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Abstract   In  this  paper,  we  study  one-dimensional  backward  stochastic  differential
equations  featuring  two  reflecting  barriers.  When  the  terminal  time  is  not  necessarily
bounded or finite and the generator     exhibits quadratic growth in   , we prove
existence and uniqueness of solutions. In the Markovian case, we establish the link with
an  obstacle  problem  for  quadratic  elliptic  partial  differential  equation  with  Dirichlet
boundary conditions.
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 1.  Introduction

(Y, Z)

The concept of Backward Stochastic Differential Equations (commonly abbreviated as BSDEs)

was  initially  introduced  by  Pardoux  and  Peng  in  their  work  referenced  as  [24].  In  their

groundbreaking  research,  they  provided  rigorous  evidence  for  the  existence  and  uniqueness  of

adapted processes denoted as    within the context of the following equation:

Yt = ξ +

∫ T

t

f(s, Ys, Zs)ds−
∫ T

t

ZsdWs, t ∈ [0, T ],

(Wt)t⩾0

f ξ

where      is  the  Wiener  process.  These  BSDEs  are  characterized  by  the  presence  of  a

generator  denoted  as      and  a  terminal  condition  represented  as   .  Notably,  this  category  of

BSDEs  finds  extensive  applications  across  various  domains,  including  mathematical  finance,

stochastic  control,  and  stochastic  games.  However,  it’s  important  to  note  that  the  original

impetus  behind  BSDEs,  as  highlighted  in  sources  like  [25],  was  to  provide  a  probabilistic

framework for interpreting viscosity solutions of semi-linear Partial Differential Equations (PDE
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in  short).  Subsequent  studies  by  Barles  and  Lesigne  [5],  followed  by  Bally  and  Matoussi  [3],
delved  into  the  intricate  relationship  between  BSDEs  and  solutions  to  semi-linear  PDEs,
particularly  within  Sobolev  spaces.  We  also  refer  to  [4,  23]  for  the  link  between  BSDEs  and
Integral PDE.

(Y, Z,K)

Moreover,  the  realm  of  BSDEs  has  seen  further  expansion.  El  Karoui  et  al.  introduced  the
concept  of  Reflected  BSDEs  in  [14].  A  solution  to  such  an  equation  encompasses  a  triple  of
processes denoted as  , which collectively satisfy the following conditions:

Lt ⩽ Yt = ξ +

∫ T

t

f(s, Ys, Zs)ds+KT −Kt −
∫ T

t

ZsdWs, t ∈ [0, T ].

K Y

L ∫ T

0
(Yt − Lt)dKt = 0

The inclusion of the increasing process    serves the purpose of ensuring that the solution  
of  the  BSDE  remains  greater  than  a  given  process   ,  which  functions  as  an  obstacle.  This
constraint  is  achieved  with  a  minimum  energy  condition  expressed  as   .

Additionally, in their work [14], the authors demonstrated that the solution to a Reflected BSDE
corresponds  to  the  value  function  of  an  optimal  stopping  problem.  They  further  provided  a
probabilistic interpretation for the viscosity solution associated with an obstacle problem linked
to a nonlinear parabolic Partial Differential Equation.

(Y, Z,K+,K−)

Subsequently, Cvitanic and Karatzas, as discussed in [11], conducted an in-depth investigation
into  BSDEs  featuring  two  reflecting  barriers,  often  referred  to  as  BSDE2RBs.  In  essence,  a
solution to these equations comprises a quadruple of processes, denoted as  , which
collectively satisfy the following conditions:

Lt ⩽ Yt = ξ +

∫ T

t

f(s, Ys, Zs)ds+ (K+
T −K+

t )− (K−
T −K−

t )−
∫ T

t

ZsdWs ⩽ Ut,

where ∫ T

0

(Yt − Lt)dK
+
t =

∫ T

0

(Ut − Yt)dK
−
t = 0.

L U

K+

K−

(y, z)

In this framework, a solution is constrained to remain within the boundaries defined by a lower barrier,
denoted as   ,  and an upper barrier,  denoted as   .  This constraint is  maintained through the
combined  action  of  two  continuous  and  monotonically  increasing  reflecting  processes      and
.  Under  the  so-called  Mokobodski’s  condition,  the  authors  established  the  existence  and

uniqueness  of  solutions  for  cases  where  the  generator  function  is  Lipschitz  with  respect  to  the
variables  .

f

z

A  natural  question  then  arises:  Are  there  any  less  stringent  conditions  under  which  the
BSDE2RBs possesses a solution? This inquiry has piqued the interest of numerous researchers in
this field. In their study referenced as [19], Hamadène et al. demonstrate the presence of a solution,
not necessarily unique, in scenarios where    exhibits continuity with linear growth and only one
of the barriers adheres to regularity criteria. Extending the same assumption regarding the generator,
Lepeltier  and  San  Martin  [22]  employ  the  penalization  method  to  establish  the  existence  of  a
solution  for  BSDE2RBs  without  imposing  additional  smoothness  requirements  on  the  barriers.
They assume that the barriers are continuous and meet the conditions stipulated by Mokobodski.
Meanwhile,  Bahlali  et  al.  [2]  investigate  BSDE2RBs  under  the  framework  of  Mokobodski’s
condition, particularly when the generator displays continuous quadratic growth concerning  . In
contrast, in the absence of Mokobodski’s condition and without the constraints of barrier regularity,
Hamadène  et  al.  [17,  18]  prove  the  existence  of  a  solution,  particularly  when  the  barriers  are
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entirely separate.  To provide further specificity,  Hamadène and Hassani [17]  operate under the
Lipschitz  condition  for  the  generator,  while  Hamadène  and  Hdiri  [18]  consider  the  generator’s
continuity  with  quadratic  growth.  For  additional  investigations  into  this  variety  of  BSDE,  we
direct the reader to the significant contributions of Essaky et al. [15, 16].

y

z

In a different context, various authors have addressed BSDEs with random terminal times; see
for example [7, 12, 31], and the references therein. However, most previous contributions to this
kind  of  BSDEs  have  been  obtained  in  the  framework  when  the  coefficient  being  Lipschitz,  or
alternatively,  being  monotone  and  exhibiting  appropriate  growth  concerning   ,  in  addition  to
maintaining Lipschitz continuity concerning  .

z

P

y

We aim to share some research that is truly inspiring concerning the random terminal value.
Kobylanski’s  work,  as  documented  in  [21],  centres  around  a  real  BSDE  featuring  a  quadratic
generator  in  terms  of   ,  and  this  BSDE  involves  a  random  terminal  time.  In  her  study,  she
imposes the condition that the stopping time is either bounded or almost surely finite under the
probability  measure   .  Subsequently,  Briand  et  al.  [9]  investigate  BSDEs,  aiming  to  establish
both  the  existence  and  uniqueness  of  solutions  for  arbitrary  stopping  times.  They  achieve  this
result by requiring that the generator exhibits strict monotonicity concerning  .

(y, z)

z y z

It  is  well-known  that,  BSDEs  with  deterministic  terminal  times  form  the  basis  for  the
probabilistic  interpretation  of  semi-linear  second-order  parabolic  or  elliptic  PDEs  through  the
Feynman-Kac  formula.  This  concept  extends  to  quasi-linear  second-order  PDE  systems,  as
discussed by Peng, Pardoux, Tang, and others, as referenced in [28, 29]. The initial exploration
of  obstacle  problems  in  PDEs  utilized  Reflected  BSDEs,  as  documented  in  [14].  Meanwhile,
BSDEs featuring random terminal times are closely linked to elliptic PDEs, with this connection
being established in [12] for Lipschitz coefficients in  , in [1, 21] for quadratic coefficients in

  and in [31] for monotone coefficients in    with Lipschitz continuity in  .

f(t, y, z)

z z

In the current paper, we deal with one-dimensional BSDE2RBs with a random terminal time
which is not necessarily bounded or finite, and a generator    exhibits quadratic growth in
. Assuming that the driver satisfies a condition on    coherent with the one of quadratic growth
and employing linearization arguments, we exhibit a priori estimates that provides a control on
the  distance  between  two  solutions  based  on  the  disparity  between  the  associated  bounded
terminal  conditions  and  generators.  This  implies  in  particular  the  uniqueness  of  solution  for
BSDE2RBs. Furthermore, instead of relying on a fixed point argument for establishing existence,
we  employ  an  approximation  procedure  wherein  we  assume  a  condition  analogous  to  the  so-
called  Mokobodski.  In  order  to  establish  the  convergence  associated  with  the  barriers,  it  is
necessary to introduce an appropriate assumption regarding the lower barrier. Utilizing the flow
property within the Markovian framework, we demonstrate that the solution to BSDE2RBs with
random terminal times serves as a viscosity solution to a related obstacle problem for an elliptic
PDE  with  Dirichlet  boundary  conditions.  In  this  context,  the  non-linearity  manifests  as  the
square  of  the  gradient.To  the  best  of  our  knowledge,  no  previous  work  in  the  literature  has
addressed this specific issue, rendering our conclusion notably innovative.
The remainder of this paper is structured as follows: In Section 2, we formally introduce and

analyze the problem of the quadratic BSDE2RBs, considering scenarios where the random time
terminal is possibly unbounded. Section 3 is dedicated to establishing the intricate links between
solutions to the quadratic BSDE2RBs and their counterparts in the realm of Partial Differential
Equations.  Finally,  in  the  Appendix  we  give  a  comparison  result  for  quadratic  BSDE and  we
deal with the link between this BSDE and elliptic quadratic PDE.
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 2.  BSDE2RBs with quadratic growth and random terminal time

(Ω,F ,P)
d (Wt)t⩾0 (Ft)t⩾0

F0 P F

Throughout  this  paper,  let      is  a  fixed  probability  space  on  which  is  defined  a
standard     -dimensional  Brownian  motion      whose  natural  filtration  is      and
where    contains all   –null sets of  .

