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Abstract Via a forward SDE solution (k;,t > 0) that captures money supply dynamics,
a macroeconomic model known as the monetary model generates a backward exchange
rate process (y;,t=>0). For any t>0, y; =k +a ‘u, where (ugt>0) is a
backward process and « >0 is a constant. Thus, (y;,¢>0) does not satisfy a
conventional BSDE. Our paper proves (y;,t > 0) is a continuous semimartingale when
restrictions on the SDE for (k¢ > 0) capture anti-inflationary initiatives. This new
result in economic dynamics does not require the filtration to be the Brownian filtration.
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1. Introduction

Macroeconomics presents a distinctive approach to exchange rates via the monetary model. In
this model the exchange rate at any time ¢ > 0 satisfies a backward equation involving money
supply forecasts, c.f. Flood and Garber [5] as well as Froot and Obstfeld [6], rather than a
forward stochastic differential equation (SDE) as in impulse control theory and mathematical
finance c.f. Cadenillas and Zapatero [3, 4] as well as Shreve [14].

More precisely, let (Q,F,(F:,t > 0),P) be the complete filtered probability space where all
action in the monetary model happens. Define k; by k; = log(M{) for any t > 0 where Mg >0
is a random variable giving the domestic money supply at ¢. Similarly define y; by y; = log(St)
at any ¢t > 0 where S; >0 is a random variable giving the exchange rate at ¢, meaning S; is
the domestic currency price of a unit of foreign currency at t. Economic variables are never
distinguished from their natural logarithms in the exposition, thus we refer to k; and y; as the
domestic money supply and exchange rate at ¢ > 0 respectively.

In the model (k¢,t > 0) solves a forward SDE and when s >t the forecast at ¢ of the money
supply at s is E(ks|F:), the conditional expectation of ks given F;. Let interest elasticity of
money demand be —a where a >0 is a constant. Then Flood and Garber [5, p. 539-540] as
well as Froot and Obstfeld [6, p.242] suggest that for any ¢ > 0 a.s.
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yp = a_l/ exp (t ; S) E(ks|Fy)ds. (1.1)
t

More on the derivation of (1.1) under a general SDE can be found in Gagnon [8]. Flood and
Garber [5] as well as Froot and Obstfeld [6] use a Brownian motion with drift for (k:, ¢ > 0) but
in our model the drift and diffusion coefficient depend on ¢t >0 and z € R, implying money
creation responds to the current money supply. Via a specific version of (E(ks|F:),s >t) we
actually use (1.1) to define y;(w) for all w e 2 and ¢ > 0 then view y; as the exchange rate at
t because of economic theory. Our paper proves (y;,t > 0) is a continuous semimartingale when
drift and diffusion coefficient restrictions in the SDE for (k;,t > 0) capture anti-inflationary policy.
Semimartingales are fundamental in control theory, c.f. Cadenillas and Zapatero [3, 4] as well as
Yong and Zhou [17], so control problems for (y;,¢ > 0) under anti-inflationary policy may now
be considered.

Let b be the drift in our SDE for (k¢,t > 0). Our analysis of (y:,t > 0) is based on a forward-
backward decomposition in which b is heavily involved. More precisely, for any ¢ > 0 we use a
specific version of (E ([ b(u,k,)du|F;),s > t) to show that for any w € Q

o) = ku(w) + ! /too exp (t . 3> E </t b(u, ku)dum) (w)ds. (1.2)

Pardoux and Peng [12] introduced the basic structure of a backward SDE (BSDE). Even
though (1.1) ensures (y:,t > 0) is a backward process it does not satisfy a conventional BSDE

because of the presence of k; in (1.2). If (Y,Z) is a pair of processes solving a BSDE of the form
in Pardoux and Peng [12] then Y is a semimartingale, but the failure of (y;,t > 0) to satisfy
such a BSDE means other arguments must be invoked to prove it is a semimartingale. To this end,
for each t > 0 define the random variable u; by

e = /too exp <t - S) E </t b(u, ku)du|]-“t) ds. (1.3)

The process (pt,t > 0) dominates our analysis. Section 3 proves it is a continuous adapted

process so (ys,t > 0) has the same properties. If (F;, ¢t > 0) is the Brownian filtration standard
techniques show (exp(%t),ut,t >0) satisfies a BSDE. Basic manipulations show
(exp(ZH)pe,t > 0) is a semimartingale so integration by parts and (1.2) imply (y,t >0) is a
semimartingale. However, our real focus is the case when (Fi,t > 0) is a general filtration so a
different approach for our proof is needed.

We craft specific versions of conditional expectation for use in (1.1)—(1.3) and these drive our
results. Via drift and diffusion coefficient restrictions our version of conditional expectation in
(1.3) implies (pt,t > 0) is a continuous semimartingale. Once (p¢,t > 0) is shown to be a
semimartingale (1.2) implies that (vt >0) is a semimartingale; (1.2) clearly links their
decompositions. In the special case where b depends only on time pu; is non-random for each
t > 0. We also show (u,t > 0) is a continuous function of bounded variation in this case, a fact
which greatly simplifies the decomposition of (y¢, ¢t > 0).

The paper is organized as follows. Section 2 presents our anti-inflationary SDE monetary policy.
Section 3 proves (y;,t > 0) is a semimartingale and section 4 concludes.

2. Anti-inflationary SDE policy dynamics

Consider a few mathematical preliminaries. Everything happens on complete probability space
(Q, F, P) which is endowed with a right continuous filtration (F:,¢ > 0) where JFy contains N,
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the class of all P-null sets. Stochastic processes in our paper assume values in R and when we
say a process is adapted or a martingale (F;, ¢t > 0) is the relevant filtration. Let (M, ¢ > 0) be
a martingale then we say (M;,t > 0) is a [2-martingale if for every t > 0 we have EM? < cc.
Additionally if ¢ > 0 then C([t,c0),R) is the space of continuous real valued functions on [t, o0)
and if (Xg,s >t) is a process then for any w € Q its corresponding sample path is denoted by
(Xs(w),s > t). Finally, let (W;,t > 0) be a one dimensional standard Brownian motion relative
to (F,t = 0).

