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Abstract We propose a forward approach to study the performance of liquidation
strategies under sequential model parameter updates. The forward liquidation program
consists of pasting forward in time and in a time-consistent fashion a series of optimal
liquidation problems. They are triggered at the parameter shift instances, thus entirely
eliminating model error, and last at most till the next parameter update. However, due to
the nature of the model dynamics, solutions may cease to exist in finite time, even before
the subsequent parameter update. Furthermore, forward liquidation strategies may never
lead to full liquidation, even though they maximize the average utility of revenue and
always preserve time-consistency. In juxtaposition, the traditional approach delivers full
liquidation at the sought horizon but encounters considerable model error, generates value
erosion, and is time-inconsistent.
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1. Imntroduction

Forward performance criteria were introduced by M. Musiela and the second author in [23]
and [24], and subsequently further developed by them and others, in order to accommodate
several limitations of the classical expected utility problems related to pre-chosen horizon, utility
and model dynamics. These new utility criteria offer substantial flexibility in terms of rolling
horizons, evolving risk preferences and dynamically adjusted model dynamics, while remaining
time consistent at all times. They are built on the dynamic programming principle in that
compiled with the wealth process, forward utilities processes are (local) supermartingales along
admissible strategies and become (local) martingales along an optimum policy. The traditional
(backward) value function processes are special cases of forward utilities.
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The literature on forward performance criteria has considerably expanded since their introduction.
Various papers have examined, among others, forward utilities in general semimartingale markets,
stochastic factor models, model ambiguity, robust control, risk measures, certainty equivalents,
risk sharing, contract theory, competition, mean field games, pension fund management, as well
as their connection with ergodic control, infinite horizon BSDE, ergodic BSDE, ill-posed PDE
and SPDE (see, among others, [2, 3, 5, 6, 9-11, 17, 18, 20, 21, 25—29, 32, 33, 38] and others; we,
also, refer the interested reader to the recent review article by M. Musiela [22].

In all existing works in the forward literature, with the exception of [20], the updating of
model dynamics and preferences is perfectly aligned with the frequency at which trading takes place.
Furthermore, because of the nature of optimal investment problems, the focus has been on
building forward criteria that are well defined for all times. This paper takes a different route
and contributes in a number of new directions. Firstly, the underlying model comes from optimal
liquidation in which price impact is encountered for, which puts the solution approach outside
the ones that have been used so far in optimal investments. Secondly, because of the nature of
the controlled dynamics, forward solutions do not exist for all times and, thus, analysis till the
first blow-up time needs to be developed. Thirdly, and most importantly, we allow for sequential,
piece-wise constant changes in the temporary price impact parameter. As a result, changes in the
model dynamics happen discretely as opposed to trading that takes place continuously.

The underlying optimization framework is based on the expected utility model of separable
exponential type, proposed in [30] and [31], with singular terminal data. Therein, the model
dynamics (cf. (4) and (5)) depend on both the temporary and permanent price impact parameters,
A and ~, which were taken to be constants, chosen at initial time ¢t = 0. There is substantial
literature pointing out that, while v varies slowly, parameter A changes considerably through the
sought liquidation horizon (see, among others, [4, 7, 8, 12-14, 16, 19] and the more recent works,
[15] and [37]; providing a detailed bibliography for the vast area of optimal liquidation is beyond
the scope of this work, for our aim is to use a specific model to study the use of forward criteria
within it).

Herein, we explore how forward performance criteria can be built that take into account, from
the one hand, the effects of model dynamics with price impact and, from the other, the sequential,
discrete in time, changes in parameter A, assuming that + remains constant throughout. We
elaborate on the two parts next, starting with the latter. We assume that the temporary price
impact parameter X is initially (at ¢ = 0) equal to Ag, and afterwards, takes values Ay, ..., An_1,
with the parameter shift occurring at times Ti,...,Tn_1, respectively. We, also, assume that
Ty-1 < T, with Ay_1 being the active parameter value in the last interval [Tn_1,T], where
T < oo is the final, and possibly full-liquidation horizon. The critical assumption in this toy
model is that each pair (\;, T;11) becomes known only at time T;, ¢ =1,..., N — 1. For example,
at initial time ¢ = 0, the agent knows the value )y and the “confidence interval” [0,7}], the
longest interval in which value A9 is deemed accurate. The updated value A; will be only
revealed at Tj, together with time T5, with [T}, T5] being now the new “confidence interval” for
the new value. We may think of the pair (A;,T;+1) as an “ F; -measurable” modeling input (with
{.7-}}t>0 being an underlying filtration), but we make no assumption about an underlying model
that generates these parameter values and their updating times. We, also, do not refer to the
“confidence” intervals in any statistical sense. We, only, consider this rather simple, if not simplistic,
framework of sequential, piece-wise constant in time, changes in the model, and investigate how
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forward performance criteria may be applied to evaluate the various liquidation strategies and, also,
to potentially offer a complimentary framework to the traditional analysis aligned with adaptive
control. As we will see, even in this rather simple modeling framework, the underlying
mathematical questions are interesting on their own right.

The forward approach we propose consists of pasting, in [0,T], sequentially and forward in
time stochastic optimization problems,

PO,T = P()OP1 O...OPN_l (1)

with the following characteristics. Each problem P; is born at time 7;, when the accurate
parameter value A; becomes known, provided that its predecessor P;_; has not expired strictly
before T;. It is cast in a forward setting and its initial condition taken to be equal to the
terminal condition of P;_j. This preserves time consistency while going from one parameter
regime to the next, forward in time. Furthermore, it ezcludes any model error, as each new
problem P; is triggered exactly when the accurate value A; becomes known. On the other hand,
as a forward problem, P; is ill-posed and, therefore, it may not be viable for all times. We denote
its solvability time by 7;.

Parameter \; remains valid from 7; till 7;.; when the next value \;1; is revealed. If
T, +7T; <T;y1, then problem P; is not viable beyond T;+ 7; and the forward liquidation
schedule Py 1 terminates all together at T; + 7;, making all subsequent parameter adjustments
obsolete. If, on the other hand, T; + T; > T;41, the next problem in the sequence (1), P11, is
born at T;41 and the construction continues in the same iterative manner, always forward in time.
Like P;, problem P;y; is set as a forward problem with initial, at T;;;, condition being the
terminal value of its predecessor P;.

As mentioned above, P; is ill-posed and, thus, it may not be viable for the entire interval
[T, Ti+1]. The model dynamics with price impact put the analysis outside existing results in
forward utilities and a new approach needs to be developed. Within the separable class of criteria
we consider herein, we study the solvability of P; by analyzing the characteristic curves of an
underlying Hamilton-Jacobi equation and determining their longest invertibility time. This, in turn,
yields the solvability time T; of problem P;. An inherent complication is that if T; +7; < Tjy1,
which forces the forward program to terminate before T;,1 < T, any goal to fully liquidate at T'
is not achieved. Furthermore, depending on the interplay of various model inputs, it is not
always the case that full liquidation actually occurs, in that full liquidation might not be optimal
under forward criteria.

Generally speaking, the solution patterns depend crucially on both the choice of the initial
condition and the relative sizes of the upcoming parameter values. Since we work in the
framework of [30] (and [31]) we choose an initial condition which is separable and of exponential
type (cf. (15)), and seek to preserve its form from one forward problem to the next, which offers
substantial tractability. In summary, working in the forward framework does not encounter any
model misspecification error as each new problem is perfectly aligned with the incoming
information about changes in A. It, also, offers by construction, time consistent solutions through
forward in time “model pasting”. On the other hand, there are two drawbacks. Firstly, forward
problems are ill-posed so they may loose solvability in finite time, and in particular before the
next updating time. Secondly, forward liquidation strategies, while they optimize the average
forward utility of inventory and revenue, may not lead to full liquidation after all. As we will see,
this happens predominantly when the parameter A becomes very large. One may then argue that
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while forward strategies could fail to deliver full liquidation, they may be, after all, superior in
the presence of unfavorable market conditions.

The traditional (backward) analysis has its own advantages and disadvantages. The agent is
strictly committed to fully liquidate at 7" no matter what changes, favorable or unfavorable,
occur in parameter A as time advances.