Ft τ P
λ ∈ R Ft (ψt)t⩾0 Rk

Given  an     -stopping  time      (not  necessarily  bounded  or     -a.s.  finite)  and,  we  define  for
  the following set of    -progressively measurable process    taking values in  

Hl,λ
τ (Rk) =

{
ψ : E

(∫ τ

0

eλs ∥ψs∥lk ds
)
<∞

}
Ft (ψt)t Rand for all    -progressively measurable process    taking values in  , we define

S∞
τ =

{
ψ : sup

0⩽t⩽τ
|ψt| <∞

}
.

Aτ Ft

(Kt)t⩾0 K0 = 0 E[|Kτ |] <∞.

Furthermore,  we  denote  by      the  set  of  continuous     -progressively  measurable  non-
decreasing process    such that    and  
Now, let consider

(H.0) ξ Fτ

M

   A terminal value  , which is an    -measurable random variable, is bounded by some
real  .

(H.1) f : R+ × Ω× R× Rd → R κ > 0 µ > 0   A coefficient    such that, there exist    and  ,

f(., y, z) y ∈ R z ∈ Rd(1)    is progressively measurable for all    and  .
(y, z) −→ f(t, w, y, z)(2)    is continuous.
supt⩾0 |f(t, 0, 0)| ⩽ M(3)    a.s.
|f(t, y, z)− f(t, y, z′)| ⩽ κ∥z − z′∥(∥z∥+ ∥z′∥), ∀ y ∈ R, z, z′ ∈ Rd(4)  .
|f(t, y, z)− f(t, y′, z)| ⩽ µ|y − y′|, ∀ y, y′ ∈ R z ∈ Rd(5)    and  .

(H.2) L U   A pair of obstacles    and    satisfy

Lt < Ut t ⩾ 0 Lτ ⩽ ξ ⩽ Uτ(1)    for all    and  .

P ∀ t ⩾ 0, |Lt|+ |Ut| ⩽ M(2)    -a.s.  .
L = (Lt)t⩾0(3) The Process     is a quasimartingale with canonical decomposition (see e.g. [30],

Theorem 15, p.118):
Lt = L0 +Mt + Pt,

M P
P = P+ − P−

where      is  a  uniformly  integrable  martingale  and      is  a  predictable  process  of  integrable
variation with Jordan decomposition  .

(H.3) η ζ ∈ H2,0
τ

Mτ := ξI{τ<∞} t ∈ R+

   There exist two progressively measurable processes    and    such that for
, we have for all  ,

Lt ⩽Mt ⩽ Ut(1)  .
dMt = −ηtI[0,τ ](t)dt+ ζtI[0,τ ](t)dWt(2)  .
E
∫ τ

0
eµt (1 + |ηt|) dt <∞(3)  .

(H.1)(3− 5)Remark 2.1  The combination of    leads to the following result:

|f(t, y, z)| ⩽ |f(t, 0, 0)|+ |f(t, y, 0)− f(t, 0, 0)|+ |f(t, y, z)− f(t, y, 0)|
⩽ M+ µ|y|+ κ∥z∥2

⩽ max(M, µ, κ)(1 + |y|+ ∥z∥2); ∀(t, y, z) ∈ (R+,R,Rd).
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(Y, Z,K+,K−) R× Rd × R+ × R+

(ξ, f, L, U)

Definition  2.2  The  process      with  values  in     is  called  a
solution of BSDE2RB with data    if:

Y ∈ S∞
τ , Z ∈ H2,−µ

τ (Rd) and K+,K− ∈ Aτ ,

Lt ⩽ Yt ⩽ Ut on the set [t ⩽ τ ],

Yt = ξ, Zt = 0, K+
t = K+

τ and K−
t = K−

τ on the set {t > τ},
For all T ⩾ t ⩾ 0,

Yt = YT +

∫ τ∧T

τ∧t

f(s, Ys, Zs)ds+ (K+
T −K+

t )− (K−
T −K−

t )−
∫ τ∧T

τ∧t

ZsdWs P-a.s.,

For all T ⩾ 0,

∫ τ∧T

0

(Us − Ys)dK−
s =

∫ τ∧T

0

(Ys − Ls)dK+
s = 0 P-a.s.

(2.1)

 2.1  A priori estimate and uniqueness result

Y 1

Y 2

In  this  subsection,  our  goal  is  to  demonstrate  the  uniqueness  of  solutions  for  the  quadratic
BSDE2RBs.  To begin,  we furnish an a priori  estimate for  the difference between solutions   

and  , which constitutes a pivotal element of our forthcoming analysis.

(H.0), (H.1), (H.2)(2) (H.3) (Y, Z,K+,K−)Proposition 2.3  We suppose that    and    hold and let  
be the solution of the quadratic BSDE2RB (2.1). Then

Y M●    is bounded by  .(∫ t

0
ZsdWs

)
t⩾0

●    is a BMO-martingale.

|Yt| ⩽ max {|Lt|, |Ut|} ⩽ M t ∈ R+Proof  It is clear that    for all  .

Y −M ν ⩽ τNext by applying Itô’s formula to  , we obtain for all stopping time  

|Yν −Mν |2 +
∫ τ

ν

∥Zs − ζs∥2ds = |ξ −Mτ |2 + 2

∫ τ

ν

(Ys −Ms) (f(s, Ys, Zs)− ηs) ds

+ 2

∫ τ

ν

(Ls −Ms)dK+
s − 2

∫ τ

ν

(Us −Ms)dK−
s

− 2

∫ τ

ν

(Ys −Ms) (Zs − ζs) dWs.

Et[.] = E[./Ft] (H.0), (H.1) (H.2)(2)Taking the conditional expectation    and using    and  , we can
write

Eν

[∫ ∞

ν

∥Zs∥2ds
]
⩽ 2Eν

[
|ξ −Mτ |2 + 2

∫ τ

ν

|Ys −Ms| (|f(s, Ys, Zs)|+ |ηs|) ds
]

+ 2Eν

[∫ τ

ν

∥ζs∥2ds
]

⩽ 2Eν |ξI{τ=+∞}|2 + 2Eν

[∫ τ

ν

∥ζs∥2ds
]

+ 4Eν

[
sup

0⩽s⩽τ
|Ys −Ms|

∫ τ

ν

[C(1 + |Ys|+ ∥Zs∥2) + |ηs|]ds
]

⩽ CEν [Λτ ] + 8MκEν

[∫ ∞

ν

∥Zs∥2ds
]
,

Λτ = |ξ|2 +
∫ τ

0

(
C(1 +M) + |ηs|+ ∥ζs∥2

)
ds 1 > 8Mκ

∫ .

0
ZsdWswhere  . Choosing  , we deduce that  

is a BMO-martingale.  □
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(Y i, Zi,Ki+,Ki−)i=1,2Proposition 2.4  Let    be solutions for the quadratic BSDE2RB
Y i
t = ξi +

∫ T

t

I{s⩽τ}f
i(s, Y i

s , Z
i
s)ds+ (Ki+

T −Ki+
t )− (Ki−

T −Ki−
t )−

∫ T

t

Zi
sdWs,

Lt ⩽ Y i
t ⩽ Ut, ∀ t ⩽ T and

∫ T

0

(Us − Y i
s )dK

i−
s =

∫ T

0

(Y i
s − Ls)dKi+

s = 0,

ξi Fτ Y i(∫ .

0
Zi
tdWt

)
t⩾0

ρ [0,+∞)

where    are    -measurable  and  bounded.  We  assume  that  the    are  bounded  and  the

stochastic  integral    are  BMO-martingales.  We  suppose  also  that  there  exists  a

deterministic function    with values in    such that

(Hρ) |f1(t, Y 2
t , Z

2
t )− f2(t, Y 2

t , Z
2
t )| ⩽ ρ(t)    .

Then,

|Y 1
t − Y 2

t |2 ⩽ e−µ(T−t)∥ξ1 − ξ2∥2∞ +
1

µ

∫ T

t

e−µ(s−t)|ρ(s)|2ds.

ϱ̄ = ϱ1 − ϱ2 ϱ = ξ, Y, Z,K+,K− α, βProof  Denotes by     for     and defines the processes     in the
following:

αs =


f1(s, Y 1

s , Z
1
s )− f1(s, Y 2

s , Z
1
s )

Ȳs
, if Ȳs ̸= 0;

0, otherwise;

and

βs =


(
f1(s, Y 2

s , Z
1
s )− f1(s, Y 2

s , Z
2
s )
)
Z̄s

∥Z̄s∥2
, if Z̄s ̸= 0;

0, otherwise.