Detailed discussions of the monetary model can be found in Flood and Garber [5] as well as
Wang [16, ch. 8]. Logarithms of the foreign money supply and both GDPs at t > 0 also appear
in k; but attention in this model often gravitates toward domestic policy changes c.f. Flood and
Garber [5], so when defining k; we ignore these other variables.

When assumptions are introduced outside statements of theorems or lemmas they are active
throughout the paper. A key assumption is that (k¢ > 0) solves an SDE, which is motivated
by the fact that economic data often resembles an SDE sample path. Recall that k; = log(MJ)
so k; may assume any sign, thus there is no reason to assume (k¢ ¢t > 0) solves a linear SDE
with ko > 0. Other variables at ¢ can be built into k; but as long as (k¢,t > 0) solves an SDE
that satisfies certain conditions (y:,t > 0) is a semimartingale and the exact composition of k;
in terms of economic variables is unimportant.

Assumption 2.1 Let b,0:[0,00) x R = R be measurable relative to B([0,00)) x B(R) and
B(R). In addition for some constant K > 0 the following conditions hold:

(1) For all (t,z) €]0,00) X R,
[b(t, )| < K(1+ |2)),

lo(t, =) < K(1+ |z]);
(2) For all (t,(x,y)) € [0,00) x R,
b(t, ) — b(t, y)| < K|z —yl,

lo(t,z) —o(t,y)| < Klz —yl.
Then (ki,t = 0) satisfies the following SDE where kg is a real number:

t t
k = ko —|—/ b(s, ks)ds —|—/ o(s, ks)dWs. (2.1)
0 0

Flood and Garber [5], Froot and Obstfeld [6] as well as Smith [15] assume (k;,¢>0) is a
Brownian motion with drift prior to the central bank pegging the exchange rate. Economic
theory has long held that increasing the money supply is the driving force behind inflation.
Jumps in inflation certainly cause real policymakers to reduce money growth. Since Brownian
motion with drift policy does not allow reductions in money growth when the money supply is
high it is not a meaningful way to model monetary policy.

Building anti-inflationary policy into the model requires constraints on b and o because they
affect the growth of (k:t > 0). Restrictions on b are important because if o =0 then
(k¢ t > 0) solves an ordinary differential equation (ODE). Formally k; = log(M{) so o =0
implies (M2, t > 0) must be a non-random function. Provided (Mg, t>0) is differentiable
b(t, k:) gives the percentage change in the money supply at any ¢ >0 so we call b the money
growth rate. Even when o # 0 we call b the money growth rate. We allow b to assume any
sign but it is easier to think of b as a nonnegative function.
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Assumption 2.2 The following conditions hold:

(1) |b(t, ) — b(t,y)| < exp(—t)|lx —y| forall t 20 and z,y € R.
(2) b0 € C*([0,00) x R), the space of bounded continuous real valued functions on [0,00) x R.

Policymakers consider a two percent inflation rate quite low but even this ensures that prices
are unbounded across time. Restrictions on b and ¢ must therefore reflect low money growth
instead of ensuring price stability and all the conditions in assumption 2.2 are crafted with this
in mind. One motivation for condition (1) is that it can force the money growth rate to decay
quickly over time. To see this consider the special case where b(t,0) =0 for all ¢ > 0 then by
condition (1) for any x € R and t > 0 we have

b(t, 2)| < exp(—t)|al. (2.2)

Condition (2) reflects anti-inflationary policy if sup(; ,)eo,00)xr [0(t; )| is small. Random
influences in policy are also mildly constrained via condition (2) because it forces o to be bounded.
Several proofs in section 3 make use of the fact that o is bounded. Decay of the money growth
rate over time, some restraint on random influences in monetary policy and a low money growth
rate at all times can be expected with actual anti-inflationary policy, so assumption 2.2 moves
the model in a more realistic direction.

Condition (1) is easy to fulfill as the following example shows. Let C!(R,R) be the space of
once continuously differentiable compactly supported real valued functions on R. Define
b:[0,00) x R = R so that for all (¢,z) € [0,00) x R

b(t,x) = exp(—t)h(x), (2.3)

where h € C}(R,R) and |{%| < 1 Clearly, b satisfies the conditions in assumption 2.1 for a
suitable constant K and the conditions of assumption 2.2. Since h € C}(R,R) it follows that b
cannot be a nonzero constant function, which is in marked contrast to the case of Brownian
motion with drift monetary policy.
Many results in section 3 make use of the bound on b so we specify it here. For some constant
M >0 given any (t,z) € [0,00) x R we have
|b(t, )| < M. (2.4)

In the rest of the paper M always refers to this constant. One technical assumption is necessary
to prove some theorems in section 3. These results involve K, the Lipschitz condition constant
in assumption 2.1, and henceforth K always denotes this constant.

Assumption 2.3 1 > 4(K?+1) where o is the parameter from (1.1).

In the model —a is the interest elasticity of money demand in both the domestic and foreign
economies, meaning —a captures the sensitivity of money demand to interest rate changes in
each economy. Via assumption 2.3 a parameter linked to interest rate sensitivity of money holdings,
namely o', dominates a key parameter for monetary policy.

3. Semimartingale structure of the exchange rate

Small variations exist in the definition of a continuous semimartingale. For example, compare
the definition in Karatzas and Shreve [11, p. 149] with the one in Kallianpur [10, p. 78]. Stating
(yt,t > 0) is a continuous semimartingale here means (y:, ¢ > 0) is a continuous adapted process
such that for every ¢t > 0 a.s.

ye = &+ My + By, (3.1)
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where ¢ is a Fp-measurable random variable, (M;,t > 0) is a continuous [2-martingale with
My =0 a.s. and (B, t > 0) is a continuous adapted process of bounded variation with By =0 a.
s. Note that if ¢ >0 and we say a process (vs,s >t) is continuous then for a.a. w € Q the
sample path s — vs(w) is continuous. Of course this is the usual definition of a continuous
process c.f. Revuz and Yor [13, p. 16]. However, some processes in our paper have sample paths
that are continuous for every w € 2. Distinctions between sample path continuity for all w €
versus a.a. w are made throughout the paper.

