck process

XH :x+BtH+a/0tdes+z/t.
When g(r) = ar(a # 0), the equation is the linear self-interacting diffusion
X =z+ B —&-a/ot/os(X;H — XMydrds + vt.
Equation (1.4) can be rewritten in the following form:
X =a2+ B —i—/ot /OS(Xf — XH)dg(r)ds + vt (1.5)

if g(0) =0. This performance enables a good understanding of the physical explanation of
Equation (1.4) and the meaning of the weight function ¢ — ¢(¢) in the model. We will also find
that the function ¢— g(¢) determines the rate of divergence and convergence of the solution
process X .

Denote G(t fo s)ds and & fo e~¢MdBH with t>0. In this paper, we only
consider the case where g is nonnegative, and the case where g is nonpositive is considered in
Sun and Yan [22]. At this point, the solution to (1.4) is self-repelling and our main purposes are
to expound and prove the following statements.

(i) Let g € C®(Ry). If as t — oo, either g(t) = +o0o0 or g(¢t) = 0 and tg(t) — +oo; then,
under some suitable conditions there is a sequence {\,,n > 1} of nonzero real numbers such that

I 059) = g(t)e X[ — el v
and
i (n39) = G(t) (Jf (n = 119) = Mo (6 +v)) — A (X + )
in L2 and almost surely for every n > 1, as ¢ tends to infinity, where \g = 1.

(i) Let 2Slim g(t)=0>0, g € C*([0,00)), and g(t) > 0 for all ¢ > 0. Define the sequence of
—00
the functions ¢t — F,,(t), n=0,1,2,... by
1 1 d

Fo(t) =t Fi(t) = — F,(t) = F,_1(t
with ¢ > 0. If
B4 ()
Am g () =0, lim =55 =

for all n > 1, then, as ¢ tends to infinity we have

Fia@)

3 (nig) 1= =2 (T = 110) = (17 (€ 0)) — (1" (€ )

in L2 and almost surely for every n > 1, where J#(0;g) = JZ(0;¢).
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(iii) Let g € C(R4) and let either tlim tg(t) =0, G(+00) = 0o or [, ug(u)du = oo, G(+o0) =
—00
K, € (0,400). Define the sequence of the functions

Bolt) = t, Bi(t) = /O sg(s)ds, Puir(t) = /0 Ba(5)g(s)ds

If thm Bn(t) = oo for all n > 2, then, as ¢ tends to infinity, the convergence
—00

~ 1
JtH(O;g) = Ee*G(t)XtH — fg +v

and

iy Baea(t) (5 _ n— n
I msg) = S (= 19) = (0" (€4 w) ) — (1) ()

hold in L? and almost surely for every n > 1.
(iv) Let g € C*°(R4) with g(¢) > 0 and tlim tg(t) = Q > 0. Define the functions {F},(t),n > 1}
—00

by the following recursion formulas

b (r) — fon tgt)—-Q o1 d R 1 d -
Fo(t)=t, Fi(t) = O Fy(t) = E&F 1), Fot)= E&F 1(t)
fort>0and n > 2. If
li Fn+l(t) _
t—o0 Fn(t)

for all n > 1, we then have that

th(O; g) = e_G(t)XtH — Eg +v

t

and

F,_q(t)
Fo(t)

I (n;g) = (S (n=19) = (=" (L +v)) — ()" (2 +v)

in L? and almost surely for every n > 1, as ¢t tends to infinity.

The convergences are new, even in the case of Brownian motion. Furthermore, when ¢(t) =0
in the statement (i), Equation (1.4) degenerates into the classical Ornstein-Uhlenbeck process;
however, the convergence in the statement (ii) does not hold. Although many authors studying self-
interaction diffusion have highlighted that it can be compared to the Ornstein-Uhlenbeck process,
examining the limit characteristics of self-interaction diffusion does not appear in classical
stochastic differential equations. This once again demonstrates the theoretical significance of
studying self-interaction diffusion, even in linear cases. The rest of this paper is organized as follows:
Section 2 presents some preliminaries. In Section 3, we prove the statement (i) and calculate the
sequence {\,,n > 0}. In Section 4, we obtain the statement (11) In Section 5 we check that the
statements (iii) and (iv) hold, and consider the case [, ug(u)du < oo and G(+o0) = Ky €
(0,400).

2. Preliminaries

In this section, we describe some basic facts on the stochastic calculus with respect to a

fractional Brownian motion with %< H <1 and when H :% we denote BY by B. Some

surveys and more details can be found in Biagini et al. [3], Hu [13], Mishura [15], Nourdin [17],
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Nualart [18] and Tudor [23].

2.1 Fractional Brownian motion

Throughout this paper we assume that % < H <1 is arbitrary but fixed and we let
BH = {BH t > 0} be a one-dimensional fBm with Hurst index H defined on (Q, %%, P) such
that .#H is the sigma field generated by BH.

A fractional Brownian motion (fBm) B¥ = {B} t > 0} with Hurst index H is a mean zero

Gaussian process such that
1

for all t,5 >0. For H=1/2, BH coincides with the standard Brownian motion B. B is
neither a semimartingale nor a Markov process unless H = 1/2, therefore, many of the powerful
techniques from stochastic analysis are unavailable when dealing with B . As a Gaussian process,
we can construct the stochastic calculus of variations with respect to BF. Let # be the
completion of the linear space & generated by the indicator functions 1jg4,t € [0, 7] with respect

to the inner product
1
(Ljo,s]> Lo,1)) e = 5 (27 + s*7 — |t — s|*M]
for all s, € [0,7]. When § < H < 1 we have

T T
lollze =an [ [ ot0retele— s 2asar < oo}

with ay = H(2H —1). The elements of the Hilbert space s may mnot be functions but
distributions of negative order (see, for instance, Pipiras and Taqqu [19]) provided § < H < 1.

%”:{@:[O,T]%R

Therefore, to avoid unnecessary trouble, we introduce a subspace of 7 as follows
7] = {¢:[0,T] = R | [l¢]ljoe| < oo}

with
T T
Il =an [ [ leolletole - s 2dsa

for all 3 < H < 1. It is not difficult to show that |.7#| is a Banach space with the norm | - [||¢|;
& is dense in |7, and
L2([0.7)) € L# (0, 7)) € | #] € 2.
Define the linear mapping ¢ — B (¢) on & by
T
Lo, — BH(l[o,t]) ;:/ 1[0,t]dBf =B, te[0,T]
0

for every T > 0. Then, the linear mapping is an isometry from & to the Gaussian space
generated by B and it can be extended to .7, which is called the Wiener integral with respect
to BH, denoted by

B (p) = / o(t)ABf

for all ¢ € 2. If the Wiener integral fOT o(t)dB}! is well-defined for every T' > 0, we can define
the integral
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/ " pyapt (2.1)

for any ¢ satisfying |¢[|%, < co. Thus, we call (2.1) the indefinite Wiener integral. Moreover,

we have
| etnanl = e - [ Bt (2:2)

for any ¢ € |.52].
B admits the integral representation of the form

i
B :/ Ky(t,s)dBs, 0<t<T, (2.3)
0

where B is a standard Brownian motion and the kernel Ky (t,s) satisfies

St = (1 =3) (5) " e

with a normalizing constant kg > 0 given by

( 2 )1/2
Ryg = .
(1-2H)B(1—2H,H + )

