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Abstract   We  introduce  and  analyze  a  class  of  forward  performance  criteria  in
incomplete  markets  in  the  presence  of  model  ambiguity.  Incompleteness  stems  from
general  investment constraints,  while  model  uncertainty is  represented by a convex and
compact  set  of  plausible  model  parameter  processes.  Following  the  max-min  criteria  in
traditional (backward) robust control, we formulate similar criteria for the robust forward
performance processes and focus on the rich class of time-monotone processes. We provide
a novel PDE characterization and a semi-explicit saddle-point construction of the robust
forward  performance  criteria  and  their  optimal  policies.  Furthermore,  we  present
additional results within the class of homothetic constant relative risk aversion (CRRA)
processes. Within this class, we investigate the relationship between forward performance
processes  on  wealth  and  those  on  consumption,  establishing  an  interesting  dominance
through time.
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 1.  Introduction

(π,C)

The  study  of  continuous-time  optimal  investment  and  consumption  represents  an  active
research  area  in  mathematical  finance.  In  its  simplest  form,  an  agent  seeks  to  optimize  their
expected  inter-temporal  consumption  and  terminal  wealth  preferences  by  selecting  admissible
investment and consumption strategies, denoted as   . The optimization problem takes the
following form:

sup
(π,C)

E

[∫ T

0

U c
s (Cs) ds+ UT

(
Xπ,C

T

)]
,

Xπ,Cwhere T  is  the terminal time of  the investment horizon,      is  the derived wealth resulting
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(π,C)

U c

from employing the investment and consumption strategies     in a financial market model.
Additionally,    and U represent static preferences, evaluating their instantaneous consumption
benefit and terminal wealth, respectively.
Therefore,  a  typical  optimal  investment  and  consumption  model  necessitates  three  key

components: an investment horizon, a mathematical model for the financial market, and a static
performance criterion typically formulated as utility functions of consumption and wealth.

[0, T ]

[0, S] S ̸= T [0, T ]

[0, S]

While  the  aforementioned  optimal  investment  and  consumption  model  offers  valuable
economic  insights  and  maintains  a  close  connection  with  stochastic  control  theory,  it  is  not
without limitations.  Notably,  the optimal investment and consumption strategies often depend
on  maturity,  limiting  the  flexibility  of  choosing  investment  horizons.  This  leads  to  time-
inconsistent strategies, where an optimal strategy for a time horizon     may not necessarily
remain optimal  for     with   ,  when applying the same utility  functions  at  both   

and  .

π∗

In contrast, forward performance processes, serving as a complement to static performance criteria,
are constructed starting from an initial datum that represents preferences for the present rather
than a future date. These preferences evolve over time, ensuring the time-consistency of optimal
strategies across all  time horizons.  The theory, established by Musiela and Zariphopoulou in a
series  of  works  [33−38],  proposes  a  novel  approach  to  determining  the  optimal  investment
strategy    through a forward investment preference U of wealth and time:

U(Xπ
t , t) = ess sup

π
E [U (Xπ

T , T ) |Ft] ,

0 ⩽ t ⩽ T < ∞

0

U c ≡ 0 B
t > 0

π∗

for  any   .  Unlike  the  classical  framework,  where  future  wealth  preferences  are
assumed in advance, the forward approach requires the agent to specify their wealth preference
at time  . Through the principles of super-martingale sub-optimality and martingale optimality
(see Definition 1 below, with    and    being a singleton), the agent’s forward investment
preference  at  any  time      is  then  endogenously  generated.  This  forward-looking  nature
enables  the  agent  to  select  the  optimal  investment  strategy      without  pre-defining  their
investment horizon and future wealth preference.
A  related  concept,  known  as  horizon-unbiased  utility,  was  introduced  by  Henderson  in  [20]

and further explored by Henderson and Hobson in [21]. They argue that the value functions of
horizon-unbiased  utilities  are  maturity-independent,  a  crucial  property  for  optimal  investment
stopping  problems.  For  a  dual  characterization  of  forward  investment  preference,  see  [48]  by
Žitković,  El Karoui and Mrad further provide a stochastic partial differential equation (SPDE)
characterization  of  forward  investment  preference  in  [16].  Recent  developments  in  forward
investment preference, along with applications in finance and insurance, are discussed in [1−4, 7,
10, 11, 13−15, 17, 19, 25, 28, 29, 39−41, 43, 44, 47] and the references therein.

(π∗, C∗)

U c

In  this  paper,  we  investigate  two  aspects  of  forward  preference:  incorporating  consumption
and  parameter  uncertainty.  Before  presenting  our  contributions,  we  review  related  works.
Building  upon  the  foundation  laid  by  Musiela  and  Zariphopoulou,  Berrier  and  Tehranchi  [5]
propose determining the optimal investment and consumption strategies     for the agent
through the concept of forward investment and consumption preferences U and  :

U(Xπ
t , t) = ess sup

(π,C)

E

[∫ T

t

U c (Cs, s) ds+ U
(
Xπ,C

T , T
)
|Ft

]
,

0 ⩽ t ⩽ T < ∞
(π∗, C∗)

for any   . Due to the forward generating of preferences, the agent can determine
their  optimal  investment  and  consumption  strategies      without  pre-specifying  their
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U c ̸≡ 0 B

investment and consumption horizon, as well as their future wealth and consumption preferences.
Their  optimal  strategies  emerge  as  a  result  of  the  construction of  the  forward investment  and
consumption preferences (see Definition 1 below, with    and    being a singleton). In [5],
the forward preferences are characterized using convex duality. In [26] by Källblad, the forward
preferences are characterized by a SPDE, where zero-volatility forward preferences are linked to
Black’s  inverse  investment  problem.  El  Karoui  et  al  in  their  work  [14]  establish  a  connection
between duality and the corresponding SPDE.

U c ≡ 0 B

On  the  other  hand,  model  uncertainty  has  been  a  crucial  aspect  in  classical  optimal
investment and consumption problems, as demonstrated in works such as [6, 8, 18, 22, 23, 30, 32,
42, 45, 46]. In reality, agents often confront ambiguity regarding financial market model uncertainty.
In  forward  theory,  Källblad  et  al  in  [27]  initiated  the  study  of  the  agent’s  robust  forward
investment preference (see Definition 1 below, with     and     being a non-singleton) and
their  optimal  investment  strategy,  focusing  on  the  dual  representation  of  robust  forward
investment  preference.  However,  relatively  little  is  known  about  forward  investment  and
consumption preferences with uncertainty parameters, with an exception found in [30].
This  paper  makes  contributions  to  the  study of robust  forward investment  and consumption

preferences,  with  a  focus  on  the  zero-volatility  case.  The  non-zero  volatility  case  will  be
addressed  in  a  forthcoming  paper.  Different  from [30],  the  financial  market  considered  in  this
paper may be incomplete, stemming from general investment portfolio constraints. Consequently,
the model includes all the previous cases studied in [5, 14, 26, 27, 30] as special cases.
As  the  first  contribution,  the  paper  addresses  the  technical  challenges  arising  from  general

investment portfolio constraints in the context of financial market incompleteness. It provides a
new PDE characterization  and a  novel  semi-explicit  construction  of  the  saddle-point,  which  is
then utilized to construct optimal investment and consumption strategies along with worst-case
parameters.  See  Theorem  3.  One  of  the  major  difficulties  in  constructing  the  saddle-point  is
establishing the continuity of the optimal investment strategy as an optimal response map to the
admissible  parameters,  which  is  further  compounded  by  the  presence  of  general  investment
portfolio constraints.
Our  second  contribution  is  a  more  explicit  construction  of  the  forward  investment  and

consumption preferences under the constant relative risk aversion (CRRA) assumption. Due to
the homothetic assumption, the characterizing PDE reduces to an ODE. We further provide a
sufficient  condition  for  the  solvability  of  the  corresponding  characterizing  equation.  A  key
finding is that to guarantee the existence of forward preferences, a parameter condition between
the initial investment preference and the forward consumption preference must be satisfied (see
Proposition  4).  Essentially,  it  requires  that  the  forward  consumption  preference  must  be
dominated by the corresponding initial investment preference. For example, a decreasing forward
consumption preference will satisfy such a requirement. In general, we show that the long-term
behavior of the forward consumption preference must exhibit a decreasing trend.
This  paper  is  structured  as  follows:  Section  2  specifies  the  financial  market  model,

incorporating general investment portfolio constraints and model uncertainty. Sections 3 and 4
introduce  the  robust  forward  investment  and  consumption  preferences,  and  represent  these
preferences  by  the  characterizing  PDE.  Section  5  constructs  the  CRRA-type  robust  forward
investment  and  consumption  preferences,  solving  for  the  robust  optimal  investment  and
consumption strategies through an ODE. The conclusion is presented in Section 6. All proofs are
provided in the appendix.
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 2.  The market model

