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Abstract We introduce a new approach for optimal portfolio choice under model
ambiguity by incorporating predictable forward preferences in the framework of
Angoshtari et al. [2]. The investor reassesses and revises the model ambiguity set
incrementally in time while, also, updating his risk preferences forward in time. This
dynamic alignment of preferences and ambiguity updating results in time-consistent
policies and provides a richer, more accurate learning setting. For each investment period,
the investor solves a worst-case portfolio optimization over possible market models, which
are represented via a Wasserstein neighborhood centered at a binomial distribution.
Duality methods from Gao and Kleywegt [10]; Blanchet and Murthy [8] are used to solve
the optimization problem over a suitable set of measures, yielding an explicit optimal
portfolio in the linear case. We analyze the case of linear and quadratic utilities, and
provide numerical results.
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1. Introduction

The classical optimal portfolio problem is composed of three fundamental modeling ingredients:
an investment horizon T > 0, a performance criterion Ur(-) applied at the end of this horizon,
and a market model, represented as a probability distribution v, which describes the dynamics
of tradable assets over the investment horizon [0,7T]. We, then, call (T,Ur,vr) the investment
triplet. With an investment triplet specified, standard methods, such as dynamic programming
or the Pontryagin maximum principle, can be used to solve for an optimal portfolio 7*(-). The
classical setup leads to many interesting mathematical and financial insights and has theoretical
appeal. However, it is limited to exogenously specified investment triplets which are known
explicitly (i.e., chosen statically) by the investor at time ¢ = 0. In reality, however, the investor
is subject to uncertainty in each element of the investment triplet, and this presents various
challenges to the classical dynamic optimization paradigm.
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A popular approach for incorporating uncertainty about the market model into portfolio
optimization is through techniques from Distributionally Robust Optimization (DRO); see, for
example, Ob16j and Wiesel [23]; Blanchet et al. [6]; Huang et al. [15]; Bardakci and Lagoa [4];
Bielecki et al. [5]. In this setting, the investor considers Knightian uncertainty, i.e., the
distribution of the asset may belong to a set of possible probability distributions, known as the
ambiguity set; see Rahimian and Mehrotra [25] for a review of DRO. Then, the investor selects a
portfolio which maximizes the worst-case expected utility with respect to the probability
measures in the ambiguity set, resulting in a max-min optimization problem. In Gilboa and
Schmeidler [11], the decision-theoretic foundations of a risk and model ambiguity averse agent
are described axiomatically, justifying the max-min optimization. A key component of DRO is
the construction of a suitable ambiguity set over which the investor’s minimization should take place.
In particular, the ambiguity set must be large enough to incorporate non-trivial deviations from
the reference measure yet small enough such that the underlying optimization problem is still
tractable and that only realistic distributions are considered Maccheroni et al. [18]; Hansen and
Sargent [13].

To construct ambiguity sets, the Kullback-Leibler (KL) divergence is used often because of its
interpretability and tractability. However, these KL ambiguity sets generally lack expressivity,
because they contain only measures which are absolutely continuous with respect to the
reference measure. When the reference measure is assumed to be binomial, the KL ambiguity set
around this measure consists only of binomial measures, which is particularly restrictive. In this
paper, we consider binomial measures, and instead of KL ambiguity sets, we consider ambiguity
sets which are neighborhoods around a reference measure in the Wasserstein space. The
Wasserstein distance, originating from the theory of optimal transportation Villani et al. [29], is
desirable for the definition of ambiguity sets, because it is non-parametric and well-motivated
from statistical theory Esfahani and Kuhn [9]; Pflug and Wozabal [24]. What Wasserstein
ambiguity sets gain over KL ambiguity sets in terms of expressivity they lose in terms of tractability,
optimization over a Wasserstein ambiguity set is an infinite-dimensional problem. However, in
Gao and Kleywegt [10]; Blanchet and Murthy [8], the authors prove a strong duality result for
the optimization over Wasserstein ambiguity sets, making the problem finite-dimensional. In this
paper, we make extensive use of these duality results in order to solve for a robust optimal portfolio.

