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Abstract The paper is directly motivated by the pricing of vulnerable European and
American options in a general hazard process setup and a related study of the
corresponding pre-default backward stochastic differential equations (BSDE) and pre-
default reflected backward stochastic differential equations (RBSDE). The goal of this
work is twofold. First, we aim to establish the well-posedness results and comparison
theorems for a generalized BSDE and a reflected generalized BSDE with a continuous
and nondecreasing driver A. Second, we study penalization schemes for a generalized
BSDE and a reflected generalized BSDE in which we penalize against the driver in order
to obtain in the limit either a constrained optimal stopping problem or a constrained
Dynkin game in which the set of minimizer’s admissible exercise times is constrained to
the right support of the measure generated by A.
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1. Introduction

In this work, we consider the generalized backward stochastic differential equations and
reflected generalized backward stochastic differential equations on a filtered probability space
(Q,F,F,P) where the underlying filtration is fixed but otherwise arbitrary, except that it is
assumed to satisfy the usual conditions. For a predetermined continuous, nondecreasing process
A and a given terminal condition &7, we are interested in a solution (Y, M) to the generalized
BSDE (GBSDE) with data (A,&r,g)

m:§T+/] gl ¥5) A = (M = 1), (1.1)
t, T

where Y is an F-adapted, cadlag process and M is a martingale with respect to the filtration F
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(see Definition 3.2). We also study solutions (Y,M,K) to the reflected generalized BSDE
(RGBSDE) with data (A, {r,g,(), which is given by

Y;:<T+/ o(s,Y2) dAs — (My — M) + Kp — Ko, (1.2)
1t,T]

where ( is the lower obstacle, meaning that Y > (, and a nondecreasing process K satisfies the
appropriate Skorokhod conditions ensuring that inequality (see Definition 4.2). To avoid confusion,
we shall refer to the process A as the driver of the GBSDE (1.1) (or the RGBSDE (1.2)) and
the mapping (w, s,y) — g(w, s,y) for (w,s,y) € Q x [0,T] x R is called its generator. For brevity,
in the remainder of this work we will only mention the dependence of the generator on w when
this is deemed necessary. For related works on generalized BSDEs and backward stochastic equations,
the reader is referred to Cheridito and Nam [3] and Liang et al. [33] where the focus is on
establishing the well-posedness of general classes of backward stochastic equations using fixed-
point arguments, whereas our main goal is to examine various penalization schemes for
generalized BSDEs and reflected generalized BSDEs and their relationship to constrained
optimal stopping problems and constrained Dynkin games. In addition, the fact that time ¢ is
substituted with a nondecreasing process A is of crucial importance in certain applications of
generalized BSDEs in financial mathematics.

We have deliberately chosen not to represent the GBSDE (1.1) in a more familiar form

Yi=&r +/ g(s,Ys)dAs — ZsdM; (1.3)

1¢,71] 1t,T]

for some predetermined d-dimensional F-local martingale A/ and an unknown Af-integrable
process Z where a solution is a pair (Y, Z). Since the generator g does not depend explicitly on
an unknown process Z, there is no need to study the GBSDE of the form (1.3) but all results for
the GBSDE (1.1) obtained in this work can be easily reformulated to cover the GBSDE (1.3),
provided that )/ has the (strong) predictable representation property for the filtration F. Recall
from He et al. [27] (see Definition 13.1 in [27]) that the (strong) predictable representation
property is said to hold for a d-dimensional local martingale A with My =0 and a filtration F
if Mioe,o = L(M) where Moo is the class of all F-local martingales starting at zero and
L(M):={HeM:HecP(F)and is M -integrable} where e denotes the Itd integral. On the
other hand, it should also be acknowledged that most techniques used in the present work are
not suitable to cover the case of a generator of the form g(s,y,z) since several proofs rely on a
thorough analysis of sample paths of the component Y under an additional monotonicity
condition imposed on the generator g(s,y).

A direct motivation to examine stochastic backward equations of the form (1.1) and (1.2)
comes from a study of BSDEs and RBSDEs in the progressive enlargement G of F through
observations of a random time, which is frequently interpreted as a default time of some credit-
risky entity in the financial literature, and their subsequent applications to the pricing of
vulnerable options of either a European or an American style. In particular, the form of the
driver A in equations (1.1) and (1.2) is not arbitrary since it is directly related to the choice of
a particular model for a default time, as was studied, e.g., in a recent paper by Jeanblanc and Li
[28] and numerous previous works on credit risk modeling. A study of a BSDE in the
progressively enlarged filtration G has been explored in two main directions. First, one can work
directly in the enlarged filtration G, as done in Blanchet-Scalliet et al. [2], Eyraud-Loisel and Royer-
Carenzi [17], Grigorova et al. [24] and Dumitrescu et al. [7]. Second, in papers by Kharroubi and
Lim [29] and Crépey and Song [4], the authors developed an alternative approach, which hinges
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on reducing an original BSDE in the filtration G to a reference filtration F and subsequently
examining the F-reduced BSDE, which is sometimes referred to as the pre-default BSDE in
applications of a BSDE theory to credit risk models.

The present research draws inspiration from the above-mentioned papers on the F-reduction
approach and, to be more specific, from recent works by Aksamit et al. [1] and Li et al. [33]
where the pre-default GBSDE, as well as the pre-default RGBSDE, were examined and applied
to solve superhedging problems for vulnerable European and American options within a general setup.
In that case, the driver process A in the pre-default GBSDE and RGBSDE satisfied by the pre-
default lower and upper prices of a vulnerable European or American option corresponds to the
hazard process associated with the default time while the generator ¢ is used to model the
uncertainty about the hazard process in an incomplete market model. We acknowledge that
there is abundant literature on (generalized) BSDEs and RBSDEs, including papers by El Karoui
et al. [15, 16], Pardoux and Zhang [37], Ren and El Otmani [41], Essaky and Hassani [9, 10],
Essaky et al. [11, 12], Eddahbi et al. [8], Grigorova et al. [21, 22, 23], Hamadeéne et al. [25, 26],
and Klimsiak et al. [30]. However, to the best of our knowledge, no single piece of work
encompasses the general framework adopted in Aksamit et al. [1] and Li et al. [32] and hence we
have found it justified to study the generalized BSDE within the framework consistent with
market models examined in [32].

Our first goal is to obtain, under Assumptions 3.1 and 3.8 complemented by the postulate that
the driver A is bounded, the well-posedness and comparison results for GBSDEs and RGBSDEs
given by (1.1) and (1.2), respectively. In particular, we establish in Propositions 3.6 and 4.3
suitable comparison results, while the existence and uniqueness results are given in Propositions
3.12 and 4.7. Furthermore, we show in Proposition 3.14 that for a GBSDE the boundedness
assumption on A can be relaxed and the existence and uniqueness result can be extended to the
case where A is square-integrable under the additional assumption that the generator ¢ is of
class (P) (see Definition 3.13). We stress that this additional assumption is satisfied by
generators arising in penalization schemes studied in the foregoing sections.

Our second goal is to examine various penalization schemes for (1.1) and (1.2) where we
penalize against the driver A. Similar to the classical case where A; =t, the limiting processes
obtained from the proposed penalization schemes correspond to either the value process of an
optimal stopping problem or a two-player Dynkin game. It is important to point out that, when
compared to the existing results on penalization of BSDEs or RBSDEs, such as Hamadéne et al.
[25], the new feature here is that admissible stopping times are constrained to take values in the
random set S :=S"U{T} where S":={s:Ve>0, Ag;c— As >0} is the right support of a
nondecreasing process A. Let us briefly describe our main penalization results, which are given
in Theorems 3.19, 4.11 and 4.13.

First, in Theorem 3.19, we show that if &p is bounded and 7 is an F-optional, bounded,
nonnegative and right-continuous process, then the sequence (Y, M™) of solutions to the GBSDE

Ve =gr [ onln - YO dAL - Ot - )
1t,T]

converges monotonically to the value process V' of the constrained optimal stopping problem of
the form, for every t € 0,7,

Vi = ess supE [EpTlg—ry + 07 grery | Fi

TET ¢, T

where T 7 is the set of all F-stopping times with values in [t,7]N S.
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Next, in Theorem 4.11, we demonstrate that if the F-optional and bounded process ( (resp.,
the F-optional and bounded process 7) is right-upper-semicontinuous (resp., right-continuous),
then the sequence (Y™, M™, K™) of solutions to the reflected GBSDE

Y=t [ mln - Y)Y dAL - (MF - M)+ K - K,
17.7)

where the F-adapted, ladlag, nondecreasing process K™ satisfies the Skorokhod conditions with
the lower obstacle (, converges monotonically to the value process Y of the following variant of
an optimal stopping problem, for every t € [0, T,

Y; =esssupE [(T]I{ng} + (CVnlg)oloaryl ]-'t] ,

o€Te, T

where T, is the set of all F-stopping times with values in [t,T], as in the classical case, but the
reward process depends on the right support of the nondecreasing process A.

Finally, it is proven in Theorem 4.13 that, under similar assumptions on ¢ and 7 as in
Theorem 4.11, if (7 = nr then the sequence (37", M", IN(") of solutions to the reflected GBSDE

T =r [ w(Trontdd, - (00 - M)+ By - R
|7,7]

where K™ satisfies the Skorokhod conditions with the lower obstacle ¢, converges monotonically
to the value process Y of the constrained Dynkin game given by, for every t € [0, T,
Y; = ess infess sup E[O(o, 7) | F;] = ess sup ess inf E[O(a, 7) | Fi],
TE€ET v, 7 0€T:,T o€Ti,r TET ¢, T

where ©(0,7) := (,1i7>0y + (1 V ()rlfr<s). As already mentioned, the penalization schemes for
GBSDEs and RGBSDEs studied in Theorems 3.19, 4.11 and 4.13 underpin the superhedging
approach to the arbitrage-free pricing of vulnerable European and American options in
incomplete market models. The interested reader is referred to Li et al. [32] for applications of
results from the present work to problems arising in financial mathematics.

Let us conclude the introduction by mentioning that the assumption of continuity of the driver
A is not crucial and thus, at least in principle, it can be relaxed. For instance, it is possible to
work with the case of a discontinuous driver by considering a purely discontinuous, left-
continuous process A and hence a GBSDE with a laglad process Y, as opposed to GBSDEs
with a cadlag process Y considered in the present work. In this modified setup, the set of
admissible exercise times for the optimal stopping problem consists of all F-stopping times
taking values in the union of the graphs of the jump times of A and, in the context of financial
applications, it formally corresponds to the case of an option of Bermudan style, that is, an
American option with a predetermined discrete set of holder’s allowable exercise times.

2. Preliminaries

We denote by O(F) and P(F) the class of all real-valued, F-optional and F-predictable processes,
respectively. In order to simplify the notation, we denote by X e Y the Itd integral of X with
respect to a classical (i.e., cadlag) real-valued semimartingale Y, that is, (X eY);:=
f]07 4 XsdY for every t €[0,T]. Let T denote the class of all F-stopping times with values in
[0,T]. We will use the property that the space S = {X € O(F) : || X|[|3, < oo} with the norm

given by
1/2
| X]|s2 := [E(ess sup|X72>}
TET
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is a Banach space (see Proposition 2.1 in Grigorova et al. [21]).

We denote by K (resp., K) the class of all cadlag, nondecreasing, F-predictable (resp., ladlag,
nondecreasing, F-predictable) processes. Recall that a stochastic process X with sample paths
possessing right-hand limits is said to be F-strongly predictable if X is F-predictable and the
process X is TF-optional (see Definition 1.1 in Gal’éuk [19]). In particular, all processes from
the class K are [F-strongly predictable.

Furthermore, any process K € K with Ky =0 has a unique decomposition K = K¢+ K?
where K§ = K{ =0, K¢ is an F-adapted, continuous, nondecreasing process and K9 is an [F-
predictable, cadlag, purely discontinuous, nondecreasing process. More generally, if K belongs to
K and Ky =0 then the decomposition becomes K = K¢+ K%+ K9 where K9 with K =0
is an F-adapted, caglad, purely discontinuous, nondecreasing process. If X and Y are arbitrary
F-optional processes, then the inequality Y > X means that Y, > X, for every 7€ T.

For future reference, we recall in Theorem 2.5 the classical version of the Doob—Meyer—
Mertens decomposition theorem (see Mertens [34] and El Karoui [13]) and the basic properties of
the Snell envelope (see Definition 2.3). We stress that we work under the assumption that the
filtration F satisfies the usual conditions of Assumption 3.1 (i). The interested reader is referred
to Gal’éuk [19] for an extended version of the Doob—Meyer—Mertens decomposition where these
assumptions about the filtration F are relaxed.

Let us first recall the notion of a strong supermartingale, which is known to coincide with the
classical concept of a supermartingale if a process is assumed to be cadlag. We will also use later
the concept of a strong £9-supermartingale where £9 denotes the nonlinear evaluation generated
by solutions to a (generalized) BSDE with generator g (see Peng [38, 39]).

Definition 2.1 A process X is called a strong supermartingale if it is F-optional and for all
T, v €T such that T <v we have that X, > E[X, | F;]

Remark 2.2 [t is well known that any strong supermartingale is a ladlag process, that is, it has
almost all sample paths with right-hand and left-hand limits so that the processes X_ and X4
are well-defined. Moreover, any strong F-supermartingale is a right-upper-semicontinuous
process so that X > X .

