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Abstract In this study, we investigate the well-posedness of exponential growth
backward stochastic differential equations (BSDEs) driven by a marked point process (MPP)
under unbounded terminal conditions. Our analysis utilizes a fixed-point argument, the
f-method, and an approximation procedure. Additionally, we establish the solvability of
mean-reflected exponential growth BSDEs driven by the MPP using the #-method.
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1. Introduction

In 1990, Pardoux and Peng [33] first built the well-posedness of the nonlinear backward
stochastic differential equations (BSDEs) driven by a Brownian motion with a Lipschitz
continuous generator. Subsequently, numerous generalizations have been explored regarding the
well-posedness of different types of BSDEs. Notably, quadratic BSDEs have garnered significant
interest. Kobylanski [26] constructed the existence and comparison theorem for quadratic BSDEs
with a bounded terminal condition. Using a localization technique and some a priori estimates,
Briand and Hu [9] generalized the existence result to quadratic BSDEs with exponentially
integrable terminals. Additionally, employing the 6-method, Briand and Hu [10] proved a
comparison theorem and stability results for quadratic BSDEs, assuming the generator f is
convex or concave in z, even when the terminal condition possesses an arbitrary order of
exponential moment. Tevzadze [36] introduced a fixed-point approach to ascertain the solvability
of quadratic BSDEs.

Apart from BSDEs within a Brownian framework, extending BSDEs to settings involving
jumps broadens their applicability, such as in insurance modeling, as discussed by Liu and Ma [29].
Employing a fixed-point approach akin to that utilized in [33], Tang and Li [35], and Barles,
Buckdahn, and Pardoux [3] established the well-posedness for Lipschitz BSDEs with jumps
(BSDEJs). Since then, numerous researchers have explored various types of BSDEJs. Notably,
Becherer [5] and Morlais [31] investigated BSDEJs driven by quadratic coefficients within an
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exponential utility maximization problem. Moreover, Antonelli and Mancini [2] constructed the
well-posedness of BSDEJs with local Lipschitz drivers. [2, 5, 31] all adopted Kobylanski’s
approach [26] to the jump setting. In contrast, Cohen and Elliott [12] and Kazi-Tani, Possamar,
and Zhou [25] employed the fixed-point approach of Tevzadze [36]. The well-posedness of
BSDEJs with bounded terminals was established in these works. Furthermore, based on the
stability of quadratic semimartingales, Barrieu and El Karoui [4] demonstrated the existence of a
solution with an unbounded terminal under a quadratic structure condition in a continuous setup.
To address BSDEJs, the quadratic structure condition was extended to a quadratic—exponential
structure condition by Ngoupeyou [32], Jeanblanc, Matoussi and Ngoupeyou [23], and El Karoui,
Matoussi and Ngoupeyou [17]. However, these results for unbounded terminals only provided
existence without uniqueness. Recently, relying on the 6-method, Kaakai, Matoussi and
Tamtalini [24] obtained the well-posedness of a special class of quadratic-exponential BSDEJs
with unbounded terminal conditions. These were utilized in a robust utility maximization
problem under several special structural conditions.

In this paper, going beyond the jump setting, we focus on a specific class of exponential
growth BSDEs driven by a random measure associated with a marked point process (MPP),
elucidating their characteristics.

Y, =&+ / (YU a4, - / : /E Ul(e)g(dsde). (L1)

Here, ¢ represents a compensated integer random measure corresponding to an MPP
(T, Gn)n>o0, while A denotes a continuous and increasing process. The well-posedness of BSDEs
driven by general MPPs has been explored in various contexts: Confortola and Fuhrman [14] for
the weighted- 1.2 solution, Becherer [5] and Confortola and Fuhrman [15] for the L2 case, Confortola,
Fuhrman and Jacod [16] for the L' case, and Confortola [13] for the LP case. Additionally,
Foresta [18] studied a more general BSDE featuring a Brownian motion diffusion term and a
highly general MPP characterized by nonexplosive behavior and inaccessible jumps.

This paper extends the findings of [10] to establish the well-posedness of (1.1) with an
unbounded terminal condition when the generator f exhibits convex or concave behavior in w.
We adopt the exponential growth condition on f as outlined in [17]. To enhance clarity, we
mainly focus on the well-posedness of (1.1), which encompasses a pure jump diffusion term. However,
the generalization of our result to BSDEs with a generator f(¢,y,2,u) under the quadratic—
exponential assumption from literature such as [17], including a Brownian diffusion term, is
straightforward. We establish uniqueness in the space (Y,U)¢& & x H2P, for each p>1,
aligning to some extent with the results for quadratic BSDEs, as discussed in [10]. Compared to
[24], our result applies to a broader range of BSDEs. To address existence, drawing inspiration
from [18], we initially derive a uniform estimate for Lipschitz BSDEs under a linear bound condition,
eliminating the A, condition utilized in [17]. Subsequently, we construct solutions for
exponential growth BSDEs by approximating the generator with a family of Lipschitz generators.
Unlike [25], we do not assume a bounded terminal condition or require the Fréchet
differentiability condition on the generator. Additionally, our linear bound condition is less
restrictive than the A, condition used therein, enabling our results to apply under broader
circumstances. For completeness, we provide a list of assumptions suitable for BSDEs with the
generator f(t,y,z,u).

We further extend our findings to include exponential growth BSDEs with mean reflection.
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T T
Y;=§+/ f(s,Ys,Us)dAs—/ /Us(e>q<dsde)+KT—Kt, 0<t<T,
t t TE (12)

E[((tY)] >0, Ve[0T and/ E[(tY; )] dK; = 0.
0

Mean-reflected BSDEs were introduced by Briand, Elie and Hu [7] in addressing superhedging
problems under running risk management constraints. The basic structure of this problem is as
follows:

T T

Yt:§+/ f(&Ys,Zs)dS—/ ZsdWs+ Kr — Ky, 0<t<T,
t t

E[¢(t,Y))] >0, 0<t<T,

(1.3)

where K is a deterministic process, and the running loss function (¢(t,-)o<i< represents a set
of nondecreasing bi-Lipschitz real-valued mappings. The Skorokhod condition we consider is of
the following type:

/TE [0(t,Y;)] dK; = 0.
0

This condition ensures the existence and uniqueness of the deterministic flat solution. A
generalization to a quadratic generator with a bounded terminal condition can be found in Hibon
et al. [21]. Hu, Moreau and Wang [22] established the well-posedness of general mean-reflected
BSDEs with unbounded terminal conditions, where the driver f takes the form f (¢,Y;, Py,, Zt),
with Py, representing the marginal probability distribution of the process Y at time ¢.

Building upon the well-posedness of (1.1), we employ the successive approximation procedure
outlined in [22] to establish the well-posedness of (1.2) under exponential growth conditions. We
assume that the terminal value possesses exponential moments of arbitrary order.

The remainder of the paper is structured as follows. In Section 2, we introduce notation and
present basic results for BSDEs driven by the MPP. Section 3 investigates the well-posedness of
(1.1) with an exponential growth generator and an unbounded terminal. Finally, in Section 4, we
explore the solvability of (1.2) with mean reflection.

2. Preliminaries

In this section, we review some concepts related to MPPs and introduce certain assumptions.
Throughout the paper, inequalities between random variables are assumed to hold P-a.s. Further
details regarding MPPs can be found in [6, 11, 18, 27].

Let E denote the marked space, which is a Borel space, and %(FE) represents its Borel o-algebra.
Consider a complete probability space (2,.%,P). Given a sequence of random variables (7}, ()
taking values in [0, 00] X E, we set Ty =0 and P-a.s.

hd Tn < Tn+1a vn = 0;
o T, < oo implies T), < T),+1 Vn > 0.

The sequence (T, (n)n>0 is referred to as an MPP. Additionally, we assume that the MPP is
nonexplosive, meaning T,, — co, P-a.s.
We define a random discrete measure p on ((0,+00) x E, Z((0,+00) x E)) associated with
the MPP.
Pw,; D) =D 11, () ¢a(w))eD- (2.1)

n>1
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For each C € %(E), we define the counting process N;(C)=p((0,t] x C) and denote
N; = N¢(E). Both of these processes are right-continuous and increasing, starting from zero. For
t > 0, we define

F =0 (NS(C‘) L s€[0,4,C e %(E))

and F; =0 (FL, /), where 4 is the family of P-null sets of .#. We denote by F = ()0
the completed filtration generated by the MPP, which is right-continuous and satisfies the usual
hypotheses'.

Each MPP satisfying above conditions possesses a unique compensator v, which is a
predictable random measure satisfying

E { /0 o /E Ct(e)p(dtde)} _E { /0 o [E Ct(e)v(dtde)}

for all C which is nonnegative and ¥ ® %(FE)-measurable, where ¥ denotes the o-algebra
generated by Z-predictable processes.

We are working within the stochastic basis defined above (Q,.#,F,P) with a finite time
horizon T < +o0o. On this basis, let p be the random measure defined earlier such that
v(w,dt,de) = ¢(de)dA;, where ¢;(de) is a probability measure on (E, B(E)), ¢:(-) is predictable,
and A is the dual predictable projection of . In other words, the process A is the unique right-
continuous increasing process with Ag = 0 such that for any non-negative predictable process D,

it holds that
E [/ Dtht] =K [/ DtdAt] .
0 0

Fix a terminal time 7" > 0, and we can define the integral

/OT/ECt(e)Q(dtde) Z/OT/EC’t(e)p(dtde) _/OT/ECt(e)qbt(de)dAt,

under the condition
T
]E l/ / ‘Ct(€)| ¢t(d€)dAt
o JE

Indeed, the process [; [, Ci(e)g(dtde) is a martingale. Note that f: denotes an integral on
(a,b] if b< oo oron (a,b) if b= .
Next, we introduce the following spaces.

< o0.

e 1.0 denotes the space of all real-valued, .#p-measurable random variables.

e L2 {eel: e, 2 {B[EP]}F < oo} forall pe[l,o0).

e 12 2 LE e g £ esssup,calé(w)] < oo}

e @/p represents the space of all nondecreasing deterministic cadlag processes K starting
from the origin, i.e., Ky = 0.

e SO denotes the set of real-valued, adapted, and cadlag processes {Yt}te[o,T]-

'Given a standard Brownian motion W € R, independent of the MPP, to handle BSDEs with a Brownian diffusion
term as discussed in [18], it is natural to extend the filtration to G = (%), the completed filtration generated by the
MPP and W , which also satisfies the usual conditions.
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o Forany {li},c01) € SO, define ¢f & SUPyeo,1] (¢,)*. Then

0.2 sup (0] = sup ((6)7V(@)) = sw ()7 v swp ()" =V
t€[0,T] t€[0,T) t€[0,T) t€[0,T]

e For any real p> 1,57 denotes the set of real-valued, adapted, and cadlag processes
{Yi}ico,rp such that
1/p
IY|ls» :=E { sup |Yt|p] < 4o0.
0<t<T

Then, (S?,||-|ls») is a Banach space.
e S is the space of R-valued cadlag and F-progressively measurable processes Y such that

V|| = < +00.

oo

sup |Yi|
0<t<T

e For any p > 1, we denote by &P the collection of all stochastic processes Y such that
eVl e SP(0,T). We write Y € & if Y € &P for any p > 1.

e L2(A) is the space of all F-progressively measurable processes Y such that

T
E / Y.[* dA,
0

e HP is the space of Rd-valued and F-progressively measurable processes Z such that
p

T 2
1Z|%, == E (/ |Zt|2dt> < +o0.
0

o LY (#(F)) denotes the space of %(E)-measurable functions. For u € L° (93( ), define

Y1724y =

L*(E,B(E), s (w,dy)) := {u e L°(B(E)): |ul, = (/ lu(e)]? ¢e(de) ) < oo} )

e H2P is the space of all predictable processes U such that

E U, 25ddA52
Amé|@n¢u>

o H2%!°¢ is the space of all predictable processes U such that

/ / U, (e)|* ¢s(de)dA, < 0o, P-as.
0,11JE

||UHH5~P = < Q.

Following [14], we define U,U’ € H2P (respectively, U, U’ € H*!°¢) as equivalent if they
coincide almost everywhere with respect to the measure ¢;(w,dy)dA;(w)P(dw), and this holds if
and only if |U —U’||y2» =0 (equivalently, [ |Us(e) — Ul(e)|* ¢s(de)dA, = 0, P-a.s.). With a
slight abuse of notation, we continue to denote H2P (respectively, HZ2!°¢) as the corresponding

set of equivalence classes. Additionally, (Hf’p -l Hf;xp) forms a Banach space.
o J°° is the space of functions such that

el = {[I8l e < o0
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o S, denotes the collection of F-stopping times 7 such that 0 <7 < T, P-a.s. For any
7'1

-
T € Y71, L1 denotes the collection of F-stopping times 7 such that 7 <7 < T, P-as.

For any u € L° (%(E)) and A > 0, we define a positive predictable process as
o) = [ (€9~ 1= Nu(e))6.(de).
E
Without loss of generality, we focus on BSDEs of the form

Y, = g+/ £ (t,Ys,Us)dA, // q(dsde). (2.2)

The BSDE (2.2) with coefficient (&, f) is referred to as BSDE (&, f). Subsequently, we outline
the general assumptions consistently employed in this paper.

(H1) The process A is continuous, with ||Ar|/s < co.

The aforementioned assumption relies on the dual predictable projection p of the counting
process N associated with p. It is worth noting that for A;, absolute continuity with respect to
the Lebesgue measure is not required. In simpler terms, the compensator v does not permit a
decomposition vi(w,dt,dzr) = &(w,t,x)A\(dz)dt as illustrated in [17]. Moreover, thanks to [20,
Corollary 5.28], the process p is totally inaccessible, i.e., {T,}n>1 are totally inaccessible
stopping times.

