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Abstract In this paper, we study one-dimensional backward stochastic differential
equations featuring two reflecting barriers. When the terminal time is not necessarily
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1. Introduction

The concept of Backward Stochastic Differential Equations (commonly abbreviated as BSDESs)
was initially introduced by Pardoux and Peng in their work referenced as [24]. In their
groundbreaking research, they provided rigorous evidence for the existence and uniqueness of

adapted processes denoted as (Y, Z) within the context of the following equation:
T T
th:g""/ f(37Yv87Zs)dS_/ ZdWs, te [O,T],
¢ ¢

where (W,);>0 is the Wiener process. These BSDEs are characterized by the presence of a
generator denoted as f and a terminal condition represented as £. Notably, this category of
BSDEs finds extensive applications across various domains, including mathematical finance,
stochastic control, and stochastic games. However, it’s important to note that the original
impetus behind BSDEs, as highlighted in sources like [25], was to provide a probabilistic
framework for interpreting viscosity solutions of semi-linear Partial Differential Equations (PDE
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in short). Subsequent studies by Barles and Lesigne [5], followed by Bally and Matoussi [3],
delved into the intricate relationship between BSDEs and solutions to semi-linear PDEs,
particularly within Sobolev spaces. We also refer to [4, 23] for the link between BSDEs and
Integral PDE.

Moreover, the realm of BSDEs has seen further expansion. El Karoui et al. introduced the
concept of Reflected BSDEs in [14]. A solution to such an equation encompasses a triple of
processes denoted as (Y, Z, K), which collectively satisfy the following conditions:

T T
Ltéytzf—i—/ f(s,YS,ZS)dS—I-KT—Kt—/ Zs AWy, t€[0,T].
t t

The inclusion of the increasing process K serves the purpose of ensuring that the solution Y
of the BSDE remains greater than a given process [, which functions as an obstacle. This
constraint is achieved with a minimum energy condition expressed as fOT(Y} — Ly)dK; =0.
Additionally, in their work [14], the authors demonstrated that the solution to a Reflected BSDE
corresponds to the value function of an optimal stopping problem. They further provided a
probabilistic interpretation for the viscosity solution associated with an obstacle problem linked
to a nonlinear parabolic Partial Differential Equation.

Subsequently, Cvitanic and Karatzas, as discussed in [11], conducted an in-depth investigation
into BSDEs featuring two reflecting barriers, often referred to as BSDE2RBs. In essence, a
solution to these equations comprises a quadruple of processes, denoted as (Y, Z, K™, K~), which
collectively satisfy the following conditions:

T T
L <Y, :§+/ f(S,YS,ZS)dS‘F(K;*K:—)*(KE ,Kt—),/ ZdW, < Uy,
t t
where
T T
|- zoar = [ - via; =
0 0

In this framework, a solution is constrained to remain within the boundaries defined by a lower barrier,
denoted as [, and an upper barrier, denoted as U. This constraint is maintained through the
combined action of two continuous and monotonically increasing reflecting processes K+ and
K~. Under the so-called Mokobodski’s condition, the authors established the existence and
uniqueness of solutions for cases where the generator function is Lipschitz with respect to the
variables (y, z).

A natural question then arises: Are there any less stringent conditions under which the
BSDE2RBs possesses a solution? This inquiry has piqued the interest of numerous researchers in
this field. In their study referenced as [19], Hamadeéne et al. demonstrate the presence of a solution,
not necessarily unique, in scenarios where f exhibits continuity with linear growth and only one
of the barriers adheres to regularity criteria. Extending the same assumption regarding the generator,
Lepeltier and San Martin [22] employ the penalization method to establish the existence of a
solution for BSDE2RBs without imposing additional smoothness requirements on the barriers.
They assume that the barriers are continuous and meet the conditions stipulated by Mokobodski.
Meanwhile, Bahlali et al. [2] investigate BSDE2RBs under the framework of Mokobodski’s
condition, particularly when the generator displays continuous quadratic growth concerning z. In
contrast, in the absence of Mokobodski’s condition and without the constraints of barrier regularity,
Hamadéne et al. [17, 18] prove the existence of a solution, particularly when the barriers are
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entirely separate. To provide further specificity, Hamadéne and Hassani [17] operate under the
Lipschitz condition for the generator, while Hamadéne and Hdiri [18] consider the generator’s
continuity with quadratic growth. For additional investigations into this variety of BSDE, we
direct the reader to the significant contributions of Essaky et al. [15, 16].

In a different context, various authors have addressed BSDEs with random terminal times; see
for example [7, 12, 31], and the references therein. However, most previous contributions to this
kind of BSDEs have been obtained in the framework when the coefficient being Lipschitz, or
alternatively, being monotone and exhibiting appropriate growth concerning y, in addition to
maintaining Lipschitz continuity concerning z.

We aim to share some research that is truly inspiring concerning the random terminal value.
Kobylanski’s work, as documented in [21], centres around a real BSDE featuring a quadratic
generator in terms of z, and this BSDE involves a random terminal time. In her study, she
imposes the condition that the stopping time is either bounded or almost surely finite under the
probability measure P. Subsequently, Briand et al. [9] investigate BSDEs, aiming to establish
both the existence and uniqueness of solutions for arbitrary stopping times. They achieve this
result by requiring that the generator exhibits strict monotonicity concerning y.

It is well-known that, BSDEs with deterministic terminal times form the basis for the
probabilistic interpretation of semi-linear second-order parabolic or elliptic PDEs through the
Feynman-Kac formula. This concept extends to quasi-linear second-order PDE systems, as
discussed by Peng, Pardoux, Tang, and others, as referenced in [28, 29]. The initial exploration
of obstacle problems in PDEs utilized Reflected BSDEs, as documented in [14]. Meanwhile,
BSDEs featuring random terminal times are closely linked to elliptic PDEs, with this connection
being established in [12] for Lipschitz coefficients in (y, z), in [1, 21] for quadratic coefficients in
z and in [31] for monotone coefficients in y with Lipschitz continuity in z.

