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Abstract In this paper, we present a probabilistic numerical method for a class of
forward utilities in a stochastic factor model. For this purpose, we use the representation
of forward utilities using the ergodic Backward Stochastic Differential Equations (eBSDEs)
introduced by Liang and Zariphopoulou in [27]. We establish a connection between the
solution of the ergodic BSDE and the solution of an associated BSDE with random
terminal time 7, defined as the hitting time of the positive recurrent stochastic factor.
The viewpoint based on BSDEs with random horizon yields a new characterization of the
ergodic cost A which is a part of the solution of the eBSDEs. In particular, for a certain
class of eBSDEs with quadratic generator, the Cole-Hopf transformation leads to a semi-
explicit representation of the solution as well as a new expression of the ergodic cost A.
The latter can be estimated with Monte Carlo methods. We also propose two new deep
learning numerical schemes for eBSDEs. Finally, we present numerical results for
different examples of eBSDEs and forward utilities together with the associated
investment strategies.

Keywords Deep leaming scheme, Forward utilities, Ergodic BSDEs, Markovian solution,
Deep learning algorithm

2020 Mathematics Subject Classification 60H30, 60H10, 91B16

1. Introduction

We are interested in the numerical approximation of certain classes of forward
performance/utility processes, and their associated optimal decision criterion. Introduced by [31],
forward utilities offer an interesting alternative to the classical setting of expected utility
maximization at a terminal time. This forward-looking approach enables the dynamic adjustment

of the decision criteria, starting from preferences which are known at an initial time, rather than
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imposing a potentially distant and arbitrary time horizon. The preferences of an agent are, thus,
described by a (random) dynamic utility (U(t,-)). The decision criterion maintains time
consistency within the given investment or decision-making context, in the sense that if X[ is
the process (typically the wealth) resulting from the admissible decision/strategy m, then the
preference process U(t, X[) is a supermartingale, and there exists an optimal strategy such that
the preference process is a martingale.

Since their introduction, there has been tremendous theoretical developments in the field of
forward utilities. In a general setting, [16] established a sufficient condition for time-consistency
when the dynamic utility is an It6 random field. The forward utility verifies a non linear SPDE
of HJB type. This work has been extended to forward utility of investment and consumption in
[14], and has been applied, for instance, to derive forward utilities in stochastic factor market
models (see e.g. [1, 33]). Forward utilities have found diverse applications over recent years,
including but not limited to option valuation, insurance, mean field games ([11]), long term
interest rate modeling ([15]), risk measures ([9]) or more recently pension design ([22, 34]).
Surprisingly, the subject of numerical methods for forward utilities remains largely unexplored,
despite its critical importance for practical applications. In [19], a general approach is proposed
using strong approximations of compounds of random maps. In this paper, we take a different
approach to introduce new numerical schemes for the class of so-called homothetic forward utilities,
taking advantage of the representation of these processes using ergodic BSDEs, introduced in
[27].

We investigate the representation of an agent’s forward preferences investing in an incomplete
financial market, where stock price dynamics are driven by a stochastic factor (V)i>o.
Homothetic forward utilities are expressed as separable functionals, denoted by U(t,z) =
u(z)ef (Vi) | where w is a standard exponential or power utility function (the expression is
additive in the logarithmic case). The main result of [27] provides a representation of the
function f with mean of the unique Markovian solution of a related ergodic BSDE.

Ergodic BSDEs have first been introduced in [17], with the aim to study an optimal ergodic
control problem, expressed as the minimization of an averaged cost function over an infinite time
horizon. Formally, the solution of an ergodic BSDE, which is an infinite horizon BSDE, is a
triplet (Y, Z,\), where Y and Z are adapted processes and X is a real number, which solves

T T
)Q:YT+/ (F(‘Q,Zs)—/\)ds—/ ZJdWw;, YO<t<T < +o0. (1.1)
t t
In [17], this equation is studied under Lipschitz assumptions on the driver, for a stochastic factor
V' with constant volatility and drift that satisfy a dissipative condition. The dissipativity
assumption has been relaxed in [10] for stochastic factors with constant volatility in general
Hilbert spaces and for non constant and possibly unbounded volatility in [23]. In the constant
volatility framework, the component Z of the ergodic BSDE solution is bounded, allowing [27] to
obtain existence and uniqueness results of Markovian solutions (y(V;), 2(V4), A)¢>o, for drivers F
which are only locally Lipschitz in z.

In this paper, we develop numerical schemes for approximation of Markovian solutions of the
general class of ergodic BSDEs introduced in [27], which includes the ergodic BSDEs used in the
representation of homothetic utilities. There are two main challenges in the simulation of such
equations:

1) There is an additional real unknown A. The usual backward discretization equation for Y
thus depends on .
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2) This is an infinite horizon BSDE, which has to hold for all 7' > 0, and for all 0 < ¢ < T'. Thus,
there is no terminal condition as in the simulation of finite horizon BSDE.

The unkwown ergodic cost A can be interpreted in several ways. First, it is the long term
growth rate of an associated risk sensitive control problem, as mentioned in [27]. It can also be
represented as the linear growth rate of the initial value of the solution of an analogous finite
horizon BSDE with respect to the terminal time T when the latter goes to infinity, see [23]. However,
numerical schemes for the simulation of BSDEs become unstable for large horizons, and as a
result this representation cannot be used for the numerical approximation of the ergodic cost.

Over the past few years, machine learning algorithms have been extensively studied since they
can be used to solve high dimensional non-linear PDEs, based on the BSDE representation of
their solution (see, for example [7, 18, 20, 25, 26]). Two main types of neural network algorithm
have been developed. The first relies on a global loss function for solving BSDEs and was
initially proposed in [20]. The Deep BSDE solver consists in the training of as many neural
networks as time steps to approximate the component Z of the solution. The process Y is
computed with a forward discretization starting from Y. Then, Y; and the neural networks
parameters are optimized according to a loss function on the terminal value of the discretized scheme.
A convergence study of the Deep BSDE is developed in [21] and [7] shows that sharing one
neural network across all time steps is more efficient. The second class of algorithms relies on a
local approach and consists of solving local optimization problems at each time step. Firstly
introduced in [18, 26], these methods use two neural networks to approximate both processes Y
and Z. Local loss functions are constructed based on the iteration of time discretization of
BSDEs with the terminal condition.

Herein, we take advantage of the recurrence property of the stochastic factor V' in order to
provide a horizon as well as a terminal condition to the problem of simulating the solution of an
ergodic BSDE. In the case of ergodic BSDEs derived from forward utilities, an initial condition
Yy is naturally given since the initial agent’s utility ug is known. This allows to introduce a
random horizon 7 to the ergodic BSDE, defined as a return time of the one dimensional diffusion
V to wg. Under the dissipativity assumption (Assumption 2.2), this stopping time is almost
surely finite and Y, = Y{. Then the solution of the ergodic BSDE (1.1) is also a solution of an ¢ ergodic’
BSDE with random terminal time 7 and fixed initial condition. Under additional integrability
assumptions on 7, we prove that it is the unique solution of the ¢ ergodic’ BSDE with random
terminal time, using uniqueness result from [35] and the fact that the unknown M is uniquely
determined by the fixed initial condition.

This new representation of ergodic BSDEs is particularly useful in order to design numerical
schemes. When the driver F is linear in Z, the representation result for linear BSDE leads to a semi-
explicit representation of the solution as well as a new characterization of the ergodic cost A,
depending on the random horizon 7. This can be applied to obtain an expression for the ergodic
cost which is actually linked with exponential forward utilities when there is no constraint on the
portfolio processes. Applying the Cole-Hopf transformation, this last result can be extended for
purely quadratic drivers, as it is the case for power utility and with no constraints on the portfolio.
For these examples, regression and Monte Carlo methods can be used to simulate the solution of
the associated ergodic BSDEs.

For the approximation scheme, we introduce the Euler discretization of the stochastic factor V'
and the associated estimation of the horizon time 7. Results from [4] related to the Euler
estimation of the exit time of a diffusion from a smooth domain apply in our setting and provide
a bound on the error in L' of the approximation error on 7. We then present a backward
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scheme for ergodic BSDE using the correspondence with BSDE with random terminal time (see,
for example, [3, 5]) and establish a bound for the related discrete-time approximation error in
terms of the quantities R(Z)7., |A — A| and E[|r — 7[]. Compared to [5], the error bound does
not depend on R(Y') T, since the generator of ergodic BSDEs we consider is independent of y. However,
we get an additional term depending on the estimation of the ergodic cost .

We also present two deep learning based methods for the simulation of ergodic BSDESs, which
allow to tackle simultaneously the approximation of the ergodic cost A and the unknown
processes Y and Z. In the context of ergodic BSDEs, the initial value Yy is known already. We
use a forward discretization starting from Y = yg, and approximate A\ as a trainable parameter
of the model. We first present a global solver denoted by GeBSDE, approximating Z with one
neural network common across all time steps. The optimization is performed according to a loss
function at the random horizon 7, the output aiming to match the terminal value Y, =Y. We,
then, present a second algorithm denoted by LAeBSDE, based on a local approach,
approximating Y and Z with two distinct neural networks. The optimization is, then, performed
according to the aggregation of local loss functions at each time step. We provide some
numerical tests to evaluate the performance of both algorithms. We investigate two examples
with explicit solutions, taken from [23], and two examples adapted from [27], with a driver
representing power forward utilities. In the latter case, our algorithm also allows the simulation
of the optimal strategy.

The paper is organized as follows. In Section 1, we briefly recall the stochastic factor model of
[27], as well as the class of homothetic forward utilities and their connection with ergodic BSDEs.
In Section 2, we establish some recurrence properties of the stochastic factor V', and then
introduce the ergodic BSDE with random terminal time 7, with fixed initial and terminal condition.
We show that the solutions of such equation coincides with the Markovian solution of the
ergodic BSDE. Using this representation, we first study in Section 3 a backward discretization
and the associated error estimate. Finally we present the deep learning algorithms for ergodic
BSDE and the numerical results in Section 4.

Notations:

All stochastic processes in the sequel are defined on a standard probability space (Q,F, F,P),
where the filtration F = (F;);>¢ is the natural filtration generated by a d -dimensional Brownian
motion W, and is assumed right continuous and complete. For x € R?, we denote by = the
transpose of vector z, ||.|| the usual norm ||z = Tr(zz7)? and dist(z,II) the distance function
of = to a closed convex subset II € R?. We denote by L? the space of square integrable random
variables and, also, introduce the usual space of solutions for v € R and 7 being a F stopping time:

S*(vy,7) = {(gpt)@O, real valued progressively measurable process s.t. E[ sup 673|g05|2} < oo}.
0<s<T

2. Forward utilities and ergodic BSDEs

The aim herein is to investigate the numerical approximation of different classes of homothetic
forward utilities, as introduced in [27], which model an agent’s dynamic preferences as she
invests in a stochastic factor financial market.

We start by introducing the setting and related results of [27]. In particular, we are interested
in the representation of homothetic forward utilities involving the unique Markovian solution of
a certain class of ergodic BSDEs. This representation motivates our study of numerical
approximations for ergodic BSDEs.
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2.1 Forward utilities and link with ergodic BSDEs

Dynamic utilities generalize the notion of the classical utility function. Formally, a dynamic
utility U = (t,z,w) € RT x RT x  — R is a collection of random utility functions such that:

- For all ¢t > 0, and for all x € RY, U(t, z) is F; -measurable.