(H2) For every w € Q, t € [0,7], r € R, the mapping f(w,t,r,-) : L*(E, B(E), ¢;(w,dy)) — R
satisfies: For every U € H2?2,

(w, t, T) = f (wa t,r, Ut(w, ))
is Prog ®4%(R)-measurable.

(H3) (a) (Continuity condition) For every w € Q, t € [0,T], y € R, u € L*(E, B(E), ¢+(w,dy)),
(y,u) — f(t,y,u) is continuous.

(b) (Lipschitz condition in y) There exists S >0 such that for every we Q, t € 0,7,
v,y €R, ue L*(E,B(E), ¢:(w,dy)), the following holds:

|f(w7t’ y)”()) - f (w7t7y/7u('))‘ < 6 |y - y/‘ .

(c) (Ezponential growth condition) For all t € [0,T], (y,u) € R x L*(E, B(E), ¢1(w,dy)) : P-a.

s, there exists A > 0 such that

1. 1. _
g(t7yau) = _X])\(t7 _u) — O — 5|y| < f(t7y7u) < Xj)\(ta u) + o+ 5‘y| = Q(tvyvu)7
where {ay}o<i<r is a progressively measurable non-negative stochastic process.

(d) (Integrability condition) We assume that

T T
Vp>0, E [exp <p <|£| +/ asdAs>> +/ a?dA,
0 0

(e) (Convezity/Concavity condition) For each (t,y) € [0,T] x R, u € L*(E, B(E), ¢(w,dy)),
u — f(t,y,u) is either convex or concave.

< +o00.

3. Exponential growth BSDE

We aim to obtain a unique solution (Y,U) in the space & x H>P, for all p > 1, to the BSDE
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(2.2). To establish the well-posedness of the exponential growth BSDE (2.2), following the
approach in [17], we begin by restating the well-posedness condition with a Lipschitz generator
as introduced in [18]. Subsequently, we apply an approximation procedure.

3.1 Lipschitz BSDE

The following well-posed results for Lipschitz BSDEs driven by an MPP are adapted from [18].
We present the result under our assumptions for subsequent approximation.
Specifically, the additional assumptions are as follows:

(H3'") (a) The final condition £ : Q — R is Fp-measurable, and
E[¢?] < oo.
(b) There exist L; >0, Ly >0 such that for every weQ, t€[0,T], y,v' €R, w, v €
L*(E,#(E), $:(w,dy)), the following holds:
1/2
@t u()) — f @00 w' ()] < Ly ly — /| + L ( [ ute) =i qst(w,de)) .
E

(c) We assume

E < 00.

T
/ | £(5,0,0)>d A,
0

The well-posedness result for the Lipschitz BSDE (2.2) is as follows, based on [18, Theorem 4.1]
and the a priori estimate [18, Lemma 3.2].

Theorem 3.1 If assumptions (H1), (H2), and (H3') hold, then there exists a unique solution
(Y,U) € L?(A) x H*? to (2.2). In addition, Y € S2.

Subsequently, we employ the approximation method outlined in [17] to construct the well-
posed exponential growth BSDE (2.2).

3.2 A priori estimates for exponential growth BSDEs
We begin to investigate the solutions to BSDE(2.2), which are defined as follows.

Definition 3.2 (Solution to the BSDE) Under assumptions (H1)-(H3), a solution to BSDE (2.2)
is a couple process (Y,U) on [0,T), in which Y is a cadlag process, and U is an F-predictable
random  field. Moreover, for each p>1, processes fo fE(ew‘Uﬁ(e) —1)g(dsde) and
Jo Jz(ePrV9) —1)q(dsde) are local martingales on [0,T].

3.2.1 A priori estimate on Y

The following a priori estimate for exponential growth BSDEs driven by an MPP is pivotal.
The proof of Lemma 3.3 is presented in Appendix A. The concept was inspired by [17,
Proposition 3.3].

Lemma 3.3 Under assumptions (H1) and (H2), let (y,u) be a solution to BSDE (2.2).
Assume that for some p > 1,

T
E |exp {peﬁAT)\|§|+p)\/ eBA‘atdt}] < 0. (3.1)
0

Then, the following a priori estimates hold.
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(1) If —Q — ﬁ‘yt - %j)\(ta _ut) < f(t7ya 'LL) < Qg + ﬁ|yt‘ + %j)\(uut); then fOT’ each t € [OvTL

T
exp {pA |yt } < Eq lexp {p)\eﬂAT|§| +p)\/ eﬂASasdAs} . (3.2)
t

Therefore, considering Doob’s inequality, for every p >0, E[ePY*] remains uniformly bounded.
This bound is denoted by Z(p, a, ).

(ii) If f(t,y,u) < o + Blyel + $ia(t,ue), then for each t € [0,T],

T
exp {pA (yt)+} <E, [QXP {p/\e’BATE+ + p/\/ eﬁAsasdAs}
t

The following corollary represents a degenerate case of Lemma 3.3.

Corollary 3.4 Under assumptions (H1) and (H2), let (y,u) be a solution to a simplified
version of BSDE (2.2) with f(t,y,u) = f(t,u). Suppose there exists a constant p > 1 such that

T
exp {p)\|§| —|—p)\/0 atdt}l < 0. (3.3)

(i) If —ay — %j)\(t, —uy) < f(t,u) < ap + %jk(t,ut), then for each t € [0,T],

T
exp {p)\|£| +p)\/ anAS}
t

(i) If f(t,u) < ou + 3a(t, up), then for each t € [0,T),

T
exp {pA (yt)+} < Eq leXp {p/\£+ +p>\/ asdAs}
t

E

Then, we have

exp {pA |y} < Ey

3.2.2 A priori estimate on U
We then establish a priori estimate of U. The proof is also included in Appendix A for

completeness.

Proposition 3.5 Consider (£, f) as parameters satisfying assumptions (H1)-(H3). If (Y,U) is
a solution of the BSDE (2.2) with Y € &, then

T p/2
E (/ / |Ut(€)|2¢t<de)d14t> < CPE |:68p>\(1+ﬂ”ATHOO)Y*:|
0 E

< CEEPA1 + Bl Arlla)s 0, B) <00 (3.4)

In fact, the following stronger estimate for U also holds: for each p,q > 1,

(/OT/E (eq/\IUt(e)I _ 1)2¢t (de) dAt)”

E < C,E [e8pqx\(1+/3||ATlloo)Y*

< CE(8paA(L + Bl Ar]loc). . B) < 00, (3.5)
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3.3 Comparison theorem for exponential growth BSDEs with a convex/concave generator

We now prove a comparison theorem for (2.2) using the #-method, following the approach in
[10]. The additional convexity/concavity assumption (H3)(e) plays a crucial role in our proof.
Furthermore, the exponential term in the growth condition (H3)(c) parallels the role of the
quadratic term in the conditions of quadratic BSDEs in [10]. Consequently, our results align
formally with those of quadratic BSDEs. The uniqueness of BSDE(2.2) follows directly as a
corollary of the comparison theorem.

Theorem 3.6 Let (Y,U) (resp. (Y',U')) be a solution of the BSDE (2.2) in & x H2P
associated with (f,&) (resp. (f',&')), for some p=1. If f<f, €<, and assumptions
(H1)-(H3) hold, then

vt e [0,T], Y; <Y/, P-as.

Proof The approach is inspired by [10]. Without loss of generality, let us assume f is convex
with respect to wu; otherwise, refer to Remark 3.7. Let 6 € (0,1) and set Y, =Y, — 0Y, and
U, = U, — 0U,’. Consider a progressively measurable process {a( )}0<t<T, with appropriate
integrability, to be chosen later. We define, for all ¢ € [0,T], fo s)dAs. Since Y is cadlag

and A is continuous, by It6’s formula,
eA*ﬁ:eAT?T+/ éF dA, / / q(dsde), 0<t<T,
t

where,
Fo= (f(t,Y,U) —0f (.Y, U,)) — a(t)Y;
= (f&YU) — fF (LY U0) + (f Y, Up) — 0F (.Y, UY)) —a(t)Y; + 05f(t)  (3.6)
and 6f(t) = (f — f) (t, Y, U/).

Because f is convex with respect to u, the second term on the right-hand side of (3.6) can be
bounded by considering the growth condition (H3)(c). Specifically,

U — 0U/>

f(ta}/tlvUt)_f<t}/t79Ut +(170) 1—-6

!/
<oF (11 0) + (- 0)f (1, S )

and from the growth condition (H3)(c) of the generator f,

F(BYE0) <07 (6,07) + (1= 0) (o + 8% ]) + s <1Uto> SR

Note that for the first term in (3.6),
F (Y0 U) = f (8Y) U:)

= f(t, Y, U) — f(6,0Y,U) + f(¢,0Y,U) — f (.Y, Uy)

= a()Y, + [ (1.0Y, . U) — f (£,Y, Ur),
where a(t) = [f (t,Y:,U;) — f (¢,0Y,,U})] /Y, when Y, #0 and a(t) = 3 otherwise. Since f is
[B-Lipschitz in y, then a is bounded by £ and

F(6,Y,U) = f (Y, U0) <a()Ye+ (1= 0)5[Y/].

Recalling the definition (3.6) of F, we obtain
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Fr < (1=0) (a() +28[V/']) + 1;% (ffe> +00f(2). (3.8)

Now, we will eliminate the exponential term with an exponential change of variables. Let
¢>0 and set P, = eceAtYf,Qt = P (eceAth —1). Applying It6’s formula, we deduce that

T . - <
P, = Pr+ / P, {ceAst - / (e Us — ceAsr, — 1)¢>S(de)} dA,
E

t
T L
—/ / P, (e "Us —1)q(dsde)
t JE
T T
= Pr +/ G dA, —/ / Qsq(dsde).
t t JE

Equation (3.8) yields because ¢ is nonnegative,
Gy = P;- [ceAtFt - / (eceﬁtﬁt — ce™T, — 1)¢)t(de)}
E

< Pce (1 0) (at) + 28 |Yi'|) + P-ce™05f(t)

A1 AUy i ALp Ay 77
/E [Ce(/\le) (ele - f‘_UtH - 1) - (ece U — e, — 1)1 ¢>t(d€)1 :

Because A; > —fBAr, we can choose ¢ = (g := AeIA7l> /(1 —§) to find the following inequality.
Gy < Predae®IAtl= (a(t) + 28 |Vi/]). (3.9)

+ P

We present a proof for (3.9) below. Note that f < f’, 6f(t) <0. Therefore, it is enough to
demonstrate that

cer(1—0) (a0, AU, et b, _ Ap
/E[)\ 6—9—1_9—1 —(e —ce Ut—l) du(de)

= /Egt(c,Ut)gbt(de)go, (3.10)

where for each v € R and ¢ > 0,

A(1-0 LA ; i
gi(v,¢) = ce’*(1-9) <639 . 1) _ (eceAtv P 1) .

A 1-0
Because ¢¢(-) is a probability measure, it is enough to show that g;(v,c) <0 for every v € R

and ¢ > 0, which will be chosen later. Choosing ¢ = ¢ := Ae?l47ll= /(1 — §), we claim

9:(v, o) = 6At+B”ATH°°(61/\—7UH 1) - eﬁemﬁmmﬂm +1<o.
Notice that ¢:(0,(s) = 0, and for v € R, taking the derivative with respect to v,

A i A Av Ao (A 4Bl AT l0o)
/ = T || oo === t T lloco
gt(v7 C@) 1706 ¢e+6] Il (e 10 — ei-0€¢ ) )

Therefore, g¢j(v,{p) >0 if v<0, and g;(v,(p) <0 if v >0, which implies g:(v,{p) <
9:(0,¢p) = 0. Thus (3.10) holds, which implies (3.9).
Finally, we introduce the processes

pi=eo ([ e (AT (o(s) + 261Y) ).
0

P, =DiP;, Qi =DiQ;.
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Again, from [t6’s formula, it follows that for any stopping time 7 such that 0 <t <7< T,
P, < P, — / / Q.q(dsde). (3.11)
t JE

Let us consider that for n > 1,7, >t is the localization sequence such that 7, - oo as n — oo

/ | Quatdsao

and,

is a martingale.

We deduce from (3.11) that

P <E {exp </ " oA (/\eﬁ“ATH"" (a(s) + 25 |Y§’|)) dAs> P,
¢

gzt:|a

and, in view of the integrability assumption on «,Y and Y, since ‘fls < BAr, we can send n

to infinity to obtain

P, <E

T
exp (/ et (/\eﬁ“AT“‘x’ (a(s) + 28 |Y;|)) dAs> Pr| %
¢

Equivalently,

1-06

T
<E (exp {)\ezﬁATl‘x’ €] —I—/ (a(s) + 28 |YS’|)dAS> } | 5@) :

In particular, because S||A7|s + A >0,
’ 1-46 28||A g /
Y, = 0% < ——logE [ exp 4 eIl \§|+/ (a(s) +28[Y/)dA, | ¢ | Z
t

and sending 6 to 1, we get Y; — Y’ < 0 and complete the proof of the comparison theorem. [

Bl AT|lco+As
exp (Ae (= eYt’))

Remark 3.7 When [ is concave in u, we use 0Y —Y' in the aforementioned proof. The
proof remains valid. Therefore, in the following discussion, unless otherwise stated, we assume
that f is conver in u in Section 3.

Corollary 3.8 (Uniqueness) If assumptions (H1)—(H3) hold, then the BSDE (2.2) admits at
most one solution (Y,U) in the space & x H2P, for all p > 1.

