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Abstract: This study aims to discuss the propagation characteristics of seismic Lamb wave and surface wave in a new radial gradient
supercell seismic metamaterial (RGSSM) . Different from the traditional seismic metamaterials with simple unit cells, the RGSSM
consists of the supercells arranged periodically along the radial direction, and these supercells are composed of five kinds of unit cells with
gradient filling rates. The dispersion curve and attenuation spectrum of the Lamb wave in RGSSM are studied with the finite element
method combined with the supercell technology, generating a very low-frequency ultra-wide bandgap of 3.98—20 Hz, and a forbidden
band generated by the localized modes forms multi-harmonic oscillators inside the supercell. Furthermore, it is found that the Young’ s
modulus of the soil is more sensitive to the effect of bandgap. In terms of surface wave, the RGSSM can produce rapid attenuation in the
low frequency range of 5.2—8.5 Hz. Finally, a 3D model is designed to demonstrate the shielding performance of RGSSM against the
seismic surface wave. The proposed RGSSM provides a new idea for the seismic isolation of ultra-wide and low-frequency seismic waves.
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0 Introduction

Earthquake is one of the most catastrophic natural
disasters. The propagation of earthquake source has caused
a lot of damage to building structures"’, and further resulted
in the consumption and damage of all aspects of social
resources”. As an artificial structure that attenuates seismic
waves, seismic metamaterial can generate forbidden bands
corresponding to seismic frequencies, providing new ideas
for building protection”*'.

Seismic surface wave has the characteristics of large
amplitude, long propagation distance and low frequency,
causing great harm to buildings. For a long time, the
research on seismic metamaterial has focused on the surface

wavel”®

while seismic LLamb wave has been ignored as
another form of seismic wave propagation. It has been found
that in the case of near-surface earthquake, the propagation
of Lamb wave is a key factor to damage the buildings'”’,
which usually dominates the seismic records of local and
regional events™. Therefore, when designing a seismic
metamaterial, it is necessary not only to conduct seismic
isolation design for surface wave, but also to study the

shielding properties of Lamb wave.

Du et al."” studied the shielding effect of periodic concrete
structure on seismic LLamb wave, determined the blocking
effect of periodic structures on Lamb wave, and confirmed
the existence of low-frequency bandgap, but there is a
situation in which the bandgap range is narrow. Zhang

et al.l"

studied the propagation of Lamb wave in seismic
metamaterial with periodic arrangement of different cross-
sections, and discussed the discontinuous bandgap of
6—19 Hz based on the Bragg scattering mechanism. Huang
et al. " used auxetic foam as a new seismic metamaterial for
LLamb wave. By analyzing the energy band structure and
vibration mode of the upper and lower bounds of a complete
bandgap, it was verified that the LLamb wave has a good
attenuation effect in the frequency range below 10 Hz, but
the corresponding bandgap is narrow, limiting its
applications in engineering. Radial metamaterial is widely
used in various fields of vibration isolation and noise
reduction owing to its excellent bandgap properties and
omnidirectional shielding"*"'"". Li et al."” introduced radial
metamaterial into seismic metamaterial, and proposed a
radial seismic metamaterial with wider bandgap for seismic
Lamb and surface waves.

1[]6,]7

Metamateria "'with gradient structure demonstrates

a wide range of tailored properties. Lin et al."* designed a
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2D gradient-index phononic crystal, demonstraing that
such a structure enables broadband acoustically focusing
across a wide operating frequency range. Liang et al."”
designed a two-dimensional omnidirectional sound absorber
with a gradient-index phononic crystal as the shell, and
found that sound wave can be bent by the gradient-phononic
crystal shell and absorbed by the inner core in a wider range.
The greatest advantage of the gradient structure is that the
transmission of elastic wave can be manipulated in a wide
frequency domain®*". Yu et al."™ proposed a seismic
metamaterial with a gradient of buried depth, and the
transmission spectrum of its finite structure shows that it has
a better seismic isolation effect on surface wave in a wider
bandgap. However, the dispersion curve of the gradient-
arranged seismic metamaterial structure has not been
calculated and studied, and the mechanism of bandgap
widening has not been analyzed.

