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Abstract
Metamaterials with a negative Poisson’s ratio (NPR) exhibit unique auxetic 
deformation mechanism that enables superior energy absorption and mechanical 
resilience. Topology optimization (TO) can effectively generate microstructures 
with NPR characteristics, but conventional optimized designs often suffer from 
sharp corners and stress concentrations, which compromise durability and limit 
multicycle energy absorption. To address this issue, we introduced a boundary-
fitting derivable geodesics-coupled TO (B-DGTO) framework to construct explicit 
curvature constraints into the optimization process, ensuring smooth boundaries 
and more uniform stress distribution with optimal NPR properties. In numerical 
example and experiment, we provided different types of 2D/3D NPR microstructures 
under curvature control to demonstrate the versatility of the proposed approach. 
These results confirm that the curvature constraint significantly improves the stress 
distribution of NPR microstructures and enhances their robustness and reliability 
under repeated loading. This study highlights curvature-constrained TO as a general 
and practical strategy for developing durable NPR metamaterials with superior 
energy dissipation performance.

Keywords: NPR metamaterials; Topology optimization; Curvature constraint; Energy 
absorption

1. Introduction
Mechanical metamaterials with negative Poisson’s ratios (NPR)1-3 exhibit lateral 
expansion under tension and contraction under compression. This unusual behavior 
imparts superior properties such as structural toughness,4,5 acoustic tenability,6-8 thermal 
conductivity adjustability,9-11 and enhanced impact resistance.12-14 Consequently, NPR 
metamaterials hold great potential in applications ranging from vibration and noise 
control to protective devices and aerospace engineering.

Current design methodologies for NPR metamaterials can be broadly categorized into 
three classes: Beam-rod stacking, origami/kirigami-inspired, and topology optimization 
(TO). The beam-rod stacking method relies heavily on designers’ experience and 
has been widely studied, yielding many classical NPR metamaterial configurations.2,3 
Origami/Kirigami-inspired strategies have also been explored.15-17 However, the intrinsic 
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geometric constraints of origami patterns—such as creases 
and vertices—significantly limit the design flexibility of 
NPR metamaterials. In contrast, TO formulates the design 
task as a mathematical optimization problem, enabling 
systematic exploration of complex geometries and 
facilitating the discovery of novel NPR configurations that 
surpass traditional intuition-driven designs.

Many classical TO methods have been established over 
the past decades.18-22 The pioneering work of Sigmund23 
incorporated TO into material design by proposing 
an inverse homogenization framework to realize 
NPR microstructures. Building upon this foundation, 
subsequent studies have developed isotropic NPR 
metamaterials that exhibit uniform auxetic behavior in 
all loading directions24-26 and orthotropic designs that 
enhance energy absorption along specific axes.27,28 More 
recently, chiral microstructures have been developed, 
characterized by high deformability, low shear stiffness, 
and retention of the NPR characteristic under large 
strains.29-31 For NPR metamaterials designed through 
TO,32,33 their extraordinary energy absorption capability is 
primarily governed by the dimensions and arrangement of 
the embedded flexible hinges (known as “spring joint” by 
some researchers). In practical applications, such energy-
absorbing microstructures are often expected to withstand 
repeated loading cycles. However, the flexible hinges 
represent the most vulnerable regions of microstructures, 
where stress concentration is prone to occur. Consequently, 
the strength and durability of these hinges play a decisive 
role in determining whether the NPR microstructures can 
be reliably reused in multiple energy absorption cycles. 
Bernard et al.34 studied the influence of beams with different 
cross-sections on microstructure performance, which 
can reduce the presence of geometrically sharp regions 
in microstructures. Ni et al.35 proposed a two-scale TO 
framework that incorporates high-cycle fatigue constraints 
to improve the stress distribution of hierarchical structures, 
thereby mitigating premature failure at the microscale. 
Although this approach effectively redistributes stresses, 
the optimization process does not alter the intrinsic 
geometry of the microstructures. As a result, sharp 
features in the microstructure are retained, preserving the 
most susceptible sites for stress concentration and fatigue 
damage, especially when manufacturing imperfections 
are considered. Sharp microstructural features are 
particularly undesirable in additive manufacturing, as 
they are prone to fabrication defects, residual stresses, 
and geometric inaccuracies, which further amplify local 
stress concentrations and significantly increase the risk of 
premature failure under cyclic loading. Therefore, a new 
optimization strategy that reinforces the weak regions of 
NPR microstructures (typically the flexible hinges and 

sharp features) is required to ensure reliable performance 
under repeated loading cycles.