As a result, at each time T;, i = 0,1,..., N — 1, he has to solve an expected utility problem for
the entire remaining horizon [T;,T] as in [31] and, thus, he faces the rather heavy constraint to
have to pre-choose a model for this horizon, even though the model is known only for [T}, T;11).
Having a model specified for the whole horizon [T;,T] is needed in order for the backward utility
problem to be solved even in [T}, T;11). We further elaborate on this next.

At time ¢t = 0, the agent knows the value Ao and its validity interval [0,7}], but she is entirely
agnostic of any upcoming values and model update times. For simplicity, let us assume that the
entire stream T7,...,Ty_1 is known at ¢ = 0. Then, she must choose a model for [T1,T] which
amounts to choosing proxies 5\1, s XN,l for the respective intervals [T1,T%), .., [Tn—1,T) which,

of course, might not be accurate. To comply with backward induction, the agent will first solve a
full liquidation problem, denoted by E(j\N,l;TN,l,T>, a replica of the expected utility
problem in [31], with singular terminal condition (7). In turn, the initial condition of

L (5\ Ne1;IN_1,T ) at Ty_1 will serve as the terminal utility of an optimal liquidation problem,
denoted by & (5\N_2; TN_Q,TN_l). Because the terminal condition of the latter is not any more

of singular form, S (XN,Q;TN,g,TN,O is not a full liquidation problem (which is intuitively

expected, after all). Working backwards, the agent will have to solve a sequence of such problems,

moving from S </\i+1;Ti+1,Ti+2) to its predecessor S (S\i;Ti,TH_l). It is, then, obvious that
each optimal strategy for S(X;0,71),...,S (5\N72;TN72,TN71> and L (XN,l;TN,l,T),
respectively, is heavily polluted across [0,7] by model error. This is the case even for the very
first problem S (Ag;0,77) in which the pair (Ag,71) is known and, thus, the model is accurate on
[0,71]. On the other hand, the terminal condition of S (Ag;0,T}) is distorted by the incremental
model misspecification moving backwards in time.

In analogy to (1), we may think of the pre-committed agent having to solve a sequence of
backward liquidation programs, Lo r,..., L1y_, 7. Each of them, say Lr, r, is triggered at T;
and consists of first solving a full liquidation problem L <;\;V_1;TN,1,T) for the last period
[Tn—1,T] and, subsequently, a family of optimal liquidation (but not of full liquidation)
problems S (5\§V72;TN72,TN71) s S (N3 T3, Ti41), moving backwards in time. With the
exception of the first problem S (A;;T;,Tiq1), within program L, 7, for all other problems the
agent must assume proxies of the parameter values 5\1 15 .“7:\1}\]71. We stress that L, r only
lasts for t € [T}, T;11],sinceat T; 1 the new value \;; is announced and program L, 1 istriggered.

The proxies Aj,q,..., Ay_; differ, in general, from the true values A;y1,...,An—1, and may also
change in the next Lr,,, r; to be precise, (5\2:”, e ;\§V_1> + (5\215, ey 5\3\',"_11>

Schematically, we may write, in analogy to (1), the backward liquidation program with

sequential parameter updating, as the family of liquidation sub-programs Lo r,..., L1y _,,T,
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Lor =L (&%,I;TN_MT) oS (ig)vfz;TN_Q,TN_l) 0. 08 (M;0,Th),
Loz =L (X}V_l;TN,hT) S (J\}V_Q;TN,Q,TN,l) 6. 0SO:TLTh),

Lo =£ (Ao Tv1,T) 08 (M_ps T2, T 1) 0 0 S (Wi Ti T

Lry o =LAN-1;TNn-1,T).

In the Appendix, we consider the case of a single parameter change. This yields only two
members in the set above, namely, Lor =L (X?;TDT) 08 (X0;0,71) and £¥1\7—117T = L(A1;
Tn_1,T); the proxy 5\(1) is chosen at t = 0 for problem £ (5\?; T, T).

In summary, the forward and backward optimal liquidation programs have distinct advantages
and disadvantages. The forward approach is built on time consistency, follows accurately the
parameter updates and provides an intuitively pleasing optimization approach that pastes
forward in time the related optimal liquidation sequential problems. On the other hand, while
each model is, by construction, accurate at the time it is being introduced, the related
optimization problems are ill-posed and, as such, they might not have solutions beyond their
solvability time. As aresult, the forward liquidation program may terminate before T' and, in addition,
it might be that the final forward optimal inventory is not zero, thus failing to achieve full
liquidation all together.

In contrast, the backward liquidation program consists of well-posed problems and, eventually,
full liquidation is achieved at T'. However, this may happen at considerable loss of value. Indeed,
there may be substantial model error which dilutes the sequential model dynamics and, in turn,
the value functions, the optimal strategies and the optimal processes. This model erosion is
compoundly amplified due to sequential backward induction in which model errors “pile up”
going backwards in time, moving from one well-posed problem to its predecessor in time. Furthermore,
each “first in the upcoming queue” wrong model never truly materializes as its dynamics become
obsolete as soon as the next parameter shift takes place. These problematic situations are the
direct result of the strong adherence to fully liquidate at T" and the complete lack of knowledge
of the upcoming model values while, at the same time, full model specification is needed for each
remaining horizon.

As mentioned earlier, the aim herein is not to defend one approach against the other as, in
many aspects, they are not comparable. Rather, we aim at exposing their differences and similarities.
A possible route to juxtapose the two approaches is to build meaningful notions of regret metrics.
This is being currently investigated by the authors in [36] in a broader context and applications.

Overall, the paper offers new results in the forward performance literature by allowing for
liquidation dynamics with price impact and for model updates at a different frequency than the
one of trading. Furthermore, the parameter changes happen in a very general, model-free way,
which truly highlights the flexibility forward criteria offer in such settings.

The paper is structured as follows. In Section 2, we first review the full liquidation expected
utility problem L (X;0,7) in [31] and L (XAg;0,00) in [30], where a single model (single
parameter value) is assumed. We, then, build its forward analogue, P which depends on Ay and
a parameter k entering in its initial condition. We, then, establish that each classical single-
model full liquidation problem £ (\g;0,T") or L (Ag;0,00) can be thought as a forward optimal
liquidation one under a suitable choice of k. The opposite, however, is not always true which
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reconfirms that terminal non-zero inventory may occur optimally in forward problems. In Section
3, we present the forward liquidation program, produce its solution and discuss the optimal policies.
In Section 4, we discuss the continuous time case and produce a solution for the coordinated
variation case. We conclude in Section 5. For completeness, we also highlight the main findings
for the backward problem. To ease the presentation, we only consider a single parameter shift
and provide the key calculations in the Appendix.

2. Core optimal liquidation problems: the backward and forward approach

We start with two distinct optimal liquidation problems which will serve as the building
blocks in the upcoming analysis. The first was solved in [30] and [31] (for finite and infinite
liquidation horizon, respectively) while the second is new and formulated in the forward setting.
We review the former and explicitly solve the latter. For both problems, we take the set of
admissible policies to be deterministic but this is without loss of generality. Indeed, in the
settings in [30] and [31] this is well documented. In the forward analysis, the arguments are a bit
more complex but, as the analysis shows, working with deterministic policies suffices for our
approach herein. We, also, study the connection of the two problems. We establish that the
backward one is a special case of the forward problem in that, within the same stock price model,
each backward problem can be cast as a forward one with a suitable initial condition; however,
the opposite is not always true which highlights that terminal non-zero inventory can be optimal
in the forward setting.

2.1 Classical (backward) optimal liquidation problem

We review the optimal liquidation problem in [31]. Assume an arbitrary, full liquidation time
T < oo. The stock price process Py, t € [0,T], solves

P; = Py + ooWi +70(X: — Xo) + MoXt, (3)

Py > 0 and W;, being a standard Brownian motion on a probability space (Q,F, {‘Ft}t20 ,P),
with {.7-}}7520 being the natural filtration satisfying the usual conditions. Without loss of generality,
it is assumed that oy = 1. The parameters \g,7p model, respectively, the temporary and
permanent price impact and are known positive constants.