Definition 2.3 We say that X is the Snell envelope of an F-optional process & if:

(i) X is a strong supermartingale such that X > &;
(i) for any strong supermartingale such that Y > £ the inequality Y > X holds.

Remark 2.4 The following simple observations will be useful:

(i) if X is a strong supermartingale, then the Snell envelope of X is equal to X ;
(ii) the F-Snell envelope is monotone, in the sense that if n > &, then the Snell envelope of n
dominates the Snell envelope of &.

Theorem 2.5 Any strong supermartingale Y of class (D) has the unique Doob—Meyer—
Mertens decomposition Y = Yy + M — B¢ — B* — B9 where M isauniformlyintegrable martingale,
B¢ is an F-adapted, nondecreasing, continuous process, B¢ is an F-predictable, nondecreasing,
purely discontinuous process, and B9 is an F-adapted, caglad, nondecreasing, purely
discontinuous process. Furthermore, My = B§ = B = Bf = 0.

3. Generalized BSDEs and constrained optimal stopping

The goal of this section is to analyze some classes of generalized BSDEs of the form (1.1) and



306 Libo Li, Ruyi Liu, Marek Rutkowski

their applications to the constrained optimal stopping problem. With a slight abuse of notation,
we denote by O(F) the o-field of optional sets in € x [0,T]. We henceforth work under the
following standing assumption, which formally specifies the inputs to the GBSDE (1.1): (i) the
terminal condition &7, (ii) the driver A, and (iii) the generator g.

Assumption 3.1 We assume that we are given the following objects defined on a probability
space (2, F,P), which is endowed with a filtration F satisfying the usual conditions of right-
continuity and P-completeness:

(i) an Fp-measurable random variable &p;
(ii) an F-adapted, nondecreasing, continuous process A with Ay = 0;
(i) an O(F) ® B(R)-measurable mapping g: Q x [0,T] x R — R.

Let Mg denote the class of all real-valued F-martingales with null initial value. The following
definitions are natural variants of standard definitions from the theory of BSDEs.

Definition 3.2 A pair (Y, M) is a solution to the GBSDE (1.1) with data (A,&r,g) if Y is an
F-adapted, cadlag process, M belongs to My, and the following equality holds
]P’(Yt =¢&r +/ 9(s,Y;)dAs — (Mr — M), Vt € [O,T]) =1. (3.1)
16,77

Definition 3.3 We say that the uniqueness of a solution to the GBSDE (1.1) holds if for any
two solutions (Y',M") and (Y",M") to the GBSDE (1.1) the processes (Y',M') and (Y",M")
are indistinguishable.

It is important to observe that we consider GBSDEs with generators that do not depend on
the component A of a solution (Y, M). In particular, it follows from Definition 3.2 that for any
solution (Y, M) to the GBSDE (1.1) the process Y satisfies, for every ¢ € [0, 7],

et / o(s,Y,) dA,
10,77]

where the martingale M equals

Y, =E Fi

— / 9(s,Ys)dAs =Yy + My — / 9(s,Y5)d4s, (3.2)
10,t] 10,¢]

M, :=E —-E

Fi

Fol . (3.3)

e+ / o(s,Y) dA,
10,T]

e + / 9(s,Ys) dA,
10,T7]

Equations (3.2) and (3.3) lead to some important observations. First, it is clear from (3.2) that if
(Y, M) is a solution to the GBSDE (1.1), then the uniqueness of Af, in the sense of Definition
3.3, is an immediate consequence of the uniqueness of Y. Second, in view of (3.2) and (3.3), in
order to establish the existence of a solution (Y, M) to the GBSDE (1.1) it suffices to search for
an F-adapted, cadlag process Y satisfying (3.2) and then obtain the existence of the component
M from (3.3). Therefore, we will mainly focus on the existence and uniqueness of the component
Y in Definition 3.2 of a solution (Y, M) to the GBSDE (1.1).

Remark 3.4 Definition 3.2 can be slightly extended by postulating that the process M in the
GBSDE (1.1) is an F-local martingale, rather than an F-martingale. Then the problem can be
reformulated as follows: for a given filtration T and a predetermined Fr-measurable random
variable &, we search for a special semimartingale Y with Ypr = &1 and such that the TF-
predictable finite variation process B in the canonical decomposition ¥ =Yy+ N+ B of Y
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satisfies By = — f]o,t] g(s,Ys)dAs. Suppose that the existence and uniqueness of a special
semimartingale 'Y with these properties can be established. Then the existence and uniqueness of
an F-local martingale N € Moo follows from the uniqueness of the canonical decomposition of
a special semimartingale and, from the equalities Y =Yy + N + B and Ypr = &p, we deduce that
the pair (Y, M = N) is a unique solution to the GBSDE (1.1). The reader is referred to Liang et
al. [33] for analogous arguments when the generator g in the GBSDE (1.3) may depend on Z
and Ay =t for all t € [0,T] where the latter postulate is not important.

We will frequently follow the common practice in the existing literature of searching for
solutions to BSDEs in specific spaces of stochastic processes. In particular, we examine the
problem of the existence and uniqueness of a solution (Y, M) to the GBSDE (1.1) in the product
space 8% x M2 where M2 denotes the class of all real-valued, square-integrable F-martingales

with null initial value. Then Definition 3.2 can be reformulated as follows.

Definition 3.5 We say that the uniqueness in S* x M3 of solutions to the GBSDE (1.1) holds
if for any two solutions (Y',M') and (Y",M") belonging to S*x M3 we have that
[Y' =Y"||s2 =0 and |[M"— M"|| pgz = 0.

It is worth noting that the uniqueness of the cadlag component Y in the space S? entails its
uniqueness in the sense of indistinguishability of stochastic processes and thus also, due to (3.2),
the uniqueness of )M in the space MZ.

Let us summarize further developments in this section. We start by establishing in Proposition
3.6 the comparison property for general solutions of the GBSDE (1.1). Next, we obtain in
Proposition 3.9 some a priori estimates for solutions in S? x M2 when the driver A is bounded
by a positive constant, that is, we have that Ar < ca for some constant c4. These preliminary
results allow us to study in Sections 3.3 and 3.4 the well-posedness results for the GBSDE (1.1)
in the space 8% x M2 when the generator is Lipschitz continuous and the driver A is either
bounded (see Proposition 3.12) or A is a square-integrable process but the generator is Lipschitz
continuous and belongs to the class (P) introduced in Definition 3.13 (see Proposition 3.14). Finally,
in Section 3.5, for a given [F-optional and bounded process 7, we examine the sequence
(Y™, M™),en of solutions to the penalized GBSDEs of the form

VPt [ n(VR gt dd, - (4 - M)
17.7]

and we show in Theorem 3.19 that the limit Y :=1lim, ,, Y™ can be interpreted as the value
process of a particular constrained optimal stopping problem related to the right support of the
driver A.

3.1 Comparison theorem for generalized BSDEs

Our first goal is to establish the comparison property of solutions to a GBSDE and thus we
work under a temporary assumption that a solution to a GBSDE exists but we do not postulate
that it is unique and we do not make any specific assumptions about the driver and terminal
condition such as, e.g., their boundedness or square-integrability. For brevity, we denote

Gu(Y) ::/ o(s,Y2) dA,, Ht(f/)::/ h(s, V) dA.,
10,t] 10,t]

where the mappings g,h: Q x [0,T] x R — R, are O(F) ® B(R)-measurable.
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Proposition 3.6 Let the generators g,h: Q x [0,T] x R = R be such that the GBSDEs

Y, = &r + /] | 906V 44— (Mr M) = € 4 Gr(¥) = Gu(Y) — (M — M)

and
Y, =& +/] . h(s,Yy)dAy — (My — M) = & + Hp(Y) — Hy(Y) — (Mp — M,)
t

have solutions (Y, M) and (}7,1\7) Assume that & > & and the mappings g and h satisfy the

following conditions:

(1) g(w,t,y) = h(w, t,y) for every (w,t,y) € Qx[0,T] xR,
(i) g(w,t,-) is a nonincreasing function for every (w,t) € Q x [0,T).

Then the inequality Y > Y s valid, that is, P(Y; > f/t, vt e [0,T]) =

Proof We adapt the proof of Lemma 8.3 in Peng [39]. It is important to recall that, by
Definition 3.2, the processes Y and Y are cadlag. For a fixed € > 0, we define the F-stopping
time 7°:=inf{t>0:Y; <Y, —e} where, by convention, inf() =T. Note that if for all &> 0
we have P(7° =T) =1, then Y > Y. Indeed, for &, = 1 there exists D,, such that P(D,) =0
and 7" (w)=T for w¢ D,. Thus for w¢ D,, from the definition of 7° and the equality
7o (w) =T, we obtain Y; >Y, —g, for every te [0,T[. Then for D:=US2,D,, we have
P(D) =0 and for w ¢ D, we have Y; > Y, for every t € [0,T[. Since Yy =&r > ET =Yr we
conclude that ¥ > Y.

We now argue by contradiction. If the inequality Y > >Y does not hold then, by the first step,
there exists € >0 such that P(E) >0 where F:={7° <T} € F-. We fix ¢ and we define
T:=71g+T1lge and v:=inf{t >7:Y; > Yt} so that v < T since, by assumption, Yr > YT
Since Y and Y are cadlag processes it is clear that Y, < Y, on E, the interval [r,v [ is
nonempty on F, and the inequality Y, > )N/V is valid.

For brevity, let us write U:=G(Y) and U:= H(Y) so that the F-adapted, continuous
process U :=U — U satisfies

Up=GiY) = Hi(Y) = (Gy(Y) = Gu(Y)) + (Go(Y) = Hy(Y))

- / (9(5,Y2) — g(5,Y2)) A, + / (9(5, V) — h(s, 7)) dA,.
10,4] 10,4]

We deduce that 1pU is a continuous and nondecreasing process on [r,v] since g(w,t,y) >
h(w,t,y) for all (w,t,y) € Q@ x[0,T] x R, the inequality ¥ <Y holds on [r,v [, and for every
(w,t) € Q x [0,T] the function g(w,t,-) is nonincreasing. We observe that on E

Y, -V, =Y, —Y, +U, - U, — (M, — M,).
Therefore, the process Y —Y is a supermartlngale (hence also strong supermartingale) on [, V]

and Y, — Y 0. Consequently, Y, — Y 0 and thus Y; >YT on [, which leads to a
contradiction since Y, < }7} on E € F, and P(E) > 0. a

When using the penalization method to show the existence of a solution to the reflected
GBSDE with a lower obstacle 7, one may employ the mapping f:Q x [0,7] x R — R, which
is given by f(t,y) = (m: —y)T where 7 is a predetermined [F-optional process. The following
corollary to Proposition 3.6 will be useful in the proof of penalization result in Section 3.5.
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Corollary 3.7 Letthemapping f : Q x [0,T] x R = R, be O(F) ® B(R)-measurable, nonnegative
and such that f(w,t,-): R — Ry is a nonincreasing function for every (w,t) € Q x [0,T]. Then

the following assertions are valid:

(i) the uniqueness of a solution (Y, M) to the GBSDEFE (1.1) with generator g = f holds;
(ii) if for every n € N, the pair (Y™, M™) is a unique solution to the GBSDE

e / nf(s,Y7)dA, — (M — MP),
1,7

then Y"1 > Y™ for every n € N, that is, P(Y"™t > Y*, Vt € [0,T]) = 1.

Proof (i) For the first statement, it suffices to apply Proposition 3.6 with &y = &7 and g = f
to obtain the equality Y = ¥ for any two solutions (Y, M) and (Y, M ). Then the uniqueness of
M in a solution (Y, M) to the GBSDE (1.1) holds as well since the martingale A given by (3.3)
is unique.

(ii) The inequality Y"*! > Y™ follows from Proposition 3.6 applied to the GBSDEs with
& = &p and generators g(t,y) = (n+ 1) f(t,y) and h(t,y) =nf(t,y) O

3.2 A priori estimates for solutions to generalized BSDEs

In addition to Assumption 3.1, we will frequently impose additional conditions on the terminal
condition &{r and the generator g of the GBSDE (1.1).

Assumption 3.8 Let the terminal value &1 be square-integrable and the gemerator g: €%
[0,T7] x R = R satisfy the following conditions:

i) the uniform Lipschitz condition: there exists a constant L >0 such that the inequality
,y) — gt y)| < Lly — y'| holds for every t € [0,T] and y,y’ € R;
ii) the inequality

(
lg(t
(

EU |g(t,0)2dAt} < 0.
10,77]

Our next goal is to establish a useful a priori estimate for a postulated solution in &% x M3
to the GBSDE (1.1). Notice that in most results in the remainder of this work, the driver A will
be assumed to be either bounded so that A < ¢4 for some constant ¢4 > 0 or, more generally, square-
integrable so that E[A%] < co. For the sake of clarity, this will be always explicitly stated in

assumptions of each result.