In this paper, we propose a curvature constraint 
strategy based on DGTO to address the sharpness issue of 
flexible hinges, thus increasing the reusable cycles of NPR 
metamaterials.36-38 B-DGTO is a framework that we previously 
developed to convert the density field into a signed distance 
function (SDF). This framework has the following advantages:
(i)	 Geometrical equivalence: B-DGTO ensures that the 

density field and SDF are geometrically equivalent, so 
the SDF’s geometric information can be used on top of 
the density field, improving evaluation accuracy.

(ii)	 Accurate curvature calculation: The SDF provides 
precise calculation of boundary curvatures,39 a feature 
missing in density methods, helping reduce sharp 
curvatures and stress concentrations in flexible hinge.

(iii)	Differentiability: The conversion from the density 
field to the SDF is fully differentiable, preventing local 
optimal during optimization.

2. Materials and methods
2.1. Asymptotic homogenization of microstructures

A large number of symbols are used in this work, and their 
meanings can be found in Appendix Table 1. The material 
properties of periodic microstructures are predicted by the 
asymptotic homogenization method.23 The effective elasticity 
tensors DH of microstructures can be written as (3 × 3 matrix 
form for 2D problem and 6 × 6 matrix form for 3D problem):

DH
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Where Y is the volume of the periodic unit cell; Dpqrs 
represents the elastic tensor when the unit cell is completely 
solid; � pq

ij0� �  represents three independent unit strains for 
testing microstructural properties (corresponding to six 
independent unit test strains in 3D problem); � pq

ij�� � denotes 
the response strains, which can be calculated by:
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Where υ  is the virtual displacement and 
V = � �:  is Y-periodic� �  in Equation III.

The finite element form of Equation II can be rewritten 
as:
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Where the element displacement un
A  is used to replace 

the superimposed strain fields � �pq pq
0 �� ��  in Equation II. 

kn is the element stiffness matrix, and it can be obtained by 
interpolating with design variables:

k kn micro n
p

micro micro microE E E� � �� ��
�

�
�

min min� 0 0 � (V)

In Equation V, Emicro
min � �1 9e  is used to avoid computational 

singularity; Emicro
0  is the elastic modulus of based material; 

ρ  is the physical density, which is obtained by applying 
the PDE filter and Heaviside projection to the design 
variable ρ; kmicro

0  is the element stiffness matrix of based 
material; p=3 serves as the penalization factor to penalize 
intermediate densities.

2.2. Curvature constraint for NPR metamaterials by 
B-DGTO framework

Imposing curvature constraints on NPR metamaterials 
can smooth sharp domain, thereby mitigating stress 
concentration and reducing failure probability under high-
cycle loading. In pixel-based density field, the absence of 
explicit boundary information limits the extraction and 
control of boundary curvature. In contrast, our previously 
proposed B-DGTO framework transforms the density 
field into a SDF φ that possesses the property |∇ φ | =1, 
thereby facilitating curvature control. Here, we provide a 
brief review of the B-DGTO framework.

B-DGTO framework for curvature constraint is mainly 
divided into seven steps, as shown in Figure 1. It mainly 
converts the density field into SDF with precise boundary 
through the heat method.40

As shown in Figure  1, all domain V encompasses 
both the blank domain and the design domain D. In 
Step I, by performing a few optimization iterations on 
the initial density guess, a microstructural density field 
with a preliminary profile can be obtained. To ensure that 
curvature constraint can also be imposed at the junctions 
of periodic microstructures, the stitched density field 
ρ̂  is obtained through the boundary stitching in Step II. 
It is noteworthy that the stitched density field ρ̂  is only 
used for curvature calculation, whereas the performance 
computation (finite element analysis) and optimization 
process are still conducted based on the density field ρ . In 
Step III, the thermal conductivity matrix Q associated with 
the density field ρ̂  is constructed by:

( )( ) T
0 min min 0

1

ˆQ A Q A
N

i i i
i

h h h
=

= − +∑ ρ � (VI)

Where h0 = 1 is the coefficient of thermal conductivity, 
and hmin = 1e–3 is used to ensure the stability of numerical 
calculations. Ai is the assembly matrix. Q0 is the elemental 
transient thermal conductivity matrix.41 One applies heat 
load b with an all-one vector and solves the following finite 
element form of the heat diffusion equation to obtain the 
temperature field T:

QT=b� (VII)

According to Fourier’s law and the continuity of heat 
flux, the direction of heat flow always points from high 
temperature to low. Therefore, the ambient with inefficient 
thermal diffusion employs obviously high temperature, 
and the temperature gradient is always perpendicular to 
the structural boundary.