The supercell is composed of several unit cells with
different parameters. The calculation of the energy band
for the supercell with periodic structure is called the
supercell method. Wu et al.™ found that the supercell
method is effective in studying the acoustic bandgap
regarding the effect of translation group symmetry on

phonon bandgap. Yuan et al. "

utilized the sub-crystal
plate to verify the characteristics of supercell structure,
obtaining a wide and low-frequency bandgap by
adjusting the bandgap. Young et al. "’ designed a 45°
rotated supercell to achieve bandgap optimization. These
methods make it possible to widen the bandgap via the
periodic gradient structure of the metamaterials.

In this study, the gradient idea is applied to the design of
radial seismic metamaterial, and its low-frequency
broadband characteristics and mechanisms are analyzed and
studied combined with the supercell method. First, the
dispersion curves, transmission spectra and mode shapes
of special points of five radial seismic metamaterials with
different filling rates are studied. Next, the supercell of
radial gradient seismic metamaterial is designed, and the
formation mechanism of ultra-low-frequency ultra-wide
bandgap is analyzed. Furthermore, the effects of different
material parameters in the supercell on the bandgap are
investigated. At last, the attenuation effect of radial
gradient supercell seismic metamaterial on seismic surface
wave is studied by using a three-dimension model, and the

time domain verification is carried out.

1 Basic theory

The propagation of seismic wave can be described as

the propagation of elastic wave in inhomogeneous media.

Assuming that the seismic wave propagates along the
radial midplane of the structure, the governing equation
can be written as

p(r)ii(i’):V{[/l(r)+ Z/x(r)Vu(r)}}* V X
[ ()X ulr)], (1)
where o(r) is mass density, u(r) represents the displacement
vector, A(7)and u(7 ) are the Lame constants, and V is the
inverted triangle operator. To study the eigenfields inside
the metamaterial, the body force is assumed to be zero. Due

to the particularity of the structure, Eq. (1) is extended to

the elastic wave equation in the cylindrical coordinates as
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where u, v, and w are the displacement components in
the Cartesian coordinate system, o is the density, 7is the
time, A and g are the elastic wave constants of the
material, and r, ¢, and z are the coordinates in the
cylindrical coordinate system.
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Furthermore, the body strain ¢, and
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Since the periodic structure of a lattice unit is infinite in
the radial direction, according to Bloch’s theorem, only
a single lattice unit needs to be considered. The boundary
condition of the lattice is expressed as

ulr+ry,z)=ulr,z)e"", €))
where r and r, are the radial position vectors, a is the lattice
constant, and 4, represents the one-dimensional Bloch
radial wave vector. Herein, the Floquet periodic boundary
condition is applied to the edge of unit radial, and the free
boundary condition is applied to the top and bottom surfaces
of unit cell simulating seismic l.amb wave, i.e. there are no

reflected components on the surface'”.

2 Vibration damping properties of
RGSSM on Lamb wave
2.1 Bandgap properties of unit cells

The scheduling results of scenario 1 are shown in
Fig. 1. It can been seen that the unit cell of radial
supercell seismic metamaterial is composed of a steel
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ring embedded in the soil, and its lattice and spatial
lattice structures are shown in Figs. 1(a) and (b),
respectively, where the lattice constant is a, the height
b=0.5a,

filling rate is defined as ¢/a.

the thickness of the steel ring is ¢, and the

= 10l
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a
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(c) (d)