Remark that

f1(s, Y 1
s , Z

1
s )− f2(s, Y 2

s , Z
2
s ) = αsȲs + βsZ̄s + f1(s, Y 2

s , Z
2
s )− f2(s, Y 2

s , Z
2
s ).

t ∈ R+ s ⩾ t, As =
∫ s

t
(2αr − 3µ)drFix    and set for  . From Itô’s formula, we have

eAT |ξ̄|2 = eAt |Ȳt|2 +
∫ T

t

I{s⩽τ}e
As(2αs − 3µ)|Ȳs|2ds

− 2

∫ T

t

I{s⩽τ}e
As Ȳs

(
f1(s, Y 1

s , Z
1
s )− f2(s, Y 2

s , Z
2
s )
)
ds

− 2

∫ T

t

eAs ȲsdK̄+
s + 2

∫ T

t

eAs ȲsdK̄−
s + 2

∫ T

t

eAs ȲsZ̄sdWs +

∫ T

t

eAs∥Z̄s∥2ds

= |Ȳt|2 − 3µ

∫ T

t

I{s⩽τ}e
As |Ȳs|2ds− 2

∫ T

t

I{s⩽τ}e
As Ȳs

(
f1(s, Y 2

s , Z
2
s )− f2(s, Y 2

s , Z
2
s )
)
ds

− 2

∫ T

t

eAs ȲsdK̄+
s + 2

∫ T

t

eAs ȲsdK̄−
s + 2

∫ T

t

eAs ȲsZ̄s (dWs − βsds) +
∫ T

t

eAs∥Z̄s∥2ds.

(2.2)

Q (Ω,F)Let    the probability measure on    whose density is

E∞ = exp
(∫ ∞

0

βsdWs −
1

2

∫ ∞

0

|βs|2ds
)
.

(H.1)(4) |βs| ⩽ κ(∥Z1
s∥+ ∥Z2

s∥)
∫
bsdWsBy assumption  , it follows that  . Hence    is also a BMO-
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Q P
W̃t =Wt −

∫ t

0
βrdr t ⩾ 0 Q

(Hρ) αs ⩽ µ

martingale.  Theorem 2.3 in [20]  implies  that the probability measures     and     are  mutually

absolutely  continuous  and      for      is  a  Brownian  motion  under   .

Combining Itô’s formula,    and the fact that    to get

|Ȳt|2 ⩽ eAT |ξ̄|2 + 3µ

∫ T

t

eAs |Ȳs|2ds+ 2

∫ T

t

I{s⩽τ}e
As Ȳs

(
f1(s, Y 2

s , Z
2
s )− f2(s, Y 2

s , Z
2
s )
)
ds

+ 2

∫ T

t

eAs ȲsdK̄+
s − 2

∫ T

t

eAs ȲsdK̄−
s − 2

∫ T

t

eAs ȲsZ̄sdW̃s

⩽ e−µ(T−t)∥ξ̄∥2∞ + 4µ

∫ T

t

eAs |Ȳs|2ds+
1

µ

∫ T

t

e−µ(s−t)|ρ(s)|2ds− 2

∫ T

t

eAs ȲsZ̄sdW̃s.

EQ[./FW̃
t ]Applying Gronwall lemma and taking the conditional expectation     to get the desired

result.  □
(Y i, Zi,Ki+,Ki−)i=1,2

(ξ, f, U, L)

(Y 1
t , Z

1
t ,K

1+
t ,K1−

t ) = (Y 2
t , Z

2
t ,K

2+
t ,K2−

t ) P t ⩾ 0

Corollary  2.5  Let    be  the  solution  of  the  quadratic  BSDE2RB  (2.1)

with data  . We suppose that the data verifies the same hypothesis in Proposition 2.4.

Then    -a.s. for all  .

(Y 1, Z1,K1+,K1−) (Y 2, Z2,K2+,K2−)

(ξ, f, U, L)

Y 1 = Y 2 P t ⩾ 0 t ⩾ 0

Z1 = Z2 P K1− = K2−

Proof  Let      and      be  two  solutions  of  the  quadratic

BSDE2RB  (2.1)  associated  with  data   .  First  of  all,  under  Proposition  2.4,  we  have

immediately         -a.s.  for  all   .  Again  in  view  of  (2.2),  we  get  for  all      that
     -a.s. Additionally, it can be shown that  . Indeed∫ t

0

(Us − Ls)dK1−
s =

∫ t

0

(Ys − Ls)dK1−
s

= −
∫ t

0

(Ys − Ls)d(K1+
s −K1−

s ) = −
∫ t

0

(Ys − Ls)d(K2+
s −K2−

s )

=

∫ t

0

(Y 2
s − Ls)dK2−

s =

∫ t

0

(Us − Ls)dK2−
s .

L < U K1− = K2− P t ⩾ 0

K1+ = K2+ P t ⩾ 0

Since   ,  we conclude that         -a.s.  for  all   .  Similarly,  we can prove that
     -a.s. for all  .  □

 2.2  Existence result

f

z

n ∈ N
(Ȳ n

t , Z̄
n
t , K̄

n+
t , K̄n−

t )t∈[0,n]

In  this  context,  we  demonstrate  the  presence  of  a  solution  for  quadratic  BSDE2RB.  The
generator    is a continuous function that conforms to a quadratic growth condition with respect
to  the  variable   .  Before  proceeding,  it  is  essential  to  introduce  the  following  result:  for  each

,  in  view  of  ([2],  Theorem  3.1)  and  Corollary  2.5,  there  exists  a  unique  solution
  to the following quadratic BSDE2RB

Ȳ n
t =Mn +

∫ n

t

I{s⩽τ}f(s, Ȳ
n
s , Z̄

n
s )ds+ (K̄n+

n∧τ − K̄n+
t )− (K̄n−

n∧τ − K̄n−
t )−

∫ n

t

Z̄n
s dWs,

Lt ⩽ Ȳ n
t ⩽ Ut, ∀ t ⩽ n and

∫ n

0

(Us − Ȳ n
s )dK̄n−

s =

∫ n

0

(Ȳ n
s − Ls)dK̄n+

s = 0.

(Ȳ n
t , Z̄

n
t , K̄

n+
t , K̄n−

t )

∈ S∞
n ×H2,−µ

n × (An)
2

Furthermore, it is subsequently established that the existence of      is also

valid in the set  .∥∥supt⩽n∧τ |Ȳ n
t |
∥∥
∞ ⩽ M C(n) > 0Remark 2.6  Note that    and there exists a constant    such that
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∥∥∥∥∫ .

0

Z̄n
s dWs

∥∥∥∥
BMO2

⩽ C(n).

Moreover, we have the following lemma:

ϵ > 0Lemma 2.7  For all  , we have

sup
n⩾0

E
∫ τ

0

e−ϵs∥Z̄n
s ∥2ds <∞. (2.3)

φ(x) = e−5Cx (Ȳ n −M)Proof  Indeed, if we apply Itô’s formula for    with    and using the fact

that
1

4
∥Z̄n

s ∥2 ⩽ 1

2
∥Z̄n

s − ζs∥2 +
1

2
∥ζs∥2,

we obtain

φ(Ȳ n
0 −M0)− ϵE

∫ n∧τ

0

e−ϵsφ(Ȳ n
s −Ms)ds+

1

4
E
∫ n∧τ

0

e−ϵsφ′′(Ȳ n
s −Ms)∥Z̄n

s ∥2ds

⩽ E
∫ n∧τ

0

e−ϵsφ′(Ȳ n
s −Ms)

(
f(s, Ȳ n

s , Z̄
n
s )− ηs

)
ds+ E

∫ n∧τ

0

e−ϵsφ′(Ȳ n
s −Ms)dK̄n+

− E
∫ n∧τ

0

e−ϵsφ′(Ȳ n
s −Ms)dK̄n− +

1

2
E
∫ n∧τ

0

e−ϵsφ′′(Ȳ n
s −Ms)∥ζs∥2ds

⩽ − CE
∫ n∧τ

0

e−ϵsφ′(Ȳ n
s −Ms)

(
1 + |Ȳ n

s |+ ∥Z̄n
s ∥2 + |ηs|

)
ds+ E

∫ n∧τ

0

e−ϵsφ′(Ȳ n
s −Ms)dK̄n+

− E
∫ n∧τ

0

e−ϵsφ′(Ȳ n
s −Ms)dK̄n− +

1

2
E
∫ n∧τ

0

e−ϵsφ′′(Ȳ n
s −Ms)∥ζs∥2ds.

Remark that

−E
∫ n∧τ

0

e−ϵsφ′(Ȳ n
s −Ms)dK̄n−

s ⩽ Cφ,M,ϵE(K̄n−
n ),

1
4φ

′′(x) + Cφ′(x) = 5
4C

2φ(x) φ′ < 0 K̄n+and since    with    and    is increasing, we get

E
∫ n∧τ

0

e−ϵs 5

4
C2φ(Ȳ n

s −Ms)∥Z̄n
s ∥2ds

⩽ ϵE
∫ n∧τ

0

e−ϵsφ(Ȳ n
s −Ms)ds+ Cφ,M,ϵE(K̄n−)− CE

∫ n∧τ

0

e−ϵsφ′(Ȳ n
s −Ms)

(
1 + |Ȳ n

s |+ |ηs|
)
ds

+
1

2
E
∫ n∧τ

0

e−ϵsφ′′(Ȳ n
s −Ms)∥ζs∥2ds.