Conditional expectation of a random variable is not unique although any two versions are
equal a.s. Both (1.1) and (1.3) integrate conditional expectation sample paths across [t,00) so
altering the version of conditional expectation over a subinterval of [¢,00) in either (1.1) or (1.3)
means a different value for the respective integral could emerge on a set of positive probability
because an intersection of uncountably many measurable subsets is not necessarily measurable.
Specifying the versions of conditional expectation entering (1.1) and (1.3) is therefore crucial to
ensuring each equation turns out a precise value. Finding suitable versions of conditional
expectation to use in (1.1) and (1.3) is a major endeavour.

Lemma 3.1 Given a,b € R with a <b let (fi,t € [a,b]) be a bounded continuous process and
G a sub-o field of F such that (E(f:|G),t € [a,b]) has a continuous modification. Then

E (f; fi dt|(]) = fj E(f:|G)dt a.s. where for a.a. w € Q the integrand in f; E(f:|G)dt is the
sample path of the continuous version of (E(f+|G),t € |a,b]).

Proof The result follows from the dominated convergence theorem for conditional expectation,
cf. Ash [1, Theorem 6.5.5 p. 257], as well as the fact that f: fidt and f: E(f:|G)dt are

Riemann integrals a.s. O

Each conditional expectation process constructed for use in (1.1), (1.2) and (1.3) has sample
paths which are continuous for all w € €. Several of the following theorems construct these
conditional expectation processes and explore their properties.

Theorem 3.2 The following hold:

(1) Given any t > 0 there exists a version of (E(b(u,ky)|Ft),u >t) such that
(E(b(u, k)| F) (w),u = t) € C([t,00),R) forall we

(2) Given any s,t > 0 with t < s there exists a version of (E ([." b(v, ky)dv|F;) ,u > s) such that

(B (/Sub(v,kv)dvu-}) (@), u> s) € C(fs,00),R) forall we Q.

Proof Fix t > 0 then define fm for u >t by
Fih=o(W, =Wt <jo<u)\/N.

When z € R consider the SDE solution (& ,(u),u > t) which, given any u > t, satisfies

&olu)=a+ /tu b(v, & 5 (v))dv + /tu (v, &z (v))dW, (3.2)

and where & .(u): R xQ — R is B(R) x F}¥-measurable for any u >t c.f. Kallianpur [11, ch.
5 lemma 5.4.3]. Recall that k, =&k, (v) a.s. when v > ¢ c.f. Kallianpur [11, ch. 5 lemma 5.4.6].
Moreover, if v >t then b(v,&..(v)) is B(R) x F}%-measurable so, invoking Kallianpur [11, ch. 5

lemma 5.4.1], for almost all w € Q we have
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E(b(v, kv)lft)(w):E(b(v,&,kt(v))lﬂ)(w):/Qb(vv&,kt(w)(v)(Z))dP(Z) (3.3)
Given v >t define the random variable Z! so that for any w € Q
Z4(w) = / b, &0y (0) (2))AP(2). (3.4)
Q

Continuity of b together with the dominated convergence theorem imply that for any w € Q
(Zy(w),v > t) € C([t, 0), R).

To see this observe that for any = € R, (& 4(u)(2),u >1t) € C([t,0),R) for z € A, , where
P(A; ;) =1 Let {un}ibo:1 be a sequence such that w, — u, w, >t for all n > 1 where u > t.

By continuity of b we have

b(un7§t,a:(un)) — b(u7§t,aj(u)) as n — o0 a.s.

Recalling that b is bounded, the dominated convergence theorem ensures that

Eb(un, & ,5(un)) = Eb(u,& o (u)) as n — oo,

which implies (Eb(u,&; . (u)),u >t) € C([t,00),R) for any z € R, so it follows that (Z!(w),v >
t) € C([t,),R) for any w € Q.

Since & — [, b(v,&,2(v)(2))dP(z) defines a Borel measurable function on R by Fubini’s theorem,
Zt

., is Fi-measurable for any v > t, meaning for any w € 0 we may take

Zy(w) = E(b(v, k)| Fe) (w). (3.5)

Thus, ([, 0(v, &k, (v)(2))dP(2),v > t) is the desired version of (E(b(v,ky)|F:),v > t).

Invoking (2.4), |Z!(w)| < M for all w € Q and any t,v >0 with ¢t <v. When ¢t <s<u it
follows that f Zt(w)dv exists for all w e Q. Moreover, f Ztdv is Fimeasurable because
(Z(w),v > t) is continuous for all w € 2. By Lemma 3.1,

E(/ b(v7k7j)dv|]—'t> :/ Zldv  as.,

so for any w € Q when ¢t < s < u we may set

E < / ub(v,kv)dvu}) (w) = / " 7t w)do. (3.6)

(/u w)dv,u > )e R).

Thus, (" Zidv,u > s) is the desired version of (E ([ b(v, ky)dv|F;) ,u > s). |

For all w € Q we have

Given any ¢>0 and weQ, (f; Zi(w)dv,s >1) is measurable relative to B([t,00)) and

B(R) because ([, Zi(w)dv,s >t) € C([t,0),R), so p(w) is meaningful to consider for any
we€ Q) when (3.6) specifies the version of (E (ft v, ky)dv|F;),s > t). Assumption 3.3

formalizes some of our choices for versions of conditional expectation used in the model.
Assumption 3.3 Given any t > 0 then

(1) When v >t we use Z! defined in (3.4) as the version of E(b(v,k,)|F).
(2) When t <s<u weuse [ Zidv as the version of E ([ b(v,k,)dv|F;).



Probability, Uncertainty and Quantitative Risk 377

(3) We use ([ Zidv,s > t) when defining p.

We often use the standard notation for conditional expectation so Z! is denoted by
E(b(v,ky)|F) and [ Ztdv by E ([ b(v, k,)dv|F).

