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Abstract We consider a structural stochastic volatility model for the loss from a large
portfolio of credit risky assets. Both the asset value and the volatility processes are
correlated through systemic Brownian motions, with default determined by the asset
value reaching a lower boundary. We prove that if our volatility models are picked from a
class of mean-reverting diffusions, the system converges as the portfolio becomes large and,
when the vol-of-vol function satisfies certain regularity and boundedness conditions, the
limit of the empirical measure process has a density given in terms of a solution to a
stochastic initial-boundary value problem on a half-space. The problem is defined in a
special weighted Sobolev space. Regularity results are established for solutions to this problem,
and then we show that there exists a unique solution. In contrast to the CIR volatility
setting covered by the existing literature, our results hold even when the systemic
Brownian motions are taken to be correlated.
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1. Introduction

A key quantity in the modeling of large credit portfolios is the loss process, the proportion of
the assets that have defaulted as a function of time. This is a critical component required for the
pricing of credit indices [5, 27] and asset backed securities [1], as well as in models for systemic risk,
[23, 15]. A structural approach to credit portfolios is to model the values of the assets as particle
positions satisfying a system of correlated stochastic differential equations (SDEs), with an asset
defaulting when its value hits a lower boundary. The asset values are driven by their own
idiosyncratic noises and a common systemic noise which models macroeconomic effects on the

whole system. By considering the empirical measure one can capture the evolution of the whole
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portfolio and, in particular, that of the loss process. Taking the limit as the number of assets
tends to infinity, the idiosyncratic noises are averaged out, and the asymptotic behaviour of the
empirical measure is described by a stochastic partial differential equation (SPDE) driven by the
systemic noise in a half-space. Other approaches to the modelling of credit risk in large portfolios
which also lead to the asymptotic analysis of an interacting particle system include the use of
reduced form models, where the position of each particle describes the default intensity of an
asset [8, 9, 30]. In this paper we study a class of structural credit portfolio models with stochastic
volatility, for which the values of the loss process in the large portfolio limit (when the number
of assets tends to infinity) can be estimated by solving the corresponding limiting SPDE
numerically.

A simple constant volatility structural model for a large credit portfolio was studied in [5], and
extended in [14] to the case where the correlation of the values of any two assets depends on the
total loss. Models of this kind incorporating stochastic volatility were introduced in [11], where
volatilities were modelled as CIR processes. In [11, 12] we were able to prove the existence of an
integrable density for the empirical measure limit which satisfies the half-space SPDE. However
Sobolev regularity and a suitable boundary condition could not be established except under the
very strong assumption that the systemic noises driving the value processes and the volatilities
were uncorrelated. Furthermore, even with some weighted Sobolev regularity and the condition
of vanishing at the boundary, we were unable to prove uniqueness of solutions to the SPDE. In
this paper we adapt that work to a different class of stochastic volatility models, which contains
the Ornstein-Uhlenbeck process, and which leads to a well-posed stochastic initial-boundary
value problem without the need to impose any unrealistic conditions. This improves the
applicability of the model, while the analysis in the weighted Sobolev space that needs to be used
is novel and interesting from a mathematical point of view.

We will work with a general form of a stochastic volatility structural large portfolio model, in
which we have a collection of N credit risky assets, where the value process A’ of the i-th asset
satisfies the system of SDEs

dA! = Aipdt + Alh (o?) (, 1= p2 aw; + pl,idwto) . 0<t< T,

Ao = ki(0; = o})dt + &ia (1) (/1= 0B,4B; + pasdBY), 130, (L1)
Al=b, t>T,
( 67 CT(Z)) = (aiv Ji)’

for all i€ {1,2,...,N}, where T;:=inf{t >0: Al =b'} models the time of the i-th asset’s

default, a', a2, ..., a" and o', 02, ..., oV are the initial values of the asset values and the

volatilities respectively, b’ < a' is the default barrier for the value of the i-th asset, h and ¢
are functions with enough regularity (specified in Assumption 3.1 and Theorem 4.3), and
w2, BY, ..., WN, BN are standard Brownian motions. The processes W? and BY are used to
capture the systemic risk, while W/} and B} for i > 1 represent the random movements in the
i-th asset’s value due to idiosyncratic features. We denote by C; = (k;, 0;, &, 74, p1,i, p2;) the
vector of the coefficients of the SDEs that drive the i-th asset’s value and volatility processes,
and we assume that b, (a’, 0') and C; are drawn independently from some appropriate
distributions for each i, the Brownian motions are independent from each af, ¢! and C;, and
among the Brownian motions only W and B! are allowed to have a non-zero correlation. Next,
we consider the corresponding logarithmically scaled particle system, which is obtained by

setting X; = (In A} —Inb") in (1.1) and by using Ito’s formula to derive the following equivalent
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system of SDEs
dXi = (ri - @) dt + h(oh) (, /1= p2 ,dwi + pLithO) . 0<t< T,

dof = ki(0; — o})dt + &\ /1 — p3 ;4 (0}) AB} + &ipa,iq (o) ABY, £ >0, (1.2)
Xi=0, t>T;
(X(ilv J(Z)) = ($i70i),
for i€ {1,2,..., N}, where 2’ = (Ina’ —Inb") >0 and T; =inf{t >0: X/ =0} V1<i<N.
The process X* is usually thought of as the distance to default of the i-th asset.

We will study the large portfolio limit, that is the limit as N — oo, of the empirical measure
of the above interacting particle system. We consider the empirical measure process given by

| X
vy = N Z5xg,a; (1.3)
i=1
on R? (which has no mass on (—o0,0) x R), and its restriction to (0,00) x R which is given by
N
1
vl = N Z Oxi oil{r,>1) (1.4)
i=1

for t > 0. The total mass of v;¥ is always equal to 1, while the total mass of v}, := v —v{%; is
the loss process of our portfolio, which takes values in [0, 1]. We will see that the convergence
results established in [11] for the CIR volatility case (in which ¢(z) = +/z) hold in the general
case as well. That is, for some o-algebra G contained in the o-algebra generated by the initial data,
we have both

o —» v =P((X}, of) e |W° B° Q)
and

v{\”t —v =P ((th, atl) €Ty >t wo, B, g)

weakly as N — oq, for all ¢ > 0, P-almost surely. We can write
vy =E v, e, () WO B g],

where we define vy ¢, (-,) =P ((X}, 0f) € -, 71 > t|W°, BY, Cy, G). Given a realization of the
coefficient vector C4, if the measure-valued process v ¢, (-,) has a density u; c,, it will satisfy
the SPDE

uc, (@, y) = uo(z, y) — /Ot (7”1 - ;hz(y)) (us,cy (2, y)), ds

- [ = e ), a5 [ B0) e ), ds

t

&P o), a5+ [ 0w s, ), 08
2 /o 4 \Y) Us,c1\T5 Y) )y, 103P1,1P2,1 ) Y)4Y) Us,C1 (T Y))

t

~put [ B (e o), AW =€ [ (@), ), 4B (15)

in some weak sense in Rt x R, where wug is the initial density and p3:= fol dW?2dB? is the
correlation coefficient between WP and BjP. As in [11], the aim is to derive some boundary

condition on the axis x =0, so we can then solve the above half-space SPDE for a random
sample {c1, cg, ..., ¢y} of the coefficient vector Cj, and then approximate the loss process from
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lim U;N({O} xR)=1- lim U{Vt(RQ)
N—oc0 N—oo 7
o0
—1-E U /Ut,cl (z, y)dady, |W°, B%, G
0 R

P
~1-—— Uy, (T, y)dady. 1.6
) fmete) (1.6)

This approximation could then be used for pricing CDO tranches, whose payoffs are piecewise
linear functions of this loss process, as well as for the computation of particular risk measures in
a large market modelled as a large portfolio.

Of course, the parameters of the distribution from which each C; is picked have to be
estimated and, when the C;s can take different values, n in (1.6) has to be sufficiently large to
give an accurate approximation. A natural way to calibrate our model is to simply assume that
C; equals the same deterministic vector C for all i € N, solve the initial-boundary value
problem numerically to estimate the loss process from

lim v ({0} xR) =1 —/ / u,c(x, y)dedy
N—o00 0 R

for many different values of C, and finally minimize the least squares distance between model
and market prices of CDO tranches to determine the best fit value of the parameter vector C.
The empirical weak limit v; ; in this deterministic coefficients setting will coincide with the measure-
valued process v, whose density wu.c satisfies our SPDE, just as in [5]. Therefore, the
multilevel Monte Carlo method used in [10] for the model studied in [5], if extended appropriately,
could also be used for our model to speed up the approximation of CDO tranche prices.

In order torecover the density u:, ¢, from that SPDE, we need to determine its boundary behaviour.
The density of the empirical measure limit derived in [5] for a constant volatility structural
model was shown to vanish at =0 and thus, we expect this to be the case in the stochastic
volatility setting as well. This makes wu; ¢,(0,y) =0 for all ¢>0 and y € R the natural
candidate for the boundary condition of our stochastic initial-boundary value problem, in the
absence of which our SPDE (1.5) is only satisfied in a very weak sense, where the derivatives are
defined as distributions over a space of test functions ¢ with ¢(0) = ¢’(0) = 0. This expected
boundary behaviour was derived in [11, 12] for the CIR volatility case along with some weighted
Sobolev regularity, but both results could only be established when p3 = 0. Even in the classical
Heston model used for simple option pricing, the noises driving the price of a single asset and its
volatility are generally taken to be correlated, see [7]. Furthermore, even when p3 = 0 holds, the
uniqueness of solutions to the stochastic initial-boundary value problem derived in [11, 12] is still
an open question, a potential issue for the numerical implementation of the model.

In the CIR volatility case, the condition p3 =0 was used as both the regularity and the
boundary behaviour of u; ¢, had to be transferred from that of the one-dimensional density
obtained in [5] in a constant volatility setting. This is achieved by conditioning on the volatility
path and approximating it by discrete paths, but the inability to derive a deterministic bound
for the density of the volatility given B9 adds a substantial difficulty to that as long as
conditioning on B0 affects the distribution of W70, that is, as long as the two systemic noises are
correlated. The challenge in proving uniqueness of solutions to the half-space SPDE even when
p3 = 0, comes from the fact that the unbounded SPDE coefficients have different growth rates.
In this paper we show that the above problems can be circumvented when the vol-of-vol
(volatility of the volatility) function ¢ is sufficiently bounded with fast-decaying derivatives.
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The significance of this work to the existing literature on structural large credit portfolio
models is to incorporate correlation and obtain uniqueness of solutions for a class of mean-
reverting stochastic volatility models which includes the Ornstein-Uhlenbeck volatility model
(the case when ¢ is a constant function). Also, our results are applicable to a class of effective
approximations to a CIR model, with ¢ being, for example, equal to the square root function in
a large compact subinterval of (0, +00). A different approach to dealing with the issues arising
for each stochastic volatility model in this setting is a fast mean-reverting volatility asymptotic
analysis which is the subject of [13].