While DRO incorporates ambiguity into the market model, the investor might not a priori
know the investment horizon, and, furthermore, her risk preferences may change dynamically
with time. Empirical evidence suggests that unforeseen events may cause risk preferences to
change Hanaoka et al. [12]. The desire to incorporate flexibility about the investment horizon
and utility function led to an innovative reformulation of the classical investment problem by
Musiela and Zariphopoulou in which the investment horizon and the utility function are built
forward in time. This reformulation centers on the pioneering forward performance criteria,
introduced and developed in Musiela and Zariphopoulou [19-22], in which the investor begins
with an initial performance criterion Up(-) and updates it forward in time parsimoniously with
the evolution of the market. Continuous-time forward performance processes have been studied
extensively since their inception, as in Avanesyan et al. [3]; Zitkovi¢ [30]; Shkolnikov et al. [26]
among many others, and only Killblad et al. [16]; He et al. [14] consider forward performance
under model ambiguity. Discrete-time forward performance processes have seen considerably less
attention, with notable exceptions including Angoshtari et al. [2]; Angoshtari [1]; Strub and
Zhou [28]; Liang et al. [17], however, none investigate forward utility under model ambiguity.

To the best of our knowledge, this paper is the first to incorporate uncertainty in all three
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elements of the investment triplet in the discrete-time setting. To this end, we introduce robust
predictable forward performance criteria. In our model, trading of a single risky asset and a
riskless asset occurs at a sequence of increasing times {t,}nen. At each time t,, the investor
models the returns of the risky asset at time t¢,4; using a binomial distribution as a reference
measure which, we note, may change period-to-period. The investor is uncertain of the reference
measure in each period and considers a Wasserstein ambiguity set around it.

At time tp, the investor is endowed with an initial performance criterion Uy(-), and solves for
both a time ¢; utility () and an optimal portfolio =} which satisfy a single period
formulation of the robust portfolio optimization problem. A robust predictable forward
performance process is a sequence of performance criteria U,(-) built forward in time and
measurable with respect to the filtration generated by the evolution of market variables, which
satisfies a multi-period formulation of the robust portfolio optimization problem. To construct a
robust predictable forward performance process, we show, as in Angoshtari et al. [2], that solving
the multi-period robust control problem reduces to solving a conditionally-defined single period
robust control problem.

The rest of the paper is structured as followed. In Section 2, we outline our model in the
general case and introduce the robust predictable forward performance criteria. In Section 3, we
present the robust forward investment problem in the case of linear utility and solve the
problem explicitly when the investor is subject to portfolio constraints. In Section 4 we present
the case of quadratic utility and solve the problem implicitly up to the solution of a polynomial.
In this case, we provide numerical solutions of the optimal portfolio. To conclude, we present the
general robust forward investment problem, and comment on the difficulties in establishing a
general theory when utilizing Wasserstein uncertainty sets.

2. The model and the robust forward performance criteria

2.1 Review of the single period robust portfolio problem

We start by recalling the classical single period optimal portfolio problem with and without
model uncertainty. An investor seeks to allocate capital between a risky asset and a riskless
bond over a fixed time horizon T >0 to maximize her expected utility of terminal wealth
Ur : R — R. Thus, she seeks a portfolio 7§ which maximizes

5 € argsup EY [Up(X70)], (1)

mo€ Ao, T(x0)

where the investor’s terminal wealth X7° is defined as

X;l:o =xg+ ’/To(RT - ].)

Herein, zg € R is the investor’s initial capital, and my is the allocation to the risky asset at
time ¢=0. The random variable Rp ~ v is the risky asset’s returns at time 7T, with
distribution v € P(R*), where P(R™) denotes the set of probability measures on RT.

The set of admissible portfolios Ag 7 is defined as

AO’T(I()) = {71' €ER: Loxg <7< Uoﬁ()},

for some constants Lg, Uy € R. Throughout this paper, the interest rate is taken to be zero. The
optimal portfolio 7§ which maximizes (1) yields an optimal value function of initial wealth
U (z0),
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Uo(z0) = E [uT(X;Sg )] .

The binomial model is simple, however it has substantial expressive power and has been studied
at length; see, for example Shreve [27].