3.4 Existence of exponential growth BSDE with bounded terminal
To prove the existence of the result, we require the following additional assumption.

(H4) (Uniform linear bound condition) There exists a positive constant Cp such that for each
t€0,T), ue L*(E,%B(E),¢:(w,dy)), if f is convex (resp. concave) in wu, then f(¢,0,u)—
f(ta 070) > _C()”u”t (resp. f(tv 0, u) - f(ta 070) < C()HU”t )

Before proceeding with the proof, we require the following lemma, which establishes the
essential properties of the auxiliary drivers. In the following discussion, unless stated otherwise,
we assume that f is convex with respect to u. For t€[0,7], on (y,u) € R x L*(E,%(E),
¢t(w,dy)), we define a set of auxiliary generators (f"), as follows:
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M ty,u) = inf {ft,y,7) + nlju—r:}.

reL2(E,2(E),¢:(w,dy))

The properties of the auxiliary drivers are outlined below.
Lemma 3.9 Under the assumptions (H1)—(H4),

(i) The sequence {f"}, is globally Lipschitz with respect to (y, u) in R x L?*(E, #B(E),
¢t(w>d ))

(ii) The sequence {f™}, is conver with respect to w if f is convex with respect to u for
u € LZ(Ea ‘%(E)7¢f(w7dy))

(iii) For t € [0,T), the sequence {f"}, convergesto f on (y,u) € R x L?(E, B(E), ¢:(w,dy)).

(iv) For n > Cy,

1 1. 1.
=30t =3flyl = 1ia(t, —u) < f (6 y,u) < F(6y,w) < aetBlyl+ it w) < Sae+3Blyl+ LAt v).
(3.12)

Proof of Lemma 3.9 Assertions (i)—(iii) follow directly from, for example, [28, Lemma 1]. We
only prove assertion (iv). The right-hand side is evident from the sequence (f™),, definition. For
the left-hand side, first note that owing to the convexity of f™ with respect to u, it holds for
every t € [0,T] and (y,u) € R x L*(E, B(E), ¢:(w,dy)),

F(ty,0) < 5 f" (8 y,u) + 5 f7 (8 y, —u)-
Thus, owing to the right-hand side of (3.12), it follows that for n > Cy,
f”(tv Y, ’LL) 2 2fn(ta Y, O) - fn(ty Y, _u)

22 inf ta ’ -
o A (tgr) ) = o= Bl - St )

\%

1
inf t,0 - —3 — =it —
e S0+ ) - o = 38| = (k)

1
inf —Collr|ls +nl|r||e} + 2f(¢,0,0) —ap — 3 — —x(t,—u
TELZ(E%(EM(MZ/)){ ollrlle +nllrlle} +2£(2,0,0) = ar = 3Byl — Tia(t, —u)

1.
= —3ay — 3Byl — Xj’\(t’ —u),
where we employ condition (H4) in the second-to-last inequality and condition (H3)(c) in the
final inequality. O

Remark 3.10 If f is concave in u, the auziliary generators should be defined as follows:

Frty,u) = sup {f(ty,r) = nflu—rl}}.

reL?(E,%(E),¢t(w,dy))
Similar properties hold by a similar argument.

Given the properties of the auxiliary generators, we are prepared to construct a solution of
BSDE (2.2) with a bounded terminal. It is noteworthy that in light of (3.12), the parameters
(o, B) in the a priori estimates (3.2) and (3.4) are replaced by (3c, 38) when estimating
solutions of BSDE(&, f™).

Theorem 3.11 Assuming that (H1)-(H4) hold, with the additional condition || < My, where
My is a positive constant, the BSDE (2.2) has a unique solution (Y,U) in the space & x H>P,
forall p > 1.
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The uniqueness stated in Theorem 3.11 follows from Corollary 3.8. Now, let us focus on the
existence part of Theorem 3.11. It is important to note that we consistently assume f is convex
with respect to u.

Proof of existence in Theorem 3.11 With the aid of Lemma 3.9 and Theorem 3.1, for n > C,
there exists a unique solution (Y™, U") € L?(A) x H2? for the BSDE(¢, f*). For n > Cj, to
find a uniform estimate for (Y, U"), we first consider BSDE ( f™*, ¢), where f™* =
(f™AN=k)Vk, for k€ N. By employing the definition of truncated generators, it follows that for
each k > 1,t € [0,7) and (y, ¥, u, v') € RxRx L*(E, B(E), ¢4(w,dy)) x L*(E, B(E), ¢:(w, dy)),

|fn’k(t7y7u) - fn’k(t7y/7u/)| < |fn(tay7u) - fn(t7y/au/)| < 3ﬁ|y - y/| +77,Hu - u/”t'

Thus, making use of Theorem 3.1 again, for n > Cp, there exists a unique solution (Y™* U™*) ¢
L%*(A) x H2? for BSDE(¢, f™F). Moreover, note that

T
Yk =R, |6+ / Frre YR Ut dA,
t

It then holds,

HYt"’kHsoo < My + k|| Az oo < oo. (3.13)

In addition, by Corollary 1 of [30], it holds on [0,T], P-a.s. that

U] < 2|

Yf*”sw < 2My + 2k Ap |l < o0. (3.14)
Notice also that
PR ) < (1 0) < () (1) < Be +3819] + (6 ),
and
IR ) 2 =) () >~ () > a0 = 38yl — Tir(t, —u),
where (f"*)* = f"* 1 pnisoy, and (f™%)7 = —f"*1pnkgy. Then,
~3a0 = 38ly] — 1r(t —) < FH(E,w) < Bae + 38ly] + (6 ). (3.15)

Therefore, considering the a priori estimate provided by Lemma 3.3, along with (3.13), (3.14)
and (3.15), we can deduce that for every n > Cp, p,¢ > 1 and k > 1,

T
exp {p)\eSﬁAT|§| —|—p/\/ egﬁASSOzsdAs}
t

([ o)

The remaining proof is divided into five steps. First, we establish the convergence of
{(y™k U™F) to (Y™, U™) and demonstrate that the solutions (Y™, U™) satisfy Definition 3.2
with Y™ € &. Subsequently, leveraging Lemma 3.3 and Proposition 3.5, we derive a uniform

exp {p)\ ‘Yt"’k‘} < E, , (3.16)

and
E

< CE(8paA (1 + 38 Ar]l),30,38).  (3.17)
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estimate for {Y™,U"}. In the second step, we construct a “presolution” YO0 employing the
comparison theorem, complemented by finding a corresponding “presolution” U°. The third step
involves deriving an a priori estimate of Y™ —Y™|. Utilizing this estimate and the uniform
convergence in probability (u.c.p.) of the sequence Y™, we obtain the cadlag version of Y9,
denoted as Y9, in the fourth step. Finally, in the last step, we confirm that (f’o, U") constitutes

a solution within appropriate spaces.
Step 1 The convergence of the sequence {(Y™* U™¥)}, to (Y™, U")

In this step, we demonstrate that limg_,. E [\Y;" - Y;"’kﬂ =0 and limg_ oo E[fOT [ U~
Ut"|2<bt(de)dAt} =0, for a fixed n > Cy, for a fixed n > Cy. From Itd’s formula,

A =¥ = 2V YA = v+ [ U Epande)
=207 =) (YR U Y U ) dA,
20 -y [ (O - Upaarae)
E

+/ ‘Ut”’k —ur
E

Then, by integrating from ¢ to T and rearranging the terms, and considering the Lipschitz

 6u(de)d Ay,

2 k
g(dtde) + / (Ug“ —ur
E

conditions of f™F, we obtain, owing to YT”’]C =Y =€,
T
v -y +/ / Uk — 02| ¢, (de)d A,
t E
T
=2 [ ) (R YR U - s Y2 UD) dA,
t
T T 9
- [ et ey [t - vngtasae - [ [ ot - o gtasae
t E t E
T
<2 / Y7k = Y] (|74 (s, Yok, U7R) — frok(s, Y, UD)| 4+ | 75 (s, Y, UR) = £(5, Y2, UR)]) d A,
t
T T 9
- [art oy [t - vngtasae - [ [ ot - o gtasae
t E t E
T
Y A e Al [
t
YR S VI (s YL UR) — £ (s, YU dA,
T T
7/ 2(st_’]C -Y") / (UMF — U™)q(dsde) 7/ / |U:’k — US”|2q(dsde)
t E t E
T 1 1
<2 [ (302 < Y2 VP 4 IUR - U2 G - v
t
1
5 [ YUl — f"(s,lfs"w)f) dA,
T T 9
- [zt vy [k —vaasae - [ [ k- vz aasae),
t t

where we make use of the inequality of arithmetic and geometric means in the last line. Now,
rearranging the terms again, we obtain
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1 T
ek —vepag [ ot - vzl oeaa,
t

T T
<@t om) [P o vrPAA s [ - ey o) da,
t

t
T T
—/ 2(Y5",’k—Ys’i)/(Uf’k—U;L)q(dsde)—/ / ]U;L’k—Uf‘Qq(dsde). (3.18)
t E t E

Inspired by the proof of stochastic Gronwall inequality (as detailed in [34, Theorem 4]), for any
given t € [0, T], applying Itd’s formula to the process

exp{ [ (1o 2 s o) f -y,
t
by (3.18), it turns out that on (¢, 7],
d (exp {/S (1+2n? + G,B)dAu} [ymk — st|2>
t
> exp { / 1+t 66)dA“} (= 175G,y oy = (s, v U da,
t
2V -y /E (UMF — U™)g(dsde) + /E Uk — US"]2 q(dsde)) . (3.19)
Note the fact that
/' exp {/ (1+2n° + 66)dAu} 20y —yr) /E(U;“’“ — U™)g(dsde)
t t
and

/ exp {/ (1+2n%+ Gﬁ)dAu} / \Umk — Ugf q(dsde)
t t E

are martingales, owing to the integrability conditions Y™ Y™ € L?(A) and U™F, U™ € H?*?
thanks to Theorem 3.1. Then, taking integration on (¢,77] and followed by taking expectation on
both sides of (3.19), we find that

E[Y,"* - ¥/ | <E

T
/ [F7R (s, Y2, U2) = (5, Y2, U] dA | exp{(1+20% + 68) | Ar oo}
t

Recall that f™* — f as k — oo and by the dominated convergence theorem, it holds that

lim E[[Y;"" - Y7’ = 0.
k—o00

Then, up to a subsequence, we have P-a.s., Yt"’k — Y as k — oo. Consequently, leveraging
(3.16), for n > Cy, we obtain,

T
exp {pA|Y/"]} < E; lexp {pAeSﬂAT €| + p)\/ 636A53a8d148} . (3.20)
t

Therefore, Y™ € &, for n > Cy. Moreover, in (3.18), we first take t = 0, then take expectation
on both sides and finally let k& — oo to conclude that thanks to dominated convergence theorem,
it holds
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T
/ / UmE — U7 u(de)dA,
0 E

Then, up to a subsequence, we have

Jim UM (e) = UlM(e), ¢r(w,de)d A (w)P(dw)-a.e

lim E

k—o0

(3.21)

Therefore, in view of (3.17) and Fatou’s Lemma, for each p, ¢ > 1,
p
sup E ( / / (el ) b (de)dAt> < C,E(8pgA(1 + 38] Ar]|w), 30, 38).  (3.22)
n>Co

Hence, the sequence {U™},, satisfies Definition 3.2, and using Proposition 3.5, we derive
T p/2
sup E (/ / |Ut"(e)|2¢>t(de)dAt> < CoE(8pA(1 + 35| Ar||00), 30, 38) < o0 (3.23)
n>Co 0 E
Step 2 Construction of “presolution” (Y9 UY)

Recall that for n > Co, (Y™, U") € & x H>? is the unique solution to BSDE(&, f™) and
™1 f. Then, Y;" increases with respect to n for each t € [0,T]. Let Y;* 1Y as n — oc. Then,
the process Y9 is adapted and admits a progressive version. Hence, we assume that the process
YO is progressively measurable. Moreover, by Fatou’s lemma, we have,

T
B| [ oPa,
0

Next, we find a “presolution” UY. For any m, n > Cy, applying Ito’s formula to the process
Y™ —Y™|? we can deduce that

/OT /E U2 (e) = U () ¢s(de)dA

T
. e / (Y2 Y)Y (f" (5, Y2, UT) — f7 (5, Y U™)) d4,

E[sup [V"|*][|Ar]|oc < o0. (3.24)

n>Co

T
- / / (Y2 —Ym) (U — U™) 4 U7 — U?) g(dsde)
E

T 1/2 T 1/2
<2 ( / Y — thFdAt) ( / (f" (s, Y, U) = f™ (s&fsm,U:l))ZdAt)
0 0

T
g -y -z [ (o -y o - U+ 0z - U aldsde)
0 E

2

T T 1 )
<o -y Py (/ 2 (30, + 382" 4 5 AU+ 4n(-U)) ) A,

T 1 2 1/2
+ [ (s 3+ 5 GrO2) + (-1 dAs>
0

T
| A T [ 2/ / (Y —Y™) (Ul —UM) + U —U™?) q(dsde), P-as. (3.25)
0 E
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The last term is a martingale due to the integrability condition of Y™, Y and U™, U™. Then,
by taking expectations and applying Holder’s inequality, we infer from (3.20) and (A.10) in the
proof of Proposition 3.5 that there exists a constant ¢ > 0, which may vary, such that

E K/OT/EU:U:ws(e)dAs)

T 1/2
<e (E[ / v - Y;“FdAt}) CE(YY - Y

T T 1/2
<e (E[/ v - v dad v B[ |y - vel? dAd)
0 0

+2E[| Y5 - YP|) + 2B vg" - 7|,

Hence, it follows from (3.24) and the monotone convergence theorem that

T
([ - s

Thus, {U"} is a Cauchy sequence in H?22, implying the existence of a U? € H>2 such that

v

</0T/E Uz (e) = U2e)|* ¢s(de)dAs>

=0.

lim E

n—oo

— 0. (3.26)

Thus, up to a subsequence,

i ! ne) — U%(e)|? e = -a.s
lim </0 /E|Us(e) Ud(e)|” ¢s(d )dAS> 0, P-a.s.

n—0o0

Indeed, thanks to Proposition 3.5 and Fatou’s lemma, U° € H2P for each p > 1. Specifically, for
some positive constant C, depending on p,

T p T p
E (/ / |Ut°(e)|2¢t(de)dAt> <C, sup E l(/ / |Ut"(e)|2¢t(de)dAt> <oo. (3.27)
o JE n>Co o JE
In the same manner, for each p ,q > 1,
T ) 9 P
F </ / (eq/\\U,, (e) _ 1) ¢ (de) dAt)
o JE
T B 9 p
<Cp sup E [(/ / (eq/\‘Ut @l _ 1) ¢+ (de) dAt> < 00. (3.28)
n>Co 0 E

Moreover, in the set {(¢t,w) € [0,T] x Q : dA;(w) # 0}, it holds that

i ([ (o) - U6 autae) ) =

n—o0

Step 3 A priori estimate of |Y" — Y™
For m, n > Cy, 6 € (0,1), next we will show that P-a.s.

