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Abstract: The existing multi-view subspace clustering algorithms based on tensor singular value decomposition (t-SVD) predominantly
utilize tensor nuclear norm to explore the intra view correlation between views of the same samples, while neglecting the correlation among
the samples within different views. Moreover, the tensor nuclear norm is not fully considered as a convex approximation of the tensor rank
function. Treating different singular values equally may result in suboptimal tensor representation. A hypergraph regularized multi-view
subspace clustering algorithm with dual tensor log-determinant (HRMSC-DTL) was proposed. The algorithm used subspace learning in
each view to learn a specific set of affinity matrices, and introduced a non-convex tensor log-determinant function to replace the tensor
nuclear norm to better improve global low-rankness. It also introduced hyper-Laplacian regularization to preserve the local geometric
structure embedded in the high-dimensional space. Furthermore, it rotated the original tensor and incorporated a dual tensor mechanism to
fully exploit the intra view correlation of the original tensor and the inter view correlation of the rotated tensor. At the same time, an
alternating direction of multipliers method (ADMM) was also designed to solve non-convex optimization model. Experimental evaluations
on seven widely used datasets, along with comparisons to several state-of-the-art algorithms, demonstrated the superiority and
effectiveness of the HRMSC-DTL algorithm in terms of clustering performance.
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obtained, which has led to the emergence of multi-view

0 Introduction learning.

Clustering is a typical unsupervised data analysis method
in the fields of pattern recognition and machine learning.
Various clustering methods have been proposed, such as

[1]

classic hierarchical clustering methods', density-based

clustering methods””, partition-based clustering methods™,
and subspace-based clustering methods. Now with the
continuous development of internet hardware and software
technologies, available data across various industries have
shown an explosive growth trend. Additionally, the
constant improvements in data collection methods and
information technology have led to these data becoming
increasingly multi-sourced. For example, images in
multimedia retrieval can be described by color, texture, and
edges'”. These different features can be regarded as a
specific view. At this time, the information provided by a
single view is very limited. By combining multiple views for
data analysis, more comprehensive information can be

To address the limitations of the aforementioned single-
view clustering methods, several multi-view clustering
algorithms have been proposed” . These algorithms can
be roughly categorized into five types based on their
mechanisms and principles”: collaborative training-based
methods, multi-kernel learning methods, multi-view graph
clustering methods, multi-view subspace clustering
methods, and multi-task multi-view clustering methods.
Multi-view subspace clustering methods have attracted
widespread attention due to their ability to effectively
explore the subspace structure of multi-view data. Their
success primarily stems from two important principles®:
the consensus principle and the complementary principle.
Many multi-view subspace clustering algorithms have been
proposed based on either the consensus principle, the
complementary principle, or a combination of both. Most

of them originate from self-representation properties, such
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4 and low-rank

as sparse subspace clustering (SSC) !
representation (LLRR) ", which has made significant
contributions to the development of subspace clustering.
Furthermore, some methods utilize the consistency
principle for clustering. For instance, BRBIC et al."™
introduced balanced consistency objectives among different
views while encouraging sparsity and low-rankness of the
solution, thus constructing a shared affinity matrix across
all views to learn joint subspace representations. Tang
et al."” weighted the consistency term within the multi-view
subspace clustering model, automatically assigning
reasonable weight values to each view during clustering,
resulting in more appropriate consistency terms. On the
other hand, diversity-based methods focused more on the
complementary principle. Cao et al."® used the hilbert-
schmidt independence criterion (HSIC) to maximize the
diversity of representations from different views, albeit
lacking exploration of consistency.

In addition, emerging strategies based on tensor singular
value decomposition with tensor nuclear norms have been
developed to explore the spatial structure and higher-order
information of input multi-view data. Zhang et al. "
proposed the first tensor-based multi-view clustering
method to explore complementary information from multi-

1.2 constructed a tensor based on the

view data. Wu et a
transition probability matrix of multi-view Markov chains
and utilized tensor nuclear norm based on tensor singular
value decomposition to capture primary information from
multiple views. Xie et al.”" proposed a tensor multi-rank
minimization clustering model with unified multi-view self-
representation, which used tensor nuclear norm
regularization in a unified tensor space to ensure global
consistency between different views. Unfortunately,
despite the considerable success of these methods, most of
them aimed to study pairwise correlations between a
common representation or views, assuming that the
heterogeneous features of the data typically reside within
the union of multiple linear subspaces, which may lead to
suboptimal clustering performance. These methods didn't
fully leverage the within-sample view correlations and
consider using the same parameter for shrinking all singular
values with tensor nuclear norm regularization, resulting in
suboptimal solutions.