The results we obtain are interesting from a mathematical point of view as well. The
convergence results for the empirical measure and the existence of a regular density satisfying
the stochastic initial-boundary problem (Sections 2,3,4 and 5) are adaptations of the CIR
volatility case treated in [11, 12]. However, in order to cope with the correlated noises, we need
to extend [11, Theorem 4.1] to the case when the volatility process {o¢}c[o,7] depends on the
systemic noise W driving the values of the portfolio assets. Moreover, our stochastic initial-
boundary value problem has the interesting property that in order to establish higher regularity
and then uniqueness of solutions, we need to impose precisely the regularity and weighted
integrability conditions which can be established for the density of the empirical measure limit.
Finally and most importantly, we are able to establish the uniqueness of solutions to our problem.
Indeed, existing works on SPDEs in half-spaces with boundary conditions (e.g [19]) do not
consider equations with unbounded coefficients like the k1(6h —y) term in (1.5), while the
nature of our problem forces us to work in an intersection of weighted Sobolev spaces with
special features. In particular, because of a weight vanishing at x =0, the .2 norm we use for
the first order derivative in x is weaker than the standard 2 norm, and an alternative to the
use of the standard trace operator is needed to define the boundary condition. A key for
establishing the uniqueness result is a change in the probability measure which eliminates a term
which we would be unable to control otherwise.

The structure of the paper is as follows: In Section 2, we discuss the asymptotic behaviour of
the empirical measure. Next, in Section 3, we state the result on the existence of a density for
the volatility given the systemic noise BO, which includes also the existence of the required
bounds for that density. In Section 4 we explain the improvement of [11, Theorem 4.1], and then
we derive the full two-dimensional density satisfying the SPDE and the boundary condition.
Section 5 is devoted to obtaining higher regularity for solutions to our stochastic initial-boundary
value problem along with some related lemmas, and in Section 6 we establish the crucial
uniqueness of solutions. Finally, we have an appendix where we prove the result of Sections 2
and 3 along with the lemmas of Section 5.

2. Convergence of the empirical measure processes and the limiting SPDE

In order to state our convergence results, we need to describe our set up in more detail first.
Let (Q, F, {Fi}i>0, P) be a complete filtered probability space, which can be decomposed as a
product of three independent probability spaces representing the three different sources of
randomness as follows:

( F, {Fihiz0, P) = (A x Q' x Q°, FO 0 F' @ FO, {F @ F} @ F}iz0, P¥ x P! x PO).
The standard Brownian motions W° and BO are defined on the complete filtered probability

space (0, FO {F2}i>0, P?) with FP generated by WP, B0 and the initial data of the problem.
The standard Brownian motions W? and B¢ for i > 1 are defined on the complete filtered
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probability space (Q!, F, {F}}i>0, P!) with F}! generated by {W1l, B, W2 B2 ...} and the
initial data of the problem. The coefficient vectors C; = (ki, 0;, &, T4, p1,4, p2,i) for ¢ € N are
defined on the complete probability space (¢, F¢ PC) such that PC-almost surely we have
p1,is p2,i € (—1,1), Vi € N. We assume that the Brownian motions W° and B° are generally
correlated with dW) -dBY = p3dt, while the random sequences {W?', B, W2 B? ...} and
{C1, Cy, ...} are assumed to consist of independent terms. Finally, we assume that the initial
values {z', 0!, % 0% ...} are measurable with respect to the o-algebra Fy= F§ @ Fg @ FC
and independent from the Brownian motions {W° B°, W' Bl W2 B2 ...} and they form an
exchangeable sequence of two-dimensional random variables {(z%, 09)}22;. The exchangeability
condition implies that there exists a o-algebra G contained in Fy such that the above two-
dimensional initial values are i.i.d given G (see, for example, [2]) and, without loss of generality,
we may assume that G =G°® {0, Q'} ® {0, Q°}, for some G° C F§. This is clear as we can
take Q0 large enough to make the initial vectors measurable with respect to
Fo@ {0, Q'} ® {0, Q'}, but allowing for some dependence on Q! x QO by defining them as two-
dimensional random variables with respect to the larger o-algebra provides some consistency if
we decide to restart our system at some ¢ > 0.

Under the above assumptions and for each N € N, we consider the interacting particle system

N N

described by equations (1.2) and the corresponding empirical measure processes v’ and vy,

which are defined by equations (1.3) and (1.4) respectively. We also define the process vl by
vé\’ft =N —’U{Yt, the restriction of v to {0} xR, for all ¢>0. These quantities are also
defined in [11] for the CIR volatility case and it is not hard to check that all the convergence
theorem proofs in [11, Section 2] do not depend on the form of the SDE satisfied by the volatility
processes, as long as these processes are continuous, strong solutions to that SDE. Moreover, the
o-algebra G there plays the role of the o-algebra G here, which can be decomposed as
G=G"®{0, O'} @ {0, Q°}. Therefore, working given G is the same as working given G°, and
under the general stochastic volatility setting we can have the convergence results of in [11,
Section 2] as follows:

Theorem 2.1 For each N € N and any t, s > 0, consider the random measure given by

N

N 7l Svi i

U3it,s — N Xiolot
i=1

The sequence v?{\fms of three-dimensional empirical measures converges weakly to some measure
v3ts for all t, s >0, P-almost surely. Moreover, the measure-valued process {’1)371573 i t, s 20}
is P-almost surely continuous in both t and s under the weak topology.

Corollary 2.2 The sequence vl of two-dimensional empirical measures given by (1.3)

converges weakly to some measure vy for all t >0, P-almost surely. Moreover, the path
{ve 1 t = 0} is P-almost surely continuous under the weak topology. The measure-valued process
vy @8 the restriction of vs s to the space of functions which are constant in the third variable, for
any t = 0.

Theorem 2.3 There exists an Q' CQ with P(QY) =1 such that for any w € Q' we have
Jgs fdvses =E[f (X}, of, o) [WO, B, G°] for any t, s >0 and any f € Cy(R3; R).
Corollary 2.4 Let {v;: t > 0} be the measure-valued process defined in Corollary 2.2. There

exvists an Q' CQ with PQ)=1 such that for any weQ, we have fW fdv, =
E [f (th7 Utl) |W° B° go] for any t >0 and for any f € Cy (R3; R) )
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Theorem 2.5 There exists a measure-valued process {va;: ¢t >0} and an Q' C Q' with
P(Y) = 1, such that for any w € Q" we have that vy}, Notoo, vo¢ weakly for all t > 0. Moreover,

we have [, fdvay =E [f (X}, of) Ly <y | WO, B, GO for all t >0 and for all f € C, (R%; R).

By Corollary 2.2 and Theorem 2.5 we have the weak convergence v{\ft =l —vé\ft —
vy — U2 =: U1+, wWhich holds for all ¢ >0, P-almost surely. Moreover, by Corollary 2.4 and
Theorem 2.5 we can write

/ fdvie =E[f (X}, 0}) Lizysey |[WP, B, G°
R2
=E[E[f (X}, o) [zyo | WP, B, O, 6°] |WY, B, G°]

for any f ey (RQ; R) and t >0, P-almost surely. Note also that conditional expectations
given (WO7 BY, go) are defined on the component probability space (Q°, FO, {FP}i>0, PP),
while conditional expectations given (WO, BY, ¢y, QO) are defined on the product space
(Q0, FO {F}is0, PY) x (QF, FC, PY). Therefore, the next step is to study the process of
measures vgc, (+) defined as

ve, () =P ((X},00) €, Ty > t|W°, B, Cy,G°)

on the product space (Q°, FO, {F}i>0, PY) x (QF, FC, PY). However, by fixing w® € Q¢ and
studying v c(-) for C=C4 (wc), we reduce this problem to the case where all coefficient
vectors are equal to the deterministic vector C = (k, 6, &, r, p1, p2). The behaviour of this measure-
valued process, which we denote by wv:(-) (suppressing C for simplicity), is given in the
following Theorem the proof of which follows exactly the same steps as the proof of [11, Theorem
2.6] and can be found in the Appendix (Subsection A.1).

Theorem 2.6 Let A be the two-dimensional differential operator mapping any smooth function
f:RTxR =R to
h? (y

2

) i) 40 = 9) 5, o)+ 50 0) For (o)

4 3E6 W)y () + €319 (0)aly) Fo (7, )

for all (z,y) € RT xR. Then, the measure-valued stochastic process v (-) defined on
(Q0, FO {F Y0, PO) satisfies the following weak form SPDE:

f($7 y) duy (557 y) = / f(l‘, y) dvo (.’)37 y)

—|—/0 /]R? Af (z, y) dvs (z, y) ds

+p1/ / y) fe (z, y) dv, (2, y) dW?
R2

+p2§/ [ aws, ) av, o 9y an?
forall t >0 and any f € Ci' ={ge CZ(RT xR): g(0,y) =0, Vy € R}.

3. Analysis of the volatility

As in [11], after showing convergence of the empirical measure process to the probabilistic
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solution of an SPDE, we establish the existence of a regular density for that solution by
following a similar approach. Therefore, our first step is to show that a regular density exists PO-
almost surely for the volatility component of the solution, i.e the 1-dimensional distribution-
valued process whose value at time ¢ maps any suitable function f:R—R to
E[f(o,)| B% G°], where o is a general mean-reverting volatility process driven by a

combination of B% and B, that is a process satisfying
doy = k(0 — 02)dt + €q (00) /1 — pRAB} +€q (00) pod BY, 30 (3.1)

for some suitable function ¢, with oo being F\ x Fj-measurable. The assumption we make
about ¢ is the following:

Assumption 3.1 The function q belongs to the space C®(R), is bounded above and strictly
away from 0, and has bounded O (\%I) (as the argument x tends to +oo ) derivatives up to
third order.

Remark 3.2 The class of functions q satisfying Assumption 3.1 clearly contains all functions
which are identically equal to a positive constant, making the Theorem applicable to an Ornstein-
Uhlenbeck volatility setting. However, it is actually a much bigger class, which contains all
positive C3  functions behaving like a positive constant for large x. We can also construct
functions belonging to that class which are equal to the square root function in some compact
subinterval of (0, +00), which could be used to obtain effective approximations to the CIR model
for which we were unable to obtain very good results in [11, 12].

If we assume that ps € (—1, 1), the answer to our question is given in the next theorem.

Theorem 3.3 Suppose that q satisfies Assumption 3.1 and o¢ is a random wvariable in
Lp (QO7F87IP’O) for all p>=0. Then P°-almost surely, the conditional probability measure
P(o, € A|B° G%), ACR has a continuous density p,(y|B°, G°), y € R for all t > 0. Moreover,
for any T > 0, if we define

M(t) = esssup pi(y| B, &°) (w°)
yeR, w0eO

and also

Mgo go(t) == sup (ly[*pe(y| B°, %))
yeR

for all 0<t<T and any a >0, we have both M € L ([0, T]) and Mo go € LP (Q° x [0, T7)
forany 1 <p<2.