Hence

5

4
C2Cφ,ME

∫ n∧τ

0

e−ϵs∥Z̄n
s ∥2ds ⩽ Cφ,M,ϵ + CC,φ,ME

∫ n∧τ

0

e−ϵs
(
1 + |Ȳ n

s |+ |ηs|
)
ds

+ Cφ,ME
∫ n∧τ

0

e−ϵs∥ζs∥2ds+ Cφ,M,ϵE(K̄n−),

which implies (2.3).  □

(Y n, Zn,Kn+,Kn−)

Subsequently, our focus will be on presenting the principal outcome of this section. To commence,
we shall define the process    as follows:
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(Y n
t , Z

n
t ,K

n+
t ,Kn−

t ) :=

{
(Ȳ n

t , Z̄
n
t , K̄

n+
t , K̄n−

t ), on the set [t ⩽ n ∧ τ ];

(Mt, ζtI[0,τ ], K̄n+
n∧τ , K̄

n−
n∧τ ), on the set [t ⩾ n ∧ τ ].

(Y n, Zn,Kn)n⩾0 S∞
∞ ×H2,−µ

∞ (Rd)×A∞Step 1     is a Cauchy sequence on the space  

t ⩽ n ⩽ m ϱm,n = ϱm − ϱn ϱ = Y, Z,K+,K−Fix    and set    for  . Remark that

Y n
t =Mm +

∫ m

t

I{s⩽τ}f̃(s, Y
n
s , Z

n
s )ds+

∫ m

t

dKn+
s −

∫ m

t

dKn−
s −

∫ m

t

Zn
s dWs,

f̃(s, y, z) = f(s, y, z)I{s⩽n} − ηsI{s>n}where  . In view of this notation, we have

|f(s, Y n
s , Z

n
s )− f̃(s, Y n

s , Z
n
s )| = | (f(s,Ms, ζs) + ηs) I{s>n}| ⩽ CI{s>n}.

t ∈ [0,m]Hence, can apply Proposition 2.4 to get for all  

|Y m
t − Y n

t |2 ⩽ 1

µ

∫ m

n

Ce−µ(s−t)ds

⩽ C

µ2

(
e−µ(n−t) − e−µ(m−t)

)
P-a.s. (2.4)

Y n Y

m

It follows that the sequence of continuous processes    converges to a limit which we denote  .
If    goes to infinity in the last inequality, it comes that

|Y n
t − Yt|2 ⩽ C

µ2
e−µ(n−t) P-a.s. for all t ⩽ n.

Y n Y t

Y

This implies that    converges almost surely to    uniformly with respect to    on compact sets.
The limit process    is also continuous and bounded. Furthermore,

E
∫ τ

0

e−µs|Y n
s − Ys|2ds = E

∫ n∧τ

0

e−µs|Y n
s − Ys|2ds+ E

∫ τ

n∧τ

e−µs|Ms − Ys|2ds

⩽ Cne−µn + E
(
I{τ⩾n}

∫ τ

n

e−µs|Ms − Ys|2ds
)

−−−−→
n→∞

0.

Y m,n
s dKm,n+

s Y m,n
s dKm,n−

sNow, combining Itô’s formula and the fact that    and    remain non-
positive, we obtain

E|Y m,n
0 |2 − µE

∫ m∧τ

0

e−µs|Y m,n
s |2ds+ E

∫ m∧τ

0

e−µs∥Zm,n
s ∥2ds

⩽ 2E
∫ m∧τ

0

e−µsY m,n
s (f(s, Y m

s , Zm
s )− f(s, Y n

s , Z
n
s )) ds+ 2E

∫ m∧τ

n∧τ

e−µsY m,n
s (f(s,Ms, ζs) + ηs) ds.

fUsing the hypothesis of the function  , we find

2Y m,n
s (f(s, Y m

s , Zm
s )− f(s, Y n

s , Z
n
s )) ⩽ 2µ|Y m,n

s |2 + 2|Y m,n
s ||f(s, Y n

s , Z
n
s )− f(s, Y n

s , Z
m
s )|

⩽ 2µ|Y m,n
s |2 + 4κ2|Y m,n

s |2(∥Zm
s ∥2 + ∥Zn

s ∥2) +
1

2
∥Zm,n

s ∥2.

Therefore, we obtain

1

2
E
∫ τ

0

e−µs∥Zm,n
s ∥2ds ⩽ 3µE

∫ τ

0

e−µs|Y m,n
s |2ds

+ C
4κ2

µ2
e−µn

(
1− e−µ(m−n)

)
E
∫ τ

0

(∥Zm
s ∥2 + ∥Zn

s ∥2)ds

+ CE
∫ m

n

e−µs
(
1 + |Ms|+ ∥ζs∥2 + |ηs|

)
ds,
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0 n ∞ Zn H2,−µ
τ (Rd)

Z

which  converge  to      as      goes  to   .  Hence,      is  a  Cauchy  sequence  in      and

converges to a process  .

Kn = Kn+ −Kn−We next state the convergence of  . Firstly, we have

Km,n
m = Y m,n

0 −
∫ m

0

I{s⩽τ}

(
f̃(s, Y m

s , Zm
s )− f̃(s, Y n

s , Z
n
s )
)
ds+

∫ m

0

Zm,n
s dWs.

But before we start, using the Cauchy-Schwarz inequality twice results in:

E
∫ τ

0

∥Zm,n
s ∥(∥Zm

s ∥+ ∥Zn
s ∥)ds

⩽
√
2

(
E
∫ τ

0

e−µs∥Zm,n
s ∥2ds

)1/2(
E
∫ τ

0

eµs(∥Zm
s ∥2 + ∥Zn

s ∥2)ds
)1/2

.

Afterward, we have

E[|Km,n
m |] ⩽ E|Y m,n

0 |+ E
∫ m∧τ

0

|f̃(s, Y m
s , Zm

s )− f̃(s, Y n
s , Z

n
s )|ds

⩽ E|Y m,n
0 |+ E

∫ n∧τ

0

|f(s, Y m
s , Zm

s )− f(s, Y n
s , Z

n
s )| ds+ E

∫ m∧τ

n∧τ

|f(s,Ms, ζs) + ηs|ds.

(H.3).3Subsequently, using the formula (2.4) and assumption    yields

E[|Km,n
m |] ⩽ E|Y m,n

0 |+ µE
∫ τ

0

|Y m,n
s |ds+ κE

∫ τ

0

∥Zm,n
s ∥(∥Zm

s ∥+ ∥Zn
s ∥)ds

+ E
∫ m

n

e−µs|f(s,Ms, ζs) + ηs|ds

⩽ Ce−µn/2 + Ce−µn/2E
∫ τ

0

eµs/2ds

+
√
2κ

(
E
∫ τ

0

e−µs∥Zm,n
s ∥2ds

)1/2(
E
∫ τ

0

eµs(∥Zm
s ∥2 + ∥Zn

s ∥2)ds
)1/2

+ CE
∫ m

n

(
1 + |Ms|+ ∥ζs∥2 + |ηs|

)
ds.

Consequently, one can show

E[|Km,n
m |] −−−−−→

n,m→∞
0.

K ∈ A∞ Kn KThen, there exists    such that    converges almost surely to  .

C > 0Step 2  There exists a constant    such that

E|Kn+
T∧τ |+ E|Kn−

T∧τ | ⩽ C.

(H.2)Firstly, we obtain by considering the hypothesis  

d(Y n
t − Lt) = −I{t⩽τ}f̃(t, Y

n
t , Z

n
t )dt− dKn+

t + dKn−
t + Zn

t dWt − dPt − dMt.

(Y n − L)+Utilizing Theorem 68 from reference [30] on the convex function    leads to:

d(Y n
t − Lt)

+ = I{Y n
t >Lt}

(
−I{t⩽τ}f̃(t, Y

n
t , Z

n
t )dt− dKn+

t + dKn−
t + Zn

t dWt − dPt − dMt

)
+ I{Y n

t >Lt}(Y
n
t − Lt)

− + I{Y n
t ⩽Lt}(Y

n
t − Lt)

+ +
1

2
dL0t ,

L0 Y n − L 0where    is the local time of    at  . Whence
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I{Y n
t =Lt} (Z

n
t dWt − dMt)

= I{Y n
t =Lt}

(
d(Y n

t − Lt) + I{t⩽τ}f̃(t, Y
n
t , Z

n
t )dt+ dKn+

t − dKn−
t + dPt

)
=

1

2
dL0t + I{Y n

t =Lt}

(
I{t⩽τ}f̃

+(t, Y n
t , Z

n
t ) + dP+

t

)
+ dKn+

t

− I{Y n
t =Lt}

(
I{t⩽τ}f̃

−(t, Y n
t , Z

n
t ) + dKn−

t + dP−
t

)
.

M
(

1
2dL

0
t + I{Y n

t =Lt}

(
I{t⩽τ}f̃

+(t, Y n
t , Z

n
t ) + dP+

t

))
t

C C
Since      is  integrable,  the  process      is  a

nondecreasing  integrable  process.  Denoting  its  compensator  as      and  its  compensatrix  as   .
Therefore

I{Y n
t =Lt} (Z

n
t dWt − dMt)− dCt

= dCt − I{Y n
t =Lt}

(
I{t⩽τ}f̃

−(t, Y n
t , Z

n
t ) + dKn−

t + dP−
t

)
+ dKn+

t .

As all the terms in the last line are predictable, the equality yields zero. Consequently

dCt + dKn+
t = I{Y n

t =Lt}

(
I{t⩽τ}f̃

−(t, Y n
t , Z

n
t ) + dKn−

t + dP−
t

)
.