Proposition 3.9 Let Assumptions 3.1 and 8.8 hold and the driver A be bounded. If
(Y,M) € 8% x M2 is a solution to the GBSDE (1.1), then there exists a constant ¢ >0 such
that for every «, B > 0 such that B > 2L+ a~' we have

E| sup [eﬂAt|Yt\2] +/ ePAs d[M]s} < cE{eﬂAT|§T2 +a / ef4s
te[0,T] 10,77 10,7]

g(s,0)[> dA,|.

Proof For simplicity, we set e, := et and note that de;, := fe;dA; and 1 < e, < eP°4 for
every t € [0,7] since >0 and thus e is a bounded process. We first establish the a priori
estimates for a postulated solution (Y, M) € 8% x M3 to the GBSDE (1.1).

2

By applying first the Ito formula to e;|Y;|* and then the Young inequality with « > 0, we obtain
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et|Yt|2+/ es d[M],
Jt.T]

<eT|§T|2—ﬁ/ es|Ys|2dAs+2/ esn(|g(s,0>|+L|n|)dAsfzj e, dM,
1t,T] t,T]

16,7

)

eS|YS\2dAS—2/ esY,_ dM,

<eT|fT|2+a/ es|g<s,o>|2dAs+(2L+a—1—ﬂ)/
1¢,T7] 1t 1¢,T]

T

and thus the inequality

eVi? + / esd[M], < exlér]? +a / alg(s,0)2dA, — 2 / eV dM,  (3.4)
1¢,7] 1¢,7] 1¢,T]

holds for any o, >0 such that 8 > 2L + a~'. By taking the supremum and expectation in
equation (3.4), we obtain

]E[ sup €t|Y}|2} < E|:6T|£T|2 + a/ esg(s70)|2dAs} + QE[ess sup ‘ / esYs— dM; } (3.5)
10,7 10,t]

te[0,T] t€[0,T

Davis—Gundy inequality with p =1 gives

Since the driver A is assumed to be a bounded process, an application of the Burkholder—
QE[ sup ’/ esYs_ dM,
10,¢]

1/2
sl (f o ram)”
t€[0,T] 10,7]
1 1/2 1/2
<E ( sup et|Yt|2) (SC%/ esd[M]s)
2 tejo,1) 0,7

1
< ]E{ sup et|Yt2} +4c§IEU esd[M]s], (3.6)
4 |iep,m 10,77

where the constant c; is independent of «, 3, L and the last inequality holds since 2ab < a? + b?
for all real numbers a, b. Furthermore, by taking the expectation in (3.4) and using the, just proven,
martingale property of the integral with respect to M, we obtain

JEU esd[M]S] <E{6T§T|2+a/
10,T7] 10,77

)

es|g(s,0)|2 dAS] < 00, (3.7)

where the second inequality follows from Assumption 3.8 and the boundedness of A. By
combining (3.5), (3.6) and (3.7), we obtain

iE[ sup eth|2] < (1+4c¥)E[eT|§T|2+a/ es|g(5,0)|2dAs}

te[0,T] ;
and thus
]E{ sup et|Y}|2—|—/ esd[M]s} §CE|:€T|§T|2+04/ es|g(s,0)|2dAs],
t€[0,T) 10,7 10,77
where the constant ¢ := Lf;c? > 0 is independent of «, and L. |

The next result deals with the stability of solutions to a GBSDE with respect to the terminal
condition &7 and generator g. Let us denote Y=v!- Y2, M =M!'— M? and g, = g'(t,Y,?)—
2 t Y2
g ( vt )



Probability, Uncertainty and Quantitative Risk 311
Proposition 3.10 Let Assumptions 3.1 and 3.8 hold for g', i = 1,2 and the driver A be bounded.

If (Y8, M%) € 8? x M2 is a solution to the GBSDE with data (A, &L, g%) for i=1,2, then for
every o, 3> 0 such that 3 > 2L + o™, we have, for every t € [0,T],
]-'t].

Proof As in Proposition 3.9, we denote e, :=eP4t. An application of the Ito formula to

PAT? < E[e’“TlngQJra [ e aaa,
1¢,T7]

et|l7t|2 and the Young inequality with « > 0 gives

et|?t|2+/ e, d[M],
J¢,7)

<eT|ET|2—ﬂ/ es|ffs|2dAs+2/
1t,T]

esi}s (LD/}S| + @\s‘) dA, — 2/ esi}s— dM\s
1¢,T7]

16,77

<erlérf +a /

eslge? dA, + (20 + o~ — ) /
1t,T]

es|Ya|?dA, — 2/ esY,_ dM,
J6.7)

16,77

and thus for any o, > 0 such that 3> 2L +a~!

et‘i}t|2 Lerlérf* +a /

es[3s[2 dA, — 2 / .V dlL..
1t,T]

1t.T]
To complete the proof it suffices to take the conditional expectation with respect to F; and
argue in a similar way as in (3.6). O

3.3 Well-posedness of GBSDEs with bounded driver

The next two propositions deal with the existence and uniqueness of a solution in the space
S? x M2% to the GBSDE (1.1) with a Lipschitz continuous generator. We first present the
existence result under an additional postulate that the driver A is bounded. It will be
subsequently extended in Proposition 3.14 to the case of square-integrable drivers.

Before proceeding, we point out that the well-posedness result presented in this subsection,
under the assumption that the driver A is bounded, can be deduced from El Karoui and Huang
[14] and Papapantoleon et al. [36]. However, the setup of [14] and [36] is rather general and hence,
for the reader’s convenience, we decided to present the detailed computations under our
assumptions. The following lemma will be used in the proof of Proposition 3.12

Lemma 3.11 Let Assumptions 3.1 and 3.8 hold and the driver A be bounded. Then for every
w € 8? the GBSDE

Ve =gt [ glsw)dd, - (4 - M) (38)
1t,7]
with a fized generator has a unique solution (Y, M™) in the space S* x M3.
Proof The GBSDE (3.8) is linear and necessarily

Y= IE[{T + / g(s,ws) dAs
1t,T]

]—"t] |
Next, we observe that the process O, which is given by

0= Y 4 / g(s,ws) dA, (3.9)
10,t]

is a square-integrable martingale since &7 € L?(Fr) and, by Assumption 3.1 and repeated
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application of the Jensen inequality, we have that, for every t € [0, T,

(g @A) —‘/Ot] 5,w;) 2‘/0 ]Llws +2‘/ g(s,0) \dA

@ﬁmmwﬁ+mj‘meM&
10,t]

s<t

which entails that the process g. A belongs to S2. The process Y = Y satisfies

Y: ::]E|:£T+/ g(s,ws) ft] —/ g(s,ws) dAs = Yo + My — (g @ A)y,
10,T7] 10,¢]

where M is a square-integrable martingale with My = 0. Hence the Burkholder-Davis-Gundy
inequality with p =2 applied to the square-integrable martingale A combined with the
property that ge A is in S? show that Y is a cadlag process belonging to the space S2. |

Proposition 3.12 Let Assumptions 3.1 and 3.8 hold and the driver A be bounded. Then the
GBSDE (1.1) has a unique solution (Y, M) in the space S? x MZ.

Proof To prove the existence and uniqueness of a solution to the GBSDE (1.1), we use the
standard method based on the Banach fixed point theorem. For any Y € 8% and 3 >0, we
define ||Y||§§ :=E [sup;ejo,m eﬁAt|Yt|2} and we observe that the norms || -||sz and |- Hsg are
equivalent on S*. We denote by S3 the space S§* endowed with the norm || - || sz Let the
mapping P : Sg — Sg be defined as follows: for any given w € Sg we set O(w) :=Y™ where
the pair (Y, M™) € 8% x M3 is a unique solution to the GBSDE (3.8). Our first goal is to
demonstrate that there exists a unique process @ € 83 such that ®(@w)=1w. Then the
corresponding process m € M2 can be found from equality (3.9), that is, from the equality

@t+/ g(S,ﬁ}S)dAS :’L/U\O+ﬁlt.
10,¢]

It is clear that it suffices to show that the mapping ®:83 — S7 is a contraction for a
sufficiently large B. To this end, we take w',w” € S% and denote Y™ = ®(w') and yv' —=
®(w”). For the simplicity of notation, we write y:=Y* —Y*" = &(w') — ®(w"), m := M —
MY and w:=w' —w". It is clear from (3.8) that y satisfies the GBSDE

w=/ (9(s,w") — gls, w!)) dA, — (mg —m),
1t,7]

where |g(s,w’) — g(s,w”)| < Llwg| since g(s,-) is a Lipschitz continuous function with constant
L.

The foregoing computations are similar to those used in the proof of Proposition 3.9, so we
only sketch some significant steps. By applying the It6 formula to e;|y;|?, where e; = e#4¢ and
subsequently the Young inequality with « > 0, we obtain

et|yt|2 —1—/] ]es d[m]s < -8 es\ys|2dAS + 2L/
T

€slYs |ws|dAs - 2/ €sYs— dm
1¢,T] 1¢,T7]

16,77

1
< - ﬂ / es‘ys|2 dA; + — / es|ys|2 dAs + OéLQ / es|ws|2 dA, — 2/ €sYs— dmg
16,7} @ Jt,1) T 16,7}

)

< al? / es|ws|2 dAg — 2/ esys— dmg, (3.10)
1¢,T] 1¢,T]

where we have assumed that 8 > a~!. For brevity, we denote



Probability, Uncertainty and Quantitative Risk 313

J(w) := al? / es|ws|2 dA,.
10,77

By setting ¢ = 0 in (3.10) and taking the expectation, we obtain
E[/ e d[m]s} <E[J(w)]. (3.11)
10,7}
Furthermore, it follows from (3.8) that, for every ¢ € [0,T],

et|yt|2 < J(w) — 2/]tT] esys— dmg < J(w) —|—2‘AT} esys_ dmyg

and thus, by taking the supremum over t € [0,7] and the expectation on both sides, we get

E[ sup 6t|yt2:| < E[J(w)] + QE[ess sup ‘ / esYs— dmsg ]
Jt,T]

te[0,T] t€(0,T]
1
< E[J(w)] + — E[ sup €t|yt|2:| +4c? E[/ €s d[m]s} ) (3.12)
4 Liefo,m 0.7

where we have used the Burkholder-Davis—Gundy inequality, similarly as in (3.6), and thus the
constant c¢; is independent of L, and . By combining (3.11) and (3.12), we obtain

3
41[*3[ sup etytﬂ < (1—|—4c%)E[J(w)],
te[0,T]

which in turn implies that

3]E[ sup etyt|2} <QL2(1+4C%)E[/
]

es|ws |2dAS]
4 |tepm 0,7]

<aLl?(1+4ch) E[AT sup et|wt|2] < acaLl?(1+4¢2) IE{ sup et|wt|2}7
t€[0,T) t€[0,7]

since A1 < ca. Consequently, for all w’,w” € Sg,
4
H(I)(w/) _ @(w//)Hgg < gaCALQ(l —+ 46%) ||w/ _ w”H?gg — ’Y||w’ _ w//‘|'25g

We conclude that & is a contraction when 8> a~! and a >0 is such that v < 1, that is,
when a < %czlL*Q(l +4c¢?)~! and B > a~! Then, from the Banach fixed point theorem, there
exists a unique fixed point, denoted as Y, of the mapping & : 8/23 — 8[23 and we conclude using
Lemma 3.8 that the GBSDE (1.1) has a unique solution (Y, M) in the space §? x MZ. O

3.4 Well-posedness of GBSDEs with square-integrable driver

In the next proposition, we relax the assumption that the driver A is bounded and we work
instead under Assumption 3.1 (iii) that A is a square-integrable process. However, we need to
make additional assumptions about the generator ¢ in order to establish the well-posedness
result for the GBSDE (1.1) with a square-integrable driver.

Definition 3.13 A generator g is said to be of class (P) if g(w,t,-) is nonnegative,
nonincreasing for every (w,t) € Qx[0,T] and there ewists a process 0 € S* such that
xg(w,t,x) < O (w)g(w,t,x) for every (w,t,x) € Q x[0,T] x R.

Proposition 3.14 Let Assumptions 3.1 and 3.8 hold and the driver A be square-integrable. If
the generator g is of class (P), then the GBSDE (1.1) has a unique solution (Y,M) and it
belongs to 8% x M3.
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Proof Define the sequence A™ := A An of continuous, nondecreasing, bounded processes so
that cqn =n for every n € N. It is already known from Proposition 3.12 that for every n € N
the GBSDE

Vi =6t /] 9l Y2 AT = (M ) (3.13)
t,T

has a unique solution (Y, M™) € 82 x M3. We will use the comparison property for solutions
to the GBSDE in order to obtain a solution (Y,M) to (1.1) as a limit of the sequence
(Y™, M"™),en- Since the generator g(w,t,-) is nonnegative and nonincreasing, the uniqueness of a
solution to (1.1) is a consequence of Corollary 3.7. Therefore, it suffices to show that the limit
Y :=lim, o Y" is well defined in S? and hence the pair (Y, M) is a unique solution to the
GBSDE (1.1).