Observe that for each ¢, M(t) is a deterministic bound for the density given BY, something
we did not have for the volatility density bounds obtained in [11, 12], and as we have already
mentioned, this will play a decisive role in obtaining the desired results. The proof of the above
theorem, which is based on a few results that involve the notion of Malliavin differentiability,
can be found in the Appendix (Subsection A.2). We refer to [24] for the basics of Malliavin calculus,
and to [25] for an extension called the partial Malliavin calculus which applies to conditional
probability measures. In this section we are working under the conditional probability measure
P(-| B, G°), which means that partial Malliavin calculus is the natural tool for proving our results.
However, it is not hard to see that in our setting we can PC-almost surely fix an w® € Q°, and
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work under P(o; € -| B?, G%) = P1({w! € Q! : 0y(w!, w°) € -}) for that given w®, where ordinary
Malliavin calculus can be used with respect to the Brownian motion BL. It is not hard to check
that the Malliavin derivative with respect to B! for any continuous path of B9, coincides with
the partial Malliavin derivative in the sense of [25], when the random subspace K (w) is the
orthogonal complement of the space generated by the Malliavin derivatives of BY with respect
o (BY,B), for r € Q*.

4. The two-dimensional density and the initial-boundary value problem

We proceed now to the proof of the existence of a regular density for the full two-dimensional
distribution-valued process v; which satisfies the SPDE given in Theorem 2.6. First, given a
Hilbert space H, we denote by L? ((QO, FO, IP’O) x [0, T; H) the space of H-valued stochastic
processes defined on the probability space (QO, FO, ]P’O) which are [2-integrable and adapted to
the filtration generated by the two-dimensional Brownian motion (W°, BY) and by G°. We will
use some stronger versions of [11, Theorem 4.1] and [12, Lemma E2.2], and we will work in the
function spaces

Lo = L2 ((2°, 7%, P) x [0, T]: L3, (R* x R))
for a« > 0 and
Ho = L2 ((2°, FO, P) x [0, T1; H} 00 (RY) % L2 (R))

for w(z) = min{1,+/z}, which were defined in [12] as well. As in that paper, Lz(y) stands for
the weighted L2 space with weight function {g(y):y € R}, H, Og(z) (RT) stands for the
weighted H{ (RT) space with weight function {g(z):x >0} in the L2 norm of the weak
derivative, and any function v’ Dbelonging to the Hy space will also satisfy
lim, o+ [0'(, @, )l 2o (o, 7jxr) = O- The last condition will be the boundary condition in our
stochastic initial-boundary value problem, which cannot be defined via a trace operator due to
Js w™2(z)dz being infinite for all € > 0.

Slnce the results in [12] were established under the condition p3 =0, it was not that
important for the volatility path in [11, Theorem 4.1] to depend on W°. However, now that W?°
and B0 are allowed to be correlated, the following extension is needed:

Theorem 4.1 For an Fi-adapted stochastic process o = {o,}i>0 which is independent from
W1, has continuous paths and takes wvalues in a compact subinterval of (0, +o00), let
{X7 : t >0} be the solution to the stopped SDE

{dX;’ - (7« — %) At + /a,\/1 = p3dW} + Jaip1dW?, 0<t< T, (4.1)
X7 =0, t2m,

for T=inf{t > 0: X7 =0}, under the initial condition X§ = Xo, where Xy is a continuous
random wvariable. Suppose that given G° and oo, Xo has an L2-integrable density
up = ugp(+1GY, 09). Finally, let {V;? : t >0} be the measure-valued process

VI(A) =P (X7 € A, >t|W° G%0)

for any Borel set A C (0, 00). Then almost surely, the following are true for all T > 0;
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(1) V2 possesses a density u®(t, -) = u° (t, S WO, QO) for all 0 <t < T, which is the unique
solution to the SPDE

du?(t, x) = — (r - %) ug (t, x)dt + %ugw(t, x)dt — \/orprul(t, x)dWy (4.2)

in L? ((Q°, F°, P%) x [0, T]; H§ (RT)) under the initial condition u’(0,-) = uo.

(2) For all 0 <t < T, the following identity holds:
t
o & Mgy + (1= ) [ lluz o My ds = ol (43)

Proof (outline) We will describe how the proof of [11, Theorem 4.1] needs to be modified to
give this extension. First, we need the corresponding extension of [11, Lemma 4.2], which was the
main tool for proving [11, Theorem 4.1]. ]

Lemma 4.2 Let W = /1 — p2dW}! + p1dW?, and let also {o? : 0 <t < T} be a positive and
continuous stochastic process which is approximated from above by a pointwise decreasing
sequence ({of": 0 <t < T}, oy of L?(Qx [0, T))-integrable, Fi-adapted and W'-independent
processes, with the convergence holding for each t € [0, T| both in L? () and for all w in some
Q which does not depend on t and has probability 1. For any m € NU {0}, denote by X™ the
stopped Ito process given by

O_m
{dXZn (Té) dt + \aTdW,, 0<t <™, (4.4)
X/ =0, t>7m,

where T = inf{t > 0: X[* = 0}, with the initial condition

X' = max {xo — L, %}

for xg =20 and

1/2
L2(Qx [0, T])> '

Then, for a sequence {my: k € N} C N, we have almost surely: X;** — X7 wuniformly in
[0, T].

= (v v

The proof of the above is identical to that of [11, Lemma 4.2], as all the arguments remain
valid when the deterministic volatility paths are replaced with L2 (2 x [0, T|)-integrable, JF-
adapted and W '-independent processes.

Now we modify the proofs of 1 and 2 of [11, Theorem 4.1] to obtain 1 and 2 of this extension
respectively. The proof of 1 does not need any modification beyond replacing (2, F,P) with
(QV, FY PY), as the same arguments apply when o is non-deterministic. For the proof of 2 we
need to repeat steps 1, 2 and 3 with the approximating volatilies being F;-adapted and W'-
independent processes which are constant between consecutive terms of sequences of W'-
independent JFi-stopping times. For step 1 there is nothing to change since an JFj-adapted
constant process is always deterministic given its initial value, so the results of [5, 14] are
applicable again. For step 2, the piecewise constant path o is determined by a sequence
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{tm}55_; of Wlindependent Fi-stopping times and the sequence of random variables {oy, }°_;.

Denoting o' = {o4a¢,, }1=0, for ¢ < t,41 we can write
V) =P (X7 € At < W00 (s (o0 ) (45)

so a density for V() that satisfies (4.2) on [0,t,] can be extended to [0,t,11] by using step 1
along with the strong Markov property for the right hand side of (4.5) on [t,,00) and then
stopping at t,+1. Then, for step 3, the only things we change are that we replace [11, Lemma 4.2]
with its extension obtained here (Lemma 4.2 above), we condition on (W9 G% (0™*)sen)
instead of (W9 G) in all the conditional probabilities and densities that are considered in the
original proof (so the set B in the last display is taken in the o-algebra generated by
(W9,G% (6™*)en) instead of (W?,G)), and we have the second term in [11, Equation (4.5)]
with o' inside the norm since ¢™* is no longer a deterministic path. Because of the latter, we
need to recall that m = mingcs<r{os} has a deterministic positive lower bound in order to
derive the weak convergence of u™ in L? (Qx [0, T]; H} (RT)). The rest of the arguments
remain unchanged, and even the clarification in [12, Appendix A] is still valid.

Finally, we need to justify the existence of the approximating sequence before applying Lemma
4.2, which is not that obvious when the paths are non-deterministic. For the later, we need to
construct a pointwise decreasing sequence {{0}" }+c[o,7]}men of piecewise constant, Fi-adapted,
Wlindependent and L? (2 x [0, T])-integrable processes, which approximate o = {o:}:>¢ from

above. This sequence can be constructed as follows: For each m € Nt we define t{' =0 and then
tm :mf t>tm'0'tm+i:0t A tm-f—l /\T
k+1 ko og T -

for any k€ N=1{0,1,2,...}, where we see that almost surely we have t* =T for large enough
k, as otherwise the increasing (in k) sequence t}' would have a limit T <T, and taking limits

in Ut;cn—&—i:a

— et would yield o7 = % +o5 = % = 0, a contradiction. Next we define

~m 1 m m
Ut = O't;cn + E, t € [tk s kJrl) (4.6)

for any k€ N with ¢;* < T, which is constant between any two consecutive terms of a sequence
of Wl-independent stopping times and clearly also W'-independent. Finally we define 9 = 2C
and o} = infocm/<m &tm/ for all t <71 and m € NT to achieve the required monotonicity and
integrability. It is not hard to check that the last sequence of processes has all the required properties,
and by using (4.6) and the fact that [, — /"] <L for all k and m we can also show that
almost surely (and in L? (Q) by dominated convergence) it converges pointwise to {o¢}iepo, 7). O

We are now ready to establish the existence of a regular density for ;.

Theorem 4.3 Suppose that the function h is positive, bounded and continuous. Suppose also that,
given G° and ol, X& has an [L2-integrable density wuo=uo(-|G% 0}) on Rt such that
E [Hw() (u0), (')||2L?(R+) <oo and E [||“0||i2(R+) |QO} erL” (Q%) for some p' >2. Finally,
suppose that the assumptions of Theorem 3.3 are satisfied for the function q and for oo = o§. Then,
the measure-valued stochastic process vy has a two-dimensional density u = u(t, -; W°, BY, G°)
belonging to the space L, for all o > 0, and also to the space Hy.
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Proof Let f be a smooth function, compactly supported in R2, such that f vanishes on the
y-axis. Then by Theorem 3.3 we have

Ut (f) =E [f (Xt17 Jtl) ]I{T12t} ‘WO, Boa gO]
=E [E [.f (Xt17 Utl) H{T12t} ‘Wovo—t17BOagO] |WO’B0’g0]

AE [f (Xt1> y) ]I{T1>t} ‘Woaa—g = y7B07g0] Pt (y‘BO7g0) dy (47)

Next we have
E[f (X}, ) Lipsn WO, 0y =y, B, G
= E [E [f (th’ y) H{T1>t}|W07g0’0-1:| |W070151 = y,BO,QO]

=E [ [ 5 (w0, 6°) dal W0t =, B QO}
R+

= | s R [a") (62w, 6%) WO, 0} =y, B°,6°) da, (4.8)
R+
where we are using the notation of Theorem 4.1, with h(al) being the path (h (Utl))t>0.