The inventory process X, t € [0,T], models the amount of stock shares held at time ¢, is
absolutely continuous and solves

t
Xf—a- /o £.ds, (4)

with initial inventory Xy = x > 0. The control £ represents the rate of liquidation. The revenue
process Ry, t € [0,T], is given by

t t t
RS :/ £sPyds = (Pox— Exz) _)\0/ 53d3+/ XSdw. (5)
0 2 0 0

The set of admissible policies Ajp 7] consists of deterministic policies satisfying the full
liquidation requirement fOT Eds =z, & >0, te€l[0,T]. Furthermore, fOT €2ds < oo and the
associated process Xf is bounded uniformly in ¢, with upper and lower bounds possibly
depending on the control £ (see [30]).

The manager is risk averse and seeks, from the one hand, to maximize the expected utility of
terminal revenue and, from the other, to fully liquidate by T', starting with inventory « > 0 and
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revenue rg = Pyx — %xQ. To solve this, the authors in [31] proposed the following expected

utility problem, formulated for arbitrary r € R. We will be using the spatial domain notation
D=R"xR.

Problem L (\o;0,T): For (z,r) € D, solve

V(z,r,0;T) := sup E{v (X%,RET)’XSZLREZT , (6)
Ao, 1)

with terminal datum

v (e,r) = {‘ it ==0, (7)

—00, if x>0.
The related Hamilton-Jacobi-Bellman (HJB) equation is given by

1
Vi + 5@V + max (-hog*V; — £V2) = 0, (8)
(x,r,t) € D x [0,T] with V(z,r,T;T) = v (x,r). Direct calculations yield

V(xz,r,t;T) = —exp <—7‘ + Ao x2 coth ﬁ) (9)

and for the optimal feedback control,
t

1 T —
* t) = th . 10
& (z,mt) mxco NG (10)

Therefore, the value in (6) is given by

T
Viz,r,0;T)=—exp | -1+ 11
(5,7, 0:7) = —exp ( m) (1)
Using (10) and (4), the optimal liquidation and inventory processes are, indeed, deterministic
and given, for ¢ € [0,7], by
- T-—t W T-—t
sin cosh ——
x¢ V20 * 1 V2o
; =r————=—— and & = T . (12)
T V2ho gL
V2 V2o

The optimal revenue process Rf* is, in turn, directly derived from (5) and the above.

sinh

From (12), it is easy to see that Xg = 0 and, thus, the optimal process £* indeed leads to full
liquidation. It is worth noticing that this is “forced” through the singular penalization form of
the terminal datum (7).

Problem L (\p;0,00): When full liquidation is sought for T = oo, the problem was solved
using a similar stochastic optimization approach in [30], yielding

1
V(x,r;0) = —exp (—r + \/? 2) and & (z,7) = \/TTOLE'

The above follows easily from the infinite horizon version of (8). The optimal inventory process
and liquidation strategy are given by

. ot _
X5 =gze V™0 and & = ——aze Vo,
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This optimal constant liquidating strategy fully liquidates the initial inventory asymptotically,
limyjoe X5 =0.

2.2 Forward liquidation problem

We introduce a new problem, which will be the analogue of the backward full liquidation
L(X;0,T), T < oo, which we cast in the forward setting. The definition of the forward
performance criterion is along the lines of the one introduced by M. Musiela and the second
author in [23] and [24]. Specifically, we seek a process, depending on the inventory, revenue and time,
which is a supermartingale when compiled with them on arbitrary control processes and becomes
a martingale at an optimum. As mentioned in the introduction, one of the new elements herein is
the solvability time, which yields the horizon within which the forward problem is well defined.
In all existing works in the forward literature so far, the focus was on identifying conditions such
that the underlying problem - optimal investment and consumption - is well defined for all times.
Herein, however, one of the scopes is to study the interplay between full liquidation times,
solvability times and times at which the model characteristics change. We further elaborate on
this below and in the next section.

As in the backward case, the agent starts at ¢ =0 with model dynamics (4) and (5). For
notational flexibility in the upcoming general case in Section 3, we use the generic notation A,
instead of \g. We denote the forward policies by ¢ and write the dynamics

dX¢ = —¢dt and dRS = —\C2dt + X AW, (13)

with Xo =z, Ry =, (x,r) € D. The (forward) admissible control set A consists of deterministic
functions ¢, with ; >0, t € [O,TC), where

t
T¢ = inf{t >0: / (ds = x} (14)
0

with fOTC (2ds < L (¢), for some L (¢) > 0, possibly depending on the policy.

Problem 7P (), %;0): Let A > 0 and the inventory and revenue processes X and RS satisfy (13).
Let £ >0 and v : D — R~ given by

u(x,r) = —e Ttk (15)

Find the maximal deterministic time 7T (A, k;0)>0 and a deterministic function
U(x,r,t):Dx[0,T (N k;0)) — R~ of the separable exponential form

U(z,r,t) = —e 7HH=0, (16)

for a suitable function h € Cb! (R* x [0, T (Ao, ko; 0)), with the following properties:

i) U(x,r,0) =wu(z,r) and U (x,r,t) is decreasing in z, for (z,r,t) € Dx [T (), k;0)),

ii) for any ¢ € A, the process U(Xf,Rf,t) is a (local) supermartingale, for t € [0,T(),
k;0) AT¢),

iii) there exists (* € A such that the process U(Xf*,Rf*,t) is a (local) martingale, for
te [0,T (XN k;0)ATS).

In problem P (), k;0), while the manager trades in a similar market environment as in the
backward problem, she does not pre-determine a time at which full liquidation may occur. Rather,
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she chooses an initial datum of form (15) and seeks the longest time such that the conditions
(1)—(iii) are satisfied.

We will be calling T (X, k;0) the solvability time of problem P (A k;0). We stress that
T (A, k;0) may be finite, a direct consequence of the ill-posed nature of forward performance criteria.
We also stress that T (A, k;0) is not required to be a full liquidation time.

While this problem might, for now, look artificial, it will become the building block for the
forward approach. As a first step, we show that both backward problems L (A\g;0,7) and
L (Xo;0,00) are merely special cases of P (A, k;0) with A\g = A and suitable choices of k in the
initial condition (15). On the other hand, the opposite is not always true, as we discuss in
Remark 5.

We solve P (A, k;0) for arbitrary constants A,k > 0. We introduce the key parameter,

2
m:= k\/: >0, (17)

and the auxiliary functions F,G : RT — R,

4 t
F (t;m, \) := cosh — — msinh —

V2X V2x'

(18)
G (t:m, ) h— L gnn
;m, A) := cosh —— — — sinh ——.
V22X m V2
Lemma 1 Functions F' and G in (18) satisfy, for m > 0,
1
F(it;m N =G (t;,A) .
m
Furthermore, F (0;m,\) = G (0;m,A) =1,
A l+m %A 1+m
A —0, F|y/2m"" 1
G(\/;nlm,m,)\> 0, ( inm,m,)\>>0, m € (0,1),
and
F ( )\lnm;m,)\> =0, m>1.
2 1-m
We establish the following auxiliary result for the candidate function h (z,t) in (16).
Lemma 2 Let A\, k >0 and m = k‘\/% (cf- (17)). Define
é In L+ m7 1,
2 1-m
T (A k;0) := { 00, m =1, (19)
A 14+m
5 In m7 m > 1.
Then, for t € [0,T (A, k)), the Hamilton-Jacobi equation
Lo 1o
S % = 2

with

h(z,0)=ka®, x>0 and h(0,t)=0, (21)
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has a unique non-decreasing in x solution,

G (t;m, \)
= ka2 22
hant) = ke o, (22)
with F and G as in (18). Furthermore, for x > 0,
0, m <1,
2 —
lim Az, ) = 4 P m=1 (23)
1T (X, k30) oo, ¢ >0,
>1
0, =0,

Proof We solve equation (20) using the method of characteristics. These curves, denoted by
X (t) and P (t) satisty

dx(t) 1 dP(t)
and
dr(X(#),t) 1 o0 1y
with P(t) = h,(X(t),t), X (0) = z. Therefore, for t > 0,
X(t) = CieVex + Che” Vax and P(t) = V2x (—Cleﬁ + 026_\/%) . (26)

The initial condition (21) yields P(0) = h,(z,0) = 2kz and, thus,

T 2 x 2
01:2<1—k'\/:> and 02=2<1+k\/:>, (27)

which implies that, for ¢t > 0,

t Lt .
X@t)== (cosh NoW m sinh \/ﬁ) =xF (t;m,\). (28)

Therefore, for ¢ > 0, the function h(z,t) satisfies

(X (8),1) = h(z,0) — /Ot <41>\P2(8) 4 ;X2(s)) ds
— ka® + \/5 (Cae VR — V) + \/5 (c7 - 3)

(R ()

Next, we seek the longest time T (), k;0) such that a well-defined solution h (z,t) exists, for
each >0 and t€[0,T()\k;0)), which is, in addition, nondecreasing in z and satisfies
h(0,t) = 0. For this, we first need to invert the characteristic curve (28), insuring that for each
X (t) >0, t€[0,T (X k;0)), there exists a unique = > 0 that satisfies (28).

