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Abstract: In visual measurement, high-precision camera calibration often employs circular targets. To address issues in mainstream
methods, such as the eccentricity error of the circle from using the circle’ s center for calibration, overfitting or local minimum from full-
parameter optimization, and calibration errors due to neglecting the center of distortion, a stepwise camera calibration method
incorporating compensation for eccentricity error was proposed to enhance monocular camera calibration precision. Initially, the multi-
image distortion correction method calculated the common center of distortion and coefficients, improving precision, stability, and
efficiency compared to single-image distortion correction methods. Subsequently, the projection point of the circle’s center was compared
with the center of the contour’ s projection to iteratively correct the eccentricity error, leading to more precise and stable calibration.
Finally, nonlinear optimization refined the calibration parameters to minimize reprojection error and boosts precision. These processes
achieved stepwise camera calibration, which enhanced robustness. In addition, the module comparison experiment showed that both the
eccentricity error compensation and the camera parameter optimization could improve the calibration precision, but the latter had a greater
impact. The combined use of the two methods further improved the precision and stability. Simulations and experiments confirmed that the
proposed method achieved high precision, stability, and robustness, suitable for high-precision visual measurements.
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0 Introduction

Camera calibration plays a crucial role in visual
measurement and three-dimensional reconstruction, as its
precision directly affects the final measurement outcomes.
Consequently, research on high-precision and noise-
resistant camera calibration methods continues to be a
primary focus'*. Camera calibration methods are generally
categorized into three types: target calibration methods™”,
and hybrid

Among these, 2D pattern-based target

self-calibration methods™ ™, calibration

methods™"”.
calibration methods are widely used in industrial visual
measurements due to their high precision, robustness, and
cost-effectiveness. Zhang’ s chessboard-based calibration
method"” is the most representative of these methods. It
involves capturing multiple images of the target from
various positions to compute camera parameters based on
the correspondence of corner points. Nonlinear techniques
are subsequently employed to estimate lens distortion
parameters, followed by the optimization of all parameters.
However, the detection of chessboard corners can be

significantly influenced by noise. Subsequent research has
utilized circular targets in place of chessboards, as the
detection of arc centers provides greater precision and better

0L2 - However, when the

resistance to interference
calibration target plane is not parallel to the imaging plane,
the circular profile is projected as an ellipse due to
perspective distortion. Consequently, the projection of the
circle’ s center does not align with the center of the ellipse.
Using the center of the ellipse as the projected center of the
circle for camera calibration leads to errors. To ensure
calibration precision, it is essential to mitigate the impact of
the eccentricity error of the circle"?.

To mitigate calibration errors resulting from the
eccentricity error of the circle, two primary methods are
employed. One method is to directly determine the center
of the true circle projection by adding constraints. Yu et
al. " used encoded concentric rings on a liquid crystal
display (LLCD) to directly determine the coordinates of the
circle’ s center. However, it does not address the reflection
issue of the LCD, which may lead to errors in point

1 [15]

extraction. Wen et al."”’ combined complete and incomplete
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concentric circles, employing photogrammetric techniques
to obtain the true projection point of the circle’s center and
eliminate the eccentricity error. However, this method
requires specially designed irregular targets and is costly.

Liang et al."

used the conjugate polar properties of two
coplanar circles to compute the vanishing line and then
performed camera calibration based on the relationship
between the circle’s center and the imaging absolute cone.
However, this method has lower precision. Another
method

eccentricity error. Datta et al."" introduced regular planar

involves iteratively compensating for the

surfaces to compensate the eccentricity error and iteratively
computed camera parameters. However, this method is
prone to local minima. Lin et al."” employed a two-step
method, starting with coarse calibration, then aligning the
ellipse plane with the target plane, locating the circle
center, and mapping it back for iterative computation. This
method 1s significantly affected by the results of coarse
calibration, leading to instability and local minima. Shen et
al. " examined the impact of lens distortion on the
eccentricity error and developed a compensation framework
that iteratively optimized the projection point of the true
circle center. However, this method simultaneously
optimizes all parameters, which may lead to calibration
errors due to parameter inaccuracies, overfitting, or local
optima.