- The functions z € RT +— U(t,z,w) are nonnegative, strictly concave increasing functions of
class C? on |0, 00|, (w,t) a.s.

- ug :=U(0,-) is a standard (deterministic) utility function.

Homothetic utilities, introduced in [27], are functions of the agent’s wealth x and are

characterized by one of the following forward utilities:

- Logarithmic case :  U(t,z) = In(x) + f(V4, 1), (2.1)

- Exponential case :  U(t,xz) = —e 7@ H Vel 5 e (0,1), (2.2)
5

- Power case :  Ul(t,xz) = %ef(vf’t), de(0,1), (2.3)

where f is a deterministic function to be specified hereafter, and V is a d’ -dimensional diffusion
process with local characteristics u : RY — R? and constant volatility matrix k, solving
d
AV = pt(V)dt + Y k7AW, V§ e R (2.4)
j=1

The agent invests in an incomplete market consisting of one riskless bond and n stocks.
Assuming the bond to be the numeraire, the stock price dynamics, discounted by the interest rate,
are given for 1 = 1,...,n, by

d
ds; = S; [v'(Vodt + > o (Vi)awy |, (2.5)

j=1
where V is a d’ -dimensional stochastic factor given by (2.4), and satisfy the following assumption.

Assumption 2.1 1) The functions b= (b')1<;<n and o = (0%)1<i<n are uniformly bounded and
1<5<4d

for all v € RY | the matriz o(v) has full row rank n.
2) The function 0 =o' (0o )~tb is a uniformly bounded and Lipschitz continuous function.

The risk premium vector is noted by 6(V;) taking values in R™.

The agent invests a proportion 7 = (ﬁ'l, ...,ﬁ")T of her wealth X™ in the n risky assets. For
an initial value X7 = xy € RT, assuming the self-financing condition holds and rescaling the

strategy vector by the volatility, the wealth process X evolves as
dXT = X[ - (0(Vy)dt +dWy), m = o(Vi) 7 € RL (2.6)
For each t >0, the strategy (m)i>0 is assumed to be in a closed and convex set IT C R<.

Admissible strategies are, also, required to be BMO. We refer to [27] for further details.

Remark 2.1 For exponential performance process, it is more convenient to use the discounted
amount of wealth invested in the stock a; = X1 as control variable, leading to the following

wealth process dynamics
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dX; = o (0(Vy)dt + dWy). (2.7)

A dynamic utility is called a forward utility if the consistency property holds: the utility is a

supermartingale along the wealth process for any admissible control @ and a martingale along the

optimal wealth process. The optimal strategy thus gives maximal satisfaction to the agent, which

18 preserved at all times in the future. This additional time consistency property makes the notion
of forward utilities coherent with the dynamic programming principle.

Definition 2.1 (Forward utility). A forward utility is a dynamic utility U satisfying the time
consistency property:

- For any admissible strategy 7, U(t, X[), t > 0, is a supermartingale.
- There exists an admissible strategy 7 such that U(t, X" ), t > 0, is a martingale.

When U is an Ito-random field with sufficient regularity conditions on its local characteristics,
a sufficient consistency condition of HJB type, characterizing the drift of forward utilities, as well
as the optimal strategy under this condition are obtained in [16, 32, 37]. In particular, U is
solution of a non-linear HJB-SPDE under this sufficient assumption for consistency. In the case
of the homothetic forward utilities (2.1)—(2.3) with stochastic factor, the HIB-SPDE on U is
equivalent to a PDE for the deterministic function f (see [27]). As pointed out by the authors,
the problem is ill posed. However, a characterisation of f via the Markovian solution of a related
ergodic BSDE is given in [27], which allows us to develop numerical schemes for homothetic
forward utilities.

Homothetic forward utility and ergodic BSDE Formally, an ergodic BSDE with generator F'
is a backward stochastic differential equation with infinite horizon, whose solution is a triplet

(Y, Z,X) where Y, Z are adapted processes and A € R, and satisfies for any 7' > 0, P-a.s for any
0<t<T,
T T
Y; :YT—i—/ F(Vs, Z,)ds — M(T —t) —/ zZIaw,, (2.8)
t t
AV = pf(V)dt + Y w7dWi, Vi eR, 1<i<d. (2.9)
j=1

This class of ergodic BDSE was first introduced in [17]. Existence and uniqueness results in our
framework are recalled in Section 1.2 below. Note that the infinite horizon is coherent with the
willingness to adapt dynamically the utility for all upcoming times.

Next, we introduce the generators associated with the various homothetic forward utilities
defined in (2.1)—(2.3).

- Logarithmic case: for v € RY

1. 1
Fi(0) = —5dist? (I1,6(0)) + 3 [0(0)]> (210)
- Exponential case: for (v, z) € R% x RY
1 5., + 6 1 1
Fop(v,2) = 57 dist? ( 11, 2Oy Sz +00)" + S =" (2.11)
2 ¥ 2 2
- Power case: for (v,z) € RY x R?
5 _ 2 -
Fo(v,2) = 5 dist <H, s + 20 _5)||0(v) +z2||° + 2||Z|| . (2.12)

If equation (2.8) with one of the above generators admits a Markovian solution
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(y(Vi), 2(V), A)e>0, one can show that the homothetic forward utilities U defined by (2.1)—(2.3),
with
f(’U,t) = y(U) - )‘tv
are time forward homothetic utilities, as defined in Definition 2.1. Next, we summarize these results,
while existence and uniqueness results of Markovian solutions to (2.8) are recalled in the next section.
Proposition 2.1 (Theorem 3.2 and 4.2, [27]). Let (y(Vi),2(Vi), N0 be a Markovian solution of
the ergodic BSDE (2.8) with driver F given by (2.10) (resp. (2.11), (2.12)).

Then, the associated logarithmic (resp. exponential, power) utility U (2.1) (resp. (2.2), (2.3))
with f(.,t) =y(.) — At is a forward utility. Furthermore, the optimal strategy is given by:

- Logarithmic case :  m; = Projy(0(V;)), (2.13)
Vi) +6(V,
- Exponential case : o} = Projyq (W) , (2.14)
Vi) +6(V,
- Power case: 7} = Projy (W) . (2.15)

Motivated by this representation, the aim of this paper is to propose numerical methods for
the simulation of Markovian solutions of ergodic BSDEs that allow us to approximate utilities
((2.1)—(2.3)) and their optimal strategies. As a matter of fact, we study a larger class of ergodic
BSDE, introduced below.

2.2 Markovian solution of ergodic BSDEs

Ergodic BSDEs have first been studied in [17] under a dissipativity assumption on the
stochastic factor V' to solve an ergodic stochastic control problem. The assumptions on the
stochastic factor have been relaxed in [10] with a weak dissipative condition and in [23] for non
constant and possibly unbounded volatility. Ergodic BSDEs are usually studied under Lipschitz
condition on the generator F'. When the stochastic factor’s volatility is constant, the component
Z of the solution to the eBSDE is bounded, which allows the driver to only be locally Lipschitz
in z. We will work within the framework of [27] with a stochastic factor satisfying a strong
dissipativity assumption and constant volatility. This framework leads to the existence of a
Markovian solution to the ergodic BSDE (2.8) such that Z is bounded, and thus allows the
generator to have quadratic growth in z.

Assumption 2.2 There exists a constant C,, > 0 such that for any v,v € R?
T _ 112
() = (@) (0 = 8) < ~Cllo - > (2.16)

The volatility matriz k = (kij)1<i<a is such that k' is positive definite.
1<5<d
Under Assumption 2.2, from a direct application of Gronwall’s lemma, the diffusion V is
exponentially ergodic. The authors in [23] generalized this result under a weak dissipative assumption.
This property is essential for the correspondence with random time horizon BSDE and the
algorithm we present in the sequel.

Assumption 2.3 The following properties hold:

i) There exists a positive constant K such that Vv € RY , |F(v,0)| < K.
i) There exists positive constants C,, and C, such that Yv,v € RY ,Vz,z € RY
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|F(v,2) = F(0,2)] < Co(1+ [|2]])[lv = 9], (2.17)
[F(v,2) = F(v,2)] < C.(1+ [|z]| + | 2Dz — Z]|- (2.18)

Moreover, we require that C, < C,, with C, in (2.16).
Note that under Assumption 2.1, the function 6 is bounded and Lipschitz, which yields that

every generator (2.10), (2.11) and (2.12) introduced in the previous section satisfies Assumption
2.3. We recall the existence result for eBSDE studied in [27].

Proposition 2.2 (Existence-[27]). Under Assumptions 2.2 and 2.8, the ergodic BSDE (2.8)

admits a Markovian solution (y(Vi),z2(Vi), N)i>o such that y(.) is sub-linear and z(.) is bounded

by Zmax = HKH Cucljcv .

Assumptions 2.2 and 2.3 thus provide the existence of a Markovian solution
(y(V2), 2(V2), N0 to (2.8) where z(.) is bounded, which is particularly convenient to apply our
work to ergodic BSDE with quadratic driver F' as for example to simulate exponential and
where ¢z is the

max

power forward utilities. In fact, working with the truncated driver F o ¢z

max

projection on the centered ball of R? of radius Z,,q4., the application F o ¢y is then Lispchitz

max

in v and z, namely:

[F0 02, (0,2) = F 002, (0,2)] < Co(1+ Zuax) |0 = 0], (2.19)
1F 00z, (0,2) = Fowgz, (0,2)] < Co(1+ 2Zya) |12 — 2. (2.20)

The uniqueness of the Markovian solution to (2.8) is usually stated up to a constant, by fixing
one point of the solution, typically y(0) = 0. The proof follows the arguments from [10] and [17]
when the driver is Lipschitz.

Theorem 2.1 [Uniqueness-[27]] Assume that Assumptions 2.2 and 2.3 hold. Let (y,z), (4,%),
two functions such that:

i) y, 7:RY =R are continuous, sub-linear and y(0) = (0).
ii) z, 2:RY — (R*)? are measurable and bounded by Zpqz .

Also assume that for some constants \, X and for all v € R, the triplets (y(Vt”),z(X/'t”),)\go)

and (gj(V}”)ﬁ(Vf), 5\) 0 satisfy the ergodic BSDE (2.8).

=

Then A = A, y(Vi¥) = §(Vi¥) and 2(V;") = Z(V;") P-a.s and for a.e t > 0.

Initial condition In the case of ergodic BSDEs derived from forward utilities, an initial
condition Yy = gy for the process Y is naturally fixed since the initial agent’s utility and wealth
uo(xo) are known. For instance in the case of power forward utilities (2.3), we have

Yo = log(duo(zo)) — dlog(zo).
We are thus interested in solutions of the ergodic BSDE (2.8) with fized initial condition

T T
Yt:YT+/ F(V;,Zs)ds—/\(T—t)—/ ZIaw,, vo<t<T.
¢ ¢ (2.21)

Yo = vo.
Using the notation of Theorem 2.1, let (y(V;),2(V4), A)i>0 be the unique solution of (2.8), such
that y(0) = 0. Then, (Y, Z,\), with
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Yi=y(Vi) +yo —y(Vo), Zi=2(V;) Vt=0, (2.22)

is a solution of (2.21). Note that the solution is not anymore Markovian, since Y depends on the
stochastic factor’s initial condition V. Next, we define the unique solution of the ergodic BSDE
(2.21) with fixed initial condition as the triplet (Y, Z,A)¢>0, with (Y, Z) as in (2.22). With a

sligh abuse of language, we will occasionally refer to this solution as the unique “Markovian’
solution of (2.21).