To consider a robust formulation of the classical portfolio optimization problem, we recast (1)
as a DRO problem. In this setting, the investor is uncertain of the true distribution of the
tradable asset v, but has some estimate about this distribution, say, vy € P(RT). We call v
the investor’s reference measure. The investor is uncertain of her estimate vy and considers that
the true distribution of the asset could lie in set of possible measures P C P(R') containing the
reference measure v, which we call the ambiguity set. In the robust portfolio optimization problem,
the investor seeks a portfolio 7§ which maximizes expected utility over the worst-case measure
in the ambiguity set, which is written as

o € argsup inf E" [Up(X70)]. (2)

mo€ Ao, T (20) TEP
For an admissible portfolio 7§ which maximizes (2), we analogously define the optimal utility of
initial wealth Up(zo) as
Uo(zo) = inf E [UT(X;S )} :
neP

Tractability of (2) strongly depends on the set of admissible portfolios Ag r, the choice of the
ambiguity set P, and the form of the utility function Uy.

Herein, we take the ambiguity set to be P = Bs(vg), where Bs(vg) is a Wasserstein ball of
radius § centered at the reference measure 9. We recall that for two probability measures, say,
n,¢ € P(RT), their p-Wasserstein distance, associated to a cost function c¢: Rt x RT — R for
p > 0, is defined as

1/p

any =t ([ cloirstanan)
YEL(M:€) \JR+ xR+

where T'(n,¢) ={y € P(RT xR") :y(,RT) =n(),7(R",-) =((-)} denotes the set of all

couplings of n and ¢. When c¢ is a distance metric, d(-,-) becomes a metric on P(R™).

2.2 The robust forward problem

In addition to uncertainty about the distribution of the asset v, the investor wants to
maintain flexibility about her investment horizon 7 and her utility function Up. To allow for
such flexibility in the robust problem (2), we first recast (2) as a multi-period, dynamic
investment problem which is built forward in time. We assume the investor may trade the
underlying asset at an exogenous sequence of times {t, }nen, with time ¢3 = 0.

First, we outline the first period problem. At time tg, the investor is endowed exogenously
with an dnitial utility function Uy, representing her attitude towards wealth at initial time.
Moreover, at time tg, the investor observes the following quantities:

® A probability measure vy € P(R), denoting the investor’s reference measure for the asset’s
distribution of returns R; at time ¢;.

® A level of uncertainty about her reference measure &g > 0, which is the radius of the
Wasserstein ball used as the investor’s ambiguity set for the distribution of returns R;.
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® Portfolio constraints Lg,Up € R, defining the set of admissible portfolios for the first
investment period Ag1(zo).

In the first period, the investor seeks a non-random function U; such that for all portfolios
7o € Ap,1(x0), the inequality

Up(z) > essinf E” [L{l (X7e ‘50,U0,L0,U0:|
n€Bs, (vo)

holds, and there exists 7§ € Ag1(x¢) such that

Z/{()(IL') = essinf E" [L{l ’ 50, Lo, L()7 Uo]
n€Bs, (vo)

where X7 denotes the time t; wealth using portfolio 7= and starting at =z.

With the performance criterion ¢; and optimal portfolio 7§ computed, the investor commits
to mg in the first investment period, and realizes wealth X{T 0 at time t1. At time ¢, the
investor also observes a new reference measure vy, confidence level §;, and portfolio constraints
L1, Uy, forming a set of admissible portfolios A (X7 3) for the second period. The investor then
repeats the single period problem described above, using U; as her initial utility. That is,
conditionally on the information known at time t;, the investor solves for a function Uy such that,
for all m € Al,g(X{rF’),

*

Uy (X]°) > essinf E” |:Z/{2 (X3) ‘Xl ,(51,U1,L1,U1:|

nEBs, (v1)
and there exists 7} € ./4172(ng) such that

Uy(XT0) = essinf E {urz X ’Xl ,51,1/1,L1,U1}.
n€Bs, (v1)

With U, that satisfies the above relation, the investor computes an optimal portfolio 7}. The
single period problem is, in turn, repeated to construct a sequence of (random) functions U,, and
corresponding optimal portfolios 7} _;.