We have

1 k :
Kg(t,s) = (H— 2) KHS%_H/ uH_%(u— S)H_%du
s

for £ < H < 1. Define the operator K} r¢p on  as follows

T T
(Kinro)) = [ 25 et = o (1= 3 Jud ™ [ e3 -t

with % < H < 1. Then, we have

T T
B o) = | elanl = [ Kigrets)an,. (2.4
Using the relationship, we can show that the inequality (Mishura [15])
T
E | sup / gp(s)dBH CH/ / r)||s — r|*2~2drds (2.5)
Ty <t<Ts | J1 T

holds for all % SH<1,0<TI <Ta <T <400 and ¢ € |77]. In fact, we have that
T T T
/ ¢(s)dBl = / @(3)1{t<s<T}dBf = / (Kirelpr) (s)dBg
t 0 0
1 T H H— 1 H 3
= (H— 2) ,‘iH/ §27 2(r—s)" " 20(r)lygr<rydrdBs
0

_ (H_;) ,«UH/tTrH—%@(r) (/O si- H(T—S)H—ist> dr

for all t < T < 4+o00. Combining this with the fact

-

TAY 3
| e = )= )R = B2 = 21 = ) (a2
0
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for all z,y >0 and % < H < 1, the left hand side in (2.5) becomes smaller than the following

(H - ;)2 (ku)*E (/TT rH=3)p(r)| /0 s H(p — s)Hgst‘ dr>2

71 A\T2
—CH/ / rlrg lo(r1)||e(re) |/ s'™ 2H[( —5)(re —s)]H_%dsdrldrg
™ JT

equation:

yen / / o(r)lle(ra)llr — ra?H~2drydrs.
T T

2.2 The linear self-interacting diffusion with weight

Consider the equation
=Bl + / / r)dXHds + vt (2.6)

with v € R, where ¢ is a Borel function and B is a fractional Brownian motion with Hurst
index 0 < H < 1. Denote G(s fo r)dr and define the kernel function

hg(t,s) =1 +g(s)e_G(S)/ eCWdy
S

for 0 < s < t. Then, using the method of variation of constants (of course, using the integration
by parts also), we can show that the solution of (2.6) satisfies the representation

t t
XtH:/ hg(t,s)dBf—f—u/ hg(t, s)ds. (2.7)
0 0

Throughout this paper we assume that g € C(Ry) and g(¢) >0 for ¢t > 0. Our discussion is
decomposed into G(+o00) = tlim G(t) =00 and G(+o0) = Ky € (0,400). Moreover, the case
—00
G(+00) = 400 can be decomposed into the following three cases:
g(t) — +oo as t — 0o;

)
g(t) — G(+00) = 400 as t — o0;
(t)—>9>0ast—>oo

3. Recursive convergence I

Starting from this section, we will investigate the long-term behavior of the solution to (2.6).
In this section, we obtain an asymptotic behavior with recursive convergence under the
following situations:

Jim g(t) = 400 (3.1)
and
Jim g(t) =0, lim tg(t) = +o0. (3:2)

Lemma 3.1 Let g € C*(R) satisfy either the condition (3.1) or the condition (3.2). Define the
sequence of the functions t — F,(t), n=0,1,2,... by

R)=t. Rl)=_&
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with t > 0 and suppose that there is a sequence {\,,n > 1} of positive numbers such that

ans(0) = G0 { (DGO L) Ay} 0 (33)

foralln>j>1, ast tends to infinity. Consider the function
t
I(t) = g(t)e ¢® / eCWdy —1
0

and the functions t — Iy(t;n), n=1,2,... defined by the following recursion formulas:
Iy(t;1) = G()I(1), To(tn+1) = G(t) [Iy(t;n) — An]
with t > 0. Then, we have
lim 1, (t;7) = A

t—o0

for everyn > 1.

Almost all positively differentiable functions satisfy the above condition (3.3) if it tends to
infinity and
/
A
t—o0 92 (t)

For example, the functions g(t) = (1 +1), log®(1 +t), ", (1 +1)*(1 +log(1 + ¢))? with a >0
and p € R satisfy the conditions in Lemma 3.1. In fact, for such functions we have
d

()"

F(t) = Am =0, Ym > 1.

Proof of Lemma 3.1 The proof of the lemma is the same for functions that satisfy the
conditions (3.1) and (3.2). We must only prove that this lemma holds for functions satisfying the
condition (3.1). Denote

H,(t) = e® — Z GJ

for every n € {1,2,...}. Because
SO 1 G)

P g gl

)

we have H,(t) ~
Fn+1(t) that

ﬁG”(t) as t — 0. It follows from Taylor’s expansion and the definition of

n

1 .
; G(t) _ Iliay) _
lim | e ;O GO | Faa(t) =0 (3.4)

for every n € {1,2,...}. We can establish this lemma by expanding the function ¢ — I,(¢) into a

polynomial of the form
> (-1 ) + An(t)
k=1

for every n € {1,2,...}. Using integration by parts, we obtain
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t
I(t) = g(t)e ¢® / eCWdy —1
0
t
— g(t)e= " / Fy(w)d(e®® — 1) — 1
0
t
=g(t)e CO R (£) (e —1) -1 — g(t)e_G(t)/ (e —1)dF (u)
0

t
— O ()OO / (90 1)dF, (u)
0

= —e %O _g1)e D [ Fy(u)d(ef™ — G(u) — 1)

- %Fl (t) + g(t)e~E® ; F3(u)d <eG(“) - %GZ(u) - G(u) — 1)
= <§tFo(t) + %Fl(t)(G(t) +1) - %FQ(t) (;GQ(t) +G(t)+ 1>) e~
- A0+ R0 90 [ (00 Se2w) - 6 - 1) artu)

for all ¢ > 0. Then, by continuously applying integration by parts m + 1 times, I,(t) can be

expressed as

Iy(t) = *gFl(t) o+ (fl)mdi

dt () + (Con + (1) €7D + Ay (2, m) (3.5)

for all t > 0 and m > 1, where a,,(t) is an infinitesimal as ¢ — co and
t m 1 )
Ag(t,m) = (=)™ g(t)e / (eG<"> -2 5¢ <u>) dFy ().