We look at the following cases:

i) If m=1, then F(t;1,\) = e~ V5 while, if m <1, F(t;m,\) > ¢ VER. Thus, for m <1,
F (t;m,\) >0, t >0 and therefore, (28) can be inverted for all times ¢ > 0.

ii) If m > 1, curve (28) can be inverted only up to the first zero of F (t;m, \), which occurs at
the (finite) time, say T, given by
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1
T, = vV2Marccothm = 1nm+.

Therefore, if we define (with a slight abuse of notation) time 73 (A, k;0) as

1
Ty (A k;0) i =00, if m<1 and T (\E;0):= \/gln:i_l, if m>1, (29)

we deduce that a well-defined solution is given, for ¢ € [0,T} (A, k;0)), by

_ k cosh \/> \/7 ( ) sinh \/?
<cosh )

cosh — — — sinh —
_ kIQ( \/2)\ m \/2)\> _ 2 GtmA)
(cosh L m sinh t) E(t;m, A)
V22X V2X

Note, however, that the above function might not yield a solution h(z,t) which is increasing in z,
for each t € [0,T1 (A, k;0)). To this end, let

A1
Ty (N k;0) := \/glnlirrmn, if m<1l and T5(\k;0):=00, if m>1. (30)

Then F(t;m,\) >0 and G(t;m,\) >0, for all ¢ € [0,T5 (A, k;0)). Combining (29) and (30), we
easily conclude.

To show uniqueness, we assume that there are two solutions that are non-decreasing in z, say

heCYH(RT x [0,T)) and h e O (R+ X [0,%)), with T > T, satisfying h (z,0) = h (z,0) =

kx?, 2 >0, h(0,t) = h(0,t), t €[0,T). Then, H := h — h satisfies, for (z,t) e RT x [0,T),
. 1 -
Ht—f<h2 hi) ~ H, — {H, (hﬁm) =0

with H (x,0) =0 and H (0,t) =0. For its characteristics, we would then have d)((hgt) =

h”(X(t)’tHf”(X(t)’t) , with hy (X (t),t) + he (X (t),) > 0. Using routine arguments we conclude.
It remains to show (23). The case m =1 is trivial. If m < 1, then

lim h(z,t)= lim kaM,
HT(X,k;0) i/ In 1im F(t;m, \)
and using Lemma 1 we conclude. The case m > 1, follows similarly. O

The next result states that within the class of deterministic separable functions (16), the
forward liquidation problem P (A, k;0) has, for each pair A,k >0, a wunique solution pair
(U (z,7,t),T (A k;0)), which we construct explicitly.

Proposition 3 Let A\, k>0 and m:k\/g (cf. (17)). Let also F and G be as in (18),
T(\ k;0) asin (19) and h(z,t) as in (22). The following assertions hold :

i) Problem P (A k;0) has a solution pair (U (x,r,t),T (N k;0)) with U (z,r,t) given, for
(x,r) €D and t € [0,T (\ k;0)), by

Uz, r,t) = —e "HH@H, (31)
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This solution is unique in the class of separable functions of form (16). Furthermore, for each
(z,r) €D,

e ", m <1,
o 7r+kz2 =1
lim U(x,rt) = ¢ ' men (32)
1T (A, k;0) —o0, x>0,
> 1
—e ", =0,

ii) The optimal policy (* and optimal inventory X<¢" are given, respectively, for
t€10,T (A k;0)), by

= ()= g
and
XS =aF (t;m, \). (34)
iii) For each x > 0,
tTTl(ii{lk;O) X6 = {g’ (1—=m)(1+m), Z ; i (35)

Therefore, if m > 1, the optimal policy ¢* is also a full liquidation policy at solvability time
T (N k;0).

Proof It follows trivially that U (z,7,0) = u(x,r). To show properties (ii) and (iii), we work
as follows. Let ¢ € A. Then, for ¢t € [0,T(\, k;0)), the functions h(x,s) and U (z,r,s) are well
defined for s € [0,]. Ito’s formula yields, with T¢ as in (14), gives

U(XS o, RSt ATS)

tATS? “HATS?

tATS
= ufr,z) + / (Us (XS, RS, ) — G, U, (XS, RS, s)) ds
0

tATC 1 ) tATS
+ / (—A@Ur (X5, RS s) + 5 (X5) " Unr (X§,R§,s)) ds + / XSUH (XS, RS, 5)dW,
0 0

tATS 1
/0 (cs — ohe (XS s))

tATS 1
_/0 ((S—Q)\hz (X§,8)>

where we used (31) and (20). Next, we show that the process

2

tATS
U (XS, RS, s) ds+/ XSU(XS, RS, s)dW,
0

2

tATS
e BHh(X58) gs 4 / XSUL(XS, RS, s)dW,, (36)
0

t/\TC tATS ) .
| xvs raw, = [ e xcaw,
0 0
is a genuine martingale, for ¢ € [0,T'(\, k;0)). To this end, first note that

t 2 t sim,
[/ (rrosaxs) o] < otn[ [ o sal.
0 0

Furthermore, if m > 1, (18) yields ggzgig < ggiz’;g while, if m < 1, ggzz;g < ggg:’lig =1.

¢
Therefore, it suffices to show that E [ JAT e 2R ds} < 00. From the admissibility of ¢, there
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exist constants L(C), K(¢) > 0, such that fOTC (2ds < L(¢) and E UOTC (XSC)st} < K(¢). Hence,
using dynamics (13) we obtain, for ¢ € [0,T(A, k;0)),

tATS . tATS s s
E / e 285 g / exp <2T - 2/ ngWu + 2>\/ CZdu) ds
0 0 0 0

tATS -
< e—2’r+2/\L(C)E / 6_2 fo X“dW“dS
0

=E

t
_ 6—2T+2)\L(()/ E |:e_2 fOS/\TC XidW“:l ds
0

t
< -2 AL / 2K g — =2 LKWy o o=2+2ALOF2K QD) f),
0

¢
where we have used that fOSAT XSdW,, s€[0,t], is a square integrable martingale with

quadratic variation at most K (¢). We easily conclude.
Next, let, for ¢ € [0,T (X, k;0)) the feedback policy ¢ = 5xhg (X7, t) > 0. Then, (13), (18) and
(22) give

t t
cosh — —sinh —
ax< = %Xf* VIA M VA X =, (37)
cosh — — msinh —
V2\ V2\

and solution (34) follows. In turn, {;° is given by the deterministic function in (33). Note that for
t €10,7 () k;0)), all involved quantities are well defined. We, then, easily deduce that this
policy is admissible and its optimality follows from (36).

We next look at limgyp(x x0) Xf*. If parameters A, k are such that the associated m < 1, then
(34), (18) and (19) give

lim Xf* =z (cosh (tanh(_l) m) — msinh (tanh(_l) m))
1T (A, k;0)

=z (1 — m2) cosh (tanh(fl) m) =x (1 — m2) cosh <ln 1—|—m>

—m

:;x(l—m2)<\/1+m+ 1_m>zac\/(l—m)(l—f—m)>0. (38)

1—m 14+m

If m =1, then T (A, k; 0) = oo and (34) and (19) give limqoo Xf* = limypoo ze~xt =0 and, thus,
T¢ =T (\E;0) = co.

Finally, if m >1, then (34) and (19) yield that limypea ko) Xf* =0, and that
T¢ =T () k;0) < co. Therefore, the optimal forward policy achieves full liquidation at time
T (A k;0). O

Corollary 4 For z >0 and t € [0,T (), k;0)), we have

hi(z,6) 20 if m21 and h(z,t)=0 if m=1.
Moreover, the optimal liquidation strategy C* satisfies

d

., 1. m?-1
TS

T2V F2 (6 m, \)
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Therefore, if m > 1 (resp .m < 1), {§ is strictly increasing (decreasing) in time. If m =1, the

optimal policy is constant, (§ = x% Eiii; = x%

2.3 Reconciling the backward and forward core liquidation problems

The forward liquidation problem P (A, k;0) is solvable for any parameter pair (A, k), up to
solvability time T (), k;0), which is endogenous derived. This is expected given that P (A, k;0) is
an ill-posed problem. Furthermore, the related optimal liquidation strategies might not liquidate
fully if the model input (A, k) is such that the critical parameter m = k\/g < 1. This may, for
example, happen if \ is very large.