To address the aforementioned issues, hypergraph
regularized multi-view subspace clustering with dual tensor
(HRMSC-DTL)  was

Specifically, a tensor-based model was adopted to learn the

log-determinant proposed.
low-rank representation of each view. To capture high-
order correlations within and between views, both tensor
considered, and

rotation and non-rotation were

improvements were made to the tensor nuclear norm. In the
tensor space, a tensor logarithmic determinant function was
employed to better enhance the global low-rankness.
Additionally, hypergraph regularization was employed to
capture consistent manifold information hidden in multi-
view data. Finally, the above analyses were integrated into
a unified framework for learning. Experimental results
demonstrated the superiority and effectiveness of the
HRMSC-DTL algorithm in clustering performance.

1 Related work

1.1 Notations and preliminaries

Uppercase letters (e. g., A) are used to denote
matrices, and lowercase letters (e.g., a) are used to
denote vectors. For a matrice AER" ™" " it is
commonly referred to as a third-order tensor, where
A(i,:,:), A(:,i,:), and A(:,:,i) represent the ith
horizontal, lateral, and frontal slices, respectively. And
the frontal slices can also be expressed as A". In
addition, there are some related tensor operations such
as the fast fourier transform (FFT) of tensor A, denoted
as A,=[ft(A,[],3), and its corresponding inverse
fourier transform (IFFT) denoted as A = ifft( A, [ ],3).

Definition 1 (t-SVD™) Given a tensor AER™ """
then the tensor singular value decomposition (t-SVD) of
A is given by

A=UXSX VT, (1)
where UER"“"*" and VE&R"™ """ are orthogonal
tensors, and S € R"”* " " is a diagonal tensor.

Definition 2 (TNN™®)) Given a tensor A ER" """
let A=min(n,,n,), then the tensor nuclear norm
(TNN) of A is defined as

=l

N3 =1

*:iiis;“(z,i). )

N3 =1i=1

|A

1.2 Hypergraph

Mainfold refers to

regularization, given a hypergraph G =(V ,E ), where V

regularization hypergraph
denotes the vertex set, E denotes the hyperedge set, and
the incidence matrix H € R Flrepresents the relationship
between the vertex set and the hyperedge set. The
normalized Laplacian matrix of the hypergraph G can be

computed as

Ly,=D,—HW.D.,'H", 3)
where D,, D., and W, respectively represent the vertex
degree, hyperedge degree, and hyperedge weight.
Hypergraph Laplacian regularization is based on a common

manifold assumption. If two data points &, and x; are close
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in the intrinsic geometric structure of the data distribution,
then the two points will also be close in the new
representation space, and neighboring points are linearly
correlated. The hypergraph Laplacian regularization

operator can be expressed by'*"!

min r( Z9WLY 7)), (4)
ni

where Z'" and L}" are respectively the self-representation

matrix and hypergraph Laplacian matrix of the vth view.
1.3 Tensor logarithmic determinant

In the LRR method, to recover a low-rank matrix X,
from a given observation matrix corrupted by errors
E,(X=X,+ E,), the regularized low-rank minimization

problem can be considered as'”

min rank(D)+ A| E |, st. X=D+E, (5)
D.E

where the minimum value of D obtained from the

minimization in Eq. (5) provides the low-rank recovery
of the original data X,. However, minimizing the rank of
amatrix in Eq. (5) is NP-hard. Therefore, a widely used
convex relaxation approach is to replace the rank
function with the nuclear norm. The nuclear norm
technique has been proven to be an effective low-rank
solution for the rank function. However, the nuclear
norm approximates the rank function by linearly
summing all singular values, making it a loose and
biased substitute for the rank function. To overcome this
drawback of the nuclear norm, Zhao et al.”®® introduced a
new logarithmic determinant function to better
approximate the rank function. Unlike the linear penalty
function used by the nuclear norm, the new function
employs a non-linear concave penalty function to
regularize singular values. For a matrix A €R""", the