3. Connection with BSDE with random terminal time

Simulating the ergodic BSDE (2.21) presents several additional challenges, to the simulation of
standard BSDEs with finite time horizons. In particular:

1) There is an additional unknown A € R, which controls the time growth of the component Y .
2) It is an infinite horizon backward stochastic differential equation, and thus the equality

T T
Yt:YT+/ (F(VS,ZS)fA)dsf/ zIdw,,
t t

needs to hold for any T > 0, for all 0 <t < T. Thus, there is no known terminal condition as is
usually the case in numerical schemes for BSDEs with backward time discretization.

However, we may take advantage of recurrence properties of the stochastic factor V to
establish a connection between the ergodic BSDE and a BSDE with random terminal time, thus
introducing a terminal condition. More precisely, when the stochastic factor V is one
dimensional (d’ =1), knowing the initial condition Yy of the ergodic BSDE allows us to
introduce an analogous “ergodic BSDE with random time horizon” 7. The infinite time horizon
is replaced by 7, the first return time after a minimal horizon T' of the diffusion V' to the initial
point V4. With this choice of random terminal time, the associated BSDE with random horizon
has a known terminal condition Y, = Y, and hence can be approximated numerically.

3.1 First return time of the stochastic factor V

Unless stated otherwise, we assume in the sequel that the stochastic factor V is one
dimensional (d’ =1). We then fix a minimal horizon T and start with some properties of the
first return time after T of the diffusion V to its initial value, denoted by vy € R,

T=1inf{t > T, V; = vo}. (3.1)

The Lemma 3.1 gives sufficient conditions for the exponential integrability of the hitting time
7, in order to study the “ergodic BSDE with random horizon” introduced in the next section.
Theorem 1.1 in [28] provides sufficient conditions for exponential integrability of hitting time for
continuous Markov processes. More precisely, the authors obtain a lower bound for the highest
order of exponential moment of 7 in terms of the scale function and the speed measure,
uniformly with respect to the initial condition. We adapt this result to our framework:

Lemma 3.1 Let s(x) = exp —2 J"O@’ £(1)

lI<I*

x +oo 92
B} = sup/ s(u)du/ ————du,
w>vovo o [lsl7s(u)

and
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B ) x 2
B, = sup/ s(u)du/ ——du
. e P ()

Let K, :=C,(14 2Zy.x) be the Lipschitz constant with respect to z of the truncated driver
Fog¢gz, givenin (2.20) and assume that

1
4 max By, , By,
Then, 3~ > K? such that
Elexp(y7)] < 0. (3.3)

Proof Let Y < Wm

and let W(v) = E[exp(y7)|Vr = v]. By the Markov property of V,
Elexp(y7)] = E[W (Vr)].

, and p the unique invariant measure of V. Recall that 7 > T,

First, by Theorem 1.1 in [28], we have W (v) < 00,V v € R, and equivalently (see Proposition 1.2
in [25)),

“+o0

(W) = W (v)p(dv) < oo.

— 0o
It remains to prove that E[W (Vr)] < co. Since the diffusion coefficient of the stochastic factor V'
is constant, V' is a uniformly elliptic diffusion, and it follows that W is Lyapunov function for
the diffusion V (see e.g. Theorem 2.3 in [6]).

Using similar arguments as in the proof of Theorem 7 in [23], the hypothesis of Theorem A.2

in [12] is verified with V = W. Applying the result to f = W, we obtain that

E[W(Vr)] < [E[W (Vr)] = w(W)] + (W)
<2Be™ ™+ (W) < .

d

Remark 3.1 In higher dimensions, results on positive recurrence of Markov diffusion process
associated with a stochastic differential equation stands for hitting time of any non empty open
set in RY. Working with 7€ the first hitting time of the Euclidean ball of R¢ of center vy and
radius €, we may only expect the value y(Vi<) to be close to y(vg), by the continuity of the
Markovian solution y. We can thus only hope to obtain an approximation of the solution of the
ergodic BSDE, by investigating stability results for ergodic BSDE with perturbed terminal condition.
This is left for future work.

3.2 BSDE with random terminal time

Under Assumptions 2.2 and 2.3, there exists a unique solution (y(Vi) +yo — y(Vo), 2(Vi), Ni>0
to the ergodic BSDE (2.21) such that Yy =yo, y is sub-linear with respect to v, and z is
bounded by Z,... By construction, (Yi, Z;, N)i>0 is also solution of the following *ergodic”
BSDE with random time horizon and fixed initial condition

Y, =Y/ +/ F(Vi, Z5)ds — AT — t) —/ zZrtaws,
¢ ¢ (3.4)
YTT = YOT = Yo,

with 7 the return time defined in (3.1).
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In analogy, solution (Y",Z";\) of (3.4) can be studied directly. Theorem 3.1 provides
sufficient conditions, under which the solution of (3.4) coincides with the solution of the ergodic
BSDE (2.21). The setting is slightly different from usual BSDEs with random time horizon, since
we have an additional unknown A € R and both the terminal and initial conditions are fixed. However,
we can show that this constant is uniquely determined by the fixed initial and terminal
conditions Y] =Y = yp. Once A is known, the uniqueness of the solution to this BSDE with
generator F'(v,z) — A can be obtained as a consequence of standard results for BSDEs with
random terminal time. We apply here the general result Theorem 3.2 from [35], which requires
integrability conditions for the stopping time 7.

Theorem 3.1 Assume that (3.2) and Assumptions 2.2, 2.8 hold. Then, the ergodic BSDE with
random time horizon (3.4) and fized initial condition admits a unique solution (Y, Z, ), such that

2 2 1 .
Y € 82(v,7) for all K2 <y < tm (B B5) and Z is bounded.

B

o Bid

In particular, (Y,Z,\) coincides on [0,7] with the wunique solution (y(Vi)+ yo —y(Vo),
z(V1), N0 of the ergodic BSDE (2.21) such that Yy = yo, y is sub-linear, and z is bounded.

Proof The proof is done in three steps. First we show that the existence of such a solution to
(3.4) is obtained directly from the existence of a solution to the eBSDE (2.21). Secondly, we
establish the uniqueness of the parameter A, using a linearisation technique. The uniqueness of
(Y, Z) is then obtained by applying Theorem 3.2 from [35].

Existence-By construction, the unique solution (y(V;) —yo + y(Vo), 2(V2), A)i>0 of the ergodic
BSDE (2.21) is also solution of the BSDE with random terminal time (3.4). By construction, Z
is bounded by Z,,4, and thanks to Theorem 3.2 in [35], we deduce that Y € S%(v, 7).

Uniqueness of X-Let (Y7, 27, )\) and (Y",Z",)\) be two solutions of the ergodic BSDE with
random terminal time (3.4) such that Z" and Z" are bounded. Denote AY; =Y/ —Y/,
AZy =7 — Z7 and AX = A — \. The initial and terminal values of those two solution being
equal to yo yields that AYy = AY! =0.

Let T' > 0, the difference between the two equations, between 0 and T A 7, gives
TAT
(T ATYAN = AVinr + / AZT (ods — dIV), (35)
0
where

F(VsaZT)iF(Vv&ZT) e
= (zZr—Z7), if|Zr - Z7| #0,
b = 7= 712 (25 = 25), if|Zy = Z(| # (3.6)

0, otherwise.

From Assumption 2.3 and the boundedness of Z” and Z7, the process 7 is bounded. Then, from
Girsanov’s theorem, there exists a probability measure P under which the process

it AZTdW, is a

W, = — fot Ysds + W4, is a Brownian motion. The stopped process Miar = [

martingale under P. Taking expectation of (3.5) yields
E[(T A 7)AN = E[AYpn,] = E[AY, 1<) + E[AY7 1,5 7).

The first expectation on the right is zero since AY, = 0, by the definition of the stopping time 7.
For the second term, using the sub-linearity property of ¥ and Y, we obtain
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E[AYT]L,->T E[ ]INP T > T
<O+ B[V ))B(r > 7). (3.7)

By Proposition 5 in [23], SupE[\Vﬂ } 00. Moreover, 7 is almost surely finite under P so that

is also almost surely finite under the equivalent probability measure P. Then, taking the limit of
(3.7) as T goes to infinity implies that AX = 0. Hence, the component A of the solution of (3.4)
is necessarily equal to the X\ solution of the ergodic BSDE (2.21).

Uniqueness - Consider the BSDE with random terminal time 7, terminal condition Y = yo
and generator F o ¢z (v,z) — A, where X is fixed. The uniqueness can be obtained by applying
Theorem 3.1 in [35].

U

The solution of the ergodic BSDE (2.21) thus coincides with the solution (Y, Z",\) of the
ergodic BSDE with random time horizon and fixed initial condition (3.4) on [0,7]. We will omit
the subscript r in the sequel. This idea is fundamental to get a numerical approximation and
simulation of the ergodic BSDE (2.21). This allows us to adapt numerical schemes for the
simulation of BSDEs with random time horizon, (see [3] and [5]) to our framework in Section 3.
Furthermore, using this representation of the ergodic BSDE, a new representation of the ergodic
cost A can be obtained under some additional assumption of the driver F'.

3.3 Characterization of the ergodic cost \ for a class of eBSDEs

The ergodic cost A can be interpreted in several ways. As mentioned in [27], it is the long term
T

growth rate of a risk sensitive control problem. It can also be estimated by Y% when T — oo,
with YT being the initial value of the solution of a BSDE with finite horizon T (Theorem 21 in
[23]). However, numerical schemes for the simulation of BSDEs are known to be unstable for
large horizon, which can lead to a significant error when using this approach to approximate \.

Our viewpoint of ergodic BSDE up to a random horizon, with fixed initial and terminal values
offers a new characterization of the ergodic cost . In fact, considering A as a parameter in the
generator of a classical BSDE with random terminal time, it can be understood as the solution of
an optimization problem on the initial value yy. This is also the idea behind the deep learning
algorithms we present in Section 4. The adaptation of Proposition 1.3 from [13] for linear BSDEs
leads to a semi-explicit expression of the solution of (3.4) as well as an expression of the ergodic
cost A as the ratio of two expectations, that can be computed numerically. We investigate
separately the case of linear ergodic BSDEs, and the one of ergodic BSDEs with purely quadratic
generator which first requires to apply the Cole-Hopf transform.

We first consider a random time horizon ergodic BSDE as (3.4) with driver F only depending
on the stochastic factor V. This is the framework for the representation of logarithmic forward
utilities (2.1), associated with driver F' defined by (2.10). When F does not depend on z, taking
the conditional expectation of (3.4) with respect to F;, and evaluating this expression at time 0,
together with the fixed initial condition Yy = y¢ leads to the following characterization of the
ergodic cost.

Lemma 3.2 Let (Y, Z,\) be the unique solution of equation (3.4), as defined in Theorem 3.1,

and with a driver F only depending on V. Then the ergodic cost A admits the representation
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E[/OT F(Vs)ds}

E[7]
Exponential forward utility without constraints When there are no constraints on the portfolio,

that is Il = RY, the driver F., defined by (2.11) and associated with exponential utilities, is
linear in z and given by

P (3.8)

Fug(v,2) = ~6(0) = — 5 1000) . (3.9)

The representation result for linear BSDEs can be adapted to our framework in order to obtain a
representation of the ergodic cost in this case. Note that the following result can be generalized
to any linear generator F'.