In the current paper, we deal with one-dimensional BSDE2RBs with a random terminal time
which is not necessarily bounded or finite, and a generator f(¢,y,z) exhibits quadratic growth in
z. Assuming that the driver satisfies a condition on z coherent with the one of quadratic growth
and employing linearization arguments, we exhibit a priori estimates that provides a control on
the distance between two solutions based on the disparity between the associated bounded
terminal conditions and generators. This implies in particular the uniqueness of solution for
BSDE2RBs. Furthermore, instead of relying on a fixed point argument for establishing existence,
we employ an approximation procedure wherein we assume a condition analogous to the so-
called Mokobodski. In order to establish the convergence associated with the barriers, it is
necessary to introduce an appropriate assumption regarding the lower barrier. Utilizing the flow
property within the Markovian framework, we demonstrate that the solution to BSDE2RBs with
random terminal times serves as a viscosity solution to a related obstacle problem for an elliptic
PDE with Dirichlet boundary conditions. In this context, the non-linearity manifests as the
square of the gradient.To the best of our knowledge, no previous work in the literature has
addressed this specific issue, rendering our conclusion notably innovative.

The remainder of this paper is structured as follows: In Section 2, we formally introduce and
analyze the problem of the quadratic BSDE2RBSs, considering scenarios where the random time
terminal is possibly unbounded. Section 3 is dedicated to establishing the intricate links between
solutions to the quadratic BSDE2RBs and their counterparts in the realm of Partial Differential
Equations. Finally, in the Appendix we give a comparison result for quadratic BSDE and we
deal with the link between this BSDE and elliptic quadratic PDE.
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2. BSDE2RBs with quadratic growth and random terminal time

Throughout this paper, let (2, F,P) is a fixed probability space on which is defined a
standard d-dimensional Brownian motion (W:);>o whose natural filtration is (F;);>0 and
where Fy contains all P-null sets of F.

Given an JFy-stopping time 7 (not necessarily bounded or P-a.s. finite) and, we define for
A € R the following set of Fy-progressively measurable process (1;):>0 taking values in RF

HP@@):{w:E(/T&ﬂWA2®><Ux}
0

and for all Fi-progressively measurable process (¢); taking values in R, we define

5= {us s ol <.
0<t<T
Furthermore, we denote by A, the set of continuous JF;-progressively measurable non-
decreasing process (K;);>o such that Ky =0 and E[|K,|] < cc.

Now, let consider

(H.0) A terminal value &, which is an F,-measurable random variable, is bounded by some
real M.

(H.1) A coefficient f:RT x Q x R x R? = R such that, there exist x >0 and u > 0,

(1) f(.,y,z) is progressively measurable for all y € R and z € R9.
(2) (y,2) — f(t,w,y,2) is continuous.

(3) sup;>o f(t,0,0)] <M as.

@) [f(ty,2) = fty, ) < sllz = 2l + [12']), VyeR, 2,2 €eRL
( f(t,y,z)ff(t,y’,zﬂg

74.2) A pair of obstacles I and U satisfy

(1) Ly < U forall t >0 and L, <& < U,

(2) P-a.s. vVt 2 0, |Lt| + |Ut| < Mm.

(3) The Process L = (L;);>0 is a quasimartingale with canonical decomposition (see e.g. [30],
Theorem 15, p.118):

ply—1v'|, Vy,y €R and z € R

—~

Ly = Lo+ M;+ Py,

where M is a uniformly integrable martingale and P is a predictable process of integrable
variation with Jordan decomposition P = P+ — P~

(H.3) There exist two progressively measurable processes n and ¢ € H2% such that for
M, := €l <00}, we have for all ¢ € RT,

(1) Ly < My < Uy
(2) dM; = —77,5]1[0’7] (t)dt + CtH[O,'r] (t)th.
(3) B J7 e (1+ el dt < oc.
Remark 2.1 The combination of (H.1)(3 —5) leads to the following result:
[f &y, )| < [f(t,0,0)[ +[f(t:y,0) = £(£,0,0) + [ f(t, 9, 2) = f (¢ y,0)|
< M+ ply| + w2
< max(M, g, w)(L+Jyl + [[21%); V(ty,2) € (RT,R,RY).
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Definition 2.2 The process (Y,Z, KT, K~) with values in R x R? x RT x Rt is called a
solution of BSDE2RB with data (&, f,L,U) if:
Y €8%, ZecH2 MR and KT, K~ € A,
L <Y; <U; ontheset [t <],

Y; =¢, 2y =0, K" = K and K; = K, on the set {t > 7},
Forall T >t >0,

’T'/\T AT (21)
=Yr +/ (s,Ys, Zs)ds + (K — K;7) — (K7 — K;) 7/ Z,dW, P-as.,
TAL
AT AT
For all T >0, / (Us — Y)dK; = / (Y, — Ly)dK] =0 P-as.
0 0

2.1 A priori estimate and uniqueness result

In this subsection, our goal is to demonstrate the uniqueness of solutions for the quadratic
BSDE2RBs. To begin, we furnish an a priori estimate for the difference between solutions Y'!
and Y2, which constitutes a pivotal element of our forthcoming analysis.

Proposition 2.3 We suppose that (H.0), (H.1), (H.2)(2) and (H.3) hold and let (Y,Z, K, K~)
be the solution of the quadratic BSDE2RB (2.1). Then

e Y is bounded by M.

. (fot stWS) is a BMO-martingale.

=

Proof Tt is clear that |Y;| < max {|L|,|Us|} < M for all ¢ € RT.
Next by applying Ito’s formula to Y — M, we obtain for all stopping time v < 7

Y, — M,[? +/ 12, — CoJPds = ¢ — M [? + 2/ (Ys — M) (£(5, Yo, Z2) — ) ds

v

+ 2/ (Ls - Ms)dKj - 2/ (Us - M?)dK:

- 2/T(Ys — M) (Z, — C,) dW,.

Taking the conditional expectation E.[.] = E[./F;] and using (H.0), (H.1) and (H.2)(2), we can

write

B, | [T 12P0] <28, fle-an 2 [T - 0176 ¥ 201+ s

Lo, / Gl ds}

<€l P+ 28, | [ Gl

T

4B, [ sup v, - 0] [C<1+|Ys|+||zs||2>+|n51ds]

L0<s<T v

< CE,[A,] + 8MKE, U ||ZS||2ds] ,

where A- = [¢]? 4 [ (C(149M) + |ns| + [I¢]1?) ds. Choosing 1 > 8Mk, we deduce that [ Z,dW,
is a BMO-martingale. O
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Proposition 2.4 Let (Y, Z!, KT K"~ ),_12 be solutions for the quadratic BSDE2RB
T T
Yi gt / Loar Fi(s, Y7, Zi)ds + (KiF — Kit) — (Kir — Ki7) - / Ziaw,,
t t
Ly<Yj<U, Vt<Tand / (U, — YHAK!™ = / (Vi — L)dKit =0,
0 0

where & are F,-measurable and bounded. We assume that the Y*® are bounded and the

stochastic integral ([; ZidWy),.

determanistic function p with values in [0,400) such that
(Hp) [fH(E Y2, Z8) = f2(4, Y2, Z2)] < p(t).