The backward liquidation problem L (Ag;0,T) is, also, solvable for any pair (Ag,7T") but with
the full liquidation time T being exogenously given. The optimal strategy is always well defined
and achieves full liquidation exactly at T (and not earlier; this is a direct consequence of
choosing the singular terminal datum v (z,7) in (7)).

We now connect the two problems P (N E;0) and L£(X;0,T). We establish that for each
backward problem £ (Ag;0,7), T < 0o, there exists a unique parameter ko such that the forward
liquidation problem P (Ao, ko;0) has the same optimal solution and, thus, is itself a full
liquidation problem. The inverse, however, may not always be true as we discuss in Remark 5 below.

2.3.1 Full liquidation in finite time
Let Ao, T with 0 < Ao, T < 0o be arbitrary but fixed. Introduce the constant

>\0
ko == \/ — coth —— 39
0 Cco m ( )

and consider the forward liquidation problem P (Ag, ko;0). Then, (17) gives

mg = coth > 1, (40)

T
V2Xo
and, in turn, from (19) we have

1+mg
— o

T ()\Q, ko; 0) = 2)\0 In =T. (41)

Therefore, the full liquidation time T of the classical problem L (Ag;0,7T) coincides with the
solvability time T (Ag, ko;0) of the forward problem P (Ag, ko;0). Furthermore, for ¢t € [0,T), (33)
and (39) give,

cosh ¢ — sinh ¢
* kO vV 2)\0 2)\0
r= 2
Ao T . t
cosh coth ———sinh
vV 0 vV 2)\0 vV 2)\0
T t t
coth cosh —sinh —
ko VoY v \/2)\0
X T t t
th h th ——— sinh ——
co N cos N —co m sin N
cosh r—t
_ 1 T V 2>\0 . é—*
= T =&
V2A0 sinh
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Obviously, the optimal inventory processes of the two problems coincide,
XS =X, telo,T)

and with full liquidation at terminal time, Xé* = X;f( No,koi0) = 0. Notice that full liquidation at
T (Ao, ko; 0) for problem P (g, ko; 0) is expected since the parameter mg above satisfies mg > 1.
The latter essentially implies that g is relatively small and, thus, favorable for full liquidation.

Tedious but direct calculations also show that, for ¢ € [0,T), U (z,7,t) =V (z,r,t;T) and
limyyr(ng,k0) U (2,7, 1) = limgppr V (2, 7,t) = v (2,7) (cf. (7)). Furthermore, the optimal revenue
processes in the two problems coincide.

What we have shown is that the traditional optimal full liquidation problem, at finite horizon
T, can be cast as a forward one, namely,

L(X;0,T)~P ()\0, Ao — coth (42)

).

Remark 5 The choice of the constant ko in (39) is not the only one that vyields
T (Mo, ko;0) = T. Indeed, for

T
ky = /Ao tanh ——,
V2
T

we also have T (Mg, k{; 0) = T. However, in this case, m{, = tanh 7o < 1 and, as we have seen

in (38), the optimal policy for P (Ao, k{;0) does not lead to full liquidation. Therefore, problems
P (Mo, k(; 0) and L (Ao;0,T) do not have the same solution.

This highlights the fact that while every backward problem L (X\p;0,T) can be written as a
forward problem P (Ao, ko;0) for a suitable ko, the opposite does not always hold.

2.3.2 Full liquidation in infinite horizon

Let Ao be arbitrary but fixed, and T = oco. Choose kg := 1/)‘70 and consider the forward
liquidation problem ’P()\O, v 5 ) Then (17) gives mo = 1 and, thus, T (Ao, ko;0) =T = co. In

turn, for ¢t > 0,

1 ko
-
V2o Ao

Furthermore, h(z,t) = \/%xg and, thus, U (z,r,t) = —exp (—7“ + ’\2”362)

(¢ = =&

Working as in the previous case, we deduce that problems L (Ag;0,00) and P <)\0, \/ 3 ,0)

have the same solution. In analogy to (42) we denote this as

,C(/\o;0,00) ~P ()\0, \/?, 0) . (43)

Note that, contrary to the previous case of finite full liquidation horizon, there is always a
unique choice of the constant k that equates times, T (A, k;0) = T = oo and, furthermore, this
is also (in the limit) a full liquidation time.

So far, we have studied the technical conditions that the initial condition (15) must satisfy in
order for a well-defined solution for problem P (Ao, ko;0) to exist. Departing from technical
characterizations, it is interesting from the modeling perspective to investigate what are the
suitable classes of initial conditions for the forward setting. We do not have a complete answer
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for this yet so we provide some preliminary thoughts on what could determine the initial forward
datum.

i) Preferences for a targeted average performance: The initial condition may be taken to
coincide with a specific performance the client would like to achieve on the average through time.

ii) Preference for a liquidation horizon: The forward agent may have preferences for a pre-
chosen liquidation time. This will affect the selection of kg in (39) and, in turn, the initial condition.

iii) Preference for a trading pattern: The forward agent might have a preferred initial trading
pattern (5 or, more broadly, a preferred pattern across different time regimes.

iv) Comparative metrics: The forward agent might want to compare the performance of the
liquidation strategies in the classical setting with those in the forward framework. In this case, it
would be natural to choose the initial condition to coincide with the value function, at ¢ = 0, of
the backward full liquidation problem.

3. Optimal liquidation under forward performance criteria and sequential
model parameter updating

We propose a multi-period framework for optimal liquidation strategies following forward
performance criteria, under sequential adjustments of the temporary price impact parameter .
We fix, as in the backward case, a horizon [0,T], T < oo, and assume that the permanent price
impact parameter 7y remains constant throughout. In contrast, parameter, A\, takes values g,
ALy, An—1 at times ¢ = 0,7y, ..., Tn—1. Each pair (\;, T;41), i = 1,..., N — 2, becomes known at
time T;. As mentioned in the Introduction, we will build a family (cf. (1)) of sequential, forward

in time problems,
7)07'1“ = 'Po (¢] ’Pl O...0 PN_l,

each born at the related revision time and with time-consistent pasting from one problem to the
next, provided the previous problem remained viable. We make this precise next.
For each problem P; we use subscript ¢ for the associated forward criterion, U;(z,,t), generic

liquidation control (;, the state processes Xflt and Rfft and the optimal control process (/.

Problem Py =P (Ao, ko;0) : At time ¢ =0, both A9 and T} are known. The agent starts with
inventory x and revenue r, (z,r) € D, and chooses initial forward criterion of separable form (16),

Uo(z,r,0) = u(z,r) = fe*”k“‘g,
for some parameter k > 0. She solves the first forward liquidation problem Py = P (Ag, ko;0).
Let T (Ao, k;0) be the related solvability time and 77 the upcoming parameter update time.
Let mg := k\/% (cf. (17)). Using the results of the previous section, we look at the following cases:
Case 1: T (Ao, k;0) < T < 0.
This case is viable only if mg # 1. The parameter revision (from Ag to A1) per se is irrelevant
since the forward liquidation problem P (Ao, k;0) is only well defined for times strictly less than

T, . Liquidation terminates at T (Ao, k;0) and the final inventory is given by (35). Specifically,
If mg < 1, there is non-zero optimal inventory left at T (Ao, k;0), given by

ngoT()\o,k;U) = (E\/(]_ - mO) (1 + m()). (44)

=0.

If mg > 1, full liquidation does occurs at T (Ao, k;0), XSST(,\O 5:0)
Case 2: T (Mo, k;0) =Th
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As above, this case is viable only if mg # 1. If mg < 1, there is non-zero inventory as in (44),
which will serve as the initial condition for the inventory process in the next problem Ps.

If my > 1, full liquidation occurs, Xé?T(AO,k;O) = ng;Tl = 0, and the problem terminates.

Case 3: Ty < T (Mo, k;0).