logarithmic determinant function is defined as
F(A)=Indet(I+ A"A)=>In(1+57(A)), (6)

i=1

where o, ( A )represents the ith largest singular value of the
matrix A. It can be seen that unlike the linear penalty
function f(x)=2x used by the nuclear norm, the
function f(x)=In(1+x)

employs a non-linear concave penalty function to regularize

logarithmic determinant

the singular values. Compared to the convex nuclear norm,
the non-convex logarithmic determinant function has some
superior properties. It better approximates the rank function
especially for large and near-zero singular values.
Therefore, compared to the nuclear norm, the logarithmic
determinant function serves as a more stringent and
unbiased substitute for the rank function, enabling superior

low-rank tensor recovery.

Eq. (6) is extended to the form of a third-order
tensor® | defined as

min(ny,n,) ny

1
3

TLD

In|1+8:(i,i,4)|.(7)

i=1 k=1

2 Proposed model

2.1 Algorithm model

Tensor-based multi-view clustering methods aim to
find a tight relaxation of tensor rank to achieve the same

objective. Lu et al. "

proposed that the tensor nuclear
norm based on tensor singular value decomposition (t-
SVD) was the tightest convex relaxation for tensor
multi-rank™”, which could provide accurate low-rank
recovery. Xie et al.”” introduced a multi-view subspace
clustering method based on t-SVD (t-SVD-MSC),
which employed the tensor nuclear norm based on t-
SVD to constrain the rotated tensor, effectively
capturing the high-order information embedded in multi-

view data. And t-SVD-MSC model can be formulated as
min A| E H71+H A
A EY =

st.XV=XYAYHEY v=1,---,V,
A — @(A(l),A(Z), e ,A””),

E=[EY;E®;...;E"Y]. (8)

Although the method (8) considers the intra-view
high-order correlations in the tensor space and achieves
decent performance, it overlooks the inter-view high-
order correlations. To address this limitation, a dual
tensor mechanism was introduced, and an additional
term A= ®(A) was introduced to rotate the original
tensor A. To leverage the intra-view correlations among
samples within each view, the affinity graphs A" are
stacked into a tensor A €R"*"*". To utilize the inter-
view correlations within different samples, the tensor A
is rotated into a tensor AE RV, Additionally,
hypergraph-induced hyper Laplacian regularization can
effectively preserve the local geometric structure
embedded in high-dimensional space. And the analysis
in section 1.3 showed that tensor log-determinant had
better properties compared to tensor nuclear norm.
Inspired by this, the paper considered using tensor log-
determinant ~ for  recovering  low-rank  tensor
representations in multi-view subspace clustering,
rather than solely relying on tensor nuclear norm. In a
word, the HRMSC-DTL method was based t-SVD-
MSC model and

mechanism, hypergraph regularization, and tensor log-

incorporated the dual tensor

determinant function. Then, after integrating the above
three parts into a unified framework, the final proposed
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HRMSC-DTL model can be represented as
JraH A HTLD+/{1H E HzAlJr

min [ A4],,,
AYE

v
/122Z7‘(A("')L<;1"")Am[ )7
v=1

SLXTV=XYAYHEY v=1, -V,
A*CID(A(”A(Z) e A(V))
E=[ EVE®;;EV]. 9)

2.2 Algorithm optimization

The proposed model (9) is solved using the augmented
Lagrange method (ALM) and alternating direction
minimization (ADM) optimization algorithms, that is to
say, updating one variable while fixing the other variables.
To make the objective function (9) separable, two
auxiliary tensors P and K are introduced to replace A and
A, respectively. v auxiliary variables B are introduced to
replace A", problem (9) is transformed into a convex
optimization problem. The corresponding augmented

Lagrangian function is

LAY EY;BY; Py K)—HPH“D
(ZH K HTLD#}AIH FE “2,1+A22[7(B( )L(/];,)B(U)'r)+
v=1
M ’ M. :
pP—(A+ ) +£ K—(A+ ) n
© . 2 0 )
Z‘:i ('u 7X(17>Am)+ YI(UJ )
— 2 o
F
Y'(”) z
+zﬂz ( AW 2 ) ’ (10)
v=1 Mo

F
where M, M,, Y{”, and Y," are Lagrange multipliers,
and p,, u., e are corresponding penalty factors. Below is
the detailed solving process.