Thus

dKn+
t ⩽ I{Y n

t =Lt}

(
I{t⩽τ}f̃

−(t, Y n
t , Z

n
t ) + dKn−

t + dP−
t

)
.

Kn+ Kn−By employing the mutual singularity of    and  , we derive that

dKn+
t ⩽ I{Y n

t =Lt}

(
I{t⩽τ}f̃

−(t, Y n
t , Z

n
t ) + dP−

t

)
.

Upon taking the expectation, we obtain that

E|Kn+
T∧τ | ⩽ CE

∫ T∧τ

0

(
1 + |Y n

t |+ ∥Zn
t ∥2 + |ηs|

)
ds+ E|PT∧τ | ⩽ C.

On the other hand, we have

E[|Kn−
T∧τ |]− E[|Kn+

T∧τ |] ⩽ E[|Kn
T∧τ |] ⩽ C.

That implies that

E|Kn−
T∧τ | ⩽ C + E[|Kn+

T∧τ |] ⩽ C.

Hence, the proof of this step is now complete.

(Y, Z,K+,K−)Step 3  The process    satisfies the quadratic BSDE2RB (2.1)

t TFix    and  . We shall pass to the limit in the following equality:

Y n
t∧τ = Y n

T∧τ +

∫ T∧τ

t∧τ

f(s, Y n
s , Z

n
s )ds+

∫ T∧τ

t∧τ

dKn
s −

∫ T∧τ

t∧τ

Zn
s dWs. (2.5)

Y n
t∧τ Yt

∥ supt⩽n∧τ |Y n
t |∥∞ ⩽ M Yt∧τ L1

The  sequence      converges  almost  surely  to   .  In  addition,  it  is  bounded  since
.  We obtain that the sequence converges to      in      from Lebesgue

Dominated Convergence Theorem. Moreover, we have

E

(∫ T∧τ

t∧τ

Zn
s dWs −

∫ T∧τ

t∧τ

ZsdWs

)2

⩽ eµTE
∫ T∧τ

0

e−µs|Zn
s − Zs|2ds.

∫ T∧τ

t∧τ
Zn
s dWs L2

∫ T∧τ

t∧τ
ZsdWs

∫ T∧τ

t∧τ
f(s, Y n

s , Z
n
s )ds∫ T∧τ

t∧τ
f(s, Ys, Zs)ds L1

Then,    converges in    to  . Additionally,    converges

to    in    since
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E

∣∣∣∣∣
∫ T∧τ

t∧τ

f(s, Y n
s , Z

n
s )ds−

∫ T∧τ

t∧τ

f(s, Ys, Zs)ds

∣∣∣∣∣
⩽ E

∫ T

0

|f(s, Y n
s , Z

n
s )− f(s, Ys, Zs)| ds

⩽ µeµTE
∫ T

0

e−µs|Y n
s − Ys|ds

+ κ
√
2eµT

(
E
∫ T

0

e−µs∥Zn
s − Zs∥2ds

)1/2(
E
∫ T

0

e−µs(∥Zn
s ∥2 + ∥Zs∥2)ds

)1/2

.

KFurthermore, for the last integral with respect to  , we get

E

∣∣∣∣∣
∫ T∧τ

t∧τ

(dKn
s − dKs)

∣∣∣∣∣ ⩽ E|Y n
t∧τ − Yt∧τ |+ E|Y n

T∧τ − YT∧τ |

+ E
∫ T

0

|f(s, Y n
s , Z

n
s )− f(s, Ys, Zs)|ds+ E

∣∣∣∣∣
∫ T∧τ

t∧τ

(Zn
s − Zs)dWs

∣∣∣∣∣ .
n→ ∞Then, passing to the limit as    in (2.5), we find

Yt∧τ = YT∧τ +

∫ T∧τ

t∧τ

f(s, Ys, Zs)ds+
∫ T∧τ

t∧τ

dKs −
∫ T∧τ

t∧τ

ZsdWs.

ν ⩽ T Kn±
ν∧τ

L1 Fν∧τ K±
ν∧τ ∈ L1

Kn±
ν∧τ K±

ν∧τ

On the other hand, let     be a stopping time. Step 2 shows that the sequences     are

bounded in   . Consequently, there exists     -measurable random variables     such

that there exists the subsequences of    weakly converging in  .

Kν∧τ = K+
ν∧τ −K−

ν∧τ

n ∈ N N ⩾ n δν∧τ,n
j ⩾ 0 j = n, . . . , N∑N

j=n δ
ν∧τ,n
j = 1

We are  now  putting   .  By  Mazur’s  lemma (see  e.g.  [33],  p.120),  for  all

,  there  exists  an  integer      and  weights      with      and

  such that

K̃n±
ν∧τ :=

N∑
j=n

δν∧τ,n
j (K±

ν∧τ )j −−−−→
n→∞

K±
ν∧τ . (2.6)

K̃n
ν∧τ = K̃n+

ν∧τ − K̃n−
ν∧τDenoting  , as a result of this

E|K̃n
ν∧τ − K̃ν∧τ | −−−−→

n→∞
0. (2.7)

ϵ > 0 ∥Kn
ν∧τ −Kν∧τ∥L1 < ϵNoting that, we have for all  ,  . Hence

∥K̃n
ν∧τ −Kν∧τ∥L1 =

∥∥∥∥∥∥
N∑

j=n

δν∧τ,n
j (K±

ν∧τ )j −Kν∧τ

∥∥∥∥∥∥
L1

⩽
N∑

j=n

δν∧τ,n
j ∥(K±

ν∧τ )j −Kν∧τ∥L1 < ϵ.

Therefore

E|K̃n
ν∧τ −Kν∧τ | −−−−→

n→∞
0. (2.8)

Kν∧τ = K̃ν∧τ

K̃t∧τ = Kt∧τ t ⩾ 0

Mixing (2.7) and (2.8) together, we obtain    a.s. As a result of the optional section
theorem ([13], Theorem 86), we obtain  , for all  .

ν = TFor  , the formula (2.6) implies the existence of two subsequences

K̃n+
T∧τ =

N∑
j=n

δT∧τ,n
j (K+

T∧τ )j and K̃n−
T∧τ =

N∑
j=n

δT∧τ,n
j (K−

T∧τ )j ,
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K+
T∧τ K−

T∧τ P ω ∈ Ω

K̃n+
T∧τ (ω) K̃n−

T∧τ (ω)

P ω ∈ Ω t ⩾ 0

K̃n+
t∧τ (ω) K̃n−

t∧τ (ω) K+
t∧τ (ω) K−

t∧τ (ω)

which  converge  almost  surely  to      and      respectively.  Then,  for     -a.s.   ,  the

subsequences     and     are bounded. Subsequently,  by Helly’s  selection theorem

([8],  p.88),  we  can  obtain  that,  for     -a.s.      and   ,  there  exist  two  subsequences  of
  and    tending weakly to    and    respectively.

Lt ⩽ Y n
t ⩽ Ut t ⩾ 0

Y n
t

On the other hand, we are now in possession of      for all   .  Indeed,  by the
definition of  , we have

Lt ⩽ Y n
t = Ȳ n

t ⩽ Ut [t ⩽ n ∧ τ ]●    on the set  ;

Lt ⩽ Y n
t =Mt ⩽ Ut [t ⩾ n ∧ τ ]●    on the set  .

n Lt ⩽ Yt ⩽ Ut t ⩾ 0By passing to limit in  , we can obtain    for all  .
K̃n+

t K+
t (ω)Now we are going to show the Skorokhod’s conditions. In fact, due to    tends to  ,

we can write the following using the result presented on p. 465 of [32]:∫ T∧τ

0

(Y n
t (ω)− Lt(ω))dK̃

n+
t (ω) −−−−→

n→∞

∫ T∧τ

0

(Yt(ω)− Lt(ω))dK
+
t (ω). (2.9)

∫ T∧τ

0
(Y n

t − Lt)dK
n+
t ⩽ 0 n ∈ N n,m ⩾ 0Using  the  fact  that      a.s.  for  all   .  Then  for  all   ,  the

formula (2.4) and Step 2 yield that

E

∣∣∣∣∣
∫ T∧τ

0

(Y n
t − Y m

t )dKm+
t

∣∣∣∣∣ ⩽ eµT/2E
[

sup
0⩽t⩽T

e−µt/2 |Y n
t − Y m

t | |Km+
T |

]
⩽ CeµT/2e−µn/2E

[
|Km+

T |
]
−−−−−→
n,m→∞

0.

Regarding that∫ T∧τ

0

(Y n
t − Lt)dK

m+
t =

∫ T∧τ

0

(Y n
t − Y m

t )dKm+
t +

∫ T∧τ

0

(Y m
t − Lt)dK

m+
t ,

we get

lim sup
n→∞

∫ T∧τ

0

(Y n
t − Lt)dK̃

n+
t ⩽ 0 P-a.s. (2.10)

∫ T∧τ

0
(Yt − Lt)dK

+
t ⩽ 0 P-a.s. Y ⩾ L∫ T∧τ

0
(Yt − Lt)dK

+
t = 0 P-a.s.

Combining  (2.9)  and  (2.10),  we  get      Noting  that   ,  then

∫ T∧τ

0
(Ut − Yt)dK

−
t = 0 P-a.s.The same logic allows us to demonstrate  

The demonstration is coming to an end. In conclusion, the existence result of the solution has
been well-proven.