The uniqueness of a solution in 8 x M2 to (1.1) can also be shown directly, that is, without
using Corollary 3.7 (i). The computations are analogous to those in the proof of Propositions 3.9
and 3.10, therefore we will not present all details below. To this end, suppose (Y, M') and
(Y2, M?) are two solutions in &% x M3 to (1.1). Then by applying the It6 formula to |}72|,
where ¥ := Y1 — V2 and M = M! — M2, we obtain from the fact that A is continuous and
g(t,-) is nonincreasing

I?;|2+/ d[M]
16,7]

w

< 2/ P, (905, Y)) — (5, Y2)) dA, — 2/ V. dil,
1¢,T] 1¢,T7]

<2 / Y,_ dM,.
1, 1]

From similar computations as in (3.6), we deduce that 2 f] }Afs, dJ/\/.I'\S is a uniformly integrable

0,t
martingale and hence, by taking the expectation and setting] t =0 in the above inequality, we
find that ||ﬁ|\Mg = 0. Finally, from computations akin to those leading to (3.5), we deduce that
[|Y]|s2 = 0. To complete the proof, we establish the following assertions:
Step 1 the sequence (Y"),cn is increasing, in the sense that Y"*! > Y™ for every n € N;
Step 2 there exists a constant ¢ independent of n such that

E[ sup |v;"|? —|—/ d[M”]S} < cE[|ér)” + 1] 5
+€[0,7) 10.7]

Step 3 there exists a pair (Y, M) € §% x M2, which is a unique solution to the GBSDE (1.1).

Step 1 To establish the claimed comparison property Y"1 > Y™, we fix n and we apply the
method from the proof of Proposition 3.6 to the pair Y and Y where YV := Y7+ and YV := Y.
We set € =n=¢&r and g = h and we define

Uy = G(Y) = / o(s, Vo) dA™, T, = H (V) = / o5, ¥2) dAT.
10,t] 10,t]

Then we have that

Vii=U; — Uy = Go(Y) — Hy(Y) = (Gt(Y) - Gto?)) + <Gt(1~/) - Ht(f/))
— [ (s v) - To)anrtt e [ gl T (art - a).
10,t] 10,t]

Since the generator g¢(w,t,y) is assumed to be nonnegative and nonincreasing in y and the
process A"tl — A" is nondecreasing, the continuous and TF-adapted process 1WAgV is
nondecreasing on [r,v] where the event E and the stopping times 7 and p are defined as in
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the proof of Proposition 3.6. To complete the proof of the assertion from Step 1, it now suffices
to check that all other arguments from the proof of Proposition 3.6 are still valid.

Step 2 From Step 1, we note that (Y™),en converges increasingly to an optional process Y
which, for the moment, might not be cadlag. We define

Ki = [ gl vryaar,
10,2]
Then (3.13) is equivalent to
V' =& + K — K — (Mg — M").
By applying the Ito formula to |Y;*|? and using the fact that Y;"g(t,Y®) < 6,9(t,Y;") for every

n € N, we obtain

Y2 4 MR — M < |ér]? +2/

It,

adeg—2/ Y, dM?

T] t, T

< ér]? + a(KR — KM)? 4+ a7t sup 92—2/ Y, dM", (3.14)
s€|t,T] t,T)

where the last inequality follows from the Holder inequality and the Young inequality with
a > 0. Next, from the equality
Ky — K" =Y/ = & + My — M,

it follows that
E[(K7 — K7)? | F) < [V R + e + (IM")r — [M]0) | 2]

|

where c¢; is independent of n. Finally, by using Burkholder-Davis—Gundy inequality and similar

By choosing « = (3c;)~! in (3.14), we have

{ Y + 2([Mn]T— n]t)‘]:t:| < [ |&7|* + 3¢, sup 62
s€|t, T

arguments as in (3.5) and (3.6), we obtain

E[ sup Y712+ (") — [M%)] < CE [ler2+1],
te[0,7]

where ¢ depends only on « and c;.

Step 3 We will demonstrate the existence of a pair (Y, M) € 8% x M2 which satisfies (1.1).
To do this, we deduce from Step 1 that the sequence of optional processes (Y™),en, viewed as
random variables on ([0,7] x Q, O(F)), converges increasingly to a unique optional process,
which we denote as Y. We observe that [V;|* <liminf, o sup,cp |Y*|> which by Fatou’s

lemma implies that

E| sup |V

te[0,7T) n—00 te[0,T)

< liminfE l sup |Y;"|2] < 00,

which implies that Y € S2. Note that it is not yet known whether Y is a cadlag process but this
property will follow from representation (3.15). Since the generator g does not depend on M™,
it follows that

Y/ =E

Fi

e+ / g(s, Y7y dAT
1t,T]
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and the existence of a unique M € M3 will follow once we show that

lim E

n—oo

€T+-/ g(S,YSn)dA? ft =K ft
1t,7]

gT"‘/ g(s,YS) dAs
1t,7]

and Kt = ji(),t]

this end, we note that by Assumption 3.8 (i)

/ g(s,Ys)dAsg/ \g(s,0)|dAS+L/ V] dA,
10,77 10,7

10,71

g(s,Y,)dA, € 82. To proceed, we first show that K7 has finite expectation. To

<[ aslgoradr [ pjda.
10,7 10,7

The expected value of the first term in the right hand side above is finite in view of Assumption
3.8 (ii). On the other hand, by applications of the Holder inequality, the expected value of the
second term can be upper estimated as follows

E / |Ys|dAs sup |Ys‘2AT
10,7 s€[0,T]

Note that similar conclusions hold when Y or A is replaced by Y™ or A" in the integral K.

<E <Y )ls2El43] < oc.

Next, to prove that K™ converges to K as mn tends to oo, we observe that

/ g(s,Ys)dAs—/ g(s,Y") dAY
10,1]

10,¢]

_ / o(s,Y,)d (Aq — A™) + / (9(5,Ys) — gls, V) dA?
10,t] 10,t]

- /] Yy A4+ /] (9(6,2) — gl YD (47 - A
0,t 0,t

b oY) - g ) = I 1 3.
10,¢]
Both I} and —IF has positive integrands which decreases to zero as n approaches infinity.

Therefore by the monotone convergence theorem, both I{* and —I§ decrease to zero as n tends
to oo. For I, we observe that

0< Iy = /] (905, g5, YDA (47~ 4,) = /} (605, Y2) = gl ¥0) U g4,
St ,t

N

/] (606, Y2) =gl Y2)) 44, = 8-
0,t

To see that K belongs to S?, we note that K7 > 0 and by the Fatou lemma we have
E[KZ] < liminfE[(K7)?] < cE[¢F +1].
n—oo

Finally, by the monotone convergence theorem, we obtain

Vi =E =E

Fi

Fi

§T+/ 9(57Y9)dAs
16,77

§T+/ 9(57Y9)dAs
10,77

- / g(S7Y9)dA9
10,¢]

Yo+ M — / o(s,Y,) dA,, (3.15)
10,t]

where M is given by (3.3) and thus (Y, M) a unique solution to the GBSDE (1.1). It also
follows from (3.15) that the process Y has a cadlag version.
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To show that Y™ converges to Y in S? as n tends to oo, we first note that, since K™ and
K are both continuous and the predictable projection of a uniformly integrable martingale Af is
equal to M_ (see Remark 5.3 on page 137 of He et al. [27]), we have P(Y") =Y"™ and PY =Y_.
By the monotone convergence theorem, we have lim, oo Y = lim, o P(Y") =PY; =Y;_ for
every t € [0,T]. Therefore, by the cadlag version of Dini’s theorem (see page 202 of Dellacherie
and Meyer [6]), for almost every w € (), the sequence of cadlag processes (Y —Y")%(w)
converges uniformly to zero on [0,7] as n — oo. From inequalities Y < Y™ <Y we obtain

sup [V; — Y;"|* <sup |Y; — V}'[%,
t<T t<T

where the right-hand side is integrable because we have previously shown that Y and Y1 are in
S?. Hence from the dominated convergence theorem we deduce that lim, .. ||[Y" —Y]||s2 = 0,
as was required to show. O

If the generator satisfies the assumptions of Proposition 3.14 and is bounded so that |g]| < ¢4
for some constant cg, then the sequence (K™),cn of nondecreasing processes given by

K} ::/ g(s, Y] ) dAY
10,¢]
converges to the nondecreasing process K, which equals
Kiim [ g(s.v)da,
10,¢]

and the convergence is uniform in ¢, for almost all w. Indeed, we have that

|Ky — K}'| = ‘/ g(s,Ys)dAs—/ g(s,Y]")dA”
10,t] 10,t]

< ‘/ g(s,Ys)dAg — (s,Y))dA,
10,¢]

+ ‘/ g(sa}/;n) dAs - 9(37}/5”) dAZ’
10,t]

g
10,¢] 10,¢]

< L/ IV, — Y7|dA, + gL (A — AD)
10,¢]

and thus

sup |K; — K7'| < L/ Yo = Y| dAs + ¢y L (Ap — A%)
te[0,T] 10,77
< LAr sup |Y; = Y|+ oL (Ar — A}),
t€[0,T]
which entails that sup,cp 1 |K; — K}'| converges to 0 almost surely when n tends to oc.

Corollary 3.15 Let Assumption 8.1 hold and &7 be square-integrable. If n is an F-optional,
bounded process, then for every n € N the GBSDE

R / n(ne — Y2)" dA, — (Mp — MP) (3.16)
1t,T)

has a unique solution (Y™, M™), which belongs to 8% x M3, and the inequality Y"1 > Y™ is
satisfied for every n € N.

Proof The first assertion is an immediate consequence of Proposition 3.14 since the generator
g(t,y) =n(n; —y)T is of class (P). To show that Y™™l >Y" it suffices to take g(t,y):=
(n+1)(n —y)* and h(t,y) :=n(n —y)" in Proposition 3.6 (see also Corollary 3.7). O
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3.5 Constrained optimal stopping and penalization scheme for GBSDEs

To examine a constrained optimal stopping problem and the associated penalization scheme
for GBSDEs, we define S := S"U{T} where S" = S"(A) is the right support of the driver A.
Recall that the right support of a nondecreasing process A is given by

ST(A) :={(w,t) e A x[0,T[: Ve >0 Arie(w) — Ar(w) > 0}.

Furthermore, we denote by 7T the class of all F-stopping times 7 with values in [0,7] and
such that P(r € S) = 1. Similarly, 7,7 is the set of F-stopping times from 7 such that
P(r € SNt,T]) = 1. We consider the following constrained optimal stopping problem

Vo = SHBE I:gT]l{TZT} + 77T]1{T<T}] )
TET

which leads to the following definition of the value process.

Definition 3.16 The process V is the value process of the constrained optimal stopping with
data (n,&7,T) if the following equality holds, for every t € [0,T],
Vi =esssupE [l ry 4+ n-Dipery | T - (3.17)
TE?t,T
Remark 3.17 Notice that to formulate the optimal stopping problem of Definition 3.16 it is
enough to specify the inputs (n, &, S,F), that is, there is no need to explicitly select a process A
such that the equality S = S"(A)U{T} holds. In particular, if B is another F-adapted,
nondecreasing, square-integrable, and continuous process such that S™(B) = S"(A), then either
A or B can be used in the penalisation scheme of Theorem 8.19.

It should be made clear that form (3.17) of a stopping problem is by no means arbitrary. In fact,
the constrained optimal stopping introduced in Definition 3.16 arises naturally in a study of the
arbitrage-free pricing of a vulnerable European option in an incomplete market model with
default event modeled by an optional hazard process (see Section 3 in [32]). Before proceeding to
an analysis of the penalization scheme for the value process V', we present the following auxiliary
result, which is an extension of Lemma 6.1 in [15].

Lemma 3.18 Let 1 be an F-optional, bounded and right-continuous process. Then for any
stopping time v € T we have

lim (608, (=A") + (A €y, (—A") @ A")1| = Erlipry + m i<y,
where A™ :=nA.

Proof Since A} — A% =0 on the event {v =T} we have

Jim &, p(~A") = lim M AT = 1,y

n—oo
Since v takes values in the right support we have that A% — A” >0 on the event {v < T}

and thus lim,_,. (A} — A%) = —oco. We claim that, on the event {v < T},

. A" A"
nlgnoo v, T € dAZ - n”]l{V<T} (3'18)
V7 ]

since the sequence of bounded and positive measures i, := 1y, 7 eAv—A7 dA?, n € N converges
to the Dirac measure at p on the event {v < T}, that is, to the measure p:= 1y, 1}6,.
Equality (3.18) can be formally established using the time change on [0,7] generated by A. To
this end, we define the nondecreasing, right-continuous process C by Cs = inf{t € R : A; > s}.
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Then an application of the time change formula (see, e.g., Chapter 0 in Revuz and Yor [42]) gives

/ nSeA;L*A? dAL = / nsne”(A”*AS) dA,
v, T v, T

:/ Ly <c,<rynene™ A=) ds,
0

where to obtain the second equality, we have used the equality Ac, = s, which holds since A is
a continuous process. From the fact that {v < C,} C {A, < s} and the change of variable
u=s— A, we obtain

oo

/ 1, <c.<ryne,ne™ A=) dS:/ Vv<ca, yu<tyNCa, e du
0 0

— EX []1{:/<CAV+X/TLgT}nCAHX/,J 5

where in the last equality we have used the observation that ne™"% w > 0 is the density of %X
where X ~ exp(1) and is independent of the o-field F.