A"-subproblem: By fixing E"’, B”’, P, and K, A"
can be updated by solving

Y(v)
min& E" (X" — XA 4 ) +
A #l v
Y(v) : M(v) z
M B — (A(”+ 2 ) +£ P(v)(A(v)+ 1 )
2 M2 2 o
F F
M'(U) 2
+g K(’”(A”Ur ’ ) (11)

-
The closed-form solution can be obtained by taking the
derivative of Eq. (11) and setting the derivative to zero.
A(v)' :[(#2 _|_ 210 )I+ ﬂlX(-u)‘X(zr)]fl X
Yl(v)
1

|:ﬂlx(ﬂ)l<x[u)_ E(zl]+ )ﬂzB(U)_

Yz(v)_’_[op(-u)_ Wl(y)_’_{oK(M—
E'"-subproblem: By fixing A",

M. (12)
the solution of £ is

equivalent to solving

A
E* = arg min — HEH21+ (13)
E #1 N

where D is constructed by vertically concatenating
matrices X' — X A" + Y{'”V,al along the columns,
and the subproblem (13) is

A

ID.l,
1

Ip.],

E,= H D P (14)

.

0, otherwise.

"and LY, the closed-

form solution B"' can be computed as

B'"-subproblem: By fixing A"

arg mm /1 2 Z‘r (;,U)B(“l )+
v=1
y2% YZ(U)
Pl (1)
2 m

F
Let the derivative of Eq. (15) be zero, then there is
B =(u, A — YY) (2L + p, ). (16)
P-subproblem: By fixing A", solving P is equivalent
to solving the subproblem (17) .

2

argmm”PHTID ;HP—( {01) =
.
arg mmH P+ (17)

where p = 1/z, T= A + M, then the Eq. (17) can be
transformed into

T}’”Hi. (18)

TLD

. ) 1
P} = arg min Z‘H P}“H +EH P
p/'l!

Performing singular value decomposition on Eq. (18) ,
then Eq. (18) is equivalent to solving

argmin In (1 -+ ¢/ )+ ?[U,W - U,v(T/W)T, (19)
ot T

where ¢, (T}") denotes the ith largest singular value of
tensor T}, and o/" represents the ith largest singular
value of the kth frontal slice of tensor P in the Fourier
domain.

', solving K is equivalent

)|

The solution to Eq. (20) is similar to that of the P-
subproblem in Eq. (17).

K-subproblem: By fixing A

to solving

arg mm | K|

% K (20)

TLD
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2.3 Complexity analysis

From the algorithm optimization process, it can be
observed that the main computational costs of HRMSC-
DTL algorithm lie in updating variables A, L)"’, E",
B"™', P, and K. When updating A", the time complexity
of solving the linear system is O(VN?®). The hyper-
Laplacian matrix L}" has a time complexity of
O(VN?In(N)). When updating E"’, the time
complexity will be O (VN Zdz, ). Updating P has time
complexities O(VN®In (N )+ N*V?*). Lastly, updating
K has a time complexity of O(VN?In(N )+ VN?). So
the overall time complexity of the proposed algorithm
per iteration is approximately O (VN?).

3 Experiments

3.1 Datasets

To validate the effectiveness and robustness of the
proposed method, experiments were conducted on
seven widely used datasets. Four applications are
included: 1) Face image (Yale””, ORL™", and Notting-
Hill*datasets); 2) Document (BBCSport®’ dataset,
Wikipedia™); 3) Scene image (Scene-15"" dataset);
4) Object image (COIL-20"" dataset). The detailed
descriptions of the seven datasets are shown in Table 1.

Table 1 Introduction of different experimental datasets

Datasets No. of samples  No. of views  No. of clusters

Yale 165 3 15
BBCSport 544 2 5
ORL 400 3 40
Notting-Hill 550 3 5
Wikipedia 693 2 10
COIL-20 1440 3 20
Scene-15 4 485 3 15

3.2 Compared methods

For a comprehensive comparison, several state-of-
the-art multi-view clustering methods were selected as
competitors to compare with the proposed method.

Spectral clustering™ applies a standard spectral
clustering method to each view individually, then selects
the best-performing data among multiple views, denoted
as SChes.