Combining this with the definitions of I,(¢;n), we obtain
d d
I,(1:1) = G, (1) = ~G) S Fi(1) + G0 S ()
+G1)>

1(6:2) = G0 Iy (1) = Ml = G0 3, Falt) = GO Fa0) + 610 { -G A — x|

1Y SE ) + G(0) (Co + alt)) e OO+ G(0) A, (1, m),

—~

dt

+G2(t) i(—l)j*Fj(t) + G2 (1) (Crn + am (1) e + G2 (1) Ay (t,m),

and
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n—1

+Zozm

§(8) + (Con + () G" (8)e™ ) + G™ () Ay (t, m)

Iy(t;n) = (=1)"G" (1)

n

M§ &\a

Jj= n+1

for every integer 2 < n < m. On the other hand, using L’Hospital’s rule and (3.3) we obtain

t
lim G*(t)g(t)e¢® / Fl i (uw)ef™du
0

t—o0

_ 1 / G(u)
= e )gl(t)eG(t)/ Fnsa (e du
~ m Fra(t)

t=o0 —kG=RETL(t) + F{()G7F(t) + G+ (1)

. G (1) Fyi (1)
155 —RGmR(t) + FL(6)G™ L (E) + Gk (1)

=0 (3.6)
and

lim G*(t)g(t)e”¢® /t GI(u)dFypqq1(u) =0 (3.7)
0

t—00
for all integers 0 < j <n < m and 1 < k < n, which means
G"(t)Ag(t,m) — 0 (t = o)
for every integer 1 < n < m. It follows from (3.3) that
I (t;n) — A (t — 00)
for every integer n > 1. This completes the proof. |

Lemma 3.2 Let % < H <1 and let g satisfy the conditions of Lemma 3.1. Then, the random
variable [;° I1,(s)dB is well-defined as an element in L?, and

/ s)dBH —; / s)dBE  (t — o) (3.8)
in L? and almost surely.

Proof We first consider the convergence in L?. By Lemma 3.1 we find that I,(t)G(t) — A1, as
t tends to infinity. It follows from the continuity of g and g(t) — oo, as t tends to infinity that

E (/Ooo Ig(s)st>2 = /OOO I,(s)%ds < oo
E (/Ooo Ig(s)dBf>2 =ay /OOO /0oo I (8)I,(r)|s — r[*" ~2drds < oo

with % < H < 1. Similarly, we also have

o0 2 o0
lim E (/ Ig(s)dBS) = lim I,(s)%ds = 0,
t

t—o0 t—o0 t

(o)
lim F (/ Ig(s)dBf> = ay lim / / — 21 =2drds = 0,
t— o0 t t—oo

and
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which implies that the convergence (3.8) holds in L? for < H < 1.
We now check that the convergence with probability one. We have

d t t
&Ig(t) =g/ (t)e ¢ / eCWdy — g(t)2e ™ / eCWdy + g(t)
0 0

t t
=g/ (t)e ¢ / eCWduy — g(t) (g(t)e_G(t)/ G dy — 1)
0 0

= 20 L atn 0+ 3+ 60 2010 +1- 1
= - g(é)) {Zy(t1) = M} + g((?) {G(t)gg;gl [, (1) +1] - )\1}
- (g;((?) {Lg(t:1) — M} + g((?) (G(t) g(gl - Al) [T,(t) +1] + (g;((i))lg(t))\l
- Gg((gg {G(t) {I,(1) = M} +G(t) (G(t) ;’(Sg = )\1> [1,(t) + 1] + G(t)L, (t) Al}
= g’((f))g {—G(t) {Iy(t:1) = M} + G() (1) (—G(t)iFt) — G(t) (G(t)iFt + )\1> }

for all ¢ > 0. It follows from the condition (3.3) that

> d a.s
/ BY —1,(s)ds ¥% 0
t

s ds g
as t tends to infinity. On the other hand, Lemma 3.1 and the mean value theorem give

A A
G(t) tg(t) + ta(t)

S

BI 2% 0 (t — o0)

LBE 5 Bl =

for all 0 < H < 1, where a(t) is an infinitesimal as ¢ tends to infinity. Therefore, we obtain the

desired convergence

oo oo d R
/ I,(s)dBY = —1,(t)Bff — / B d—Ig(s)ds 250
t t s

for all 0 < H < 1, as ¢ tends to infinity. O

Lemma 3.3 Let % < H <1 and let g satisfy the conditions of Lemma 3.1. Define the process
e = /tg(s)e_G(s)dBSH, t>0.
0
Then, the random variable ¢ := fooo g(s)e= G dBE is well-defined as an element in L? and
G () (6L - &) —0

in L? and almost surely, as t tends to infinity, for all n > 0, where W(t) = g(t)e=¢®) fot Gy
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Proof When H = % the lemma is clear. Now, let % < H < 1. The random variable ¢ is well-

defined as an element in L?, and from the mean value theorem and the continuity we obtain
t+x
e G / g(y)dy = ze O g(t + 0z) < Cha
t
for all = € [0, 1] and some 6 € [0, 1]. It follows that

+oo +o0
/ g(s)e” GG (s — 1)2H 245 = / gt + z)e- G+ 2024,
t 0
+o00o
_ / 2202 (e—G(t) _ e_G(t“‘x))
0
o0
=(2- 2H)/ L2H=3 ((;G(t) B 67G<t+z>) e
0
—+00
= (2 — 2H)/ 1'2H_3 (e_G(t) _ e—G(t+$)> d:r
1

1
- 2H)/ L2H=3 (efG(t) B 67G(t+m)) da
0

1
<14+(2- 2H)/ x2H=3 (e_G(t) — e_G(H’”)) dz
0

1
<1+(2- 2H)/ p2H=3,—G(®) (1 _ efG(tJrac)JrG(t)) da
0

1 t+x
<1+ (2- 2H)/ xQH_?’e_G(t)/ g(y)dydz < Cy (3.9)
0 t

for all t > 0. Combining this with L’Hospital’s rule, we obtain

t—o0

+oo “+oo
Ay(H) := lim eG(t)/ / g()g(r)e=GEO=C0) (1 _ §)2H=24p(5
t s
+oo
= lim g(5)e™ ) (s — 1)2H2ds < Oy
t—oo [,

for all % < H < 1, which implies that

+oo “+oo
Jim G E (¢ — 1)} = 20 Jim GO [ [ g(s)gr)e %O - o 2rds
o0 o0 t s
=2apy tlim G(t)*e SN (H) =0
— 00

for all % < H < 1andn > 0. This gives the convergence in L? because ¥(t) — 1 as t tends to infinity.
We now verify the convergence with probability one. Using integration by parts and L’Hoéspital’s
rule we have

GO (€~ €)= 60" [ g(s)e CDap!

t

— 4G e COBH _ Gty /°° BH {g'(s) — g(s)2} e~ C@ds 2% 0

< H <1, as t tends to infinity. O

1
for all 5

Lemma 3.4 Let g satisfy the conditions of Lemma 3.1. Then, the convergence
JH0:9) == g@)e COXH — e L1y (t = 0) (3.10)

holds in L? and almost surely.
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Proof We have