Since on the event {v < T}, the stopping time p takes values in the right support of A and
v<v+ X/n, we deduce that A, x/n = Apyx/m+1) > A, for a sufficiently large n € N. This
observation, together with the right-continuity of the processes 7, C' and A, allows us to
conclude that

nlgl}wEX []I{V<CA,,+X/n<T}770AV+X/n = ]1{’/<CAL,<T}TICAL,'

Finally, since on {v < T} the stopping time p takes values in the right support of the process
A we have that Cas, =inf{s: A; > A,} = v, which in turn allows us to conclude that the
equality 1 <o, <73nca, = Lp<ryny is valid. O

We are ready to establish the main result of this section where we show that a sequence of
processes Y converges to the value process V' of a constrained optimal stopping problem (3.17)
in which stopping is allowed at times belonging to the right support of the measure generated by
the process A.

Theorem 3.19 Let Assumptions 3.1 and 3.8 hold and the driver A be square-integrable. For a
bounded terminal condition &p and an F-optional, bounded, nonnegative, and right-continuous
process 1, consider the sequence of unique solutions (Y™, M™) € 82 x M2 to the GBSDE (3.16).
Then the sequence Y™ is increasing and converges almost surely to the value process V of the
constrained optimal stopping problem given by equation (3.17).

Proof We know from Proposition 3.14 that the GBSDE (3.16) has a unique solution
(Y™, M™) in 82 x M2 and it follows from Corollary 3.15 that the sequence Y™ of processes is
monotonically increasing as n tends to co and the limit ¥ =1lim,_, ., Y™ is well defined.

Step 1 Our first goal is to show that the cadlag, F-adapted process Y™ satisfies, for every
n €N and t € [0,T),

V" = ess supE [€rlgr—gy + (0 AY) Urary | i (3.19)
TET, T

For a fixed n € N, we set 77" := {rly—ry + (e AY{")1jz<1y and we observe that
= Eo AN ) M=y + (0 ANY" ) ey <Y

Furthermore, the GBSDE (3.16) can be represented as
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V' =&+ Ky — K" — (M7 — M), (3.20)

where the F-adapted, continuous, nondecreasing process K™ is given by
K = / n(ns — Y™+ dA,.
10,¢]

Recall that we assumed that 7 (and hence also ™) is a right-continuous process. We claim that
(3.19) is valid, that is, for every t € [0,T],
V" =esssupE [y} | F].

reT o (3.21)

Equality (3.21) is obvious for ¢t =T so it suffices to consider any ¢t < T. We have, for any
T E Tt,T,
Y =BV, + K? — K| F) > E[Y) | R > E[7| R,

which implies that Y;" > esssup_ 7,  E[7 | 7.

For the converse inequality, we define the stopping time 7 :=inf{s € [¢t,T]| K — K} > 0},
which belongs to 77, and we observe that K — K =0 due to the continuity of K™
Furthermore, on the event {7; < T} we have K" > K on ] 7, T], which entails the inequality
limsup,,|,, (7. —Y,') >0 and thus, since the processes 1 and Y™ are right-continuous, we
conclude that 7, — Y >0, which in turn implies that Y =~Z. On the event {r, =T} we
have that K — K" = K} — K' =0 and Y = 7. From (3.20), we now get

Y=Y - (M7, - M) =y, — (M7, = M) =E 77, | R,

which leads to the inequality Y;" <esssup .7, E [y |F;] since 7, € Ty 1. We conclude that

equality (3.21) (or, equivalently, (3.19)) holds.

Step 2 We set v := lel{t:T} + nt]I{KT} and we show that lim,_,. Y;" =V, where
Vi :=esssupE [y, | Fi].
VT r (3.22)
It follows from (3.19) and (3.22) that Y" <V and Y" 1Y <V where the F-optional process
Y is given by Y =lim,_, ., Y". Furthermore, it is clear that the process Y is nonnegative and
belongs to S? since it is dominated by the process V' belonging to S2.

It is clear that Y7 = {7 = y7 and thus it suffices to show that Y, 1,7y = n, 1y, <7y for any
F-stopping time p taking values in S. From the monotone convergence theorem and the
comparison property established in Proposition 3.6 we obtain, for every 0 < 7 <v < T,

EY,|F;]= lim E[Y)'| 7] < lim Y =Y.
n—oo n—oo

Using the fact that V is bounded, we deduce that Y is a bounded strong supermartingale and,
as a consequence of Theorem 2 in Mertens [34] (or, more specifically, the Lemma on page 51 of
[34]), we have Y > Y,. Next, from the form of Y we have, for every 7 € T,

/ (ns — Y7)+dA,
17,71

By letting n go to co and applying the dominated convergence theorem, we obtain the equality

/ (ns — Ys)TdAs = 0.
17,71

We claim that the last equality implies that Y, 1,7y > n, 1<y for all v e T . Suppose, on

Leym = L+ B
n n
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the contrary, that there exists a stopping time v € T such that the event E = {n, >Y, >
Y,+} N {v < T} has a positive probability. Then we deduce from the right-continuity of 1 that
there exists e, which may depend on w € F, such that n; —Y; >0 for all ¢t € [v,v+¢] N[y, T].
However, since v € T, we deduce that A,,. — A, >0 for almost every w € E and this
contradicts the equality f]l oy (ns — Ys)T dAs = 0. We this conclude that Y dominates v on S.

Finally, by using the fact that the essential supremum and conditional expectation can be
interchanged, we can conclude that V is the smallest strong supermartingale dominating v on
S(A), which in turn implies that, for every t € [0, T),

Y; 2 esssupE [y, | F] = Vi,
vET T

as was required to show. O

4. Reflected GBSDEs and constrained Dynkin games

In this section, we study reflected generalized BSDEs (reflected GBSDEs or, briefly, RGBSDEs)
with a lower obstacle given by a predetermined process (. Hence Assumption 3.1 is substituted
with Assumption 4.1, which specifies the basic conditions for the lower obstacle (, the driver A,
and the generator g.

Assumption 4.1 We are given the following objects defined on a probability space (2, F,P),
which is endowed with a filtration F satisfying the usual conditions of right-continuity and P-
completeness:

(i) an F-optional process (;
(ii) an F-adapted, nondecreasing, continuous process A with Ay = 0;
(iii) an O(F) ® B(R)-measurable mapping g: Q x [0,7] x R — R.

If ¢ is an [F-optional process, then the process ¢ given by (; := limsupgpy ¢ G for all
t €]0,T] is known to be F-predictable on ]0,7] and left-upper-semicontinuous (see, e.g., [23] or
Theorem 90 on page 225 in [6]). The process ( is called the left-upper-semicontinuous envelope
of (.

Recall that by K (resp., K ) we denote the class of all cadlag, nondecreasing, F-predictable (resp.,
ladlag, nondecreasing, F-predictable) processes and 7 (resp., TP?) stands for the class of all F-
stopping times (resp., F-predictable stopping times) taking values in [0, 7.

The following definition is consistent with the classical case where F is a Brownian filtration
and the driver A; =t for every t € [0,T]. It is important to notice that the component Y of a
solution (Y, M, K) is now postulated to be a ladlag process, as opposed to a cadlag component
Y in a solution (Y,M) in Definition 3.1. Recall also that the conditions for the processes
K¢, K% and K9 specified in Definition 4.1 are called the Skorokhod conditions.

Definition 4.2 A triplet (Y,M,K) is a solution to the reflected GBSDE (1.2) with data
(A,¢(r,9,C) if Y is an F-adapted, ladlag process, M is an F-martingale, K is a nondecreasing,
F-predictable, ladlag process, and the following conditions are met

YTzCT—i-/ 9(s,Ys)dAy — (Mr — M)+ Kr— K,, V7€T,
|7,11]

4.1
Yz G vte0T), (L .geke) =0, (4.1)

(Y, —)AK? =0, VreT?, (Y»—-G)ATKY=0, VreT,
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where the integral f]o " g(s,Ys)dAs is an F-adapted, continuous process of finite variation.

Let us summarize the content of this section. We first establish in Section 4.1 a variant of the
comparison theorem for a reflected GBSDE under the assumption that the filtration F is quasi-left-
continuous. Then we obtain in Section 4.2 some useful a priori estimates and we study in Section
4.3 the existence and uniqueness of a solution (Y, M,K) to the RGBSDE (1.2) in the space
8? x M2 x K. Another version of the comparison theorem for reflected GBSDEs is proven in
Section 4.4 under the assumption that the driver A is bounded. Finally, for given F-optional
and bounded processes ¢ and 7, we consider in Sections 4.5 and 4.6 the sequences of penalized
RGBSDESs with the lower obstacle ( of the form

YI=Gr +/ (Y — )t dA, - (M7 — M2) + K — K7
|7,T]

and

V= - / n(Y] = o)t dA, — (Mf — MP) + K7 — K7
|7,T]

and we examine the limits Y :=lim,_,. Y™ and Y = lim ,, oo Y™. It will be shown that the
process Y (resp., the process }N/') has a useful interpretation as the value process of a particular
optimal stopping problem (resp., a constrained Dynkin game) where the right support of the
driver A plays an important role in the specification of the reward process and/or the class of
allowable stopping times.

4.1 Comparison theorem for reflected GBSDEs with quasi-left-continuous filtration

We aim to show that the comparison property of solutions to a GBSDE established in
Proposition 3.6 can be extended to the case of a reflected GBSDE. The first variant of the
comparison theorem for a reflected GBSDE is established under an additional postulate that the
filtration F is quasi-left-continuous so that any F-martingale does not jump at any [F-
predictable stopping time.

Proposition 4.3 Suppose that the filtration F is quasi-left-continuous. Let the mappings
g, h: QA x[0,T] x R = R be such that the reflected GBSDEFEs

Y, :<T+/ o(s,Y2) dA, — (Mp — M,) + Kr — K,
17,T1]

and

V. =G +/ h(s,Y.)dA, — (Mg — M,) + Kr — K,
1]

with the lower obstacles ¢ and E, respectively, have solutions (Y, M, K) and (17, M, I~(), respectively.
If ¢ > ¢ and the functions g and h satisfy the following conditions:

(i) g(w,t,y) = hlw,t,y) for every (w,t,y) € 2 x[0,T] xR,
(i) g(w,t,-) is a nonincreasing function for every (w,t) € Q x [0,T],
then the inequality Y > Y s valid.
Proof We extend the proof of Proposition 3.6. Notice, however, that the processes ¥ and Y

in the statement of Proposition 4.3 are ladlag, whereas in Proposition 3.6 the processes denoted
by Vv and Y were cadlag. For a fixed >0, we define the F-stopping time 7°:=
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inf{t >0:Y; < <Y, — e} where, by convention, inf() = T. As in the proof of Proposition 3.6, we
argue that if for all € > 0 we have P(7¢ = T) = 1, then the asserted inequality Y > Y holds.

Let us now assume that the inequality Y > Y does not hold. Then there exists £ > 0 such
that P(r° <T)>0. We fix ¢ and we denote E :={7° <T}¢€ Fre. Next, we define
7:=71g +Tlge sothat {r<T}={r*<T} € F,.

Step 1 We start by showing that the inequality Y, 4 < YT+ holds on E. To this end, let us
consider any event w from E. We have that either (1.1) Y, < Y, —¢ so that Y, <Y, or (1.2)
Y, > Y, —¢ but Y,y <Y, —¢ so that Y,, < Y,,, which is the desired inequality.

Hence it remains to show that in case (1 1) we also have that Y, < YT+ To this end, we first
observe that Y > Y —e>Y, >2(G 2> CT and thus the process K is right-continuous at 7
(from the respective Skorokhod condition), which in turn implies that Y is right-continuous at
7. Recall that Y, = VY, . If Y. >(;, then Y is also right-continuous at 7 and thus
YT+ = Y >Y, =Y, Finally, if Y; = (;, then Y., < (; and thus YT+ = Y >G> Y.

We have thus shown that the inequality Y ; > YT+ holds on E, for almost all w. Then we
define the F-stopping time v := inf {t T:Y, 2> Y}} and we note that v < T since, by assumption,
Yr={(r> CT — Y. Since Y, > Y, -+ on [ it is clear that the interval | 7,v] is nonempty on
the event E = {r < T} € F,. It is also worth noting that E belongs also to F,_ since 7 < v
on E (see Proposition 2.4 in Nikeghbali [35]).

Step 2 Our next goal is to show that the inequality Y, > >, is satisfied. It manifestly holds
on the event p = 7' and thus it suffices to shown that it is valid on {v < T} as well. If ¥, >V},
then the desired inequality manifestly holds and thus it suffices to examine the event
{Y, < Y, Y, > 37u+}~ We will show by contradiction that the probability of that event is null.
Since Y, = (, VY, it suffices to consider two cases: (2.1) Y, > Y, and (2.2) Y, =Y, 4.

In case (2.1), we have Y, =(, and thus Y,>Y, = ¢ > C,, This implies that Y is right-
continuous at p, which in turn yields Yl, = Yl,+ >Y,>Y,; and hence contradicts the
assumption that Y, < 17,,.

In case (2.2), we have Y, =Y, and thus Y,>Y, = ) EN/VJF, which implies Y, = g,, >
Y, > (, . Hence C~l, > (,, which is a contradiction since, by assumption, the inequality Z < ¢ holds.
We thus see that the inequality Y, > f/y is proven.