If mo < 1, then no full liquidation occurs in [0, (Ao, k;0)) and, thus, neither in [0,7}). Then,
from (13), (22), (33) and (34), we deduce that, for ¢t € [0,71),

* * t . 2 t .
X = aF (timo, \o) > 0 and R, = — Ao / (Co,s) ds + / XS0 AW, (45)
0 0
and
* k G (t; mo, )\0)
=y 00 46
The forward criterion is given by
G (t mo Ao)
) = — _ g2 = 00 70
UO(I',T, ) 6Xp< T+ kT F(t,mo,)\o) )
with functions with F, G as in (18) with parameters mg and Ag.
At Ty, the forward criterion Uy (x,r, Ty) can be, thus, written as
G (Tt A
Uo (z,r,Th) = —eTTRa®  ith ki = ]{;7( 1510, o) (47)

F (Ty;mo, Xo)’

preserving the separable form (16), but now with an updated coefficient k;. Furthermore, there

*

is non-zero inventory at 77, Xg?Tl =z F (T1;mg, \g) and Rg‘?Tl is given by (45) with C(it as in (46).
Problem P; =P (A, k1;T1) : At T1, the agent learns value Ay, which is the accurate updated
value of A. If there is any inventory left, she introduces the new forward liquidation problem P;
in complete analogy to P (Ao, k;0). Specifically, she considers problem P; = P (A1, k1;T1) with
initial datum Uy (z,7,T1) (cf. (47)) and starting at z = ng:Tl and r = Rg‘:’le.
Note that this new forward problem P (A1, k;;71), introduced at time 77, entirely captures
not only the accurate, changed at “real-time”, wvalue A; but, also, incorporates the past

performance via its initial condition Uy (x,r,T1) as well as the initial conditions z = ng’Tl and

r= RS?Tl which depend on the initial model input (Ao, k;0), chosen at initial time ¢t =0 for
[0,T1).

To solve problem P (A1, k1;T1), we work as in the first period and choose the parameter mq,

2 G(Tl;mo,)\o) 2
=k — =kg—=——r—"L1 ] —
m "W CF (Ty;mo, Ao) V A

L Lo T

CcosN ——= — — SInh ———

vV VA 2

_ ko 2o mo 200 (48)

where we used (47).
We look at the following cases:
A.Let my < 1. The solvability time T (A1, k1; T1) of P (A1, k1; 1) is given (in analogy to (19)) by

T()\lykl;Tl) =V 2)\1 In

14+ mq
1—m1'
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We introduce time Tl,

- 1
T1 = T1 +T()\1,]€1;T1 T1 + v 2)\1 In +m1. (49)

_ml

Then, for t € [Tl, Tl), the forward criterion Uy (z,7,t) is given by

G(t —Tl;ml,)\l)
F(t—Ti;my, A1)

Ui (z,7r,t) = —exp (—r + kya?

which, by construction, satisfies the time consistency property
Uy (x,r,Th) =Up (,r,T1) . (50)
Furthermore, the optimal inventory X flt and liquidation strategy (7, are given, for
te [Tl,Tl), by
Xlg*t =aF (Ty;m, Ao) F (t — Th;mq, M),

and

x ¢r ﬁG(t—Tl;ml,/\l) - ﬁ
Cl,t - Xl,T1 )\1 F(t _ Tl;m17>\1) )\1F(T17m )\0)

G (t —Th;ma, A1)
F(t—Tl;ml,)\l) ’

Combining the above and (35), we deduce that there is a non-zero optimal inventory left at Tl,

given by

X1<1T1 =aF (Tl;m,Ao) \/(1 — ml) (1 + ml) > 0.
B. Let m; = 1. The solvability time satisfies T' (A1, k1;T1) = oo and, for ¢ € [T}, 0),
XL = aF (Ty;my Ao) F (t = Tis 1, A1),

and

(o= XflTl = aF (Ty;m, Ao) F (t — Ty 1, M)

C. Let my > 1. The solvability time is given by T (A1, k1;71) = v2A1 In 1+m . Setting

~ 1
Ty ::T1+T()\1,]€1;T1 =T1+v2M\1n +mi

and working as in the proof of Proposition 3, we deduce that the optimal inventory and
liquidation policy are given, for ¢ € {Tl, Tl), by
XY, = aF (Tiim, 2o) F (= Tiyma, A ) |

and

*kl G(t—Ti;my, A1)
Tl )\ F(f, —Tl,ml,/\l)

kl G( —Tl;mh)\l)
A F(t—Ty;ma, Ay)

Cit = F(Tl,m >‘0)

We deduce that full liquidation occurs at Ty, i.e., ch*:f =0.
»41

Next, we calculate the forward criterion U; (x,r,t), t € [T1,T1 + T (M1, k1;11)). By construction,
Ui (x,r,Ty) is given in (50). For t € (T1,Th + T (M, k1;T1)), we work as in Proposition 3, and
seek a criterion of the form
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Uy (z,7,1) = —e THh@t)
where hy solves, for t € [Ty, Ty + T (A1, k1;7T1)) the Hamilton-Jacobi equation

1 1
hit — —h? Z22=0
LTy e gt =0

with initial condition hy (x,7)) = k2, x > 0 and hy (0,71) = 0.
Let mq := Kk \/% Then, working as in Lemma 2, we deduce that

G (t —Ty;ma, A1)
F(t — Tl;ml,)\l)’

hl (Q?,t) = 1{315(}2

for t € [T1,T1 +T(A1,k1;T1)), and the solvability time T (A1, k1;T1) derived for the various
cases above.

At time t = T}, the agent also needs to choose the next model revision time T5.

If m; > 1 and Ty is chosen such that To > Ty + T(A1, k1;T1), then full liquidation occurs at

T+ T(Al’ ks Tl)’ XIC}TI“’T()\I,]CI?TI)

implies that A; is relatively small, while T5 being large indicates that the agent is confident that

=0, and the liquidation program stops. Notice that m; > 1

the current market condition with small temporary price impact would last. It is, hence,
intuitively reasonable to fully complete the liquidation program in such long-standing favorable
market conditions.

If m; <1, the agent may choose To <Ty+T(A1,k1;71) and, therefore, the forward
liquidation program continues, with remaining inventory

X{ip, = X, F(Ty — Tyymu, \) = oF (Ty;mo, \o) F (Te — Tyym, At) > 0.

This assumption is reasonable, since m; < 1 corresponds to a relatively large \; that indicates
adverse market condition for liquidation. The agent typically would not commit to such A; for a
long time, but rather, revise it before the solvability time.

Problem P (Ay_1,kn-1;Tn—-1): The forward liquidation program continues till Tn_1,
provided non-zero optimal inventory still exists at that time. At Txn_i, the last forward
liquidation problem P (Ay_1,kn—1;Tn—1) is introduced with Ay_; acquired at time Tn_1. Let,

k - kiNl:Il G(Ti;mi—lv)‘i—l)
N=b Pl F(Ty;mi—1, A1)

Working as above, we may end up with optimal full liquidation strictly before T, or finish at
T but with non-zero inventory left, all depending on the quantity my_1 = kn_14/ ﬁ Notice

that kxy_1 contains all past, accurately realized parameter value updates Mg, A1,...,An_2, all
realized before the last period and, furthermore, it interacts with Ay_1 and T — T_1 in this
last period to jointly determine the feasibility of full liquidation before or at expiration horizon T'.

4. The continuous time case

We conclude presenting some preliminary, mostly formal, arguments for developing a forward
performance methodology when changes in the parameter A take place continuously. The
analogues of (4) and (5) would then be

de = —(dt and thC = —\(7dt+ UtXthth (51)
with Xg —zcRT, and Ré =r € R, where W is a Brownian motion on (Q,F,P) and {F;},5,
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the related filtration satisfying the usual conditions. We take the processes o4, Ay > 0, ¢t > 0 to be
continuous and JF;-adapted. The policies (; are continuous, (; > 0, F;-adapted and such that
the state processes above are well defined and X¢ > 0, for t € [0,7; (w)], for some ¢ (w).