Surface waves

uildings

(e)
Fig. 1 Radial seismic metamaterial barrier. (a) Cross-section
of radial periodic seismic metamaterial barrier, (b) 3D radial
periodic seismic metamaterial barrier, (c) Berezovskii -
Zakharov wave vector in reciprocal space, (d) and (e) Radial

seismic metamaterial for buildings overall arranged

According to different earthquake-related geophysical
survey data, the corresponding wavelengths of seismic
waves vary from several meters to hundreds of meters.
Therefore,

constant of 4 m in this study, its lattice constant is almost

for the periodic structure with lattice

one-twentieth of the wavelength of seismic wave. The
radial seismic metamaterial unit cell constructs a three-
dimension structural model by periodically repeating the
two-dimensional axisymmetric model along its radial
direction and rotating around Z-axis, thereby forming an
infinite system of radial seismic metamaterial. Its

formation and the Berezovskii-Zakharov (BZ) wave

vector in the reciprocal space are shown in Fig.1(c). The
radial seismic metamaterial composed of radial periodic
steel rings in the soil around the protected building is
shown in Fig. 1(d). The overall arrangement of radial
seismic metamaterial for buildings is shown in Fig.1 (e) .
To achieve high cost-effective engineering solutions,
soil serves as the matrix, whereas high-strength steel, a
conventional building material, acts as the scatterer
within the radial seismic metamaterial. The composite
system is modeled as linear-elastic, homogeneous, and
isotropic, with material properties detailed in Table 1.

Table 1 Material properties

Material ~ Young’s modulus/Pa  Density/(kgem ?) Poission’s ratio

Steel 2.70x 10" 7 850 0.3
Soil 2.10x 107 1 800 0.3

To verify the bandgap generated by the radial seismic
metamaterial barrier, a 3D model as shown in Fig.2 (a) is
established.
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Fig. 2 Bandgap and attenuation spectrum of radial seismic
metamaterial. (a) 3D model of radial seismic metamaterial
barrier, (b) Dispersion curve of radial seismic metamaterials at
a filling rate of 0. 15, and (¢) Transmission spectrum at a filling
rate of 0. 15

A limited number of seismic metamaterials with a filling
rate of 0.15 were arranged radially, and point displacements
were used to excite the Lamb wave in the soil. For the Lamb
wave, the distance between the wave source and the barrier
is set as 20a, and a perfectly matched layer (PML) with a
so that the

reflection of the seismic wave at the soil boundary can be

width of 3a is applied around the barrier,

eliminated to obtain more accurate results. Of course, a

low-reflection boundary can achieve the same purpose. In
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this study, the incident wave polarized along the Y-axis
direction is used for frequency domain analysis in the ultra-
low-frequency range of 0.1—20 Hz, and a tetrahedral mesh
with quadratic element size of A;/5 (A, is the wavelength of
the shear wave) in the finite period model is set up. The
transmission is defined as 20108 (Qupu/ Xipu) » Where oy
and aj,,, are the transmission acceleration and the incident
acceleration, respectively. The calculated attenuation
spectrum curve of the 15-period radial seismic metamaterial
is shown in Fig.2 (¢) , which is clearly consistent with the
dispersion curve in Fig.2 (b) .

By setting the unit cells with filling rates of 0.15, 0.25,

()

[l ] =025

[N Jea=0.15

0.35, 0.45 and 0.55, respectively, and using Comsol
Multiphysics 5.5 to calculate the Lamb wave’ s energy band
curves of five radial seismic metamaterials with different
filling rates, we can obtain the results in Fig.3. It can be
seen that when the filling rate is 0.15, there are three
complete bandgaps in the frequency range of 0—20 Hz: the
first bandgap, 3.781 2—8.170 Hz; the second bandgap,
10.851—15.987 Hz; and the third bandgap, 18.358—20Hz.
With the gradual increase of the filling rate, the starting
frequency of the first bandgap remains unchanged, whereas
the cut-off frequency gradually increases, thus widening the
first bandgap gradually.
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Fig. 3 Bandgap characteristics of radial seismic metamaterials with different filling rates. (a) Vibration mode at point A1,
(b) Vibration mode at point A2, (c) Vibration mode at point A3, (d) Vibration mode at point A4, and (e) Dispersion curves of radial

gradient supercell unit cells under different filling rates

To explore the mechanism of the bandgap, the vibration
modes at special points under different filling rates are
shaped, as shown in Fig. 3, where the black arrows
represent the direction of the vibration displacement and the
colors vibration

represent the magnitude of the

displacement. From the modal shape at the special point of
the first bandgap under five different filling rates, it can be
known that the modal shape of the first band start frequency
is the vibration of the steel ring along the Z-axis direction,
and the soil provides the elastic constant. For the cut-off
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frequency, the vibration modes of different filling rates are
the anti-phase vibration of the soil on both sides of the steel
ring, and the steel ring is almost static. These two local
resonance modes couple with the Lamb mode to form the
first bandgap.