Proposition 3.1 Assuming there are no constraints on the portfolio, the unique solution of the
ergodic BSDE with random terminal time (3.4), as defined in Theorem 3.1, and with generator
Fexp given by (2.11) is given for all t > 0 by

T 1
Y, = E {yorw - / T <2||9(vs)||2 + /\) ds]-‘t}, as., (3.10)
t

where
dly o = —T;0(V,)"dW, and Ty;=1. (3.11)
The ergodic cost A is given by

1 [
A= e (IEJ {yorw - 5/ ro,sw(vs)n?ds} - y0> : (3.12)
0

E{/nlbﬁds}
0

Proof The representation theorem for linear BSDEs ([13]) can be extended to BSDE with
random terminal time. Consider (Y, Z) the unique Markovian solution to (3.4) in the sense of
Theorem 3.1 and define the stopped process (M7 )s>¢,

S

M =Yy, T L (O P + A
I =Yoo =5 | Tu (lOVa) > + A) du. (3.13)

An application of Ito’s formula to the product Ysa,I'y sar shows that (M), is a local martingale.

Moreover, sup Ysar and sup I'y shr belong to L? so that the product sup Yiar X sup Ly snr
0<s<T 0<s<T 0<s<T 0<s<T

is integrable. The martingale (M])>¢ is thus uniformly integrable, and its value at time ¢
equals the conditional expectation of its terminal value with respect to F;, from which follows
(3.10).

The actual value of A to recover the solution to the ergodic BSDE with random time horizon
(3.4) with generator Fe, is then uniquely determined from the initial condition Yy = yo.

Evaluating (3.10) at time ¢ = 0 leads to the ergodic cost (3.12), which concludes the proof. O

Power forward utility without constraints For ergodic BSDEs with random terminal time and
quadratic generator of the form

F(v,2) =1(v) +a(w) z+ §||z\|2, (3.14)

the Cole-Hopf transform can be used to recover the linear case and, in turn, a representation of
the ergodic cost.
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Proposition 3.2 Consider the ergodic BSDE with random terminal time (3.4) with generator F
given by (3.14) such that | and a are bounded. This equation admits a unique Markovian solution
(y, 2z, \), where y is sublinear, z is bounded and Yy = yo, which is given for all t > 0, by

1
Y, = 3 InE[e?°T, ,(\)|F], as., (3.15)

with
dl'y s(A) =T 5(N) (B(Z(VS) —N)ds + a(Vs)TdWS) and TN =1
Moreover, the ergodic cost X is characterized as

A = argmin|E[To ] (}) — 1‘. (3.16)
AER

Proof Let (Y,Z,\) be the solution of the ergodic BSDE with generator F given by (3.14)
such that Y; = y(V}) +yo — y(Vo), with y is sublinear and y(0) =0, and Z is bounded. Let
P, :=¢e?Ys and Q, := BP;Z,. An application of Ito formula leads to

P, =PT+/T (8P, (l(vs)—A)+a(Vs)TQs]ds—/T Q! dW,. (3.17)

For any fixed A € R, working as in the proof of Proposition 3.1, the representation theorem for
linear BSDEs ensures that the above equation with terminal condition P, = €% admits a
unique solution (P, Q) € S?(vy,7) x H2(v,7), such that for all ¢ > 0,

P, =E[e"T ,(\)|F], as., (3.18)

where

dle,s(A) = Tes(A) (BU(Vs) = N)ds + a(Ve) "dW;)
Ft7t(A) =1.

Equation (3.18) at time zero gives E[I'g - (A\)] = 1. The map A — E[I'g - ()] being strictly monotonic,
the ergodic cost A is characterized as

A = argmin E[FOJ(S\)] - 1‘. (3.19)

XER

O

By construction, the ergodic cost satisfies |A\| < K with K given in Assumption 2.3 (see the

proof of Proposition 3.1 in [27]). Hence, the minimum in the above result must be attained in

the interval [—K, K]. Proposition 3.2 can be then applied to obtain a representation for the

ergodic cost A in the case of power forward utilities, with generator F' given by (2.12) in the
absence of portfolio constraints.

Corollary 3.1 The unique Markovian solution to the ergodic BSDE with random time horizon
(3.4) and with generator F given by

1 4 1
F(Vi, Zy) = s —=1Z + 0(V)|” + 511 221, (3:20)
21-90 2
18 given, for all t > 0, by
Y;g = Yo + (1 — (5) IDE[Ft}T()\)‘]:t}, a.s., (321)

where I'y » is the value in T of the unique solution of the forward equation
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) = T (T gy ORI = s g0 aw )
Tyi(N) =1
Moreover, the ergodic cost A satisfies
A= argmin ‘E{FO,T(X)} - 1‘. (3.23)

\e[-K,K]

4. Approximation of the ergodic BSDE

In this section, we introduce the Euler approximation for the stochastic factor V', with the
estimation of the horizon time 7 using this continuous approximation. We then present a
backward scheme for ergodic BSDE using the representation introduced in Section 2 and
investigate the associated discrete-time approximation error.

4.1 Euler scheme approximation of the stochastic factor

First, the integral form of the stochastic factor process (2.4) gives
t t
Vi =g +/ w(Vs)ds Jr/ kdWs, t>0. (4.1)
0 0

Consider a discretization of R* with constant time step h, generating a grid m = {tog = 0,11, ... }.
Denoting AW; =Wy, ., — Wy,
discretization of V' on the time grid 7 is given, for all ¢ > 0,

Vt = Vti + /J/(VtL)h + KAWi,

VO = V0.

the Brownian increments between times ¢; and ¢;11, the Euler

i+1

(4.2)

In the sequel, we will consider the continuous Euler scheme associated to (4.2) on grid 7, defined
by

t ¢
Vi =vo + / wu(V-)ds + / kdWs, t >0, (4.3)
0 0

where s~ = max {t; € m, t; < s}.
We define the approximation of the stopping time 7 as follows

T=inf{t>T,V,=uv0}. (4.4)

This stopping time is well defined since the Euler discretization (V;):>¢ is also ergodic, (see [30,
38]). The horizon 7 defined by (4.4) we consider can be written as an exit time of the diffusion of
a smooth domain. In fact,

7 = inf {t >T,V,¢]—oo, vo[}IIVT@D + inf{t >T, V¢ v, +OO[}]1VT>1107 Pa.s. (4.5)

Results from [4] and [29] related to the estimation of 7 with an Euler scheme can be applied in
our setting. We recall the following result from Theorem 3.9 [4].

Proposition 4.1 Let Assumption 2.2 hold and assume that there exists q € [4,00] such that

_1
4B~ °

such that the error in L' of the approzimation of the return time T with the continuous Euler

under the notation of Lemma 3.1, ﬁ6C’M < 45% A Then, there exists a constant C >0

scheme satisfies

E[|r — 7|] < Chl/2. (4.6)
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Proof Let 8 € R be such that #GC# < B < 15+ A 75— Under this assumption, Lemma 3.1
yields that the random time 7 admits exponential moment of order 8. An application of
Markov’s inequality then gives, that, for any k € N;

P(r > k) <E[e’T]e 7", (4.7)
Applying Theorem 3.9 from [4] we conclude. O
4.2 Discrete-time approximation error

Next, we recall the usual time discretization of BSDEs, applied to the ergodic BSDE with
random time horizon (3.4). Consider the time discretization m = {0 = to,t1,...} of RT, with time
step h and the forward Euler scheme V for the stochastic factor V defined by (4.3). Let A
denote an approximation of the ergodic cost A. It can be estimated either by a Monte Carlo
approximation or as a trainable parameter of the deep learning algorithm developed in the next
section. Then starting from Y ; = yo, we define the discrete time process (Y, Z) on , for i < %,

— 1
Zti = EE Wti+1AWti ftl] 5 (48)

?ti - EIYLHJ |fti} + ]ltrigf'h[F(Vthti) - XJ . (49)

One may check that under Assumption 2.2, for all i, (Y,, Z;,) € L?. Moreover, as the process Z
is bounded, we may equivalently work with a Lipschitz driver F oy

max 7

where ¢z is the
projection on the centered ball of R? of radius Z,,q,. As mentioned in [2] and [8], this may lead
to numerical difficulties if this bound Z,.x is too large.

For what follows, it will be convenient to work with a continuous extension of Y in S2. This
is possible since from the martingale representation theorem, there exists a process Z e H?

such that

— tit1 |
YtH»l - EWH+1|‘FM] = / Z;rdWSv (410)
t

i

which allows to consider the continuous extension of (Y;,);<z on [0, 7]
?ﬁ:7?+/‘Facﬂiyyh_wf_ﬂx_/“Z;um. (4.11)
t ¢

Finally, we will also consider the approximation in L? of Z by a process constant on each time
interval [t;,t;11], defined by

1
Zti == ]E|:

tita

ti
Remark 4.1 From Ito’s isometry and (4.10) we have, for all i > 0

tig1
/ sts]-}i} . (4.13)

2]

1

Now, we next provide a bound for the square of the discrete time approximation error, up to a
stopping time 0

2

Err(h)j =maxE| sup licg|V; =Yy | | +E

teltitit)

0
/Ha_auaﬁ, (4.14)
0
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where t~ =sup{s € m,s < t}. We will control this error through this error quantity

R(Z)5 :]E[/OT

From now on, C denotes a generic constant, which depends on Vy, C,, and C,.

N 2
Zi— 2, H dt} : (4.15)

Remark 4.2 1) Let 6 be an F; stopping time in grid w. We may control the error term
o -
E [ s HZ ~Z

inequality, one can show (see [5]) that for any stopping time 0 in the time grid ,

9 o, 9 3 ) 2
/ 12, — Z.- | "ds g()(]E/ |2, - 2. / HZS—ZS‘ds]>. (4.16)
0 0 0

2) We adapt the proof of Theorem 3.2 in [3] to the case of unbounded time horizon to show that
R(Z)32 < Ch. (4.17)

2
ds] which will provide the desired bound on Err(h). In fact, using Jensen’s

2
E ds| +E

In the first instance, we can show inequality (4.17) for any bounded stopping time T AT . Then,
using the fact that Z is bounded and the convergence theorem, we can obtain the result for any
stopping time T.

Controlling the error (4.14) implies that we control the error in 8% x H? of the discrete time
approximation (Y,,Z;,) for all i. We provide a bound for the discretization error of a backward
A—A| and |7 — 7|. We refer to [5],

whose results concern the approximation of classical BSDE with random terminal time.

scheme for ergodic BSDE in terms of the quantities R(Z2)7,2,

Proposition 4.2 Let (3.2) and Assumptions 2.2, 2.3 hold. Also assume that the condition of
Proposition 4.1 is satisfied. Then, there exists a constant C > 0 such that

Err(h)2,, < Err(h)2, .+ <C (h1/2 +A— X|2) : (4.18)

TVT
where 7T is the next time in the grid @ after 7, 77 :=inf{t e 7 : 7 < t}.

In addition to the usual spatial error for discretization schemes for finite horizon BSDE, we get
here a term related to the estimation of the return time 7 with the Euler approximation V as
well as an error term related to the estimation of the ergodic constant A.