3 (059) = g()e OOX]" = gt)e 0 [
0

t t

hg(t,s)dBf—i—Vg(t)e_G(t)/ hg(t,s)ds
0

= o0 B+ g0 [ a0 [ S
= g(t)e “UB{T — g(t)e ¢ /O (€ ) Cdu+ (€7 + 1) glt)e OO /O O
= g(t)e=¢1 {B,fq — /t e“Wdy /t g(s)e_G(s)stH}
0 u
—g(t)eC® </Ot eG(“)du> /00 9(s)e~COABH + (€1 + 1) g(t)e~CO® /t G 4y

t 0

t t
= =g [ (Bl — w(e) (€~ 1) + (¢ +) g0 [ S au

for all £ > 0. It follows that
t
T (0:9)— (€2 +v) = (€ +v) Iy(t) — g(t)e= ¢ / L(s)dBl! —w(t) (X -&7)  (3.11)
0
for all ¢t > 0. On the other hand, using Lemma 3.1 and the proof in Lemma 3.2 we find that

t t
d
g(t)e‘G“)/ I,(s)dB = g(t)e 1, (t)B/! —g(t)e‘G(”/ B T Iy(s)ds — 0
0 0

in L? and almost surely, as ¢ tends to infinity. Combining this with Lemma 3.1 with n = 1 and
Lemma 3.3, we show that

I 0;9) — €L +v

in L? and almost surely, as ¢ tends to infinity. O

Theorem 3.5 Let % < H <1 and let the conditions in Lemma 8.1 hold. Recursively define the
processes JH(n;g) = {JH (n;9),t >0}, n=1,2,... by

T (n;9) == G(t) (T (n = 159) = Ma (€L + 7)) .
Then, we have
JH(n;g) — M (50’12 +v) (t—o0) (3.12)
in L? and almost surely for every n > 1.

Proof Clearly, using (3.11) we obtain
I (19) = G(#) (J{'(059) — (6 +v))

(620 +v) GO I,(t) - G(t)g(t)e_G(t)/0 Iy(s)dBI — G(t)¥(t) (&5 — &)

(€ 40) 1,0:1) ~ GO [ 1,(6)BE G (¢ - &)
0
and

I (nyg) = G(t) (J (n—1;9) — Ny (€2 +v))

= (& +v) Iy(t;n) — G(t)"g(t)e_G“)/O Ly(s)dBJ — G(6)"¥(t) (&5 — &)
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for all ¢ > 0 and n > 1, where I (t,n) is defined in Lemma 3.1. On the other hand, using Lemma
3.1 and the proof in Lemma 3.2 we obtain

t t
GO g0e 0 [ 1,98 = G0 gte COL OB - G g [ B L1 (s)ds — 0
0 0

in L? and almost surely, as ¢ tends to infinity. Thus, the theorem follows from Lemma 3.1,
Lemma 3.3 and Lemma 3.4. O

Remark 3.6 From the expansion (3.5) of the function t — I,(t), we can also show that
F 1 (t)

JH (n; g) = o)

(J(n=19) = ()" (€L +v))) — (D" (€L +v) (t—o0)
in L? and almost surely for all n > 1 if

[ (O N ()

gOF ()" Fy (1)

— 0,

as t tends to infinity for all n > 1.
Example 3.7 Let g(t) = t* with o > 0. Then, we have
Fi(t)=t"% F,t)=(-1)""a(l+20)(2+3a)---(n—2+ (n—1a)t " 1tne

with n > 2, and

« 1
- = a(1+2a)(2 c(n—1 .
A= M (1+a)”a( +20)(2+3a) - (n—1+na)
Moreover, we have
4
(=1)7GI (1) Fi(t) = Ay =0

forallt >0 and j > 1. It follows from Theorem 3.5 that
JH(0;9) := t(’e_ﬁtHaXtH — e 4y

and
t1+oc

I (nyg) == a

in L? and almost surely for everyn > 1, ast tends to infinity, where \g = 1. When o = 1, we obtain

1

(J(n—159) = Ao (€2 +0)) — N, (€2 +v)

4. Recursive convergence II

In this section, we obtain the second recursive convergence on the solution to (2.6) under the
following situation:

lim g(t)=0>0, g(t)#6 (t=0). (4.1)

t—o00
The asymptotic structure of this situation depends entirely on the structure of infinitesimal
g(t) — 0 and the velocity tending to zero. Thus, the process (2.6) does not coincide with the (non-
ergodic) Ornstein-Uhlenbeck process

dx}' = dBf + 0x [ dt + vdt.
The asymptotic behavior obtained in this section is ineffective for the Ornstein-Uhlenbeck process.
Keep the notations in Section 3.
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Lemma 4.1 Let ¢ satisfy the condition (4.1) and g€ C®(R), and let the sequence
{F,(t),n > 0} be defined in Lemma 3.1 such that

/
for all n > 1. Define the functions fg(t; n): Ry =R, n=1,2,... using the following recursion
formulas:
/
(D) = g hy(®, Tyt = 2 [ -1 - ()
for n > 2. Then, we have
lim I,(t;n) = (-1)" (4.3)

t—o0

for everyn > 1.

Remark 4.2 When g(t) — 60 =0, the condition (4.2) does not hold. The condition (4.2) gives
the ratio of ¢'(t) tending to zero. There are many differentiable functions t — g(t) that satisfy the
condition (4.2). For example, the functions satisfying one of the following conditions:

g(t)—0=0 ((1 + t)_o‘) , gt)—60=0 (log_o‘(2 + t)) (t = o0)

with a > 0. However, such a function g(t) =0+ O (e ") (t—o00) does not satisfy the
condition (4.2).

Proof Similar to Lemma 3.1 we can obtain the lemma. In fact, using the proof of Lemma 3.1

we obtain
d d

Iy(t) = _&Fl(t)—i—...—i-(—l)m&

for all £ >0 and m > 1, where ay, () is an infinitesimal as t — oo and

Fon(t) + (Crm + am (1)) =0 + Ag(t, m)

Ay(t,m) = (=)™ g(t)e=C® /0 S0 =5 L Gi(u) | e ().

Combining this with the definitions of f_q(t; n), we obtain

I,(t:1) = %Ig(t) =1+ ?ﬁg + F{l(t) (Cy + an(t)) e M 4 0 A,y (t,2)
and
Iy(tin) = (-1 + <1>”+1Fg{gg) +(Conr + n(8) e 0 + s Aytn 1)

for every integer n > 1.
On the other hand, by using L’Héspital’s rule and (4.2) we obtain

. 1 —G(t K ! G(u . 1 ! G(u
tll}glo %8 ( )/0 Fn+1(u)e ( )dU:tEI&W . F7IL+1('LL)€ ( )du
F/

= Jim F'(t) ++F7Q(t)g(t) =0 (44)

and
1

S0

e ¢ /Ot GI(u)dFyqq1(u) =0 (4.5)
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for all integers 0 < j <n <m and 1 < k < n < m, which means
1
for every integer n > 1. It follows from (4.2) that
Ly(t;n) — (=1)"  (t = o0)
for every integer n > 1. This completes the proof. |
Theorem 4.3 Let % < H < 1, and let the conditions in Lemma 4.1 hold. Recursively define the
processes JH (n;g) = {JH (n;9),t >0}, n=0,1,2,... by
A 1 o
J59) = s (JF1(0:9) — €2 +v)
t ( vg) Fl/(t) t ( 79) goo"'y
and
. E () /- e
I wig) = —rtse (A= 159) = (1" (€ +0))
where JH(0;9) = g(t)e SO X . Then, we have
I nig) — ()" (€2 +v)  (t—o0) (4.6)

in L? and almost surely for every n > 1.