 3.  Viscosity  solution  to  an  obstacle  problem  for  quadratic  elliptic  PDE
with Dirichlet boundary condition

The  main  result  of  this  section  is  to  prove  that  in  the  Markovian  case,  the  solution  of  the
quadratic  BSDE  with  two  reflecting  barriers  with  random  terminal  time  (2.1)  is  a  viscosity
solution for an obstacle problem for elliptic quadratic PDE, in which the non-linearity appears as
the square of the gradient.

 3.1  Preliminaries

E Rn ELet      be  an  open  set  of      endowed  with  its  sigma-algebra   ,  and  that  it  contains  a
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D D = {x : Ψ(x) > 0} Ψ C2
b (Rn)

|∇Ψ(x)| ̸= 0 x ∈ ∂D

bounded  set      of  the  form   ,  where      is  a  some  function  in   .  We
require that    for any  . Let

Xx
s = x+

∫ s

0

b(Xx
r )dr +

∫ s

0

σ(Xx
r )dWr, s ⩾ 0, (3.1)

be a diffusion process with the infinitesimal generator

L =
1

2

n∑
i,j=1

(σ(x)σ∗(x))i,j
∂2

∂xi∂xj
+

n∑
i=1

bi(x)
∂

∂xi

{Tt, t ⩾ 0} L U = (Uγ)γ>0.and we denote by    the semigroup generated by    and its resolvent by  
b : Rn → Rn σ : Rn → Rn×n

κ > 0 K > 0 (x, x′) ∈ D̄

We assume that     and     be continuous mapping and satisfy for some
constant    and    and for any  ,

(i) |b(x)− b(x′)|+ |σ(x)− σ(x′)| ⩽ κ|x− x′|,

(ii) sup
x∈D̄

|b(x)|+ sup
x∈D̄

|σ(x)| ⩽ K. (3.2)

b σ

(Xx
s )s⩾0

The  assumptions  (3.2)  on      and      ensure  existence  and  uniqueness  of  a  strong  solution
  to (3.1) at least up to the stopping times

τx(ω) = inf
{
t ⩾ 0

∣∣ Xx
t (ω) /∈ D̄

}
.

P(τx <∞) = 1 ∀x ∈ D̄ x

Γ

We suppose that  ,  . In other words, if a diffusion starts at  , then it exits
from the  compact  in  a  finite  time.  Moreover,  we  assume  that  the  set      of  the  points  on  the
boundary that immediately exits is a closed set. Precisely,

Γ =
{
x ∈ ∂D

∣∣P(τx > 0) = 0
}
.

x ∈ D̄Fix    and let us set

ξ(ω) := H(Xx
τx), Ls(ω) := ℓ(Xx

s ), Us(ω) := h(Xx
s ), f(s, ω, y, z) := f

(
Xx

s , y, z
)
.

f : Rn × R× Rd → R H, ℓ, h : Rn → R E
µ, κ > 0 ∀x, x′ D̄

Assume  that   ,  and      are     -measurable  and  satisfy,  for
some constants    and    fixed in  , the following conditions:

|f(x, y, z)− f(x′, y′, z)| ⩽ κ|x− x′|+ µ|y − y′|(1)  ;

|f(x, y, z)− f(x, y, z′)| ⩽ κ∥z − z′∥(∥z∥+ ∥z′∥)(2)  ;

|f(x, 0, 0)|+ |H(x)|+ |ℓ(x)|+ |h(x)| ⩽ κ
(
1 + |x|

)
(3)  ;

ℓ(x) < h(x) and ℓ(Xx
τx) ⩽ H(Xx

τx) ⩽ h(Xx
τx), ∀x ∈ D̄

ℓ1, ℓ2 ∈ D(U) ℓ = ℓ1 − ℓ2

(4)   .  Moreover,  we  suppose  there  exist

two real-valued functions    such that  .

(4) ℓ ℓ(Xx)

D(U) g : D → [0,∞] Ttg ⩽ g

lim
t→0

Ttg = g

Remark 3.1  The assumption    on    implies that    becomes a quasi-martingale where
  denotes  the  convex  cone  of  all  excessive  functions    i.e.    and

. For more details about this assumption, we direct the reader to paper [6] (pp. 7764

and 7765).

Also, assume that

sup
x∈D̄

E [eρτx ] <∞ ρ ∈ R(5)  , for some  ;

x ∈ D̄ ηx ζx ∈ H2,0
τx

Mx
τx = H(Xx

τx)I{τx<∞} t ∈ R+

(6) For any fixed  , there exist two progressively measurable processes    and  

such that for  , we have for all  :

ℓ(Xx
t ) ⩽Mx

t ⩽ h(Xx
t )(a)  .
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dMx
t = −ηxt I[0,τx](t)dt+ ζxt I[0,τx](t)dWt(b)  .

E
∫ τx
0
eµt |ηxt | dt <∞(c)  .

H, ℓ, h f(., 0, 0) D

M

Remark 3.2  In particular    and    are bounded on the compact set  . We denote
by    an upper bound.

x ∈ D̄ (Y x
s , Z

x
s ,K

x,+
s ,Kx,−

s )s⩾0It follows that for all    there exists a unique process    solution of
the Markovian quadratic BSDE2RB:

(i) Y x ∈ S∞
τx , Z

x ∈ H2,−µ
τx (Rd) and Kx,+,Kx,− ∈ (Aτx)

2,

(ii) Y x
s = H(Xx

τx) +

∫ τx

s∧τx

f(Xx
r , Y

x
r , Z

x
r )dr + (Kx,+

τx −Kx,+
s )− (Kx,−

τx −Kx,−
s )−

∫ τx

s∧τx

Zx
r dWr,

(iii) ℓ(Xx
s ) ⩽ Y x

s ⩽ h(Xx
s ), ∀s ⩾ 0,

(iv)
∫ τx

0

(Y x
s − ℓ(Xx

s ))dK
x,+
s =

∫ τx

0

(h(Xx
s )− Y x

s )dKx,−
s = 0, P-a.s.

(3.3)

Now, let us examine the following obstacle problem involving an elliptic quadratic PDE:{(
u(x)− ℓ(x)

)
∧
{(
u(x)− h(x)

)
∨
[
− Lu(x)− f (x, u(x), (∇uσ∗)(x))

]}
= 0, ∀x ∈ D;

u(x) = H(x), ∀x ∈ ∂D.
(3.4)

Define

u(x) = Y x
0 , x ∈ D̄, (3.5)

Y x
0 σ

σ (Wr : 0 ⩽ r ⩽ τx) [t ∧ τx, τx]
(Xx

t )t⩾0

which  is  a  deterministic  quantity  since      is  measurable  with  respect  to  the     -algebra
.  By  the  uniqueness  of  the  solution  of  (3.3)  on  the  interval   ,  the

Markov property of the diffusion process    solution of (3.1) and with the same argument
used in [31] (Lemma 4.4), one has

Y x
t = u(Xx

t ), 0 ⩽ t ⩽ τx a.s.

D̄ uFurthermore, it is evident on the domain  , the function    is bounded, and

ℓ(x) ⩽ u(x) ⩽ h(x).

Subsequently, following the steps outlined in Proposition 2.3, we establish that

λ ∈ R T ⩾ 0Lemma 3.3  When a constant    and    are considered, we find that

sup
x∈D̄

(
E
∫ T

0

eλs∥Zx
s ∥2ds

)
⩽ C.

uWith  this,  we  are  ready  to  demonstrate  the  continuity  of  the  function      as  defined  in
equation (3.5).

x→ u(x)Proposition 3.4  The function    is continuous.

τx D Γ

x→ τx D̄

Proof  To begin, under the given assumptions on  ,  , and  , it can be established that the
function mapping    is continuous on the domain    (as discussed in [27], Proposition 5.76,
pp.  484).  This,  in  turn,  implies,  due  to  the  well-established  spatial  continuity  properties  of
stochastic flows, the almost sure continuity of the function

x→
(
τx, X

x
τx

)
.

x′ ∈ D̄Fix  . Our main objective is to prove that
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|u(x)− u(x′)| =
∣∣∣Y x

0 − Y x′

0

∣∣∣ −−−→
x→x′

0.

x ∈ D̄ (Y x,n
t , Zx,n

t ,Kx,n+
t ,Kx,n+

t )t⩾0(
f,H(Xx

τx)I{τx⩽n}, ℓ, h, n ∧ τx
)

∀t ⩽ n ∧ τx
|Y x,n

t | ⩽ M

Indeed, as in Section 2.2 and for any fixed    let    the solution
of  the  Markovian  BSDE2RB   .  Obviously,  we  have   ,

. Moreover, the solution satisfies the following equation

(i) Y x,n
t = H(Xx

τx)I{τx⩽n} +

∫ n∧τx

t∧τx

f(s, Y x,n
s , Zx,n

s )ds+ (Kx,n+
n∧τ −Kx,n+

t )− (Kx,n−
n∧τ −Kx,n−

t )

−
∫ n∧τx

t∧τx

Zx,n
s dWs;

(ii) ℓ(Xx
t ) ⩽ Y x,n

t ⩽ h(Xx
t ), ∀ t ⩽ n and∫ n

0

(h(Xx
s )− Y x,n

s )dKx,n−
s =

∫ n

0

(Y x,n
s − ℓ(Xx

s ))dK
x,n+
s = 0.