Step 3 We are now ready to show that if P(E) > 0 then a contradiction arises. From the first
step, we deduce that there exists a sufficiently small constant 6 =6(¢) >0 such that
P(C):=P(r+0<v)>0 and Y, 5<Y,.s5. Hence we define the F-stopping time o :=
(1 +0)1g +T1g. and we consider the interval [o,v]. We henceforth work on the event E € F,.
As in Section 3.1, we denote

Gt(Y)::/ g(s,Yy)dA,, Hy(Y):= h(s,Y,)dA,
10,t] 10,t]

and we also write U := G(Y) and U := H(Y) so that the process U := U — U satisfies
U= Gu(Y) = Hi(Y) = (Gu(Y) = Gu(Y) + (Go(Y) = Hi(Y)).

Since g(w,t,y) > h(w,t,y) for all (w,t,y) € 2 x[0,T] xR, the inequality ¥ <Y holds on
[o,v [ and for every (w,t) € Q x [0,T] the function g(w,t,-) is nonincreasing, it is easy to check
that 1gU is a continuous and nondecreasing process on [o,v]. We observe that on [o, V]
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V,-Y, =Y, -V, — / d(M, — M) + (K, — K,) — (K, — K,_)+ U, — Uy,

It,v]
where in fact the process K is constant on [o,v [ since ¥ >Y >(¢>( on [o,v [ and thus

K, = K,_ for t € [o,v [. Consequently,

Y, Y, =Y, Y, +AK, - AK, Ad(M, — M) + (K, — K;) + U, — U,.
]

By taking the conditional expectation with respect to F,, we obtain
Y, -Y,>E [YV -Y, + AK, —Af{ylfa]
—E[(Y, — ¥, + ARz ) | B +E[(Y = Vo + AK, - AR 1z o | ]
>E [(Yl, Y, +AK, - ARz g |fg} :

where in the last inequality we have used the facts that Y, — }7,, >0 and AK, > 0. Next, we
show that

E (Y = Vo + AKy = AR ) g, 20y | Fo] =0

We first notice that on the event {AK, > 0}

(Y, =Y, +AK, — AKV)]I{AI?V>O} = A(M, M )]I{AK >0}

since it is easy to check that Y,_ —Y,_ =0 on {Af(y > 0}. The filtration F is assumed to be quasi-
left-continuous and thus the equality AM, =0 holds for any F-predictable stopping time 7, as
shown in Theorem 5.39 in [27]. The process K is strongly F-predictable and thus, by Theorem 3.
33 in [27], the set {AK >0} = {AK? > 0} is included in the union of the graphs of a family of
F-predictable stopping times. Hence we can conclude that AMII{AK>O} =0 so that Y, >Y,.

However, Y, — Y, <0 on E€F, and thus Y, =Y, on E, which clearly contradicts the
definition of o. O

4.2 A priori estimates for solutions to reflected GBSDEs

Similar to Section 3.2, we make additional assumptions about the lower obstacle ¢ and the
generator g of the RGBSDE (1.2).

Assumption 4.4 Let the processes ¢ and A be bounded and the mapping g:Q x [0,T]x
R — R satisfy the following conditions:

(i) the wniform Lipschitz condition: there exists a constant L >0 such that the inequality
lg(t,y) — g(t,y')| < Lly — ¢'| holds for every t € [0,T] and y,y’ € R;
(ii) the inequality

E{/ lg(t,0)[? dAt] < 0.
10,77

We now deal with a priori estimates for solutions to the reflected GBSDE.

Proposition 4.5 For i=1,2, let (Y, M! K%) € 8> x M2 x K be a solution to the reflected
GBSDE (1.2) with data (A, (r,g% () satisfying Assumptions 4.1 and 4.4. Then for every (>0
there exists a constant ¢ > 0 such that the processes ¥ =Y — Y2 and M := M! — M2 satisfy
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IE[ sup eﬁAt|}A/t|2+/ P d[]/\/[\]s} <C]E|:/ eﬁAs|gS|2dAs],
te[0,T] 10,7 10,7

where gy == g*(s,Y}) — ¢(s,Y2). In addition, if g'(w,s,-) is Lipschitz continuous then there
exists a constant C > 0 such that

E{ sup eﬁA"|f/t|2+/ P d[Z/\l\]é] < CIE[/ ePA
t€[0,T) 10,77 10,77]

where G, = g1(s,V2) — g*(s, Y2).

]

Proof The proof is similar to the proof of Proposition 3.9. Again we set e; = e’4* and since
B8 >0 we have that de; := fe;dA; and 1 < e < efea for every t € [0,T]. Denote K=K'—
K? andrecall that K has a unique decomposition K = K" + K9 where K" isan F- adapted, cadlag,
nondecreasing process of finite variation and K9 is an F-adapted, caglad, purely discontinuous,
nondecreasing process of finite variation. Hence, by setting g := g'(s, Y) — ¢%(s, Y.2), we obtain

~

YT:/ ngAS7(]/\IT7MT)+I?}7I?:+I?%7I?£.
1771

By applying the Gal’éuk-Lenglart formula (see, e.g., Theorem 8.2 in Gal’¢uk [18]) to et|l7t|2 and

the Young inequality with a constant a > 0, we obtain

eVl + / e, d[1],
1,7

- _5/ es|?;|2dAs+2/ esffsgsdAs—2/ esﬁ,d@w/ .Y, dK!
¢, 1¢,T) 1¢,T) 1¢,7T)

~

+2/[T[eSYSdK§+— Y e(Yo -V ) = ) e(Yor - YL)?
t,

t<s<T t<s<T

< (o~ —B)/ es\ﬁ|2dAs+a/ es|gs|2dAs—2/ eV, dMs+2/ eV, dR"
1¢,T] 1¢,7] 1¢,T] 1¢,T]

~

+ 2/[ T[eSYs dK?, — Z es(Ye — Y, )2 — Z es(Yop — V)2 (4.2)
t,

t<s<T t<s<T

Next we show that f]t ) .Y,  dKT <0 and f[t e.Y, dKé_|r 0 for every t € [0,7]. We note

that K7 = (K% — K2¢) + (K14 — K24)_ From the Skorokhod conditions in (4.1) we obtain, for
all s €1[0,7),

YodK)C = (V) = ¢) AR} — (V2 = ¢) dK)}°
< (V) = G AL — (Y2 - () dK}e = (Y2 - () dK 1 <0,

where the last inequality holds since the process K1:¢ is nondecreasing. By symmetry, we obtain
Y, dK2¢ > 0. Furthermore, for any s € [0, 7],

Vo AKP = (Y = QARYT = (VD = AR
S (VL = QAKN = (V2 = QAR = ~(YL = ()AK <0
and Y,_AK2? > 0. Similarly, f[t T[esf/s dfi& = icseT e Y,ATKY for all s € [0,T]. Note that
VATKS = (V) = Y))ATK — (V] = Y2)ATK?

and, for all s € [0,T7,
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(V) = Y2)AYKDS = (V) = QATKLS — (V2 = C)AYKDS = (Y2 — C)ATKDI <0
and (Y} —Y2)ATK29 > 0. Hence (4.2) gives, for any 3 > a~! and t € [0,T],
Aak +/ es d[M]; < a / es|gs|” dAs — 2/ esYs_ dM, (4.3)
1¢,T1] 1t,T] 1¢,T]
and thus, by taking the expectation on both sides, we obtain
JE[/ esd[zﬁ]s] < aE[/ es|gs|2dAs]. (4.4)
1¢, 7] 1t,T]
In addition, taking the essential supremum and expectation in (4.3) gives
E[ess sup eT}A/T|2] <E {a /
TeT 10
An application of the Burkholder—-Davis—Gundy inequality with p =1 similar to (3.16) yields

~ 1 ~ —
QE[ess sup ‘/ €s B ] < 4E[ess sup eTYT|2] +4C§E|:/ es d[M]s}, (4.6)
TET 10,7] 10,7

TET
where the constant c; is independent of o, and the last inequality holds since 2ab < a? + b2

TET

es|gs|2dAs] +2E[ess Sup‘/ eTA AT ] (4.5)
0,7]

T

)

for all real numbers a,b. By combining (4.4), (4.5) and (4.6), we obtain

3E{ess supeT|Y\ } < (1+4c%)a]E{/ esgs2dAS},
4 0,77

TET

and, finally,

E[ess sup e, | Yy |? —|—/ esd[ﬂ]s] ch[/ es|gs|2dAs},
TET 10,7 10,77

2
where ¢ = %a. Assume that the generator ¢! is Lipschitz continuous with a constant L.
Then
1951 = 19" (5, Y) = ¢' (s, Y2) + 9 (5, YD) — ¢* (s, Y
<20g'(s,Yd) = g' (s, Y2)I + 209" (5,Y2) — g2 (5, Y2)?
<27y = Y21+ 205,
where we denote gs = g'(s,Y.2) — g°(s,Y.2). Consequently, in (4.2) we get

(a-l—m/ es|?52d,45+a/] e, ca“/] esﬁ|2dAs+2a/] g,
t t t T

T ) ; t,

where co. 5,1 = (@' 4+ 2aL? — ). Then, by arguing as in the proof of Proposition 4.3, we obtain
the following modification of (4.3), which is valid for every 8 > a~! + 2aL?

et|ﬁ|2+/ es d[M], ga/ es|§S|2dAS—2/ e.Y,_ dM,.
6,71 ]t.7) ]t.T)

By taking the conditional expectation of both sides with respect to F; we get

et|ﬁ|2+1a{/ e, d[H), }@E[/ g dA, }
10,7 1¢,T)

which holds for a sufficiently large 5. O

We note that if, in addition, the nondecreasing process A is bounded, we obtain the existence
of a constant ¢ such that for all ¢ € [0, T
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Y% < CE|: sup |gs|? ’]—}].
s€[t,T)
In particular, if [g*(s,y) — ¢%(s,y)| < e for all (s,y), then sup,epo. 7 | Y3 —Y2| < ce for every
te[0,T].

4.3 Existence and uniqueness of solutions to reflected GBSDEs

We now examine the existence and uniqueness of a solution (Y,M,K) to the reflected
GBSDE (1.2) under Assumptions 4.1 and 4.4. As customary in the theory of BSDES, we first
establish the existence and uniqueness of a solution to the reflected GBSDE (1.2) when the
generator g does not depend on Y wusing the theory of the classical optimal stopping problem
with irregular ( F-optional) payoff and a general filtration, as presented in Section 3 of Grigorova
et al. [23]. The following lemma is based on Lemmas 3.2, 3.3, and 3.5 in [23] (see also Lemma 3.3
in [21]) but with slightly modified proof since we consider reflected GBSDE with a generalized driver.
For completeness, we sketch here the main arguments and we refer the interested reader to [21]
and [23] for a more detailed presentation, in particular, a thorough analysis of Skorokhod
conditions in the second step of the proof of Lemma 4.6. Finally, we mention that similar well-
posedness results can be found in the recent work of Possamai and Rodrigues [40].

Lemma 4.6 Let Assumptions 4.1 and 4.4 hold and g(w, s,y) = g(w, s) := gs(w) be a fized process.
Then the reflected GBSDE (1.2) with data (A,(r,g,() admits a unique solution (Y,M,K) and
it belongs to S? x M3 x K.

Proof This is a direct application of Lemma 3.2 in [23]. O

We are in a position to prove the existence and uniqueness of the solution to reflected GBSDE
(1.2) with a general generator g satisfying Assumption 4.4. For analogous results and a similar proof,
we refer to Theorem 3.4 in Grigorova et al. [21] and Theorem 4.1 in Grigorova et al. [23].

Proposition 4.7 Let Assumptions 4.1 and 4.4 hold. If the obstacle ( is nonnegative, then the
reflected GBSDE (1.2) with data (A,(r,g,¢) has a unique solution (Y,M,K) € 8? x M3 x K.

Proof We will extend the proof of Proposition 3.12. Note that Y € 8% in (1.2) is not
necessarily right-continuous and we equipped S? with the norm ||Y]|? 52 = E[ess sup 47| Y, |?]
under which S2 is still a Banach space. We observe that for 5 >0 the norms l|-]lsz and
|| Ils2 are equivalent on S? and we denote by S3 the space §* endowed with the norm || - |ls2-

Let the mapping ® : S3 — S3 be defined as follows: for any given w € S7 we set ®(w) := Y™
where the triplet (Y™, M™, K") is a unique solution to the reflected GBSDE (see Lemma 4.6)

—Got [ glsw)dd, - (MF - MP) + KF - K (47)
1t,T]
where Y% > ( and the fixed generator is independent of Afv.