Generally, the second category of methods offers better
calibration precision due to the use of nonlinear optimization
and iterative algorithms. However, these methods often
treat the principal point (PP) as the center of distortion
(CoD) and optimize all camera and distortion parameters
together, which can cause overfitting among parameters.
Therefore, separating the calibration of distortion
parameters from camera parameters can further enhance
both precision and robustness.

In visual measurement, lens distortion inevitably occurs
with wide-angle lenses due to manufacturing defects or
misalignment of optical components. Typically, the PP

1299 Consequently, correcting

does not align with the CoD'
distortion with respect to the CoD has become a prominent
focus in camera calibration research. Stepwise methods for
camera calibration are of significant research interest. Lens
distortion correction algorithms are currently categorized
into metric and non-metric methods. Metric methods
estimate calibration parameters using predefined calibration

1. Y calculated the CoD in a non-

objects. Hartley et a
parametric form and then determined other calibration
parameters linearly using multiple image sets. However,
this method has relatively low precision. Hong et al."*”

derived the CoD using Hartley's method and employed

point correspondences to determine distortion parameters
and the homography matrix, requiring at least three images
to decompose the camera parameters. Although this method
is efficient, it does not account for the joint estimation of
distortion parameters across multiple images which can
improve calibration precision.

Non-metric methods, however, do not rely on known
reference objects or relationships. Instead, they employ
projection geometry invariants, such as cross-ratios,
linearity, vanishing points, and plane constraints, to
stepwise calibrate distortion coefficients and camera
parameters. Sun et al.”* optimized distortion parameters
using geometric constraints from vanishing points and
linearity, followed by the linear estimation of camera
parameters. However, the vanishing points were derived
from an initial homography matrix, impacting the initial

24 introduced additional

calibration results. Dang et al.
constraints for distortion correction by defining a distortion
measurement function based on coplanar vanishing points,
weighted linearity errors, and cross-ratio invariance. They
performs nonlinear optimization to estimate distortion
parameters and then determines camera parameters through
linear methods. However, the study does not provide a
method for computing initial distortion parameters.
Consequently, the results of nonlinear optimization are
heavily dependent on initial values, rendering them
vulnerable to local minima. These methods use either
checkerboard patterns or circular targets for calibration but
do not account for the eccentricity error of the circle.
Therefore, improvements in camera calibration methods
are required to enhance precision.

As discussed earlier, the compensation for the
eccentricity error of the circle is seldom addressed in
stepwise camera calibration methods. A stepwise camera
calibration method was proposed that included
compensation for the eccentricity error. This method first
calculated a common CoD for multiple images based on the
correspondence between the centers of circle points and
image points. Subsequently, it optimized the radial
distortion fundamental matrix by jointly solving for
distortion coefficients and the homography matrix. The
difference between the projected center of the circle and the
projected center of the circle’ s contour was used as the
eccentricity error, which compensated for the centers of
circle points in the image. This process was iteratively
repeated to optimize the camera’ s distortion parameters and
mitigate the impact of eccentricity error on lens distortion
correction. Finally, distortion correction was applied to the
elliptical contour points in the image. The ellipse center was
fitted using the least squares method and compared to the
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ideal center of the target circle’ s projected contour to assess
reprojection error. The Levenberg-Marquardt (I.-M)
algorithm was then employed for further optimization of
camera parameters, ultimately achieving stepwise
calibration of distortion and camera parameters. Extensive
computer simulations and practical experiments
demonstrated that the proposed method provided high
precision and robustness, making it suitable for precision-

demanding visual measurement applications.
1 Camera model

1.1 Pinhole camera model

The pinhole camera model is illustrated in Fig.1.

Fig.1 Mathematical model of camera

Here, O.X.Y.Z. represents the 3D camera coordinate
system, Owv denotes the 2D pixel coordinate system,
O,XY is the 2D image coordinate system, and O, X, Y, Z,
indicates the 3D world coordinate system. During camera
calibration, the target plane is typically set to Z,=0, so the
homogeneous coordinate of feature points on the target is
denoted as P, (X, Y,,1)". After undistorted perspective
projection, the homogeneous coordinate is P, (u,v,1)".
The relationship between the coordinate is given by

u X,
ol v ZA[rl r, Ty t]ZA[rl s t} Y. |
1 1
i 0w
withA=|0 f, v, (1)
0 0 1

where o is an arbitrary scaling factor; A is the camera
intrinsic matrix, with £, and f; the focal lengths in pixels,
(uy, vy) the coordinates of the principal point; 7; denotes
the ith column of the rotation matrix R, and ¢ is the
translation vector 7. The relationship between world

points and their images can be expressed as
oP,=HP,, withH=A[r, r, t]. ()