Proof We follow the arguments described in [5], and add the error term specific to our ergodic
equation ‘)\ - 5\‘. Let 6 be an F; stopping time in the grid 7. Applying Ito’s lemma to (Y —Y)?2,
between t A 6 and ;41 A6, for any time ¢ € [t;, t;41]

2
ds

) /““A?YS =V ) (aar (F(Va, Z) = A) = Dacr (F(V Z) + A))ds

NE

ti+1/\9

A?’t =E

i+1

’Yt/\e - ?t/\0|2 +/

tAO

‘ZS—ZS

- ]E |:|}/ti+1/\9 - ?ti+1A0 |2:|

+E

ti+1/\9
_ 2 — — —
:]E“Y;HIAG Yool }HE 2/ (VoY ) yer(F(V, Zg)~A—F (Vs , Z,- )+ N)ds
t

NG

tit1 /N0 _
+E 2/ (Y;_Ys)(ﬂs<7'_]13§7")(F(‘/saZs) - )\)dS
t

NG
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Using the inequality 2ab < aa? + éb2, for a suitable o > 0 to be chosen later, we obtain

ti+1/\0 _ 2
/ |V, —Y,|ds
t

0 = 2
At,tiﬂ S EUY;@'HW - Yti+1/\9’ ] +al )
A

9 tis1 A0 B 9 tis1A .

+7E / Ils<7"(F(Vvsvzs) _F(Vs*aZs*))zds +*E / ﬂs<7"‘)\_)\‘ ds
6] A « tAO
9 i1 A0 i1 A0

+2g / 1h@<AFO;ZJ—AFd&+/‘ lu@<4F@;ZJ—AFd%.
Q tA tAO

On the event {s > 7}, we have Y; =Y, so that Z; = 0. Then, using the Lipschitz properties of
the driver F (2.19), (2.20), the boundedness of Z, Remark 4.2 and results on the Euler
approximation of V' we obtain,
tip1AO
/ Y, — Vs
t

0 - 2
At’tHl SE “Y;fwl/\e - Yt,;+1/\9’ } +aE ,
A

C tip I AOAT ) 2 2
o[ (hr |z 2| + 2= 2] ) as
« tAO
C ti+1/\9
+ —E / Il‘rgsg'FKQ + ﬂ?gngZI%lax + Il‘r/\‘T'gsgr\/?)\st
tAO
2 t7‘,+1/\0/\‘7' _
+ZE / A= X ds ).
«@ tAO

In turn, Gronwall’s lemma gives

E|[Yino — Voo | < A7,

i+1

f— 2
< (1 + Cah)E“YrtHl/\G - Yti+1/\9’ ]

C ti+1/\9 . 2
+(Cah+)IE / (h+HZSZS )ds
@ tAG

C ti+1/\0
+ <Cah =+ a) ]E / ]lT/\?gng\/f' maX(KZ, ZI?]ax? A2)d$
t

NO

2 ti+1/\9/\f 19
+ (Cah+>E / |A=A|"ds|. (4.20)
@ tAO

Recall that the ergodic constant A is bounded, and, thus, the maximum in the third line above is
finite. Substituting ¢ = ¢; in (4.20), taking a > 0 sufficiently large and the time step h small enough,

we obtain
tiy1 NO
/t; NG

— 2
g (1 + Ch)EU}/t'Hl/\g - YtiJrl/\Q’ :| + CE

tit1 NO
/ I argsgrvrds
ti\NO

2 ~
il

2
ds

tit1 A0 )
/ (h n HZ 7.
t; \O
tit1 NOAT 0
/ A=A ds] :
tiNO

E([Yiino = Viono|*| + E Z, 7,

2 ~
| +]z-2

)

+ CE +CE
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Summing on i we have

_ 9 o )
maXE“Yti/\e—Ytiw”-i-E/ |2~z as
? 0
— 2
<C (E[[Yo — Vo|*] + hEIB] + R(2)3
FE[OA (FV ) — 7 AT+ [A = APE[6 A ﬂ) . (4.21)

Then, it follows, again by using Remark 4.2 that

Err(h)2 < C (]E“Yg - ?gﬂ + hE[0] + R(Z)%z + B0 A (FV ) — 7 A7)+ |A = AE[6 A 7"]) .
(4.22)

For the stopping time # = 77 V7 in the time grid 7, one observes that Y,y z+ — Y ;+ys+ =0,
and we obtain that

Err(h)2, .. <C (hE [7F V7] + R(Z)5e +Ellr — 7] + |A — xﬁE[ﬂ) .

Finally, combining the estimates (4.17), (4.6) and using the inequalities 7+ < h+ 7, 7+ < 7+ h,
we conclude. O

5. Deep learning algorithms for the simulation of ergodic BSDEs and
forward utilities

In this section, we introduce new deep learning algorithms for the simulation of ergodic BSDEs,
based on the representation (3.4) of Markovian solutions using BSDEs with random time horizon.
The first neural network based algorithm for solving BSDEs was initially proposed in [20]. Since
then, there has been a growing interest in developing deep learning algorithms solving BSDEs
with finite horizons. We introduce here two algorithms solving the ergodic BSDE (2.21), which
can be seen as the ergodic counterpart of the neural networks algorithms introduced in [20] and
[26]. The algorithms introduced below approximate the *Markovian” solution (y(V;)+ yo—
y(Vo), 2(V2), A)¢>0 to the ergodic BSDE with random time horizon (3.4),

d‘/;f = l’l’(‘/t) + ’{dWh VO = Vo,

Yt:YT—i—/ F(V’S,Zs)ds—)\(T—t)—/ zIaw,,
t t

YT = YO = 19Y0-. (51)
We can remark from the system (5.1) that

1) The initial value Yy is a known quantity, equal to y(vg) = yo. This allows us to use a
forward scheme starting from .

2) The recurrence property of the stochastic factor V also provides a known terminal
condition to (3.4). Indeed, by definition of the return time 7, Y; = Y. This allows us to define
the loss functions.

3) The functions y and z are only functions of the stochastic factor V" and do not depend on time,
as it is the case for standard BSDEs with fixed time horizon.

5.1 Deep learning algorithm for the simulation of ergodic BSDE

In this section, we present our two main algorithms for the simulation of ergodic BSDEs,
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called GeBSDE and LAeBSDE. The first neural network based algorithm for solving BSDEs was
initially proposed in [20]. In the context of ergodic BSDEs with random terminal time of type
(3.4), the initial value Yy = yo is known and will, thus, not be learned. We instead approximate
the ergodic cost A as a trainable parameter of the model. We present two algorithms:

- A global solver GeBSDE which consists in the minimization of a square loss function at the
random horizon 7 and which is the adaptation of the Deep BSDE solver of [20] in the case of
ergodic BSDEs.

- A locally additive solver LAeBSDE optimized according to the aggregation of local loss
functions up to the random horizon, inspired from the deep backward multi-step introduced in [18]
and the LaBSDE solver in [26].

Using the same notation as in the previous section, the forward stochastic factor V is
approximated by a Euler discretization on the time grid m. Denoting for all 7> 0,
AWy, = Wy, ,, — W,, the Brownian increment at time ¢;, we write

VtLJrl Vitl + ,U/(VtL)h —|— KZAWZ‘,

Vo = 9.

it1

We denote by 7 the first hitting time in the time grid of V to vy after T,
T = inf{ti >T t; €m; (VT — ’Uo)(vti — ’Uo) < 0}, (52)
where we choose T' € 7.

GeBSDE solver Starting from initial value Yy = yo, we consider a forward discretization of the
equation on the time grid 7 with constant time step h. The process Z; = z(V;) at time ¢; is
represented by a neural network Z?:R — R? function of V;, and with parameter . The
approximation Yfi’)\ of Y;, depends on the optimization parameter § as well as on the trainable

parameter A through the forward discretization of the ergodic BSDE

y{jl =Y = F(V,,, 2°(Vi))h + Ah + 20 (Vi) AW, (5.3)

=0\ . . e
The output Y. aims to match the terminal value Y, =y(Vp) =1yo, by minimizing over

parameters (6, \) the expected square loss function

Ly(6,3) Uyo v

2]. (5.4)

The loss function (5.4) is approximated by the empirical loss function over a batchsize B,

Bz‘yof el

Finally, we denote M the number of gradient descent performed in the optimization.

(5.5)

Using the results of [7] and [20], we develop a neural network consisting in 2 hidden layers of
20 4 d neurons each, where d is the dimension of the Brownian Motion. For the simulation, we
use the tanh activation function and the Adam optimizer with a learning rate p,, to update
both parameters ™ and A\ . The learning rate parameter can be optimized depending on the example,
as investigated in [7]. However, choosing a large enough initial learning rate as well as the Adam
optimizer, reduce the risk the algorithm gets stuck in a local minimum. Finally, we use a Glorot
normal initialization for the parameters of the neural network and the trainable parameter X, the
latter being constrained to be in the interval [— K, K].
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Algorithm 1: Global eBSDE Algorithm - (GeBSDE)
Let Z? be a neural network defined on R, valued in Rd, with parameters 6. Let A0 € R be the
initialisation of the trainable parameter representing the ergodic cost. Define N7 = L%J +1

for j=1,...,B do

£%24
for k € {0, ..., N7 + 1}, starting from Vo = vo do
Sample AW{; from a Gaussian vector.

VI =V 4+ u(Vi h+ kAW,

tr41

Let Nj = NT + 1.
while (ViNT - UO)(WNI, — ) >0 do
Sample AWtjk from a Gaussian vector.
I I I j
VtN_7+1 = VtN] + M(Vtk)h + K’TAWthv
N, =N, +1
L Set, hNJ = 7:]
for m =0, ..., M do
for j=1,...,B do
for k € {0,...,N; — 1}, starting from 7?) = Yo do

vy N Sy A (v 207 (V) 4 A+ 207 (VI )T AW,

tht1 k

—gm TXWL ] 2

Compute LZ (0™, X™) = £ 327 | lyo — V5,
| Update gm+l — gm _ pmveLB(em’ j\m) and ;\m+1 = j\m _ PmVS\LB ((gm7 ;\m).

LAeBSDE solver - Some other deep learning algorithms rely on a global optimization involving
local loss function at each time step, as studied in [25] and [26]. Such algorithms approximate Y
with a neural network, while Z can either be computed with automatic differentiation or with
another neural network. Numerical results in [25] yield that automatic differentiation may lead
to some additional errors, so that we will rather use a neural network to approximate Z. In the
context of ergodic BSDE, the ergodic cost is again approximated as a trainable parameter of the
model A on which the loss function will depend.