Building upon multi-view subspace clustering,
CoMSCH (Multiview subspace clustering via co-training
robust data representation) adopts a co-training robust data
representation method, which jointly learns data
redundancy and consistent self-representation through

collaborative training.

LTMSC" (Low-rank tensor constrained multiview
subspace clustering) explores high-order correlations of
multiview features through a multiview clustering
method constrained by low-rank tensors.

T-SVD-MSCH
representations for clustering by tensor multi-rank

(On unifying multi-view  self-

minimization) constrains rotated tensors using tensor
nuclear norm to effectively represent the higher-order
information embedded in multi-view data.

HLR-M*VS® (Hyper-laplacian regularized multilinear
multiview  self-representations for clustering and
semisupervised learning) is a tensor-based multi-view
clustering method with added local geometric constraints on
top of t-SVD-MSC.

SM*SC™ (Split multiplicative multi-view sub-space
clustering) designs a split multiplicative model for multi-
view subspace clustering, which utilizes a multiplicative
decomposition scheme and variable splitting approach to
extract consistent components.

HNLR"™ (Hyper-Laplacian regularized non-convex
low-rank representation for multi-view subspace
clustering) introduces a non-convex Laplacian function
on top of HLR-M*VS to replace tensor nuclear norm,
thereby improving the approximation performance of
global low-rank structures.

CELT" (Collaborative embedding learning via tensor
integration for multi-view clustering) is a collaborative
embedding learning via tensors, which jointly learns the
intra-view affinity graphs of each view from both the

original space and the low-dimensional space.
3.3 Experimental results and analysis

To accurately evaluate the performance of different
clustering algorithms, this study employed six widely used
evaluation metrics for comprehensive assessment,
including accuracy (ACC) , normalized mutual information
(NMI) , adjusted rand index (AR) , precision, recall, and
F-score. Higher values for all these evaluation metrics
indicate better clustering performance. Due to the different
feature scales of various datasets, the data matrices were
normalized for each view. Tables 2 to 8 present detailed
clustering results in terms of NMI, AR, ACC, recall,
precision, and F-score obtained by different clustering
methods on the seven real datasets.

To ensure the fairness of the experiments, each
algorithm was run 10 times, and the results of the
10 runs were averaged as the final clustering result. In
Tables 2 to 8, the best clustering results for each dataset
are highlighted in bold, while the second-best results are
underscored for emphasis.
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Table 2 Experimental results of different methods on Yale

Table 7 Experimental results of different methods on COIL -

dataset 20 dataset
Method NMI AR ACC Recall Precision F-score Method NMI AR ACC  Recall Precision F-score
SCheq 0.711  0.478 0.685 0.556 0.475 0.512 SCeq 0.806 0.619 0.672  0.692 0.596  0.604
LTMSC 0.765 0.570  0.741  0.629 0.569  0.598 LTMSC 0.862 0.748 0.804 0.776  0.741 0.761

t-SVD-MSC  0.908 0.910 0.963 0.927 0.904 0.915
HLR-M*VS 0.791  0.598 0.782  0.682 0.575 0.624

SM*SC 0.687 0.465 0.648 0.559 0.455 0.501
HNLR 0.991 0.989 0.993 0.995 0.990 0.995
CELT 0.962 0964 0.968 0.975 0.937 0.937

HRMSC-DTL 1.000 1.000 1.000 1.000 1.000 1.000

Table 3 Experimental results of different methods on BBCSport

dataset
Method NMI AR ACC  Recall Precision F-score
SChex 0.703  0.571 0.699 0.892 0.571 0.696
LTMSC 0.930 0.750 0.795 0.837 0.766 0.768
CoMSC 0.857 0.885 0.956  0.908 0.917 0.912

t=SVD-MSC 0.993 0.967 0.970 0.991 0.946 0.968
HLR-M*VS 0.989  0.993  0.997  0.993 0.997 0.995

SM?SC 0.935 0.954 0.978 0.959 0.971 0.965
HNLR 0.995 0.997 0.999 0.997 0.999 0.998
CELT 0.993  0.997  0.998  0.997 0.998 0.997