Observing Fig.3 (e) , it can also be found that with the
filling rate increasing, the initial frequency of the first
bandgap is almost unchanged. This is because the mass of
the steel ring gradually increases with the filling rate
increasing, but the reduction of soil in cross-sectional area
also makes the elastic constant increase, so the onset
frequency of the first bandgap does not change. In addition,
as the filling rate increases, the cut-off frequency of the first
bandgap moves to high frequencies, because with the
increase of the filling rate, the elastic coefficient provided
by the soil increases while the quality of the soil decreases
instead. Consequently, the cut-off frequency of the while

first bandgap moves up rapidly, so that the width of the first
bandgap increases. When the fill rate is 0.55, the bandgaps
within 4.006—16.661 Hz and 17.942—20 Hz can be
generated in the low frequency range of 0—20 Hz.

2.2 Radial seismic

metamaterial

gradient supercell

In the RGSSM designed in this section, five single cells
with different filling rates (0.15, 0.25, 0.35, 0.45, 0.55)
are formed into the supercell, which extend periodically
along the radial direction. Fig.4 (a) is a two-dimensionalal
cross section of the RGSSM, and the spatial lattice
structure formed by rotating around the Z-axis is shown in
Fig.4 (b) , which is periodically embedded in the soil matrix
to protect the central sensitive building, as shown in
Fig.4 (¢). The material parameters in Fig.4 are consistent
with those in Table 1.

Supercell
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1st cell 21‘1&(‘&‘1]

3rd cell
A

SIhAcell \
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Fig. 4 Radial supercell seismic metamaterial B. (a) Two-dimensionalal cross section of RGSSM, (b) RGSSM spatial lattice structure,

and (¢) RGSSM, which consists of steel rings embedded in the soil gradient around the building to be protected

The energy band structure of RGSSM is calculated by
using the supercell method. As there are five cells in the
supercell structure, the Brillouin zone is five times as
large as the original cell. The Brillouin zone boundary of
radial seismic metamaterial cell range from I"(0, 0) to
R(1,0), and the Brillouin zone boundary of RGSSM
ranges from I" (0, 0) to R(5,0). Therefore, one energy

band of a single cell is folded into five energy bands in the

supercell structure, and the five energy bands in the
supercell are called a group of energy bands. Fig.5(a)
shows the energy band structure of RGSSM, and it can
be found that it has a very low frequency ultra-wide
bandgap of 3.98—20 Hz. In addition, it is observed that
there are many localized flat bands in the energy band
structure.

Theoretically, perfect filtering characteristics exist in
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the periodic structure with infinite units, but in practical
engineering applications, the number of units is always
limited. In order to further verify the attenuation
characteristics of the proposed RGSSM, a finite three-
periodic simulated. The
attenuation spectra of RGSSM with 1-period and 3-

dimensional system 18

period finite structures are calculated respectively. As
shown in Fig.5(b) , the attenuation spectrum curves of
1-period and 3-period RGSSM obviously correspond to
the energy band structure of that in Fig.5(a), while in
the higher frequency range, 3-period RGSSM has better
bandgap characteristics.
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Fig. 5 Bandgap and attenuation spectrum of radial supercell seismic metamaterial. (a) Correspondence between dispersion curve

and transmission spectrum curve of RGSSM, and (b) Transmission spectrum curves of 1- and 3-period RGSSMs

2.3 Mechanism analysis of ultra-low-frequency
broadband

To study the generation mechanism of RGSSM
bandgap, the vibration modes of RGSSM at special
points Bl, B2, B3, B4, B5 and B6 in Fig. 5(a) are
calculated, and the results are shown in Fig.6.
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Fig. 6 Vibration modes of RGSSM at ponts B1, B2, B3,
B4, B5, B6

It can be seen that the vibration mode of RGSSM at
point Bl is concentrated in the supercell, and the steel

ring of the first unit cell vibrates along the Z-axis
direction, while other parts basically remain stationary.
The vibration modes of RGSSM at special points
B2, B3, B4, B5 and B6 on the flat belt are localized
vibration of the soil layer along the Z-axis direction.