The construction of local loss functions relies on the time discretization (5.3). In fact, iterating
this equation with the initial condition Yy = yo, gives for all ¢ > 1,

_ 1—1
6,2 — — < —
Y, =yo— § F(Vy,,2°(Vi)h + M+ 29V, ) AW, . (5.6)
k=0

In turn, introducing two neural networks Y9 defined on R and valued in R and Z%2 defined on
R valued in R?, the local loss function at time ¢; can be defined as the expected square distance
between Y9 (V;,) and (5.6),
i-1 2
LlOC,ti (01, 023 5‘) =K y01 (W) + Z F(Vtkvzaz (Wk))h’ — A — 202 (Wk)AWtk — Y% : (57)
k=0
The loss function is then constructed by summing those local loss functions over ¢. In our framework,
7 is not necessarily bounded and thus, this sum could have infinitely many terms. However,

when approximating expectations over a batchsize B, one can express this empirical loss
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function as a sum up to time max 7;. Note that since the terminal time is random, the local loss
JjE

function at time ¢; (5.7) is computed on the set of trajectories T; = {j € {1, ..., B}; 7; > t;}, for

which the approximated return time is larger than ¢;. The empirical version of (5.7) is given by

i—1 ) 2
LE., (61,02, )) ITIZ YO (7 +ZF(V§MZ€2(V ))h — Mh— Z%(V ) AW}
Jj€T; k=0
(5.8)

Denoting NB

o = %1}112};{7?, the index in the grid of the greatest return time over the fixed

amount of samples B, the empirical locally additive general loss is given by

mmx

Lloc 91702a ZLloct 91792a ) (59)

Algorithm 2: Locally additive eBSDE Algorithm - (LAeBSDE)

Let V7' be a neural network defined on R and taklng values in R with pararneters 01, and 2% be a
neural network defined on R, taking values in R4 , with parameters 0s. Let A% € R be the initialisation

of the trainable parameter representing the ergodlc cost. Define Nv = |_ J + 1,
for j=1,...,B do

for k € {0,..., Ny + 1}, starting from Vé =0 do

Sample AWth from a Gaussian vector.

T

Vi = Vtk +M(Vt Yh+ Kk TAWY
Let Nj = NT +1.

E

while (V3 —v0)(Vi, —v0) >0 do
Sample AWth from a Gaussian vector.

Vi = Vi, +#(Vi)h+rT AW
N;j=N;+1
| Set, hN; =T;.
for m =0, .., M do
for j=1,...,B do
Set, ¢1_, = 0.
for k €{0,...,N; — 1}, starting from 75) = Yo do
vt = RV, 27 (V) = A - 20 (V)T AW,

AT 05" A" 5 05 A,
¢t2 T = ¢t2 ! + %f !
for ke {0 - 1} do
Define the set Tk ={je{l,..,B}; 7:j+ >t}

N &

2

3 ! m oy ™ j
| Compute Lile, (67,05, A7) = g Y jer, [V (Ve) + 002 7 =0

max;j—1,.., B N;j—1

Compute Lig, (07", 05", A™) = > L., (07,05, X™).
k=1
| Denoting 0= (91> 0, )\), update gmtt = gm — PmVGLloc (Hm)-
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For the simulation, we consider as before neural networks with 2 hidden layers of 20+ d
neurons each. We check that increasing the number of layers or neurons does not improve
accuracy in our numerical tests. The algorithms are implemented in Python with Tensorflow library.
Numerical experiments are conducted using Intel(R) Xeon(R) CPU @ 2.20GHz with 25GB of RAM.
The code of both solvers is available on github: https://github.com/gubrx/Deep-learning-eBSDE.

Remark 5.1 Note that this algorithm can also be used by first approximating the ergodic cost A
with Monte Carlo methods using the results of Section 2.3, and plugging this estimator \ in the
forward discretization above. The optimization is then only performed on the parameters of the
neural network.

5.2 Examples

In this section, we present the numerical results obtained with Algorithm 1 and 2 for two
examples of ergodic BSDEs with explicit solutions. We, also, investigate the approximation of
the ergodic cost A with Monte Carlo methods, within the framework of Propositions 3.1 and
Corollary 3.1. For the numerical tests, we will consider a stochastic factor V' of type Ornstein-
Uhlenbeck with dynamics

AV, = —uV; + &7 dW,, Vo = vo. (5.10)

Example 5.1 The ergodic BSDE (2.8) with driver F(v,z):(ﬁ'vue’vg/2 admits a unique

Markovian solution such that y(0) = #ffﬁz @ and z s bounded, given by
2

w0 = (s [ e Fan Ce ). (5.11)

pt a2 ) o pt gk

Consider a discretization with step h = 0.01, a batchsize B = 64 and an initial learning rate
po = 0.0003. For the simulation, we choose v9 =0, C, =1, k=08, p=15 and T=1. In
Figure 1 and 2, we plot the evolution of the empirical loss function LZ¢< given in (5.5) over
B. =100B samples as well as the absolute error on A\ through the number M of gradient
descent performed in the algorithm.

Both algorithms converge in the sense that the loss functions as well as the absolute errors on
A converge to zero as the number of training steps grows. The GeBSDE converges faster, in 4000
gradient descent to the true value of A\ leading to an error of order 1072. The LAeBSDE
estimation of the ergodic cost converges around 7000 epochs with a final error of order 1073. In
Figure 3, we plot the the mean relative absolute error on Y, defined by

1.0 .
— LP(0,7)GeBSDE —2 GeBSDE
08} | — L% (6,,0,,A)LAeBSDE 05T ’A\ EQE?SDE

| 0.4 F
0.6
0.3 F

0.4+ 0.2}

02t | 0.1f

0 2000 4000 6000 8000 10000
Number of epochs

0 2000 4000 6000 8000 10000
Number of epochs

Figure 2 Convergence of A\
Figure 1 Empirical loss function LBe 8 8
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YJ

. E (v;)

at each time step that is for a sample of size B, = 100B of realizations of the diffusion and
t;emn [0, T]

Since the initial value Yy = yo is known, we expect that the error is zero at time 0 and
increases on [0,7], and this can be seen in Figure 3. The mean relative error also decreases as
the time step gets smaller for both algorithms. Note that the GeBSDE leads a better mean
relative error for h =0.02, h=0.01. For smaller time steps, the LAeBSDE algorithm
outperforms the GeBSDE and leads a relative error of 1% at time T =1 for h = 0.005.

We also evaluate the error on Y and Z along the trajectories on [0, T] through the integral errors:

Zh\y ~Yi|| and I?(Z)=E[§Tjh\\z<m{>—ze<%{>1f
i=1

The expectations above are computed on a sample of size B.. Moreover, we represent the mean
and 95% confidence interval over 5 independent training procedures. The errors are computed
for the same values of time step as in Figure 3.

(5.12)

(5.13)

0.05
e | —h=0.02
0.04 | L _gud Zi&o1
= = =150
— h=0.005
0-03 1 — GeBSDE
-- LAeBSDE
0.02 +
0.01F [~
0 I II'-'...

0 0.2 0.4 0.6 0.8 1.0
Time

Figure 3 Mean relative error (5.12) on Y for different time steps

The GeBSDE algorithm leads to a smaller integral error on Z for every time steps. However,
we again observe that the integral error on Y for the LAeBSDE decreases rapidly with the time
step and outperforms the global algorithm for A = 0.005. Both algorithm provide a good

approximation of the trajectory of the solution over the random interval [0, 7], as displayed in
Figure 6.

Example 5.2 (with non-zero ergodic cost A ). We generalize the second example presented in [24].
Consider the ergodic BSDE (2.8) with driver F(v,z) = Cv|v\e_“2/2. Denote O the cumulative

distribution function of the standard normal distribution, ®(z) = g dy

I
Lemma 5.1 The eBSDE (2.8) with generator F(v,z) = Cylv|e™" */2 admits a unique Markovian

solution satisfying y(0) = 0 and such that z is bounded, given by the following triplet (y(.),z(.), \)
Y v2 Cv —y2 Cv v u2 Cu —y2 Cv
y(v) = ]1{1}20}/ e's <F&2@ Yy 2?(<I>(y) — 1)) dy + ]1{U<0}/ e’z 7Fe vy QECP(y)dy,
0 0

22 (Cy —v? 2 Cy —o? Cy
2(v) = lgy>oyke® <K2€ +2—(®(v) - 1)) + 1oy e’ (—Kze + 2/£2(D(U)) ,

- = (5.14)
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<+ GeBSDE I <+ GeBSDE
— LAeBSDE 3x10°2 F = LAeBSDE
N ==
N
5 ~1 5 2x102 f
= =
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= k=
102} \/\—’/’—‘
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Figure 4 Integral error (5.13) on Y over [0,7] Figure 5 Integral error (5.13) on Z over [0, 7]

— Y, GeBSDE
— ¥, LAeBSDE
=== Y, exact

0.7

0.6

0.5

0.4 F

0.3+

0 02 04 06 08 1.0 12 14 16
Time

Figure 6 Example of trajectory of YV over [0,7] with h = 0.01

Proof We look for a triplet (y(.),z(.),A) solution of the ergodic BSDE (2.8) with generator
2
F(v,2) = Cylv|e=""/2, of the form

y0) = Lsor [ ¢ (e + Aa@(y) - 1) dy
0

Flyeoy [ (<A + 420()) dy, (5.15)
0
z(v) = Il{@()}me% (Ale_”2 + Ay (P(v) — 1)) + Il{v<0}ffev7 (—Ale_”2 + Ag‘b(v)) , (5.16)
K,2A2
A= , 5.17
22w ( )

where A;, Ay being real parameters to be determined.
An application of Ito formula gives

dy(V;) = ¥/ [Ale—‘/f + Ay(D(V;) — 1)} (—pVidt + rdW,)

1, VZ2/2 —Vz2 V2/2 —Vz2 Az —VZ2)2
— Vie't /=1 A t + As(®(V;) — 1 t -2V A ¢ — ¢ dt
+ 5 ( e [ 1€ + Ay(®(Wy) )} +e VAve + me

2 2 ].
= VeV /? [Ale_vt + Ay (®(Vy) — 1)] (§m2 - ,u) de
AQH2

_ K2 —V2/2 f2h VE/2 Vi _
WA Ve VR4 e+ e [Ale + Ax(B(V3) 1)}th.
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Choosing A; = 22 and p= 3k?, the triplet (y,z, \7;7) given by (5.15) and (5.16) satisfies

equation (2.8). Now, we need to establish the Markovian property of the solution (see
Proposition 3.4 in [27]), namely that y is C? and that z(v) = kVy(v), so that z is C'. For this
purpose, and thanks to the continuity of z in 0 and from (5.16) we obtain that As = 2A4; = 2%.

Hence, we deduce the boundedness of z(.) by Zn. = ﬂufg;v and we have the Markovian

property of the solution. O

Let vo=0, T=1, C, =0.75, p=1, time step h =0.01 and the same parameters of the
neural network as in Example 5.1. In this setting, the ergodic cost A\ given by (5.14) is 0.299206
and the trainable parameter )\ for both algorithms converges towards this value in
approximately 6000 gradient steps. Training the model with 10000 gradient descent, the
absolute error on \ is of order 1073. We illustrate the convergence of the empirical loss functions
as well as the convergence of the ergodic cost estimators in Figure 7 and 8.

The shape of the mean absolute error on Y for this example is quite different for the two
algorithms. In fact, for the GeBSDE, where the solution Y is constructed with a forward
iterative scheme (5.3) relying on the trained neural network Z%, the error starts at zero and then
grows almost linearly, according to Figure 9. On the other hand, for the LAeBSDE, the solution
Y is the output of the neural network Y%, optimized according to the aggregation of local loss
functions Lo, given in (5.7). We observe that, for this example, the mean error is almost
constant on the interval [0.2,T].

As shown in Figure 9 and Figure 10, the mean relative error and the integral error on Y are
lower and decreases faster for the LAeBSDE.