1.2 Lens distortion model

Lens manufacturing often results in lens distortion,
necessitating the use of an appropriate distortion model

for precise camera imaging. The most widely used model
is the polynomial model®’, which employs two radial
distortion parameters and two tangential distortion
parameters. However, the latter has minimal impact on
measurement results and can be negligible. Therefore,
this paper utilizes the radial distortion segmentation
model (DM) ", shown as
P,— 0O,
P,—0O,= - y , 3)
14 Ari + Aorg + -

where O,=(du,,dv,,1)" represents the homogeneous

coordinates of the CoD (du, and dv, represent single
symbols); A, and A, are the distortion coefficients; Py is
coordinate on an

the homogeneous image with

distortion, and 7, denotes the distance from P, to O,.
2 Camera calibration method

2.1 Multi-image distortion correction

A multi-image distortion correction method was
proposed based on the methods of Hartley”" and Hong®".
The method first solves for the common CoD across all
images using point correspondences. It then utilizes the
derived linear equations to determine F .(nand subsequently
calculates the mean coefficients and homography matrix to
complete the multi-image distortion correction. This
method facilitates joint correction for multiple images, with
the linear solving method ensuring high computational
efficiency. The principle of this method is briefly described
as follows.

Assuming m calibration images, each image has n feature
points. For the jth point in the ith image, multiply both
sides of Eq. (3) by[O,] _(the anti-symmetric matrix of O,)

and substitute Eq. (2) to get
P;fﬁFrme([,]’): 0, with Fm‘):[Od}XHm- 4).

Forall F,;,, the common left epipole is determined as the
coordinates O, of the common CoD. Next, the homography
matrix and distortion coefficients are computed with the O,
considered as the origin of the coordinate system, i.e.,

0,=(0,0,1)". The transformation matrices before and

after the coordinate system change can be expressed as
T

1 0 —du|
T=|0 1 —duv,| .Itcanbe obtained that
0 0 1

Ptilél<j)Fr(i)Pw(z'A/): 07 Wlth Pd(l',j): Tpd(i,j)’ (5)

Furthermore, F,; can be expressed as

0 —1 0
Fo=[0] =1 o olH,.  ©
0O 0 0
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~ 1ot ot | o 4T LT T
Let Frm*|:f1<z>;f2m?fs<z>:|’ Hm*[hlm; hzm? h3r1'>i|-

The last row of F., is zero, hence Eq. (5) can be simplified
to
A T
. R VAt
[‘Td(z‘,j) ydu,p] o [ | = 0. @)
fZ(z) 1

The matrix Frm

decomposition. It can be obtained that

h’ll‘(i) :.f:_)’(l‘l)’ hgm = _fqu)- (8)

After the coordinate system transformation, Eq. (2)

can be obtained through linear

becomes
Pu,j)Puu,j):Hmpwu:/)- )
Incorporating the DM distortion model, it can be
written as
_ s _
1+ Ao fio ]>+/1 e, /;11()
Oy yd(i,j> = /;zT Py . (10)
1+ /11(1');(;?(1'.]) + Az(:)ﬁ(:,;‘) /ZI( )
1

To eliminate the scale factor p,,, the Eq. (10) can be
simplified to

T T ~2 _
Xd,, sz; fZ(z)Pw(i,j)rd(f,_/) fz d(z])
o
A T ;T ~2
yd([.j)PW(i.j) fl(l)Pw(i,j)rd(i,j) ﬁ wii, d i)
h.. AT
34 f2<i)Pw(z:j>
P o (an
2 o _fl<i)Pw(z',j)
2

By using two distortion coefficients, each image requires
at least three points to solve Eq. (11) for /;3<

After obtaining ﬁm, the
homography matrix for the original image coordinate

. and distortion

coefficients A, and A,

system H;, is calculated by

1 0 du,
H,=T 'H,=|0 1 dv,|H,. (12)
00 1

This process yields the homography matrix H, and
distortion coefficients A,,, and A,,. The average
distortion coefficients Il and 12 are used as the common
distortion coefficients A, and A,, ultimately achieving

linear distortion correction across multiple images.