Clearly the computation of the time ¢, utility function U, and portfolio w)_; depends only
on the variables observed at time ¢,_;. That is, if we define a filtration F, :=
o (Vk, Ok, Lk, Ug | k < n) then U, is predictable and =) is adapted with respect to JF,. This

leads to the definition of a predictable robust forward performance process.

Definition 1 Fiz a probability space (2, F,P). Consider an increasing set of times {tn}nen,
and a sequence of random variables (Ui, 0n, Lin, Up)nen with v, : Q@ — P(RT), §, : @ = RT, and
L,,U, : Q — R which are finite a.s. For x € R, let

Apni1(x) ={r eR: Lyx <7 < Upz}.

Let the filtration (Fn)nen be such that F, = o (vg, 0k, Ly, Uk |k < n). A family of random
functions (Up)nen is called a robust predictable forward performance process with respect to the
filtration (F,)nen if the following conditions hold:

® Uy is a deterministic utility function and U, : Q@ X R — R is such that U,(-,x) is Fn_1
measurable for all x € R,
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® For any initial wealth xo >0 and any sequence of admissible portfolios (mg,71,...), the
following inequality holds:

Uy 1(X["7) = essinf  E7 U, (X)) Fuo1],

n—1
n€Bs, 4 (Vn-1)

® For any initial wealth xo > 0, there ezists a sequence of admissible portfolios (wf,75,...)
such that
Up 1(X"?) = essinf B un(XZ{H)\fn,l] .
n€Bs,, 1 (Vn-1)

In what follows, we investigate specific cases of robust, predictable forward performance
processes when we restrict the reference measure to be binomial and the utility functions to be
linear in Section 3 and quadratic in Section 4.

3. Linear case

We investigate the properties of robust predictable forward performance criteria when the
reference measure is assumed binomial and the utility functions are restricted to be linear. That
is, assume we have processes (Vy, O0n, L, Un)nen as above, with

VUp = pn(sun + (1 - pn)édna
for some processes (pn,Un,dn)neny With p, € [0,1] and d, <1 < u,. We also assume that the
investor is endowed with an initial utility of the form

Up(z) =Coz, z€R,

for some constant Cy > 0. We look for forward performance criteria U,, of the linear form

Up(z)=Chz, xR,

for some C, € F,_1 with C, >0 a.s. The robust forward performance problem is then to find
a utility process (C, z)neny and optimal portfolio process (7))nen, with 7% € An7n+1(X::”’1)
for all n € N, such that for any sequence of admissible portfolios (mg, 71, ...),

Cha X" 2 > essinf E[C,X]"'|Fn-1],
n€Bs, | (Vn-1)

and

1= essinf [ [CnX;;Z’W}'n,l} )
UEBSn,l(anl)

Next, we solve period-by-period the robust forward optimization problem for each n € N. For
each trading period, the problem reduces to a single-period optimization problem amenable to
the method developed by Gao and Kleywegt [10] who solved a similar problem using a suitable
dual formulation.

Proposition 2 Let F,, be as in Definition 1, and suppose that v, = pyoy, + (1 — py)dq,. Further,
assume that for each n € N, 0 <6, < pu, where p, = ppu, + (1 — pp)d,. Then, for any C >0,
the following holds

essinf E"[CX]%,|F,| =E" [CX]hy | Fu] — 0,Cmnl.
n€Bs,, (Vn)
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Proof We write

essinf E7 [OX71, | Fo] = — esssup E"[-C(X7"" + mp(Rpp1 — 1)) | Ful -
nGBgn (Dn) neBs,, (Vn)

Next, we apply the results Gao and Kleywegt [10], conditioning on F,. Given information F,
their arguments can be readily adapted to deduce that

esssup E7[-C(X]* ' + 7 (Rpy1 — 1)) | o
neBén,(Vn)

= ess inf (AénEV" { inf Ad(z, Rpt1) + C(X][ ' +7m,(2— 1)) ‘.7-' ])

A>0 z€ERT

= es)\s}iélf ()\5n - pn(ezsg]égf)dz —Up| + C(X 4 Tpg1(z — 1)))

— (1 —=pp) (e:gR}Esz —dp| +C(X7 2 + (2 — 1))))