Proof Using (3.11) we obtain

T (1,9) = F,( 7 (7 (0:9) = (€2 +0))
= (€ 40) gt — 200 [ 1y - 2 (el - )
= (€ ) 01) — ke [ eant - T (e - )
and
T mig) = ot (70— 150) - (1 (€ +0)
= (¢4 0) Dt - S0 [yt - 20 (e - )

for all t > 0 and n > 2, where U(t) = g(t)e~¢® f; G dy,
On the other hand, (4.3) implies that

/ s)dBH — / s)dBH  (t — o)

in L? and almost surely. Using L’Hospital’s rule and (4.2), we obtain

i ; 1 - 2 —2G(8) 1o —
tlgrolo (Fr/l(t))Q (5 —& ) - (F/( )) /t g(s)7e ds=0
for H = % and
. 1 ) 1 oo poo s - -
% (E D)2 e - &) _}H&W/t /t g(r)g(s)e= ¢TI~ |5 — p2H=2qrds = 0

for 1 5 < H <1, which shows that
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g VO (€2 - ) —0 (= o0)

in L? for all $ < H <1 and n > 1. Moreover, by (4.2) we also obtain

g [ ~G(s
O (€ =€) ~ o [ st any

n

_ Fgrlt(zz) e_G(t)BtH _ Fll(t) /OO Bf [g/(s) — 9(5)2] e—G(s)dS -0 (t - OO)

almost surely for all 1 < H <1 and n > 1. Thus, the theorem follows from Lemma 4.1. O

Remark 4.4 In this section, to give asymptotic behaviors with recursive convergence, we
assume that g is differentiable. When g is not differentiable we also can obtain the diverged speed
of the solution X ; however, we cannot obtain such recursive asymptotic behavior.

Example 4.5 Let g(t) = %jti =1- 2—“ Then, we have

0 L 7 S ) o
Fl(t)_ (1+t)27F2(t) (1+t)377Fn(t) (1_|_t)n+17

as t tends to infinity for all n > 2, (4.2) holds. It follows from Theorem 4.3 that

1 :
JtH(O,g) _ (1 o ) eft+log(2+t)flog2XtH N foli +u

2+t

and

Yaw o {019 - (-0 €4 0)} — 17 (€ 4+ 0)

n

in L? and almost surely for every n > 1, as t tends to infinity.

5. Recursive convergence 111

In this section, we obtain the third recursive convergence on the solution to (2.6) under the
following conditions:

/000 ug(u)du = 0o, G(+o00) =Ky >0 (5.1)
and
Jim tg(t) =0, G(+o0) = 0. (5.2)

We keep the notations in Sections 3 and 4 and define function

- 1 ¢
Iy(t)=1- ge_G(t)/ eGds
0

with ¢t > 0.
Lemma 5.1 Let g € C(R}) satisfy either the condition (5.1) or (5.2). We define the functions
{Bn(t),t =1} and {I,(t;n),n > 1} by the following recursion formulas

Bot) =t, Bu(t) = /O sg(s)ds, Buir(t) = /0 Bu(s)g(s)ds

and

i T T /871 (t)

150 = 55 1@, Dl = 5= [ltn =1 = (-]

0 and n> 1. If B,(t) — +o0 as t tends to infinity, for all n > 2, we then have, for
0
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_ Bana(t)
Am s =0 (5:3)
and
lim T, (t;n) = (=1)". (5.4)

t—o0

Remark 5.2 The condition (5.2) implies that tlim Bn(t) =00 for n > 2. However, when the

condition (5.1) holds, the limit lim (8, (t) may converge, for example, g(t) = (Ht)Q. Thus,
t—o0
¢
1
t) = ds=log(l4+1¢t)—14+—
51(0) = [ sao)ds =log(1+0) =1+ 1
and
t oo
ds ds
0< lo 1+57—>/ log(1 + s < 00,
0 = [ somtits < [P+ — [t r

as t tends to infinity.
Proof of Lemma 5.1 The convergence (5.3) exists owing to

Bt Jysgls)ds
tlggoﬂo( ) :tligloof =0

and the inductive method. For the convergence (5.4), integration by parts is applied
continuously to obtain

. 1 ! 1 !
Iy(t)=1- ;e_G(t) / eCds = Ee_G(t) / sg(s)e®ds
0 0

¢
:le—G(t)/ e dp, (s)
0

t
= 110 - 300 [ ()95
= 11(0) -~ 30 [ (s
= 10— 1500+ 3750 [ g1
IS g ¢y Leme / tg(S)ﬂ (5)e6
t t
k=1 0
for all t > 0 and m > 1. It follows that
(:0) = 550 = 1= 5y | o9 0as — 1 5:5)
and
fr(t)

Fyt1) = S0 ~1} = <1+ s [ a()ma(s)e s — 1

as t tends to infinity. Moreover, by taking m = n

foltim) = @[jigt()t) {Ltn 1) = (-1}

= (1) () s [ 0B — (1)
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as t tends to infinity. This completes the proof. O

Lemma 5.3 Let the conditions in Lemma 5.1 hold. Then, for alln > 2 and v € (0,1) we obtain

lim A0 ()

Jim = =0, (5.6)

Proof Using the principle of induction one can establish the convergence (5.6). By applying
the induction method, we first obtain the convergence

lim
50 B (2)

for all n > 1 and any « € (0,1). L’'Hospital’s rule and fo s)ds = oo (t — oo) imply that

=0 (5.7)

«@ Oéta_l

. . 1
Mg T e T MmO (58)
for any a € (0,1). According to L’Hospital’s rule and the arbitrariness of o € (0,1), we get

«@ at® 1 1 tn—i—a
lim —— = lim —— = a lim . =0

t=o00 fn(t)  t=oo g(t)Bna(t) oo titig(t)  Bna(t)
for all k € (0,1) and 0 < kK +« < 1, if (5.7) holds for n — 1, and the convergence (5.7) holds for
all n > 1 and any a € (0,1).
(5.6) is an immediate result of (5.7). Therefore, the arbitrariness of « € (0,1) implies that
Bt i)
Bult)  Palt) toty

by taking @ = 1 — . This completes the proof. O

— 0 (t— o0)

Lemma 5.4 Let the conditions in Lemma 5.1 hold. Then, we have
~ 1
Ji(0,9) := e COXH el 4y (5.9)
in L? and almost surely, as t tends to infinity.
Proof Consider the decomposition
FH U avrmr L —am [° g, o [
J;(0;9) = 7€ X, = 7€ hg(t,s)dBg" + Ve hg(t, s)ds
0 0
1 _ 1 ¢ 1 _ ¢
= e COBH 1 Ze=CM) [ ¢H Gy 4 y—e= GO [ Ly
t t v t

0 0

1 1 t ) ,
= 3¢ OOBH — 300 [ (€l —lf) S dut (6 +v) 7700 [

1 t 1 t 1 t
= — fefc(t)/ I,(s)dBH — fefc(t)/ eCWdy (e — &+ (e +v) fefc(t)/ CWdy
13 0 13 0 t 0
and
- 1 t
JtH(O;g) — (fg + 1/) = -3 G(t)/ Ig(s)dBf
0