In Step IV, the SDF φ is obtained by solving the 
following finite element form of the Poisson equation using 
normalized temperature gradient ω=∇T/|∇T| as input:

Figure 1. Diagram of the NPR microstructure optimization with curvature constraint generated by SDF
Abbreviations: NPR: Negative Poisson’s ratio; SDF: Signed distance function
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Where φ1 is employed as a Dirichlet boundary 
condition to ensure that the interpolated density 
boundary coincides with the 0 isosurface of the SDF. 
φ2 is the unknown SDF value. Lij is the block Laplacian 
matrix corresponding to φ1 and φ2. We take the density 
threshold of 0.5 as the zero isosurface in generating 
SDF to ensure the geometrical equivalence, since the 
threshold η=0.5 is employed in the Heaviside projection. 
In fact, the density threshold can be set to any value 
within the range of 0.1 to 1 in case of consistency. The 
implementation mainly relies on a marching cubes 
style boundary detection and interpolation method. 
The  interpolated zero isosurface of the SDF is then 
imposed as a Dirichlet boundary condition φ1, thereby 
Equation VIII can be rewritten as:

L12 φ2 = ∇.ω1 – L11 φ1� (IX)

In Step V, the zero isosurface of SDF is geometrically 
equivalent to the density field, so the signed distance 
feature is realized on top of the densities. For the 
derivation processes of Equations VI to IX, we suggest that 
readers refer to previous studies to gain a more detailed 
understanding.

The boundary elements of the density field can be easily 
obtained by:

� � �b
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Where H(.) is the Heaviside projection.42 ��1
iso  and ϕ1

iso  
represent the −1 and 1 iso-surface of the signed distance 
field φ. The mean curvature κ and the boundary mean 
curvature κb can be calculated by:

� �
�
�

� � � �

� � � � � � �
�

�

�
��

�

�
��

� � �

�

�
��

�
�
� b b

� (XI)

For the flexible hinges in the NPR microstructures, a 
concave shape indicates a larger negative curvature. 
Therefore, in Step VI, we need to extract the boundary 
negative curvature κb

N  by the sigmoid function:

�
�
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e s b
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�
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� (XII)

Moreover, by adopting the P-norm aggregation 
method,43 the local curvature constraints are transformed 
into a global maximum curvature constraint:
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In Equations XII and XIII, βs = 100 and P = 18 is 
adopted.

Finally, the B-DGTO framework with negative curvature 
constraint for NPR metamaterials can be built as:
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The optimization objective in Equation XIV is defined 
to find the NPR microstructure,44 ( )kα  is a parameter that 
decreases with the number of iterations k and gradually 
reduces the value of to 

1122
HD  achieve NPR. α = 0.8 and 

k = loop are adopted as the power indices. κmax is maximum 
allowable negative curvature, V0 is the whole volume of a 
unit cell, and fv is the maximum allowable volume fraction. 
Step VI strengthens the flexible hinges by solving the above 
TO problem.

2.3. Sensitivity analysis

In this study, the method of moving asymptote was used to 
solve the optimization problem; therefore, it is necessary 
to obtain the derivatives of the objective function and 
constraint function on the design variables.45

For the objective function, its sensitivity analysis can be 
obtained through the chain rule:
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Where � �Dijkl
H �  can be obtained by the adjoint method:
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The remaining parts � �� �i i  and � �� �i e  are the 
sensitivity analysis of Heaviside projection43 and PDE 
filter,46 which can be easily realized.

For the volume constraint, its sensitivity analysis can be 
written as:
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Where � � �V i
� 1.

The sensitivity analysis of the negative curvature 
constraint is obtained by the following chain rule:
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The last part � �� �e  is the partial derivative of the 
SDF with respect to the design variable ρ:
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Lagrange multipliers λ1 and λ2 are introduced to solve 
� �� ωk  and � �Tj i

� :

�
�

�
�
�

�
�
�

�
� � �� �
�

�

�
��

�

�
��

�

�
�
�

�
�

� � � �

� �

ω ω ω ωk k k k

j

i

j

i

T T

�

�

1

2

T

T

L

 
��
�

�
�
�

�

�
��

�

�
��




�

�
�




�
�

Q T Q T
 � �i i

� (XXI)

The remaining parts of � ��k jT  and � �Q �i can be 
derived by:
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2.4. Numerical implementation

The optimization flowchart is shown in Figure 2. The initial 
guess of the design variables is given in initialization. 
The objective function is dominated by the tension-
compression moduli in the early stage of iterations, which 
serves to obtain a configuration with the capacity to 
resist deformation. As iterations increase, the value of α(k) 
gradually decreases, and Poisson’s ratio becomes dominant, 

thereby generating NPR structures. If the curvature 
constraint is introduced too early, it will be difficult to 
generate microstructures with the NPR effect. For this 
reason, microstructure optimization is performed without 
curvature constraint in the first 30 iterations. The TO 
problem is solved by the method of moving asymptote until 
convergence is achieved, where convergence is defined as 
the average relative change of the design variables between 
two iterations falling below 0.001 and all constraints have 
been satisfied.