= ess inf ()\(5” —C(X][ "t =) — pn Zlgf(; ()\|z —up| + C?Tn2’>

>0
_ (l—pn)zlgg <)\\z—dn| +C7rnz>>. (3)

Setting K :=E"» [-CX]",|F,] and D to be the right hand side of (3), we deduce that,

almost surely,

D — K = essinf </\(5n — py, inf ()\|z — Up| + Cmp(z — un)>
A>0 220

—(1=pn) Zlgg ()\|z —dy| + Crp(z — dn))>

Notice that if A > C|m,|, then both inner infimum terms are zero. Hence, almost surely, the

following inequality holds almost surely

D — K < C|mp|0.

Next, we look at the cases 7, >0 and 7 < 0 separately. Suppose m, > 0 and consider the case
0 < A < Cmp,. Note that

C n+)\ — Un), 2 n
Az —up| + Cmp(z —up) = { EC;L — )\;Ei - an, z < Zn )

This quantity is minimized when z = 0, so, almost surely,
D — K= essinf (A&n —p(Auy — Crpuy) — (1 —p)(Nd — Cﬂ’nd))
0<A<Cmyp,

0§§\S<lcr'l7rn H + Cﬂ- K

_ ogis<1({‘17frn ()\(§n — pn) + Cﬂn,un).
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When §,, > py, we have D — K = Cmy iy, almost surely while when §,, < p,, we have D — K =
Cr,pd, almost surely.

Next, suppose that m, < 0. Consider first the case 0 < A < —Cm,. Note that (4) is minimized
when z = +o00, i.e.,

inf0 ()\|z — Up| + Cmp(z — un)) = —o0.

2z

Hence, when ,, < un, D — K = C|m,|d, almost surely. Recalling the definitions of D and K,

we have
essinf E7 [CX[0y | Fo] =B [CX]0y | Fu] = 6,Cmal,
n€Bs,, (Vn)
which completes the proof. O

Proposition 2 shows that the minimization over the infinite-dimensional ambiguity set can be
rewritten as the expectation of a modified objective with respect to the reference measure.

3.1 The optimal portfolio and robust forward performance criteria

We first calculate the optimal portfolio of the single period robust problem assuming that the
utility parameter is fixed, say, some C > 0. That is, we seek 7* = 7*(C) such that

T € arg sup (B [CXT 1 | Fu] = 60Cnl)
7T€.An,n+1(X::n71)

for wealth profile X;"~' at time t,,. Note that
sup (E [C(Xp = + 7(Rng1 — 1))] — 6,C1m|)
TE€EAn a1 (Xn" 1)

{ OX;‘—H71 + 077(//% - 1 - 5n)a ™ > Oa

= sup -
CXp" '+ Cr(pn — 14+ 6,), 7<O.

‘ITEAO‘l(X:Lrnil)

In other words, we are maximizing a piecewise linear function of 7 on the bounded interval
L, X" ' <o < U, Xmm Therefore, the maximal value will occur at an endpoint of the interval.

We consider the following three cases: the investor can only short, can only buy, and can
short or buy. To ease notation, set

T CXp" '+ Cr(pin —1—=08,), 7>0,
() =
CXn" '+ Cr(py —14+9d,), 7<O0.

3.1.1 Short selling only
Let L,Xn" ' <7 <U,X," "' <0. As noted above, the optimal portfolio will either be L,y
or U,z,. Therefore, to determine the optimal portfolio, we need to check the sign of
J(Lp X5 ") — J(U, X0 "). Note that
J(Ln X7m1) = J(Un X7 1)
=CX[" '+ CL, X" (=14 6,) —CX ' = CU X" (la, — 1+ 0p)
=CX] " Y (pn — 14+ 0,)(Ln, — Uy).

The assumption L, Xn" ' <7 < Up,Xn"* <0, yields L, < U,, when Xamt > 0. Analogously,
U, < L,,, when X;,"~* < 0. The optimal portfolio in this case is summarized in Table 1.
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Table 1 Optimal portfolio when Lo X" P <UX0" "1 <0

Market properties x =1 <0 X =15
pn —1+6, >0 UnX:;"’1 UnX:lrn'71
pn — 1+, <0 L,Xnn—1 L, X1

3.1.2 Buying only
Let 0 < L, Xn" ' <7 <U,Xn""". We have that

J(Lp XTI 1) = J(U X 1) = CXI (1 — 1= 6)(Ln — Up).