1 t i
Lo [Nl gy - (e n L G)
t 0
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for all t > 0.
We first obtain the convergence with probability one. By Lemma 5.1 we can find that

t
[ 1)z
0

does not converge as t tends to infinity, because
t t
1
I,(t) = g(t)eiG(t)/ CWdy — 1 = tg(t) - ;eiG(t) / CWdy —1 — —1,
0 0
as t tends to infinity. However, using tlim tg(t) =0 and (2.5) forall n > 1 and 0 < 7 < 1 we obtain
—00

¢
T e G / I,(s)dB?
0

t
/ Ig(s)dBf
0

Cu sy [T Thi1  _sc(t,)
< T272‘r€ 0 (Ig(s)) CHT2 27.6 (511)

2
El sup

T <t<Tyi41

2
672G(TH)E

sup
Tn<t<Tn41

< T2—27’
n

with H = = and

t 2
E sup tTﬁle*G(t)/ I,(s)aB?
Tn<t<Tn+1 0
1 t ?
< 2_27_672G(T")E sup / Ig(s)dBf
T Tp<t<Tni1 |J0
CH B n+1 _
T2 € 2G(Tn )/ / g(s)||s — 2 2drds
C _ n+1 n+l oy _
< Tzife 2G(T")/O /O — | 7%drds < Cp 2+;Te 2G(Tn) (5.12)

with 2 5 < H <1, where {T},,n > 1} is a sequence of positive numbers such that T}, 1 co, which

5) (5.13)

converges for all % < H < 1 by taking T,, = n® with x > 2(177% and 0 <7< 1—H, and so

shows that the series

00 t
ZP( sup t'r*le*G(t)/ I,(s)dBE| >
n=0 0

Tn<t<Tn41

t71 /t I,(s)dBY — 0 (t — o) (5.14)
0

almost surely for all 0 <7< 1— H and % < H < 1. Similarly, for all n > 1 and 0 <7< 1 we
also obtain
2

E sup 27 ’ §tH|
T <t<Tpi1

+o0
T2, B [ st
t

sup
Ty <t<Tpi1

+oo
<CuTihy / l9(s)|?e 24 ds < CTzll(Tn)_le_QG(T") (5.15)

Tn

with H = = and
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2
sup

+oo
/ g(s)e ¢ dBH
T <t<Tni1 |t

—+oo —+oo
<cmlfl{/ L/ g(r)g(s)e=CTI=CC) |5 _ pPH-2drds
Ty

< Cay T2 T -2¢-26(T) / / y\QH*Q—dzZy (5.16)

E| sup 7 |¢h — ¢l

T <t<Tyi41

o
+1E

with % < H < 1, which shows that the series

zp( wp [ el >s)
n=0

T <t<Tyi41

converges for all % < H < 1 by taking T, = n" with & > and 0 <7< 1— H, and so

1
2(1-H—71)
T (e -y —0 (t— o) (5.17)
almost surely for all 0<7<1—H and 1 < H < 1. Combining these with (5.10), (5.13) and
Lemma 5.1, we obtain the convergence (5.9) with probability one.
Finally, the convergence in L? follows from (5.11), (5.12), (5.15), (5.16) and (5.10). O

Theorem 5.5 Let % < H < 1, and let the conditions in Lemma 5.1 hold. We recursively define
the processes J™(n;g) = {JH (n;g),t >0}, n=10,1,2,... by

#mwr—m“(4<,>sm—)

and

T Bn— t 7 n—
3 mig) i= 2t (70 < 11g) - (-1 (¢ ).
Then, the convergence
JH(n;g) — (-D)" (2 +v)  (t — o) (5.18)
holds in L? and almost surely for every n > 1 .

Proof We first obtain the convergence (5.18) with probability one. For n = 1, using (5.7), (5.14)
and (5.17), we obtain

L am [* H_
61(t)e /OIg(s)st

1—7

t
Bi(t)

t
TTLem G / I,(s)dBY — 0 (t — o) (5.19)
0

and

L -om /teG(“)du (e8 —¢ )_ e G /teG(“)dw Uy (2 -¢y —0 (520
Bi(t) 0 ! £ 0 Bai(t) o

for any 0 < 7 < 1— H almost surely, as t tends to infinity. It follows from Lemma 5.1 that

JH(Lig) = — (& +v) - I,(t;0)

. ml(t)efG(t) /Ot I,(s)dBY — ,Bll(t)eic(t) /ot e“Mdu (€5 - &)
~ (50}2 N 1/) (5.21)

almost surely, as ¢ tends to infinity.
For any n > 2, by (5.7), (5.14) and (5.17) we obtain
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L _aw /t o T ew /t H
——e I,(s)dB," = % A I,(s)dB — 0 5.22
B (1) 0 (%) B (t) 0 o(s) (5-22)

and

L ow [f ew 0 _emy_ L o [M cwy T em m
Tn(t)e /Oe du (¢ - &) = e /Oe du ENO) (L -&) — 0 (5.23)

almost surely for any 0 <7 <1 — H, as t tends to infinity. Combining this with Lemma 5.1 we

obtain
T (n;g) = — (€& +v) I(tn—1)
L e [ H_ 1 _ew [ ow
a0 BB - g e /o du (6 — &)
— (~1)"(EX +v) (5.24)

almost surely, as ¢ tends to infinity, and the convergence (5.18) follows with probability one.
Now, we consider the convergence (5.18) in L2. Let n > 1. Then,

e—26() ! H P20 2 t 2G(t)
——F 1,(s)dB; :7/Isds<0 e ““\ —0
|, B 507 Jo 1S O
with H = 3 and
e~2¢ ! H P 200 2H 2 2 2G(t)
7E/I s)dB; // I( 5— “fdrds < C e” — 0
5,07 7y 1) Kol tollle = ENOE
with % < H < 1, as t tends to infinity, which proves
I _aw / ! H
—e I,(s)dBy — 0
Bn(t) o ! °
in L? for all § < H <1, as ¢ tends to infinity Similarly, we obtain

L —ew [ .om _

in L? for all % < H <1, as t tends to infinity. Combining this with Lemma 5.1, we show that
the convergence (5.24) holds in L?, and the theorem follows. O

Example 5.6 Let g(t) = m with p>0. Then, when 0<p< 1, the function g
satisfies the condition (5.2) and when p > 1, the function g satisfies the condition (5.1).
Furthermore, we obtain

241 24+t 24+t
)~ Bo(t) v —— o Bu(t) > —
/81( ) logp(2 +t) 52( ) logp+1(2 +t) 5%( ) 1ng+n(2 +t)

for all m > 2. Then, we obtain

fult) 1
Bn-1(t)  log(2+1t)

— 0 (t— o)

and

) log™ (2 + 1)
Bu(®) 2

foralln > 1 and v € (0,1). It follows from Theorem 5.5 that

— 0 (t— o0)
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J10,9) = ap() Xy — €l +v

and
() =log(2+) (J/(n— Lig) = (1) (& +v) ) — (-1)"(eZ +v)

in L? and almost surely for every n > 1 and p > 0, as t tends to infinity, where

1 1 1
texp{l _p(log?)l_p — l_p(log(Z—i—t))l_p}, ifo<p<l,

log 2
= —_— .f =1
w®) = Tog2 1 1)’ nr=4

1 1 1
7 eXD { 0 _p(log2)1_p — ﬂ(log@ + t))l_p} , ifp>1.