In analogy to its definition in the context of optimal investment in continuous time (see, for
example, [23, 26]), a forward performance process U(z,r,t), ¢t € [0,7 (w)), with 7 (w) < 71 (w)
and (x,r) € D, is an F;-progressively measurable process, such that the mapping r — U(x,r,t)
is strictly increasing and strictly convex, for each (z,t), and x +— U(x,r,t) is decreasing for each
(r,t). Furthermore, the process U(X¢,RS,t) is a (local) supermartingale and there exists a
process (*such that U (Xf;,Rf:,t) is a (local) martingale. We do not pre-impose a full
liquidation time which, as we saw in the previous cases, might not even exist. We are, also, not
specific about times 7 (w) and 7 (w), which may be infinite (as in the case of forward criteria in
optimal investment) or finite (in analogy to the solvability times in the previous sections). We
note that the assumption A\, € F; is only for simplicity, as richer measurability can be easily
accommodated.

We consider a candidate forward processes U(z,,t) with Ito-diffusion representation

dU(z,r,t) = b(x,r,t)dt + a(z,r, t)dW,,

and U(z,r,0) = u(z,r) as in (16). The forward volatility process a(z,r,t) is taken to be F;-
adapted and continuously differentiable in the variable r, for each (x,t). Assuming that
U(z,r,t) is smooth enough so that the Ito-Ventzell formula can be applied to U (XtC ,Rf ,t) for

each admissible policy (, we obtain
AU(XE, R 1) = (BXE RE 1) — QUL (XF, RS, 6) = NG (X, . 1)
%JEXEUW(XE, RS, 1) + atXtar(Xf,Rf,t)> dt
+ (atXtUr(Xf, RS, ) + a(XE, R§,t)> aw,.
The candidate optimal trading rate ¢* takes the form

1 Ul(X{ Ry b)

— L2 >0. 52
2M U (XS, RS 1) (52)

G =

Then, U(x,r,t) is expected to satisfy the stochastic partial differential equation (SPDE)

1 Uy(z,r t)? 1
dU (z,r,t) = <_4)\U((g;7;’t>) — op? <2atUM(x, r,t) + ar(z, 7, t))) dt
t T\~
+ a(x,r,t)dWy, (53)

with the initial datum U(z,r,0) = u(z,r). SPDE for forward performance processes were first
developed in [25] and later developed by others (see, among others, [9] and [11]).
In the zero volatility case, a(z,r,t) =0, (x,r) € D, t > 0, the above equation reduces to

2
dU(z,r,t) = — (1UM + 1UtzaJZUM(:E,r, t)) dt. (54)

4\ U (x,rt) 2

We stress that, in contrast to the zero-volatility case arising in optimal investment (see [26])

where the related forward utility is always decreasing in time, this is not the case in (54).
Another observation is that when A\; = A and o, = o, for some constants \,o > 0, the solution

to (54) is deterministic, and satisfies the HJB equation
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1 Ug(z,rt)?2 1 5,
U, t —_— 4 = Upr(x,7,t) =0, 55
t(.l?,?“, )+ 4\ U, ((E,T,t) + 20 € (Jf r ) ( )

with U(x,r,0) = u(z,r) (cf. (15)), which is the ill-posed analogue of equation (8).

A general solution process for (54) is not available yet. However, we may consider a popular
case for which the scaling assumptions make the problem tractable. Specifically, the authors in [1]
studied the so-called coordinated variation case, i.e. when the process o\ is constant across time.
As discussed therein, this is observed for periods when the largest fraction of the trading occurs.
Without loss of generality, we assume that

o\ =1, t=0. (56)

We can, then, build the continuous time analogue of the results in Proposition 3. We choose an
initial datum of the separable exponential form,

Ulz,r,0) = — exp (r + j; coth (2)) , (57)

parametrized by a constant T > 0; as in Section 2, T" may reflect the confidence of the agent

about the horizon [0,7] in which the constant variation property holds. Let 7 (w):=

inf{s > 0: fos /\idp = T}. Then, using arguments as in the proof of Proposition 2 we deduce that
P

B 22 T — fot ﬁds
U(z,rt) = —exp (—r + 7 coth (\/§>> (58)

solves equation (53) for ¢ € (0, 7(w)) and, furthermore, it is the unique solution in such separable

the process

form. Indeed, if we choose U(x,r,t) = u(x,r, fot o2ds), for some smooth, deterministic function
u(z,r,t), with (z,7) €D and te€[0,7(w)), satisfying (57), then equation (54) and the
coordinated variation condition (56) yield that
12 1,
Ut+1?r+2m U =0,

e—r+h(m,t)

with initial condition (57). Within the separable family wu(z,r,t) = — , we obtain the

unique solution

u(z,r,t) = —exp <r + \x; coth <T\[_2t>>,

and the rest of the arguments follow. The associated optimal inventory process is given by

51
Xtc* =zxexp | — o coth f “du ds | . (59)
0 \/i)\s \/>

It follows that the forward optimal strategy does not necessarily lead to full liquidation before

or at the desired horizon T, which is implicitly set based on the information that (56) holds up
to T. Indeed, if for some small ¢ > 0, it holds that fo A ds <T—¢,t>0, a.s., it can be
shown from (59) that there exists a positive constant C', such that Xf >C>0,t>0,a.s. This
condition may hold in a market with large price impact and, in this case, zero-volatility forward
criteria may not yield full liquidation at the optimum. On the other hand, if process A; is
uniformly bounded from above and away from zero, then 7 (w)<oo (recall that
T(w) :=inf{s >0: [} A—lpdp =T1}) and full liquidation is optimal therein. In other words, with
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moderate market impact it is always possible to complete liquidation in finite time and maintain
intertemporal consistency. However, the time at which this occurs, might not coincide with T'.

5. Conclusions

We proposed an application of forward utilities to study the performance of liquidation
strategies in a model with “ real-time” sequential parameter adjustments. The modeling
framework is based on the works on [30] and [31] who cast the full-liquidation problem as an
exponential utility problem with singular terminal datum (which guarantees full liquidation by
infinite penalization). The key difficulty stems from the fact that parameter adjustments and
their associated validity horizons are generated in a model-free way and become known only at
the time they change. This creates considerable difficulties when applying a traditional adaptive
control kind of approach in which a model has to be guessed at initial time for all upcoming
unknown parameter regimes. Once the first parameter change becomes known, a new full
liquidation problem is activated with the parameter known in its first part, but remaining
unknown for the rest. The process of guessing a model for this remaining period and solving the
new problem is being repeated over and over. Naturally, model error is being accumulated even
though full liquidation is ultimately accomplished.

Herein, we propose a complementary approach in which a series of optimal liquidation (but
not necessarily of full liquidation at expiration) problems is used, with each one being generated
every time the parameter is being adjusted. Each problem is cast in a forward manner, using the
terminal value of its predecessor as it initial value, thus preserving time consistency across all times.
It lasts till the minimum of its solvability time and the confidence time interval of the current
parameter value. Depending on the initial condition we choose and the sequential interplay of
parameter values and their confidence times, full liquidation may be achieved before the terminal
horizon. Alternatively, the entire forward program expires without full liquidation being achieved.
Possible failure of full liquidation should be viewed as a trade-off for time consistency and
optimization of the expected forward utility of inventory and revenue, without the considerable
value losses that occur in the classical setting due to compounding erroneous model choices.

There are various extensions that can be considered. The first direction is to extend the work
to forward utilities which preserve the exponential separable form but have more general
dependence on the inventory, U(z,r,t) = —exp(—r + g(z,t)), (z,r) € D, for suitable functions g.
This family will offer more flexibility, in particular in choosing more general initial conditions,
U(z,r,0) = —exp(—r + g(z,0)); we refer he reader to [35] for further details.

The second direction could be on how to build meaningful comparisons between the forward
and the backward approaches. This is far from obvious as each approach has distinct, non
comparable advantages and disadvantages. Indeed, the backward methodology always leads to
full liquidation but in order to accomplish this, especially when the market conditions are unfavorable,
significant losses of value can occur. Losses also occur because of the inherent model
misspecification which compounds at each model choice iteration. Finally, time consistency is
lost throughout. Alternatively, the forward approach may fail to provide full liquidation all together.
On the other hand, it is always time consistent, follows the parameter changes accurately
through time and provides non-eroded by wrong model choices optimized values. To compare the
two approaches one needs to build rich enough stochastic regret metrics, which has not been
done to date; some preliminary results may be found in [36].
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The third direction, which may be the hardest, is how to incorporate the constraint of full
liquidation at a given time while maintaining time consistency through the forward approach.
Intuitively, forward criteria with volatility are expected to be considered but the related
volatility process could be rather singular close to the full liquidation horizon. To our knowledge,
such questions have not been examined to date.