2.00 - 0.4
Be
175k — L (H,)\)G(TBSDE 03l -
— L% (6,0, \)LA¢BSDE
150 f 021
125} 0lr
1.00 F or
0.75 01p
0.50 F 02y _
-0.3} — GeBSDE
025} — X LAeBSDE
ok 0.4 ===\ exact
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
Number of epochs Number of epochs
Figure 7 Empirical loss function LBe Figure 8 Convergence of X
0.025
= h=0.02
—h=0.01
0.020 f h=115
— h=0.005
0.015 - —CeBSDE
== LAeBSDE
0010 |
0.005 |
0 L 1 1 1 1 1 1
0 0.2 0.4 0.6 0.8 1.0
Time

Figure 9 Mean relative error (5.12) on Y for
different time steps
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Figure 10 Integral error (5.13) on Y over [0,T] Figure 11 Integral error (5.13) on Z over [0,T]

Estimation of A with Monte Carlo methods - Since for the two above examples the generator
only depends on v, Proposition 3.1 applies and we recall the characterization of the ergodic cost

X given in (3.8),
R { /0 ' F(Vs)ds}

E[7]
We use Monte Carlo methods over M samples to compute both expectations in the above formula.
Approximating V and I" with an Euler scheme on the time grid 7 with time step h and the

integral with a Riemann sum on the time grid 7, we consider the estimate
M -1

R 1 _
A=——>" > hFV) (5.18)
_ m=1 i=0

> Tn

m=1
We summarize the approximation results of the mean absolute error on 100 simulations for the
estimation of the ergodic cost \ for Examples 5.1 and 5.2 in Table 1 and 2 respectively. The
simulations are performed with the following set of parameters: T =1, p =2, k=2, C,, = 1 and
Vo = 0.5.

)\:

Table 1 Mean absolute error (variance) on A for Example 5.1. The exact value of A is 0

h M=1000 M=10000 M=100000
0.05 0.009743 (4.87¢-05) 0.007224 (7.48¢-06) 0.005691 (1.37e-06)
0.02 0.009107 (4.66¢-05) 0.006597 (4.63e-06) 0.004895 (1.69e-06)
0.01 0.008833 (3.73¢-05) 0.005778 (7.85¢-06) 0.004374 (9.73¢-07)

Table 2 Mean absolute error (variance) on A for Example 5.2. The exact value of A given in (5.14) is 0.398942

h M=1000 M=10000 M=100000
0.05 0.002988 (2.86e-06) 0.002955 (2.50e-07) 0.002904 (1.99¢-08)
0.02 0.002136 (2.30e-06) 0.001617 (4.98¢-07) 0.001528 (1.67e-08)
0.01 0.001637 (1.29¢-06) 0.000780 (2.62¢-07) 0.000939 (3.55e-08)

Finally, we display the mean and variance of lambda estimations obtained with Monte Carlo
methods (5.18) using M = 100000 samples with the output of Algorithm 1 and 2 for B = 64 and
10000 gradient descents in Table 3. Statistics are computed over 100 values for the Monte Carlo
estimator and on 10 independent trainings of our neural network algorithms.
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Table 3 Comparison of A approximations for parameters v9o =05, T'=1, h=001, k=2, u=2,C, =1

Example Exact MC GeBSDE LAeBSDE
Example 5.1 0 —0.004374 (9.73e-07) -0.003782 (4.28e-05) —0.004280 (3.07e-05)
Example 5.2 0.398942 0.399882 (3.55e-08) 0.400130 (1.53e-05) 0.397600 (4.63e-05)

5.3 Power utility examples

We now revert our attention to ergodic BSDEs associated with power forward utilities (2.3).
In the absence of portfolio constraints, the generator (2.12) can be rewritten for (v,2) € R x R?, as

1
Fi(u,2) = 160) + 217 + 311

)
2(1-9)
Corollary 3.1 gives a characterization of the ergodic cost A as the solution to the minimization
problem (3.23), which we will use as a benchmark for the ergodic cost. First, we approximate the
diffusion V' and the process I' with an Euler scheme and the expectation with Monte Carlo method.
Then, we obtain the approximation of the cost A\ by using Newton’s method for the minimization
on [—K, K] of the map

A . (5.19)

lMi
=3 Tor-1
M 1°’

m=

For the simulation, we consider a truncated linear price of risk vector 6(v) = ¢p(fv), as
performed in [36], where ¢, denotes the projection on the segment [—b,b]. We use the same
stochastic factor V of type Ornstein-Uhlenbeck as in (5.10) and set the parameters u =3,
k=13,6=05,0=08, b=3 and T = 1. The number of Monte Carlo samples used for the
estimation of the ergodic cost with (5.18) is M = 100000 and we use a time step h = 0.01. Finally,
we observe that the bound K is larger for the following than for the examples from the previous
section. Thus we use a higher learning rate of py = 0.0007 to ensure a sufficient speed of
convergence for \.

3.0 - 02—
— LP(0,\)GeBSDE 0
25 — L% (0,,0,)\)LAeBSDE
-0.2
20
-0.4
151
706 N
LOp 0.8t
0.5 0t —X GeBSDE
: — X LAcBSDE
0t -1.2¢ ===\ exact
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
Number of epochs Number of epochs
Figure 12 Empirical loss function LB° Figure 13 Convergence of X

The ergodic cost A computed with Algorithm 1 and 2 and the Monte Carlo approximation A
converge towards the same value. The absolute error between the two types of estimators is of
order 10~2. Finally we illustrate the convergence of the estimator given by (5.19) depending on
the time step h and the number of Monte Carlo samples M in Table 4.
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Table 4 Mean (variance) on A on 10 independent runs

h M=1000 M=10000 M=100000
0.10 0.192683 (3.48¢-04) 0.201704 (5.5e-05) 0.206999 (3.9e-05)
0.05 0.187675 (8.03e-04) 0.183987 (2.17e-04) 0.182469 (2.6e-05)
0.02 0.159276 (1.55e-03) 0.173734 (4.17e-04) 0.173557 (1.31e-04)
0.01 0.159119 (1.16e-03) 0.174493 (1.61e-03) 0.169749 (1.8e-04)

Those Monte Carlo approximations of A allow to use the semi-explicit representation of
Section 2 in order to simulate the solution of the ergodic BSDE (2.8) on [0, 7]. However, in the
general case of generator with quadratic growth for which the Cole-Hopf transform does not help
to reduce to a linear BSDE, one need another approximation procedure of the ergodic cost .

A two dimensional example - Consider a financial market consisting of one stock, whose price
dynamics is given by

dS; = S; (b(Va)dt + o(V;)dW}) ,
with the stochastic factor satisfying
AV} = p(Vy)dt + ki dWE + kodW2, AV = 0.
The admissible set of strategies is, thus, restricted to II =R x {0}, so that 72 =0 and the
wealth equation (2.6) reduces to

b(V,
dX7 = X7my (0(V;) +dW}),  with 6(V;) = ((Vt))
t
The generator (2.12) is then given by
1
F(ViZi) = 57— \Zl +OV[* + 512, (5.20)

1
A 1—6-4—6(““7”)2

Denoting § = T3 and Y; = eé(Yt*)‘t), the authors in [27] show that the function § must

satisfy R
(0,0) + 50+ 0 (000) 4 (00) 4 1500 ) Bul0n0) + 5 5P, =0, (5:21)

Assuming a linear market price of risk #(v) = 6v and an Ornstein-Uhlenbeck stochastic factor

with p(v) = —pv and p > 0, following the methodology of [33], solutions to this PDE can be
derived.

Validation loss functions for both algorithms converge to zero and the trainable parameters A
also converge towards the same value.

1.75 0.2
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0.2
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Fi 14 Empirical loss function LB° -
lgure Hpiricat foss nceton Figure 15 Convergence of A
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Figure 16 Dynamics of approximated utility U (¢, x) Figure 17 Monotonicity and concavity of

approximated utility U (¢, )

Finally, we revert to our initial objective to simulate homothetic forward progressive utilities
of Section 1. Using one of the two algorithms GeBSDE or LAeBSDE to simulate the solution of
eBSDE (2.8) on [0,7], we are now able to plot the corresponding forward utilities. We display
the shape of the approximated random field U given by (2.3) for one realization of the diffusion
V. One can also access the rescaled optimal portfolio 7} given by (2.15). We plot the example of
trajectory associated to the same realization of this power utility in Figure 19.

2.0 b ‘ —
4.5
3.5 Lot
3
25—
s 1.0 A
; rv\/\N
0.5 0.5
0 -
0.2 >
0.4 2§ 0.5 L s s s - -
tin 0 0.8 s 0 02 04 06 08 L0 12
cr “ 10 O Time
Figure 18 Random field U(t, ) Figure 19 Rescaled optimal strategy m}

Acknowledgements

The authors research is part of the ANR project DREAMeS (ANR-21-CE46-0002) and benefited from the support of
respectively the “Chair Risques Emergents en Assurance” and “Chair Impact de la Transition Climatique en Assurance”
under the aegis of Fondation du Risque, a joint initiative by Risk and Insurance Institute of Le Mans, and MMA-Covéa
and Groupama respectively. The authors thank Z. Bensaid (LMM-Le Mans University) for helpful discussions on deep
learning methods for the simulation of BSDEs. The authors thank the anonymous referees and the associate editor for

their helpful comments.

References

[ 1] Avanesyan, L., Shkolnikov, M. and Sircar, R., Construction of a class of forward performance processes in
stochastic factor models, and an extension of Widder’s theorem, Finance and Stochastics, 2020, 24(4): 981-1011.


https://doi.org/10.1007/s00780-020-00436-1
https://doi.org/10.1007/s00780-020-00436-1
https://doi.org/10.1007/s00780-020-00436-1
https://doi.org/10.1007/s00780-020-00436-1

Probability, Uncertainty and Quantitative Risk 179

[ 2] Bender, C. and Steiner, J., Least-squares Monte Carlo for backward SDEs, In: Carmona, R., Del Moral, P., Hu,
P. and Oudjane, N.(eds.) , Numerical Methods in Finance, Springer Proceedings in Mathematics, Springer, Berlin,
Heidelberg, 2012, 12: 257-289.

[ 3] Bouchard, B., Elie, R. and Touzi, N., Discrete-time approximation of BSDEs and probabilistic schemes for fully
nonlinear PDEs, Advanced Financial Modelling, 2009, 8: 91-124.

[ 4] Bouchard, B., Geiss, S. and Gobet, E., First time to exit of a continuous ito process: General moment estimates

and Lj-convergence rate for discrete time approximations, Bernoulli, 2017, 23(3): 1631-1662.
[ 5] Bouchard, B. and Menozzi, S., Strong approximations of BSDEs in a domain, Bernoulli, 2009, 15(4): 1117-1147.

[ 6] Cattiaux, P., Guillin, A. and Zitt, P. A., Poincaré¢ inequalities and hitting times, Annales de 'L.H.P. Probabilités
et statistiques, 2013, 49(1): 95-118.

[ 7] Chan-Wai-Nam, Q., Mikael, J. and Warin, X., Machine learning for semi linear PDEs, Journal of Scientific
Computing, 2019, 79(3): 1667-1712.

[ 8 ] Chassagneux, J.-F. and Richou, A., Numerical simulation of quadratic BSDEs, The Annals of Applied
Probability, 2016, 26(1): 262-304.

[9] Chong, W. F., Pricing and hedging equity-linked life insurance contracts beyond the classical paradigm: The

principle of equivalent forward preferences, Insurance: Mathematics and Economics, 2019, 88: 93—107.