Convenient properties are associated with our choices of conditional expectation. Theorem 3.2
used the fact that for any ¢,v >0 with ¢t <v and any w € Q we have |Z!(w)| < M. Lemma
3.4 presents an important property associated with our choice of F ( fsu b(v, kv)dv|}'t) where
t < s < u. It follows immediately from the definitions and (2.4) so is stated without proof but is
used in many results that follow.

Lemma 3.4 Given any t,s,u >0 with t < s <wu and any w € Q we have
B ([ ookl ) @) < b9,

For every ¢t > 0 it must be verified that the integral defining p; and the integral on the r.h.s.
of (1.1) exist, exercises in which Lemma 3.4 plays a key role. Proving that the r.h.s. of (1.1) is
well defined involves showing there exists a version of (E(ks|F;),s>1t) such that
(E(ks|Ft)(w),s > t) is measurable relative to B([t,00)) and B(R) for every w € .

Lemma 3.5 Given any t >0 and w € Q, u(w) exists and is finite.

Proof Recall ([, Z!(w)du,s>1t)€ C([t,0),R) for all weQ by Theorem 3.2 so the
integrand in (1.3) is B([t, c0))-measurable. Using Lemma 3.4, for all w € Q

o (52 ([ s ro) coae < [ s (5 ) 0= 0 <o

Hence p(w) is finite for all ¢ > 0 and w € Q. O

Theorem 3.6 Given any t > 0 there exists a version of (E(ks|F;),s > 1t) such that
(E(ks|Ft)(w),s =2 t) € C([t,0),R), forall weQ.

Use this version of (E(ks|Fi),s >t) when constructing the integral on the r.h.s. of (1.1) then
this integral exists and is finite for any t >0 and w € Q. Thus, we may define y.(w) by (1.1)
forany t 20 and w € Q. Moreover, y, satisfies (1.2) for all w € Q any t > 0.

Proof By Lemma 3.1 for any s,¢ > 0 with s >t we have

E(ks|Fy) = ke —|—/ Zldu a.s.
¢

Hence k¢ + [ Z!du is a version of E(k|F;) such that for all w € Q
(kt(w) + / 2 (w)du, s > t) € C([t,0), R).
t

Taking E(ks|F) =k, + [ Ztdu it follows that (E(ks|F)(w),s >t) is a measurable function
n [t,00) for every w € Q. Lemma 3.4 then yields that the r.h.s. of (1.1) exists and is finite for
all we Q and all ¢t > 0. Therefore, for all ¢t > 0 and any w € Q we may set

yt(w)Za_l/tooexp (t;8> (kt(w)-i-/:ZZ(w)du) ds.

Direct calculation yields that (1.2) holds for all ¢ > 0 and w € Q. O
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Assumption 3.7 Our analysis treats (yi,t > 0) as a stochastic process generated by the r.h.s.
of (1.1) when given any t >0 the version of (E(ks|Fi),s>=1t) used to define wyi is
(ki + f: Ztdu, s > t).

Economics states that the exchange rate at ¢ satisfies (1.1) a.s. but since the r.h.s. of (1.1) is
finite for every w € Q there is no loss of generality in defining y;(w) by (1.1) for every w € £
and ¢ >0 then thinking of y; as the exchange rate at t. Two other facts are used in the
theorems which follow. First, by lemma 3.4

/:O exp (t ;“) (E (/u b(v, kv)dv|]-'s) (@) - F </Sub(v,kv)dv|}'t> (w)> du

is finite for all w € Q when s,t > 0 with ¢ < s. Second, for all s,t > 0 with ¢t <s
[e%) t— u
/ exp ( au) / exp(4(K? +1)(v — s))dvdu < oo

by Assumption 2.3, a fact revealed when proving Theorem 3.10. Establishing one more

fundamental result is necessary before turning to our major theorems.

Lemma 3.8 Given any T >0 take any s,t >0 with t <s < T then there exists a constant
L=L(T) >0 such that for all w> s and any z,y € R

(Bléra(u) = &y (@) * < Lexp (4(K? +1)(u—s)) (Jo — y[* + (s — 1)), (3.7)

where (& (u),u > s) as well as (&.(u),u > t) satisfy SDEs of the form in (3.2).

-

Proof Let T > 0 and take s,t >0 with t < s < T then for u > s,
6o (1) = o) =y~ 2 [ H(0,60y (1) = (o, o (o))

/Su (0,854 (V) = o (v, & (v))dW, / 0, & ))dv—/tsU(U,&,m(U))dWU
(3.8)

Thus, part (1) of Assumption 2.2 and (2.4) yield

Eléay () — &a(u)]? < 20 — yf? 1 4E ( [ togeton - b(v,ft,x(v))ldv>

488 ([ o060 - 0(0,Gal0)aw,

+ 16F (/ts b(v,fm(v))dv>2

2

+ 16F (/g U(v,ft’z(v))de) <20z — y?

. )
+88 ([ ep-vleey (o) - Ga(o)lao)
#8K2 [ Bl () - Gao) P

+16M2(s — t)? + 16E / 100, €0 (v)) P, (3.9)
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Applying Holder’s inequality and Fubini’s theorem yields

E( /s”exp<—v>|§s7y<v>—,st,mw)dv) <( [ etz )( Jae gt@(v)ﬁdv).

Assumption 2.2 implies that |o(¢,z)|?> < D for all (t,z) € [0,00) x R where D >0 is a constant.
Thus,

2

E/ (0(, €10 (0))2dv < D(s — 1), (3.10)
t
Recalling that ¢ < s < T, it follows that there exists a constant J = J(T') > 0 such that

El&sy(u) = &0 (u)]? < 20z — y|? + 8(K? + 1) / Bl&y(v) = &a(v)Pdo + J(s —1).

By Gronwall’s inequality, for any u > s
Bléta(u) = &y (u)* < exp(8(K? +1)(u — )2z — y* + I (s — 1)). (3.11)
Hence, we may find L = L(T) that satisfies (3.7). O
Now we turn to proving key inequalities that illuminate properties of (¢, t > 0).