1-0 2 ,
5 ln<;Jt , ) t e 0,77,

where (g 2 %, and JV™ AR [J;mz | c%} for 4 =1,2 such that

V" =Y < (1 =0) (V" + V") +
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Jp™ 2 (DR + Dy with 5 2 exp {oe?I471 (11— 0) ¢} < exp{ActATI~ g},
t
pr éexp{MGﬂlATl [ G +65|Y;”|>dAs},
0
t
D £ exp {)\665|AT| / (3as + 63 |Ys”|)dAs} , telo,T],
0

T
JEm2 & o SIATI (DI 4 DR, / A f(5)] dAs,
0

Yym = exp {Cgegﬂ”AT” (Y + Y*m)} ,
Apm f() 2 " (Y U = ™ @Y U) [+ ™ @Y U8 = 7 (6Y U0 |, te 0,77,
With the aforementioned notations, we show

exp (Cge‘&?'mf/t”’m> =T7"<E (J;f’"’l + g | ﬂ}) . (3.29)

_ym,n,1, ym,n,2
=J; +J{

We set Y(m) £ yn _ gym (j(nm) £ jn _ giym and define two processes

A 2 LY~ 0V U
t - {f/t(n,m);ﬁo} ?(n,m) {}’}t(n,wz):o},
t

For a given ¢ € [0, T, consider a sequence of stopping times (7% ) k>0 defined as

T
T} = inf{s > t,E [exp <e3’BAT)\ €] +/ )\eS’BAS3anAS> | f?s] > e’\K} : (3.30)
0

Relying on (3.1) in Lemma 3.3 and (3.20), we deduce that(T%)y, tends to +oo and
SUpP,,~. ¢y HY”1,<T;( |se(t,77 < K. Then, since U™ is predictable and p is totally inaccessible, we
conclude from Theorem 2.7.22 and Theorem 2.7.24 of [1] that for each stopping time T € . p,
P(AU™ # 0, Ap; > 0) = 0. Thus, in view of [30, Corollary 1], P-a.s., one can replace the process
U™ by the process U™X such that |UME| < 2K on (t,T%]. Applying Ito’s formula to the
process [ defined in (3.29) on s € (t, T AT] yields

T;’(/\T - m AT~ m An,m ~
=g [ et R [ T e R 1,00 faa,
K

t E
TihT AT
S [T i)
t E
Ty AT T AT
. n,m n,m _ n,m
= FT}(/\T+/t G dA; /t /EQS q(dsde), (3.31)
where,
FI™ = [ (s, Y UL) = 0F™ (5, Y7, U) = almmy ), (3.32)

n,m n,m A(H™) n n n m m m n,m)y (n,m
G37 :<9F37 eAS (f (57Ys 7Us)_0f (S’Ys 7Us )_ag ’ )Ys( ’ )>
_ gy (gee&"'m)ﬁg”vm)) . (3.33)

Similar to (3.7), (3.12) and the convexity of f™ in « imply that ds ® dP-a.e.
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1-6 (j—s(n,m)
Fr 0 Y US) <O (5, Y UF) + (1= 0) Bas + 38V ) + ——in | 7—5 |-

which with (3.33) implies that ds ® dP-a.e.
G = T A" ™ (f7 (5,057, UR) — 0™ (5, Y™, UM)) — T2 jy (Coe "™ (™)
< U e ™ (|7 (5, 0¥ U — 7 (5, Y7 U + 7 (5, Y, UP)
—Of™ (5, Y7, UM)) = T (Goe "™ T {mm)
< ASATITT™ (30, + 68 [Y]) + Coe2IATITT™ A, 1 f(s)].

Integration by parts gives
TP < Dy

Tlt{/\T Anm 0n_m
< ;ZATF;}:R/\T - Qe/ / DT (eq"e s — 1) q(dsde)
t B

T} AT
+ ¢pe3Blar] / DITE™ | Ap i f(5)] dAs
t

T;(AT Amm o~
n,m n,m s n,m n,m,2
< DF e — o /t /E DT (e@e o 1) g(dsde) + J2™2 (3.34)

where we define

> o A K—oo
77;;:T/L\T = eXp {Cﬁewu 7l (’YTn;(AT — 07! |V Y7t — OY70 A )} — (3.35)

for each n,m > Cy.
For each p € (1,00), (3.20) and (3.23) imply that

T p
sup E lep)‘y*n + (/ / |Uf|2 (;St(de)dAS)
n>Cjp 0 E

where we use the notation = defined in Lemma 3.3 to simplify notation. Thus, it follows that

< CpE(16pA(1 + 38| A7 |loc), 3, 38),  (3.36)

for m, n > Cj,

E[] <E {epcgesm|ATu(179)|g|} <E {emeammmgq <= (pAeﬁﬁHATH’ 3a, 3ﬁ> 7 (3.37)
E[T7] < %]E [eprane?IATINE . eeuet? ATV < 2 (preeﬁﬁHAT', 3, 3/3) . (338)
T P
E ( / A £(5)] dAS>
0
T
<E (2/ 3asdAs + 2||Arl (BBY" 4+ 38Y))
0

p

. (3.39)

T
+2 / GaT™) + Ga(—U™) + ja(U") + ja(~U™)) dAs)

From (3.36) and DI < exp {eS8lArl [T 3a; +68Y")dAs p, P-a.s., we obtain that DT €
T p 0 * T
L? (Zr). Thus, the random variables J;"™", i = 1,2 are integrable with Young’s inequality and
(3.37)—(3.39). In addition, 7", < exp {%(Y*" —i—Y*m)}, where the right-hand side of
K

the inequality is also integrable.



472 Zihao Gu, Yiging Lin, Kun Xu

Note that ftTIt‘AT I D;"l":’,m(e@ew’mﬁg’m —1)g(dsde) is a true martingale because of the
boundedness of the integrand. Taking E[- | %] in (3.34), it then yields

s m, T, ,m,2
" < EDF n;&j\T] + ;"7 Peas.
Letting K — oo by dominated convergence and (3.35), it holds that

U™ < B[ D) + J;0™2 < TP 4 g2 Peas.

It then follows that

2
1-0 _, - |
n _ m — ﬂHA H_At n,m,i
Y —0Y" < — e T In <i§_1 Jy > <

1-0 2
n,m,t
X In <i§:1 Jy > , [P-a.s.

which implies

2
n m m 1-90 n,m,i
Y-V (L= 0) Y+ 1n<i§1:Jt )

m n 1-6 : n,m,i
< A=)y + Y + 3 ln<;Jt ), P-a.s.

Exchanging the roles of Y™ and Y™, we deduce the other side of the inequality. Hence, for
m, n > Cy,

2
1-6 ;
Y =Y < =)+ Y ) + —— o (Z JZ”’””) , Paas. (3.40)
i=1
Step 4 U.C.P. convergence of the sequence Y™
From (3.40), we apply Doob’s martingale inequality and Hoélder’s inequality to have, for any
40> 0,

2
P( sup_[Y)" tm|>a> <P<(1—0><Y*m+y*”>>5/2>+P<1A91n (ij> >5/2>

te[0,T] i—1

2

1-6 . 1 SA
<2 E[Y +Y" P(Jrmi > —enicn
SB[+ *]+; ( 5 )
1-0
—FE
Py
1-0
o\

2
m n - .
< {62>\Y* 1 QA } 1 2302w E :E [T ]

i=1

_ 1/2
<2——"E(2), 3a, 38) + dexh (E [(D? + D)’ UQD
1/2

2
_ T
+dexi=n (B |(DR + Dp)? (ceeSﬂ'AT'rn,m / An,mf<s>|dAs>
0

1—-6 — 1/2
<222\, 30, 38) + 4200 sup (]E {(D}nJrD%)Qexp{Q/\ew”AT”m|§|}})
m,n 0
1/4
1/4 4
+demo ( sup E (DI + DR (g 38lAz Iy )4 / el [ a dA
p T T 0€ n,m |Apm f(s)|dAs
m,n>Co 0

(3.41)

To prove the u.c.p. convergence of the sequence Y™, we first deal with the integral term

fOT |Ap,m f(s)] dAs. Recalling the sequence of stopping times (T )y, defined in (3.30), denote
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Ty =Ty for simplicity. We conclude that sup,~¢, V" 1.cry [|se < K, then HY(1).<TK s < K.
Similarly replace U™ by U™F such that |U™K|<2K for n>Cy and |[U%E|<2K, for
t € [0, Tic]. Hence, for ¢ < Tic, on {ly| < K, llulle < 2K}, |£(t,, w)] < 3y +36ly| + 2. Then,
inspired by [28, Lemma 1], on {(w,t): dAs(w)>0}N{t < Tk}, lim, o (Y, U) =
f&, Y2, UP). Similarly, it can also be proven that limy_ecsup,, -y |[f"(tY™, U™)—
f(t, Y2, UP)| = 0. Note that
An,mf(t) = ‘fn (t’wvy;:mv Utm) - fm (tawatha Utm)| + |fm (tvvatantn) - fn (tvwvytnv Utn)‘ :

It is then apparent that

lim  sup A, nf(t,w)=0.
N—ocomn>N

Therefore, given the uniform integrability conditions on Y™, Y™ U™, U™, and (3.39), and

applying the dominated convergence theorem, we conclude that for every p > 1,

TATk p
lim sup E [(/ |Ay m f(1)] dAt>
N—=oom n>N 0

At the same time, based on the a priori estimates of the sequence {(Y™, U™)} and Holder’s

= 0. (3.42)

inequality, we establish that for every p > 1, there exists a constant C, > 0, independent of N,

such that
T p
= sup E l(/ An)mf(t)|dAt> 1TK<T1 .
m,n>N Tk

T p
sup E l(/ [Ag m f(t)] dAt>
m,n>N TATk
< Cov/P(Tr <T).

Subsequently, for every p > 1, in conjunction with (3.42), it is valid that for each K >0,

( / A ) dm)p <27 (C/PTx < 7))
0

( / N dAt>
0

Consequently, first letting n,m — oo in (3.41) and then letting 6§ — 1 yield

lim sup E

N —o0 m,n>N

Thus let K — oo, we obtain
P
lim sup E

N—o0 m,n>=N

=0, Vp>1. (3.43)

lim sup P{ sup |[Y*-Y/"|>d]| =0,
N—=oomn>N t€[0,T)

which implies that the sequence Y™ uniformly converges in probability (u.c.p.). Then, up to a
subsequence, there exists a process Y0 such that lim, . supiepo z) [¥;" — Y| = 0. Then, Y0 is
cadlag. With the help of Lemma 3.3 and Fatou’s lemma, Y° € &.

Fix pe|l, c0). Since E [exp {2p)\ “SUDse0,7] ‘Yt" - }tho‘ }] S%E [641’)"/*" + 64”)"7*0} <E(4p), 3a, 33)

holds for any n > Cy, it turns out that {exp {p)\ * SUPsefo,7] ’Yt" - f@o‘}} c is a uniformly
’ n>Cy

integrable sequence in L' (%r). Then, it follows that limn_on{eXp {p/\-supte[()’T]‘Yt"—

YtO‘H =1, which in particular implies that
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=0, Ygel[l,00). (3.44)

n 0 4
Y- Y, ‘
n—oo tE[O,T]

lim E [ sup

Step 5 Verification of the solution (Y°,U?)