Wt t ⩾ 0 (Ω,F ,P)
F = {Ft}t⩾0

r ⩾ 0

Si
t t ⩾ 0 i = 1, . . . , d t ⩾ 0

Let  ,  , be a d-dimensional Brownian motion on a probability space  . Denote
   as  the  augmented  filtration  generated  by  W.  We  consider  a  financial  market

consisting  of  a  risk-free  bond,  offering  a  constant  interest  rate   ,  and d  risky  stocks.  The
stock price processes  ,  , solve, for each  , for any  ,

dSi
t

Si
t

= bitdt+ σi
tdWt,

bi σi F R R1×d

b = (b1, . . . , bd)tr

σ = (σ1, . . . , σd)tr

where      and      are    -progressively  measurable  processes  taking  values  in      and   .
Denote  the  drift  vector  process  by   ,  and  the  volatility  matrix  process  by

.
Define  the  model  ambiguity  set  of  possibly  realized  drift  and  volatility  processes  in  the

financial market as

B = { (bt, σt) , t ⩾ 0 : (b, σ) are F-progressively measureable, and

(b, σσtr) ∈ B× Σ, P× dt-a.s.},

B Rd Σ Sd
++

d× d

xΣ ∈ Σ xtr
Σ = xΣ x−1

Σ B

where    is a convex and compact subset in  , and    is a convex and compact subset in  ,

which  is  the  set  of  all      real  symmetric  positive-definite  matrices.  Note  that,  for  any
,     and     exists.  The larger the model ambiguity set   ,  the more uncertain

the model is.
ξ ∈ R++ = (0,∞)

πt = (π1
t , . . . , π

d
t )

tr

t ⩾ 0 ct t ⩾ 0

Xt t ⩾ 0

t ⩾ 0

Consider an agent who, with an initial endowment  , can choose to consume
and  invest  dynamically  in  both  the  risk-free  bond  and  risky  stocks.  Let   ,

,  be  the  proportions  of  their  wealth  in  the  risky  stocks,  and  let   ,   ,  be  their
consumption rate per wealth. Then, by self-financing, their wealth process   ,   ,  satisfies,
for any  ,

dXt = Xt

((
r + πtr

t (bt − r1l)− ct
)
dt+ πtr

t σtdWt

)
, (1)

X0 = ξ

(π, c) ξ ∈ R+

(b, σ) ∈ B
Xξ;π,c;b,σ

with   .  Note the dependence of  their  wealth process X on,  not only their  choices  of  the
investment and consumption strategies     and their initial endowment   , but also the
market-realized  drift  and  volatility  processes      for  the  stock  prices.  We  shall
occasionally write    for their wealth process.

A[0,t) t ⩾ 0 [0, t)

t ⩾ 0

Denote   ,   , as the set of admissible investment and consumption strategies in   ,
which is defined by, for any  ,

A[0,t) =

{
(πs, cs) , s ∈ [0, t) : (π, c) are F-progressively measurable;

(π, c) ∈ Π× R+, P× dt-a.s.;
∫ t

0

(
|πs|2 + |cs|

)
ds < ∞, P-a.s.

}
,

Π Rd 0 ∈ Rd R+ = [0,∞)

t ⩾ 0

A = ∪t⩾0A[0,t)

where      is a closed and convex subset in      including the origin1   ,  and   .
The  set  of  admissible  investment  and  consumption  strategies  for  all  time      is,  in  turn,
defined by  .

n(< d)

The  above  model  includes  the  typical  incomplete  financial  market  framework,  in  the  sense
that the number of available risky stocks n could be less than the dimension d of the Brownian
motion. Indeed, if the financial market only consists of    risky stocks, we could artificially
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d− n

Π Πn × {0}d−n Πn Rn

0 ∈ Rn {0}d−n Rd−n

n = d

construct      pseudo  risky  stocks  which  satisfy  the  assumptions  above,  and  define  the
investment constraint set     by   ,  where      is a closed and convex subset in   
including the origin  , and    is the subset containing only the zero vector in  .
Therefore, without loss of generality, we consider the financial market model with  .

 3.  Robust forward performance criteria of investment and consumption

(π∗, c∗) ∈ A

U (x, 0) U c (xC , 0)

x ∈ R++ xC ∈ R+ xC = xcx

In the above financial market with model uncertainty, the agent aims to choose their optimal
investment and consumption strategies   . Assume that their implied investment and
consumption preferences are non-decreasing and concave. In particular, their time-0 investment
and  consumption  preferences      and      are  non-decreasing  and  concave  in

  and  , where  .
When  determining  their  optimal  investment  and  consumption  strategies,  the  agent  will

consider the worst-case scenario for the average growth rate and the volatility of the stock prices
in  the  financial  market.  Hence,  inspired  by  the  worst-case  scenario  stochastic  optimization
problem  under  the  classical  expected  utility  framework  in  [22,  23,  42,  45,  46],  we  define  the
robust  forward  investment  and  consumption  preferences,  with  drift  and  volatility  uncertainties,
and the associated optimal investment and consumption strategies, as follows.

Definition 1  A pair of processes

{(U(ω, x, t), U c(ω, xC , t))}ω∈Ω,x∈R++,xC∈R+,t⩾0

is  called  robust  forward  investment  and  consumption  preferences,  with  drift  and  volatility
uncertainties, if they satisfy all of the following properties:

x ∈ R++ xC ∈ R+ {U(ω, x, t)}ω∈Ω,t⩾0 {U c(ω, xC , t)}ω∈Ω,t⩾0 F(i)  for  each     and    ,    and     are    -
progressively measurable;

ω ∈ Ω t ⩾ 0 {U(ω, x, t)}x∈R++ {U c(ω, xC , t)}xC∈R+(ii) for each    and   ,    and    are non-decreasing
and concave;

t ⩾ 0 ξ ∈ L (Ft;R++) T ⩾ t(iii) for each   ,   , and   ,

U (ξ, t) = ess sup ess inf
(π,c)∈A (b,σ)∈B

E
[
U
(
Xξ,t;π,c;b,σ

T , T
)
+

∫ T

t

U c
(
csX

ξ,t;π,c;b,σ
s , s

)
ds|Ft

]
, (2)

L (Ft;R++) Ft R++

Xξ,t;π,c;b,σ Xξ,t;π,c;b,σ
t = ξ

where      is  the  set  of    -measurable  and    -valued  random  variables,  and
  solves (1) with   .

(π∗, c∗) ∈ A
t ⩾ 0 T ⩾ t

Moreover, if there exists a pair of forward investment and consumption strategies  
solving (2) for all    and   , it is called optimal and robust.

The  pair  of  robust  forward  investment  and  consumption  preferences  include  the  forward
investment  preference,  forward  investment  and  consumption  preferences,  and  robust  forward
investment preference, defined in the literature:

U c ≡ 0 B● when      and      is  a  singleton,  i.e.,  without  the  element  of  consumption  and  model
uncertainty,  the  definition  reduces  to  the  forward  investment  preference,  which  was  first
introduced by Musiela and Zariphopoulou in a series of their works [33−38];

U c ̸≡ 0 B● when     and     is a singleton, i.e., with the element of consumption but without the
model uncertainty, the definition reduces to the forward investment and consumption preferences,
which was first introduced by Berrier and Tehranchi in [5], and further studied in Källblad [26]
and El Karoui et al [14];
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U c ≡ 0 B● when     and     is not a singleton, i.e., without the element of consumption but with
the model uncertainty, the definition reduces to the robust forward investment preference, which
was  recently  introduced  by  Källblad  et  al  in  [27],  in  which  they  studied  extensively  the  dual
representation of robust forward investment preference. See also [31] by Lin et al.

 4.  PDE representation

U (x, t) x ∈ R++ t ⩾ 0

x ∈ R++ t ⩾ 0

The  forward  investment  preference,  forward  investment  and  consumption  preferences,  and
robust forward investment preference,  were characterized by SPDEs in,  respectively,  [38],  [26],
and [27], with the novel element of volatility processes as a model input. Instead of endogenously
being  determined  by  the  dynamic  programming  principle  as  in  the  classical  framework,  the
volatility  of  forward  preferences  is  exogenously  chosen  by  the  agent,  and  is  regarded  as  their
belief on how their preference in the performance criterion is going to evolve in the future. That
is,  in  general,   ,     and   ,  in  Definition 1 admits  an Itô’s  decomposition:  for
any    and  ,

dU(x, t) = f (x, t) dt+ a(x, t)trdWt,

F f (x, t) a (x, t) x ∈ R++ t ⩾ 0

R Rd a (x, t)

for some   -progressively measurable processes    and  ,    and  , taking
values  in      and      respectively.  The  process      represents  the  volatility  of  forward
preferences and is to be chosen as a model input.

a (x, t) ≡ 0 x ∈ R++ t ⩾ 0

In  this  paper,  we  assume  that  the  agent  adapts  a  zero-volatility  robust  forward  preference,
with      for  any      and   .  The  non-zero  volatility  case  will  be  studied  in
another paper [12].