3. Results
We used five numerical example to validate the effectiveness 
of the proposed method, including 2D isotropic NPR 
microstructures, 2D anisotropic NPR microstructures, 2D 
chiral NPR microstructures, and two 3D anisotropic NPR 
microstructures. The initial guesses for these five cases 
correspond to Figure  3A-E. The discretization resolution 
for 2D cases is 100×100, whereas for the 3D cases is 
50×50×50. For all initial guesses, two uniform initial 

Figure 2. Flowchart of the proposed method
Abbreviations: MMA: Method of moving asymptote; NPR: Negative 
Poisson’s ratio; SDF: Signed distance function
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densities were assigned: the dark domains were set to an 
initial density of 0.5, whereas the light domains were set to 
an initial density of 0.25.

3.1. 2D case 1: Isotropic NPR microstructures

For 2D case 1, the volume constraint of all isotropic NPR 
microstructures was set with fv = 50%. Four comparative 
scenarios were examined: (i) microstructure without 
curvature constraint, (ii) microstructure with a negative 
curvature constraint of κmax = 1, (iii) microstructure 
with a negative curvature constraint of κmax = 0.8, and 
(iv) microstructure with a negative curvature constraint of 
κmax = 0.7. Negative curvature refers to the curvature whose 
geometry is concave, whereas the absolute value is utilized 
to build constraints. All negative curvatures are converted 
to positive values using Equation XII; therefore, all negative 
curvatures below are described with positive signs.

The optimization results are summarized in Table  1. 
To save space, we only present the iteration curves of the 
microstructure with curvature constraint of κmax = 0.8 in 
Figure  4, and the iterative processes for the remaining 
examples are analogous to this one. In the early iteration, 
the microstructure has no NPR effect. At iteration 30, the 
microstructure demonstrates the NPR effect, whereas 
a considerable quantity of gray elements remains. 
The B-DGTO framework with curvature constraint is 
implemented from this iteration. Subsequent iterations 
show that the objective function drives the microstructure 
toward a more pronounced NPR effect, whereas the 
curvature constraint smooths flexible hinges. However, to 
strictly satisfy the curvature constraint in the later stage of 
optimization, many flexible hinges disappear, and the NPR 
effect is attenuated.

For the NPR microstructure without curvature 
constraint, the maximum negative curvature reached 2.1. 
Its geometry contains numerous sharp flexible hinges, 
which ensure the NPR deformation behavior with a 
corresponding NPR value of μ12 = μ21 = −0.58. However, 
these sharp, flexible hinges inevitably induce stress 
concentration during deformation, with a maximum stress 
of 1.01×103 MPa observed in the stress distribution. Such 
stress concentration hinders the NPR microstructure 

from achieving high-cycle energy absorption. For the 
NPR microstructures with maximum negative curvature 
constraints of κmax = 1 and κmax = 0.8, increasing the 
constraint alleviates the sharpness of the flexible hinges. 
Under the κmax = 0.8 constraint, flexible hinges are almost 
eliminated, leading to a Poisson’s ratio of μ12 = μ21 = −0.18 
and a significant reduction in the auxetic effect. For 
better observation and comparison, the upper limit of 
the scale bar for stresses was consistently set to 1.04×103 
MPa. The results show that stronger curvature constraints 
remarkably reduce stress concentration. Moreover, for 
isotropic NPR microstructure, curvature constraints also 
enhance the tensile–compressive stiffness (D1111 and D2222), 
which is consistent with the fact that the weakening of 
flexible hinges makes the microstructure more resistant 
to deformation. After applying a curvature constraint of 
κmax = 0.7, the microstructure transforms into a quasi-
zero Poisson’s ratio structure. Although its internal stress 
is further reduced, it no longer presents the NPR effect. 
It is foreseeable that with further enhanced curvature 
constraints, the optimized microstructure will no longer 
exhibit the auxetic effect. For these NPR microstructures, 
excessive restrictions to curvatures damage the NPR 
effect since their deformation is highly dependent on the 
flexibility of hinges.