We have constructed a “presolution” (170, UY) € & x H2P. Tt is left to verify that it is a true
solution. Consider the sequence of stopping times (Tk) K>0 defined above as Tk = TIO< in
(3.30). For t < Tx AT, we obtain exactly as in step 4 on {(t,w),dA:(w) # 0} N{t < Tk},

lim " (£, Y7, UF) = f (6w, 70,07) .

n—0o0

Thus, by the dominated convergence theorem,

T AT
. [ /
0
T NANT
e [ /
0

which becomes zero when n goes to infinity. Consequently, by first letting n approach infinity

£ U) ~ f (1Y0.0F) | dd,

b

e (t YU K) f (t,f’to,UtO’K> ] dA,

and subsequently allowing K to go to infinity, in the same manner as (3.43), we observe that

T
lim E /
n—oo 0

Lastly, we need to confirm that (Y°,U°) is a solution. By combining (3.26), (3.44), (3.45),
and the Burkholder—Davis—Gundy inequality, we obtain

= 0. (3.45)

o - £ (670,00) | a4,

E —(£+/Tf(sY0U0 dA, //UO dsde))]
t
< lim E[ v, — Z’M lim El (/Tf(s,YSO,UE) dAS/T/ Ug(e)q(ds,de)>
n— o0 n—oo + t E

) (/T F (5, Y2 U2 dA, - /tT/EU: (6)Q(d5’d6)> H
=0

Then, we find a solution (Y?,U°) € & x H>? for the BSDE(¢, f) when ¢ is bounded. Moreover,
considering assumption (H3), Lemma 3.3, and Proposition 3.5, the a priori estimates (3.2), (3.4)
and (3.5) hold for (Y U°). Meanwhile, the estimate (3.5) guarantees that U° satisfies
Definition 3.2.

The proof is complete.

(3.46)

3.5 Existence of exponential growth BSDEs with an unbounded terminal

Now, we proceed to establish the existence of solutions for the BSDE(2.2) with an unbounded
terminal. The main theorem is stated as follows.
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Theorem 3.12 Given that (H1)-(H4) are satisfied, the BSDE (2.2) possesses a unique solution
(Y,U) in the space & x H2P, for all p > 1.

The uniqueness aspect is also derived from Corollary 3.8, leaving us with the task of proving
its existence. We achieve this by approximating the solution using the solutions of BSDEs with

bounded terminals.

Proof of the existence of BSDEs with unbounded terminals The existence part of Theorem 3.12.
With a slight abuse of notation, following Theorem 3.11, let us denote the unique solution to
BSDE(&™, f) by (Y™, U™), where £" = (£ An)V —n. Hence, (Y™, U") € & x H2P for every
p > 1. Additionally, according to Lemma 3.3, for each n € N

T
exp {pA|Y/"|} < E; [exp {p)\eﬁAT|§| +p/\/ eBASasdAs} . (3.47)
¢

We use the sequence (Y™, U") to approximate the solution for BSDE(¢, f). As in the proof of
the bounded terminal case, we divide the proof into three steps. In the initial two steps, we

establish a candidate solution (Y, UY), reserving the verification of the solution for the final step.

Step 1 Construction of “presolution” y°
Using reasoning similar to that in the case of BSDEs with bounded terminals, we first derive

an a priori estimate for |[Y™ —Y™|. For m, n € N, 6 € (0,1), we will show that P-a.s.

n m m n 1-46 Tn,m
¥ =¥ < (L= 0) (7 4+ V) + —— I () e 0,T],

where () £ %, and J"" AR [j;fm | ft} such that

Tam & (D + DR with 7 2 exp {87 (jem — o€ v [e" — 0™}
B t
D™ £ exp {/\eQﬁlAT / (s +2B81Y")) dAS} ’

0

t
DI 2 exp {/\e25|AT| / (as 428 YS”|)dAS} ,t€1[0,7T].
0

With the aforementioned notations, following a similar justification as in (3.29), we derive

Ty = exp { etV L < By DR S EJET = T, Pas. (3.48)
Certainly, by setting f™ = f™ = f in the proof of (3.29) and considering the fact that f
satisfies the growth condition (H3)(c), the proof of (3.29) unfolds step by step when we
substitute the data (Co, 3a, 38, n) with (1, a, 8, 7™™).

Then, similar to (3.40),

m n m n 1-0 Tm,n
Y- < Q=0+ 1Y) + = ("), Pas. (3.49)

From (3.49), we utilize Doob’s martingale inequality and Holder’s inequality to derive, for any
0 >0,
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P( sup. Y7 ;”|>6> <P(-0 4y 202 + P (5 (T > 072)

t€[0,T]

1-6 ~ 1 _sx 1-0 m " _s5x ~
< m n Mo Zo30-0) | < 2)Y, 2)Y, bree= n,m
<2—E[Y; +Y*]+]P’<J* >3 >\5)\E[e te }+2e IEI[J* }
<9 —0_ 2\ 2 72(71‘?9) F ﬁm ﬁn 2 ~n,m\2 2
N S\ ‘—‘( , @, ﬂ) +2e ( T + T) (77 )

1_ - B 41N\ /4
<2 5}\95(2/\, a, B) +2eT0 (E [(D%H—D%) D (BG4

1-06 N ~ ~ AT\ 1/4
<2 3\ E(2\, a, B) 4 2€2T-9 | sup (E [(D}” + D%) }) (E[(™)Y) . (3.50)

Therefore, considering lim,, ;, oo 7™ = exp{Ae?/II47ll= €]} and the dominated convergence
theorem, we first let n,m — oo in (3.50) and then let 6 — 1, resulting in
limy 00 SUD,,, > N P (SUPte[o,T] ;" Y™ > 5) =0, which implies that the sequence Y™
uniformly converges in probability (u.c.p.). Then, there exists a process YO, up to a subsequence,
such that

lim sup |Y*—-Y?|=0. (3.51)
n—oo tE[O,T]
Then, YO© is cadlag. Making use of Lemma 3.3 and Fatou’s lemma, Y° € &. Furthermore,
analogous to (3.44), we deduce that

=0, Ygel[l,00). (3.52)

lim E | sup |Yt" fYtO}q
n—roo t€[0,7T)

Step 2 Construction of “presolution” U°

Compared to Step 2 of the proof in the bounded terminal case, thanks to (3.52), the current
proof is more straightforward.

For any m, n € N, applying Itd’s formula to the process |Y™ — Ym|2, we can infer that

T
| [ 1wz v euaena.
0 E
T
R P T / (Y2 Y (F (5, Y UM) — £ (5, Y, U™) dA,
T
n m n m n mi2

2 [ [ (0 vy - v+ o - U glasde)

T
<2 sup |V~ m(z / asd A, + B[ Azl| (Y] +Y)
t€[0,T) 0

L L : :
+X/ (x (US") +dx (Uf)+JA(—U?)+JA(—U§L))dAs>
0
T
s -y o2 [ (o v - U+ vy - U ) afdsde),
te[0,T] o JE

The last term is a martingale owing to the integrability condition of Y™, Y™ and U",U™. Then,
similar to (3.25), by taking expectations and using Holder’s inequality, we deduce, from (3.47)
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and (A.10) in the proof of Proposition 3.5, the existence of a constant ¢ > 0, which varies, such that

T
E / / UT = UM ¢ (e)dA,
0o JE
%
<SE | sup [V =V"[*| +cqE | sup |¥)" = V"
te[0,T] te[0,T]
X {supE e2MYx +/ /(eAUS —1) ¢s(e)dAs—|—/ /(e_)‘US —1) os(e)dAs }
meN 0 E 0 E
1
2
SE| sup [V =V +c<E| sup [V =V b .
t€[0,T] t€[0,T]

Hence, it follows that

. T n m 2
A}glmﬁ;vxa[( / /E U (e) - UM (o) ¢s<de>dAs>

Thus, {U"} is a Cauchy sequence in H?22, which implies that there exists a U € H2? such that

T
< / / |U:<e>—U£<e>|2¢s<de>dAs>
0 E

=0.

lim E =0. (3.53)

n—oo

Thus, up to a subsequence,

T
lim (/0 /E|U§(e)—U£(e)]2q§s(de)dAs> =0, Pas.

n—oo
Then, on the set {(t,w) € [0,T] x Q: dA;(w) # 0}, it holds that

lim (/E U7 (e) — Uto(e)|2qbt(de)> = 0. (3.54)

n—o0

Moreover, with the help of Proposition 3.5 and Fatou’s lemma, similar to (3.27) and (3.28),

UY € H2P, for each p > 1. Moreover, U° satisfies the martingale property in Definition 3.2.

Step 3 Verification of the solution (Y U?)
We have constructed a “presolution” (Y°, U%) € & x Np>1H2P. It remains to be verified
whether it is a true solution. Since f is continuous with respect to y and wu, referring to (3.51)

and (3.54), for t € [0,T), on {(t,w),dAs(w) # 0},
: n ny __ 0 0
nh_)rréof(t,w,Yt LU = f(t7w,Y; 7U,f).

Thus, by the dominated convergence theorem,

n—oo

T
lim B [/ If @Y, ur) — f (Y2, U0)]dA, | =o0. (3.55)
0

Then, with the help of (3.52), (3.53), (3.55), and the Burkholder-Davis—Gundy inequality, we obtain
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<5+[Tf@J?x@ﬁms[Tl;£@MMame
</t f(s,Y2,U2)dA, — //UO dsde)>
—([waﬂﬁxﬁwm%—1[éégwwmw&d@>

The proof is complete.

E

1/2
< lim (B[ -vP]) "+ lim E
n—roo

n— oo

(3.56)

O

Remark 3.13 Under unbounded terminal conditions, the existence of exponential growth
BSDEs holds even without the assumption of convexity, as noted in [17]. The authors use a
different method to approzimate the solution from solutions of a set of Lipschitz BSDEs. However,
[17] does not provide a uniqueness result. Recently, a uniqueness result for a specific type of
quadratic—exponential BSDEs, arising from a robust utility mazximization problem under a jump
setting, was established in Kaakai, Matoussi and Tamtalini [24]. Compared to their work, in this
study, by imposing the additional assumption of convexity/concavity on the driver f, we remove
the absolutely continuous assumption on the compensator and obtain a uniqueness result for a
broader class of BSDEs using the 68— method.

Remark 3.14 Consider the following BSDE

Y, §+/Tf(s,Ys,US)dAS +/ 4 (s,Ys, Z, )dsf/ Z,dW, — / / g(dsde), (3.57)
t t t

where W € R? denotes a d-dimensional standard Brownian motion independent of the MPP.
Assume that (H1)-(H4) hold, and g(t,y,z) satisfies the additional condition:

(i) for all t € [0,T), for all y € R,z — g(t,y,z) is convex or concave;

(ii) for all (t,z) € [0,T] x R4,

V(y.y) €R% gty 2) — gty )| < Bly vl
(iil) g fulfills the following growth condition:

V(t,y,2) € 0,7 x Rx R, |g(t,y,2)| < + Bly| + 7 |1

For every p>1, there ewists a unique solution (Y,Z,U)€ & xHP x H>P to (3.57). By
combining the comparison theorem from Briand and Hu [10, Theorem 5] with Theorem 3.6, we
can also derive a comparison theorem for BSDE (8.57), which inherently implies uniqueness. The
existence result is inherited from Theorem 3.12 and Briand and Hu [9, Theorem 2J.

Remark 3.15 Our techniques can be readily adapted to BSDEs of the following form, featuring
a general generator f(t,y,z,u) salisfying the quadratic—exponential growth condition, where C}
1s a predictable, continuous non-decreasing process starting from zero.

T
Y, :§+/ f(s,yg,zs,ag)dcs—/ Z,dB, / / g(dsde), 0<t<T, P-as. (3.58)
t t

This form is more general than the BSDEJ settings described in [25]. Motivated by Theorem 8.12,
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we assume that the structural and growth conditions on f are as follows, where the differential
form is understood as integration over any measurable subset of [0, T].

(H1) The process A is continuous, with ||Ar||s < 0.
(H2*) For every weQ, te[0,T], reR, z€RY, the mapping f(w,t,r z2,-): L*(E, B(E),
éi(w,dy)) — R satisfies: for every U € H22,
(wyt,r, 2) = f(w,t,r, 2, U(w,-))
is Prog @%(R) @ #(R?)-measurable.

(H3*) (a) (Continuity condition) For every w € Q, t € [0,T], y € R, z € RY, u € L*(E, B(E),
dr(w,dy)), (y,z,u) — f(t,y,z,u) is continuous.

(b) (Lipschitz condition in y) There exists >0, such that for every w € Q, te€[0,T],
vy €ER, z€ R, we L2(E,B(E), ¢:(w,dy)), we have

|f<w7t7y7z7u<'>) - f (thay/727u<'))| dCt g ﬁ |y - y/| (dAt + dt)

(c) (Quadratic-ezponential —growth condition) For all t€[0,T), (y,2,u) € R x RIx
L?(E,#(E), ¢:(w,dy)) : P-a.s, there exists X\ >0 such that

1.
~ (cw+ 8ll+ 31 et (= = iyl = St —0) ) a4,

Y

1.
< [ty 2, u)dCr < (at + Blyl + $ia(t u>> dA; + (a0 + Blyl + 1=?) dt,  (3.59)

where {aytogi<r 15 a progressively measurable non-negative stochastic process.

(d) (Integrability condition) We assume that

T T
Vp>0, E lexp (p <|£ +/0 ag(dAg + ds)>> +/0 a?(dAs +ds)

(e) (Convezity/Concavity condition) For all t € [0,T] and y € R, (z,u) € R? x L?(E, B(E),
de(w,dy)) — f(t,y, z,u) is jointly convex or concave.

< +o00.

(H4*) (Uniform linear bound condition) There exists a positive constant Cqy such that for
each t€[0,T), we L*(E,B(E),¢:(w,dy)), if f is convex (resp. concave) in wu, then
f(ta 07 ) Oa ’lL) - f(ta 07 07 O) =2 _OOHUHt (resp. f(t7 07 Oa U’) - f(ta Oa 07 O) < COHUHt )

Under the abovementioned assumptions, the well-posedness of (3.58) holds, following from a
parallel proof of Theorem 38.12, with assistance from Briand and Hu [10, Theorem 5] in
conjunction with [9, Theorem 2]. Specifically, for each p > 1, there exists a unique solution
(Y,Z,U) € & x HP x H>P to (3.58).