Proceeding in a similar manner as above, we obtain the optimal portfolio summarized in Table 2.

Table 2 Optimal portfolio when 0 < LnX::"*l < U,LXTT:T“1

Market properties X:n—l <0 X::n—l >0
pn —1—6,>0 UpXa"—t UpXn"t
P —1—6, <0 L,Xn" 1 L,Xn" 1

3.1.3 Short selling and buying
Let L, X5 ' <0< U,Xn""". Suppose first that X,;"~' > 0. One has
J(LpXT=1) — J(Up XY = CLy X (fn — 1+ 0,) — CUn X1 (1 — 1 — 8)
=CX]" Y (Lnpin — Ly, + Lybn — Uppin, + Uy + Updyp)
=CX7 "t (L, — Up)ptn + Uy, — Ly + (Up, + L) 0) -

Tn—1

Using once more that when Xp""' >0 (resp. <0), one has L, <U, (resp. L, <U,), we
easily obtain the optimal portfolio depicted in Table 3.

Table 3 Optimal portfolio when L, Xn" "' <0< Up X3!

Market properties X"l <o X,""t>o0
(Un + Ly) Ly Xnmt UnXp "t
1 5 nXn nXn
T
Un + Ly Tn— Tn—
pn < 14 %5 UnXn" ! LpXp" !

For the reader’s convenience, we provide the optimal portfolio for all three cases of the single
period optimization problem below.

We may now construct the unique robust predictable forward performance process for the
linear case. We first solve for the performance process in the first period and then iterate. For this,
it suffices to find C; such that the equality

Cox = sup inf  E"[C, X7 | Fol
o€ A1 (z) M€ Bsy (vo0)

holds for each z € R. This can be rewritten as
C()(E = sup Elfo [C’leO |]:0] — 60|7T()|.
o EA()J(:):')
For initial wealth z¢ > 0 and the optimal portfolio 7 calculated as in Table 4, we deduce
Cozg

C = .
P @+ (po — 1) — dolm|




116 Harrison Waldon

Table 4 Summary of optimal portfolio

Portfolio constraints Market properties x =1 <0 X1 5
. . fin =148, >0 UnXp" 70 UnXa"
Lo X"t S UnXp," 71 <0 —_— —
pn — 1438, <0 Lo X" LnXn"
. . fn =1 =38, >0 UnXp" 70 UnXR
0< LnXn "t S Un X"t — B
pn —1 =38, <0 LoX,"~ LnXn""
Up + Ln Tn—1 Tn—1
- (U +L )5, LnXn UnXp
LoXa" <0< Up Xyt o
pn < 14 W&n Un X"t LaXa" !

With the performance process for time #; calculated, we iterate forward in time. To this end,
assume that the performance process C, has been calculated for time ¢, with corresponding
portfolio 7 _;. Then, x} can be calculated as in Table 4 and ()41 can be calculated

CnX::n—l
X;Lrn_l + W;(Nn -1) - 5n|7":z|

CnJrl -

4. Quadratic case

We assume that the robust forward performance criteria are of quadratic form

Br
L{n+1(m) = An+1l‘ — 2+1 1‘2,

for A,y1,Bny1 € Fn, with B,,41 > 0 a.s. for all n € N, and

B
Up(x) = Aoz — §x2,
for Ag € R and By > 0. We assume that the ambiguity set Bs(x) is a ball of radius § using
the 2-Wasserstein distance with d(z,y) = |x — y|. We first calculate an explicit formula as in
Proposition 2. The following calculations are similar to those in Blanchet et al. [7], and, for this,
we highlight the main steps.