Theorem 3.9 Given any T >0 take any s,t >0 with t < s < T and choose any w € Q then
for the constant L = L(T') of Lemma 3.8 we have

/:O exp (ta“> <E (/u b(o, kv)dv]-"s) (W) - E (/u b(v, kv)dv|]-“t) (w)) du

< () k@) + =) [ em (t;“) [ KLexp(a(i + 1)(0 - s))dvd

Proof Let t < s < 7T then using the Lipschitz condition for b and Lemma 3.8, given any
v > s and any w € Q for the constant L = L(T') of Lemma 3.8 we have

123 (w) - Z4(w)| = | / D(0s € ) (0) (2))AP(2) — / b(0, €4 1) (1) (2))AP(2)|
< [ 0 (D) = K0 0P
/ o) (0)(2) — G (0) (2) PAP(2))

< KLexp(4(K? + 1)(v — 8)) (ke (w) — ks (W)]2 + (s — )2 (3.12)

By the inequality in (3.12), for all w € Q we have

/:Oexp<t—u>< (/ bv, k) dy|]—") (/ b(v, ky) dvm)( ))
/SOOGXD (t;u)/g Z3(w) = Z}(w)dvdu \/:oexp (t;u)/g |Z3(w) — Z!(w)|dvdu

< (Jke(w) — ks(W)]2 + (s —t))2 /:O exp (t — “) /u KLexp(4(K? +1)(v — s))dvdu.

O
Theorem 3.10 Given any T >0 there exists a constant C =C(T) >0 such that for all
w € and all s,t €[0,T] with t <s we have
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1

e (w) = ps(@)] < C((5 = 1) + (5 — 1) + [ke(w) — ks(w)[?) 7).
Proof Let T > 0, take any s,t with 0 <t < s < T and take any w € Q. Consider

) =) = [Tew (S0 B ([ 0wt ) @)
_ /too exp (T) E (/tu b(v,kv)dv|]-"t> (w)du
_ /:O exp (S - “) E (/u b(v,kv)dv]-'s) (w)
— exp (t ;“) E (/tu b(v, kv)dv|]-'t) (w)du
_ /t exp <t a“) E </tu b(v, kv)dv|]-"t) (w)du. (3.13)

Let I (s,t,w) and Ia(s,t,w) be the following integrals from (3.13):

I (s,t,w) = /:o exp (3 - “) E (/Sub(v,kv)dm}"s) (w)
— exp (t;“) E (/tu b(o, k;v)dv|}'t) (w)du,
Iy(s,t,w) = /t exp (t ;“) E </tub(v, kv)dv|}'t> (w)du.

Given any T > 0 we show that when s,¢ € [0, 7] with ¢ < s there exist constants J;(T") and
Jo(T) such that for all w e Q and i=1,2,

i, t, )| < J(T) (s = 1) + (5 = 1) + [ke(w) = ks(w)]*)2). (3.14)

[N

Achieving this involves showing there are three integrals, I!(s,t,w), [ =1,2,3 such that
Li(s,t,w) = Z?:1 It (s,t,w). For all w € Q we show

1L (s,t,0) < JH((s — 1) + (5 — 1) + [ke(w) — ko (w)]?) %) (3.15)

for 1=1,2,3 where J! = JI(T) >0 are constants. Letting J; = 3, Ji, for all w € Q when
0<t<s<T we will then have

le(w) = s (@) < C((s = 1) + ((s = ) + [ke(w) = ks (@))2), (3.16)
where C = C(T) = J1(T) + J2(T). To begin, observe that by Lemma 3.4 I5(s,t,w) satisfies

/ts P (t_au> E </tub<“”fv)d”|ft> (w)du| < M/ts exp (t ;u) (u — t)du < MT(s —t).
Thus, we can focus on (s, t,w) which can be written as (3.17)
/:O <exp <5 ; u) — exp <tau)> E (/Su b(v, kv)dv|fs) (w)du

+ /:O exp (t;u) (E (/u b(v, kv)dvlfs) (w)—E (/tu b(v, kv)dy|]—'t> (w))du. (3.18)

We prove the bound holds for

/:O (eXp (8 ; U) — exp (t—(}u)) E (/Su b(v,kv)dv}'s> (w)du

(3.19)
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and then that it holds for

/:O exp (t;u) (E </Su b(v,kv)dvl}'s) (w)—FE (/tu b(v,ku)dv|]—'t> (w))du) .

Let uw > s then by the mean value theorem

exp (S - “) —exp (i“) = a~lexp (t_a“ +0(s, t,u) (S - t)) (s —1) (3.21)

(3.20)

for some 6(s,t,u) € (0,1) so invoking Lemma 3.4 we have

/:o (exp(S;u>exp( >) (/ (v, ko) dv|]~">(w)du
o M exp (‘Sat) (s— t) exp < “) w—s)
a~ M exp (‘Sa_t) (s — t) exp ( “) u—s)d (3.22)
Since o™ [Zexp (2=%) (u— s)du =« and 0 <t < s <T wehave exp (1) <exp () so (3.19)

satisfies the desired bound.
When t < s < u, for every w € Q

B (/tu b(v, k;v)dv|]-'t> (W) = /tu 7t (w)dv = /t Zﬁ(w)dv—&-/su 7t (w)dv

_E ( /t b, kv)dv]-'t) @) +E ( / " b, kv)dv|]-"t> @),  (3.23)

so the integral in (3.20) can be written as

[T (1) @ ([ s mialz) @ - B ([ o kals) @)
= [Tew (S0) (B ([ vkl ) @ - B ([ ot kaniz ) @) ) au
_ /:o exp (t ;“) E (/t b(v, kv)dv}}) (w)du. (3.24)

By Lemma 3.4
oo t* U S
/ exp < - > F (/ b(v, kv)dv|]:t) (w)du
s t

Thus, we can focus on

/:O exp <t ;u) (E </Sub(v,kv)dv|}'s) (w)—FE (/Sub(v,kv)dvu-'t) (w)) du. (3.26)

By Theorem 3.9 there is a constant L = L(T) > 0 such that for any w € Q

/:o exp (ta“) ( (/ b(v, k) dv]-") B </ b(v,kv)dv|}"t> (w)) du

1

< (o) = )P+ = 0)F [ e (1) [T RZexp(a(? 4 1)(0 - 5)doda

<aM(s—t). (3.25)