Then,

are BMO-martingales. We suppose also that there exists a

1 (T ,
¥ = Y212 < e T 0)eh — 22, + */ e M7 p(s)[*ds.
mJy

Proof Denotes by 9= o' — 0 for p=¢,Y,Z, KT, K~ and defines the processes o, in the
following:

fl(svysla Zsl) — f1(57Y527Z31)

. — 7 ,  ifYs #0;
0, otherwise;
and
1 7Y’Q Zl _rl ,Y27Z2 ZS _
(P62 2~ PeY2z 2 o
Bs = 1Z5|>
0, otherwise.

Remark that
f1<5’Y51’Zsl) - f2(87y;27232) = o Y, + BSZS + fl(SaYs27Z32) - fQ(S’YsQaZsz)'

Fix ¢t € RT and set for s > ¢, Ay = fts(2ar — 3u)dr. From Ito’s formula, we have
T
TIER = M+ [ Ty 20, - 3Vl
t

T
- 2/ H{sgf}eASY‘z (fl(sa Y;lv Zel) - fz(svy;;za Z?)) ds
t

T o T o T o T B
_2/ eAsY;dKj+2/ et Y, dK; +2/ e“sYsZSdWﬁ/ || Zs||*ds
t t t t

T T
= |Y;|2 - 3”/ I[{ng}eAS Y/S‘st - 2/ ]I{SQT}QASY/S (fl('S?}/szv Zg) - fQ(Sa Y327 Z?)) ds
t t

T T T T
—2/ eAsYSdKjH/ et Y, dK +2/ MY, Z, (AW, —ﬂsds)+/ ee|| Z,)|2ds.
t t t t

(2.2)

Let Q the probability measure on (€2, ) whose density is

Eno = exp (/ BSdWS—%/ |ﬁs|2ds>.
0 0

By assumption (#.1)(4), it follows that |Bs| < (|| ZL]| + ||Z2]|). Hence [ bsdW; is also a BMO-
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martingale. Theorem 2.3 in [20] implies that the probability measures Q and P are mutually
absolutely continuous and W; =W, — f(f Brdr for t>0 is a Brownian motion under Q.

Combining It6’s formula, (#H,) and the fact that o, < p to get

T T
V| < e7[€]? + 3p / e |Y,?ds + 2 / Liscrye® Y, (f1(s, Y2, Z2) — f2(s,Y2,Z2)) ds
t

t

T B B T B B T L
+2/ eV, dK T —2/ et Y, dK ] —2/ e Y, Z,dW,
t t t

T T T
_ _ 1 o
< e T2, + 4u/ e |V, 2ds + m / e MG p(s)2ds — 2/ e Y, Z,dW,.
t t t

Applying Gronwall lemma and taking the conditional expectation Eg]. /f,}/T/ ] to get the desired
result. O

Corollary 2.5 Let (Y Z!\, K" K'");—12 be the solution of the quadratic BSDE2RB (2.1)
with data (&, f,U,L). We suppose that the data verifies the same hypothesis in Proposition 2.4.
Then (Y, Z}, K}T,K}7) = (Y2, 22, K} K27) P-a.s. for all t > 0.

Proof Let (Y, Z!,K'* K'7) and (Y? Z% K*',K?7) be two solutions of the quadratic
BSDE2RB (2.1) associated with data (&, f,U, L). First of all, under Proposition 2.4, we have
immediately Y1 =Y2 P-as. for all ¢>0. Again in view of (2.2), we get for all ¢ >0 that
Z' = 7?2 P-a.s. Additionally, it can be shown that K1~ = K?2-. Indeed

t t
/ (U, - LK = / (Y, — Ly)dK!-
0 0

— /t<Ys —L)A(K;T - K;7) = — /t<Ys — Lo)d(KZT — KZ7)
0 0

t t
/ (V2 — L)dK? = / (U, — L)dK?".
0 0

Since L < U, we conclude that K1— = K2— P-a.s. for all ¢ > 0. Similarly, we can prove that
Kt = K2+ P-as. for all ¢ > 0. O

2.2 Existence result

In this context, we demonstrate the presence of a solution for quadratic BSDE2RB. The
generator f is a continuous function that conforms to a quadratic growth condition with respect
to the variable z. Before proceeding, it is essential to introduce the following result: for each
n €N, in view of ([2], Theorem 3.1) and Corollary 2.5, there exists a unique solution
(Y, ZP K] K )ieo,n) to the following quadratic BSDE2RB

Y;Sn = Mn + / ]I{Sg‘r}f(sv}_/sna Z‘?)ds + (I_(’I’TLL;\’_T - RZFF) - ([_(’I’?/TT - Rtni) - / Z;ldWSa
t t

Ly <Y <U;, Vt<nand / (Us —Y")AK!™ = / (Y — Ly)dK!'" = 0.
0 0

S

Furthermore, it is subsequently established that the existence of (V;*,Z1, K;'", K]'~) is also
valid in the set € S° x HZ™F x (A,)%

Remark 2.6 Note that ||sup,c, - |Y;"\HOO <M and there exists a constant C(n) > 0 such that
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’ / Zmdw, < C(n).
0 BMO,
Moreover, we have the following lemma:
Lemma 2.7 For all € > 0, we have
supE/ e || Z"||?ds < . (2.3)
n=0 0

Proof Indeed, if we apply It6’s formula for ¢(x) = e °“® with (Y™ — M) and using the fact
that

1, - 1 - 1
Zlzn 2 <= zn _ s 2 Z1¢s 2

we obtain

-~ nAT _ 1 nAT _
DTS = Mo)— e [ (TR - Mds+ 3B [ e (70 - M2 s
0 0

nAT NnAT
< E/ e Q' (Y] — My) (f(s7)75", 7" — ns) ds + E/ e S (Y — My)dK™
0 0

nAT _ _ 1 nAT _
SB[ e MR 4GB [ e - M Ps
0 0
nAT _ _ _ nAT _ _
< —OE/ e Y (V) = M) (1+ Y[+ (| 29117 + Ins|) ds +E e= Y (V) — M)dK"™
0 0
nAT _ _ 1 nAT _
SB[ e - MR 3B [ e - M),
0 0