2.2 Iterative
error of circle

compensation for eccentricity

The eccentricity error of the circle is defined, as
illustrated in Fig. 2. The difference between the circle’s
projection center Pcop, (Represented by the red part) and

the circle contour’ s projection center Py, (Represented
by the blue part) is used as the compensation value 8. The
dashed lines represent the stepwise discretization method ,
where a set of contour points from the model circle is
uniformly selected. The projection points of these contour
points on the distorted image are calculated, and the center

of these projection points is fitted to determine Peppo.

Model Distorted image
— e e
4 PCPD()
L L]
_____ & s
l)l:l” D

Fig. 2 Illustration of eccentricity error of circle
For a given extracted circle center feature point Py, ),
., and the
compensated coordinates of the point are denoted as

the eccentricity error compensation value is &

P j» given by
Idc(z’,j):‘rd 1.' + (3\)((1])

(13)
Yacti) = Va(i) + 0y

Using the multi-image distortion correction method, the

—(0) —(0)

initial values of O,'”, X, , A, , and H!) are computed.

The eccentricity error of the circle, 9, ), is then corrected
using Egs. (2), (3), and (13). The compensated point
Pdc(i,j)

Repeatedly iterate the above process until one of the

is subsequently re-corrected for distortion.

following conditions is satisfied. £ is the iteration count and
£>>0. RMS denotes the root mean square value of a set of
numbers. Threshold, represents the change value of the
deviation of the center of the circle, and the empirical value
15 0.001 pixel. Threshold, represents the change value of
the distance of the distortion center coordinates, and the
empirical value is 0.05 pixel. The optimal O, 4, A,, and
H , are thus obtained.

| RMS( (1)) — RMS(6(,,") | < Threshold,,

Cond.1:

|0, —0,% V| < Threshold,,

Cond.2: k> Maxlters.

2.3 Nonlinear optimization of camera parameters

To compensate for the eccentricity error of the circle,
a new reprojection error is defined, as illustrated in
Fig.3. The dashed line represents the discretized solution
method. Distortion correction is applied to the extracted
elliptical contour points, and the corrected ellipse’ s
center is denoted as Py, (Represented by the red part) .

The equation of the circular model is (x — )’ +(y —
Br=vy,

which  can be written as C=
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(10 —a

0 1 -8 After projection
|—a —p +p =y
transformation, it  becomes the ‘ellipse E=
[« /2 d/2

¢/2 b e/2 | Theformulais given by
Ld/2 e/2 1
SE=H "CH . (14)
Model Undistorted image

Fig.3 [Illustration of reprojection error
Thus, the coordinates of Pcepo of the ellipse E
(Represented by the blue part) can be expressed as
ce — 2bd cd — 2ae
dad — ¢* dad — & |
reprojection error E'p can be written as
E = Pryo — Pevo. (15)

After iterative optimization, the optimal Oy, A,, A,,

Consequently, the

and H;, are obtained, where the homography matrix is

H(i):[hl(i) hoy

constraint of the intrinsic parameter matrix, there is
hiyA A Thy, =0,
higATA Ty = by ATTAT ),

where 7 represents the 7/th image. When i>>3, the camera

, hy, ] Utlizing the orthogonality

i

(16)

parameters A, Ry, and T can be decomposed.
Levenberg-Marquardt (L-M) algorithm minimizes the
reprojection error, thereby optimizing the camera
parameters. The formula is
. m n 2
F(A ’R(z')’T(i)):mlnzzH ERP H . (17)

i=1j=1

2.4 Calibration process

Fig.4 presents the stepwise camera calibration process
incorporating compensation for the eccentricity error of
the circle. The process consists of the five steps.

1) Extract the coordinates of the circle center point,
denoted as P, ;,, from the images. The world coordinates
of the model are P, ;. Compute the radial distortion
fundamental matrix F,;, for each image based on the point
correspondence, and then jointly determine the O,.