Substituting (4.8) in (4.7) we find that the desired density exists and is given by

u (b, ys WO, B%,0°) = pi (y1B°,6°) E [u (7)) (6,0: W0, 6%) (WP, 0} =y, B°, "]

in Rt x R. Then, by the Cauchy-Schwarz inequality we have

ou 2
w?(w) (8x (t7 x, Y, W07 BO7 g0)>

< M(t)p: (v B, G°)
0

x w?(z)E? [axuh(”l) (t,x; Wo,go) ‘Wo, of =y, B, QO:|

< M@®)p: (y| B, G°)

W07 0151 =Y, BO7 gO

3

x E le(w) (;xuh(”l) (t,a; W‘%QO))2

where M(t) = esssup p.(y|B°, G°) (w°) € L* ([0, T]) (defined in Theorem 3.3). Integrating
yER, w0eNO

the above in y and using the law of total expectation, we obtain
/ w? () Ou (t, z, y; W°, B°, G 2dy
R 61: ) ) ) ) )

2
< M(t) x E |w?(z) (giuh(”l) (t, 2; WO,Q°)> WO, BY, g°

and thus
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/OT /]R+ /Rw2(x) (ZZ (t, z,y, WO, BY, QO))2dyd:pdt]
ol [
= /OTM(t)lE /R+ w?(z) (ai;“h(al) (t,x;Wo,go))de] »

T
< / M(t)dtE
0

E

2
w?(z) (aiuh(ol) (t,; WO,QO)> |w° B° g°

dxdt]

sup /]R+ w?(x) <aaxuh("1) (t, W07g0))2dx]

0<s<T

T
< M/eMT/O M (t)dtE {Hw(') (u0), (')HQL?(R‘*)}
< 00

by Tonelli’s Theorem, Theorem 3.3 and Lemma E2.2 from [12] (where the constant A/’ is defined).
The reason we can take M’ to be deterministic is that h has a deterministic (positive) lower
bound and a deterministic upper bound. This is the estimate for the xz-derivative of wu. To
obtain the weighted integrability for the density, we use the Cauchy-Schwarz inequality, Tonelli’s

Theorem and 2 of Theorem 4.1, so for any a > 0 we have
[ ol e w9, 82, 67)) g
R+ JR+
<[] M oo (1B @)
R+ JR+
x E? [uh("l) (t,x;WO,go) |W°, ol =y, B, go} dydz
<Mjogolt) [ [ (B0
R+ JRT

x E {(uh("l) (t,z; WO,go))2 ’ WO, ol =, B, go] dydx

— M3 o(®) |

) 2
E [(uh(ff ) (baw*,6%)" W, B, go] do
R+
. 2
= Mgo go(t)E [/ (uh(a ) (t,x;WO,go)) dz ‘ wo, B, QO}
R+
< Mo, g0 (O [lluo() 32z 16°]
where M3, go(7) = SIEIE (ly|*p.(y | B®, G°)) € LP (Q° x [0, T]) for any p <2 (by Theorem 3.3).
y

Taking then p’ > 2 sufficiently close to 2 and p < 2 such that % + ; =1, by the above and by

Holder’s inequality we have
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T
E l/ / / ly|* (u (t, x, y; WO, BY, go))gdydxdtl
o Jr+ Jr+

T
<E [ / Mg, go(VE [luo () [}z 16°)] dt}

( OT Mgo,gou)dt)p] E¥ B |luo()2) 19°]]

1 1 T 1 ’
< TVE} Vo (Mgoygo(t))pdt] E7 [E [Iluo()ll}aqary 19°]]
< 00,

which implies that the density belongs to the space L, for any « > 0. Finally, we need to show

that lim, o+ [u(, 2, )|l 120 ¢ [0, 71x®) = 0, Which follows from the estimate

E U / (u(t, z, y; WO, B, QO))Qdydt}
R+ JR+

<1E/ M(t)p: (y| B, 6%)
R+ JR+

x E2 [uh(al) (t, a3 WO, 6% ‘ W ol =y, B, go] dydt}

IRy RTINS

x E {(uh("l) (t, WO,QO)>2 ’ WO, ol =y, B, go] dydt]

<E

—| [ MOE | () (600,69 [WO, B0, ¢ i
[ o ) e on. o

- M(t)E [(uh(al) (t, WO’QO))2:| dt,

R+
since we can use the maximum principle given in Lemma E2.2 from [12], the integrability of

M(-) and the Dominated Convergence Theorem to show that the RHS of the last line tends to

zero as © — 0. The proof of the Theorem is now complete. |

Remark 4.4 Comparing the above proof with that of Theorem E1.2 in [12] (in the case where
Cy is deterministic), we see that obtaining Hy regularity when W° and B° are correlated is
possible here because the bound M (t) is deterministic, something we didn’t have for the bounds

obtained in the CIR wolatility case. For the same reason, it is the randomness of
Mpo go(+) = sup (ly|*p.(y | B°, G°)) which does not allow for |y|*-weighted integrability to be
established folfﬂihe derivative uy, for a >0, even though we can have this for w itself by using
that |lu(t, ')|‘i2(R+) < ||u0||2Lg(R+) for almost all (t,w°) € [0, T] x Q° by Theorem 4.1. We will
see that the regularity and the weighted integrability obtained here are exactly what we need for

proving the results of the next two sections.
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Now that we have a regular density u(t, z, y) = u(t z, y; WO, BO, QO) for the measure-
valued process vy, we can substitute f]R2 f-du = fRQ u(t, z, y)dzdy in the distributional
SPDE of Theorem 2.6 and integrate by parts to obtain

ult 2, 9) = Uola, 16%) =7 [ (uts . ). ds
/h2 u(s, z, y)), ds—k@/ (s, z, 9)),ds
1
k[ s a0 a5+ 3 [ 1) 062,90,

+ &1p3p1p2 /O (h(y) a(y)u(s, z, y)),, ds

2 t
+5 [ @t e, ), ds

0

s / h(y) (u(s, =, ), dWO

— ¢ / (g(y)uls, =, v)), dBY, (4.9)

0
where Up(z, y|G°) stands for the initial density. This is the SPDE satisfied by the two-
dimensional density (¢, z, y), in which the second derivative in z and the derivatives in y are
considered in a distributional sense (over the test space C{°' defined in Theorem 2.6, with an
extra vanishing condition for y — d+oo to ensure that integration by parts with respect to ¥y
does not leave boundary terms).

5. Higher regularity of initial-boundary value problem solutions

In this section we establish even higher regularity for solutions to the stochastic initial-
boundary value problem satisfied by the density wu(t, x, y), which is needed for proving the
crucial uniqueness result later. The proof of this result is interesting as it shows that the |y|*-
weighted integrability obtained in the previous section for w but not for its derivative wu, (see
Remark 4.4) is precisely what we need to cope with the unbounded coefficient k(6 — z), where
the reason for this is that this problematic coefficient does not go with u, anywhere in the SPDE.
All the lemmas presented here, which are needed for proving the main result of this section, are
proved in the appendix, as they are minor modifications of lemmas used in [11, 12]. To simplify
\yl" (R x R) and LOw = Lfyz( ) (RT x R).
Before stating our result, we need to define our initial-boundary value problem explicitly. We

the notation of the previous section, we set L2 =

give the following definition of an a-solution to our problem for « > 0, the properties of which
are all satisfied by the density function w for all positive values of «, as we have shown in the
previous section.

Definition 5.1 For an p€R, let ¢: R— RT and h:R+— R be continuous functions, and
Uo be a random function such that U € L* (QO; Ei) and (Up), € L? (QO; [N’(Z),w) for some
a > 0. Given p, a and the functions q, h and Uy, we say that uw is an a-solution to our
problem when the following are satisfied:

(1) w is adapted to the filtration {o (G°, WP, BY) : t = 0} and belongs to the space Lo N H,
where L, and Hq are defined in Section 4.
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(2) w satisfies the SPDE

uta) = Vo) =7 [ (us..9)), 05

1

+ 5/0 h2(y) (u(s,z,y)),ds — kG/O (u(s,x,y))yds

[ s, o), ds+ g [ 1) (u(s.2.0)),. 0

+p/0 (h(y) a(y)uls, z, y)),, ds

+5 [ @wuam), as=p [ ) usa), w2

e / (a(w)u(s, 2,y)), AB? (5.1)

forall x >0 and y € R, where uy, Uy, and ug, are considered in the distributional sense over
the space of test functions

Co' ={g € C;(RT xR) : g(0,y) =0y €R,
lim g(z,2) = zgrinoo gy(w,2) =0Vz € RT}.

z—+o0

Remark 5.2 For p = {pspipa, where p3 denotes the correlation coefficient between W and
BY, we obtain the SPDE (4.9).

We proceed now to our improved regularity result.

Theorem 5.3 Fiz the real number p and the initial data function Uy. Let uw be an a-solution
to our problem for all a > 0, where q satisfies the conditions of Assumption 3.1 and h is as in
Theorem 4.3. Then, the weak derivative u, of u exists and we have

uy € L2 ([0, ] x Q°; Egﬁw) .

Remark 5.4 This result shows that any u satisfying the conditions of Definition 5.1 for all
a >0 s also weakly differentiable in y, and u, has good integrability properties just like uy. It
is possible that higher order derivatives belonging to certain weighted [2 spaces exist as well, but

this is something we will not investigate in this paper.

The proof of Theorem 5.3 is almost identical to the proof of [11, Theorem 5.2], and we only
need to adapt each step to the new properties of the vol-of-vol function ¢ which is not the
square root function here. The idea is to test the SPDE against a heat kernel composed with an
appropriate function, and derive an estimate involving some weighted [.2 norms of smooth
approximations of u and its derivatives. As we did in [11], we compose the smoothing heat
kernel with a function which maps our volatility process to a constant volatility diffusion. This
leads to the elimination of some exploding terms as € — 0T, allowing us to establish finiteness of
certain weighted Sobolev norms. Therefore, we test our SPDE against

1 _@x)-n?
2e

e , , 2 €R,
V2me Y

¢6(Z7 y) =
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where Q(z) = fzzo qé,)dz’ for some zp € R, as ¢, € Cie.

Of course, we need to show that our kernel possesses nice smoothing and convergence (as

e — 0") properties. This is given in the following modifications of [11, Lemma 5.3] and [11,
Lemma 5.4], the proofs of which are significantly easier and are discussed in the Appendix
(Subsections A.3 and A 4).