In comparison with [25], we do not assume a bounded terminal condition, nor do we impose the
Fréchet differentiability condition or the local Lipschitz condition on the components (z,u) of the
generator f. Moreover, the linear bound condition (H4*) is weaker than the A, condition
utilized therein. Additionally, the growth condition (H3%)(c) is weaker, and it is unnecessary to
subtract f(t,0,0,0). Thus, our results apply under more general circumstances.

4. Mean-reflected BSDE

We further consider the BSDE (4.1) with the mean-reflected condition given by
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Y, = €+/ f(5,Ys,Us)dAs —// q(dsde) + Kp — K;, 0<t<T,
(4.1)

E[¢(t,Y,)] >0, Vte[0,T] and/ E[¢(t,Y,-)]dK, = 0.
0

Additional assumptions on the running loss function ¢ are also required.

(H5) ¢:Q x[0,7T] x R — R satisfies the following properties:

(1) (t,y) — £(t,y) is continuous;

(2) Vt €[0,T),y — £(t,y) is strictly increasing;

(3) ¥Vt € [0,T],E [limyyoe £(t,y)] > 0;

(4) YVt € [0,T],Vy € R, |£(t,y)| < C(1+ |y|) for some constant C' >

(H6) There exist two constants & > k > 0 such that for each ¢ € [0,7] and y1,y2 € R,

Elyr —yo| < () —L(ty2)| < Rlyr — vl

To investigate mean-reflected BSDEs, we define the following map L;:& — R for each
tel0,7]:

Li(n) =inf{z 2 0: E[{(t,z +n)] >0}, Vnedé.
When assumption (H5) is satisfied, the operator X +— L;(X) is well-defined, similar to [7].
Remark 4.1 Moreover, if assumption (HG) is also fulfilled, then for each t€[0,T), k:=
E/k>1,
Lo (n') = Le ()| < 6B [Jn" =[], vn'n® € &, (4.2)
Moreover, in order to first construct local solutions on small time intervals and then stitch

them to obtain the global solution on [0,7], we need the following further assumption on the
process A in BSDE(2.2).

(H1') The process A is continuous with |As; — A¢llec < |rho(]s —¢]), for any s,t € [0,T],
where p(-) is a deterministic continuous increasing function with p(0) =0 and p(T) < oo.

It is obvious that (H1') implies (H1), i.e., ||Ar|lco < 00
The main result of this section is as follows.

Theorem 4.2 If assumptions (H1') and (H2)-(HG6) are satisfied, then the BSDE (4.1) with
mean reflection possesses a unique deterministic flat solution (Y,U,K) in the space
& X H2P x afp, for every p > 1.

4.1 Uniqueness of mean-reflected BSDEs

We first prove the uniqueness of Theorem 4.2. The following simple case plays an important
role in the proof.

(H3') (a) (Continuity condition) Forevery w € Q,t € [0,T], u € L*(E, B(E), ¢¢(w,dy)), (t,u) —
f(t,u) is continuous.

(b) (Growth condition) For all t € [0,T], u € L*(E,B(E), ¢;(w,dy)) : P-a.s,
1 1
—XJ/\(t —u) — oy < f(tu) < )\J/\(t u) + au,

where {ay}o<i<r is @ non-negative progressively measurable stochastic process.
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T T
exp (p <|§| —|—/ ozsdAs>> —|—/ afdAt
0 0

(d) (Convezity/Concavity condition) Vt € [0,T], u€ L*(E,B(E), ¢:(w,dy)), u— f(t,u) is

convex or concave.

(c) (Integrability condition)

Vp>0, E < +o0.

(H4'") (Uniform linear bound condition) There exists a positive constant Cy such that for each
t€0,T), weL*E,B(E), ¢t(w,dy)), if [ is convex (resp. concave) in wu, then
f@tu) = f(£,0) = =Collully (resp. f(t,u) — f(£,0) < Collull:).

Lemma 4.3 (A simple case) Assuming that assumptions (H1'), (H2), (H3"), (H4'), (H5), and

(H6) are satisfied, the exponential growth mean-reflected BSDE (4.3), with a driver free of Y,
f(t,u), possesses a unique deterministic flat solution (Y,U, K) in the space & x Np>1H2P x op.

Y, = §+/ f(s,Ug) dAs / / q(dsde) + Kr — Ky, 0<t<T,
E[((t,Y:)] >0, Vtel0,T] and/ E[0(t Y, )] dK, = 0.
0

Proof of Lemma 4.3 Consider the following BSDE:

Y = §+/ (s, us)dA, //u g(dsde), (4.4)

which is a special case of (2.2). Therefore, owing to Theorem 3.12, the BSDE (4.4) has a unique
solution (y,u) € & x Np>1 HZP.
Thus, inspired by [7, 8], we define

ki = sup Lg(ys) — sup Ls(ys).
0<s<T t<s<T
Inherited from the proof of Theorem 4.1 in [19], (Y, Us, Kt) = ((yr + Kk — ki), ue, k) €
& X ﬂp>1H3*p X @/p is the unique deterministic flat solution to the BSDE with mean reflection
(4.3).
O

A straightforward corollary from Lemma 4.3 reads.

Corollary 4.4 Suppose the assumptions in Theorem 4.2 hold, and Y belongs to the space &. Then,
the exponential growth mean-reflected BSDE (4.1), with the driver fY (t,u):= f(t,f’,u), has a
unique deterministic flat solution (Y,U, K) in the space & x Npz1HZP x o/p.

We provide a representation of the solution to (4.1), which proves essential in subsequent
analyses.

Lemma 4.5 (The representation of the solution) Assuming that assumptions (H1') and
(H2)-(HG6) hold, let (Y,U,K) € & x Nps1H>P x o/p be a deterministic flat solution to the BSDE
with mean reflection (4.1). Then, for each t € [0,T)

(Yo, Up, K1) = <yt+ sup Ly (ys), s sup Ly (ys) — sup Ly (ys>>,
t<s<T 0<s<T t<s<T
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where (y,u) € & x Nps1HZP represents the solution to the following BSDE (4.5) with the driver
f(s,Ys,us) over the time horizon [0,T), and Y € & is determined by the solution of (4.1).

v = 5+/ f (5, Yo us) A, —/ /u a(dsde). (4.5)

Proof First,given Y € &, it is obvious that f (s, Y, us) satisfies assumption (H2). Consequently,
owing to Theorem 3.12, (4.5) has a unique solution (y,u) € & x Np>1 H2P.
Define

ki = sup Ls(ys)_ sup Ls(ys)'
0<s<T t<s<T

By means of the proof of Lemma 4.3, (y: + k1 — ke, us, kt) € & X Np>1 H2P x o/p is the unique
deterministic flat solution to the following BSDE with mean reflection, with the driver
f (s, Vs, us):

Yt=§+/ f(sY ; dA —/ / g(dsde) + (KT—fQ), Vi € [0,T] as.:
t
E[z(t,ﬁ)} >0, Vtelo,T).

(4.6)

Notice that (Y,U,K) is also a deterministic flat solution to (4.6). By uniqueness,
(}/;57 Ut? Kt) = (yt + kT - ktu Ut, kt)
Therefore,

(Y, Up, Ky) = (yﬂr sup L (ys) ,ut, sup L (ys) — sup L (ys)>~

t<s<T 0<s<T t<s<T

O
Next, we establish the uniqueness of the mean-reflected BSDE (4.1).

Proof of Uniqueness in Theorem 4.2 For i=1,2, let (Yi,Ui7Ki) be a deterministic
& x Np>1H2P x o/p-solution to the exponential growth mean-reflected BSDE. Following from
the representation provided in Lemma 4.5, we obtain

Y/ =y, + sup Ly (yl), Vte[0,T], (4.7)

t<s<T

where (yi, z’) € & x Np>1HZ? is the solution to the following BSDE:

:5+/t f (s, Y7 ) dA, // uig(dsde). (4.8)

Without loss of generality, let us assume that f(¢,y,-) is convex. For each 6 € (0, 1), we denote

o — o2 ~ 2 e
T %'~ 1

dpl =

and 057 := |d9¢| + ]594
for £ =Y, y and wu. Then, the pair of processes (dgy,dpu) satisfies the following BSDE:
T T
doyr = § +/ (d.f (s,00us) + dgfo(s)) dAs — / / dousq(dsde),
t t JE

where the generator is given by
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1
Sofo(t) = 1—5 (f (.Y uf) = f(£.YP ul)),

S0 (1,u) = 5 (F (1, Y2008 + (1~ O)u) — OF(1, Y2, 02))

Recalling assumption (H3), we have
180 fo(t)] < B (|Y7| +106Y2])
5|9f(t u) (t Y;Sza ) at+B|Y; |+Xj)(tau)'
Set,
T
X:/ asdAs+2ﬁAT< sup |V + sup \Yf|>,
0

s€[0,T7 s€[0,T)

T
X = / asdAgs + 28Ar ( sup ’Y ‘ + sup ‘Y2|) + sup ’y;| + sup ’y§|
0 s€[0,T s€[0,T] s€[0,T] s€[0,T]

Applying assertion (ii) of Corollary 3.4 to (4.8), we deduce that for any p > 1,

exp {p/\ (59yt)+} < E; |exp {p/\ <|§| +x+ B(Ar — Ay) sup |59Y8> } .

s€t,T]

Similarly, we have

exp {p/\ (%%)*} < E; |exp {pA <|§| +x+ B(Ar — Ay) sup ’cieY
L s€[t,T]

Note the fact that
(o)~ < (57) " +2]y'| and (97)" < (Jow) " + 297,
we have

exp {pA [0oye|} V exp {pA [5o7:|} < exp {p/\ ((59%)+ + (Sog) "+ 2|yt | +2 }yf|)}
2
< E,

exp {p)\ (If + X+ B(Ar — Ay) sup 59175) }

s€t,T]

Applying Doob’s maximal inequality and Holder’s inequality, we conclude that for each p > 1
and ¢t € [0, T,

E [exp{ pA sup 6p¥s p| <E [exppA sup [doys| o exp pA sup [dg7s]
s€ft,T] s€t,T] s€t,T]
< A4E |exp {427/\ <|€|+>2+6(ATAt) sup 59YS>} (4.9)
s€t,T]

Set C1 := supgg o |Ls(0)] 4+ 26 sup,e(o 1 E [Jyl| + |92]] Recalling (4.7) and assumption (H6),
we obtain

[0pY:| < C1 4+ |0gye] + £ sup E[|dpys|] and |59§~/t\ < C1 + |8oye| + k sup E[|6eys|], Vt e [0,T].

t<s<T t<s<T
Then, by definition of &y}, we obtain

So¥s = |0sY3| + ‘5912 <201 + 80T + 25 sup E[|007s] -

t<s<T




484 Zihao Gu, Yiging Lin, Kun Xu

Therefore, in conjunction with Jensen’s inequality, this implies that for each p > 1 and ¢ € [0, 7],

E

exp {p)\ sup 69)73}

s€t,T]

< e2POE |exp {p)\ sup dg¥s

exp < 26pA sup  sup E[5pTu]
se(t,T]

s€(t, Tl u€ls,T]

se(t,T] s€[t,T]

sup 59373
s€t,T]

< PO | exp {p)\ sup 59?33} E lexp {2[{])/\ sup dgp¥s H (Jensen’s inequality)

< e?PAAE |exp {p)\ sup 592/5} eXP{QﬁpA sup ]E[59?75]}

< PR |exp {p)\ sup 99y

exp ¢ 2kpAE
s€(t,T]

s€(t,T] s€[t,T]

s€t,T]

< PO |exp {(2 +4K)pA sup 59?/5}]

(4.10)
s€ft,T]

< 4E lexp {(8 + 16K)pA <|£ +x+C1+ B(Ar — Ay) sup (59575> }

where we used (4.9) in the last inequality. In view of (H1'), we can select a constant h € (0,7
depending solely on 8 and &, such that T'= Nh, maxi<;<n{(16 + 32x)8||Ain — A—1)nlleo} < 1.
By Holder’s inequality, we derive that for any p > 1,

exp<pA sup oY
s€[T—h,T]

< 4(E [exp{(16 + 326)pA (|| + ¥ + C1)})? E

E

1/2

exp {(16 +32x)B||Ar — Ar—p|lcopA  sup 59175}

s€[T—h,T]
exp{p\ sup &Y,
s€[T—h,T)

(84+16K)Bl| AT —Ar—p|loo
which together with the fact that (16 4+ 32x)8||Ar — Ar—n|lco < 1 implies that for any p > 1
and 0 € (0,1)

exp {p)\ sup 69}75}
sE[T—h,T]
Note that Y —Y?2 = (1 —0) (6pY — Y?). It follows that

1 _
sup |Yt1 —Yf|] <(1-0) ( sup E lexp {p)x [sup ]69}/3}

te[T—h,T) PA 6€(0,1) s€[T—h,T

< 4E [exp {(16 4 326)pA ([¢] + X + C1)} E

1
S E[dexp {(16 + 326)pA ([¢] + X + C1)}] T CFO0PTATAr 20T < oo

) |

Letting 6 — 1, we obtain Y1 =Y?2 The representation provided in Lemma 4.5 gives
(U',K') = (U?,K?) on [T — h,T]. The uniqueness of the solution across the entire interval
stems from the uniqueness observed over each small time interval. Hence, the proof is concluded.

(]

E

E +E | sup |Yt2|

t€[0,T)

Remark 4.6 When f is concave in u, we employ 0I' —1? and 01> —1' in the definition of
Ogl and dgl, respectively. The parallel proof holds. Hence, in the following discussion, unless
explicitly stated otherwise, we always assume that f is conver in u.