HRMSC-DTL 1.000 1.000 1.000 1.000 1.000 1.000

Table 4 Experimental results of different methods on ORL

dataset
Method NMI AR ACC  Recall Precision F-score
SCpos 0.884 0.665 0.725 0.728 0.610  0.664
LTMSC 0.930 0.750 0.795 0.837 0.766 0.768
CoMSC 0.851  0.601 0.711 0.661 0.567 0.612

t=SVD-MSC 0.993  0.967 0.970  0.991  0.946  0.968
HLR-M*VS 1.000  1.000 1.000 1.000  1.000  1.000

SM?SC 0.941 0.701  0.817 0.897  0.587  0.709
HNLR 1.000  1.000 1.000 1.000  1.000  1.000
CELT 0.998  0.994 0.998 0.995  0.995  0.995

HRMSC-DTL  1.000 1.000 1.000 1.000  1.000  1.000

Table 5 Experimental results of different methods on Notting-
Hill dataset

Method NMI AR ACC  Recall Precision F-score

SChes 0.723 0.712 0.816 0.776  0.780 0.775
LTMSC 0.779 0.777 0.868 0.814  0.830 0.825
CoMSC 0.718 0.658 0.840 0.732  0.734 0.733

t=SVD-MSC 0.900  0.900 0.957 0.907 0,937 0,922
HLR-M*VS 0.967 0.972 0.988 0.975  0.982 0.979

SM?SC 0.944  0.945 0.963 0.969  0.946 0.957
HNLR 0.979 0.985 0.991 0.982  0.990  0.982
CELT 0.943  0.944 0.969 0.971  0.959 0.957

HRMSC-DTL  0.989 0.994 0.996 0.996  0.994  0.995

Table 6 Experimental results of different methods on Wikipedia

dataset
Method NMI AR ACC  Recall Precision F-score
SCheq 0.477 0.413 0.518 0.458 0.465 0.456
LTMSC 0.496  0.407 0.532 0461 0.480 0.471
CoMSC 0.534 0.437 0.581 0485 0.494 0.491

=SVD-MSC 0.480 0.393 0.527 0.447 0.470  0.458
HLR-M*VS 0.513  0.417 0.577 0475 0485  0.480

SM?*SC 0.531 0.423 0571 0493 0482  0.487
HNLR 0.530  0.447 0.603 0.496  0.516  0.506
CELT 0.553 0.450 0.591 0.520 0.503  0.511

HRMSC-DTL  0.539 0.460 0.610 0.499 0.535 0.517

tSVD-MSC 0.884 0.786 0.830 0.808  0.785  0.800
HLR-M*VS 0.960 0.833 0.852 0.949  0.757  0.842

SM*SC 0.975 0.922 0920 0.958  0.896 0.926
HNLR 0.983 0.936 0.930 0.976  0.906  0.939
CELT 0.970  0.939  0.950 0.963  0.922 0.943

HRMSC-DTL  0.987 0.977 0.988 0.978 0.978 0.978

Table 8 Experimental results of different methods on Scene—
15 dataset

Method NMI AR ACC  Recall Precision F-score
SChes 0.421 0.270 0.437 0.329 0.314 0.321

LTMSC 0.571 0.424 0.574 0479  0.452  0.465

CoMSC 0.538  0.359  0.497 0.445 0.376  0.407

t=SVD-MSC 0.858 0.771 0.812 0.839 0.743  0.788
HLR-M*VS 0.895 0.850 0.878 0.871  0.850 0.861

SM?*SC 0.632  0.515 0.645 0.566  0.533  0.549
HNLR 0.931 0.889 0.897 0911  0.883 0.897
CELT 0.964 0.959 0.980 0.958 0.966 0.962

HRMSC-DTL  0.974 0971 0.985 0970 0.976 0.979

It can be observed that the HRMSC-DTL algorithm

achieved nearly optimal clustering performance on

several test datasets compared to other clustering
methods. Specifically, on the Yale and BBCSport
datasets, the proposed method achieved nearly perfect
clustering results. On the ORL dataset, the proposed
method and the HLR-M?*VS method both achieved
excellent results. Additionally, on the
Notting-Hill and COIL-20 datasets,
method achieved performance metrics of over 97%,

clustering

the proposed

surpassing t-SVD-MSC by approximately 9.8% and
11.6% in terms of NMI, respectively. It is noteworthy
that the proposed method also performs well on the
1.0%
improvement in NMI compared to the second-best