U (x, t)

U c (xC , t) x ∈ R++ xC ∈ R+ t ⩾ 0

t ⩾ 0 U (x, t) U c (xC , t) x ∈ R++ xC ∈ R+

U (·, ·) , U c (·, ·) ∈ C2,1

Due  to  the  zero-volatility  assumption,  the  SPDE  will  reduce  to  a  PDE,  and  this  section
provides  a  PDE  representation  for  the  zero-volatility  robust  forward  investment  and
consumption  preferences,  with  drift  and  volatility  uncertainties.  To  this  end,  let      and

,  ,  , and  , be a pair of deterministic functions, such that, for any
,      and      are  non-decreasing  and  concave,  in      and   

respectively,  and   ,  which  is  the  class  of  all  twice  differentiable,  with
respect to the first argument, and differentiable, with respect to the second argument, functions
with continuous partial derivatives.
We  first  present  a  key  lemma  that  provides  a  candidate  saddle-point  for  the  optimal

investment  and  consumption  strategies  and  the  worst-case  drift  and  volatility  processes.  It  is
noteworthy that while the classical Sion’s minmax theorem confirms the existence of saddle-points,
it  does  not  provide  how  to  construct  them.  However,  leveraging  the  specific  structure  of  the
function F below, we can construct its saddle-point in a semi-explicit form, going beyond merely
demonstrating  its  existence.  A  major  technical  difficulty  is  to  establish  the  continuity  of  the
optimal investment strategy as an optimal response map to the admissible parameters, which is
further  compounded  by  the  presence  of  general  investment  portfolio  constraints.  The  proof  of
this aspect is detailed in step 2 of the following lemma.

x ∈ R++ t ⩾ 0 (xπ;xb, xΣ) ∈
Π× B× Σ

Lemma  2  For  each      and    ,  the  deterministic  function,  for  any   

 ,

F (x, t;xπ;xb, xΣ) =
1

2
x2Uxx (x, t)x

tr
π xΣxπ + xUx (x, t)x

tr
π (xb − r1l) , (3)

(x∗
π;x

∗
b , x

∗
Σ) ∈ Π× B× Σ

(x, t) ∈ R++ × [0,∞) xπ ∈ Π (xb, xΣ) ∈ B× Σ

admits  a  saddle-point      given  in  (20)  and  (21)  in  the  appendix,  which
depends on   , in the sense that, for any    and   ,
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F (x, t;xπ;x
∗
b , x

∗
Σ) ⩽ F (x, t;x∗

π;x
∗
b , x

∗
Σ) ⩽ F (x, t;x∗

π;xb, xΣ) . (4)

t ⩾ 0Define, for any  ,

π∗
t = x∗

π (Xt, t) and c∗t = x∗
c (Xt, t) . (5)

x∗
π ∈ Π (x∗

π;x
∗
b , x

∗
Σ) ∈ Π× B× Σ (x, t) ∈ R++ × [0,∞)

x∗
c ∈ R+ (x, t) ∈ R++ × [0,∞)

Herein,     such that   , which depends on   , is
a saddle-point in Lemma 2; in addition,   , which also depends on   ,
is given by

x∗
c =


0, if limxc→0+ U c

xC
(xcx, t) ⩽ Ux (x, t) ,

x̃c, if limxc→∞ U c
xC

(xcx, t) < Ux (x, t) < limxc→0+ U c
xC

(xcx, t)

∞, if Ux (x, t) ⩽ limxc→∞ U c
xC

(xcx, t) ,

,

x̃c ∈ R++ U c
xC

(x̃cx, t) = Ux (x, t)where    solves the equation  .
The main result of this paper is the following verification theorem.

a (x, t) ≡ 0 x ∈ R++ t ⩾ 0 x ∈ R++

t ⩾ 0

Theorem 3  Suppose that     for any     and    , so that, for any   
and   ,

dU (x, t) = f (x, t) dt, (6)

f (x, t) x ∈ R++ t ⩾ 0

U (x, t) U c (xC , t) x ∈ R++ xC ∈ R+ t ⩾ 0

for  some  deterministic  function    ,     and    .  Suppose  further  that  the
deterministic  functions      and    ,   ,   ,  and    ,  satisfy  the
following conditions:

M1 ∈ R x ∈ R++ t ⩾ 0 U (x, t) ⩾ M1(i) there exists an    such that, for any    and   ,   ;

(b, σ) ∈ B t ⩾ 0(ii) for any    and   ,{
U
(
Xξ;π∗,c∗;b,σ

τ , τ
)}

τ∈T [0,t]

T [0, t] F τ ∈ [0, t]is uniformly integrable, where    is the set of all   -stopping time   ;
M2 ∈ R

∫∞
0

min {U c (0, s) , 0} ds ⩾ M2(iii) there exists an    such that   .

U (x, t) U c (xC , t) x ∈ R++ xC ∈ R+

t ⩾ 0

x ∈ R++ t ⩾ 0

Then  the  pair  of  deterministic  functions      and    ,   ,   ,  and
 , are zero-volatility robust forward investment and consumption preferences, with drift and

volatility uncertainties, if and only if, for any    and   ,

f (x, t) = −F (x, t;x∗
π;x

∗
b , x

∗
Σ)− sup

xc∈R+

(U c (xcx, t)− xcxUx (x, t))− rxUx (x, t) . (7)

t ⩾ 0
∫ t

0

(
|π∗

s |2 + |c∗s|
)
ds < ∞, P-a.s.

π∗ c∗
Moreover, if,  for any    ,   ,  the optimal and robust forward

investment and consumption strategies are given by    and    in (5).

 5.  Homothetic robust forward CRRA preferences

In this  section,  by making use of  Theorem 3,  we construct homothetic zero-volatility robust
forward investment and consumption CRRA preferences, with drift and volatility uncertainties,
from  the  solutions  of  a  family  of  ODEs.  The  motivation  behind  constructing  the  homothetic
forward CRRA preferences is that, in the classical framework, the value functions, also known as
backward preferences, are homothetic. This can be observed in, for instance, Hu et al [24] and
Cheridito and Hu [9], where the SPDE representation reduces to a BSDE representation for the
value  functions.  In  the  forward  framework  with  the  zero-volatility  assumption,  the  PDE
representation will reduce to an ODE representation.

x ∈ R++ xC ∈ R+

t ⩾ 0

Suppose that the deterministic functions take the following forms: for any  ,  ,
and  ,
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U(x, t) =
xδ

δ
eYt and U c(xC , t) =

xδ
C

δ
λt, (8)

δ ∈ (0, 1) x ∈ R++

xC ∈ R+

eYt λt t ⩾ 0

xC

U c

where      is the agent’s risk aversion parameter constant, and recall that     and
  represent the state variables of wealth and consumption, respectively. The homothetic

factors     and     are two deterministic functions in time     which are independent of the
state variables x and  . The homothetic factor of U being in an exponential form is inspired by
the  classical  framework,  as  seen in,  for  instance,  [24]  and [9].  The homothetic  factor  of      is
generic  in  this  context  and  will  be  discussed  in  detail  after  the  following  proposition  on
constructing the agent’s preferences.

Yt t ⩾ 0

λt t ⩾ 0

λ t ⩾ 0

Proposition  4  Let    ,   ,  be  a  deterministic  function  which  is  differentiable  with  a
continuous derivative, and let   ,   , be another deterministic function which is non-negative,
bounded, and differentiable with a continuous derivative. Assume that Y satisfies the following ODE,
while    satisfies the following integrability condition: for any   ,

dYt = −
(
G+ (1− δ)λ

1
1−δ

t e−
Yt
1−δ + δr

)
dt, (9)

e
Y0
1−δ >

∫ ∞

0

e
G+δr
1−δ sλ

1
1−δ
s ds. (10)

G ⩾ 0 (xπ;xb, xΣ) ∈ Π× B× ΣHerein,    is a saddle-value of the deterministic function: for any   ,

G (xπ;xb, xΣ) =
1

2
δ (δ − 1)xtr

π xΣxπ + δxtr
π (xb − r1l) ; (11)

G = G (x∗
π;x

∗
b , x

∗
Σ) (x, t) ∈ R++ × [0,∞)

(x∗
π;x

∗
b , x

∗
Σ) ∈ Π× B× Σ (x, t) ∈ R++ × [0,∞)

xπ ∈ Π (xb, xΣ) ∈ B× Σ

that  is,     is  independent  of    ,  with  a  saddle-point
 , which is also independent of   , satisfying that, for

any    and   ,

G (xπ;x
∗
b , x

∗
Σ) ⩽ G (x∗

π;x
∗
b , x

∗
Σ) ⩽ G (x∗

π;xb, xΣ) .