We consider the case tlim tg(t) = @ > 0. The commonality between the condition (5.1) and
— 00
(5.2) is that tlim tg(t) = 0, but the difference is that the speed at which the function tg(t) tends
— 00
to zero is different as ¢ — oco. However, when tlim tg(t) = @ > 0, the solution to (2.6) does not
—00

satisfy the similar recursive convergence as (5.18). The main difference between the conditions
lim tg(¢t) = 0 and lim tg(t) = @Q # 0 is that when @ # 0, the limit lim 9O =-Q an be equal to
t—o0 t—00 t—o00 g(t)
zero, a nonzero constant, or infinity, and even the function tgs()t;Q may be identical to a non

zero constant. Let X be the solution of (2.6), such that 26lim tg(t) = Q > 0. It follows that

_ 1+Q,
T (05g) = ——e”OXH

1 t
— () - e [ sapt
0

t
- #67%) / “Wdu (e — &) = (€L +v) L,(5Q) (5.25)
0

for all ¢ > 0, where

t
) =1 Qe [,
0

Noting that the convergence (5.14) and (5.17) hold also for @ # 0, and tlirn I,(t;Q) =0,
— 00
J{1(0:9) — €L +v
in L2 and almost surely, as ¢ tends to infinity. Notably,

Q)= —Q+ — 1+Q e~ Gl t)/o s59(s)e®ds
t
- @+ 119 g 0 [sgts) - Quoias + @t e [ e,
t
- _Q <1 . ﬂ(;cu)/ eG(s)dS> n #efcw/ (s9(s) — Qe ds
0

t 0

= QU (Q) + e / Isg(s) - QleCC)ds
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for all t > 0 by the integration by parts, which implies that
. 1 ¢
L) = 3¢ [ fsgls) - QJeas (5.26)
0

for all ¢ > 0. On the other hand, noting that the convergence

b ) (5.27)

tg(t)—Q ta(t) —
e 9(t) - @Q

holds, as t tends to infinity, we can obtain the following asymptotic behavior.
Lemma 5.7 Let g € C®(Ry) with g(t) >0 for t >0, and let 75lim tg(t) = Q > 0. We define
R — 00
the functions {F,(t),n > 1} using the following recursion formulas
: ot -Q o1 |
Fo(t) =t, F(t)=—_v—> Rt)=—= ——
g(t) g(t g(t) dt

) dt
for t >0 and n > 2. Consider the sequence {Ly(t;n),n > 1} of functions on Ry defined by the

following recursion formulas:

P (8)

CL‘Q_,

d A
SR, Fa) =

Ly(t;0) = Flt(t)fg(t; Q), Lg(tin) = F;;Eg) [Ly(t;n —1) — (=1)"7]
forn>1.1f
lim F’Z“(t) =0 (5.28)
t=ee Fo(t)
for alln > 1, then
Jim Ly (t;n) = (=1)" (5.29)

for allm > 0.

The condition (5.28) in Lemma 5.7 is general, and many functions satisfy it, such as

gt) =1+ 5 for t > 1.

Proof of Lemma 5.7 By (5.26) we have that

—_
\
° |
Q
—~
o~
N2
N—
>
—
—~
~
~—
\

L —cw /t 1 d. (s)

= ——Fi(s)d — -1
e L 9(5) ds 1(s) (e G(s) )

1-— e‘G(t)> Al(t) 7 (1 - G(t)e_G(t) P

—

t t
(6@ = 1% [[sgls) = QUeeOs = 10 [ (e )
t
= %G_G(t) (eg(t) - 1) Fy(t) - %e‘G(t)/O (eG(S) - 1) % 7 (s)ds
1 G
t
1
t

/N N

~—
>
)
—
~
=

1 t N
N 7€—G(t)/ (ec<s) —G(s) - 1) dFy(s)
t 0

for all ¢ > 0. Then, by continuously applying integration by parts m times, fg(t; Q) can be

expressed as
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I,(t:Q) = (1 - e—G“)) Fl(t%

— (1= G(t)e 60 — em60) B(t); + (~1)"Fu(t)7

m—1

N 1, o1 1

o (D)1= Y ﬁGﬂ(t) Fon(t) + Og(t,m)
=0

= () = Folt) + o ()" En() 4 (C)" Font) 1+ (1)1, (1, m)
- B0 - 0+ GOV B0 + o+ ()™ Y G0
j=0 7"
for all t > 0 and m > 1, where
2 — oG " W ef® du
Frut) JRACER
and
m :efG(t)m_ll t I (u Z u).
0, (t,m) > 5 [ e wab.w
Combining this with the definitions of Ly(t;n), we obtain
P N PP .-(() B 10 B . C N 6,(t2)
Ly(t:0) = o Ta(6 Q) = 1= F 0+ 20— o (A - 1+ G0 ) - =205
and
‘n _F’ﬂfl(t) ‘n— (11 1\ o nFﬂJrl(t) _1\n IFnJrl(t)
Lo(tim) = == = {Lo(tim = 1) = (21)" 71 = (1) 4 (21" 5008 4 (1)
1 n 1”*1 1 j r-
AT Fi(t) = (1+ G) Fa(t) + ...+ (-1)"* ;ﬁc () En(t)

1
+0O,(t,n+1)=
1 )Fn(t)

for all n > 1.
Using L’Hospital’s rule and (5.28), we show that

Foiq(t 1 b
im AH( ) _ lim Ai/ Fl o (u)ef™du
t—o0 Fn (t) t—o00 Fn(t)eG(t) 0

= lim — ;LJr}(t) = lim ———m——5%— Fn+2(t)A =0
t=o0 B (8) + Fo(t)g(t) 17 Fupa(t) + Fu(?)

and

1
lim ©,(t,n+1)= =0
00 o )Fn(t)

for all integers n > 1. It follows from (5.28) that
Ly(t;n) — (=1)"  (t = o)

for every integer n > 0. This completes the proof. O
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Theorem 5.8 Let % < H <1, and let g satisfy the conditions in Lemma 5.7. We recursively
define the processes JH (n;g) = {JH(n;g),t >0}, n=1,2,... by

JH(1;9) = o (J7(0;9) — €2 —v)

Fy(t)
and
T (n;g) == Frfnzt()t) (I (n=159) = (=1)" (€L +v))
with n > 2. Then, the convergence
I (nig) — ()" (&L +v)  (t— o) (5.30)

holds in L? and almost surely for every n > 1.