Figure 4. Convergence history of the isotropic NPR microstructure under 
curvature constraint κmax = 0.8
Abbreviation: NPR: Negative Poisson’s ratio

Figure 3. Initial guess for different NPR microstructures for case 1 (A), case 2 (B), case 3 (C), case 4 (D), and case 5 (E)
Abbreviation: NPR: Negative Poisson’s ratio

B C D EA
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Among all the results applied with curvature constraints, 
the joints at the microstructure boundaries are reinforced, 
demonstrating that the density stitching method proposed 
in Figure 1 can realize the accurate evaluation of negative 
curvatures at the boundary, taking full consideration of 
structural periodicity.

3.2. 2D case 2: Anisotropic NPR microstructures

For 2D case 2, the volume constraint of all anisotropic NPR 
microstructures was set at fv = 25%. Three comparative 
scenarios were examined: (i) microstructure without 
curvature constraint, (ii) microstructure with a negative 
curvature constraint of κmax = 1, and (iii) microstructure 
with a negative curvature constraint of κmax = 0.5.

The optimization results are summarized in Table  2. 
For the NPR microstructure without curvature constraint, 
the maximum negative curvature reached κmax = 1.9. In 
this case, the anisotropic microstructures do not rely on 
numerous flexible hinges to achieve NPR, as shown in 
case 1. Instead, its auxetic behavior is determined by the 
re-entrant geometry, yielding NPR of μ12 = −1.79 and 
μ12 = −0.45. Stress analysis shows that stress is concentrated 
at re-entrant corners, with a peak of 0.81×103 MPa. For 
the anisotropic NPR microstructures with maximum 
negative curvature constraints of κmax = 1 and κmax = 0.5, 
the sharp re-entrant corners are optimized, and the stress 
concentration is alleviated. Similar to the conclusion 
in case 1, the NPR performance decreases with the 

Table 1. Comparison of isotropic NPR microstructures under different curvature constraints.

Isotropic NPR 
microstructures

Base cell Von mises stress distribution under 
simultaneously applied unit test 
strains

unite cells Properties
DH μ12 μ21

Without 
curvature 
constraint 
κmax=2.1

50 12 29 04 0 00
29 04 50 12 0 00
0 00 0 00 4 32

. . .
. . .

. . .

�
�

�

�

�
�
�

�

�

�
�
�

μ12 = μ21 = −0.58

With curvature 
constraint κmax=1

53 73 25 98 0 00
25 98 53 73 0 00
0 00 0 00 5 69

. . .
. . .

. . .

�
�

�

�

�
�
�

�

�

�
�
�

μ12 = μ21 = −0.48

With curvature 
constraint 
κmax=0.8

61 55 11 31 0 03
11 31 61 55 0 07
0 03 0 07 7 00

. . .
. . .

. . .

� �
� �
� �

�

�

�
�
�

�

�

�
�
�

μ12 = μ21 = −0.18

With curvature 
constraint 
κmax=0.7

68 33 1 01 0 00
1 01 68 33 0 00
0 00 0 00 10 04

. . .
. . .
. . .

� �
� �
� �

�

�

�
�
�

�

�

�
�
�

μ12 = μ21 = −0.01
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enhancement of curvature constraint, whereas the tensile–
compressive stiffness of the structure is enhanced.

3.3. 2D case 3: Chiral NPR microstructures

For 2D case 3, the volume constraint of all chiral NPR 
microstructures was set at fv = 25%. Three comparative 
scenarios were examined: (i) microstructure without 
curvature constraint, (ii) microstructure with a negative 
curvature constraint of κmax = 1, and (iii) microstructure 
with a negative curvature constraint of κmax = 0.5.

The optimization results are summarized in Table 3. For 
the NPR microstructure without curvature constraint, the 
maximum negative curvature reached κmax = 1.9, and the 
maximum von Mises stress is 0.93×103 MPa. For the chiral 
metamaterial in case 3, its NPR effect does not primarily 
rely on flexible hinges but rather on the re-entrant 
geometry. Consequently, under curvature constraints, 
the stress distribution is improved, whereas the μ12 of the 
Poisson’s ratios decreases slightly from −0.81 to −0.79 and 
−0.77. The conclusions for the chiral NPR microstructure 
under curvature constraints are consistent with those in 
case 1 and case 2: As the negative curvature constraint 
increases, the NPR performance declines, whereas the 

tensile–compressive stiffness is enhanced and the stress 
distribution is improved.

3.4. 3D case 1: Anisotropic NPR microstructures

For 3D case 1, the volume constraint of all anisotropic 
NPR microstructures was set at fv = 40%. Two comparative 
scenarios were examined: (i) microstructure without 
curvature constraint, and (ii) microstructure with a 
negative curvature constraint of κmax = 1.