[ e (4o (0 4 - )

[N

< KLA(K? + 1) (lke(w) = ks (w)]* + (s — 1))
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By Assumption 2.3 we have 2 > 4(K? + 1) so that

/:O exp <ta“) exp (4(K? + 1)(u — 5)) du

exp (; —A(K? + 1)3) /:O exp (— (; —4(K* + 1)) u) du

<; (K4 1))_1 exp <; CA(K? 4 1)s> exp ( <; K2+ 1)) s)

exp (t § ‘9) (; _ 4K+ 1)) e (Z) (; 4K+ 1)) o (3.27)

Combining inequalities establishes the bound for the integral in (3.26) since

/:O exp (t ;“) (E (/u b(v,kv)dv|]-"s) @) - B (/u b(o, kv)dv|]-}) (w)) du

€x z l* 2 B 2 -1 w) — W) 2 S — 3
< p< ><a 4(K +1)> KL(A4A(K? + 1) 7Yk (w) — ks(W)|> + (s — 1)) 2.

«

Theorem 3.11 The process (ui,t > 0) is adapted and continuous.

Proof First it is established that (u,¢ > 0) is adapted then that its sample paths are continuous.
Recall that for any ¢ >0 we have p;, = [~ exp (£2) [ ZLduds.

Let t < s then the proof of Theorem 3.2 established that jf Ztdu is Fi-measurable. It also
showed that for all w € 0 the sample path ([ Z}(w)du,s > t) € C([t,o0), R). Hence, given any

T >t it follows that u¢7 is Fymeasurable where

T s
t—
Mt,TE/ exp (S)/ Z!duds. (3.28)
t « t

Let {Tn}ff:1 be a sequence such that T, Too as n—oo and T, >t for all n>1 then
[t,T,) T [t,00) as n — oo so for every w €
pe, (W) = pe(w) as n— oco.
Hence, p; is Femeasurable for any t > 0, implying (u¢, ¢t > 0) is adapted.
To prove continuity let A € F be the set where w € A implies
(kt(w),t = 0) € C([0,0),R).

Choose any T >0 and let w € A then by Theorem 3.10 the sample path (u:(w),t € [0,T]) is
uniformly continuous since (kt(w),t € [0,7]) is uniformly continuous. Since T 1is arbitrary
(1t (w),t = 0) € C([0,0),R) for w € A, implying (i, ¢t > 0) is a continuous process. O

Deriving that (y:,¢ > 0) is a semimartingale first requires showing (u,t > 0) is a semimartingale,
as mentioned in the introduction. Via (1.2) we then link their specific decompositions. Theorem
3.12 sets the stage for this key result of the paper.

Theorem 3.12 The following hold:

(1) We can define a measurable function on Q by

w = /OOO exp (72) /0 b(u, ku(w))duds
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and the random variable [ exp (—2) [3 b(u, ky)duds € L*(2, F, P).
(2) Given any t >0 a.s.

E </OOO exp (72) /0 b(u,ku)dudsm) - /Ot exp (72) /0 b(u, ky)duds
—|—/tooexp( (/ b(u, k )dum) ds + aexp (—)/ b(u, ko )du, (3.29)

where all of the integrals on the r.h.s. of (3.29) are finite for all w € .
(3) The r.h.s. of (3.29) defines a version of (E ([,° exp (=2) [ b(u, ky)duds|F;) ¢t > 0) such
that for a.a. w € Q)

(E </Ooo exp (—2) /Osb(u,ku)dudsm) (W), > 0) € C([0,00), R).

Proof To establish (1) observe that since b is bounded and (k¢ >0) measurable,
fo ))ds exists and is finite given any w €  and t > 0. Moreover, (b(t,k:),t >0) is a
continuous adapted process and F; a complete o-field for any ¢ > 0. Thus, given any ¢ >0 it
follows that fot b(s,ks)ds is Fy-measurable, a fact used throughout the proof.

Also for every w € Q0 we have
¢
</ b(s, ks(w))ds,t > 0) € C([0,0),R).
0
. t t
Consider the process (exp (—%) [; b(s, ks)ds,t > 0) and observe that for all w € Q

(exp (-2) /Ot b(s, ks (w))ds, ¢ > 0) € C([0,50), R).

Hence, for every w € Q it follows that (exp (—1) fg ks(w))ds,t > 0) is measurable relative
to B([0,00)) and B(R). Recalhng that |b] < M, for all w € Q we have

/ eXp —— / b(u, ky (w))du|ds < M/ exp (—i) sds < oo. (3.30)
0 o 0 a

Thus, w — [; exp (=2) f5 b( ))duds is a well defined function on .

Since (exp (fé) fot s, S)ds,t > 0) is a continuous adapted process, given any ¢ >0 it

follows that fg exp (—i) fos b(u, ky)duds is Frmeasurable, which is another fact used
throughout the proof. Moreover, for every w € 2

/Ot exp (—2) /OS b(u, ky(w))duds — /OOO exp (—2) /Os b(u, ky(w))duds as t — oo,

so [y exp (—2£) [, b(u,ky)duds is measurable relative to F and B(R). By (3.30) we have
/ exp (ff) / b(u, ko)duds € L(, F, P).
0 a’Jo

To prove (2) we need to break fooo exp (—3) fos b(u, ky)duds into a number of integrals. To
this end take any ¢t >0 and w € Q then for any T > ¢ arguments which establish (1) imply
that [ exp (—2£) [ b(u, ky(w))duds exists and is finite. They also establish that

oo s S
= b(u, ky)duds € LY (Q, F, P).
/ exp( 04)/75 (u, ky)duds € L*(Q, F, P)

T

Likewise for t < T and w € Q) it follows that ftT exp ( ) ft ))duds exists and is finite.
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Moreover, our arguments imply that ftT exp (—£) [ b(u, ky)duds € LY(Q, F, P).
Observe that for any ¢ > 0 and w € Q

/Ooo exp (—2) /05 b(u, ky(w))duds = /Ot exp (—5) /OS b(w, ky(w))duds

+aexp <—t> /0 b(u, ky(w))du + /too exp <—£> /ts b(u, ky(w))duds. (3.31)

(67 (&%

The first two terms on the r.h.s. of (3.31) are F;-measurable and integrable so a.s.