We wish to demonstrate that there exists a unique process w € Sé such that ®(@w) = . Then

the corresponding process m € MZ and k € K can be determined by (4.7), that is, we would obtain
i = <T+/] 906,44, — (e ) + B —
t,T

with ko = 0 and the nondecreasing process k satisfies the Skorokhod conditions in (4.1). Tt is
suffice to show that the mapping @ : S5 — 83 is a contraction for a sufficiently large j.
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We take w',w” € S5 and denote Y =&(w') and Y*" = ®(w”). For the simplicity of
notation, we write y:=Y" —Y* =&w')—dw"), m:=MY —M*" k:=K — K" and
w:=w" —w". It is clear from (3.19) that y satisfies the reflected GBSDE

w= [ (olsu) = gls,w)) dA, — (mr = o) + kr ~ ki
1¢,T]
where |g(s,w.) — g(s,w?)| < Llws| since g(s,-) is Lipschitz continuous with a constant [.. By
applying Proposition 4.5, we obtain

1 2
E[ess sup 747w, | +/ P4 d[m]s] < aLQHGClE[/ ePAs
reT 10,77 3 0,77

w5\2 dAS} ,

where a >0, 8 > é and a constant ¢; > 0 is independent of «, 3, L and thus

7+ 16¢2
% E [ess sup ¢4 wTQ],

TET

E [ess sup e?47 |w, |2 + / ePAs d[m]s} < acal*(T +1)
TET 10,7

where ¢4 >0 is such that Ar <c4. Thus we conclude that & is a contraction when
0<a< czlffzmwc?% and B > a~! and thus there exists a unique solution (Y, M, K) in
8% x M2 x K to the reflected GBSDE (1.2). O

4.4 Comparison theorem for reflected GBSDEs with bounded driver

In the second comparison theorem we relax the assumption that the filtration F is quasi-left-
continuous, which was made in Proposition 4.3. However, the method of the proof of Proposition
4.8 requires to postulate that the driver A is bounded. We denote the Doléans exponential of a
semimartingale X by £(X) (see Theorem 5.1 in [20]) and we write & (X) = &(X)/E(X) for
every s < t.

Proposition 4.8 Let Assumptions 4.1 and 4.4 be satisfied by the mappings g,h : Q x [0, T]x
R — R so that the reflected GBSDEs with the lower obstacles ¢ and (

Y, =<T+/ o(s,Y2)dA, — (My — M,) + K1 — K,
17,T7]

and
V. =G +/ h(s,Y,)dA, — (Mp — M,) + Ky — K,
1771
have unique solutions (Y, M,K) and (?,M, I~{) in 8% x M3 x K. Suppose, in addition, that the
mappings g and h satisfy the following conditions:

() g(w,t,y) = h(w,t,y) for every (w,t,y) € 2 x[0,T] xR,
(i) g(w,t,-) is a nonincreasing function for every (w,t) € Q x [0,T].

Ifthe obstacles satisfy ¢ > Z and are right-upper-semicontinuous, then the inequality Y > Y isvalid.

Proof Step 1 We first show that the process Y given by
YT:CT+/ g(S?YS)dAS_(MT_MT)+KT_KT
17,77

is a strong E&Y%-supermartingale where the nonlinear evaluation £9 (see, e.g., Peng [38, 39]) is
defined through the solution to the GBSDE

Y=ot /] | 906V s = (M = A1), (4.8)
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We fix 0 € T and we denote Y, : =Y, —&9,(Y,), M := M — M’ and g, := g(s,Ys) — g(s,Y]).
We define p, := (g,/Y )1 (v.£0p and we note that the process p is clearly bounded since the
generator ¢ is a Lipschitz continuous function in y. Therefore, the continuous process
X = JiO, 7 Ps dA; is well defined. The integration by parts formula yields, for every F-stopping

times 7 < o,

/ Er s (X)7, dA, / Er s (X)psY s dA,
Im,0] Im,0]

+ / £, (X)dKT + / £, (X)dK?, — / £, .(X)di,
17,01 [r,0] I7,0]

Since the processes p and A are bounded the stochastic exponential £(X) belongs to S? and thus,
by the Kunita—Watanabe inequality, the stochastic integral with respect to A/ is a uniformly
integrable martingale. By taking the F.-conditional expectation and using the assumption that
g, = p-Y ,, we obtain

T_STT —E

/ £, . (X)dKT + / Ero (X)dK?, | F,
17,7 [7,T[

which shows that Y, >0 and thus Y; > &2 (Y,). We have thus shown that Y is a strong £9-
supermartingle.

Step 2 Our next goal is to show Y can be characterized as the value process for a nonlinear
optimal stopping problem associated with £9 and (. Since Y is a strong E&9-supermartingale
and the nonlinear evaluation &Y has the monotonicity property we have that Y, >

&9

T,0

(Y5) > €2 ,((,) for all F-stopping times 7 < o, which in turn implies that
Yr 2 sup &7, (Co)-

To show the reverse inequality, we fix 7€ 7T and we define the F-stopping time o7 :=
inf{s > 7:Y, < (s +¢}. Since the obstacle ¢ is upper-semicontinuous, using similar techniques
to those in Section 4.5, one can show that Y, < (,: +¢ and Y is an &£%-martingale on [7,0%],
that is, Y is the solution to (4.8) on [r,07] with the terminal condition Y,.. Using first the
monotonicity property of £9 stemming from Proposition 3.6 and then Proposition 3.10 with
g' = g% = g, we deduce that, for arbitrary € > 0,

- g‘r D’E< 5) < gg,of_ (CUf + 5) T og (CU ) + Ce g sup gf,o(é-o') + Ce.
o€Tr,T
We have thus shown that for every 7,0 € T
Y. = sup &,(¢C),
067—-,— T
which means that Y is the value process for a nonlinear optimal stopping problem associated
with the nonlinear evaluation £9 and the reward process (.

Step 3 Suppose that g > h and the mapping ¢ is nonincreasing in y. Then from the
comparison property of solutions to a GBSDE established in Proposition 3.6, we deduce that, for

every 7T < O,
€5 (Co) < EL,(C)

and the asserted inequality Y > Y now follows by taking the supremum over all stopping times
from T. O
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The following corollary holds under the assumptions of either Proposition 4.3 or Proposition
4.8. In particular, it is either assumed that the filtration F is quasi-left-continuous and the
driver A is square-integrable or the filtration F is arbitrary and A is bounded.

Corollary 4.9 Let the assumptions of either Proposition 4.8 or Proposition 4.8 be valid. Let the
mapping [ : Q2 x[0,T] x R = R, be nonnegative (resp., nonpositive) and such that f(w,t,-) is a
nonincreasing function for every (w,t) € Qx[0,T]. For every n €N, let the triplet
(Y™, M™ K™) be a unique solution to the reflected GBSDE

Y =¢r +/ nf(s,Y")dA, — (MP — M®) + K& — K"
7.1

with the lower obstacle (. Then the inequality Y"1 > Y™ (resp., Y"1 < Y™ ) holds for every
n € N.

Proof It suffices to fix n € N and apply Proposition 4.3 (or Proposition 4.8) to g¢(t,y) =
(n+1)f(t,y) and h(t,y) = nf(t,y) where f is a nonnegative (resp., nonpositive) mapping. It is
obvious that g(w,t,-) is a nonincreasing function for every (w,t) € Qx [0,T] and g(w,t,y) >
h(w,t,y) (resp., g(w,t,y) < h(w,t,y)) since f is a nonnegative (resp., nonpositive) function.
Hence Proposition 4.3 (or Proposition 4.8) implies that Y™™t > Y™ (resp., Y™t <Y™) for
every n € N. |

We will later apply Corollary 4.9 to two variants of penalization theorem for the reflected
GBSDEs with the mappings f, f : Q x [0,T] x R — R, given by f(w,t,y)= (n:(w) —y)T and
f(w,t,y) = —(y — ni(w)) ™, respectively, where 7 is a predetermined F-optional process. Then
the functions g(w,t,-) :=nf(w,t,-) and h(w,t, ) := (n+1)f(w,t,-) nonnegative, nonincreasing
and such that ¢ > h. Similarly, the functions g(w,t,-):= nf(w,t, ) and B(w,t, )=

(n+1) f (w,t,-) are nonpositive, nonincreasing and such that g < h.
4.5 Optimal stopping problem and penalization scheme for RGBSDE

To formulate penalization schemes for the reflected GBSDE, we recall that S = S"U{T}
where S” = S"(A) is the right support of the process A (see, however, Remark 3.17). We
assume that we are given two processes, denoted as ¢ and 7, and we define the reward process
v by

Y = Crlg—ry + (CV nlg)ilyory. (4.9)

The optimal stopping problem introduced in Definition 4.10 is classical, in the sense that the set
of all available stopping times is unrestricted, but it is also unusual since the reward process
explicitly depends on the right support of the measure generated by the nondecreasing process A.
It is worth noting that the formulation of the optimal stopping problem in Definition 4.10 is
motivated by an important application to the problem of finding the reduced upper price (i.e.,
the pre-default seller’s price) of a vulnerable American option in an incomplete market model.
The interested reader is referred to Theorem 5.5 in [32].

Definition 4.10 The process Y is the value process of the optimal stopping problem with data
(¢,n,S,T) if the following equality holds, for every t € [0,T],

¥, = ess supE [ro| i (4.10)
€T, T

where the reward process «y is given by equation (4.9).
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The first penalization scheme is analogous to the case of the penalization scheme for the
GBSDESs examined in Section 3.5. Similar to Theorem 3.19, we show in Theorem 4.11 that the
process Y =lim, ,,, Y™ can be interpreted as the value process of the classical optimal
stopping problem with the reward process . We henceforth postulate that Assumptions 4.1 and
4.4 are satisfied with a bounded process A. Then we have the following result on a relationship
between the optimal stopping problem with data (¢,n,S,7) and penalization scheme (4.11) for
reflected GBSDEs.

Theorem 4.11 Let Assumptions 4.1 and 4.4 be satisfied and the F-optional and bounded
process ¢ (resp., the F-optional and bounded process n ) be right-upper-semicontinuous (resp., right-
continuous). Consider the sequence of unique solutions (Y™, M™ K™) to the reflected GBSDEs

VP =Gt [ n(n - YD) dAL— (M = MP)+ K - K. (4.11)
|7.T]

where an F-adapted, ladlag, nondecreasing process K™ satisfies the Skorokhod conditions with
the lower obstacle (. Then the sequence Y™ converges monotonically to the process Y given by
(4.10). In addition, the triplet (Y, M,K)=lm, ,oo(Y"™, M™, K™) is a unique solution to the
reflected BSDE

=(r — (Mp — M) + Ky — K, (4.12)
where Y >~ and an TF-adapted, ladlag, mondecreasing process K satisfies the Skorokhod
conditions with the lower obstacle .

Proof We start by noticing that the existence of a unique solution (Y™, M™ K")¢€ S§%x
M3 x K to the reflected GBSDE (4.11) follows from Proposition 4.7. Furthermore, the sequence
Y™ of processes is monotonically increasing as n tends to oo (see Corollary 4.9) and the limit
Y =lim,, o Y™ is well defined.

Step 1 Our first goal is to show that, for every n € N,
Y =esssupE[Y,) Ao | Fi].

o€Te, T

(4.13)

To prove (4.13), we fix n and we observe that Y™ is a supermartingale and thus, for every
o c 7;,T7

V' ZEYS | R ZENS Ay |, (4.14)
where the second inequality is obvious. To show the reverse inequality, we fix ¢ € [0,7] and we
define v =o' A7 € Ty v where for any fixed § > 0 we set (as usual, inf@ =T)

—inf{s € [t,T]: Y < (o +e}, 7 :=inf{se[t,T]: K — K > 0},

where e:=0.5(Y* — ;)0 and the continuous, nondecreasing process Kn is given by
KP = 10,4] n(ns — Y")TdA;. We will check that Y =Y A(((+¢)Vnls), on the event
{v<T={op < <T}U{ <o}}=ELUE,. Tt is 0bv1ous that Y* =({r on the event
Es :={v="T}.

On the event Ey = {t <of <7 <T}, we have Y7 — Cop > ¢ and thus AK%Q,d = 0, which
implies that Y™ is a martingale on [t,0}']. Furthermore, if A*K72 >0, then the Skorokhod
condition gives YJu =(op and if ATK "r,lg =0, then Y”" is continuous at o and
Con Y < (on + € since ¢ is assumed to be right-upper-semicontinuous. We conclude that on
E; we have Y=Y N +¢e)=YA(((+¢)Vnls), where the second equality is a trivial
consequence of the first one.
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On the event Eo = {7;* < o}'}, the process Y™ is right-continuous at 7;* and hence from the
definition of 7" we obtain Y'n =Y, < #rpq =1 where the last inequality follows from the
right-continuity of 7. We note also that the F-stopping time 7 has values in S so that
N = (nls)-p and thus we have Y =Y A (nls), =Y, A((( +¢) Vnls), on E; where the
second equality is obvious. It is also clear that Y™ is a martingale on [¢,7/'] since the continuous,
nondecreasing process K™ and the nondecreasing process K™ are constant on that interval.

Recall that € = 0.5(Y;” — (¢)0 and the processes Y and ¢ are bounded so that e < ¢ for
some constant c¢. Let us denote ~f:= ((C+¢)Vnls)ilyery + Crly_r). Since Y™ is a
martingale on [t,v] we have

Vi =BV | F] =EYP A | FI<EN Ay | Fl+ e <ENS Ay IR, (415)
where the last inequality holds since ¢ is any positive number. By combining (4.14) with (4.15)
we conclude that (4.13) is satisfied for every n € N.