Proposition 3 Let F,, be as in Definition 1, and suppose vy, = ppdy, + (1 — pn)da,. Then, for
Ap+t1,Bny1 € Fn and By >0 a.s.,

. T Bn+1 Tn
neBlsnf(un)En {AnHXnH B T(X"+1)2 | ]:n}

T Bn Ve = T — 2
= [E" |:An+1Xn11 — 2+1 (Xnil)2:| — 5n\/EV" [Bn+1W%Rn+1 — T, (An+1 + Bn+1Xn 1)j|

(52.Bn+1ﬂ'721
-,
where Rnﬂ = R,+1 — 1, and R,11 denotes the asset returns at time t,1.

Proof To ease notation, we first derive a dual formulation for inf( )IE” [M Z — %Zﬂ, for
neBs (v

M eR, N >0 and Z ~ 5. Using Theorem 1 from Gao and Kleywegt [10], we have

N N
inf E” [MZ - 22] = — inf <A52 —E” {inf Mz—Z>+MZ - 22} )
n€Bs(v) 2 A0 z€R 2
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If 0 <A< N/2 the infimum over A is +oo, which yields

N N
inf B"|MZ—-—=Z% =— inf [AXZ?—E"|inf\Nz—Z>+MZ - —2*| |. (5)
neBs (V) 2 A>N/2 z€R 2

Taking the first order conditions in z yields that the optimum occurs at

. 2Z-M
e

20— N/2)’
and evaluating (5) at z* yields

N
inf E" {MZ - ZQ]
nEBs(v) 2

— 2 —
-, (o= 1(-3) (vm) - o 7))

—1(20Z — M)?
= — inf [AN?-BY |2~ 4+ )\Z?
SN2 ( [ 2 _Nj2)
' (2ZM — NZ*)\ — M2
= — f 2 _EY 2 )
ASN/2 (M 2N )
In turn, the optimal A\* is given by
. 1| [EYINZ-M]?
NMEs VT e Y
and evaluating (6) at A* yields
inf E7 [MZ - Nzﬂ
n€Bs(v) 2
v _ 2 v 2
_ ! \/]E (N2 = M| | 62—<NE (Z)—]EV(Z)M) 1+ Vo
2 52 2 E¥[(NZ — M)?]
M?2§
2/E'[(NZ — M)?]
This can be simplified further to
2
inf B Mz - Y22 vz - N2l s ]EV(NZfM)Zf(S—N. (7)
n€Bs(v) 2 2 2

To write (7) in terms of the wealth process X%, note that

s Bn s e Bn 71—721
An1 Xty — T+1(Xni1)2 = (Ant17mp + Bppam (X5t 4+ 7)) Rpy1 — J; R},

N 2
S (X )? = B Xt — %Bnﬂ.

T A (Xmt =) —

Therefore, with U, 11(X]7,) = A1 X0 — %(X:{j_l)z, we have
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inf B[,y (X )| F
e [Un1 (X]01) | Foa

v, L Bn+1ﬂ-721 2
=E" | (Ant1mn + Bup1mn (X" + 7)) Rigr — TRnJrl

QB 2
N 6\/EV [B”JFNTTQLR”JFI - (A”+17T” + Bn+17Tn(XrTLr"71 + 7"'71))]2 o 6""%71-"

B, 72
+ Appr (XTIt — ) — TH(X;L”H)Q ~ Buam — B,

Finally, we observe that

inf 7 (U, (X)) | F
. [Un1(X]70) | Fa

v, 0y By 11 0
=B [Anﬂxnil - =5 (XT5)?

2 (5an+171'721
2 )
which concludes the proof. O

- 571\/EV" |:Bn+17r%Rn+1 — Tn (An+1 + Bn+1XrTLrn71)i|

Depending on the market variables, the second term of the right hand side of Proposition 3
may not be concave. However, clearly if ¢,, is small enough, then the entire right hand is concave,
as the first and last terms are concave. In what follows, we then assume that J,, is small enough
to guarantee a unique solution 7.

We now solve for time ¢, optimal portfolio 7 for any utility parameters A, i1, Bpt1 € Fni1,

with B,;1 >0 a.s. and any time ¢, wealth profile X," '. Writing u, = E¥ [Rm-l} and o, =
E” [Rfl +1} the optimal portfolio 7} must satisfy the first order conditions:
(Ant1 = Bo1 X" )iy — Bugi(on + 53)7";

2B 100 ()% = 3(Ant1 + Bny1 Xn" ") Bugapin (1)* + (Ang1 + B Xp" ')y,

— On iz =0
(B2110(m)* = 2(An i1 + Byt X0 ™) Bug i p(m5)? + (Anys + Bupa Xaw™)2(m)?)
(8)

The above function is rational in 7 and can be solved with standard numerical techniques,

as seen in Figures 1 and 2.