U (x, t) U c (xC , t) x ∈ R++ xC ∈ R+ t ⩾ 0

(π∗, c∗) ∈ A t ⩾ 0

Then the pair of deterministic functions    and   ,   ,   , and  ,
given in  (8) are zero-volatility  robust  forward investment  and consumption CRRA preferences,
with drift and volatility uncertainties. Moreover, the optimal and robust forward investment and
consumption strategies are given by   , which are defined by, for any   ,

π∗
t = x∗

π and c∗t = λ
1

1−δ

t e−
Yt
1−δ . (12)

 5.1  Homothetic factor of consumption preference

Y0 λ

λ

λ t ⩾ 0

Condition  (10)  on  the  relation  between      and     might  seem  to  be  stringent  at  the  first
glance; yet, a rich class of non-negative, bounded, and differentiable with a continuous derivative,
deterministic  functions      actually  satisfies  this  condition.  For  example,  suppose  that  the
function    is given by, for any  ,

λt = αe−(G+δr+β)t,

α ⩾ 0 β > 0for some constants    and  . Sufficiently, condition (10) is satisfied when

e
Y0
1−δ >

1− δ

β
α

1
1−δ . (13)

λ

x ∈ R++ xC ∈ R+ t ⩾ 0

With this class of deterministic functions  , by Proposition 4, the zero-volatility robust forward
investment and consumption CRRA preferences, with drift and volatility uncertainties, are given
by, for any  ,  , and  ,
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U (x, t) =
xδ

δ
e−(G+δr)t

(
1− δ

β
α

1
1−δ e−

β
1−δ t + e

Y0
1−δ − 1− δ

β
α

1
1−δ

)1−δ

U c (xC , t) =
xδ
C

δ αe−(G+δr+β)t

t ⩾ 0

and   ,  with  the  corresponding  optimal  and  robust  forward

consumption strategy given by, for any  ,

c∗t =
α

1
1−δ e−

β
1−δ t

1−δ
β α

1
1−δ e−

β
1−δ t + e

Y0
1−δ − 1−δ

β α
1

1−δ

,

0 t → ∞which is clearly non-increasing and converges to    when time  .
α = 0

λ ≡ 0

To  satisfy  the  sufficient  condition  (13),  an  obvious  instance  is  putting   ,  which
corresponds to the case when  .

G = G (x∗
π;x

∗
b , x

∗
Σ) ⩾ 0 (x∗

π;x
∗
b , x

∗
Σ) ∈ Π× B× Σ

U (x, t) =
xδ

δ eY0−(G+δr)t x ∈ R++ t ⩾ 0

π∗ ∈ A t ⩾ 0 π∗
t = x∗

π

Corollary 5  Let    and    be a saddle-value and a
saddle-point  of  the  deterministic  function  (11).  The  deterministic  function   

 ,     and    ,  is  the  zero-volatility  robust  forward  investment  CRRA

preference,  with  drift  and  volatility  uncertainties.  Moreover,  the  optimal  and  robust  forward
investment strategy is given by   , which is defined by, for any   ,   .

α = eY0

β > 1− δ

Another possible choice to satisfy the sufficient condition (13) is when (i)  , so that the
initial investment and consumption preferences of the agent coincide, and (ii)  .

G = G (x∗
π;x

∗
b , x

∗
Σ) ⩾ 0 (x∗

π;x
∗
b , x

∗
Σ) ∈ Π× B× Σ

x ∈ R++ xC ∈ R+ t ⩾ 0

Corollary 6  Let    and    be a saddle-value and a
saddle-point  of  the  deterministic  function  (11).  The  pair  of  deterministic  functions,  for  any

 ,   , and   ,

U (x, t) =
xδ

δ
eY0−(G+δr)t

(
1− δ

β
e−

β
1−δ t + 1− 1− δ

β

)1−δ

U c (xC , t) =
xδ
C

δ eY0−(G+δr)te−βt

(π∗, c∗)

t ⩾ 0

and    ,  is  the  zero-volatility  robust  forward  investment  and

consumption  CRRA  preferences,  with  drift  and  volatility  uncertainties.  Moreover,  the  optimal
and  robust  forward  investment  and  consumption  strategies  are  given  by    ,  which  are
defined by, for any   ,

π∗
t = x∗

π and c∗t =
e−

β
1−δ t

1−δ
β e−

β
1−δ t + 1− 1−δ

β

.

 5.2  Time monotonicity

Yt t ⩾ 0Notice that, in Proposition 4, the deterministic function  ,  , is non-increasing. Therefore,
the  constructed  zero-volatility  robust  forward  investment  CRRA  preference,  with  drift  and
volatility  uncertainties,  given  in  (8),  is  time-monotonic,  more  precisely  non-increasing.  Such  a
time monotonicity  of  the  robust  forward investment  preference  is  not  due to  the  consumption
component;  see,  for  instance,  Corollary  5.  This  result  coincides  with,  for  example,  [27,  29,  33,
37], in which the zero-volatility forward investment preference is shown to be non-increasing in time.

λt t ⩾ 0

t ⩾ 0

t ⩾ t∗ t∗ ⩾ 0

t ⩾ 0

On  the  other  hand,  the  deterministic  function   ,   ,  and  hence  the  constructed  zero-
volatility robust forward consumption CRRA preference, with drift and volatility uncertainties,
given in (8),  are not necessarily non-decreasing nor non-increasing at all  time   .  However,
they are necessarily non-increasing for all time   , for some threshold time   , in order
to  satisfy  the  condition  (10)  for  all  time   .  In  Corollary  6,  such  an  asymptotic  time-
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x ∈ R++ xC ∈ R+

monotonicity is clear, and the zero-volatility robust forward investment and consumption CRRA
preferences, with drift and volatility uncertainties, asymptotically converge at the same rate that,
for any    and  ,

lim
t→∞

U (x, t)

xδ

U c (xC , t)

xδ
C

= 1.

 5.3  Example with explicit saddle-point and saddle-value

In  Proposition  4,  and  consequently  in  Corollaries  5  and  6,  the  constructed  zero-volatility
robust  forward  investment  and  consumption  CRRA  preferences,  with  drift  and  volatility
uncertainties,  and  the  corresponding  optimal  and  robust  forward  investment  and  consumption
strategies, depend on the saddle-point and the saddle-value of the deterministic function in (11).
We demonstrate an example with an explicit saddle-point and saddle-value as follows.

d = 1 B =
[
b, b
]

Σ =
[
Σ,Σ

]
Π = [π, π]

b, b ∈ R Σ,Σ ∈ R++ π, π ∈ R = [−∞,∞] π ⩽ 0 ⩽ π

(x∗
π;x

∗
b , x

∗
Σ) ∈ Π× B× Σ

Example  7  Consider  the  case  that    ,  and  let    ,   ,  and    ,

where    ,   ,  and      with    .  The  saddle-point
  of the deterministic function in (11) is given by

x∗
π = min

{
π,

b− r

(1− δ) Σ

}
1l{r⩽b} +max

{
π,

b− r

(1− δ)Σ

}
1l{r⩾b}; (14)

x∗
b = b1l{r⩽b} + r1l{b<r<b} + b1l{r⩾b} and x∗

Σ = Σ;

G ⩾ 0its saddle-value    is given by

G =
1

2
δ (δ − 1)Σdist2

{
[π, π] ,

x∗
b − r

(1− δ)Σ

}
+

1

2

δ

1− δ

(x∗
b − r)

2

Σ
. (15)

G ⩾ 0

x∗
π ∈ Π G ⩾ 0

b b

t ⩾ 0

Then,  in  Proposition  4,  the  zero-volatility  robust  forward  investment  and  consumption  CRRA
preferences,  with  drift  and  volatility  uncertainties,  are  with      given  in  (15);  the
corresponding  optimal  and  robust  forward  investment  and  consumption  strategies  are  with

  and     given in (14) and (12). In particular, if the risk-free rate r lies between the
lowest possible drift     and the greatest possible drift    , the agent should optimally invest all of
their wealth into the risk-free bond at all future time   .