Lemma 5.5 Let (A, u) be a measure space. For any function w supported in A x R we
define the functions

e y) = /R u(h, 2)e(z, y)dz

and
JuN ) =g (@ W) u(\, Q7N (y), yeR

Suppose now that J, € L* ((A, w); L? (R)) . Then we have the following regularity and
convergence results:
(1) Jue(-, -) is smooth and for all n € N we have
an

TynJu,e(" ) € L2 ((A7 /’6); L2 (R)> )

(2) Jue(ss -) = Ju(-, +) strongly in L* (A, p); L* (R)), as e — 07,

Lemma 5.6 In the notation of lemma 5.5, assume that there exists a constant C >0 and an
n € N such that for any € > 0 we have

al
HZJM’E () <C (5.2)
0y L2 (A, ) L2 (B))
for some function u supported in A xR and all 1€{1,2,...,n}. Then we have that
8l 6l i
8—leu € L?((A, p); L*(R)) and also a—le%6 — a—leu strongly in  L* (A, p); L* (R)) as
e—= 0%, forall 1€{1,2,...,n}

Writing px and p'y for the standard Lebesgue measure on X C R and the weighted Lebesgue
measure on X C R with weight w?(x) respectively, we can write

L2 (QO; ig) = L2 ((Q° x RY, P° x g+ ) ; L2(R)),
12 (0% I3,,) = L2 (20 x R, PO x it ) 5 L2 (R)),

L? ([O7 1] x Q°; f,g) =L*(([0, t] x Q° x R, puo, g x P° x pig+) 5 L* (R)),
and
L2 ([o, ] x Q° Eg,w) = L2 (([0, ] x Q0 x R, po. g x PO x i) ; L2 (R)),

which are the spaces on which the above two lemmas will be used.
Now for an a-solution u to our problem for all o > 0 we set
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Ie,g(z)(sv Z, y) = /Rg(z)u(sv z, Z)¢E(Z7 y)dZ

for any function ¢ of z and € > 0, and we have the following result:

Lemma 5.7 For the a-solution u we have the following identity:

HIE,l(tj -)Hiz(QO;an)
! 2
+ 7“/0 H]I[o, 0w () e (s, ')HL2(QO;E§) ds
/o
+/ <8I€,h2(z)(57 ')7 Ie,l(sa )> ds
0 xz L2(QO;E3,w)
! d
+ 2k9/ <I€,Q’(Z)(S7 ')7 716,1(87 )> ds
0 o pe(an13.,)
2 [ 0
75 / <Ie,/z 53'3715, S, - > ds
o N0 a0 iy
! 9
_ 2]6/ <IE,ZQ’(z)(87 -)7 8716)1(5’ )> ds
° Y L2(2%513.,)
t 8 8 >
- 7‘[6 28, 7 )y 716, S, - ds
J (Gatomatod gtete (a4
0

t
2 (5, ), T (Ve (5, ~>> ds
/0<3x (=) 0,1]x o 1)

p/
0

2

/ U, 2)oe(z, )dz
R

LQ(QO; ng)

ds
L2 (QO; ig,w)

0
%Ie,h(z) (Sa )

t 8 2
— €2 (1—p2 / —I.a(s, -) ds
( 2) 0 ay LZ(QO;E%’w)
t
-2 (p - §P3P1P2) / <aIe.h(z) (57 ')a 2Ie,l(sv )> ds. (53)
o \0z "~ Oy r2(905 L3 ,)

All the terms in the above identity are finite.

The proof of the above lemma can also be found in the appendix (Subsection A.5). We are

now ready to prove our main result.

Proof of Theorem 5.3 For all the inner products in identity (5.3) given in Lemma 5.7, except
the first and the tenth, we can use the Cauchy-Schwartz inequality and then Young’s inequality,

ab < % + Cb?, for the products of norms in order to obtain
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2
e (s Lo 22.,)

’/UO('v 2)pe(2, )dz / 1T0, 17 xR (+) Ze,1(
R QO L2

70
+/ <ale,h2(z)(8a )5 15,1(8’ )> ds
0 x L2(Q0; L2 )

#80 [ Ollcrios Woag, )

2

2

N

ds
2(00:12.,)

+& [ Ot nmmy>m

110
+k9/0 6 Haylﬁvl(s, )

ds

11l
+£2/ Hfé,l(
0 4C 8y LZ(QO?E'?),w)

/CMww |mmm)m
+ k/ - H 6 1 ds
L2(2% L3 .,)

0 0

- Ié,hz z ( 5 )7 7‘[6,1(87 )> ds
/0 <85C 1 O L2(Q0 L2 )

¢ 2
—I—p%/ ds
0 LZ(QO;E(%,W)

t/ 9
—/ <ale,h2(z)(sa )5 To, 1xr () Le,1 (5, -)> - ds
0 T LQ(QO;Lg)

0
%Ie,h(z) (Sa )

t 6 2
~¢-a) [ 516,1@, ) ds
0 Y LQ(QO;Eg,w)

2

+Clp — Epsprpo eh<z>( ) _, . ds
L2(Q0 Lz )

1 i ?
+5 Ip—épsmpzl/ (s, ) s
0 LZ(QO;L?J,w)

and this for any C > 0. Taking a large enough C' such that

2
1
(k0+4+|p£psmpzl+k) o <& =pd),

from (5.4) we can derive an estimate of the form

||L2 Q0; L2)

ds

281

(5.4)
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2

ds
L2 (QO; ng)

t
0
2
et Mian, ) + 3 [ |5 teats. )

/RUO(-, (2, )dz s )+M2 /Ot

0y [ o Mz
g(Z)E{Q Z) 2Q’'(2),q'(2)}

2 2

ds

<
L2 (QO; ig’w)

0
%Ie,h(z) (57 )

+r H]I[Owl]XR(.)Ifyl(s7.)HiQ(QO;ES) ds
0
7]

t
- o Lle,h?2(z (87 ')7 ]IO,I R(')Ie,l(87 )> ds
/0 <5w ) i 12(00; 12)
Lo
+/ <ale,h2(z)(s7 ')7 15,1(57 )> ds
o \¥ L2(Q% L3 ,,)

—/t <aI (s, ) gI (s )> ds (5.5)
o \ oz €,h2(2)\5s *)s o 6,18, r(e:23.) .

0,w
for some positive constants M; and Ms. Then, with the notation of Lemma 5.5 we have
I g2y = Jgu,e and %Ie,g(z) = Jg.u,,e for any function g, and by using that lemma, the above
two quantities can be shown to converge in L? ([O, t] x Q0 i%7w> to
Jgu(s, z,v) =g (Qfl(v)) q (Qil(v)) U (5, x, Qfl(v))
and
Tgua (8, 2,0) = g (Q71 () ¢ (@7 (v)) us (s, 2, Q7 (v))
respectively as € — 0%, provided that the last two quantities belongs to the space

L? ([0, t] x QO f/gw) To verify this we use the transformation v — Q(v) (with the range of @
being clearly R) to compute

2
”‘]g'uHLi)z(m)([O, t]x Q0 xR+ XR)

- [® [ [ @5 @ e .5 ) dvas] as (56)

1 g-Ux ||L2 ([0 t]x Q0 xR+ XR)

/ [/R+ / q(y)uj (s, z, y) dvdx} ds, (5.7)

where (5.6) is always finite as all functions ¢ in (5.5) which are paired with non-derivative terms

and

have polynomial growth, and the same holds for (5.7) as well since all ¢ in (5.5) which are
paired with derivative terms are bounded.

Recalling now that the inner products are continuous, we deduce that all the terms in the
RHS of (5.5) are convergent as € — 07, and thus the RHS of (5.5) is bounded in e. This allows
us to apply Lemma 5.6 to the y-derivative term in the LHS of (5.5) and deduce that
%Ju = %q (@7'(v)u(s, z, @ (v)) exists in L2 <[O t] x Q% L Ow) and that, in that space,
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we have —I. 1= iJu e = =—J, as e€—0". It follows then that the weak derivative
5 ov " ov v
a—yu(s7 x, y) exists, and by using the product rule and the inequality (a —b)? < 2a® + 2b* we
can obtain
t
/ E / / (s, z, y)dydx} ds
0 R+
t
= / E / / )) uf/ (s, T, Q_l(v)) dvdx} ds
0 R+
t P 2
= / E / / ) < (u (s, z, Ql(v)))) dvdz| ds
R+ 87}
8 2
/ / / < ")) u (s, =, Ql(v)))> dvdzds
0 Jr+ v
+ 2/ / / g (@' W) (¢ (Q ' (v) ul(s, z, Q_l(v)))z} dvdzds.
R+
Since %Ju = %q (@) u(s, z, Q7 (v)) € L? ([0 t] x Q% L Ow), the RHS of the last
expression is finite, so we finally obtain u, € L? ([O7 T] x Q9 Law). O

Remark 5.8 As in the CIR volatility case (see [11, Remark 5.7]), the flexibility in the choice of
p allows for an extension of our results to the case where the idiosyncratic noises have nonzero
correlation.

6. Uniqueness of solutions

In this section we establish uniqueness of solutions to our problem (Definition 5.1) under the
assumptions of Theorem 5.3. Thus, we assume again that the function ¢ in our SPDE (5.1)
satisfies the conditions of Assumption 3.1. As we have mentioned in Remark 3.2, these functions
are positive smooth functions behaving almost like a positive constant near infinity. Moreover,
we will need to assume that the coefficients of (5.1) satisfy the condition

lp = Epsprpa| < &1 — piy/1—p3, (6.1)

which is always satisfied when the SPDE arises from a large portfolio model (even when the
idiosyncratic noises are correlated, see Remark 5.8).

Since our SPDE (5.1) is linear, for any two distinct solutions u; and wup with the same initial
data we have that u = u; —us is a non-zero solution with zero initial data. Therefore, to
establish pathwise uniqueness of solutions, we pick an arbitrary u that is an a-solution to our
problem with initial data Uy = 0 for all a > 0, and it suffices to show that u = 0.

The natural approach to is to derive an optimal estimate for the [2-norm of u by using the
SPDE (5.1), but for the convenience of the reader, we will first sketch this technique for a much
simpler 1-dimensional SPDE with a Dirichlet boundary condition:

¢ ¢ ¢
u(t,x) = —T/ Uy (s, z)ds +/ Uy (s, 2)ds + p/ Uy (s, 2)dWY, (6.2)
0 0 0

u(t,0) =0, (6.3)
for r € R and p € (—1,1). Under sufficient regularity, we can use Ito’s formula on u2(t,x) which,
under the above dynamics, yields:
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u(t,r) = — ZT/()/u(s,x)uw(s,x)ds

¢ ¢
+ 2/ w(s, ) Uge (s, 2)ds + p? / (ug(s,2))%ds + M, (6.4)
0 0

where M is a stochastic integral that depends on z. Then, we take expectations to eliminate
the martingale term MF, we integrate in x over (0,+0c0) which kills the term
2ru(s, z)u,(s,x) = (ru(s,z)), due to wu(t,0) =0, and we use integration by parts to write

f0+oo (8, ) gy (s, z)dr = — 0+°O u2 (s, 2)dz. This leads to the identity:

/;OO 2t 2)]dz + (1 — p //+°° 2)]dads = 0, (6.5)

which is sufficient to deduce that w = 0. However, if the existence of the second derivative
Uge 18 Not guaranteed, we follow the above steps on a smooth approximation of (6.2), which
leads to a smoothed version of (6.5) and then we can obtain (6.5) by taking a limit. Moreover,

if we were forced by regularity constraints to work with the weighted [2 norm
lu|| 12 2 = O+°° w?(x)u?(s, z)dr, which is the case in our original problem due to difficulties
that arise if we try to smooth (5.1) not only in y but also in x, we would need to integrate (6.4)
against the weight function w?(z) = min{x,1}. Then integration by parts in the integrals
—rf0+oc w?(z)(u?(s,2)),dr and 2f0+°° w?(z)u(s, 2)uze(s,r)dr  would leave the two extra

residual terms rfol u?(s,z)dr and —u?(s, 1), giving the identity:

/+OOE[ (t,x)]da + (1 —p / /+OO x)|dzds
_T/ / (s, 2 dxds—i—/o Efu?(s,1)]ds = 0 (6.6)

instead of (6.5), which is sufficient to deduce that uw =0 only when r < 0. Thus, if r >0, we
need to work under a probability measure Q which is obtained by Girsanov’s theorem, under
which W becomes a Brownian motion with arbitrary drift #t for ¢ € [0,7], and thus we get
the same SPDE with r replaced with r + 7 which can be made negative by choice of 7. The
weighted L2 norm of u being zero implies that Q-almost surely we have w(t,z) =0 for all
t €[0,T] and z > 0, and since Q is equivalent to the original probability measure P we obtain
pathwise uniqueness of solutions.