Remark that
nAT _ _ B
B[ e - MOARY < Coam E(R)
0
and since 1¢"(z) + C¢/(z) = 2C%p(z) with ¢’ <0 and Kt is increasing, we get
nAT 5 B B
B[ e lotr - a2z s

nAT nNAT
<R / e (V7 — M,)ds + Cp ([E(E") — CE / e (V2 — My) (1+ 77 + [a]) ds
0

0
1 nAT _
+3E [ e - M P
Hence
5 nAT -~ nAT _
ZczC%ng/ 6768||Z;‘||2ds < Coome + Cc,%ng/ e ¢ (1 + Y]+ |ns|) ds
0 0
nAT B
+Com [ e GPds + Coam BIE™),
0
which implies (2.3). O

Subsequently, our focus will be on presenting the principal outcome of this section. To commence,
we shall define the process (Y™, Z", K"* K") as follows:
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Y 20 Ky RyT) =

7;
(M, CtH[Oﬂ,KﬁXFT, KZL’XT), on the set [t .

A
n A

(Y, Zp Ky KP), on the set [t < n
ZnAT]

Step 1 (Y",Z" K"),>o is a Cauchy sequence on the space S x H%#(R%) x A

oo

Fix t <n <m and set ¢"™" = o™ — o" for o =Y, Z, KT, K. Remark that
Y = M, +/ ]I{ng}f(s,Ys”, ZM)ds +/ dK™* —/ dK]™ — / Z}dWs,
t t t t

where f(s,y, z) = f(5,9, 2)l{s<ny — Nslfs>n}- In view of this notation, we have

|f(57Y9na Z;n) - f(57st’ Z;n)| = | (f(57M9a<3) + T]‘?)]I{S>n}‘ < CH{S>TL}

Hence, can apply Proposition 2.4 to get for all ¢ € [0, m]

1 m
‘Y*tm 7Y—tn‘2 < 7/ Cefu(sft)ds
HJn
< % (e*“("*t) - e*”(m*t)) P-a.s. (2.4)
I

It follows that the sequence of continuous processes Y™ converges to a limit which we denote Y.
If m goes to infinity in the last inequality, it comes that

C
DA AL —26_“("_t) P-a.s. for all ¢t < n.
W

This implies that Y™ converges almost surely to Y uniformly with respect to ¢ on compact sets.
The limit process Y is also continuous and bounded. Furthermore,

T nAT T
]E/ e’“s\ign—}g\st:]E/ e”‘s\Ys”—Ys\st+IE/ e M| M, — Y |2ds
0 0 nAT

< Cne " +E <]I{T>n} / e MM — Ys|2ds) — 0.
n n— oo

Now, combining Itd’s formula and the fact that Y/*"*dK™"* and Y/*"dK™"~ remain non-

positive, we obtain

MmAT MAT
ElYy™"|* — ME/ e MY Pds + E/ e~ 5|z P ds
0 0
MAT mAT
s QE/ e Y (f(s, Y 28 = [, Y Z)) ds + 2IE/ e Y (f (s, M, Cs) + ms) ds.
0 nAT

Using the hypothesis of the function f, we find

2V (P8, Y Z) = (8, Y3 Z2) < QYR 4 20V (8, Y 20 = Fa V2 2

< 2y

m,n m n 1 m,n
S AP 2SN 1200 + 512
Therefore, we obtain

1 T
2E [ ez ipds < 3B [ ey
2 0 0

462 _m —um=)\ g [ (1272 4 1272
FO e (L=t E [ (1Z01F + 1201 ds

_|_CIE/ e (14 [ M| + [IG I + [ms]) ds,
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which converge to 0 as n goes to oo. Hence, Z" is a Cauchy sequence in H2Z *(R?) and
converges to a process /.

We next state the convergence of K™ = K"t — K"~. Firstly, we have
m

m
anffm = YEJmm - / H{SéT} (f(57Y5m7 Z;n) - f(S7st7 Z;L)) ds + / Z;mndWS
0 0

But before we start, using the Cauchy-Schwarz inequality twice results in:

E/O 12 12+ 125 1) ds

. 1/2 r
<¢§(E / e-”snzgmwﬁds) (E / e“s<|Z;"||2+||Z:||2>ds)
0 0

Afterward, we have

1/2

mANAT
BIKE <B4 E [ F Y 20 - Fo Y 22l

0

nAT mANAT
<E[Y"| +E / F(s.Y, ZI) — f(s, Y7, Z)] ds + E / £ (s, Moy ) + ms)ds.
0 n

AT

Subsequently, using the formula (2.4) and assumption (#.3).3 yields

E[ K" < E[Yg™"

+ME/ |Ysm’"|ds+nE/ \Zmm (12 + 1 22])ds
0 0
+E/ 5| f (s, Mo, ) + s |ds

< Ce hn/2 4 Ce_“"/QE/ ehs/2 s
0
T 1/2 T 1/2
e (B [Cemzpepas) (e [Tz e vz )
0 0
m
0 [ (1 M 167 + ) s
n

Consequently, one can show
E[lEn "] s O

Then, there exists K € Ay, such that K™ converges almost surely to K.

Step 2 There exists a constant C > 0 such that

E|K7, | +EK7,, | < C.
Firstly, we obtain by considering the hypothesis (#.2)
Ad(Y;" = L) = —Tpery (6, Y7, Z0)dt — AKPT + dK] + Z7'dW, — APy — dM,.