The optimization results are summarized in Figure  5. 
For the NPR microstructure without curvature constraint, 
the maximum negative curvature reached κmax = 2.2. 
This microstructure is similar to the 2D case 1, whereas 
its auxetic behavior mainly relies on the deformation of 
numerous flexible hinges. As a result, stress concentrations 
occur at the flexible hinges as shown in Figure  5D, and 
the maximum stress reaches 4.26×103 MPa. When the 
maximum curvature constraint κmax = 1 is applied, the 
sharp corners of the flexible hinges are smoothed, and 
the maximum stress at the hinges is reduced, as shown 
in Figure  5J (for better observation and comparison, 
the upper limit of the scale bar for stresses was set to 
4.26×103 MPa). The tensile–compressive stiffness in all 

Table 2. Comparison of anisotropic NPR microstructures under different curvature constraints

Isotropic NPR 
microstructures

Base cell Von Mises stress distribution under 
simultaneously applied unit test strains

4×4 unit cells Properties
DH μ12 μ21

Without 
curvature 
constraint 
κmax = 0.9

15 11 27 00 0 00
27 00 60 13 0 01
0 00 0 01 0 45

. . .
. . .

. . .

�
�

�

�

�
�
�

�

�

�
�
�

μ12 = −1.79
μ21 = −0.45

With curvature 
constraint 
κmax = 1

15 30 25 40 0 00
25 40 60 81 0 00
0 00 0 00 0 46

. . .
. . .

. . .

�
�

�

�

�
�
�

�

�

�
�
�

μ12 = −1.66
μ21 = −0.42

With curvature 
constraint 
κmax = 0.5

15 49 23 52 0 00
23 52 61 08 0 01
0 00 0 01 0 46

. . .
. . .

. . .

�
�

�

�

�
�
�

�

�

�
�
�

μ12 = −1.52
μ21 = −0.39

Abbreviation: NPR: Negative Poisson’s ratio.
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directions are improved. However, with μ13 and μ31 of the 
Poisson’s ratios approaching 0, the NPR effect in the 1–3 
direction is nearly eliminated.

3.5. 3D case 2: anisotropic NPR microstructures

For 3D case 2, the volume constraint of all anisotropic 
NPR microstructures was set at fv = 40%. Two comparative 
scenarios were examined: (i) microstructure without 
curvature constraint, and (ii) microstructure with a 
negative curvature constraint of κmax = 1.

The optimization results are summarized in Figure  6. 
For the NPR microstructure without curvature constraint, 
the maximum negative curvature reached κmax = 1.9. 
Unlike the 3D case 1, this microstructure does not rely 
on numerous flexible hinges. Instead, its auxetic behavior 
is achieved through the re-entrant geometry. Upon the 
application of the negative curvature constraint κmax = 1, 
improvements are observed in both the sharp concave 
regions and the stress distribution of the microstructure, 
which is consistent with the earlier conclusions. 
Notably, as the deformation of this microstructure is not 
predominantly governed by flexible hinges, its NPR effect 
is effectively retained.

3.6. Simulation and experiment

In this section, we used all 2D cases and 3D case 2 as 
simulation and experimental objects to systematically 
investigate the mechanical properties of NPR metamaterials 
with negative curvature constraint. All experimental 
specimens were fabricated by Formlabs FORM 3L 
stereolithography 3D printer (Formlabs Inc., USA) to 
mitigate the anisotropy induced by the manufacturing 
process. The layer thickness of 0.1 mm was adopted, and 
the postprocessing procedure consisted of isopropanol 
immersion for 120 min and ultraviolet (UV) curing at 60°C 
for 180 min. A more detailed view of the microstructures’ 
deformation process can be found within the experimental 
video provided in the supplementary materials.

The 2D simulation and the corresponding 
experimental results are presented in Figure  7. For all 
2D NPR metamaterials’ simulation, we applied a fully 
fixed constraint at the bottom of the structure and a 
uniform tensile force of F = 10N on the top. Under the 
same tensile force, the maximum displacement of all 
NPR metamaterials without curvature constraint is 
larger than that of curvature-constrained designs, which 
proves that the curvature constraint enhances the tensile 

Table 3. Comparison of chiral NPR microstructures under different curvature constraints

Chiral NPR 
microstructures

Base cell Von Mises stress distribution under 
simultaneously applied unit test strains

4×4 unit cells Properties
DH μ12 μ21

Without 
curvature 
constraint 
κmax=1.8

32 52 26 40 8 71
26 40 33 33 8 90
8 71 8 90 4 35

. . .
. . .

. . .

�
� �

�

�

�

�
�
�

�

�

�
�
�

μ12 = −0.81
μ21 = −0.79

With curvature 
constraint κmax=1

33 33 26 41 8 52
26 41 34 12 8 73
8 52 8 73 3 26

. . .
. . .