In order to further study the shielding effect of
RGSSM on earthquake L.amb waves, the commercial
finite element software COMSOL Multiphysics 5.5 was
used to calculate a three-dimensional finite model
composed of 3-period RGSSM, PML and soil matrix.
The structural dimensions used to build the three-
dimensional finite system are consistent with the
parameters in Fig.4 (a) , and the material parameters are
consistent with that in Table 1. The incident wave is
applied at a distance of 140 m from the center of the
barrier, and then the acceleration is collected in the
protected area of the center of the barrier.

The directional displacement fields of incident waves
at two frequencies inside and outside the bandgap are
calculated, as shown in Fig.7(a) and (b) , respectively.
It can be seen that at 2.3 Hz, the radial gradient supercell
barrier has almost no shielding effect on seismic waves.
However, at 9.2 Hz, the seismic wave is completely
reflected and isolated from the radial gradient hypercell
structure barrier, and the internal protection area is not
affected. This phenomenon shows that in the frequency
range within the bandgap, the radial gradient
supercellular seismic metamaterial can provide a safe

area when seismic waves interfere.
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()
Fig. 7 Shielding effect of RGSSM on Lamb wave. (a) Shielding effect of RGSSM out of band on Lamb wave at 2.3 Hz, and
(b) Shielding effect of RGSSM in bandgap on Lamb wave at 9.2 Hz

2.4 Influence of material parameters on bandgap

To further verify the bandgap mechanism of radial
gradient supercell, the parameters of supercell structure
are analyzed and verified. In this section, the influence of
the soil connecting the first unit cell with the second unit
cell on the bandgap is studied, and the dispersion curve
affected by this parameter is extracted and analyzed.
Generally, the Young’s modulus and mass density of
soil vary in the range of 1—90 MPa and 1 600—
2200 kg-m*, respectively.

It can be seen from Fig.8(a) that with the increase of
Young’ s modulus of soil, the vibration frequencies of
Bl and B2 modes gradually increase. The Bl mode
mainly shows that the steel ring vibrates along the
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Z - axis, the mass density of the steel ring remains
unchanged, and the soil stiffness increases, so the
frequency moves to a higher frequency. Compared with
the vibration frequency in B1 mode, the vibration in B2
mode is more significantly affected by the Young’ s
modulus of soil. Compared with the influence of soil
Young’ s modulus on vibration frequency, the influence
of soil mass density is not obvious. With the increase of
soil mass density, the vibration frequency of B1 mode
has no obvious change, while the vibration frequency of
B2 mode moves down slowly with the increase of soil
mass density. This is because with the increase of soil
mass density, the mass of soil between the first unit cell
and the second unit cell as vibrator increases while the

vibration frequency decreases.
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Fig. 8 Changes of vibration frequency of B1 and B2 modes with soil parameters for the connection between the first unit cell and

the second unit cell. (a) Changes of vibration frequency with Young’s modulus of soil, and (b) Changes of vibration frequency

with soil mass density

3 Attenuation characteristics of RGSSM
to surface wave

In order to study the attenuation effect of RGSSM on
seismic surface waves, the surface wave transmission
coefficients of RGSSM with three finite periods were
calculated. As shown in Fig.9 (a) , the system consists of

radial gradient supercellular seismic metamaterial and
soil basement. Perfect matching layers are added to the
left and right sides and bottom sections of the model to
eliminate the influence of reflection on the research
results. The material parameters used in the system are
consistent with those in Table 1. A line source Line A is

designed between the soil base of the model and the
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perfect matching layer on the left to simulate the incident
surface wave along the X-axis direction.