Step 2 We are now ready to show that (4.10) is valid. For any 7 € T, r equation (4.11) gives

V=Gt [ mln =Y AAL - O - M) 4 Ky - K
I7.T]

and, by applying the comparison theorem for reflected GBSDEs (see Proposition 4.8), we obtain
the inequality Y™ > Y™ where (Y™, M™, K™) solves the linear reflected GBSDE

=+ [ nt.-¥2)dA, - (- 30 + Ry - Ry
|7.,T]

—Go [ b~ T A, - (- 3I2) + Ry - R
|7,T]

n

>t [ nn = V) dA, - (0 - N) = V7,
|7, T1]

where the inequality holds since the generator ¢"(t,y) = n(n; —v) is linear and the process K
is nondecreasing on [r,T]. Furthermore, by solving the linear GBSDE

Y=t / n(n, — V") dA, — (3 — M%),
17,T1]

we obtain Y* > Y™ >Y" where

Y, =E[(rEr(—A") + (1), 1qnEr,. (—A™) © A™) 7 | F,]

where the sequence of random variables & r(—A") converges to li,—r} as n tends to oo and
thus, by Lemma 3.18 and the right-continuity of 7, we obtain

Y, = lim YT P nh—r>noo YT = CTII{T:(T} + 777'11{7'<a}- (416)

n=oo
Using the fact that Y > Y">0 and Y > ¢, we deduce that for any stopping time o € 7; r, on
the event {o < T}, we have from (4.16)
Yo 2 (o V(nlg)s
and Yr = (r on the event {o = T}. Consequently,
Yo 2 (rlo=1y + G V (lg)s LTy = Yo
Since we clearly have Y;" <esssup,cr, . E [V, |F], it suffices to observe that the inequality

Y; > esssup,¢7; . E[v5 | F¢] holds since, by the monotone convergence theorem, the process Y

is a supermartingale dominating the reward process v and the minimality property of the Snell
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envelope. We thus conclude that (4.10) holds.

Finally, the representation of Y as the solution of the reflected BSDE (4.12) follows by
noticing that the process 7 is upper-semicontinuous and applying the classical Doob-Meyer—
Mertens decomposition to (4.10). O

4.6 Constrained Dynkin game and penalization scheme for RGBSDE

Assume now that we are given two reward processes, denoted as ¢ and 7, and we consider a
particular zero-sum stochastic stopping game, which is associated with the reduced lower price
(i.e., the pre-default holder’s price) of a vulnerable American option under market
incompleteness (see Theorem 5.6 in [32]). We have the following definition of the constrained
Dynkin game where, obviously, it is not yet known whether the value process given by (4.17) is
well defined. As before, S = S"(A)U{T} where S"(A) is the right support of the measure
generated by the nondecreasing process A. As in Definitions 3.16 and 4.10, the process A enters
the specification of the reward ©, and hence also the value process Y, only through the set
ST(A) (see Remark 3.17).

Definition 4.12 We say that the process Y is the value process of the constrained Dynkin
game with data (¢, T |n,T) if the following holds, for every t € [0,T),

Y; = ess infess sup E[O (0, 7) | F;] = ess sup ess inf E[O (0, 7) | Fi), (4.17)
T€Tt, 7 o€T,T c€Te, 7 TETt,T

where
@(03 T) = CG':“{T>O'} + (77 v C)Tﬂ{frga}-

Notice that the pair ({,7) corresponds to the player who is the maximizer in the Dynkin
game introduced in Definition 4.12, whereas the pair (n,7) corresponds to the minimizer and
only the stopping decisions of the minimizer are constrained to the random set S.

We conclude this work by examining the second penalization scheme for reflected GBSDEs
where the process ( is still the lower obstacle but the role of the process 7 differs from the
previous result and thus the limiting process Y is expected to represent the value of the
constrained Dynkin game. The following result provides a link between the value of the
constrained Dynkin game with data (¢, 7 |7, T) and a sequence of solutions to reflected GBSDEs.
In particular, it follows from Theorem 4.13 that the value process introduced in Definition 4.12 is
well defined under the assumptions of the theorem.

Theorem 4.13 Let Assumptions 4.1 and 4.4 be satisfied and the TF-optional and bounded
process  (resp., the F-optional and bounded process n ) be rzght upper-semzcontmuous (resp., right-
continuous). Consider the sequence of unique solutions (Y” Mn K”) to the reflected GBSDFEs

Ve =Gr [ n(T-n)tdd, - (0 - D7)+ Ry - Ry,
17,77
where K™ satisfies the Skorokhod conditions with the lower obstacle C. If (r =nr, then the
sequence Y™ converges monotonically to the process Y given by equation (4.17).
Proof Let (?”JT/[/”,IN{”) be the unique solution in &2 x M2 x K to the reflected GBSDE

(see Proposition 4.7)

G [ a2 -n)tdA, - (T - 3E7) + R - Ry, (4.18)
7,7
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where Y™ > ¢ and the Skorokhod conditions are satisfied by an TF-adapted, nondecreasing
process K™ We note that the sequence Y™ is monotonically decreasing as n tends to oo (see
Corollary 4.9) and the limit ¥ = lim, ., Y™ exists.

Step 1 We will first prove that

Y, > ess infess supE (¢ Drsoy + (CV1)r Doy | Fi] (4.19)
TE€ET ¢+, 7 0€T,T

To establish (4.19), for any fixed ¢ and n, we define 7/ := inf{s € [t,T] : L™ — L? > 0} where
Z{? = f]O,t] n(lN/S" —ns)t dA,. Since the process L™ is continuous, the graph of the stopping time
7{* is contained in SN[¢,T], which implies that 7 € T, . Suppose, on the contrary, that
77 & To7. Then the event {7 < T}N{7* €S} has a positive probability and, for any fixed
we {7 < TN {7 €S}, there exists § =d(w) >0 such that Azpis = Azp. However, this
contradicts the definition of 7' since L" is absolutely continuous with respect to I' and thus
L%wa =Lz B

The continuity of A entails that Y7, > liminfs 7p ns on {7" <T} and, consequently, using
also (4.18) and the right-continuity of 1 we deduce that Y7 =Yl + A*K%;g > Y5, =0
In addition, we have YZ. > (zp since (Y, M",K") solves the reflected GBSDE (4.18). We
conclude that }7% > (CVn)ep on {7 <T} and, manifestly, ?T” = (r.

We now take an arbitrary stopping time o € T+ and define v:=7" Ao so that Y is a
strong supermartingale on [t,v] since L? =L?. Then Y">¢(, on E,:={7" >0} and
Y™ > (CVn), on Ey:= {7* < ¢}. Consequently, for any o € T; 7,

Y/ ZEY) | F) 2 E [Golpso + (CV M) Lizp<oy | Fi] (4.20)
from which we deduce that

}7;” > esssupE [Cgll{ﬂwo} + (V) lzp<oy |-7:t}

€T, T

> ess infess supE [Ca]l{7—>a} +(CVn)rlir<oy |]~'t] .
TE€T ¢, 7 0€T, T

Finally, the sequence Y” is decreasing and Y = lim n—oo Y™ so that we obtain (4.19).

Step 2 In this step, we will establish the inequality

Y, <ess supess infE [Colrs0y + (CV 1) Liraoy | Fi (4.21)
o€Ty,r TET,T

by showing that, for any e > 0, there exists &; € 7; 1, which may depend on ¢, such that for an
arbitrary 7 € 7}71" we have

Y, <E[Co, Djrsnoyy + (CV0)rlircoyy | Fi] +e (4.22)

For a fixed ¢t and >0, we define &7 :=inf{s € [t,T]: Y™ < (s +¢c}. Recall that the
sequence Y™ is monotonically decreasing as n tends to oo and Y = lim 5,00 Y™ so that
oy = 6?“. We define an F-stopping time & := lim,,_,o 63'. From the lower bound in (4.20) we

know that }N/;” > 0, while the comparison theorem for reflected GBSDEs gives, for every n € N,

Y; < f/;n <Xy =C —(Mp—M)+Kr - K, = eSSﬁUPE[CT | Fi] < e, (4.23)
TE T, T

where (X, M, K) is a solution to the reflected BSDE implicit in (4.23) with the lower obstacle ¢
(see Section 4.1) and thus the second equality is due to the well-known relationship between a
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solution to the reflected BSDE with null generator and the value process of an optimal stopping
problem with the bounded reward process (.

From the assumption that (¢ is right-upper-semicontinuous we deduce that f/&'i <(p te
where the inequality is trivially satisfied on the event {g}* = T'}. Since Y is a ladlag process, it
would be possible to have sample paths satisfying: 375"1 > (5p +¢ and there exists 6 >0 such
that Y™ < {+¢ on | a},a} + 8] However, by the right-upper-semicontinuity of ¢, this would
imply the inequalities f/&"f 4+ <+ and A‘*‘f(;z’lg > 0. This would lead to a contradiction since,
from the Skorokhod condition for Km™9, the inequality A*I?gf;g > (0 implies that 176’1 =
Con < (Cor +e< 17;} In view of these considerations, we conclude that Yn>Yn—e> ¢ on
[t,67 [ and Y >Y" —e > on ]t,57] Together with the Skorokhod condition for the process
K™, this gives

_f(g? — K :/ dK™" +/ dK™¢ = 0. (4.24)
) 1t,57] [t.57 [

If we take v :=7 A G]' where T € 7’t,T is arbitrary, then

Y =E|Y" - / n(Y —ng)tdA, + K" — K7’ ]—"t]
L 1t,v]

V01 ] = E [V Mosopy + Vo hreopy | 7]

<E
<E |[Goplrsapy + (Y V V) Iircon |]'_t} t+e
<E

Gorlimsory + (VV V) Aoy | B + B [[77 = Vol | F] + CE [1y5, 001 (1) 7] +5,

where on the event Ej := {7 > ]’} we have used the inequality }7&’:" < (sp + € while on the
event Fs:= {7 < 5"} we have used the trivial inequality Y < Y™V (; V n,. By considering
the limit superior in n and using the conditional reverse Fatou lemma (see Theorem 2 in [43]),
together with the right-upper-semicontinuity of ¢ and the monotone convergence theorem, we
obtain

Vi SE G Mirsoy + (VVEV ) digry | ] +e.

Next, we will show that Y can be omitted from the conditional expectation above. For any
7 € Ty, equation (4.24) gives

O I SAT Ty BT
1757 I7.57]
We now use similar arguments as in Step 2 in the proof of Theorem 4.11. We observe that
f/g’: < (on +¢€ and, for all (w,s,y) € Qx[0,7] xR,
(y = ns)" (W) = Djo,5,1(5)(y — 1) " (W) = Djo,5,7(8)(y — 1) (),
where the function g(w,s,y) = ljo5,1(5)(ns —y)(w) is nonmincreasing in y, for every

(w,s) € Q x [0,T]. By applying the comparison theorem for GBSDEs (see Proposition 3.6) on the
interval [r,52], we see that Y™ < Y™ where (Y™, M™) solves the following linear BSDE

Y/ =(on+e— / n(Ys" = ns)Njo,5,1(s) dAs — dM?

]7—762] ]7—76’2]

=(onte +/ n(ns — Y1) dAI — / dM}.
1757

J7.a7]
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Let us denote A™ :=nA. Since 7 < 7, < T, Corollary 3.15 gives
V' =E [(Cor +€)&r 5, (—A") + (]1117071177&, ( A") @ A™)p | F]
SE G, Er0, (A") + (75,1087, (= A") @ A | Fr ] + E [(Gon — G5, ) Erg, (A™)|F7] +e6,

where in the last inequality we have used the inequality &5 (—A™) < 1. The quantity
Ers,(—A") converges to Ij,—5 ) as n tends to co and, by the subadditivity of the limit superior,
the conditional reverse Fatou lemma and the dominated convergence theorem, we obtain

lim_>sup E [(C&g — C&T) Ero (A" | ]:T]
< limsup E [C&;lgn&T(_An) ‘]:T] - T}gnoo E[Cs, &, (—A") | F]

n—oo

E hm sup (C&: — C&T) ]1{7-:5-_7,_1} | ]:7—

n—oo

where the last inequality holds since ( is right-upper-semicontinuous along stopping times (see
Remark B.3 in [31]). For any fixed e >0, we conclude from the subadditivity of the limit
superior and Lemma 3.15 that

C‘rll{-r or }+777]1{T<0—T} +e< (CVU) + e,

and thus Y; < (¢ V7)., for every stopping time 7 in T .1, which gives the desired upper bound
n (4.22).

Step 3 It is well known that the inequality

ess infess sup E[O(o, 7) | Fi] > ess sup ess inf E[O(o, 7) | F]
TG?t,T c€Te, T oc€Te,r TETt,T

always holds and thus we obtain (4.17) by combining (4.19) with (4.21). O

Remark 4.14 It is natural to conjecture that the process Y given by (4.17) can also be
represented through a solution to a doubly reflected BSDE. Although that guess was not examined
in the present work, let us point out that in the case where the processes n and ¢ are cadlag and
Ay =t, it was demonstrated in Theorem 8.1 of Hamadeéne et al. [25] that the limit Y satisfies
locally a doubly reflected BSDE with the lower and upper obstacles equal to ( and m, respectively.
In addition, Theorem 4.1 in [25] shows that if the obstacles are completely separated, in the sense
that the strict inequality n > ¢ holds, then the process Y is a solution to a doubly reflected BSDE.
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