Appendix

A. The backward approach in optimal liquidation with sequential parameter updates.

To juxtapose the forward approach we developed with the backward one, we highlight some
results for the latter setting. We consider the case that the parameter changes only once as the
calculations for the multi case are rather tedious. We, also, do not provide all needed technical
assumptions as they are mainly variations of those in [31].

To this end, we assume that full liquidation is imposed at some T < oo and parameter \ takes
only two values, \p and A;, and the update occurs at 73 <T. Both Ay and 7T} are pre-
determined at t = 0, but A\; becomes known only at T;. As we elaborate below, we will solve the
backward liquidation program Lo as in (2), which has two components,

Lor =L <5\;T1,T) 0S8 (A;0,T}),
ETl’T = ﬁ()\l,Tl,T) .

The pre-committed to full liquidation agent chooses a singular terminal datum as in (7) and
seeks to solve an optimization problem Lo similar to (6) on [0,T]. Therefore, he needs to pre-
specify at t = 0 the model dynamics for the entire horizon [0, 7], which obviously cannot be done
accurately as A; is not known yet. Thus, he uses a proxy, say A, for [T1,T], which represents his
best, at t = 0, estimate for the upcoming new value of A, A;. In general, of course, error model
will occur since A may not coincide with A;. The related model dynamics are, then, given by

. t t t N
X5, =z - /0 €o.sds and Roi=r1— Ao /O £ ds + /O X§o,dw, (60)
for t € [0,T1), and
S R t R 2 R R t . t 2
XS =X — [ &.dt and RS, =Rygp — /\/ €2 ds +/ X5 aws, (61)
’ i) ’ T o

for t € [Tl, T], with XLTI = limtTTl Xg?t and Rl,Tl = limtTTl Rg?t

We use the subscripts 0 and 1 for periods [0,77) and [T7,T], respectively. We, also, use the
superscript “~” notation for all state processes in both (60) and (61), even though the model
dynamics in (60) are correct. We do this because even for [0,7}), where the model is indeed correct,
the optimal policies are being eroded by the erroneous model choice on [T}, T].

By backward induction, the agent must solve two distinct expected utility problems, on [0,T}]
and [T, T], respectively. For [Ty, T], she will solve problem L <;\;T 1,T>, the expected utility
problem similar to (6) with full liquidation requirement at 7. In turn, its value function at 77,
Vi (z,r,T1), will serve as the terminal utility of the optimization problem she will solve on [0,7}].
We will see that Vi (z,r,T}) is not of singular type as in (7) and, thus, the optimization problem
on [0,T1], denoted by S (Ao;0,T1), will not be a full liquidation problem.

We recall, as mentioned in the Introduction, that problem £ (;\;T 1,T) is “virtual” in that it
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would never be materialized since as soon as time T; arrives, the agent will learn the true value
A1 and dynamics (61) will be obsolete (unless it happens that A coincides with Ay, which is not,

in general, the case). However, the solution of £ (X;Tl,T) is needed, otherwise the problem of

the pre-committed agent cannot be computed for ¢ € [0,7T7].
In complete analogy with the results in [31] we obtain that the solution Vi (z,r,t) of

L (S\;TMT) is given, for (z,r) € D and t € [T}, T

Vi (z,7mt) = —exp | —r + \/>x cothi . (62)

For the first period [0,T}], the agent then formulates optimization problem S (Ag;0,7}) and solves

Vo (z,7,t) = supE [Vl (ng’Tl,RS?T17T1)‘X§ =z ROt = r}

3
7R50 +X§0 2 A th =11
= supE ory (X0, ) Vi VX X&’t—m Rgot—r]7 (63)
3

where we set Xg?Tl = limyy ng’t and Rg?Tl = limypy ]:Zg‘:t.
While (63) is not a full liquidation problem due to the non-singularity of Vi (z,r,T1), it can
nevertheless be solved using similar arguments using the separable structure of its solution. To

this end, we look for a solution of the form

Vo (z,7,t) = —e "Hh@Y with h(z,t) =229 (t), tel[0,T1],
for some function g to be determined. Then, for ¢ € [0,71], h will satisfy (20) with terminal

condition h (z,Ty) = \/gxz coth T*—\/@ and h(0,t) = 0. It follows directly that g must solve
2%

/ 1, 1 A T-T,
t —qg°(t) — =, T1) = {\/ = coth . 64
g'(t) " () =35, 9(T1) 5 N (64)
We introduce the constant
A T-T, 2
¢ := {/ — coth LS (T). (65)
)\0 22 )\0

We have the following cases:
Case 1: ¢ > 1 or, equivalently, g (T7) > \/%.

Setting C1 :=T1 + v/2Xg coth™Y \/% coth =4 ) | we obtain
o \/;
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Therefore, for ¢ € [0, T1],

- Ao Cy—t
W ) 7t = - —r+ 2 - th s
o (x, 1) exp( T+t co m)

and for the feedback optimal control function by & (x,t) = \/QITO coth 312%

The optimal inventory and revenue processes are, thus, given, for ¢ € [0,7T1], by
sinh G-t
X6 — o V2Xo
0,t — c,
sinh
V2
L ox t . 2 t e
RS, :r—)\o/ ( gs) ds+/ X50.dw,
; o ; o ,
.’1?2 / )\0 . 2 . 2
(sm o )
t
x .. Ci—s
_— h dW.
g [
sinh ——
V2Xo

The optimal liquidation process is given by

Thus, for ¢ € [0,71], the value function is given by

~ Ao Cy—t
Vo (z,7,t) = — —r + 224/ = tanh ,
b (x,7,t) exp( r+a”y/ = tan m)

and the optimal feedback control by é{)‘ (x,t) = ﬁtanh 322% In turn, for t € [0,7}), the

optimal processes are given by
cosh Ca -1
V2o

ng’t = xic ,

sinh — >
V2o
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t, N2 e
RS, =1 - 0/ (&..) as +/ X5 AW,
0 0
2 [ A [ 2 /2
S.

S

x t 02 -
S — h dws,
+ . C2 /0 €08 AV 2)\0

iif) ¢ = 1, or equivalently, g (Ty) = 1/ 22.
Then, for t € [0, T}], the value function and optimal feedback policy are given by

% ({E77‘7 t) = _e—T+w2\/¥ and ég (ﬂ?,t) = \/;TO

The optimal processes are given by

t

X5, =ze Vo,

Aé* 2 /\3 —. /2 s
R =r+u 20<e 20 —1)+x/e V2o AW,
0

and the optimal liquidation process by

and

0= g

When T) arrives, the model parameter is revised to A\; and the agent now uses the accurately

revised model dynamics

dX$, = —&dt and dRS, = —\&Zdi+ XS AWy, t € [T, T], (66)

with initial conditions Xp = ngng and Rp = Rg*T , the optimal inventory and revenue
processes at T generated from problem S (A\g;0,71). Naturally, both initial conditions X0 7, and
Rg.,*Tl have already inherited the model misspecification error (choosing \ instead of A\ at ¢t = 0)

which enters in the terminal condition of problem S (\;0,77).
The agent now solves problem L (Ay;7T3,T), yielding for ¢t € [Ty, T],

A t
Vi(x,rt) = —exp <—7‘ + m) (67)

where Vi (z,r,T) = v (x,r), v as in (7). The related optimal processes are given by
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T—t
sinh ——

% 1 5 Ex T—t % 5 Ex 2\
€, = ——=X5 coth and  X;, =X, — VI
, 5y <0, AW : , T T

2)\1 . 2)\1 ! sinh 1

V2\
As expected, X717 =0. Notice, however, that even though the agent considers an entirely new
liquidation model on [T7,T], the initial wrong parameter assessment \ -instead of the true, in

hindsight, value A;-still affects the solution of £ (A1;T1,T) through the initial conditions ng;Tl

and Rg?Tl. For example, Xg;‘Tl depends on g (-), which itself depends on the erroneous choice of
A through the terminal condition g (7}) above.

Further calculations can be carried out to compute in detail the related errors and refer the
reader to Chapter 3 of [34]. We choose not to do it here as a more general study within a
broader scope of building regret metrics is currently under preparation by the authors in [36].
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