Utilizing Theorem 68 from reference [30] on the convex function (Y™ — L)* leads to:

A7 = L) =Tpvpsny (“luen f(6 Y7 Z0)dt — A +dKP™ + Z7dW, — AP, — dM,)

+ Liypsny (Y = L) ™ + Lypcny (Y = L)+ %dL?,

where L° is the local time of Y™ — [, at 0. Whence
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Tpyper,y (ZPAW,; — dM,)
= Tpypmray (A7 = Lo) + Tpan f(0 Y7, 2000 + AR — AKT™ +dPy)

1 N
= AL+ Lypory (ﬂ{t@ FHeYm, Z0) + de) K
S (H{t@}f’(t, Y, ZM) + dKP + dP;) .

Since M is integrable, the process (%dL?-i-H{ytn:Lt} (]I{tgf}f*‘(t,)/'t",Zt")—i—de)) is a

t
nondecreasing integrable process. Denoting its compensator as C and its compensatrix as C.
Therefore

Liyp—r,y (Z{dW; —dM;) — dc,

= dC, — Lpyporyy (Tpen f (67 20) + AP +dP; ) + dK;
As all the terms in the last line are predictable, the equality yields zero. Consequently

AC, + A = Tiypor,y (Lpery f™ (6 Y7 20) + AR +dP; ).
Thus

AR < Typonyy (Teer (Y7 20 + KD +dP;)
By employing the mutual singularity of K7+ and K™—, we derive that
dK]" <yyror,y (H{tgr}JF (t,Yy", Z¢') + dP{) :

Upon taking the expectation, we obtain that

TNAT
E|K},| < CE / (1+ %] + 1Z2])% + [1s]) ds + E|Prar| < C.

On the other hand, we have
E[|K7n- | — EIIETL ] < E[|K7ac-ll < C.
That implies that

E|K}, | < C+E[K}) | <C.

TAT TAT

Hence, the proof of this step is now complete.
Step 3 The process (Y, Z, KT, K~) satisfies the quadratic BSDE2RB (2.1)

Fix t and T. We shall pass to the limit in the following equality:

TAT
}/157\7' = YTT}/\T + /

tAT

TANAT TAT
f(s,Ys",Zg)der/ dK™ 7/ Zraw,. (2.5)
t

tAT AT

The sequence Y/, converges almost surely to Y;. In addition, it is bounded since
| sup;cnnr Y [l < M. We obtain that the sequence converges to Yir, in L! from Lebesgue
Dominated Convergence Theorem. Moreover, we have

TAT TAT 2 TAT
E / ZMdW, — / Z, AW, | <e'E / e |27 — Z|Pds.
tAT tAT 0

Then, tTAiT Z"dWy convergesin L2 to tTAﬁT ZdW;. Additionally, tj/z/T\T f(s, Y Z™ds converges
to :ACT f(s,Ys, Zs)ds in 1! since
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TNAT TNAT
E/ f(s,an’Z?)dsf/ f(57YeaZs)d5
t

AT tAT

T
<E / F(5, Y2, Z0) — (5, Yo, Z,)) ds
0

T
< ,ue“TE/ e MY — Yy|ds
0

- 1/2 T
+ kv/2erT <]E/ e | zg - Zs||2d8> (E/ e (|1 Z3)* + IZs|2)dS>
0 0

Furthermore, for the last integral with respect to K, we get

TAT
/ (dK™ — dK.)
t

AT

1/2

E <E|Y, — Yine| + E|YE,, — Y|

TAT
/ (Z2 — Z5)dW;
t

AT

T
+E / F(5.Y2,27) — (3, Ys, Z,)|ds + E
0

Then, passing to the limit as n — oo in (2.5), we find
TAT

TAT TAT
Yt/\r = YT/\T +/ f(57Y97 Zs)ds +/ dKe - / stws
tAT t

tAT

On the other hand, let v < T be a stopping time. Step 2 shows that the sequenceb K™ are

bounded in Il Consequently, there exists J,r,-measurable random variables K., € L' such
that there exists the subsequences of K, 5‘/%7 weakly converging in K fM.

We are now putting K,., = K;ix, — K, ;. By Mazur’s lemma (see e.g. [33], p.120), for all
n € N, there exists an integer N >mn and weights (5;/\T’" >0 with j=mn,...,N and

SN §¥AT™ = 1 such that

j=n"j
Kg/:\tT = Z 5V/\T " 1//\7' —> K;t/\T' (26)
Denoting I?[},\T = K"t — K"+, as a result of this
E|K",. — Kyns| — 0. (2.7)
n— oo
Noting that, we have for all € > 0, ||[K]\, — Kuar|lLt < €. Hence
HKV/\T = Kuparllr = Z‘SW\TTL l//\‘l' — Kunr Z‘SVAT” u/\‘r) = Kuprllr <e
Lt
Therefore
E|K",. — Kyns| — 0. (2.8)
n—oo

Mixing (2.7) and (2.8) together, we obtain K,r, = N,,AT a.s. As a result of the optional section
theorem ([13], Theorem 86), we obtain Kiar = Kiar, for all ¢ > 0.
For p = T, the formula (2 6) implies the existence of two subsequences

N
n TNAT, on— TAT, _
KTj\_T Z 0; " T/\‘r)j and KT/\T = Z 6]' n(KT/\T)j’
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which converge almost surely to K;AT and K,  respectively. Then, for P-a.s. w €, the
subsequences l?;XT(w) and IN(%XT(UJ) are bounded. Subsequently, by Helly’s selection theorem
([8], p-88), we can obtain that, for P-a.s. w € Q and t >0, there exist two subsequences of
IN(Z‘At(w) and I?t’j\:(w) tending weakly to K% (w) and K;,, (w) respectively.

On the other hand, we are now in possession of L; < Y,” < U, for all t > 0. Indeed, by the
definition of Y;", we have

e Li <Y =Y <U; ontheset [t <nAT|
o L; <Y =M, <U; on theset [t >nAT|

By passing to limit in n, we can obtain L; < Y; < U; for all ¢t > 0.
Now we are going to show the Skorokhod’s conditions. In fact, due to K" tends to K; (w),

we can write the following using the result presented on p. 465 of [32]:
TAT

/0 T(Y,:”(W) = Ly(w) K] (w) —— (Vi(w) = Li(w))dE (w). (2.9)

n— oo 0

Using the fact that fOT/\T(Y;" — Ly)dK]" <0 as. for all n€N. Then for all n,m >0, the

formula (2.4) and Step 2 yield that

TAT
E / (¥ — YR
0

<O | sup Y Y KR

< CelT/2g=mn/2R [|K}"+|] — 0.

n,m— 00

Regarding that
TNAT TNAT TNAT
[ o= [ o - vmaryt e [ - Lakp,
0 0 0

we get

n— oo

TNAT
lim sup/ (Y* — L)dK;T <0 P-as. (2.10)
0

Combining (2.9) and (2.10), we get [ "

0
[TV, = L)dKf =0 P-as.

(Y; — Ly)dK,;" <0 P-a.s. Noting that Y > L, then

TAT

The same logic allows us to demonstrate [, " (Uy — Y;)dK, =0 P-a.s.