We now let u be a solution to (5.1) with Uy = 0. To obtain the counterpart of (6.6) we take
e — 0T in a smoothed version of it, which is precisely the identity of Lemma 5.7 without the
term on the second line, and we use the regularity established by Theorem 5.3, i.e the existence

0 0 ~
of %Ju = 5,1 (@ ') u(s,z, Q7 (v)) in L2 ([0, t] x Q9 L(Q),w) with the convergence
iI€ 1= g(]u ¢ — =—J, as € — 0% in that space. To pass to the limit we also use Lemma 5.5
ov 7 ov ov

and the continuity of L2 inner products. Then, we can check that the counterpart of (6.6) can

/]R<+ / M) @ (¢, 2, Q7 (v))] dado

= Ny (t +N2()+N3()+N4( )+ Ns(t) + Ng(t), (6.7)

be written as:

where
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_r/ / / W (1, 2, Q' (v))] deduds (6.8)
/HHMR I

from the identity of Lemma 5.7, and —Nj(¢) is the counterpart of rfot fol E[u?(s, z)]dzds from
(6.6);

is the € — 0 limit of

ds

QO L2)

/ // @) (@) u(s @ Q7Hw),
Q (U)) (8 z, Q' (v ))]dxdvds (6.9)
and
—2"”/ L[ TW)a (@7 @) u s w Q7))
x (¢(Q'(v) u (s 7, Q7' (v ))) ] deduds
‘2’“/ // Q) a (@7 W) uls, z Q7N (v))
< (¢ (@71 (v) u (s z, Qv ))) | deduds (6.10)

are the € — 0 limits of

t
0
~/0 <%Ie,h2(2)(s> ')7 1571(& .)>L2(QO;E3,w)dS

t
2k9/ <Ie,Q/(z)(5, .)’ 2[5,1(37 )> ds
o dy L2(90 i3 ,)

9
—2kz/ < (s ) L1 s, -)> ds
0 Q' (=)\8 oy r2(9;12 )

respectively from the identity of Lemma 5.7, which do not have a counterpart in (6.6) as they

and

occur from extra first order derivative terms in the SPDE (5.1), and specifically terms like
r fg uz(s,z)ds in (6.2) but with y-dependent coefficients and differentiation in either x or y;

/ /W / ) (@) uls z, Q7Hw)),

x (¢ (Q'(v) u (8 z, Q7' (v )))x] dwdvds
-¢ / /R / W @)E [((¢(@7 () u (s, 2, Q7' (1))),)"] deduds
e[ [ [we {0) (@1 0)) u (5. 7, @)
x (¢ (Q7'(v)) u (s z, Q7 (v ))) ] deduds
‘ZP/ /R+/ () g (Q7 (W) u (s, z, Q71(v))),
x (@ () u (s v, Q~ (v))) ] dedvds (6.11)

is the € — 0 limit of
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70 0
- Ie,h2 z (57 ')7 1671(85 )> ds
I <3=’” B 22905 13,,)

2

ds
L2(90 13 ,)

¢ 0
_62 <Ie, (2 (87 ')7 716,1(8’ )> ds
o q'(2) Oy £2(00; 3 )

70 0 >
-2 716 2)\S5 ), I Sy dS,
P/O <3x (=) (5:°) 99 a(s:0) i)

which is the part of the identity of Lemma 5.7 that occurs by applying integration by parts on

terms that involve second order derivatives, so —Ny(t) is the counterpart of fo oo E[u2 (s, z)|dzds
from (6.6), and its third component contains only one derivative of first order as it arises from

the presence of a y-dependent coefficient when integration by parts is applied;

v =t [ [ [weEle @ o)

x (¢ (Q7'(v) u (s 2, Q7' (v))),)"]dzdvds

—|—§2p§/ /]R+ / wQ(x)IE ((q (Q'(v)u(s, z, Qfl(v)))v)ﬂ dzduds

+25P3P1,02/ /R+/ (Q'(v) g (@ () u(s, =, Q_l(v)))x
x (¢(@ () u(s,z, Q7 (v ))) | dzdvds (6.12)

is the € — 0 limit of

2 [*]2 i
pl/ 7Ie,h z)(sa ) ds
o ||0x ( L2(90;2,)
t a 2
v [ 2r6. as
0 ) LQ(QU;E%,W)

0

t
0
2 —1I Y, =—1I.1(s, d
+ fpsplpz/o <8x eh(2)(857), 9y 1(s s

)

.)>L2(QO;E31W)

which is the part of the identity of Lemma 5.7 that occurs from second order differentials when

we apply Ito’s formula, so —Ns(t) is the counterpart of p2 fot 0+°° E[u2(s,z)]dzds from (6.6);

/ / / [(7* (@7 () ¢ (@7' (@) uls 2, Q7'(v)),
¢ (Q7'(v) u (s, z, Q7" (v))] dadvds

= 5/0 /RE [(R* Q7' (v) ¢® (Q7'(v)) u? (s, 1, Q' (v))] duds
<0

Finally,

(6.13)

is the € — 0 limit of

Lo
—/ <aIe,h2(z)(87 )5 Lo, 1xr () e 1 (s, )> - ds
0 x L2(Q0; L2)
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from the identity of Lemma 5.7, which occurs due to the presence of the weight function w?(z)
when we integrate by parts in the term that contains wu..(s,x,y), and —Ng(¢) is clearly the
counterpart of fOtE[u2(s7 1)]ds from (6.6).

Next we want control the quantities N;(t) for i =1,2,3,4,5,6, and we start by using (6.1)
and the standard inequality 2ab < a? + b? to bound

2 (Epsp1p2 — p) /t /w / w?(@)E [(h (Q (1)) ¢ (@7 () u (s, m, Q7 (v))),
x (¢(Q ') u(s, x, Q7 '(v)),] dedvds
<[ L B |21 8 (1 Q0D 0 (@) u (5. 2. @ (0),

x /1= p2(q(Q 7 (v) u(s, =, Ql(v)))v] dzdvds

<o) [ [ [wresior @ o)

X (q (Qfl(v)) (3 z, Q1 ))1)2]dmdvds
—1—5 1 —p2 / /RJr/ x)E [( ) (s, x, Q_l(v)))v)ﬂ dadvds,

which gives
M+ < ¢ [ [ [ @Rl @) a@ )l 07 0)
x (¢ (Q7'(v) u (s z, Q (v ))) | dzdvds. (6.14)

Then, to deal with Nj(¢), we treat it as its counterpart in (6.6), so we fix a T > 0 and work for

t €10, T] and we use Girsanov’s theorem to add a drift # to the Brownian motion WP. This
adds the term — fg 7p1h(y)(u(s, z,y)).ds to the SPDE (5.1), which can be absorbed by the term
z fo h*(y) (u(s,z,y)), ds, affecting only N»(t) which is replaced with

/ | [ @R @ @) = 270uh (@7 ) 0 (@7 W) u (5. 2. @ 0)),
q(Q'(v))u (s z, Q7' (v))] dzdvds

_ L(v)) . »
=R [/ /]R+ / uﬂ(%)f (@ (Q () u? (s, z, Q (v)))xdxdvdsl

_E / /R ) / Dok (1)) (¢ (@~ (v)) v (s, , Q‘l(v)))xdxdvds}
_ _E /O /O /RhQQU(f (Q ' (v)) u? (s, x, Ql(v))dxdvds]
LE| / t / 1 / Forh (Q~1(0) ¢ (Q~}(0) u? (s, =, Q‘l(v))dxdvds}

—rE [/// ) u? (s, =, Q‘l(v))dxdvds}

= — Nyt (6.15)

N

where the last inequality follows by picking 7 such that 7p; < —.- for a lower bound m of h.
Thus we obtain
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Ni(t) + Nao(t) < 0. (6.16)
Finally, writing

0(@ ) u (s, 7, Q7)) (g (@7 ) (s, 2, Q7))
— 5 (@ (@ W) e (5.2, Q')

and using integration by parts in both (6.10) and the right hand side of (6.14), we can bound
3(t) + Na(t) + N5(t)

K/ /W/ 2)E [¢* (Q ' (v)) v? (s, z, @ ' (v))] dzdvds (6.17)

for some K that depends only on the upper bounds of the derivatives of @’ (Qil(v)),
¢ (@ '(v)) and vQ' (Q'(v)) (which are all bounded when ¢ satisfies the conditions of
Assumption 3.1), so plugging (6.16), (6.17) and (6.13) in (6.7) we obtain:

/R+ /RwQ(x)E [ (@ (v)) u? (t, z, Q7" (v))] dadv
t w?(z 2(Q7Y(w)) u? (s, z, Q (v zdvds
<k [ [ [w@ElR @0 (s @7 0)] dadud

for all ¢t € [0,T]. By Gronwall’s inequality, the above can only hold when the always nonnegative
quantity [o. [ w?(z)E [q2 (Q_l(v)) u? (t, T, Q_l(v))] dzxdv equals 0 for all ¢ <7T. However,
we have used Girsanov’s theorem to switch to a probability measure Q that gives a convenient
drift to the Brownian motion WP°. Therefore, if we denote by EQ the expectation under Q, our
last conclusion gives

¢ /O ' /R X /R w?(z)g® (Q7H(v) u® (¢, z, Q7' (v)) dmdvdt] =
= Q (/OT /]R+ /sz(ﬂf)q2 Q7 (v))u? (t, z, Q' (v)) dwduvdt = 0) -
=P (/OT /]R+ /Ruﬂ(x)q? (Q'(v) u? (¢, z, Q' (v)) dedvdt = 0) =1. (6.18)

In the above display, the second equality follows from the first because

/OT /R+ /sz(x)ff (Q'(v))w? (¢, z, Q' (v)) dadv

is always non-negative, while the third equality follows from the second because the probability

measure Q given by Girsanov’s theorem is equivalent to the original probability measure P.
Since u is the difference of two arbitrary a-solutions to our problem with the same parameters
and the same initial data, (6.18) yields pathwise uniqueness of solutions in the space

L? ([O7 T); E%,w)- We have thus proven the following result:

Theorem 6.1 Fix the function h, the real number p and the initial data function Uy, and
suppose that q satisfies the conditions of Assumption 3.1, h is as in Theorem 4.3, and that we

also have |p — Epspipal < E\/1 — p3\/1 — ps. Then, there exists a unique u which is an o-
solution to our problem for all « >0, where we have pathwise uniqueness in the space

L? ([O7 T); i%’w) . For this u, the weak derivative u, exists and we have
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u, € L* ([O, T] x QY [~/(2)7w) .