To further analyze the shielding effect of 3-period
RGSSM composite system on seismic surface waves,
the displacement field of incident wave within the
bandgap is given in this subsection. The displacement
field diagram of 6.7 Hz is shown in Fig.9(c), and the
displacement field of the system without RGSSM is
shown in Fig. 9(d). It can be observed that when the
seismic wave reaches the seismic metamaterial, obvious
refraction occurs in the propagation direction of the
surface wave, and part of the surface wave is converted
into bulk wave, and the energy is consumed in the soil
base, while part of the energy is concentrated in the steel

ring.
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Fig. 9 Attenuation effect of RGSSM on seismic surface waves.
(a) Two - dimensionalal schematic diagram of finite RGSSM
system used for attenuation spectrum and time domain
calculation, (b) Transmission spectrum curve of seismic surface
wave passing through the barrier with and without RGSSM ,
(¢) Displacement diagram of 3 - period RGSSM, and (d)
Displacement diagram of non-seismic metamaterial ( —0. 1 and
0. 1 present the minimum and the maximum of displacement

amplitude, respectively)

To further verify the attenuation effect of RGSSM on
surface waves, the acceleration-time response of RGSSM
under the action of EI-Centro surface waves was studied.
Theoretically, perfect filtering characteristics exist in the
periodic structure with infinite cells. However, in practical
engineering applications, the number of units is always
limited. To further verify the effectiveness of response
surface model in reducing seismic surface waves, a three-
dimensional 3-period RGSSM system 1s used for numerical
simulation. The representative EI-Centro seismic wave is
selected for analysis. Fig. 10(a) and (b) show the
acceleration time history of EI Centro wave and the
frequency spectrum curve of seismic wave, respectively.
Fig.10(c) and (d) show the acceleration responses of the
periodic barrier in the X- and Z-axis directions caused by the
EI-Centro
respectively. It can be seen that the periodic barrier has

seismic wave as the seismic source,
obvious effect on the attenuation of seismic waves in the
bandgap range, and its attenuation amplitude obviously
exceeds 70% especially in the X-axis direction. This result
proves that the RGSSM has certain attenuation effect on
seismic waves in the bandgap range, thus avoiding the
building structure from being invaded by seismic waves in

all directions.
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Fig. 10 Acceleration response with EI-Centro seismic waves.
(a) Time history diagram of EI - Centro seismic wave,
(b) EI-Centro seismic wave spectrum curve, (c) x-asix direction
acceleration response, and (d) z - axis direction acceleration
response

4 Conclusions

To sum up, an RGSSM is proposed to attenuate
seismic LLamb wave and surface wave. The dispersion
curve and vibration modes of special points are calculated
by finite element method, the generation mechanism of
bandgap is analyzed, the influence of material
parameters on bandgap is discussed, and a three-
dimensional model is established to calculate the
transmission spectrum for verification. Similarly, the
attenuation effect of RGSSM on seismic surface waves is
calculated, and finally it is verified in time domain. The
research shows that the RGSSM has an ultra-wideband
damping effect on Lamb waves below 20 Hz, and the
attenuation range is 3.98—20 Hz. The widening of the
bandgap is due to the periodic gradient arrangement of
filling rate, which introduces local resonators with
different masses, and the flat band in the corresponding
frequency range opens the bandgap. For soil mass

density, the influence of soil Young’ s modulus on the

bandgap is more significant. With the increase of soil
Young’s modulus, the bandgap widens significantly and
moves to high frequency. On the contrary, with the
increase of soil density, the bandgap narrows slowly.
Then, it is verified that the RGSSM has a good shielding
effect on seismic Lamb waves in the bandgap range. It
can also effectively attenuate the seismic surface wave
from 5.2 Hz to 8.5 Hz. The common building materials,
soil and steel used in the above structures have high
performance and low cost, thus realizing the seismic
wave shielding. This work develops and perfects the
existing field of seismic metamaterials, and provides a
novel design guide for civil engineers to design seismic
metamaterials.
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