 6.  Concluding remarks and extensions

In  this  paper,  we  have  introduced  a  class  of  robust  time-monotone  forward  performance
processes  of  investment  and  consumption  and  solved  the  robust  optimal  investment  and
consumption  strategies.  We  have  characterized  these  robust  forward  investment  and
consumption preferences for the agent using a PDE, in the presence of investment constraints.
Furthermore,  we  have  explicitly  constructed  the  robust  CRRA  forward  preferences  and  the
associated optimal strategies. An interesting finding is that the forward consumption preference
must  be  dominated  by  the  initial  investment  preference,  leading  to  a  noticeable  long-term
decreasing trend in the forward consumption preference.
The paper focuses on the zero-volatility case. The non-zero volatility is far more challenging.

It is expected that the corresponding characterizing PDE will transform to a fully nonlinear SPDE.
In the CRRA case,  the ODE will  become a backward stochastic differential  equation (BSDE).
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However, it is worth noting that the corresponding saddle point in the non-zero volatility case
does  not  generally  exist.  To address  this  challenge,  we will  propose  a  randomization approach
that expands the space of uncertainty parameters to the probability distributions of these parameters.
This  will  lead to a new class  of  BSDEs.  Our forthcoming paper  [12]  will  discuss  this  non-zero
volatility case and its corresponding BSDE characterization.

 Appendix

 A  Proof of Lemma 2

x ∈ R++ t ⩾ 0

xπ ∈ Π (xb, xΣ) ∈ B× Σ

Step 1  Let    and  . Note that the deterministic function in (3) can be rewritten as,
for any    and  ,

F (x, t;xπ;xb, xΣ)

=
1

2
x2Uxx (x, t)

(
xπ +

Ux (x, t)

xUxx (x, t)
x−1
Σ (xb − r1l)

)tr

× xΣ

(
xπ +

Ux (x, t)

xUxx (x, t)
x−1
Σ (xb − r1l)

)
− 1

2

Ux (x, t)
2

Uxx (x, t)
(xb − r1l)tr x−1

Σ (xb − r1l) .

(xb, xΣ) ∈ B× ΣFix any  . Then,

x̃π (xb, xΣ)

= arg min
xπ∈Π

((
xπ +

Ux (x, t)

xUxx (x, t)
x−1
Σ (xb − r1l)

)tr

xΣ

(
xπ +

Ux (x, t)

xUxx (x, t)
x−1
Σ (xb − r1l)

))
= − Ux (x, t)

xUxx (x, t)
x−1
Σ (xb − r1l) 1l{− Ux(x,t)

xUxx(x,t)
x−1
Σ (xb−r1l)∈Π}

+ arg min
xπ∈∂Π

((
xπ +

Ux (x, t)

xUxx (x, t)
x−1
Σ (xb − r1l)

)tr

× xΣ

(
xπ +

Ux (x, t)

xUxx (x, t)
x−1
Σ (xb − r1l)

))
1l{− Ux(x,t)

xUxx(x,t)
x−1
Σ (xb−r1l)/∈Π} (16)

∂Π Π − Ux(x,t)
xUxx(x,t)

x−1
Σ (xb−

r1l) ∈ Π − Ux(x,t)
xUxx(x,t)

x−1
Σ (xb − r1l) /∈ Π

x′
π (xb, xΣ) ∈ Π◦ Π

maximizes (3), where    is the boundary of the closed and convex set  . If  

,  the  construction  is  obvious.  Suppose  that   ,  and  assume

that there exists an  , which is the interior of the set  , which minimizes

Q (x, t;xπ;xb, xΣ)

=

(
xπ +

Ux (x, t)

xUxx (x, t)
x−1
Σ (xb − r1l)

)tr

xΣ

(
xπ +

Ux (x, t)

xUxx (x, t)
x−1
Σ (xb − r1l)

)
.

xπ ∈ ΠThat is, for any  ,

0 < Q (x, t;x′
π (xb, xΣ) ;xb, xΣ) ⩽ Q (x, t;xπ;xb, xΣ) , (17)

xΣ

x′
π (xb, xΣ) ̸= − Ux(x,t)

xUxx(x,t)
x−1
Σ (xb − r1l) x′

π (xb, xΣ) ∈ Π◦ θ ∈ (0, 1)

1

where  the  first  strict  inequality  is  due  to  the  facts  that      is  positive-definite  and

.  Since   ,  there  exists  an      being

close enough to    such that

x̄π (xb, xΣ) = θx′
π (xb, xΣ) + (1− θ)

(
− Ux (x, t)

xUxx (x, t)
x−1
Σ (xb − r1l)

)
∈ Π◦ ⊆ Π.

xΣ Q (x, t; ·;xb, xΣ)By the positive-definiteness of  , and thus the strict convexity of  ,
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Q (x, t; x̄π (xb, xΣ) ;xb, xΣ)

< θQ (x, t;x′
π (xb, xΣ) ;xb, xΣ)

+ (1− θ)Q

(
x, t;− Ux (x, t)

xUxx (x, t)
x−1
Σ (xb − r1l) ;xb, xΣ

)
= θQ (x, t;x′

π (xb, xΣ) ;xb, xΣ)

< Q (x, t;x′
π (xb, xΣ) ;xb, xΣ) ,

which contradicts (17).

x̃π (xb, xΣ) ∈ Π

(xb, xΣ) ∈ B× Σ (xb, xΣ) , (x
′
b, x

′
Σ) ∈ B× Σ Π

η ∈ (0, 1] x̂π ∈ Π (1− η) x̃π (xb, xΣ) + ηx̂π ∈ Π

Step  2  Next,  we  prove  that  any  maximizer      of  (3),  in  particular  (16),  is

continuous in   . Let   . By the convexity of   , for any

  and  ,  , and thus

F (x, t; x̃π (xb, xΣ) ;xb, xΣ)

⩾ F (x, t; (1− η) x̃π (xb, xΣ) + ηx̂π;xb, xΣ)

=
1

2
x2Uxx (x, t) ((1− η) x̃π (xb, xΣ) + ηx̂π)

tr
xΣ ((1− η) x̃π (xb, xΣ) + ηx̂π)

+ xUx (x, t) ((1− η) x̃π (xb, xΣ) + ηx̂π)
tr
(xb − r1l)

=
1

2
x2Uxx (x, t) (x̃π (xb, xΣ) + η (x̂π − x̃π (xb, xΣ)))

tr

× xΣ (x̃π (xb, xΣ) + η (x̂π − x̃π (xb, xΣ)))

+ xUx (x, t) (x̃π (xb, xΣ) + η (x̂π − x̃π (xb, xΣ)))
tr
(xb − r1l)

= F (x, t; x̃π (xb, xΣ) ;xb, xΣ) + ηx2Uxx (x, t) (x̂π − x̃π (xb, xΣ))
tr
xΣx̃π (xb, xΣ)

+
1

2
η2x2Uxx (x, t) (x̂π − x̃π (xb, xΣ))

tr
xΣ (x̂π − x̃π (xb, xΣ))

+ ηxUx (x, t) (x̂π − x̃π (xb, xΣ))
tr
(xb − r1l) .

η → 0 x̂π ∈ ΠTherefore, by letting  , for any  ,

(x̂π − x̃π (xb, xΣ))
tr
(xUxx (x, t)xΣx̃π (xb, xΣ) + Ux (x, t) (xb − r1l)) ⩽ 0,

x̂π = x̃π (x
′
b, x

′
Σ)which holds in particular for  ; that is,

(x̃π (x
′
b, x

′
Σ)− x̃π (xb, xΣ))

tr
(xUxx (x, t)xΣx̃π (xb, xΣ) + Ux (x, t) (xb − r1l)) ⩽ 0.

Similarly,

(x̃π (xb, xΣ)− x̃π (x
′
b, x

′
Σ))

tr
(xUxx (x, t)x

′
Σx̃π (x

′
b, x

′
Σ) + Ux (x, t) (x

′
b − r1l)) ⩽ 0.