The demonstration is coming to an end. In conclusion, the existence result of the solution has
been well-proven.
3. Viscosity solution to an obstacle problem for quadratic elliptic PDE
with Dirichlet boundary condition

The main result of this section is to prove that in the Markovian case, the solution of the
quadratic BSDE with two reflecting barriers with random terminal time (2.1) is a viscosity
solution for an obstacle problem for elliptic quadratic PDE, in which the non-linearity appears as
the square of the gradient.

3.1 Preliminaries

Let E be an open set of R" endowed with its sigma-algebra &, and that it contains a



566 Mohammed Elhachemy, Mohamed El Jamali, Mohamed El Otmani

bounded set D of the form D = {z:¥(z) >0}, where ¥ is a some function in CZ(R™). We
require that |[VU(z)| # 0 for any = € 9D. Let

Xi=x +/ b(X7)dr —|—/ o(XH)dW,, s>0, (3.1)
0 0
be a diffusion process with the infinitesimal generator

1
5:52(0(@0( g axﬁz

i,j=1 i=1

and we denote by {7;,¢t > 0} the semigroup generated by £ and its resolvent by U = (U,)~>0-
We assume that b:R™ — R™ and o :R"™ — R"*™ be continuous mapping and satisfy for some
constant k£ >0 and K >0 and for any (z,2') € D,

(1) [o(z) = b(")| +|o(z) — o(a")] < lz — 2],

(ii) sup [b(x)| + sup |o(x)| < K.
zeD xeD

(3.2)

The assumptions (3.2) on b and o ensure existence and uniqueness of a strong solution
(XZ)s>0 to (3.1) at least up to the stopping times

To(w) =inf{t >0 | X/(w) ¢ D}.
We suppose that P(7, < oo) =1, VYo € D. In other words, if a diffusion starts at z, then it exits

from the compact in a finite time. Moreover, we assume that the set T" of the points on the
boundary that immediately exits is a closed set. Precisely,

I'={z € dD|P(r, > 0) =0} .
Fix z € D and let us set
fw)=H(XT), Lsw):=0X7), Usw):=n(X7), [f(s,w,y,2):=f(X]y2)

Assume that f:R” x RxR?Y - R, and H, ¢, h:R" - R are E-measurable and satisfy, for
some constants u,x >0 and Vx,z’ fixed in D, the following conditions:

(1) 17(@9,2) = F 0/, 2)] < e =+ ly = o'

2) [f(2,y,2) = flx,y,2) < sllz = 2'[[([[2] + 12']]);

(3) 1/(2,0,0)| + [H(2)| + ()] + |h(z)| < k(1 + |z]);

(4) {(z) < h(x) and ((XZ) < H(XZ)<h(XZ), Yo € D. Moreover, we suppose there exist
two real-valued functions #1, {5 € D(U) such that £ = /{1 — £.

Remark 3.1 The assumption (4) on £ implies that ¢(X*) becomes a quasi-martingale where
D(U) denotes the conver cone of all excessive functions g: D — [0,00] i.e. Tg<g and
}i_{% Tig = g. For more details about this assumption, we direct the reader to paper [6] (pp. T764
and 7765).

Also, assume that

(5) sup E[ef™] < oo, for some p € R;
z€D _
(6) For any fixed x € D, there exist two progressively measurable processes n* and (* € Hg;o

such that for M* = H(X7} )I{;, <o}, we have for all t € R™:
(a) £(X7) < My < h(XY).
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(b) dMP = —nil -, (#)dt + (Lo, (8) AW,
(c) E [y~ et [nf]dt < co.

Remark 3.2 In particular H,£,h and f(.,0,0) are bounded on the compact set D. We denote
by M an upper bound.

It follows that for all x € D there exists a unique process (Y*,Z%, K&% K% )50 solution of
the Markovian quadratic BSDE2RB:
(i) Y* e8>, Z° e H2 MR and K", K™~ € (A,,)?,
(i) Yy = HOG) + [ FOGEYE 20 (K5 - Ko - (kz — k) - [ zzaw,
SATy SNATy

(it) £(XT) < YT <A(XD), Vs>0,

(iv) / (Y (xR = / "(h(X?) — YF)AKT =0, Poas.
0 0

(3.3)
Now, let us examine the following obstacle problem involving an elliptic quadratic PDE:
{(u(m) — (@) M (u(@) = h@) V | = Lul@) - [ (@, u(@), (Vuo*) (@) | } =0, Vo e D; 34)
u(x) = H(z), VYa € dD.
Define
u(z) =Yy, =xeD, (3.5)

which is a deterministic quantity since Y is measurable with respect to the o-algebra
o (W, :0<r<7,). By the uniqueness of the solution of (3.3) on the interval [t A 7y, 7], the
Markov property of the diffusion process (X7 ):>o solution of (3.1) and with the same argument
used in [31] (Lemma 4.4), one has

Y =u(Xy), 0<t<7, as.
Furthermore, it is evident on the domain D, the function u is bounded, and
L(z) < u(z) < h(x).
Subsequently, following the steps outlined in Proposition 2.3, we establish that

Lemma 3.3 When a constant A € R and T > 0 are considered, we find that

T
sup E/ e Z%%ds | <C.
z€D 0

With this, we are ready to demonstrate the continuity of the function u as defined in
equation (3.5).

Proposition 3.4 The function x — u(zx) is continuous.
Proof To begin, under the given assumptions on 7., D, and T, it can be established that the
function mapping x — 7, is continuous on the domain D (as discussed in [27], Proposition 5.76,

pp. 484). This, in turn, implies, due to the well-established spatial continuity properties of
stochastic flows, the almost sure continuity of the function

T — (Tm,Xfw) .