E </OOO exp (72) /0 b(u, kzu)duds|]-"t> - /Ot exp (72) /0 b(u, ky)duds
Faexp (—2) /Ot b(u, ky)du + E (/too exp (—2) /t bu, ku)dudsm) . (3.32)

Once we show that a.s.

E (/toc exp (72) /t b(u, ku)duds|]-}) - /too exp (72) B (/t b(u, ku)dum) ds,  (3.33)

then (2) holds. To this end take any T > ¢ then using Lemma 3.1 and Theorem 3.2 a.s.

E (/too exp (—2) /t b(u, ku)duds|}'t>
- /tT exp (72) E </t b(u, ku)du|}'t> ds + E (/TOO exp (72) /t b(u, ku)duds|]-'t> . (3.34)

To apply lemma 3.1 when deriving (3.34) for every w € 2 and s >t we take

E(exp (72) /ts b(u, ky,)du|Fi)(w) = exp (72) /S Z! (w)du.

t

Given any € > 0 we can choose some large T > t such that for any w € Q)
o0 s S o0 s
—— b(u, ky duds| < M —— —t)d . 3.35
/T exp( a)/t (u, ky (w))duds /T eXp( a> (s—t)ds <e (3.35)
Choose some T >t so that (3.35) holds then a.s.

'E (/TOO exp (—2) /t b(u, ku)duds|}'t> ‘ <e (3.36)

Now consider [ exp (—£) E ([, b(u, ku)du|F;) (w)ds, which exists and is finite for all w € Q
by Lemma 3.4. Given any 7 >t and w € Q

[ on (e[ )
[Feolc 200 swssmiros s o5 ([ i)

(3.37)

Using Lemma 3.4 again, for any € > 0 and w € Q there is a large T >t such that

/TOO exp (—2) E </t b(u, ku)dul}'t> (w)ds| < M/TOO exp (=5) (-tids<e (339)

Using (3.34), (3.36), (3.37) and (3.38), for any ¢ > 0 a.s.
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’E (/too exp (—2) /t b(u, ku)dudsm) - /:O exp (—g) E (/t b(u, ku)du|ft> ds

< €.
(3.39)
For any n > 1 let A, be the subset with P(A,) =1 where w € A,, implies
(o) oo 1
‘E (/ exp —— / b(u, k;u)duds|]:t> (w) —/ exp( (/ b(u, k )du|.7:t> (w)ds| < —.
t a’ Ji t n

Let A=(_, A, then P(A) =1 and for any w € A

E (/too exp (—2) /t b(u,ku)dudsft) (w) = /too exp (-2) E (/t b(u, ku)du]-}) (w)ds

By Theorem 3.11 all terms on the r.h.s. of (3.29) are Fi-measurable so the r.h.s. of (3.29) is a
version of F ( fo exp(=2 fo u, ky) duds|]-"t) Theorem 3.11 also implies that the process defined
by the r.h.s. of (3.29) has sample paths that are continuous a.s. O

Lemma 3.13 Define M; for each t >0 by

M, = E (/000 exp (—2) / b(u, ku)duds|]-'t> ,

where for any t >0 the version of E ([, exp(—2) [y b(u, ky)duds|F;) is the one in (5.29).
Then (Mg, t > 0) is a continuous L2%-martingale.

Proof Since [/ exp (—2) [i b(u, ky,)duds € L' (€, F, P) the process (My,t > 0) is a martingale.
Theorem 3.12 established that the r.h.s. of (3.29) defines a continuous process. Via (3.30) we
showed that [~ exp (—£) [; b(u, k,)duds is bounded so EM} < oo. O

Definition 3.14 For each t > 0 define M} by
M} = M, — My,
then (M},t > 0) is a continuous [2-martingale with M} = 0.

Theorem 3.15 The process (ut,t > 0) is a continuous semimartingale with the following
decomposition: for all t > 0

t
ut:M0+/ exp <£> dM! + (exp( >M0—Mo> +of1/ Mlexp( )d
0 (6
t t—s s t
7/ exp ( ) / b(u, ky)duds — a/ b(u, ky,)du. (3.40)
0 «a 0 0

Moreover, (y:,t > 0) is a continuous semimartingale with the following decomposition: for all
t>0

t t
Y = ko + ot My —|—/ (s, ks)dWs + ™ / exp(=) dM! +a~ (exp( YMo — M)
0

il
o
K s t—s
ofz/ M!exp(=)ds — a 1 exp < > w)duds. (3.41)
0 «

Proof Observe that for any ¢ > 0 we have

t s [e%e}
M} + M, = / exp <—£) / b(u, ky, )duds +/ exp( (/ b(u, k )du|]-'t)
0 a’ Jo t

+aexp (-2) /0 b, k). (3.42)
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Moreover, for any t > 0 we have

[t = exp (;) /too exp (—2) E (/t b(u, ku)du|]—'t> ds

Thus, for any ¢ > 0

{is = exp (2) (M} + My — /Ot exp (72) /0 b(u, ky)duds) — a/ot b(u, ky)du. (3.43)

Via the integration by parts formula (3.43) yields (3.40). To complete the proof recall
Theorem 3.6 showed (1.2) holds for all ¢ > 0 and w € Q, so for any ¢ >0

Y = ke +a . (3.44)
By Theorem 3.11, (p,t > 0) is a continuous adapted process so Theorem 3.11 and (3.44) imply
that (y:,t > 0) is a continuous adapted process. Using (3.40) and (3.44) we obtain (3.41).