Probability, Uncertainty and Quantitative Risk 485

4.2 Existence of mean-reflected BSDEs

Next, we proceed with the proof of the existence part of Theorem 4.2. Before demonstrating its
existence, we outline some useful a priori estimates. Let us assume that f is convex in wu
without loss of generality.

According to Corollary 4.4, we recursively define a sequence of stochastic processes (Y(m))m:1
via the following exponential growth BSDE with mean reflection:

T
y-t<m>:g+/ f(s ym=1 ym / /U<m> g(dsde) + KS™ — K™ 0<t<T,
t

E[@(t,Yt(’”)ﬂ >0, Vtel0,T]and /0 E{K(t,Yt(f”))}th(m):O,

where Y(©) = 0. It is obvious that (Y(m), U(m)7K(m)) €& X Nyx1HAP x ap.

Lemma 4.7 Assume that the conditions in Theorem 4.2 are satisfied. Then, for any p > 1, we

YJ““)H < oo

Lemma 4.8 Assume that all conditions of Theorem 4.2 are satisfied. Then, for any p > 1, we have

have

sup E
m2=0

exp { pA sup
s€[0,T]

II(p) := sup lim supE
0€(0,1) M7 g>1

< o0,

exp{ pA sup Y "™
s€[0,T]

where we use the following notations:
y(m+q) _ gy (m)

S Y (m:a) —
0 1-9 )
~ y(m) _ gy (m+q)
Soy(ma) — - 77
2 1-0 )

8oY = |0gY (0| + ‘59?<m7q> .

The proofs of Lemmas 4.7 and 4.8 can be found in Appendix B.
We conclude this section by establishing the existence of the mean-reflected BSDE (4.1) as
stated in Theorem 4.2.

Proof of existence in Theorem 4.2 Note that for any integer p > 1 and for any 6 € (0,1),

P
limsupsupE | sup ‘Yt(mﬂ) — Yt(m) ‘
m—oo g1 te[0,T]

P
< limsupsupE [ sup 2P 1 (’Yi(mﬂ) - QK(m)‘ +(1-6)P

m—oo ¢q=1 t€[0,T]

II(1
< 27)*1(1 — ) (L)p! + sup E | sup ‘Y(m)’
AP m>1 |te[0,T)
where we use the fact that for = >0, "L—, <e¥, and let z =55 Y,;(mH) — GY);(m)‘ in

the last inequality. Letting 6 go to 1, thanks to Lemmas 4.7 and 4.8, it turns out that

p
sup ‘Y;(erq) _ Y;(m)’
te[0,7)

lim supE

m— 00 q>1

=0, Vp=>1
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Therefore, there exists Y such that

- (m) _ v |P
lim E| sup ‘Yt vl =0, w1 (4.11)

m—00 LE[O,T]

In fact, Y € & thanks to (B.8) and Fatou’s lemma.
Next, we consider the following BSDE,

Yt = §+/fSYS7uSdA —//us q(dsde),

which is uniquely solvable with a solution (y,u) € & x ﬂp>1H3’p.

Define
Ky = sup Ls(ys) — sup Ls(ys),
0<s<T t<s<T
and
Yi =y + sup L (ys). (4.12)
t<s<T

It follows from Lemma 4.5 that (Y,u, K) is a deterministic flat solution to the following BSDE

with mean reflection:

Yt—§+/tTf(s,Ys,Us) dAs—/tT/JEUSq(dsde)—F (KT—Kt);

E [e (t,f@)] >0, Vtel0,T);

[ e[ ()] ai =0

It remains to show Y =Y, a.s., with Y being the limit of Y(™) found in (4.11) and Y
defined as (4.12). To obtain the desired equality, i.e., ¥ =Y, we claim that

E [ sup A } =0. (4.13)
0<s<T
Indeed, for each m € N|
E[ sup s ]

0<s<T

gE[sup —Ys(m)‘]—i-E{sup Ys(m)—Ys]
0<s<T 0<s<T

< E[ sup |y —y(’")u +E[ sup | L (ys) — Ls (yﬁm))” +1E[ sup ’Ys(m) - Y”
0<s<T 0<s<T 0<s<T

< (1+kr)E [ sup
0<s<T

Vs —yim)ﬂ +E[ sup ’YS(’”) —YH :
0<s<T

The last inequality follows from assumption (H6). Given this inequality and (4.11), establishing
(4.13) necessitates demonstrating that

lim E[ sup

m— 00 0<s<T

ys — ygm)u =0, (4.14)

where yt(m) is the solution to the following exponential growth BSDE

yt’"):§+/ f(st b, m> dA, / / g(dsde). (4.15)
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For each 0 € (0,1), we similarly set

m L—o1m my; 1™ — 61 myr | <(m m) 7
o= e o= e and o= [0 + o™

1-0 > 0 7 1-9
for =y, Y and w. Consider the following BSDE,
T
592/t(m) = +/ (59f(m) (8,59ugm)> + 59f(§m)( / / 59u )q(dsde),
t

where the generator is given by
05 0) = g (£ (0 Yoo — £ (6170 0)),
8o f ™ (t,u) = ilo <—9f (t,K(m_l)7u§m)) +f (uYt(m_l),( —O)u+ Gu(m))) .
From assumptions (H3)(c) and (H3)(e), we obtain
00 f§™ () < B (|v ]+ o)
S0 £ () < £ (¥, ) < a8 ([V0]) + Srtt ).

For any m > 1, denote

T
¢ = el + / asdAswAT( sup [ V|4 sup Ys|>,
0

s€[0,T] s€[0,T]

y.(m=1) D .
Assertion (ii) of Lemma 3.3 yields, for any p > 1,

+
€xp {p)\ <5Gy§m)) } Et exp {p)\ <|£ + X(m) + ﬂ(AT _ At sup ‘59Y m— 1)‘) } 7

s€t,T]

T
X(m) = / asdAs +28Ar | sup |Ys|+ sup
0 s€[0,T] s€[0,T]

and in the same manner, it also holds that

+
exp {p)\ (591?/?”)) } E; exp {p)\ <|§ +x"™ 4 B(Ar — Ay) sup ‘&;Y(m UD } )

s€(t,T]

Thanks to the fact that
- N +
(d0y™) (50y(m)) +2[yl and (5,57) < (80y™) " + 2]y
we derive, relying on Hélder’s inequality, that
exp {p)\ ’(5 oY ‘} V exp {p)\ ’59%7”) }

< exp {pA ((&)ytm ) (50a™) [ 42 |yt|> }

< E _exp {pA (IE +x"™ + B(Ar — Ay) sup @YJ’””) H 2
L s€t,T]

X exp {2p/\ (’ngm)‘ + Iytl)}

- 2
<E; |exp {pA <|€ ™ A — A ( ciir &)Ys(ml))) H
seft, T

x Ey {exp {4p)\C(m)}] .
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Making use of Doob’s maximal inequality and Holder’s inequality, we obtain that for all p > 1
and t € [0,T7,

exp {p)\ sup 0gy 7”)}

s€[0,T

< 4E lexp {Sp/\ <|§| +x™ + BAp ( sup 59Y8(m1)>> }] E [exp {16p)\< H
s€[0,T)
Combining Lemmas 4.7 and 4.8 and Holder’s inequality, we obtain
exp { pA sup 5™
s€1[0,T]

where A, is a constant that depends on p and is free of 6.
Note that y(™ —y = (1 —80) ((5‘57")33 — y). It follows that

E

(S
[V

limsup E

m—r o0

< A,

1
E| sup |y; — ygm)’ <(1—-6)| — sup E |expqpA sup 5( )ys +E | sup |ye| |-
te[0,7] PA 0€(0,1) s€[0,T] te[0,7]
First, let m — oo, and then let # — 1, it turns out that
lim E [ sup |ys —ygm)u =0.
m—oo 0<s<T
The proof is complete. O

Remark 4.9 The well-posedness of (4.1) can also be generalized to (4.16) through a similar
argument as in Remark 3.14.

T T T
Y;:£+/ f(s,Ys,Us)dAs+/ g(s,Ys,Zs)ds—/ Z,dW,
t t

/ / g(dsde) + K — Ky, 0<t<T, (4.16)

E[((tY)] >0, Vtel0,T]and / E[¢(t, Y, )] dK, = 0.
For each p > 1, there exists a unique solution (Y,Z,U,K) € & x HP x H>P x /p to (4.16).
Appendix

A. Proofs in Section 3

Proof of Lemma 3.3 Note that y is cadlag and A is continuous.
(i) Applying Itd’s formula to |y|,

dly:| = sign(y,-)dy, +dL{ + /E (lye~ + uee)| = |ye- | — sign(y;-)ui(e)) p(dtde)
= - Sign(yt*)f(& yuut)dAt + dL% + /E (|yt + Ut(€)| - |yt| - Sign(yt*)ut(e)) ¢t(de)dAt
[ e+ une)] = - Datetde), (A1)
E

Define G; = eP4 \|y;| + f(f AePAsa,dA,. Then applying Ito’s formula to Gy, we obtain
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dGy = P2 NBlye|d Ay + Md|ye| + Aapd Ay
_ eﬁf“u< (—sign(ue) F(t, ) + oy + Blyel) dA, + ALY

+ /E (I + ()] — ] — sign(ye)us(e)) ée(de)dA, + [E (- + uee)] - -1) q(dtde>)
> — ja(sign(y,-)ePAu)d A +eP AN (dL?‘*‘/E (lyetue(e)| — ye|—sign(ye)us(e)) dr(de)d Ay
[ G e - yt|>q<dtde>)

> 66’4”\/ (lye- + we(e)| — |y ) q(dtde) — jx (€®2* (Jye- + we(e)] — ye- 1)) dAs,
E

where, for the first inequality, we use the observation for any k& > 1
Ia(ku) = kja(u).
Moreover, the last inequality follows from the fact |y + u| — |y| = sign(y)u.
Finally, applying Ito’s formula to %, and considering the integrability condition on y along
with (3.1), we deduce that e®* is a submartingale. This implies

T
exp{eﬁATMf—i—/ /\eBAtasdAs}
¢

Hence, for each p > 1, by Jensen’s inequality, it holds that
T
exp {peﬁAT)\|§| + / p/\eﬁAtasdAs}
t

(ii) Similar to assertion (i), applying It6’s formula to y™,

1
dy7 =1,,_sody: + idL? +/ (- +ue(e)™ —y- — 1, _soue(e)) p(dtde)
B

exp {A|ye|} < exp {” Ny |} <E,

exp {pAly:|} < E;

1
= — 1y, >of(s,ys, u)dA; + QsztJ +/ ((ye + ur(e))™ =y — Ly, >0ue(e)) ¢¢(de)d Ay
E

+ / ((yt* +ug(e))t — y:’_) q(dtde). (A.2)

E
Define Gy = P4 \y;" + fg AePAsa dA,, and apply Ito’s formula to e®t. Then, by following the
proof of assertion (i) from line to line, we conclude the proof of Lemma 3.3. O

Proof of Proposition 3.5 The proof is inspired by [17, Proposition 4.5]. Let Gy =
fot asdAg + fotﬂ|Ys|dAs. We first claim that e*® is a positive local submartingale. Indeed, by

applying It6’s formula to e’\é‘, we obtain
derGt = ACe- <)\th —l—/ (eAU‘(e) — AU(e) — 1) p(dtde))
E
— PG ([)\6|Yt|dAt £ Y, + Aad Ay + / (&Ut(e) — \Ui(e) — 1) p(dtde))
E
A0 ( {Aﬁmmt a ( v vaa + [ Ut<e)q(dtde>) " AatdAt}
E
+ / (eA AU (e) — )p(dtde)>
E
<[Aﬂ|Yt M (t, Y2, Up) + Aoy + j1(AUy)] dA, +/ (ewde) - 1) q(dtde))
E

A / *Ut - (dtde) (A.3)
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We plug in the growth condition of f in the last inequality.
Furthermore, from (A.3), we observe that e*“ has the following decomposition:

Gt = G0 g (M) exp(Ay), (A.4)

where,

- t
M, = / / (e’\Us(e) - 1) q(dsde),
0o JE

&(M;y) is the Doléans-Dade exponential of )/, and A is a non-decreasing process with Ay = 0
in the form

A - / A (—f (8, Yo, Us) + s + BIYa]) + 1 (AU (€))) d 4.

Then,

derGt = 2Ci— (dA, + dD,). (A.5)

Note that G € &, then, considering (A.4), &(M;) is a true martingale.
Now, we estimate the quadratic variation of Af:

d[M], = / (eAUde) - 1)2 ¢ (de) dA; + / (eAUt(e) - 1)2 g(dtde).
E E

Obviously, by (A.5),
d[e*C], = G- d[M],.

We can also determine predictable quadratic variations through direct calculation,

AN, = [E (e)‘Ut(e) - 1)2@ (de) dA;,

and

d(er); = e2C=d(M),.