Their sum yields

(x̃π (x
′
b, x

′
Σ)− x̃π (xb, xΣ))

tr (
xUxx (x, t) (xΣx̃π (xb, xΣ)− x′

Σx̃π (x
′
b, x

′
Σ))

+ Ux (x, t) (xb − x′
b)
)
⩽ 0,

which implies that, by telescoping,

(x̃π (x
′
b, x

′
Σ)− x̃π (xb, xΣ))

tr
x′
Σ (x̃π (x

′
b, x

′
Σ)− x̃π (xb, xΣ))

⩽ (x̃π (x
′
b, x

′
Σ)− x̃π (xb, xΣ))

tr
(
− Ux (x, t)

xUxx (x, t)
(x′

b − xb)− (x′
Σ − xΣ) x̃π (xb, xΣ)

)
. (18)

x′
Σ ∈ Σ

x′
Σ = (x′

σ)
tr
x′
σ x′

σ d× d

Since      is  a  real  symmetric  positive-definite  matrix,  by  the  Cholesky  decomposition,

,  where      is  a  unique      upper  triangular  matrix  with  real  and  positive

diagonal entries. Hence, by the Cauchy Schwarz inequality and (18),
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|x̃π (x
′
b, x

′
Σ)− x̃π (xb, xΣ) |2

= | (x′
σ)

−1
x′
σ (x̃π (x

′
b, x

′
Σ)− x̃π (xb, xΣ)) |2

⩽ | (x′
σ)

−1 |2|x′
σ (x̃π (x

′
b, x

′
Σ)− x̃π (xb, xΣ)) |2

= | (x′
σ)

−1 |2 (x′
σ (x̃π (x

′
b, x

′
Σ)− x̃π (xb, xΣ)))

tr
x′
σ (x̃π (x

′
b, x

′
Σ)− x̃π (xb, xΣ))

= | (x′
σ)

−1 |2 (x̃π (x
′
b, x

′
Σ)− x̃π (xb, xΣ))

tr
x′
Σ (x̃π (x

′
b, x

′
Σ)− x̃π (xb, xΣ))

⩽ | (x′
σ)

−1 |2 (x̃π (x
′
b, x

′
Σ)− x̃π (xb, xΣ))

tr

×
(
− Ux (x, t)

xUxx (x, t)
(x′

b − xb)− (x′
Σ − xΣ) x̃π (xb, xΣ)

)
⩽ | (x′

σ)
−1 |2|x̃π (x

′
b, x

′
Σ)− x̃π (xb, xΣ) |

×
(∣∣∣∣ Ux (x, t)

xUxx (x, t)

∣∣∣∣|x′
b − xb|+ |x′

Σ − xΣ||x̃π (xb, xΣ) |
)
;

that is,

|x̃π (x
′
b, x

′
Σ)− x̃π (xb, xΣ) |

⩽ | (x′
σ)

−1 |2
(∣∣∣∣ Ux (x, t)

xUxx (x, t)

∣∣∣∣|x′
b − xb|+ |x′

Σ − xΣ||x̃π (xb, xΣ) |
)
. (19)

(xb,0, xΣ,0) ∈ B× Σ {(xb,n, xΣ,n)}∞n=1 ∈ B× Σ

(xb,0, xΣ,0)

Let   ,  and  let  a  sequence      which  converges  to

. By (19),

|x̃π (xb,n, xΣ,n)− x̃π (xb,0, xΣ,0) |

⩽ |x−1
σ,n|2

(∣∣∣∣ Ux (x, t)

xUxx (x, t)

∣∣∣∣|xb,n − xb,0|+ |xΣ,n − xΣ,0||x̃π (xb,0, xΣ,0) |
)
,

xσ,n d× d

xtr
σ,nxσ,n = xΣ,n n = 1, 2, . . .

Σ

M > 0

|x−1
σ,n| ⩽ M n = 1, 2, . . . {x̃π (xb,n, xΣ,n)}∞n=1

x̃π (xb,0, xΣ,0) x̃π (xb, xΣ) ∈ Π

(xb, xΣ) ∈ B× Σ

where      is a unique     upper triangular matrix with real and positive diagonal entries,
such that  , for  , by the Cholesky decomposition. Due to the compactness,

and  the  consequent  boundedness,  of   ,  and  by  the  bounded  inverse  theorem  as  well  as  the
equivalence of norms on finite-dimensional vector spaces, there exists a positive constant  
such that    uniformly for all  . Therefore, the sequence  

also converges to  . All these together prove that any maximizer    of

(3) is continuous in  .
(xb, xΣ) ∈ B× ΣBy such continuity, the function, for any  ,

F̃ (x, t;xb, xΣ) = F (x, t; x̃π (xb, xΣ) ;xb, xΣ)

=
1

2
x2Uxx (x, t) (x̃π (xb, xΣ))

tr
xΣx̃π (xb, xΣ) + xUx (x, t) (x̃π (xb, xΣ))

tr
(xb − r1l)

(xb, xΣ) ∈ B× Σ B Σis also continuous in  . As the sets    and    are compact,

(x∗
b , x

∗
Σ) = arg min

(xb,xΣ)∈B×Σ

F̃ (x, t;xb, xΣ) (20)

x̃π(·, ·)exists by the extreme value theorem. Also, with    given in (16), define

x∗
π = x̃π (x

∗
b , x

∗
Σ) ∈ Π. (21)

(x∗
π;x

∗
b , x

∗
Σ) ∈ Π× B× Σ (x, t) ∈ R++ × [0,∞)

F (x, t; ·; ·, ·) x∗
π = x̃π (x

∗
b , x

∗
Σ) ∈ Π

F (x, t; ·;x∗
b , x

∗
Σ) xπ ∈ Π

Step 3  Then,   , which depends on   , is a saddle-

point  of      in  (3).  By  the  definition  of      maximizing

, for any  ,

F (x, t;xπ;x
∗
b , x

∗
Σ) ⩽ F (x, t; x̃π (x

∗
b , x

∗
Σ) ;x

∗
b , x

∗
Σ) = F (x, t;x∗

π;x
∗
b , x

∗
Σ) .
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(xb, xΣ) ∈ B× Σ B Σ γ ∈ (0, 1] (xb,γ , xΣ,γ) = γ (xb, xΣ)+

(1− γ) (x∗
b , x

∗
Σ) ∈ B× Σ

Let  . By the convexity of    and  , for any  ,  
, and thus

F (x, t;x∗
π;x

∗
b , x

∗
Σ) = F (x, t; x̃π (x

∗
b , x

∗
Σ) ;x

∗
b , x

∗
Σ) = F̃ (x, t;x∗

b , x
∗
Σ)

⩽ F̃ (x, t;xb,γ , xΣ,γ) = F (x, t; x̃π (xb,γ , xΣ,γ) ;xb,γ , xΣ,γ)

= γF (x, t; x̃π (xb,γ , xΣ,γ) ;xb, xΣ) + (1− γ)F (x, t; x̃π (xb,γ , xΣ,γ) ;x
∗
b , x

∗
Σ)

⩽ γF (x, t; x̃π (xb,γ , xΣ,γ) ;xb, xΣ) + (1− γ)F (x, t; x̃π (x
∗
b , x

∗
Σ) ;x

∗
b , x

∗
Σ)

= γF (x, t; x̃π (xb,γ , xΣ,γ) ;xb, xΣ) + (1− γ)F (x, t;x∗
π;x

∗
b , x

∗
Σ) ,

x∗
π = x̃π (x

∗
b , x

∗
Σ)

F̃ (x, t; ·, ·)
F (x, t;xπ; ·, ·) xπ ∈ Π (x∗

b , x
∗
Σ) =

arg min(xb,xΣ)∈B×Σ F̃ (x, t;xb, xΣ)

x∗
π = x̃π (x

∗
b , x

∗
Σ) ∈ Π F (x, t; ·;x∗

b , x
∗
Σ) xπ ∈ Π γ ∈ (0, 1]

where the first and fifth equalities are due to the definition of   , the second and
third equalities are by the definition of  , the fourth equality is due to the linearity of

   for  any   ,  the  first  inequality  is  by  the  definition  of   

,  and  the  second  inequality  is  due  to  the  definition  of

  maximizing    for any  . Therefore, for any  ,

F (x, t;x∗
π;x

∗
b , x

∗
Σ) ⩽ F (x, t; x̃π (xb,γ , xΣ,γ) ;xb, xΣ) .

γ → 0 (xb,γ , xΣ,γ) (x∗
b , x

∗
Σ) x̃π (·, ·)

B× Σ F (x, t; ·;xb, xΣ) (xb, xΣ) ∈ B× Σ

x∗
π = x̃π (x

∗
b , x

∗
Σ)

Finally, when   ,     converges to   , and thus, by the continuity of   
in   ,  and  of      for  any   ,  as  well  as  the  definition  of

,

F (x, t;x∗
π;x

∗
b , x

∗
Σ) ⩽ lim

γ→0
F (x, t; x̃π (xb,γ , xΣ,γ) ;xb, xΣ)

= F (x, t;x∗
π;xb, xΣ) .