2) Optimize F,, using the proposed Eq. (7).
Subsequently, calculate A,;), 4., and H;,, and determine
the mean values 11 and 12.

3) Compute the eccentricity error value &, and
compensate for the circle center error using Eq. (13) .

4) Repeat steps (1) — (3) until one of the conditions
specified in Section 2.2 is satisfied. Upon convergence,
calculate the optimal Oy, A,, A,, and H ).

5) Decompose H(,, to obtain A, Ry, and T.
Subsequently, apply the L-M algorithm to minimize the
reprojection error, as described in Eq. (17), in order to
optimize these parameters and thus complete the camera
calibration process.

Start

‘ Get circle’s center Py ,and P

l

’ Calculate F'

(i, j)* |

‘ Optimize F; |

|

get O,

’ Calculate 4,, 4, Hy, get 4,, 4, | Min | £, [12
l optimize A, R, T},
Compensate for eccentricity error
Poiy=Pui 00y End

Fig. 4 Illustration of stepwise camera calibration process

3 Simulation and experiment

To evaluate the efficacy of the proposed method,
simulations and experiments were conducted by using
several relevant camera calibration methods. By
comparing the errors of camera parameters under varying
noise conditions and utilizing reprojection errors from
test data to assess calibration precision, we aimed to
comprehensively evaluate these methods.

For the method utilizing the DM model, Hong et al.!

calculated distortion parameters and the homography matrix

22]

through point correspondences, and averaged the results
from individual images to determine the final camera
calibration outcome. In contrast, Dang et al.* calculatedd
the common CoD from multiple images and used three
projection invariants as constraints for nonlinear
optimization to obtain distortion parameters, followed by
linear computation of camera parameters. Notably, this
method does not provide initial values for distortion
coefficients, so we used the order of magnitude of these
coefficients as initial values for iterative optimization.
Furthermore, Zhang’s method"”, as one of the most
commonly used camera calibration methods, is necessary
for comparison. Additionally, Shen et al."™ performed
eccentricity error compensation based on Zhang’ s method.
Since both Zhang’s*" and Shen’s"® methods use polynomial
models and optimize all parameters simultaneously without

addressing the differences between CoD and PP locations,
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comparisons are made only for the common aspects.

To validate the efficacy of the multi-image distortion
correction method proposed in Section 2.1, we applied it
for distortion correction without considering the
eccentricity error of the circle compensation and camera
parameter optimization, followed by linear camera
parameter estimation. This method, referred to as
proposed-line due to its linear computation, serves as a

22]

basis for comparison with the methods of Hong”*' and
Dang™. Tt is important to note that proposed-line is not a
complete camera calibration method but it is used solely
for comparison purposes. In practical scenarios,
compensation for the eccentricity error of the circle and
optimization of camera parameters are often necessary.
Therefore, the proposed complete camera calibration
method 1s denoted as proposed-Opt, with its principles
outlined in Section 2.4, and it is compared with other
methods.

To more thoroughly investigate the impact of eccentricity
error compensation and camera parameter optimization on
calibration results, two additional methods were introduced
based on proposed-line. The first method incorporated
eccentricity error compensation (Section 2.2) and was
termed proposed-COC (Center offset compensation) . The
second method included nonlinear camera parameter
optimization (Section 2.3) and was referred to as proposed-
OCP (Optimizing camera parameters) . These methods are
compared with both proposed-line and proposed-Opt in
module comparison experiments to assess the influence of

each factor on calibration results.
3.1 Computer simulation

The specifications of the directional array circular target
are 9X9 circles, with a large circle radius of 9 mm, a small
circle radius of 6 mm, and a center-to-center distance of
18 mm. The simulated camera has an image resolution of
2 448X 2 048 pixels, with scaling factors f,=3 600 and f,—=
3600. The PP and CoD are aligned at (1 224, 1024). The
lens distortion parameters are set to A, =—5.0X
10" pixel * and A,=5.0 X 10 " pixel *. The target is
positioned approximately 300 mm from the camera and
rotated within =45° along the camera axis. A total of 40
simulated target images with varying positions and angles
were randomly captured, with 20 images designated for
calibration data and the remaining 20 used for test data. The
center and contour features of the circles were extracted.
Some simulated images are shown in Fig.5. Gaussian noise
with a mean of O and a standard deviation of ¢ was added to

the distortion points.