We now show (3.40) and (3.41) are valid semimartingale decompositions for (s, ¢ > 0) and
(y¢,t > 0) respectively. Since ¢ is bounded ( fo s,ks)dWs,t > 0) is a continuous [2-martingale.
Clearly, fo exp(£) dM!,t > 0) is a continuous [2martingale while both (exp(L)My — Mo,
t >0) and ( fo M} exp( )ds, t > 0) are continuous adapted processes of bounded variation. Finally,

2

fo exp (%) fo w, ky )duds, t
since for every ¢t > 0

/Ot exp (t;s> /O b(u, ky)duds = exp (2) /Ot exp (;‘9) /0 b(u, ky)duds. (3.45)

Being as fo ))ds,t > 0) € C([0,00),R) for all we Q, the rhs. of (3.45) defines a

process whose every sample path resides in C([0,00),R), the space of once continuously

0) is also a continuous adapted process of bounded variation

differentiable real valued functions on [0,00). Thus, every sample path of the process
(fg exp (=2) [ b(u, ky)duds,t > 0) is of bounded variation. O

A semimartingale is a fundamental kind of stochastic process. Proving that (y:;t>0) is a
semimartingale places greater structure on a process arising naturally in macroeconomics as
investors forecast monetary policy. However, the decomposition in (3.41) is very involved. When
b depends on time exclusively the semimartingale property of (y;,t > 0) emerges very easily
because (ug,t > 0) is a function of bounded variation. A more tractable decomposition of
(ye,t > 0) than the one in (3.41) also emerges.

Theorem 3.16 Let b(t,z) =b(t) for all (t,z) € [0,00) x R where b € C([0,00),R) is bounded
then p; is non-random for each t > 0 and (u,t = 0) is a continuous function of bounded variation.
Moreover, (yi,t = 0) is a continuous semimartingale and possesses the following decomposition:
forall t >0

¢ ¢
yr = ko + ot + / b(s)ds + / o (s, ks)dWy 4+ (s — pio).
0 0

Proof In this special case b still satisfies the conditions required of it in Assumptions 2.1-2.2.
Thus, for any w € Q and s,t > 0 with s > ¢ we may set

( / b(u du|]-"t> / b(u (3.46)

since the r.h.s. of (3.46) is the relevant version of conditional expectation introduced in Theorem
3.2 in this case. Thus, u; is non-random for each t > 0. To reveal properties of (u¢ ¢ > 0) we
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simplify (1.3). First, observe |b| < M for some constant M > 0 so

exp (t § S) /t Ibu|du < M exp (t;s) (s — ). (3.47)

Now since exp (:=2) (s —t) — 0 as s — oo it follows that

t _ S
exp <S> / bydu -0 as s — oo.
o t

Then for all ¢ > 0 integration by parts implies

= /tooexp <t;8> /t b(w)duds — a/too exp <t . S) b(s)ds. (3.48)

Consider v : [0,00) — R defined for each ¢ > 0 by

v = /too exp (‘;) b(s)ds. (3.49)

By continuity of b we have v € C1([0,00),R), which implies (p,t > 0) is a continuous function

of bounded variation.

Turn attention to establishing that (y;,t > 0) is a semimartingale. Since (k;,t>0) is a
continuous adapted process and (p,t > 0) is a continuous function of bounded variation,
(yt,t > 0) is a continuous adapted process. Using (3.44) again implies that for all ¢t > 0

t t
yr = ko + o o + / b(s)ds + / o (s, ks)dWy + o™ (s — pio). (3.50)
0 0

Both  (a™*(us — po),t > 0) and (f(f b(s)ds,t > 0) are continuous functions of bounded
variation while ( fot o(s,ks)dWs,t > 0) is a continuous [.2-martingale. O

We allow (F,t > 0) to be a general filtration but suppose instead it is the Brownian filtration.
Then we can apply the martingale representation theorem (MRT) to the martingale (M, t > 0)
defined in Lemma 3.13. Manipulations like those in Theorem 3.15 imply (y:t >0) is a
semimartingale, but very little in the structure of the decomposition would change. Researchers
often assume the filtration is the Brownian filtration but there is no innate reason it should be
part of a macroeconomic or financial model. Proving (y;,t > 0) is a semimartingale when
(Ft,t > 0) is not the Brownian filtration is quite natural.

Our paper not only fills a void in mathematical economics but opens the door to a range of
possibilities. The monetary model exchange rate is not part of general macroeconomic or
financial models, rather it has been largely confined to regime switching research of the type
mentioned in section 2. Including the monetary model exchange rate process in a wide range of
models is tractable now that standard techniques from Ito’s calculus can be applied to it. For example,
portfolio optimization problems such as the one in Benth and Karlsen [2] ignore exchange rates,
meaning investment in foreign stock markets is implicitly excluded. Deriving an optimal portfolio
when foreign stock market investment is allowed and the exchange rate comes from the
monetary model is one interesting problem.

Jeanblanc-Piqué [9] uses conditions on an elliptic operator to analyze the value function of an
impulse control problem for (y;,¢t>0) when (k;t>0) is a Brownian motion with drift. A
central bank may influence its exchange rate via occasional interventions that depart from its
basic anti-inflationary stance in an effort to raise exports, implying impulse control problems for
the exchange rate naturally arise under anti-inflationary policy. Equation (3.41) suggests that
conditions on elliptic operators will not be enough to characterize the value function of an
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impulse control problem for (y;,¢ > 0) under our anti-inflationary policy. Despite the challenges
progress on such a control problem is possible. For instance, if b depends on time exclusively
and o depends on (t,z) € [0,00) x R, Gagnon [7] uses constraints on integrals to analyze the
value function of a control problem for (y;,t > 0).

4. Conclusion

Methods for modeling anti-inflationary monetary policy in SDE based models appear to be
absent from the mathematical finance and economics literatures, thus our efforts in this direction
and results for the properties of (y;,t>0) are distinctive. Proving (y;,t>0) is a
semimartingale when policy is anti-inflationary is of practical interest because central banks
implemented anti-inflationary policies for decades and thirty-six countries have freely floating
exchange rates c.f. Wang [16, p. 19]. Recent econometric studies prove that connections between
money supplies and exchange rates can be strong c.f. Wang [16, p.180-183], which further
underscores the importance of analyzing (y,t > 0).
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