. . .

�
� �

�

�

�

�
�
�

�

�

�
�
�

μ12 = −0.79
μ21 = −0.77

With curvature 
constraint 
κmax=0.5

34 33 26 51 8 72
26 51 35 47 9 10
8 72 9 10 2 91

. . .
. . .

. . .

�
� �

�

�

�

�
�
�

�

�

�
�
�

μ12 = −0.77
μ21 = −0.75

Abbreviation: NPR: Negative Poisson’s ratio.
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stiffness of metamaterials. In the experiments on 2D 
chiral metamaterials and 2D anisotropic metamaterials 
(corresponding to Figure 7G-H and K-L), it is evident that 
the microstructures optimized with curvature constraints 
can resist larger deformation. Specifically, curvature 
constraints can enhance the total energy absorption 

capability and postpone the initiation of failure for these two 
types of microstructures. For an isotropic microstructure, 
a strong curvature constraint leads to a quasi-zero Poisson’s 
ratio of the microstructure, but its elongation before failure 
is only slightly improved (Figure 7C and D).

Figure  5. Comparison of 3D case 1 NPR microstructures under different 
curvature constraints for microstructure without curvature constraint (A-F) and 
for microstructure with curvature constraint κmax = 1 (G-L). (A and G) Base 
cell; (B and H) Top view of base cell; (C and I) Negative curvature distribution 
(display 7/8 microstructure); (D and J) Von Mises stress distribution under 
simultaneously applied unit test strains (display 7/8 microstructure); 
(E and K) 4×4 unit cells; (F and L) Properties
Abbreviation: NPR: Negative Poisson’s ratio

B

C I

D J

E K

F L

G

H

A

Figure 6. Comparison of 3D case 2 NPR microstructures under different 
curvature constraints for microstructure without curvature constraint 
(A-F) and for microstructure with curvature constraint κmax = 1 (G-L). 
(A and F) Base cell; (B and G) Top view of base cell; (C and I) Negative 
curvature distribution (display 3/4 microstructure); (D and J) Von Mises 
stress distribution under simultaneously applied unit test strains (display 
3/4 microstructure); (E and K) 4×4 unit cells; (F and L) Properties
Abbreviation: NPR: Negative Poisson’s ratio
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D J

E K
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G

H
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For 3D case 2, the anisotropic NPR metamaterials 
without curvature constraint/with κmax = 1 curvature 
constraint, we applied compression load of F = 100N on the 
x, y, and z surfaces, respectively. The simulation results are 
shown in Figure 8, and we can draw the same conclusions 
as obtained previously. The NPR metamaterials exhibit a 
compressive contraction effect in all directions, regardless 

of whether curvature constraint is applied. When the 
curvature constraint is introduced, the compressive 
stiffness of the metamaterial is enhanced, whereas its NPR 
effect is slightly weakened.

In Figure  9, we present a comparison of the additive 
manufacturing results. It can be observed that the 
microstructures with negative curvature constraint 

Figure 7. Simulation and experimental diagrams of 2D NPR metamaterials. (A) Simulation of isotropic NPR metamaterial without curvature constraint; 
(B) Simulation of isotropic NPR metamaterial with curvature constraint κmax = 0.7; (C) Experiment of isotropic NPR metamaterial without curvature 
constraint; (D) Experiment of isotropic NPR metamaterial without curvature constraint κmax = 0.7; (E) Simulation of anisotropic NPR metamaterial 
without curvature constraint; (F) Simulation of anisotropic NPR metamaterial with curvature constraint κmax = 0.5; (G) Experiment of anisotropic NPR 
metamaterial without curvature constraint; (H) Experiment of anisotropic NPR metamaterial without curvature constraint κmax = 0.5; (I) Simulation of 
chiral NPR metamaterial without curvature constraint; (J) Simulation of chiral NPR metamaterial with curvature constraint κmax = 0.5; (K) Experiment of 
chiral NPR metamaterial without curvature constraint; (L) Experiment of chiral NPR metamaterial without curvature constraint κmax = 0.5
Abbreviation: NPR: Negative Poisson’s ratio
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have smooth concave regions, which can effectively 
alleviate stress concentration. In Figure  10, we present a 
comparison of the compression experiments. During the 
tests, the 3D metamaterial does not collapse directly but 
instead exhibits a typical compressive expansion behavior 
after the compressive contraction stage. Therefore, only 
the data from the compression contraction stage were 
selected for drawing the force-displacement curves. We 
conducted five sets of parallel experiments, and the force-

displacement curves with standard deviation error bars are 
presented in Figure 10E. Based on the mean values of the 
experimental data, the energy absorption capability of the 
NPR microstructure with curvature constraint (2.592J) is 
enhanced by 39.13% compared to that without curvature 
constraints (1.863J).