Fix 2/ € D. Our main objective is to prove that
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— 0.

r—ax’

fue) = ()| = |v§ = ¥

Indeed, as in Section 2.2 and for any fixed = € D let (V;"", ZP" K" K" )50 the solution
of the Markovian BSDE2RB (f,H(XfZ)H{ngn},Z,h,n/\TI). Obviously, we have Vit < n AT,
[V, | < 9. Moreover, the solution satisfies the following equation

NATy
(1) Y™ = H(XT )iz, <ny +/ F(s, Y, Z9M)ds + (Kp il — K0 — (Kops — K™7)

tATy

NATy
- / ZEnAW,;
t

NTg

(i) £(X])<Y"" <h(X}), Vi<nand

[ i - vemaren = [Mer —axpparzns <o,

" ’ (3.6)
We establish that the process (Y™, Z%" K*"t K%"), <, converges to (Y, Z% K* K*7)
on the space 82 x HZ(R?) x (A, )2 Besides, we can prove that

V2" — VP < €e” 2D Poas. for all t < n where € > 0.
Let ¢ > 0, there exists ng such that Vn > ng we have 2¢e~ 2" < e. Then
Y = Y3 e+ Y =Yl
It is enough to check that V9§ > 0 such that
o — 2| <6 = Y& — YT | <e.
For simplicity, denote ¢ = ng and T = max(7,,7,/) and let us set

iy _f [(XPy,2), if 0<t<TAg
FXEy,2) = { 0, otherwise;

and also

cvq Zwq f - Y2z KT KT if 0 <t < qATas

YE4 7T K%Q"r K*1 — ( t 4t y It » S T

(Y%, 200 K K { (Msz{ngqLO,K;XITJ;,K;XJH), otherwise.

Then equation (3.6) becomes with parameters  (f, M? s <qy, 4 h,g NT)  (resp.
(f’,Mfg:/]I{Tz,gq},E, h,gANT) for z'). Furthermore, let us establish R =R» —R* 9 for
R=Y,Z K+, K. This leads us to the following equation:

gNT

Vinr = ME T, <qp — Mf;,ﬂ{wgq} +/

tAT

gNT R gN\T . gNAT R
n / akF - / AR — / Z4dW,
tAT tAT tAT

gNT

= M7 L <qy — M7 L7, <qp + /M

(Foxe, v, zoay - pxs v, 2200)) ds

(Fea ez < Jox v, 20 ) as

anT ~ ~ 1 ~ 7 ~ ro~ ~
[ (e v zr e - P e, 20 ) ds
t

AT

qnT aNT anT
+/ dKj—/ dK;—/ ZdW

t t t

AT AT AT
(65 + Bs) ds + /

gNAT gNhT gNhT
tAT

(df{j . df(;) - / Z,Aws,
t

AT

= M7 Lir,<qy — M7 Tir <qy + /t -
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where
Gy = fOXT, Y0, Z50) = J(XE, V0, 2500)
and
FIXZ,ME T, <qy,0), if g ATw <5< qAT;
goo ) SIS, ifeAn<s<aimy
FXTYE,28) — f(XS Y8, Z27), 0<s<qNATe AT
0, ifs>qgAT1, and s > g A Ty

Applying 1t6’s formula, we get
2 2 q A q R q .
’YO‘ = et ‘Yq‘ —2/ MY, Z s dWy —/ e”s||Zs||2ds—,u/ e Y, |2ds
0 0 0
q A ~ ~ ~ ~ ro~ ~ 7 q A~ A A~
+2 / oY, (FX2, Y0, 20y - F(XE V"9, Z20)) ds + 2 / oY, (RS -k, ).
0 0
Upon taking the expectation and combining it with the Skorokhod’s condition, we obtain:
2 2 q R q R
—E (e“q Yq‘ ) - ]E/ eh5]| Z,||2ds — ;AE/ AT
0 0

q A ~ ~ ~ ~ ’ ~ ’ ~ ’
T 2E/ sy, (f(Xj,Y;?»q,Zjvq) ~fxe YR e »q)) ds
0

Yo

2 q R q - q ) 3
<E <ew | ) —]E/ e”s||ZsH2ds+4Sm]E/ 5| B, |ds + AMRC (E/ e“S|Zs|2ds> .
0 0 0
Suppose that 4MxC < 1, we end up with
.12 ~ 12 q _
‘YO) < MR (‘K]‘ >+4sm1+3/ 5|3, |ds.
0
Since

Yq = pr]I{ng‘Z} - fo/]l{mgq} = H(sz)ﬂ{rz@z} - H(sz/)]l{m/gq}

and H is supposed to be bounded by 9 in D, then

~ |2 , 12
E (!qu ) < 3E (\H(X:;) - H(XZ) ) 30 (Iir, <qer,y — Uryracny) -

The continuity in D of the functions z — 7, and z — H(X? ) combined with Lebesgue

dominated convergence’s theorem implies that
E (

1B.] < (R4 u9) Lgnr,, <oqnry + (M 10+ k12 12) Tignr, <oonr, )

X 2 - X Y 2

Y,

2
— 0.
z—a!

Moreover, by definition of 3, we have

H{Ogsqu@/\rz/ }-

Then, once more, by applying Lebesgue’s dominated convergence theorem, we can conclude that
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q _ q
E/ et Bs|ds éIE/ et?
0 0

q ~ 1
+ CE’/ el (1 + HZ;E ||2> (H{q/\rmz <s<gATz} + H{q/\‘r,;<s§q/\‘rz/})
0

f(szaY/sx/aZ:/) - f(X§I7)}sx,7Z§/) ds

ds — 0.
z—x’

In conclusion, we have successfully demonstrated that for any fixed z’, and for all § >0 and
x € D such that |x — 2’| <6, the following inequality holds:

2

’YO“’ vl <o

This concludes the proof of the proposition.

|
Now, let’s introduce the notation:

F(a,up,Q) = straceloo® (2)Q + (), p) + (2, u,0" (2)p).

We proceed to define a viscosity solution for equation (3.4). For a more comprehensive
understanding of viscosity solutions, please refer to [10].

Definition 3.5 Let u be a function which belongs to C(D). It is called a viscosity:

(a) Sub-solution of (3.4), if for any ¢ € C?(D) such that whenever x € D is a local mazimum
of uw— ¢, we have, suppressing dependence on x ,

(u—é)/\{(u—h)\/ [—F(x,u,p<p,p2<p)” <0, z€D

[u—H} /\{(u—f)/\{(u—h)\/ {—F(x,ngp,D%p)}}} <0, z€dD

(b) Super-solution of (3.4), if for any ¢ € C*(D) such that whenever x € D is a local
minimum of u — ¢ , we have, suppressing dependence on x ,

(U—E)\/{(u—h)/\ [—F(x,u,Dgp,ngo)]} >0, z€D

[u—H] \/{(u—é)\/{(u—h)/\ {—F(x,ngo,D%p)}}} >0, z€dD

(c) u € C(D) is said to be a viscosity solution of (8.4), if it is both sub and super-solution.
3.2 Existence of a viscosity solution

In this paragraph, our focus turns to the existence of the viscosity solution for equation (3.4).
To begin, we contemplate the following BSDE:

Yo = H(XE)+ [ f(XEYEm Z0m)dr +n

[y
SN\Tg £

SATg

—n/ ’ (Yf7”—h(Xf))+dr—/ " zEraw,,
SNATy

SATy

0<s< 7.