(3.6)

(Y x,n, Zx,n,Kx,n+,Kx,n−)n⩾0 (Y x, Zx,Kx,+,Kx,−)

S∞
τx ×H2,−µ

τx (Rd)× (Aτx)
2

We establish that the process    converges to  
on the space  . Besides, we can prove that

|Y x,n
t − Y x

t | ⩽ Ce−
µ
2 (n−t) P-a.s. for all t ⩽ n where C > 0.

ε > 0 n0 ∀n ⩾ n0 2Ce−
µ
2 n ⩽ ε.Let  , there exists    such that    we have    Then

|Y x
0 − Y x′

0 | ⩽ ε+ |Y x,n0

0 − Y x′,n0

0 |.

∀δ > 0It is enough to check that    such that

|x− x′| ⩽ δ =⇒ |Y x,n0

0 − Y x′,n0

0 | ⩽ ε.

q = n0 T = max(τx, τx′)For simplicity, denote    and    and let us set

f̃(Xx
t , y, z) :=

{
f(Xx

t , y, z), if 0 ⩽ t ⩽ τx ∧ q;
0, otherwise;

and also

(Ỹ x,q
t , Z̃x,q

t , K̃x,q+
t , K̃x,q−

t ) :=

{
(Y x,q

t , Zx,q
t ,Kx,q+

t ,Kx,q−
t ), if 0 ⩽ t ⩽ q ∧ τx;

(Mx
τxI{τx⩽q}, 0,K

x,q+
q∧τx ,K

x,q−
q∧τx ), otherwise.

(f̃ ,Mx
τxI{τx⩽q}, ℓ, h, q ∧ T )

(f̃ ′,Mx′

τx′ I{τx′⩽q}, ℓ, h, q ∧ T ) x′ R̂ = R̃x,q − R̃x′,q

R = Y, Z,K+,K−

Then  equation  (3.6)  becomes  with  parameters      (resp.

   for    ).  Furthermore,  let  us  establish      for

. This leads us to the following equation:

Ŷt∧T =Mx
τxI{τx⩽q} −Mx′

τx′ I{τx′⩽q} +

∫ q∧T

t∧T

(
f̃(Xx

s , Ỹ
x,q
s , Z̃x,q

s )− f̃ ′(Xx′

s , Ỹ
x′,q
s , Z̃x′,q

s )
)
ds

+

∫ q∧T

t∧T

dK̂+
s −

∫ q∧T

t∧T

dK̂−
s −

∫ q∧T

t∧T

ẐsdWs

=Mx
τxI{τx⩽q} −Mx′

τx′ I{τx′⩽q} +

∫ q∧T

t∧T

(
f̃(Xx

s , Ỹ
x,q
s , Z̃x,q

s )− f̃(Xx
s , Ỹ

x′,q
s , Z̃x′,q

s )
)
ds

+

∫ q∧T

t∧T

(
f̃(Xx

s , Ỹ
x′,q
s , Z̃x′,q

s )− f̃ ′(Xx′

s , Ỹ
x′,q
s , Z̃x′,q

s )
)
ds

+

∫ q∧T

t∧T

dK̂+
s −

∫ q∧T

t∧T

dK̂−
s −

∫ q∧T

t∧T

ẐsdWs

=Mx
τxI{τx⩽q} −Mx′

τx′ I{τx′⩽q} +

∫ q∧T

t∧T

(
ᾱs + β̄s

)
ds+

∫ q∧T

t∧T

(
dK̂+

s − dK̂−
s

)
−
∫ q∧T

t∧T

ẐsdWs,
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where

ᾱs = f̃(Xx
s , Ỹ

x,q
s , Z̃x,q

s )− f̃(Xx
s , Ỹ

x′,q
s , Z̃x′,q

s )

and

β̄s =



f(Xx
s ,M

x′

τx′ I{τx′⩽q}, 0), if q ∧ τx′ < s ⩽ q ∧ τx;

−f(Xx′

s , Ỹ
x′

s , Z̃x′

s ), if q ∧ τx < s ⩽ q ∧ τx′ ;

f(Xx
s , Ỹ

x′

s , Z̃x′

s )− f(Xx′

s , Ỹ
x′

s , Z̃x′

s ), if 0 ⩽ s ⩽ q ∧ τx ∧ τx′ ;

0, if s ⩾ q ∧ τx and s ⩾ q ∧ τx′ .

Applying Itô’s formula, we get∣∣∣Ŷ0∣∣∣2 = eµq
∣∣∣Ŷq∣∣∣2 − 2

∫ q

0

eµsŶsẐsdWs −
∫ q

0

eµs∥Ẑs∥2ds− µ

∫ q

0

eµs|Ŷs|2ds

+ 2

∫ q

0

eµsŶs

(
f̃(Xx

s , Ỹ
x,q
s , Z̃x,q

s )− f̃ ′(Xx′

s , Ỹ
x′,q
s , Z̃x′,q

s )
)
ds+ 2

∫ q

0

eµsŶs

(
dK̂+

s − dK̂−
s

)
.

Upon taking the expectation and combining it with the Skorokhod’s condition, we obtain:∣∣∣Ŷ0∣∣∣2 = E
(
eµq
∣∣∣Ŷq∣∣∣2)− E

∫ q

0

eµs∥Ẑs∥2ds− µE
∫ q

0

eµs|Ŷs|2ds

+ 2E
∫ q

0

eµsŶs

(
f̃(Xx

s , Ỹ
x,q
s , Z̃x,q

s )− f̃ ′(Xx′

s , Ỹ
x′,q
s , Z̃x′,q

s )
)
ds

⩽ E
(
eµq
∣∣∣Ŷq∣∣∣2)− E

∫ q

0

eµs∥Ẑs∥2ds+ 4ME
∫ q

0

eµs|β̄s|ds+ 4MκC

(
E
∫ q

0

eµs∥Ẑs∥2ds
) 1

2

.

4MκC ⩽ 1Suppose that  , we end up with∣∣∣Ŷ0∣∣∣2 ⩽ eµqE
(∣∣∣Ŷq∣∣∣2)+ 4ME

∫ q

0

eµs|β̄s|ds.

Since

Ŷq =Mx
τxI{τx⩽q} −Mx′

τx′ I{τx′⩽q} = H(Xx
τx)I{τx⩽q} −H(Xx′

τx′ )I{τx′⩽q}

H M D̄and    is supposed to be bounded by    in  , then

E
(∣∣∣Ŷq∣∣∣2) ⩽ 3E

(∣∣∣H(Xx
τx)−H(Xx′

τx′ )
∣∣∣2)+ 3M2E

(
I{τx⩽q<τx′} − I{τx′⩽q<τx}

)
.

D̄ x→ τx x→ H(Xx
τx)The  continuity  in      of  the  functions      and      combined  with  Lebesgue

dominated convergence’s theorem implies that

E
(∣∣∣Ŷq∣∣∣2) −→

x→x′
0.

β̄sMoreover, by definition of    we have∣∣β̄s∣∣ ⩽ (M+ µM) I{q∧τx′<s⩽q∧τx} +
(
M+ µM+ κ∥Z̃x′

s ∥2
)
I{q∧τx<s⩽q∧τx′}

+
∣∣∣f(Xx

s , Ỹ
x′

s , Z̃x′

s )− f(Xx′

s , Ỹ
x′

s , Z̃x′

s )
∣∣∣ I{0⩽s⩽q∧τx∧τx′}.

Then, once more, by applying Lebesgue’s dominated convergence theorem, we can conclude that
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E
∫ q

0

eµs|β̄s|ds ⩽ E
∫ q

0

eµs
∣∣∣f(Xx

s , Ỹ
x′

s , Z̃x′

s )− f(Xx′

s , Ỹ
x′

s , Z̃x′

s )
∣∣∣ ds

+ CE
∫ q

0

eµs
(
1 + ∥Z̃x′

s ∥2
) (

I{q∧τx′<s⩽q∧τx} + I{q∧τx<s⩽q∧τx′}
)
ds −→

x→x′
0.

x′ δ ⩾ 0

x ∈ D̄ |x− x′| ⩽ δ

In  conclusion,  we have  successfully  demonstrated that  for  any fixed   ,  and for  all     and
  such that  , the following inequality holds:∣∣∣Y x

0 − Y x′

0

∣∣∣2 ⩽ 2ε.

This concludes the proof of the proposition.  □
Now, let’s introduce the notation:

F (x, u, p,Q) =
1

2
trace[σσ∗(x)]Q+ ⟨b(x), p⟩+ f(x, u, σ∗(x)p).

We  proceed  to  define  a  viscosity  solution  for  equation  (3.4).  For  a  more  comprehensive
understanding of viscosity solutions, please refer to [10].

u C(D̄)Definition 3.5  Let    be a function which belongs to  . It is called a viscosity:

φ ∈ C2(D̄) x ∈ D̄

u− φ x

(a) Sub-solution of (3.4), if for any    such that whenever    is a local maximum

of   , we have, suppressing dependence on   ,
(u− ℓ) ∧

{
(u− h) ∨

[
− F (x, u,Dφ,D2φ)

]}
⩽ 0, x ∈ D[

u−H
]
∧

{
(u− ℓ) ∧

{
(u− h) ∨

[
− F (x, u,Dφ,D2φ)

]}}
⩽ 0, x ∈ ∂D

φ ∈ C2(D̄) x ∈ D̄

u− φ x

(b)  Super-solution  of  (3.4),  if  for  any      such  that  whenever      is  a  local

minimum of   , we have, suppressing dependence on   ,
(u− ℓ) ∨

{
(u− h) ∧

[
− F (x, u,Dφ,D2φ)

]}
⩾ 0, x ∈ D[

u−H
]
∨

{
(u− ℓ) ∨

{
(u− h) ∧

[
− F (x, u,Dφ,D2φ)

]}}
⩾ 0, x ∈ ∂D

u ∈ C(D̄)(c)    is said to be a viscosity solution of (3.4), if it is both sub and super-solution.