 B  Proof of Theorem 3

t ⩾ 0 ξ ∈ L (Ft;R++) T ⩾ t (π, c) ∈ A (b, σ) ∈ B s ⩾ tStep 1  Let  ,  , and  . For any  ,  , and  , define

Rξ,t;π,c;b,σ
s = U

(
Xξ,t;π,c;b,σ

s , s
)
+

∫ s

t

U c
(
cvX

ξ,t;π,c;b,σ
v , v

)
dv;

Rξ,t;π,c;b,σ
t = U (ξ, t) Rξ,t;π,c;b,σ s ⩾ tin particular,  . By Itô’s formula,    solves, for any  ,

dRs =

(
1

2
X2

sUxx (Xs, s)π
tr
s σsσ

tr
s πs +XsUx (Xs, s)π

tr
s (bs − r1l)

−F (Xs, s;x
∗
π;x

∗
b , x

∗
Σ) + (U c (csXs, s)− csXsUx (Xs, s))

− sup
xc∈R+

(U c (xcXs, s)− xcXsUx (Xs, s))

)
ds+XsUx (Xs, s)π

tr
s σsdWs. (22)

t ⩾ 0 b∗t = x∗
b (Xt, t) t ⩾ 0 x∗

Σ (Xt, t)

x∗
Σ (Xt, t) = x∗

σ (Xt, t) (x
∗
σ (Xt, t))

tr

x∗
σ (Xt, t) d× d

σ∗
t = x∗

σ (Xt, t) (b∗, σ∗) ∈ B

Define, for any  ,  . Also, for any  , since    is a real symmetric
positive-definite  matrix,  by  the  Cholesky  decomposition,   ,

where      is  a  unique      lower  triangular  matrix  with  real  and  positive  diagonal
entries; define  . Note that  .

(π, c) ∈ A s ⩾ tStep 2  First, note that for any    and  ,
1

2
X2

sUxx (Xs, s)π
tr
s σ∗

s (σ
∗
s )

tr
πs +XsUx (Xs, s)π

tr
s (b∗s − r1l)

=
1

2
X2

sUxx (Xs, s)π
tr
s x∗

Σ (Xs, s)πs +XsUx (Xs, s)π
tr
s (x∗

b (Xs, s)− r1l)

= F (Xs, s;πs;x
∗
b , x

∗
Σ)

⩽ F (Xs, s;x
∗
π;x

∗
b , x

∗
Σ) ,

due to (4); and,
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U c (csXs, s)− csXsUx (Xs, s) ⩽ sup
xc∈R+

(U c (xcXs, s)− xcXsUx (Xs, s)) .

(π, c) ∈ A Rξ,t;π,c;b∗,σ∗ F
Rξ,t;π,c;b∗,σ∗

s ⩾ t

Hence,  by  (22),  for  any   ,      is  an    -local  supermartingale.  Note  that
  is bounded from below; indeed, for any  ,

Rξ,t;π,c;b∗,σ∗

s ⩾ M1 +

∫ s

t

U c (0, v) dv

= M1 +

∫ s

t

max {U c (0, v) , 0} dv +
∫ s

t

min {U c (0, v) , 0} dv

⩾ M1 + 0 +

∫ ∞

0

min {U c (0, v) , 0} dv

⩾ M1 +M2.

F (π, c) ∈ A Rξ,t;π,c;b∗,σ∗

t ⩾
E
[
Rξ,t;π,c;b∗,σ∗

T |Ft

]
(π, c) ∈ A

Therefore,  it  is  a  proper    -supermartingale.  In  particular,  for  any   ,   

; that is, for any  ,

U (ξ, t) ⩾ E

[
U
(
Xξ,t;π,c;b∗,σ∗

T , T
)
+

∫ T

t

U c
(
csX

ξ,t;π,c;b∗,σ∗

s , s
)
ds|Ft

]

⩾ ess inf
(b,σ)∈B

E

[
U
(
Xξ,t;π,c;b,σ

T , T
)
+

∫ T

t

U c
(
csX

ξ,t;π,c;b,σ
s , s

)
ds|Ft

]
, (23)

(π∗, c∗) ∈ Awhich holds particularly for    given in (5), and which further implies that

U (ξ, t) ⩾ ess sup
(π,c)∈A

E

[
U
(
Xξ,t;π,c;b∗,σ∗

T , T
)
+

∫ T

t

U c
(
csX

ξ,t;π,c;b∗,σ∗

s , s
)
ds|Ft

]

⩾ ess inf
(b,σ)∈B

ess sup
(π,c)∈A

E

[
U
(
Xξ,t;π,c;b,σ

T , T
)
+

∫ T

t

U c
(
csX

ξ,t;π,c;b,σ
s , s

)
ds|Ft

]

⩾ ess sup
(π,c)∈A

ess inf
(b,σ)∈B

E

[
U
(
Xξ,t;π,c;b,σ

T , T
)
+

∫ T

t

U c
(
csX

ξ,t;π,c;b,σ
s , s

)
ds|Ft

]
, (24)

where the last inequality is due to the max-min inequality.

(b, σ) ∈ B s ⩾ tStep 3  Next, we prove the other side of the above inequality. For any    and  ,
1

2
X2

sUxx (Xs, s) (π
∗
s )

tr
σsσ

tr
s π∗

s +XsUx (Xs, s) (π
∗
s )

tr
(bs − r1l)

=
1

2
X2

sUxx (Xs, s) (x
∗
π (Xs, s))

tr
σsσ

tr
s x∗

π (Xs, s)

+XsUx (Xs, s) (x
∗
π (Xs, s))

tr
(bs − r1l)

= F
(
Xs, s;x

∗
π; bs, σsσ

tr
s

)
⩾ F (Xs, s;x

∗
π;x

∗
b , x

∗
Σ) ,

due to (4); and,

U c (c∗sXs, s)− c∗sXsUx (Xs, s) = sup
xc∈R+

(U c (xcXs, s)− xcXsUx (Xs, s)) .

(b, σ) ∈ B Rξ,t;π∗,c∗;b,σ F
{τn}∞n=1 F τn ⩾ t n = 1, 2, . . . τn < τn+1 P

n = 1, 2, . . . τn → ∞ n → ∞ P Rξ,t;π∗,c∗;b,σ
τn∧· F

(b, σ) ∈ B n = 1, 2, . . . s ⩾ t Rξ,t;π∗,c∗;b,σ
t ⩽ E

[
Rξ,t;π∗,c∗;b,σ

τn∧s |Ft

]
Hence, by (22), for any  ,    is an   -local submartingale; that is, there exists
a sequence    of   -stopping times such that,    for all  ,  ,   -a.s.,

for all  ,    as  ,   -a.s., and    is an   -submartingale. In particular,

for  any   ,   ,  and   ,   ;  that  is,  for  any
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(b, σ) ∈ B n = 1, 2, . . . s ⩾ t,  , and  ,

U (ξ, t) ⩽ E
[
U
(
Xξ,t;π∗,c∗;b,σ

τn∧s , τn ∧ s
)

+

∫ τn∧s

t

U c
(
c∗vX

ξ,t;π∗,c∗;b,σ
v , v

)
dv|Ft

]
. (25)

(b, σ) ∈ B t ⩾ 0
{
U
(
Xξ;π∗,c∗;b,σ

τ , τ
)}

τ∈T [0,t]

T [0, t] F τ ∈ [0, t] (b, σ) ∈ B
n = 1, 2, . . . s ⩾ t

Recall  that,  for  any      and   ,      is  uniformly  integrable,

where      is  the  set  of  all    -stopping  time   .  Moreover,  for  any   ,
, and  ,

0 ⩾
∫ τn∧s

t

min
{
U c
(
c∗vX

ξ,t;π∗,c∗;b,σ
v , v

)
, 0
}
dv

⩾
∫ ∞

0

min {U c (0, v) , 0} dv ⩾ M2.

(b, σ) ∈ B s ⩾ t

Therefore, by (25), the bounded convergence theorem, and the monotone convergence theorem,
for any    and  ,

U (ξ, t) ⩽ lim
n→∞

E
[
U
(
Xξ,t;π∗,c∗;b,σ

τn∧s , τn ∧ s
)

+

∫ τn∧s

t

min
{
U c
(
c∗vX

ξ,t;π∗,c∗;b,σ
v , v

)
, 0
}
dv

+

∫ τn∧s

t

max
{
U c
(
c∗vX

ξ,t;π∗,c∗;b,σ
v , v

)
, 0
}
dv|Ft

]
⩽ E

[
U
(
Xξ,t;π∗,c∗;b,σ

s , s
)
+

∫ s

t

min
{
U c
(
c∗vX

ξ,t;π∗,c∗;b,σ
v , v

)
, 0
}
dv

+

∫ s

t

max
{
U c
(
c∗vX

ξ,t;π∗,c∗;b,σ
v , v

)
, 0
}
dv|Ft

]
= E

[
U
(
Xξ,t;π∗,c∗;b,σ

s , s
)
+

∫ s

t

U c
(
c∗vX

ξ,t;π∗,c∗;b,σ
v , v

)
dv|Ft

]
.