(c) Image 3

Fig.5 Sample simulated target images
The estimated distortion parameters are evaluated by
comparing them to the true values and calculating the
relative errors. Additionally, the re-projection error is
assessed using the difference between the circle center
and the ideal

points P, (.- The mean re-projection error is computed

projection point measurements Peopp (i)

to evaluate calibration precision, as expressed by

m

_ 1 n D 2
Erms_ 7221:1 HPL‘()I)I)‘([,j)_PU’LI(‘,(I,])” . (18)

mn =
This study investigated the impact of various Gaussian

noise levels on calibration parameters and E ... The noise
levels range from 0.1 pixels to 2.5 pixels, with a step size of
0.1 pixels. For each noise level, 50 independent
experiments were conducted , and the average values were
taken as the results for each noise level.

3.1.1 Comparison of distortion correction simulations

Fig. 6 illustrates the relative error results of distortion
parameters for four methods under various noise levels. All
methods utilize the DM model. As noise increases, the
relative errors of all distortion parameters gradually
increase. Clearly, the proposed-Opt method outperforms
the other three methods in terms of relative error of
distortion parameters. When the noise level 6=1 (close to
natural noise levels) , the relative errors of du, and dv, are
both below 3.1% , and the relative errors of A, and A, are
below 0.3%. This demonstrates that the proposed-Opt
method has better precision and robustness against noise
interference.

Compared to the other three methods, Hong’ s method ,
which simply averages the calibration results of single
images, is more susceptible to noise. At a noise level of =
1, the relative errors of CoD and distortion coefficients are
approximately 5.8% and 15.4%, respectively, indicating
lower robustness. The proposed-line method, employing
multi-image distortion correction, shows better levels and
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variations of relative errors for distortion parameters
compared to the previous method. When the noise level is
o=1, the relative errors of CoD and distortion coefficients

20
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are within 5.0% and 8.5%, respectively, proving that the
multi-image distortion correction method offers high
precision and robustness.
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Fig. 6 Relative error of distortion parameters across methods at different noise levels

With the initial values provided in this study, Dang’s*"
method yields results similar to those of the proposed-line

4 method involves nonlinear

method. However, Dang’s
iterative computation of distortion coefficients, which can
lead to local minima and unstable results. Additionally,
nonlinear iterations are more complex and time-consuming.
In contrast, the proposed-line method does not require

nonlinear iterations and is more efficient.

3.1.2 Comparison of camera calibration simulations

Table 1 presents the simulated calibration results
using different methods without noise. It is evident that
the parameters obtained using the proposed-Opt method
are very close to the true values, with /;, f,, 4;, and A,
matching the true values exactly, while other parameters
are also close to the true values.

Table 1 Simulated calibration results for different methods without noise

Method /./pixel f./pixel u,/pixel v,/ pixel duy/pixel dv,/pixel /e pixel 2 2,/e " pixel *
Ground truth 3600 3600 1224 1024 1224 1024 -5 5
Hong'? 3567.79 3567.71 1225.01 1022 1289.77 950.02 —4.62 4.44
Dang'"! 3569.81 3569.83 1224.52 1021.22 1247.63 1002.96 —4.92 455
Zhang""’ 3600.22 3600.21 1224.17 1023.96 — — — —
Shen!'™ 3599.98 3599.98 1224.04 1024.05 — —
Proposed-Line 3569.48 3569.6 1224.53 1021.81 1247.62 1002.96 —4.91 4.63
Proposed-Opt 3600 3 600 1224.03 1023.98 1224.17 1023.86 —5.00 5.00

This demonstrates the high computational precision of
the method. Additionally, although Zhang’ s"” and
Shen’ s methods use different parameter models, the
camera parameters from both methods show relatively
small errors. This indicates that full-parameter iterative

optimization can achieve high computational precision to

some extent, and Shen’ s

method, which compensates
for the eccentricity error of the circle, provides calibration
results closer to the true values. A detailed examination of
Shen’s" camera parameters reveals that compared to the
proposed-Opt method, Shen’s method"® exhibits relatively

larger errors. This suggests that Shen’s"* full-parameter
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optimization camera calibration method may produce
overfitting errors, leading to locally optimal solutions in the
presence of parameter errors, thereby proving that stepwise
camera calibration has higher robustness.