Then, for any stopping time o < 7', it holds that

e~ (= [y (6 (@09 - ©9),). (A6)

o<tLT

Next, we obtain an a priori estimate of (e*¢)p — (e*G), via Ito’s formula,

deQ’\G‘ = 262)\Gt_ (th + dAt> + d[eké]t

> 902\Gi— 7, +ezmﬁ/

(X 1) * g(dtde) + d(e5),. (A7)
E

Taking the conditional expectation on both sides of (A.7), we obtain

E [<€>‘G>T _ <e)\G‘>O_ ‘ yg} <E [eZAG‘T . 62/\6" | yg} <E |:€2)\GT10—<T | y‘r} 7
where we assume without loss of generality that A7 and |[; e2AGi— I (e)‘Ut(e) — 1)2 q(dtde) are
martingales; otherwise, one can take advantage of standard localization and monotone

convergence arguments. Then, employing the Garcia—Neveu Lemma, see for example [4, Lemma
4.3], we find that for each p > 1,
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2[(©0n)] <wafene]

Then, by (A.6),

< (2p)PE [Sup 6417)‘&:}
t<T

<CE {espxuquTumm] , (A.8)

where G; = [Y:| + fg o dAg + fg B|Ys|dAs, and C, is a positive constant that depends on p.
Similarly, let G, = —Y; + fg a,dA, + f(f B|Ys|dAs. We can estimate the quadratic variation of

¢
M, = / / (e*’\US(e) - 1) q(dsde).
0o JE

Following the abovementioned proof step by step, we obtain

E [(<M>T)p} < CpE [€8px\(l+5||AT||oo)Y*} ] (A.9)

Thus, combining (A.8) and (A.9), we obtain

([ f 1) wianan)

Moreover, for each ¢ > 1, repeating the procedure above for processes e9*¢ and €, we can

E < CPE [68pA(1+BHAT”OO)Y* . (AIO)

obtain the following stronger estimates: for each p,q > 1,

E l(/OT/E (qu\Ut(e)\ _ 1>2¢t (de) dAt>p

In fact, we only need to note that according to Definition 3.2, for each p > 1, the processes

/O | /E (epws<e> - 1) q(dsde)

< G,E [eqummnATnm)Y* . (A.11)

and

/0. /E (e_p/\Uﬂ(e) - 1) q(dsde)

are local martingales and can be assumed as martingales without loss of generality in the proof of
(A.11). The proof of (A.11) is similar to that of (A.10) and thus is omitted.
Finally, by Jensen’s inequality,
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p/2
E [( / Ui(e)* ¢ d@)dAt>
E

<[] e
[ e

E SPA( 1+ﬁ|\AT||oo)Y}

p >1/2
1

where we drop the power 5 in the last inequality because the expectation term is greater than 1.

The constant C}, may vary.
(]

B. Proofs in Section 4

Proof of Lemma 4.7 Referring to the representation in Lemma 4.5, we find for any m > 1,

v\ =y 4 sup L (yﬁm)) , Vte|0,T], (B.1)
t<s<T

where yt(m) is the solution to the following exponential growth BSDE:

T T
ym =€+ / f (5,70, ) aa, - / / u{™g(dsde). (B-2)
¢ t E

Applying assertion (i) of Corollary 3.4 yields for any ¢ € [0, T],

T
exp{A]yim)]}@texp{A <£|+/0 asdA, + 5dr = A1) sup [¥("° 1>\)}

Doob’s maximal inequality implies that for each m > 1, p > 2 and ¢ € [0,T],

E lexp {p)\ sup ‘y(m)‘}‘|
se€t,T]
T
exp {p/\ <|§| +/ asdAs 4+ B(Ar — A;) sup ’Y(m 1)0 H
0 se[t,T)

In view of (B.1), we obtain

i) < ™)+ s 2000+ 5 sup B[]
0<s<T t<s<T

<A4E

Set & = supgc et [Ls(0)] + fOT asdA,. With the help of Jensen’s inequality, we derive from a
similar justification as (4.10) that for any m > 1, p > 2 and ¢t € [0, 7],

E |exp{ p\ sup Ys(m)
s€[t,T)
< ePrsoca<r ILONIE |exp { pA sup ygm)’ E |exp ¢ kpA sup ‘y( )‘
selt,T] s€lt,T]

< ePAswogs<rlLs (O)R

set,T]

exp {(2 + 2K)pA sup

S

< 4E |exp {(2 + 2K)pA <|£| +a+ B(Ar — Ap) sup
sEt,T]

=)
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Considering (H1'), we can select a constant h € (0,7] depending solely on 3 and & such that
T = Nh, max, {32+ 64r)B[|Ain — Ai—1)nlloo } < 1. (B.3)

Applying Holder’s inequality, we deduce that for any p > 2,
E lexp {p)\ sup ‘Y(m))}l
[T—h,T]

4 (Elexp{(4 + 4r)pA(I¢] + a)}]) (E

4 (Elexp{(8 + 8x)pAl¢[}])* (Elexp{(8 + 8r)pAa}])?
(2+28)Bl| AT —Ar—h|loo

X <E lexp {p)x sup ‘Y;,(ml)‘H> ,
s€[T—h,T)

where we use Jensen’s inequality in the last step. Define p =

VA
Nl

1/2
exp{(4+41@)B||AT—AT_h||OOp,\ sup ’)/s(ml)‘}‘|>

s€[T—h,T)

VA

(B.4)

1
1—(2+2k)Bmaxi<i<n [Ain—AGi—1)nlloo”
If N =1, it follows from (B.4) that for each p > 2 and m > 1,

exp {p)\ sup ‘Ys(m))}l
s€[0,7T

(24+26)B|Ar —Ar koo
AE[exp{(8+8x)pAE}] 1 E [eXp{<s+8H>pAa}]ixElexp {pA wp ‘Y;M‘H |
s€[0,T

E

Tterating the abovementioned procedure m times yields

E [GXP {p)\ :tépT ‘Y(m ’}1 < 47E[exp{ (8 + 8x)pA|¢[}] TE[exp{(8 + 8x)pra}] 1, (B.5)

which is uniformly bounded with respect to m owing to assumption (H3)(d).
For N = 2, following the preceding procedure, we conclude for any p > 2,

E |exp < p\ sup
s€[T—h,T]

y.m ’ H < 4PElexp{(8 + 8k)pAE|}]TE [exp{(8 + 8K)pAA}T. (B.6)

Next, we consider the exponential growth mean-reflected BSDE within the time interval
[0,T —h] :

T—h T—h
Yt(m)=YT(”f?1+/ £ (s, Ym0, a4, / / Ja(dsde) + K, — K™

E [e (t,Yt(m)ﬂ >0, Vtel0,T—h]and /0 E [e (t,Y;(,m))} dK™ = 0.

Considering the derivation of (B.5), we infer that

E [exp {pA sup ‘YSW ‘ H < APE [exp {(8 + 8K)pA ‘YT(T;L‘ H " Elexp{(8 + 8x)pra}]f
s€[0,T—h]
< 4P E [exp {(8 + 88)2pAI€E]}] B E [exp {(8 + 8#)2pAa )] T Elexp{(8 + 8x)pAG )%, (B.7)

where we use (B.6) in the last inequality. By combining (B.6) with (B.7) and subsequently
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applying Holder’s inequality again, we arrive at the following estimate for any p > 2

E |exp < p\ sup ’YS(’”)
s€[0,T]
3
< E |exp{ 2p\  sup )‘ E |exp< 2pA  sup ‘m)‘
s€[0,T—h] s€[T'—h,T)

P“rﬁ 2 §+% 2
< A4APTSE [exp{(S + 8k) 2p/\|€|}]

ﬁ
4

E [exp {(8 + 8k) 2p/\a} & )

which is also uniformly bounded with respect to m.
For arbitrary N, repeating the abovementioned procedure N times yields

}Tmﬁl<m,\m>1, (B.8)

sup E |exp ¢ pA sup
m=0 5€[0,T)

which together with (B.1) implies that

sup E [exp {p)\ sup ‘y(m)‘}] <oo, Vp=x1

m>0 s€[0,T7]
d

Proof of Lemma 4.8 Without loss of generality, assume f(¢,y,-) is convex. For each fixed
m,q>1 and 0 € (0,1), define similarly §o£(™® §o00™9) and 650" for y,u. Then, the pair of
processes (5gy(m*‘”, 59u(m"1)) solves the following BSDE:

s =+ [ (s (s.09) + g0 an— [ [ oo @tasac), 9)

where the generator is given by

s me q)( ( ( y (m+a— 1) §m+q)) —f (t’Yt(mfl)wEerq))) 7
S f (M9 (t,u) = ( 0f (t A )+f(t y,mh) (1—9)u+0utm)>).
From assumptions (H3)( ) and (H3)(e), we deduce

(
5o fS™ (1) < B ([v 0|+ ooy ),

0 £ (1) < £ (1,70 ) < a8 (|7 70]) + Sate).

For any m,q > 1, denote

s€[0,T] s€[0,T]

T
C(m#]) — |§|+/ anAS+5AT< sup ‘Y(m 1)‘ + sup ‘Y(m-l-q 1)’)
0
s€[0,T] sel0,T

T
Y = / asdAs + 2BAr < sup ’Y(’”Jrq 1)‘ + sup ‘Ys(m_l)D .
0 ]

Applying assertion (ii) of Corollary 3.4 to (B.9) yields for any p > 1,
ma)\* (m, (m—1,q)
exp 4§ pA (59% : ) < Ey [exp pA [ €] + x™D + B(Ap — A;) sup ‘59}/ = ’ ,

s€(t,T]
and in the same manner, we also have
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oo ()" < il

By the fact that
<59y(m,q)) < (59g(m,q))+ +9 ‘y(erq)
we derive, applying Holder’s inequality, that

exp {pA ‘5ey§m’q) ‘} V exp {pA ‘599(’” 9 ‘}

< exp {pA ((%yt(m’q)) (5 gl ) +2 ’yt(m)’ +2 ‘yt(mﬂ)

s€t,T]

exp {p>\ (IE + X9 + B(Ar — A;) sup ‘59Y m=1.4)

and (59§(m,q)>_ < <5ey(m’q))+ L ’y(

)}
|

i

Considering Doob’s maximal inequality and Holder’s inequality, we conclude that for all p > 1
and ¢t € [0, T,

< Eq leXp {p)\ <|€| + X" + B(Ar — Ay) s?p SV ML Q)>
seft,T

}
| i)}
)

<E [exp {pA <|£| + XD + B(Ar — Ay) ( sup GV

s€[t,T]

X exp {2p)\ (

x E; [exp {4p)\((m’Q)}] .

E

exp{ pA sup Gpp{™?
s€lt.T]

<4E lexp {81)/\ <§| +x™D 4 B(Ap — Ay) < sup 593’5’”1’(’)» H
s€t,T)

x E [exp {16p)\C(m’q)H :

Let Cg := supgcs<r [Ls(0)] + 2K sup,, E [supse[O’T] ygm) H < 00. According to assumption (H6)

and (B.1),

5917;(7”"1) < 6ggj§m’q) + 2k sup E [69@,57”’(1)} + 2C5,
t<s<T

which with Jensen’s inequality implies that for each p

>
exp { pA sup 59175(""‘1) exp} (2 +4k)pA\ sup 6gy(m 9)
s€[t,T) s€[t,T)

1 and t €[0,T],

E < PR

SIS

< 4E [exp {(16 + 32K)pA <|§| +x™D 4+ Cy + B(Ar — Ay) sup 59Y5(m_1’q)> }]

s€(t,T]

1
2

x E [exp {(32 + 64k )pAC ™) H

Choosing h as described in (B.3), we obtain from Holder’s inequality and Jensen’s inequality that
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oo

Elexp{p)\ sup §9Y ’q)}]
€[T—h,T)

< 4E[exp{ (64 + 128%)pA[€|}]F E { { (64 + 128k)pA (X“”vq) + 02) H

59178(m—17q)

M\»—l

H (84+16%5)B||Ar—Ar 1o

(B.10)

exp { pA  sup
s€[T—h,T)

x E [exp {(32 + 64k)pAC™ @) }]

~_ 1
Set p = 1—(8+16k)Bmaxi<i<n [Ain—AG_1ynlloo”
If N =1, it follows from (B.10) that for each p > 1 and m,q > 1,

Elexp {p/\ sup 591/8(’”"’)}]

o)

s€[0,T]
exp {(64 + 128k)p (X(m’Q) + Cg) H

m,qz

< 4PElexp{(64 + 128x)pAl€[}]E sup E[
>1

o

x sup E [exp {(32 + 64/{)p/\C(m’q)H
m,q=>1
BBIIAT—AT —plloc+16KB|| AT —AT —p|lo0)
}] . (B.11)

x E |exp {p/\ sup V.19

s€[0,T]

Lemma 4.7 insures that for any 6 € (0,1)
}‘| (8Bl Ar—Ar _nlloo+16KB|| AT —Ar _nlloc)™ "
= ]_,

lexp {p)\ sup 59}75(1"1)

lim supE
m—00 4>1 s€[0,T)
which implies that
sup lim supE |exp{ pA sup 69Y(m )
0€(0,1) M g1 s€[0,T
£

4PElexp{ (64 + 128,l-$)p)\|§\}]g sup E {exp {(64 + 128k)pA ( (ma) 02) H

m q/
2
x sup E {exp {(32 + 64/-@)p/\C(m’q)H < oo
m,q2>1
If N = 2, inherited from the derivation of (B.11), for any p > 1,
E |exp {p)\ sup 69575(7”"1) }}
s€[0,7T]
2 24
% sup E [exp {(64 +128%)%2pA (X(m"” + CQ) H

4P 5 [exp { (64 + 128%)22pAl¢|}] 5
m,gz1

/N
o

st
+32

W

m—1

X sup E

1 [CXP {(32 + 64k) (64 + 128r)2pA¢ (™D H
m,qz

(%“"é)(gﬁmaxizlﬂ”Alh_A(i—l)hHao‘Flfsﬁﬂmdx 1,2 |Ain—=AG-1ynllec)
}} 7

2pA sup 59}73(1”1)

x E |exp ¢ (64 + 128k)
s€[0,T]
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which also implies the desired outcome when N =2. For general N, repeating the
abovementioned procedure N times concludes the proof. O
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