 3.2  Existence of a viscosity solution

In this paragraph, our focus turns to the existence of the viscosity solution for equation (3.4).
To begin, we contemplate the following BSDE:

Y x,n
s = H(Xx

τx) +

∫ τx

s∧τx

f(Xx
r , Y

x,n
r , Zx,n

r )dr + n

∫ τx

s∧τx

(
Y x,n
r − ℓ(Xx

r )
)−

dr

− n

∫ τx

s∧τx

(
Y x,n
r − h(Xx

r )
)+

dr −
∫ τx

s∧τx

Zx,n
r dWr, 0 ⩽ s ⩽ τx.

(Y x,n, Zx,n)The  existence  and  uniqueness  of  the  solution      is  also  guaranteed  by  section  2.2
(Without reflection). If we define the deterministic function

un(x) = Y x,n
0 ,

we can find the following results:
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unProposition 3.6 (1)    is a viscosity solution of the following PDE:{
−Lun − f

(
x, un,∇unσ

)
− n(un − ℓ)− + n(un − h)+ = 0, ∀x ∈ D;

un(x) = H(x), ∀x ∈ ∂D.
(3.7)

|un(x)− u(x)|2 ⩽ E
[

sup
0⩽s⩽τx

∣∣Y x,n
s − Y x

s

∣∣2] 0−−−−→
n→∞

.(2)  

un uIn particular,    converges uniformly to    on compact sets.

(2)Proof  From Theorem A.3 in Appendix we have the first claim. For the proof of   , it’s the
same one used in the proof of Proposition 2.3 in [26].  □
Now, we are ready to demonstrate the following theorem:

uTheorem 3.7  The function    defined in (3.5) is a viscosity solution of (3.4).

u

φ ∈ C2(D̄) x ∈ D̄

u− φ x ∈ Γ τx = 0 u(x) = Y x
0 = H(Xx

0 ) = H(x)

x ̸= Γ τx > 0

Proof  We  are  only  going  to  demonstrate  that      is  the  viscosity  sub-solution  of  (3.4).  A
similar argument would show that is a viscosity super-solution. Let    and    be a
local  maximum  of   .  If      then   ,  and  hence   .  We
now consider the case  . Then,  . We know that

ℓ(x) ⩽ u(x) ⩽ h(x).

φ ∈ C2(D) x ∈ D

u− φ u(x) > ℓ(x)

Then,  it  is  sufficient  to  prove  that  for  any      and  for  any  local  maximum      of
  such that  , we have

−Lφ(x)− f
(
x, u(x), (∇φσ)(x)

)
⩽ 0, x ∈ D.

n ⩾ 0 (xn)n⩾0 un − φ

limn xn → x un u

n un(xn) > ℓ(xn) un

So  for   ,  let      be  a  sequence  of  local  maximum  points  of      such  that
  (the existence of such sequence follows from the uniform convergence of    to   ).

Note that for    large enough we have  , then using the fact that    is a viscosity
solution of (3.7) we have

Lφ(xn)− f
(
xn, u

n(xn), (∇φσ)(xn)
)
− n (un(xn)− ℓ(xn))

−
+ n (un(xn)− h(xn))

+ ⩽ 0, x ∈ D.

n→ ∞
u

Passing  to  the  limit  as      in  the  above  inequalities,  and  using  the  continuity  of  the
functions and the uniform convergence we obtain that    is a viscosity sub-solution of (3.4). □

 Appendix

First,  we  are  going  to  establish  a  comparison  Theorem  for  solutions  of  BSDEs  exhibiting
quadratic growth with respect to a random terminal time.

(Y i, Zi, 0, 0)i=1,2

(ξi, f i, 0, 0)i=1,2 t ⩾ 0 f1(t, Y 2
t , Z

2
t ) ⩽ f2(t, Y 2

t , Z
2
t ) ξ1 ⩽ ξ2

Theorem A.1  Let    be the solution of the quadratic BSDE2RB (2.1) with data
. Assume that for any    one has    and  .

Then

Y 1
t ⩽ Y 2

t P-a.s. for all t ∈ R+.

Next,  taking  account  of  the  SDE (3.1),  we  consider  the  following one  dimensional  quadratic
BSDE: 

Y x ∈ S∞
τx , Z

x ∈ H2,−µ
τx (Rd),

Y x
s = H(Xx

τx) +

∫ τx

s∧τx

f(Xx
r , Y

x
r , Z

x
r )dr −

∫ τx

s∧τx

Zx
r dWr.

(A.1)

H f x ∈ D̄Since    and    satisfy assumptions (1)−(3) (see p.14), it follows that for all    there exists
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(Y x
s , Z

x
s )s⩾0a unique pair of processes    solution of (A.1).

Moreover, we consider the following elliptic quadratic PDE{
−Lv(x)− f

(
x, v(x), (∇vσT )(x)

)
= 0, ∀x ∈ D,

v(x) = H(x), ∀x ∈ ∂D,
(A.2)

We define

F (x, v, p,Q) =
1

2
trace[σσ∗(x)]Q+ ⟨b(x), p⟩+ f(x, v, σ∗(x)p).

Let us give a definition of viscosity solution of (A.2).

v C(D̄)

φ ∈ C2(D̄) x ∈ D̄

v − φ x

Definition A.2  Let    be a function which belongs to   . It is called a viscosity sub-solution
(resp.  super-solution)  of  (A.2),  if  for  any      such  that  whenever     is  a  local
maximum (resp. minimum) of   , we have, suppressing dependence on  ,{

−F (x, v,Dφ,D2φ) ⩽ 0, x ∈ D,[
v −H

]
∧
[
− F (x, v,Dφ,D2φ)

]
⩽ 0, x ∈ ∂D,(

  respectively, {
−F (x, v,Dφ,D2φ) ⩾ 0, x ∈ D,[
v −H

]
∨
[
− F (x, v,Dφ,D2φ)

]
⩾ 0, x ∈ ∂D

)
.

v ∈ C(D̄)Moreover,    is said to be a viscosity solution of (A.2), if it is both sub and super-solution.

Define

v(x) = Y x
0 , x ∈ D̄, (A.3)

vand let us focus to prove that    is a viscosity solution of (A.2). Then

Theorem  A.3  The  deterministic  function  defined  in  (A.3)  is  a  continuous  viscosity  solution
of (A.2).

u

φ ∈ C2(D̄) x ∈ D̄ u− φ x ∈ Γ τx = 0

u(x) = Y x
0 = H(Xx

0 ) = H(x) x ∈ D ∪ (∂D \ Γ) τx > 0

u(x) = φ(x) u(x̄) ⩽ φ(x̄),∀x̄ ∈ D̄

Proof  The continuity  can be demonstrated in  a  manner  similar  to  the  approach outlined in
Proposition 3.4. Let us focus to the viscosity solution proof. We show only that    is viscosity sub-
solution  of  (3.4).  A  similar  argument  would  show  that  is  a  viscosity  super-solution.  Let

   and      be  a  local  maximum  of   .  If      then   ,  and  hence
.  We  now  consider  the  case   .  Then,   .

Without loss of generality, we suppose that  . Hence  .
Suppose for contradiction that

Lφ(x) + f
(
x, u, (∇φσ)(x)

)
< 0.

ε > 0 |x0 − x| ⩽ εLet    be such that whenever  , then{
u(x0) ⩽ φ(x0)
Lφ(x0) + f

(
x0, u, (∇φσ)(x0)

)
< 0.

We define a stopping time

τ̄ = inf {t > 0; |Xx
t − x| ⩾ ε} ∧ τx ∧ ε.

Let us define

(Ȳt, Z̄t) =
(
(Y x

t∧τ̄ ), I[0,τ̄ ](Zx
t )
)
, t ∈ [0, ε].

(Ȳt, Z̄t)These processes  , satisfy the following BSDE
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Ȳt = u(Xx
τ̄ ) +

∫ ε

t

I[0,τ̄ ](r)f(Xx
r , u(X

x
r ), Z̄r)dr −

∫ ε

t

Z̄rdWr.

On the other hand, according Itô’s formula, the pair

(Y t, Zt) =
(
φ(Xx

t∧τ̄ ), I[0,τ̄ ](t)(∇φσ)(Xx
t )
)
, t ∈ [0, ε],

satisfies the following BSDE:

Y t = φ(Xx
τ̄ )−

∫ ε

t

I[0,τ̄ ](r)Lφ(Xx
r )dr −

∫ ε

t

ZrdWr, t ∈ [0, ε].

u ⩽ φ ε τ̄

Ȳ0 < Y 0 u(x) < φ(x)

Then, by the assumption that    and the choice of    and    and with the help of Theorem
A.1, we deduce that  , i.e.  , which is a contradiction.  □
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