Optimal portfolio

—— A=-1, B=0.2
—— A=1,B=0.2
4t —— A=-1,B=1 e ]

—— A=1,B=1 e
et
_,———'—_4—'_'{—'_

-6 — R L " "
0 0.01 0.02 0.03 0.04 0.05
o

Figure 1 The optimal portfolio for various values of §. As the value of ¢ increases, the investor’s level of uncertainty

increases, and the investor prefers to allocate a greater degree of capital to the riskless asset
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Figure 2 The optimal portfolio for the single period problem for varying values of A, B, and §. When ¢ = .05, one

observes numerical instability for large values of A

With the optimal portfolio 7 calculated as a function of A,4; and B,41, we proceed as in
the linear case to construct the entire robust predictable forward performance process. To this end,
assume that at time t¢g, the investor is endowed with an exogenous utility function U
parameterized by Ag, By, an initial reference measure vy, and initial uncertainty Jdg small

enough such that (8) can be solved uniquely for some 7. The performance process at time ¢; is

then determined by solving

B
Aoz — —zg

2
* B * * * *
= A1 (w0 + mGp0) — 71 (5 + 275 powo + (m5)%00) — do(BE (m5) 00 — 2B1(Ar + Bizo)(m5)° o
§oB *)2
+ (m5)% (A1 + Buag))'? — %7

for A;, Bi, noting that = is a function of A; and Bj. In general, the above equation does not
have a unique solution, and further work is needed. It can, however, be solved numerically to

yield a solution (A;,B;) and the corresponding optimal portfolio n§. As in the linear case,
= A,z + %ﬂxQ for all

assume that at time t,, the investor has wealth X," ' and utility Uy, (x)

z € R, for some A,, B, € F,—1 with B, >0 a.s. Then U,i(x) = App12 +

Bny1 .2 :
st must satisfy
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By,
2
= An-&-l(X::nil + W;Mn) -

AnX:::fl _ (XZ::Lfl)Q

Bn+1
2
- 5n(Br21+1(77:;)40n - 23n+1(An+1 + Bn+1X771r”71)(7T:)3/‘n

0nBni1 (W8)2
— 5

((X;:nfl)2 + QWZMnX;Lrnil + (ﬂ_;;)20_n>

+ (1) (Any1 + B Xn"H)2)V2 —

5. Conclusions

We introduced robust predictable forward performance processes and investigated two specific
examples: linear and quadratic utilities. In both cases, the well-posedness of the period-by-period
optimization problem was shown explicitly by calculating the exact form of the inner
optimization over the relevant ambiguity set. In the general case, an explicit formula is generally
unattainable, so well-posedness must be established directly. In Gao and Kleywegt [10], the
authors provide a condition for the finiteness of the optimization problem, relating the cost
function for the Wasserstein distance and the utility function. That is, for any v € P(R"), in
order for

inf E"U(z+7(R—-1))] < oo,
n€Bs(v)

one must have

lim sup U(x+7(z—1)) —U(x+w(Z2—1))|

m su (. 3) < 0, (9)

for any z € Rt where c(-,-) is the cost function associated with the Wasserstein distance
defining Bs(v). For standard utility functions, say, exponential utility, selecting c¢(-,-) as any
Euclidean norm will yield (9) infinite, as clearly

67a(a:+7r(271)) _ efa(l‘Jr’ﬂ'(Zfl))

lim sup

o0 alz — z|p -

for any @ >0 and p >0 when mw < 0. Therefore, to investigate robust, predictable forward
performances of exponential type, one must determine a suitable cost function ¢(-,) in order to
ensure the problem is well-posed. For general utility functions, one could expand the definition
of forward performance processes to include the cost function as well. However, the financial
interpretation of non-standard cost functions is not immediately obvious. These questions are
being investigated currently by the author.
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