Remark 6.2 The best possible result would be to have our solution in the even smaller function
space L? ([0, T] x Q; H} (RT x R)) (without the weight function w?(-)), which would be the
case if we had an existence result in that space. However, standard Theorems that could give such
an existence result are not applicable to our SPDE due to the unboundedness of the term k(6 — y)
(see [20]). This is also the reason we cannot deduce higher regularity immediately, as we have
mentioned in Remark 5.4. A possible solution to these problems could be to introduce mean-
reverting volatility processes ot having a bounded drift, i.e q2(60 — o) for all i €N, for some

increasing and bounded function qa vanishing at zero.

Appendix A. Proofs of certain important results

A.1 Proof of Theorem 2.6

Since f (0, y) =0 for all y, Ito’s formula for the stopped two-dimensional stochastic process
{(X}, o) : t >0} implies that

f (Xt/\T17 Ut) =f (xl’ 01)
! 1 1 h? (Ui) 11 1
+/ [z (XS,G'S) T—T +kfy (XS7(TS) (0—05) Iir > syds
0
1 t
[ T (X2 o2 02) €28 (0 2) 0 1)

t
T Epaprpn / Foy (X1, 01 1 (0) g (01) iz ey ds

/ fo (Xs, 03) Lmy sy b (05) prdWy)

ve / £y (X1, o) Tizmayq (01) pad B
/ Lo (X1, 01) Lipy s h(ob)y/1 — p2d !
+5/ £y (X1 o)) Lisaya (01) /1 — p2dBL.

Due to the independence between the market and the idiosyncratic Brownian motions, taking
conditional expectations given (W, B°) and G° eliminates the Ito integrals with respect to B!
and W', while the Ito integrals with respect to B9 and WP° can be interchanged with the the
conditional expectations. Interchanging then the Riemannian integrals with the conditional
expectations and recalling the linearity of the integrals along with the definitions of A and the
integral with respect to v, we can easily obtain the desired, completing the proof of Theorem 2.6.

A.2 Proof of Theorem 3.3

First, we will need sufficient integrability of our volatility processes. For this reason, we will

first prove the following lemma

Lemma A.1 Fiza T > 0. Then, under the assumptions of Theorem 3.3, for any p > 0 we have
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IE[ sup of } < 0.
0<t<T

Proof of Lemma A.1 Observe that in all cases, the function ¢ satisfies the growth condition
¢*(z) < C7|z|" for some r € {0, 1} and some C, > 0. It is enough to consider the case p =2n
with n € N. By Ito’s formula we have

t
o = op" —|—/0 n (o2 12k (0 —0s) + £ (2n — 1) 02" 2% (o)) ds
t
+2n¢ / ﬁ”‘lq(os)d( 1—p3B; +sz2>

0

t

<o+ C, T+ 2n§/ oy (o) d ( 1—p3B! + szg) (A1)
0

for some C, >0 and any t < T, since we can use the at most linear growth of ¢ to show that
the quantity within the Riemannian integral can be bounded from above by P (|os|), where P is
a polynomial of an even degree and a negative leading coefficient. Taking expectations on (A.1),
we find that for any ¢ <7, the 2n-th moment of o, is bounded by C,T + E [08"}. Moreover,
by using this result and the inequality 2a < a?+41 for a >0, we can prove that there is a
uniform bound in ¢t < T for odd moments of o; as well. Thus, if we set My = sup oy, taking the
supremum over t < 7T in (A.1), then expectations and finally using Cauchy-Scﬁ\%grtz and Doob’

s inequalities, we find that:

E [M7"] <E[o§"] + CnT

t
sup (/ o g (o) d < 1—p3Bl+ prS))
o<t<T \Jo
T
/ i =242 (0,) ds
0
T
/ o2 o, ds
0

T
0

< 0

2
+ 2néE?

< E [02"] + O, T + 4n€E*

<E [02"] + C.T + 4néC,E?

and this completes the proof of the Lemma. a

Returning to the proof of our theorem, we need a few results from Malliavin Calculus. As in [24],
we denote by D™P(V) the space of random variables which are n times Malliavin differentiable
with respect to a Brownian motion defined in some interval [0, T], which take values in the
Banach space V, and whose k-th Malliavin derivative has an L2 ([O, T]k ; V) norm which is a
random variable in P for all 0 < k < n.

We will show that o; possesses regular first and second order Malliavin derivatives with
respect to the Brownian motion B!, under the conditional probability measure P(-|B°, G°),

PY-almost surely, which will allow us to obtain the desired result.

We fix a T'> 0 and we consider the strictly increasing function Q(y) = foy
using Ito’s formula on (3.1), we find that v; = Q(o) satisfies the SDE

q(lz) dz. Then, by
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dvy =V (v) dt + €4/ 1 — p2d B} + £padBY (A.2)

for all t € [0, T, where

ot e
YO e ey 2t

for any x € R. We will compute first the Malliavin derivative of v; with respect to the

(@' () (A-3)

Brownian motion B!, under the probability measure P(-|BY GY). Since we have
(Q’l(z))/ = ¢ (Q *(x)), we can easily compute

V’(Z‘) =g (Q_l(x)) <k‘_q (Q_ (‘r)) _qge(é?(_x)%x)) q (Q_ (CL‘)) _ %q// (Q_l(x))> (A4)

and

2
- 549 @) (0@ @), (A.5)

which are both bounded by Assumption 3.1. This allows us to recall Theorem 2.2.1 from page
102 in [24] and the Remark after its proof, which imply that the desired Malliavin derivative
exists under P and it satisfies

¢
Dyvy = &4/1—p3 — / V'(vs)Dyvgds (A.6)
t/

for t € [t/, T]. By looking at the proof of that Theorem, we see that the underlying probability
measure does not play any role as long as we are differentiating with respect to the path of a
Brownian motion, which means that here we can have the same result under the probability
measure P(-| BY, G%) as well. Then, (A.6) is a linear ODE in ¢ € [/, T, which can be solved to

give
Dyvy = €)1 — ple= Jo V/(we)ds (A7)

for any 0 <t <t < T, while we have Dyv; =0 for 0 <t <t <T. By the boundedness of V",
the above Malliavin derivative is positive, and for any ¢€[0,7], it belongs to
L= (Q° x Q' x [0, T]). Therefore, we can use the standard Malliavin chain rule (Proposition
1.2.2 on page 29 in [24]) to obtain

Dyoy = DpQ ™ (vy)
=q(Q '(v)) Dyvy

=&4/1— piq (Q_l(vt)) e~ [V (v)ds

= &\/1 = p2q(oy)e Jv V' (Qe:)ds (A.8)
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which belongs to L (Q° x Q! x [0, T) as well.
To compute the second order derivative of o; under the conditional probability measure
P(-| B, G°), we use again the standard Malliavin chain rule to obtain

D V' (vs) = V" (vg) Dyrrvg
= &\J1 = g3V (we)e Jor V! (A.9)
for any se[t/,t] with 0<¢ <t<T and t” €0, T]. It is not hard to see that the absolute
value of this derivative is bounded by some by >0 depending only on 7. Thus, for any

h.€ L? (QO x Q x [0, T]), if we denote by § the Skorokhod integral with respect to B!, by

Fubini’s Theorem and duality we have

t t t t
E[ / hen | Dy V' (vs)dsdt” | B, go} = / ]E[ / DV (vg)hndt” | B, go} ds
0 t’ t’ 0
t
_ / E [V/(0,)6(h.) | B®, G°] ds
t/

_]E{é( ) V(vs)ds\BO go}

t

Therefore, if we approximate j;, '(vs)ds by square integrable random variables which are
Malliavin differentiable, we can show that the Malliavin derivatives converge in [2 to the
integral ftt, Dy V' (vs)ds, and Lemma 1.2.3 on page 30 in [24] implies then that ftt, V'(vs)ds has

a Malliavin derivative which equals f:, DV’ (vs)ds. Combining the last two results we find that

¢ ¢
Dy | V'(vs)ds =&4/1 — p%/ V" (vg)e™ Jir VI (wa)ds' g g (A.10)
% %

which has an absolute value bounded by Tbp. Moreover, since f:, V'(vs)ds is bounded for any ¢
and ¢, by (A.8) we have that

Dyoy = &\/1— p3q (Q ' (vy)) e Frwr (Jir V! (v:)ds)

for a smooth and compactly supported function F;, which is the identity on a compact set
containing all the possible values of ft, '(vs)ds. Hence, applying the Malliavin chain rule once

more, we obtain
Dy oy = E\J1 = p3d (Q7H(ve)) a (Q (vr)) €™ Javiw)dsp, g,
+ /1= p3q (Q 7 (w)) e V)t s t/t V' (vs)ds
=& (1-p3)d (@' (1) g (Q—l(m) o i VI oes g iV (v)ds
+€ (1—p3) g (Q 7" (vy)) e Jo V(w)ds /t/t V" (vg)e Jin VI wa)ds g g

=& (1= p3) ¢ (0v) q (o) e~ Jir V/(QoeDdsg= Jin V/(Qloa)yds

t
+ 52 (1 — p%) q (Ut) e ft/ V'(Q(os))ds // V”(Q(O-s))e_ ft” V(Q(o,))ds ds. (All)



Probability, Uncertainty and Quantitative Risk 293

By our previous boundedness results, the last line also has an absolute value which is bounded
by some b, > 0 depending only on T'.