(b, σ) ∈ BIn particular, for any  ,

U (ξ, t) ⩽ E

[
U
(
Xξ,t;π∗,c∗;b,σ

T , T
)
+

∫ T

t

U c
(
c∗sX

ξ,t;π∗,c∗;b,σ
s , s

)
ds|Ft

]

⩽ ess sup
(π,c)∈A

E

[
U
(
Xξ,t;π,c;b,σ

T , T
)
+

∫ T

t

U c
(
csX

ξ,t;π,c;b,σ
s , s

)
ds|Ft

]
, (26)

(b∗, σ∗) ∈ Bwhich holds particularly for  , and which further implies that

U (ξ, t) ⩽ ess inf
(b,σ)∈B

E

[
U
(
Xξ,t;π∗,c∗;b,σ

T , T
)
+

∫ T

t

U c
(
c∗sX

ξ,t;π∗,c∗;b,σ
s , s

)
ds|Ft

]

⩽ ess sup
(π,c)∈A

ess inf
(b,σ)∈B

E

[
U
(
Xξ,t;π,c;b,σ

T , T
)
+

∫ T

t

U c
(
csX

ξ,t;π,c;b,σ
s , s

)
ds|Ft

]

⩽ ess inf
(b,σ)∈B

ess sup
(π,c)∈A

E

[
U
(
Xξ,t;π,c;b,σ

T , T
)
+

∫ T

t

U c
(
csX

ξ,t;π,c;b,σ
s , s

)
ds|Ft

]
, (27)

where the last inequality is due to the max-min inequality.

(π∗, c∗) ∈ A (b∗, σ∗) ∈ BStep 4  Finally, by (23) with  , (24), (26) with  , and (27),
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U (ξ, t) = ess sup
(π,c)∈A

ess inf
(b,σ)∈B

E

[
U
(
Xξ,t;π,c;b,σ

T , T
)
+

∫ T

t

U c
(
csX

ξ,t;π,c;b,σ
s , s

)
ds|Ft

]

= ess inf
(b,σ)∈B

E

[
U
(
Xξ,t;π∗,c∗;b,σ

T , T
)
+

∫ T

t

U c
(
c∗sX

ξ,t;π∗,c∗;b,σ
s , s

)
ds|Ft

]

= E

[
U
(
Xξ,t;π∗,c∗;b∗,σ∗

T , T
)
+

∫ T

t

U c
(
c∗sX

ξ,t;π∗,c∗;b∗,σ∗

s , s
)
ds|Ft

]

= ess sup
(π,c)∈A

E

[
U
(
Xξ,t;π,c;b∗,σ∗

T , T
)
+

∫ T

t

U c
(
csX

ξ,t;π,c;b∗,σ∗

s , s
)
ds|Ft

]

= ess inf
(b,σ)∈B

ess sup
(π,c)∈A

E

[
U
(
Xξ,t;π,c;b,σ

T , T
)
+

∫ T

t

U c
(
csX

ξ,t;π,c;b,σ
s , s

)
ds|Ft

]
.

 C  Proof of Proposition 4

U (·, ·) U c (·, ·) x ∈ R++

xC ∈ R+ C2,1

It is clear that    and    given by (8) are non-decreasing and concave, in  

and    respectively, and they are in  .
U (·, ·) Yt t ⩾ 0

(xπ;xb, xΣ) ∈ Π× B× Σ

With      given  by  (8),  and  with  a  generic  deterministic  function   ,   ,  for  any

,

G (xπ;xb, xΣ) = U (x, t)
−1

F (x, t;xπ;xb, xΣ) ,

x ∈ R++ t ⩾ 0 F (x, t; ·; ·, ·)
x ∈ R++ t ⩾ 0 F (x, t; ·; ·, ·)

(x∗
π;x

∗
b , x

∗
Σ) ∈ Π× B× Σ G (·; ·, ·)

G (·; ·, ·) (x, t) ∈ R++ × [0,∞)

(x, t) 0 ∈ Π G = G (x∗
π;x

∗
b , x

∗
Σ) ⩾

G (0;x∗
b , x

∗
Σ) = 0

for  all      and   ,  where  the  deterministic  function      is  given  in  (3).  By

Lemma 2, for any    and  , the deterministic function    admits a saddle-

point  ; hence, so does the deterministic function    with the same

saddle-point.  Since the deterministic  function      is  independent of   ,

its saddle-point and saddle-value are also independent of  . Since  ,  

.

t ⩾ 0 Ȳt = e
Yt
1−δ Yt t ⩾ 0

t ⩾ 0

With  the  condition  (10),  the  ODE  (9)  can  be  uniquely  solved.  Indeed,  by  an  exponential

transformation that, for any  ,  , the solution  ,  , of the ODE (9) is uniquely

given by, for any  ,

Yt = − (G+ δr) t+ (1− δ) ln
(
e

Y0
1−δ −

∫ t

0

e
G+δr
1−δ sλ

1
1−δ
s ds

)
. (28)

x ∈ R++

t ⩾ 0 U (x, t) ⩾ 0
∫∞
0

min {U c (0, s) , 0} ds = 0 U (·, ·) U c (·, ·)
It remains to show that all conditions in Theorem 3 are satisfied. First, for any    and
,  , and  , for    and    given in (8).

U (·, ·) U c (·, ·) x∗
π (Xt, t) = x∗

π ∈ Π

Xt ∈ R++ t ⩾ 0 x ∈ R++ t ⩾ 0 limxc→0+ U c
xC

(xcx, t) =

+∞ limxc→∞ U c
xC

(xcx, t) = 0 x∗
c (Xt, t) = x∗

c (t) = λ
1

1−δ

t e−
Yt
1−δ ∈ R+

t ⩾ 0 Xt ∈ R++

x̃δ−1
c λt = eYt x̃c ∈ R++ (π∗

t , c
∗
t ) t ⩾ 0

t ⩾ 0

[0, t] c∗ π∗

t ⩾ 0
∫ t

0

(
|π∗

s |2 + |c∗s|
)
ds < ∞ P (π∗, c∗) ∈ A

With     and     given by (8),      in (5), which is a constant and

independent of    and  ; since, for any    and  ,  

   and   ,      in  (5),  which  is  a

deterministic  function  in  time      and  independent  of   ,  solves  the  equation
  for  . Therefore,  ,  , in (5) are given by (12) in this case. Since

the solution Y, as shown in (28), of the ODE (9) is deterministic and continuous, for any  ,
Y is bounded on  , and so is  . This fact, together with    being a constant, show that, for

any  ,  ,   -a.s. Therefore,  .

(b, σ) ∈ B t ⩾ 0 π∗ c∗

s ∈ [0, t]

Let    and  . Since    and    are independent of the wealth state variable, by (1),

for any  ,
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(
Xξ;π∗,c∗;b,σ

s

)δ
= ξδe

∫ s
0 (G(π

∗
v ;bv,σvσ

tr
v )−δc∗v+δr)dvE

(∫ ·

0

δ (π∗
v)

tr
σvdWv

)
s

.

π∗ σsσ
tr
s s ∈ [0, t] Σ

F E
(∫ ·

0
δ (π∗

v)
tr
σvdWv

)
s

s ∈ [0, t]

s ∈ [0, t]

Since    is a constant, and  ,  , is uniformly bounded by the compactness of  , the

Doléans-Dade exponential   -martingale  ,  , is uniformly integrable.

For any  ,

G
(
π∗
s ; bs, σsσ

tr
s

)
=

1

2
δ (δ − 1) (π∗

s )
tr
σsσ

tr
s π∗

s + δ (π∗
s )

tr
(bs − r1l) ,

[0, t] G (π∗
s ; ·, ·)

B Σ c∗ [0, t] (b, σ) ∈ B t ⩾ 0{(
Xξ;π∗,c∗;b,σ

τ

)δ}
τ∈T [0,t]

[0, t]{
U
(
Xξ;π∗,c∗;b,σ

τ , τ
)}

τ∈T [0,t]

is uniformly bounded on  , due to the continuity of    as well as the compactness of
   and   .  Recall  that      is  bounded  on   .  Therefore,  for  any      and   ,

   is  uniformly  integrable;  together  with  the  boundedness  of Y  on   ,

  is uniformly integrable.

U (·, ·) x ∈ R++

t ⩾ 0

Finally,      given  in  (8)  satisfies  the  PDE (6),  with  (7).  Indeed,  for  any      and
,

Ut (x, t) = U (x, t)Y ′
t = −U (x, t)

(
G+ (1− δ)λ

1
1−δ

t e−
Yt
1−δ + δr

)
;

f (x, t) = − U (x, t)G (x∗
π;x

∗
b , x

∗
Σ)− (U c (x∗

c (t)x, t)− x∗
c (t)xUx (x, t))− rxUx (x, t)

= − U (x, t)G− U (x, t) (1− δ)λ
1

1−δ

t e−
Yt
1−δ − U (x, t) δr

= − U (x, t)

(
G+ (1− δ)λ

1
1−δ

t e−
Yt
1−δ + δr

)
.

This completes the proof.
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