larger-scale scene-15 dataset, showing a
method. Overall, most multi-view clustering methods
outperform SC,, indicating that considering multiple
views generally leaded to better performance than using
a single view. Furthermore, it can be observed from
Tables 2 to 8 that the HNLR method achieves second-
best results on most datasets, which can be attributed to
the introduction of a non-convex Laplacian function to
replace the tensor nuclear norm. Additionally, the
proposed method outperforms t-SVD-MSC on almost
HRMSC-DTL

algorithm simultaneously considers intra-view and inter-

all datasets, mainly because the

view correlations and employs tensor logarithmic

determinant functions to approximate the tensor rank,
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thus better extracting high-order information between

different views of multi-view data.
3.4 Visualization analysis

To visually observe the clustering performance of the
HRMSC-DTL t-SNE
method and affinity matrices were employed for

algorithm more intuitively,
visualization analysis on the Yale and ORL datasets in
this study. T-SNE method projected the original

features and consistency affinity matrix of each view to a

three original view features on the Yale dataset, while
(e), (I, and (g) represent the t-SNE visualization of
the three original view features on the ORL dataset. (d)
and (h) show the t-SNE visualization of the ideal
similarity matrices obtained by the HRMSC-DTL
algorithm on the Yale and ORL datasets, respectively.
Different colors indicate different clustering categories. It
can be observed that the HRMSC-DTL algorithm
effectively achieve clustering functionality, with clusters

of different colors tightly clustered together, further

2D space for wvisualization and analysis. The demonstrating the effectiveness of the proposed
experimental results are shown in Fig. 1, where (a), HRMSC-DTL algorithm in terms of clustering
(b), and (c) represent the t-SNE visualization of the performance.
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Fig. 1 Visualization results of t-SNE on Yale and ORL datasets

For the visualization of the affinity matrices as shown in
Fig. 2, it can be observed that larger values tend to
concentrate on the diagonal blocks. Additionally, compared
to the t-SVD-MSC and HLR-M®VS algorithms, the

120 140 16

20 40 60

(a) t-SVD-MSC

80 100 20 40 60

80

(b) HLR-M?*V'S

affinity matrices generated by the proposed HRMSC-DTL
algorithm exhibits clearer block-diagonal structures. It
implies that more discriminative matrix information can be

revealed, leading to better clustering results.
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Fig. 2 Affinity matrices of three clustering methods on Yale dataset

3.5 Parameter sensitivity analysis

The HRMSC-DTL method has three free parameters,
denoted as a, A;, and A,, which needs to be adjusted.
Parameter analysis was conducted on two benchmark

datasets to study the influence of these three parameters on

the accuracy of the HRMSC-DTL algorithm. The ranges
of @, A;, and A, are set to {0.0001,0.001,0.01,0.1,1}.
Different ranges of a, A,, and A, were applied to the
algorithm on different test datasets. The experimental
results are shown in Figs. 3 to 5. In Fig. 3, when the

parameter A, is fixed, the algorithm demonstrates good
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stability when @ €{0.0001,0.001} and A,€{0.1,1}. In

Fig.4, when parameter A, is fixed, good clustering results

can be obtained with different values of a and A,.
However, in Fig.5(a) , when a is fixed, setting both 4,

0.1

0001 20!
) 0.000 1" B

(a) Yale

and A, to 1 leads to poor experimental performance,
indicating the need for more appropriate parameter values
to balance the two factors, which can potentially lead to

better results.

0.1

0.01
0.001
0.000 1 M

(b) ORL

Fig. 3 Sensitivity analysis of « and A, in terms of ACC on Yale and ORL datasets
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Fig. 4 Sensitivity analysis of a and A, in terms of ACC on Yale and ORL datasets
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Fig. 5 Sensitivity analysis of A, and A, in terms of ACC on Yale and ORL datasets

3.6 Ablation study

To further analyze the HRMSC-DTL algorithm, an
ablation study was conducted to investigate the role of
dual tensors mechanism, hypergraph regularization, and
the strategy of replacing the tensor nuclear norm with the

tensor logarithm function. It was evidenced that the
clustering performance of the HRMSC-DTL algorithm
outperformed that of the t-SVD-MSC algorithm. This
was due to the introduction of double tensor mechanism
in HRMSC-DTL algorithm which made full use of the
intra-view correlation of the original tensor and the inter-
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view correlation of the rotated tensor. And hypergraph

regularization can effectively preserve the local

geometric structure embedded in high-dimensional
space. Additionally, it replaced the tensor nuclear norm
with the tensor logarithm determinant function in tensor

space to better enhance the global low-rank property. To

separately study the contribution of these three
components in HRMSC-DTL, three tests were
conducted.