Proof Using (5.25), the condition (5.28), and Lemma 5.7 and noting that the convergence (5.14)
and (5.17) hold for @ > 0, we obtain

FHq. . L H_ ) _ 1+Q o~ G®) SdBH
T = s (7 0s0) — €l =) = =L [ opan
1+Q o—G() teG(u) w(eH _ eHY _ (¢H 4, t =

— f(goliJru)

and for n > 2

. Fualt) (5 - 1+Q - '
J(nyg) = = Jrn—19)— ()" '8 +v)} = —= G(t)/f s)dB!
i (n59) Fn(t){t( ) — (=" )} F() Og()
+Q —G(t) /t G(u) H H Foa(t) -
-— e”"du (& — ¢ o V) —= Iy(t;n
“E0° ; ( )= ) F @ ot
— (=" (f +u)
in L? and almost surely, as ¢ tends to infinity. This completes the proof. a

Example 5.9 Let g(t) = {47 with t >0 and p > 0. Then, the condition (5.28) in Lemma 5.7

does not hold because Q = p and tg;()t) 9 — 1 forall t > 0. It follows that G(t) = plog(1 +t),

t
ty(6:Q) = [ [sg(s) - QJeCIas
0

and

0y (t;0) := 17 {tl,(t;Q) + 1} =

1
= p—1)-(p— Ne—" 51
1+t+mZ ) (p=m A ) — 1,

as t tends to infinity. When p is not an integer,
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0,(61) = (L+1) {6, (5:0) =1} = —p+ g((’l’:))
(1 W;(‘”méﬂp‘ ) lp=m+ ) g —
£0(6:2) = (L+) £5(8:1) 4 p) = ol — 1) = ALz
B0 S plp 1) o m ) s — 3ol 1),

m=4
as t tends to infinity, and for all m > 3,

o=t}

ly(tn) == (1+1) {ég(t; n—1)— (=1t 0

n+1P(P— 1) (p—mn)
(n+ D141

= ()" plp 1)+ (p—m+ 1) + (1)

. . 1
+ (1) m;ﬂ(—l)mmp(/} “Delemm D gym

(D) plp 1) (p -+ ),

as t tends to infinity. Similarly, when p=m 1is an integer, we can obtain the corresponding
asymptotic behavior as follows:

ly(t;n) = (L +1¢) {Eg(t;n—l)—(—l)”_1< m )} (=" (m>

n—1 n

for all 1 <n<m, as t tends to infinity, and £,(t;n) =0 for all n > m. Furthermore, we can
also obtain the asymptotic convergence by replacing the weight 1 +t in £4(t;n) with t. For example,
when p =1,

- t

Uyt 1) =t {4y(t:0) — 1} = EEITRL I

11t 1+t
0y(tin) =t {ég(t;n 1) - (4)"*1} (-1

for all n>2, as t tends to infinity. However, the solution of (2.6) with g(t) = %t does not

satisfy such recursive convergence like before. When p > H , similar to (5.14) and (5.17), we obtain

1 t
m/o I(s)dBY, t(f —¢f) —o0

in L? and almost surely, as t tends to infinity. It follows from (5.25) and Example 5.9 that
T (19) = t{J(0:9) — (€L +v)}

t t
= — (L+p)e @1 / I4(s)dBH —(14-p)e=¢® / e“du (¢ — 1) — (2 +v) tI, (1 Q)
0

0
1 ! 1 ‘ .
= - (1:£p /0 L(s)AB — If) /0 e“Mdu (6 - &) - (X +v) -t (£ Q)
— Lt

in L? and almost surely, as t tends to infinity. But, we have
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T (2:9) =t~ {1 (1;9) — (£ +v)}
tp—H

t t
_ v H G(u) H _ ¢H
= (1+p)(1+t)P {/0 I,(s)dB; —|—/O e“Mdu (¢ {t)}
— (e +v) -t [t (1Q) + 1}
converges in distribution to a normal random variable, as t tends to infinity.

Finally, at the end of this section, we consider large time behaviors of the solution X to (2.6)
under the remaining case, namely

G(+00) = Kq > 0, /000 ug(u)du < oco. (5.31)

We will find that there is no recursive convergence like before in this situation. The main reason,
in our opinion, is that ¢g(t) = o (t%) as t tends infinity. We only assume that g is continuous and
g(t) >0 for all t > 0. Then, the random variables ¢ = [ g(s)e= ¢ dBH are well-defined as
elements in L? because g € C(R) and g(t) = o(t~2) as t tends to infinity.

Proposition 5.10 Let % < H <1 and let g satisfy the condition (5.31). Then, the convergence
& — &8 (5.32)
and
JH(0;9) = %e_G(t)XtH — e 4y (5.33)
holds in L? and almost surely, as t tends to infinity. Moreover, the convergence
1 (JF1(0:9) — (€2 4+ ) — N (0,e72K) (5.34)

holds in distribution, as t tends to infinity, where N(0,02) denotes a normal distribution with

mean 0 and variance o2 .

Proof The convergence (5.32) and (5.33) follows from (5.10) and the proof of Lemma 5.4. Now,
we obtain the convergence (5.34).
Noting that the condition (5.31) implies that

00 2 00
Bt = ([ aeevant) = [T o a0 ()

forH:%and
o) 2
2 —G(s
E (% —¢l) =E(/ g(s)e” >dBSH)
t

t S _ N ” B 1
- / / g(s)g(r)e~CI=C0) (5  py2H erds—o<t4_w)

for%<H<1ast—>oo,weobtain
v (8 -y —o0 (5.35)

in L? forall k <2—H and § < H <1, as t — .
On the other hand, considering the condition (5.31), we realize that

t
I,(t) = g(t)e O / COdy —1— —1 (£ — o0)
0
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and

1t r
Jim tzHi—l/ g(r)e= ¢ </ eG(“)du) (t —r)2H=2dr

1 ¢
< lim TH—l/ g(r)r(t—r)zH*er
0

t—o00

= lim ! g(r)r (1 - E)QH_Q dr=0

t—oo 0

for all 1 < H < 1. It follows that

t 2 t
. 1 gy _ .o 1 21
tlggoE (t 2/0 I,(s)dB; > = tlggot ; I (s)*ds =1
for H =1 and
t 2 t s
. . . 2H(2H -1) .
H H) _ _\2H-2
tlggoE <t /0 I,(s)dB; ) = tlggo oy /0 /0 I (s)Ig(r)(s—1) drds
. 2H-1 [ _
= 7}3?015”17—1/0 I(r)(t — r)*"~2dr

tooo 2H-1

2H —1 [! _ r
=1-— lim 7/ g(r)e_G(7) (/ BG(u)d’U,> (t _ ,',.>2H—2d,r -1
0 0

for all 1 < H < 1. Thus, the normality of t~# fot I,(s)dB with t > 0 implies that
¢
1 / I,(s)dBY — N(0,1) (= o0) (5.36)
0
< H < 1. Combining this with (5.10), (5.31), (5.35), Slutsky’s theorem and

3 1 t t
() = <1 - ;e_G(t) / eG(“)du> = t_He_G(t)/ ug(u)e®Wdu — 0 (t — o),
0 0

in distribution for all %

we obtain
t
1 (JF(01g) = (€8 4 v) ) = e CW ¢ / I,(s)dBY — (e 4 v) -t H I, (1)
0
1 Y ot _
- e G(t)/o Gy (1M (el ¢
— N (07 6_2K0)

in distribution, as ¢ tends to infinity. O
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