[10] Debussche, A., Hu, Y. and Tessitore, G., Ergodic BSDEs under weak dissipative assumptions, Stochastic
Processes and their Applications, 2011, 121(3): 407—-426.

[11] Dos Reis, G. and Platonov, V., Forward utilities and mean-field games under relative performance concerns, In:
Bernardin, C., Golse, F., Gongalves, P., Ricci, V. and Soares, A. J. (eds.), From Particle Systems to Partial
Differential Equations: International Conference, Particle Systems and PDEs VI, VII and VIII, 2017-2019,
Springer, Cham, 2021: 227-251.

[12] E, W. and Mattingly, J. C., Ergodicity for the Navier-Stokes equation with degenerate random forcing: Finite-
dimensional approximation, Communications on Pure and Applied Mathematics, 2001, 54(11): 1386—1402.

[13] El Karoui, N., Hamadene, S. and Matoussi, A., Eight BSDEs and Applications, In: Carmona, R.(ed.), Indifference
Pricing : Theory and Applications, Princeton University Press, 2008: 267-320.

[14] El Karoui, N., Hillairet, C. and Mrad, M., Consistent utility of investment and consumption: A forward/backward
spde viewpoint, Stochastics, 2018, 90(6): 927-954.

[15] El Karoui, N., Hillairet, C. and Mrad, M., Ramsey rule with forward/backward utility for long-term yield curves
modeling, Decisions in Economics and Finance, 2022, 45(1): 375—414.

[16] El Karoui, N. and Mrad, M., An exact connection between two solvable SDEs and a nonlinear utility stochastic
PDE, STIAM Journal on Financial Mathematics, 2013, 4(1): 697-736.

[17] Fuhrman, M., Hu, Y. and Tessitore, G., Ergodic BSDEs and optimal ergodic control in Banach spaces, SIAM
Journal on Control and Optimization, 2009, 48(3): 1542—1566.

[18] Germain, M., Pham, H., Warin, X., Neural networks-based algorithms for stochastic control and PDEs in finance,
In: Capponi, A. and Lehalle, C. A.(eds.), Machine Learning and Data Sciences for Financial Markets, Cambridge
University Press, 2023: 426-452.

[19] Gobet, E. and Mrad, M., Convergence rate of strong approximations of compound random maps, application to
SPDEs, Discrete & Continuous Dynamical Systems-Series B, 2018, 23(10): 4455-4476.

[20] E, W., Han, J. and Jentzen, A., Deep learning-based numerical methods for high-dimensional parabolic partial
differential equations and backward stochastic differential equations, Communications in Mathematics and
Statistics, 2017, 5(4): 349-380.

[21] Han, J. and Long, J., Convergence of the deep BSDE method for coupled FBSDEs, Probability, Uncertainty and
Quantitative Risk, 2020, 5(1): 5

[22] Hillairet, C., Kaakai, S. and Mrad, M., Time-consistent pension policy with minimum guarantee and
sustainability constraint, Probability, Uncertainty and Quantitative Risk, 2024, 9(1): 35-64.


https://doi.org/10.1515/9783110213140.91
https://doi.org/10.1515/9783110213140.91
https://doi.org/10.1515/9783110213140.91
https://doi.org/10.1515/9783110213140.91
https://doi.org/10.3150/15-BEJ791
https://doi.org/10.3150/15-BEJ791
https://doi.org/10.3150/15-BEJ791
https://doi.org/10.3150/15-BEJ791
https://doi.org/10.3150/15-BEJ791
https://doi.org/10.3150/08-BEJ181
https://doi.org/10.1214/11-AIHP447
https://doi.org/10.1007/s10915-019-00908-3
https://doi.org/10.1214/14-AAP1090
https://doi.org/10.1016/j.insmatheco.2019.06.003
https://doi.org/10.1016/j.insmatheco.2019.06.003
https://doi.org/10.1016/j.insmatheco.2019.06.003
https://doi.org/10.1016/j.insmatheco.2019.06.003
https://doi.org/10.1016/j.spa.2010.11.009
https://doi.org/10.1002/cpa.10007
https://doi.org/10.1002/cpa.10007
https://doi.org/10.1002/cpa.10007
https://doi.org/10.1002/cpa.10007
https://doi.org/10.1002/cpa.10007
https://doi.org/10.1080/17442508.2018.1457676
https://doi.org/10.1080/17442508.2018.1457676
https://doi.org/10.1007/s10203-022-00370-1
https://doi.org/10.1007/s10203-022-00370-1
https://doi.org/10.1007/s10203-022-00370-1
https://doi.org/10.1007/s10203-022-00370-1
https://doi.org/10.1137/10081143X
https://doi.org/10.1137/10081143X
https://doi.org/10.1137/07069849X
https://doi.org/10.1007/s40304-017-0117-6
https://doi.org/10.1007/s40304-017-0117-6
https://doi.org/10.1007/s40304-017-0117-6
https://doi.org/10.1007/s40304-017-0117-6
https://doi.org/10.1007/s40304-017-0117-6
https://doi.org/10.1007/s40304-017-0117-6
https://doi.org/10.1186/s41546-020-00047-w

180 Guillaume Brouz-Quemerais, Sarah Kaakai, Anis Matoussi, Wissal Sabbagh

(23] Hu, Y. and Lemonnier, F., Ergodic BSDE with unbounded and multiplicative underlying diffusion and application
to large time behaviour of viscosity solution of HJB equation, Stochastic Processes and their Applications, 2019,
129(10): 4009—4050.

[24] Hu, Y., Liang, G. and Tang, S., Systems of ergodic BSDEs arising in regime switching forward performance
processes, SIAM Journal on Control and Optimization, 2020, 58(4): 2503—2534.

[25] Huré, C., Pham, H. and Warin, X., Deep backward schemes for high-dimensional nonlinear PDEs, Mathematics of
Computation, 2020, 89(324): 1547-1579.

[26] Kapllani, L. and Teng, L., Deep learning algorithms for solving high-dimensional nonlinear backward stochastic
differential equations, Discrete and Continuous Dynamical Systems - B, 2024, 29(4): 1695—-1729.

[27] Liang, G. and Zariphopoulou, T., Representation of homothetic forward performance processes in stochastic factor
models via ergodic and infinite horizon bsde, STAM Journal on Financial Mathematics, 2017, 8(1): 344—372.

(28] Loukianov, O., Loukianova, D. and Song, S., Spectral gaps and exponential integrability of hitting times for linear
diffusions, Annales de 'THP Probabilités et statistiques, 2011, 47: 679-698.

[29] Matoussi, A. and Sabbagh, W., Numerical computation for backward doubly SDEs with random terminal time,
Monte Carlo Methods and Applications, 2016, 22(3): 229-258.

[30] Mattingly, J. C., Stuart, A. M. and Higham, D. J., Ergodicity for SDEs and approximations: Locally lipschitz
vector fields and degenerate noise, Stochastic Processes and their Applications, 2002, 101(2): 185—232.

[31] Musiela, M. and Zariphopoulou, T., Investments and forward utilities, Technical report, 2006.

[32] Musiela, M. and Zariphopoulou, T., Stochastic partial differential equations and portfolio choice, In: Chiarella, C.
and Novikov, A.(eds.), Contemporary Quantitative Finance, Springer, Berlin, Heidelberg, 2010: 195-216.

[33] Nadtochiy, S. and Zariphopoulou, T., A class of homothetic forward investment performance processes with non-
zero volatility, In: Kabanov, Y., Rutkowski, M. and Zariphopoulou, T.(eds.), Inspired by Finance: The Musiela
Festschrift, 2014: 475-504.

[34] Ng, K. T. H. and Chong, W. F., Optimal investment in defined contribution pension schemes with forward utility
preferences, Insurance: Mathematics and Economics, 2024, 114: 192—211.

[35] Pardoux, E., Backward stochastic differential equations and viscosity solutions of systems of semilinear parabolic
and elliptic PDEs of second order, In: Decreusefond, L., Jksendal, B., Gjerde, J. and Ustiinel, A. S.(eds.),
Stochastic Analysis and Related Topics VI: Proceedings of the Sixth Oslo—Silivri Workshop Geilo 1996, Springer,
1998: 79-127.

[36] Pham, H., Warin, X. and Germain, M., Neural networks-based backward scheme for fully nonlinear PDEs, Partial
Differential Equations and Applications, 2021, 2(1): 16.

37

Shkolnikov, M., Sircar, R. and Zariphopoulou, T., Asymptotic analysis of forward performance processes in
incomplete markets and their ill-posed HJB equations, SIAM Journal on Financial Mathematics, 2016, 7(1):
588—618.

[38] Talay, D., Second-order discretization schemes of stochastic differential systems for the computation of the
invariant law, Stochastics and Stochastic Reports,, 1990, 29(1): 13-36.


https://doi.org/10.1016/j.spa.2018.11.008
https://doi.org/10.1016/j.spa.2018.11.008
https://doi.org/10.1137/18M1234783
https://doi.org/10.1137/18M1234783
https://doi.org/10.1090/mcom/3514
https://doi.org/10.1090/mcom/3514
https://doi.org/10.1090/mcom/3514
https://doi.org/10.3934/dcdsb.2023151
https://doi.org/10.3934/dcdsb.2023151
https://doi.org/10.3934/dcdsb.2023151
https://doi.org/10.3934/dcdsb.2023151
https://doi.org/10.1137/15M1048847
https://doi.org/10.1137/15M1048847
https://doi.org/10.1515/mcma-2016-0111
https://doi.org/10.1016/S0304-4149<span style='cn-spacing:0pt;en-spacing:0pt;justify-protected:true;'>(</span>02<span style='cn-spacing:0pt;en-spacing:0pt;justify-protected:true;'>)</span>00150-3
https://doi.org/10.1016/S0304-4149<span style='cn-spacing:0pt;en-spacing:0pt;justify-protected:true;'>(</span>02<span style='cn-spacing:0pt;en-spacing:0pt;justify-protected:true;'>)</span>00150-3
https://doi.org/10.1016/j.insmatheco.2023.12.001
https://doi.org/10.1016/j.insmatheco.2023.12.001
https://doi.org/10.1007/s42985-020-00062-8
https://doi.org/10.1007/s42985-020-00062-8
https://doi.org/10.1007/s42985-020-00062-8
https://doi.org/10.1137/15M1016059
https://doi.org/10.1137/15M1016059
https://doi.org/10.1137/15M1016059
https://doi.org/10.1137/15M1016059
https://doi.org/10.1080/17442509008833606
https://doi.org/10.1080/17442509008833606
https://doi.org/10.1080/17442509008833606
https://doi.org/10.1080/17442509008833606

	1 Introduction
	2 Forward utilities and ergodic BSDEs
	2.1 Forward utilities and link with ergodic BSDEs
	2.2 Markovian solution of ergodic BSDEs

	3 Connection with BSDE with random terminal time
	3.1 First return time of the stochastic factor $ V $
	3.2 BSDE with random terminal time
	3.3 Characterization of the ergodic cost $ \lambda $ for a class of eBSDEs

	4 Approximation of the ergodic BSDE
	4.1 Euler scheme approximation of the stochastic factor
	4.2 Discrete-time approximation error

	5 Deep learning algorithms for the simulation of ergodic BSDEs and forward utilities
	5.1 Deep learning algorithm for the simulation of ergodic BSDE
	5.2 Examples
	5.3 Power utility examples

	References