4. Discussion
As illustrated by the five cases in Section 3, sharp corners 
inside the NPR microstructures can be effectively smoothed 
by introducing the negative curvature constraint, leading 
to the alleviation of stress concentration. The strengthening 
of the curvature constraint leads to an increase in tensile–
compressive stiffness; however, it compromises the auxetic 
effect.

It is also worth noting that the deformation of NPR 
microstructures obtained through TO mainly relies on 
flexible hinges or re-entrant features. For microstructures 
whose deformation is dominated by flexible hinges, 
curvature constraints will significantly reduce the NPR 
effect, whereas for those governed by re-entrant features, 
the NPR performance can be largely preserved under 
curvature constraints. This phenomenon is similar to 
previous findings in compliant mechanisms47: Hinge-based 
deformation corresponds to local compliance,48,49 whereas 
re-entrant geometry-based deformation represents global 
compliance.50-52 Consequently, optimizing flexible hinges 
tends to impair the deformation performance of the 
structure.

Figure 9. Comparison of optimized 3D NPR metamaterials
Abbreviation: NPR: Negative Poisson’s ratio

Figure 8. Simulation diagrams of 3D anisotropic NPR metamaterials for metamaterials without curvature constraint (A-C) and for metamaterials with 
curvature constraint κmax = 1 (D-F). (A and D) z-direction compression simulation; (B and E) x-direction compression simulation; (C and F) z-direction 
compression simulation
Abbreviation: NPR: Negative Poisson’s ratio
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As observed in the experiments presented in Section 3 
and supplementary materials, the selection of appropriate 
curvature constraint improves the energy absorption 
capability and deformability of the microstructure. Overly 
constraining the curvatures may eliminate the NPR effect. 
However, due to the varying types of microstructures—
depending on flexible hinges or re-entrant configurations for 
large deformation—the current study still faces challenges in 
universally configuring the curvature constraint to balance 
the deformability, energy absorption, and NPR effect. This 
issue should be addressed in future research.

5. Conclusion
To avoid the stress-concentrated sharp turnings commonly 
observed in TO-designed NPR microstructures, this 
study proposes a B-DGTO framework with the curvature 
constraint to mitigate stress concentrations at flexible 
hinges and re-entrant features. The B-DGTO framework 
establishes a derivable SDF from the density-based 
topological field, enabling the accurate evaluation and 
constraining of curvatures along density boundaries through 
the finite difference operations using a level-set approach. 
The most negative curvatures are effectively constrained 
to below the thresholds, and the accordingly designed 
NPR microstructures are manufactured by 3D printing for 
demonstration and tests. Both numerical and experimental 
results validate the effectiveness of the proposed method 
on various NPR configurations, including isotropic NPR 
microstructures, anisotropic NPR microstructures, and 
chiral NPR microstructures. In addition, the distinct 
influences of the curvature constraint on auxetic performance 
of the flexible hinge and re-entrant feature-based NPR 
microstructures are discussed in detail, providing insights 
for the appropriate application of the curvature constraint.
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Appendix

Table A1. Nomenclature: Symbols and values used in this research

Symbol Value Description

Emicro
min 1e‑9 Elastic modulus of void domain

Emicro
0 1000 Elastic modulus of based material

p 3 Penalization parameter

h0 1 Thermal conductivity coefficient of solid domain

hmin 1e‑3 Thermal conductivity coefficient of void domain

βs 100 Sharpness of the sigmoid function

P 18 P‑norm

η 0.5 Threshold of the Heaviside function

DH Effective elasticity tensor of microstructure

Dijkl
H Component of elasticity tensor

Y Volume of the periodic unit cell

Dpqrs Elastic tensor component of based material

ε pq
0 Unit test strain

� pq
� Response strain

υ Virtual displacement

un
A Element displacement

ρ Design variable

ρ Design variable after PDE filtering

ρ
Design variable after PDE filtering and Heaviside projection

ρ̂ Density after boundary stitching

kmicro
0 Element stiffness matrix of based material with unit Young’s modulus

kn Element stiffness matrix after density interpolation

Q0 Element transient thermal conductivity matrix

A Assembly matrix for global thermal conductivity matrix

Q Global thermal conductivity matrix

T Temperature field

b Heat load

ω Normalized temperature gradient field

L Laplacian matrix

φ Signed distance function

κ Mean curvature

κmax Upper bound of mean curvature

δ Maximum curvature constraint defined by the P‑norm

V Solid volume of a unit cell

V0 Volume of a unit cell

fv Upper bound of volume fraction
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