Specifically, the first test involved replacing the
tensor nuclear norm in t-SVD-MSC with the tensor
logarithm determinant function. For simplicity, this test
was denoted as t-SVD-MSC-+w1. In the second test,
an additional term for the nuclear norm of the rotated

tensor was added to t-SVD-MSC. This test was
denoted as t-SVD-MSC+w2. The third test was
denoted as t-SVD-MSC+w3, which
hypergraph regularization to t-SVD-MSC method. The
and the
comparison results in terms of NMI are presented in
Table 9. It can be observed that compared to t-SVD-
MSC,
performance improvement. What's more, the HRMSC-
DTL outperformed t-SVD-MSC in all aspects of
clustering performance. Therefore, the ablation study

introduced

three tests were conducted on all datasets,

three tests all showed a certain degree of

demonstrated the necessity of considering the dual tensor
mechanism, hypergraph regularization, and the tensor
logarithm function in the proposed model.

Table 9 Ablation study: comparison results of HRMSC-DTL and its variants in terms of NMI

Method Yale BBCSport ORL Notting-Hill COIL20 Scenel5 Wikipedia
=SVD-MSC 0.908 0.985 0.993 0.900 0.884 0.858 0.480
t=SVD-MSC+w1l 0.970 0.989 0.994 0.908 0.953 0.921 0.506
=SVD-MSC+w2 0.929 1.000 0.996 0.959 0.898 0.867 0.524
t=SVD-MSC+w3 0.845 0.989 1.000 0.967 0.960 0.895 0.536
HRMSC-DTL 1.000 1.000 1.000 0.989 0.987 0.974 0.539

3.7 Convergence analysis

The convergence of the proposed HRMSC-DTL
algorithm was experimentally validated. Fig. 6 displays
the convergence curves of the proposed method on the
Yale and BBCSport datasets. Based on the algorithmic
process described in Section 2.2, the stopping criteria

o0

N

Stop cirteria
N —

(=)

1 .
100 0 Conditio?

(a) Yale

can be divided into four components: [ X — X' A" —
E(v)”‘rz:’ HA(v) . P(v)”g’ HA(v) . K(v)”‘rz:’ éll’ld HA('U) . B(v)”‘é.
The Z-axis in Fig. 6 represents the values of each error
term for all views. It can be observed that the HRMSC-

DTL algorithm converges to stability around
approximately 40 iterations on average.
-------- TX XA
& e e o P Il A0-Po],.
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£ i
E10
&
/78] GiH
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Fig. 6 Stopping criteria and iteration times of HRMSC-DTL method on Yale and BBCSport datasets

4 Conclusions

A hypergraph regularized multi-view subspace
clustering model with dual tensor log-determinant was
proposed. In this model, replacing the tensor nuclear
norm with the non-convex tensor logarithmic
determinant function can better improve the global low-
rankness of the model. And hypergraph regularization

can effectively preserve the local geometric structure

embedded in high-dimensional space. Additionally,
rotating the original tensor and introducing the dual
tensor mechanism effectively utilized the intra view
consistency of the original tensor and inter view
consistency of the rotated tensor. Finally, an efficient
optimization scheme was proposed to handle the non-
convex problem effectively. Convergence analysis,
parameter sensitivity analysis, and visualization analysis

conducted on seven real datasets demonstrated the
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of the

convergence, parameter stability, and accuracy in multi-

advantages proposed model in terms of
view clustering tasks.

However, the algorithm’ s efficiency is relatively low
for large-scale datasets. To address this limitation, we
will consider implementing anchor sampling algorithms,
known for their speed and efficiency. These algorithms
select vital landmarks to efficiently represent the entire
dataset, reducing computational demands without
compromising performance. Future work will focus on
integrating these methods to achieve a better balance
between clustering performance and computational
complexity, thereby enhancing overall performance of

the proposed algorithm.
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