The existence and uniqueness of the solution (Y*" Z*™") is also guaranteed by section 2.2
(Without reflection). If we define the deterministic function

un(x) = YOm,na
we can find the following results:
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n

Proposition 3.6 (1) u™ is a viscosity solution of the following PDE:

—Lu" — f(x,u", Vu"o) —n(u" = )" +n(u" —h)t =0, Yz € D; (3.7)
u"(z) = H(z), Yo €dD. :
(2) Ju" (@) - u(@)? <E[ sup [y — vl =

0<s< 7y

In particular, u™ converges uniformly to w on compact sets.

Proof From Theorem A.3 in Appendix we have the first claim. For the proof of (2), it’s the
same one used in the proof of Proposition 2.3 in [26]. O

Now, we are ready to demonstrate the following theorem:
Theorem 3.7 The function u defined in (3.5) is a viscosity solution of (3.4).

Proof We are only going to demonstrate that w is the viscosity sub-solution of (3.4). A
similar argument would show that is a viscosity super-solution. Let ¢ € C3(D) and x € D be a
local maximum of u— . If z €T then 7, =0, and hence u(x)=Y{ = H(X§) = H(z). We
now consider the case = # I'. Then, 7, > 0. We know that

(z) < u(z) < h(x).
Then, it is sufficient to prove that for any ¢ € C?(D) and for any local maximum z € D of
u — ¢ such that u(z) > {(z), we have
—Lp(z) = f(z,u(x),(Veo)(z)) <0, z€D.

So for n >0, let (zn)n>0 be a sequence of local maximum points of «™ —¢ such that
lim,, z,, — = (the existence of such sequence follows from the uniform convergence of u" to u).
Note that for n large enough we have u"(x,) > £(x,), then using the fact that u™ is a viscosity
solution of (3.7) we have

Lo(xn) — f(xn,u"(xn), (VSOU)(xn)) —n(u"(zn) = Lzn) +n(u"(zn) - h(xn))Jr <0, zeD.

Passing to the limit as n — oo in the above inequalities, and using the continuity of the
functions and the uniform convergence we obtain that w is a viscosity sub-solution of (3.4). O

Appendix

First, we are going to establish a comparison Theorem for solutions of BSDEs exhibiting
quadratic growth with respect to a random terminal time.

Theorem A.1 Let (Y% Z%,0,0);=12 be the solution of the quadratic BSDE2RB (2.1) with data
(€%, f%,0,0),=1.2. Assume that for any t >0 one has fl(t,Y}?, Z?) < f?(t, Y2, Z2) and &' < &2
Then

V! < Y2 P-as. forallt € RT.

Next, taking account of the SDE (3.1), we consider the following one dimensional quadratic
BSDE:

Y*eS®, 77 € Hf;*“(Rd),

. - (A.1)
YF = H(XZ) + F(X® Y Z%)dr —/ ZEdW,.

s
SATy NTe

Since H and f satisfy assumptions (1)—(3) (see p.14), it follows that for all x € D there exists
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a unique pair of processes (Y, Z%);>0 solution of (A.1).
Moreover, we consider the following elliptic quadratic PDE

—Lv(z) — f (z,v(z), (VvoT)(z)) =0, VzeD,
v(z) = H(x), Vx € 0D,
We define

1 . *
F(z,v,p,Q) = jtrace[oo™(2)]Q + (b(z), p) + f(z,v, 07 (2)p).
Let us give a definition of viscosity solution of (A.2).

Definition A.2 Let v be a function which belongs to C(D) . It is called a viscosity sub-solution
(resp. super-solution) of (A.2), if for any o € C}(D) such that whenever z € D is a local
mazimum (resp. minimum) of v — ¢, we have, suppressing dependence on x,

—F(z,v,Dp,D?%p) <0, x€ D,
{ [v - H] A {f F(x,v,De,D%)} <0, ze€aD,

(respectively,
—F(z,v,Dp,D%*p) >0, x€D,
{U —H} v [— F(x,v,Dap,Dng)} >0, z€ GD).

Moreover, v € C(D) is said to be a viscosity solution of (A.2), if it is both sub and super-solution.

Define
v(r) =Yy, z€D, (A.3)

and let us focus to prove that v is a viscosity solution of (A.2). Then

Theorem A.3 The deterministic function defined in (A.3) is a continuous viscosity solution

of (A.2).

Proof The continuity can be demonstrated in a manner similar to the approach outlined in
Proposition 3.4. Let us focus to the viscosity solution proof. We show only that « is viscosity sub-
solution of (3.4). A similar argument would show that is a viscosity super-solution. Let
€ C?*D) and z €D be a local maximum of u—¢. If €T then 7, =0, and hence
u(z) =Yy = H(X§) = H(z). We now consider the case z € DU(OD\T). Then, 7, >0.
Without loss of generality, we suppose that u(z) = ¢(x). Hence u(z) < ¢(z),Vz € D.

Suppose for contradiction that

Lo(x) + f(z,u, (Veo)(x)) <0.
Let € > 0 be such that whenever |zg — z| < &, then

{ u(zo) < (o)
Lo(x0) + f (20, u, (Vo) (zo)) < 0.

We define a stopping time
T=inf{t > 0;| X} —x| > e} A1 Ae.

Let us define
(Y’t’ Zt) = ((Yz-tg/c\f)v]l[o,?](ztaj)) , te [0»5]'
These processes (Y3, Z;), satisfy the following BSDE
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€

Y, = u(XZ) —|—/ Ljo,7) (r) f(XZ, u(X]), Zy)dr —/ Z,dW,..
t t
On the other hand, according It6’s formula, the pair
Y, 2, = (%0( ins ) Ij0,7) (t)(VWU)(Xf)) , te[0,¢e],

satisfies the following BSDE:

€ €
Y, =0o(X7) = | Ioz(r)Le(X))dr —/ Z,.dW,, te|o,e].
t t
Then, by the assumption that v < ¢ and the choice of ¢ and 7 and with the help of Theorem
A.1, we deduce that Yy < Y, i.e. u(x) < (), which is a contradiction. O
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