By Lemma A.1 now, we have that o, € LP (QO X Ql) for any p>1 and t < T, under the
probability measure P, which implies that o, € L? (') holds under the conditional probability
measure P ( | BY, QO), PO-almost surely. Combining this with the above results, we deduce that
o € LP (Ql) N D2 (Ql) with respect to Bl for all ¢t < T, under the probability measure
P (-] B G°) (PY-almost surely). Moreover, it is not hard to check that for all ¢’ < ¢, Dyoy is
bounded between the positive quantities b :=E&+/1—p2mge”TMv/I and by :=£/1—p3M e Miv/1,
where we denote by m; the minimum of a function f and by My the maximum of that function.
This allows us to recall Lemma E2.1 from [12] for o =0 and deduce that the conditional
probability measure P(o; € -| B, G°) has a continuous density p;(-| B, G°) which satisfies

suppe(y| B°, G°)
yeR

N

(C +2)Ewr [||D2 atHLQ (0.77%) | B, QO}

’

pr

1
| BY, ¢°

1
X E»r’

HD‘GtHQp([o,T])

’

pr
1
+ CE [ID.oulf o | B 6°] < B || ————| |B%¢°|,
ID.0¢l 720,79
= (C+2)Ew [HDQ UtHLz (10.2) | BY, 90}
pr’
L 0 40
xEv ||[—————| |B% g
| D. UtHL2 ([0,4])
pr’
+CEW {”D JtHL2 ([0,t]) |BO7 go] X Ezr’ ‘ 2 |BO’ g ’
HDUtHLz([o,t])

N

1 pr 1 1 pr’
(C+2)E> K\/th’T) 1B, 90] < B Ktb) |1 B°, G°
T
1 ~ pr 1 1 pr/
+ CE#r K\/th> | B°, go} x B (th) | B°, gO]
T

1
= (C'+2)4/t2b ><7+C’ thy x b” ,

where C is a deterministic positive constant, p,r can be anything bigger than 1, and ET, b, bl

are the deterministic bounds obtained earlier. The above now gives

1
ess sup pi(y|B°, G°) < C'+C"—
yER, w0eN0 \/%
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for some deterministic constants C’ and C”, which can be integrated with respect to ¢ in [0, T
to give

T
/ esssup py(y| B, GO)dt < C'T + C"VT
0

yeR, w0eNO

and this completes the proof of the first estimate.
For the second estimate, we recall again Lemma E2.1 from [12] but for a > 0, and we use the
same bounds as previously for the Malliavin derivatives to obtain:

sup |y|“pe(y | B®, G°)
yER
L 217 - 0 ~0 -1, 1 o a) RO ~0
S (CH+2)Eer | (/2 ) |B°, G| x Evr W |o|* [ B, G
—\ 7 271\
+ CEw K\/th> | BY, go} x Eor ( ) |oe|* | B?, G°

o]
Therefore, by Holder’s inequality we have

p
E Ksuplylapt(leov 90)> }
yeR
(e " 1\
<(C+2 ]E[( tb’) }xEr <//) “
(C+2) T wr)
. = pr | 1 pr’
4+ CE~* K@) ]XET’ (tb’T’> |Jt|a]

P ~—\ P
b/ P 1

< ((C+2) ( ¥ ,,T> +Ct™ 2 ( ,le> )]Er' { sup |O’S|a:|
b, b 0<s<T

whose integral in ¢ over [0, T is finite by Lemma A.1, since p < 2. This completes the proof of
Theorem 3.3.

A.3 Proof of Lemma 5.5

=

We start by setting z = Q~1(v),v € R, which allows us to write

1 _(@=)-p?
e 2e

dz

Ju,e(/\’ y) = AU(A’ Z)

j

2me

1 _(w=y)?
2e

—e dv
V2Te

= /Rq (Q_l(v)) U (/\, Q_l(v))

= /J (A v)i1 e_(v;y)de
R o V2me ’

We will show 2 first. Observe that by a standard property of the standard heat kernel, the
desired convergence holds in L2 (R) for all A € A. Then, by another standard property of
that kernel (which is obtained by a simple application of the Cauchy-Schwartz inequality) we
have [[Ju,e(A, )l 2@y < [1Ju(Xs )l p2(r): allowing us to bound [[Ju.e(A, -) = Ju(A, )l 2@y by
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2| Ju(A; )|l p2(r) whichs belongs to the space L? (A). Thus, the dominated convergence theorem
implies that the desired convergence holds also in L? (A, ) ; L? (R)).

We proceed now to the proof of 1. By our regularity assumptions and the properties of the
standard heat kernel we have that J,, (A, y) is smooth and it’s n-th derivative in y is equal to

1)) u Ly ! v — 67%1}
[ 2@ @)u (. @70) =P - an,

where P is some polynomial of degree n. Therefore, it suffices to show that for any positive
integer n, the quantity

// (/ ()u( Q7N(v) (U—y)ne(;\/%gjdv>2dydu(/\)

is finite. By the Cauchy-Schwartz inequality, the above is bounded by

//(/ ) OQ(»@—W”ZiHQ
( / \; ) dydpu(A)
_wow?

/// w* (A Q7)) (y —”)2”%dvdydu(/\) (A.12)

and thus, by Fubini’s Theorem, it suffices to show that the integral

_(w—y)?

// u?> (A, Q7' (v)) </R(y—v)2”€\/2%dy> dvdpu())

is finite, which is obvious since J, (A, v) = ¢ (Q7'(v)) u (A, @ '(v)) is integrable and the inner

integral converges. The proof of Lemma 5.5 is now complete.
A.4 Proof of Lemma 5.6

Almost identical to the proof of [11, Lemma 5.5], with the only differences being that we take
§" = 0, integrations over Rt now take place over R, the square root function in the smoothing
kernel is replaced by @, and the function J, (A, v) which appears when we use a transformation
to convert the smoothing kernel to the standard heat kernel equals ¢ (Q‘l(v)) u ()\, Q‘l(v))
rather than 2vu (/\, v2).

A.5 Proof of Lemma 5.7

First, the assumed weighted integrability of u and wu, and Lemma 5.5 imply that all the
terms in the identity we are proving are finite. Next, by the definition of ¢. we have

[ otonuts. 2. ) 50tz )iz = /Q Juls, 2, 2) 50 )

8y €9(2)Q' (=) (8, T, Y) (A.13)
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and

I
|
VRS
5
Q
—
w
N—
Q
—
w
N~—
I
—
)
8
w
N~—
Q
-
m
R
o
o,
)
~_

= <Ie,g(z)(Q’(z))2 (Sa Zz, y))yy - (Ie,g(z)Q”(z)(Sa z, y))y (A14)

for any € > 0 and function g. Therefore, testing (5.1) against ¢, substituting from (A.13) and

(A.14), and taking x-derivatives outside the integrals in z we find that
Lo
Ie,l(ta z, y) = / Uo(il', Z)QZ)E(Z, y)dZ - T/ 71—6,1(87 x, y)dS
R 0 81‘
1 ("o Lo
+ 5/0 %Ie,fﬂ(z) (s, z, y)ds — k9/0 @IeyQ/(z)(S, z, y)ds
t t a2
0 1 0
+ k/(; %Ie,zQ’(z)(S7 €T, y)ds + 5/0 @Is,hz(z)(sa €, y)dS
52 t
+§/0 6‘?;21@1(8’ xz,y ds—&-—/ 8 I g2y (s, o, y)ds

_ 0
/8x8 5 (s, z, y)ds /3 Ien(zy(s, @, y)dWy

t
)
_,gm/ o Teals, @, y)dBY. (A.15)
o 0y

If we multiply the above by w?(x), apply Ito’s formula for the L?(R*) norm (Theorem 3.1
from [20] for the triple H C L? C H~!, with A(u) = w(-)u), and then integrate in y over R,

we obtain
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2

UO('? Z)(z)e(zv ')dz

T2
L(J,w

70 t/o
*27“/0 <a.’13]€’1(s,.),]671(5’.)>i2 d8+\/0 <8x15,h2(z)(53')a-[e,l(sv’)>[~12 ds

0
—|—2k/< I .08, ), I, s,-> ds
[ (5T Tals))

t 82
+/ <I€’ 2(2)(8,-), Le,1(s,- > ds
o2 n2(2)(87)s Lea(s, ) -

0,w

+§2/t<5’2] (s,°),Ic1(s )> ds
o 8y2 e, 1\9,° )y Le,1(9 E%,w

t 82
+2p/0 <a$ayle,h(z)(3a')a Ie,l(sv')>l~%wd5

t 9 o
2 o lent) () 5 Tea s,
“2tpnm [ (Ghoalen) gt} o

t a t
+§2/ <8Ie,q’(z)(s>')7-[e,1(sa )>~ dS-’-p%/
0 Y 2 0

0,w

2

0
%Ie,h(z) (87 )

ds
L3
2

ds
Lg,w

/o
—2p / <I€ (8,), I, s,~> dw?
1) oz (2 (85), Lea( )p

0,w

0
71671(57 )

+&%p3 3

7o
_Q,gpg/ <aI€,1(s,.),1€,1(s,.)>~ dB?, (A.16)
0 Y Lz,

where an integration by parts yields:

_2T<

0

ox

Las) L)) =2 [ / 02 (@) Uer(s,29)), Lon (s, )y

72
LO,w

—+oo
—7"// 61(s x y))$dxdy
—r// 1(s,z,y)dzdy

=7 [T, 1)xr () Ie,1 (s, -)H%g . (A.17)

Next, by the definition of u,, in our SPDE we have
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Uaa(5, 7, )00 (2, y)w(2) f(2)dzda

—
S — 5

u(s, x, 2)pc(z, y) (wz(x)f(yc))m dzdz
g (s, T, 2)¢e(2, y) (0 () f(2)), dzdz

w?(2)ug (s, T, 2)de(2, y) fo(x)dzdz

%\ﬁ\
S 5

+

\
=

/}Rum(s7 x, 2)Pe(z, y) f (z)dzd, (A.18)

1]

which equals
_/ /wQ(J?)ux(s, Z, Z)¢E(Z’ y)fm(l‘)dzdm
R+ JR
+ /[071] /RU(S, x, Z)¢G(Z7 y)fx(x)dzdx - /Ru(s, 1, Z)(Z)E(Z’ y)f(l)dz

for any smooth function f defined on [0, +00). Since u € H017w2(w) for any y and since f(1)
can be controlled by the H&wQ(w) norm of f (by using Morrey’s inequality near 1), (A.18)
defines a linear functional on the space of smooth functions f (defined on [0, +00)) which is
bounded under the topology of Hé,w?(z)' Then, since those functions form a dense subspace of
H&,wz(m)’ we deduce that (A.18) holds for any f € H(},M)?(m)' Therefore, taking f = I.1(s, -, y)
and integrating (A.18) in (y,t) over R x R, we obtain

t 82
=1 n22)(S, +), Iea(s, - ds
[ (st o) T >>

/o 0
= — — I e 9, =—1, .
/0 <8(E &h (Z)(sv )7 o 571(3, )>jg . ds
7o
—/ <815,h2(z)(s, 91 Lo, (Ve (s, -)>~ ds. (A.19)
0 x L%
Finally, integrating by parts we find that
t 82 t a 2
=1 1(s, 7)), Lea(s, - ds:f/ — 11 (s, ds A.20
[ (osteats. L )>za,w AEEEE B (A-20)
and
b o2 7o 0
—1 Iy Tea(s,- ds=— — I (8y), =—Ieca(s,- d A21
[ (ot teat00) o= [ aiafon Guteate) - as (a2
and also

t 8 ¢ a
/0 <6yje,g(2)(3, )5 Lea(s, .)>E2, ds = —/O <Ie7g(z)($, ) @16,1(5, -)>E2 ds (A.22)
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for g(z) € {Q'(2), 2Q'(2), ¢'(z)}. The steps we have followed are almost identical to those in the
proof of [11, Lemma 5.5] and, as in there, we can justify that integration by parts in the y-
direction does not leave any boundary term at infinity. Indeed, we can use Morrey’s inequality in
the same way and Lemma 5.5 for large ¢, in order to show that all the terms inside the inner
products which do not involve u, are rapidly decreasing in y. Substituting (A.17), (A.19)—(A.21)
and (A.22) for g¢(z) € {Q'(2), 2Q'(2), ¢'(2)} in (A.16) and then taking expectations, we obtain
(5.3), completing the proof of Lemma 5.7.
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