In contrast, the calibration results of the proposed-line
method are closer to the true values than those of Hong’ s**
method, further demonstrating the superior precision of the
proposed multi-image distortion correction method. The
proposed-line method yields results similar to those of
g2l

Dang’ s method. Both methods compute the CoD using
the same principles, with the former employing linear
distortion coefficient solutions and the latter using nonlinear
optimization. This comparison confirms that, although the
precision of the former method is similar to that of the
latter, it has higher computational efficiency.

To evaluate the -calibration results of different
methods more clearly, the average reprojection error for
20 test images are calculated under varying noise levels,

as shownin Fig.7.
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Fig. 7 Average reprojection errors for different methods at

various noise levels

It is evident that the proposed-Opt method achieves
the lowest average re-projection error compared to other
methods, demonstrating that the calibration method
outlined in Section 2.4 results in high precision and
enhanced robustness. In conjunction with Fig. 8, with
error bars indicating the standard deviation, when the
noise level ¢ =1 (close to natural noise levels), the
proposed-Opt method achieves higher precision with a
re-projection error of only 0.050 pixels. This error is
26.47% lower than that of Shen’ s method, highlighting
the greater robustness and improved precision of the
stepwise camera calibration method. Compared to the

1) method, which does not account

traditional Zhang’ s
for the eccentricity error of the circle, the proposed-Opt
method reduces the re-projection error by 89.41%. The
smaller standard deviation indicated by the error bars

further supports that compensating for the eccentricity

error of the circle results in high precision and enhanced
stability. Among the three methods discussed, all of
which utilize nonlinear optimization for calibration
parameters, the re-projection errors are lower than those
of other methods, indicating that nonlinear optimization

contributes to higher calibration precision.
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Fig. 8 Test errors for different methods when =1

When o =1, the proposed-line method reduces the
reprojection error by 63.5% compared to the Hong’ s/
method, demonstrating high precision in multi-image
distortion correction. The reprojection error of the
proposed-line method is similar to that of the Dang’ s'*"
method, but the standard deviation is 46.38% lower,
indicating that the proposed-line method achieves a
nonlinear level of distortion correction through linear
computation, providing both high efficiency and greater
stability.

In summary, the proposed-Opt method offers improved
robustness and precision compared to the Shen 5** method,
demonstrating that stepwise camera calibration is more
robust than full-parameter optimization methods. The
proposed-Opt method shows high precision and more stable
results than the Zhang’s"”' method, highlighting the critical
importance of compensating for the eccentricity error of the
circle in camera calibration. The proposed-Opt method
incorporates both bias compensation and nonlinear
optimization, resulting in significantly better outcomes than
the proposed-line method. The proposed-line method

[22]

outperforms the Hong’ s** method in precision, and

surpasses the Dang’s™ method in stability and
computational efficiency, proving that the proposed multi-
image distortion correction algorithm achieves superior
precision, stability, and computational efficiency.
3.1.3 Comparison of camera calibration module simulations
To further investigate the impact of compensating for the
eccentricity error of the circle and optimizing camera
parameters on camera calibration results, a series of module

comparison experiments were conducted.
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Table 2 presents the relative errors of the simulated

results for different methods when s=1.

Table 2 Relative errors of simulated results for different methods when =1

Method Eq/% Ey/% Eo/% E, /% E 40/ % E 0/ % E;, /% E,/%
Proposed-Line 0.85 0.85 0.22 0.50 0.82 5.00 2.80 8.40
Proposed-COC 0.04 0.05 0.09 0.09 0.35 2.89 0.33 0.38
Proposed-OCP 0.03 0.03 0.04 0.49 0.70 3.57 1.67 6.08
Proposed-Opt 0.00 0.00 0.04 0.39 0.32 2.94 0.34 0.36

Test errors for proposed different methods when o=1

are shown as Fig.9.
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Fig. 9 Test errors for proposed different methods when =1

Combining with Fig. 9, the proposed-line method,
which does not account for the eccentricity error of the
circle or camera parameter optimization, exhibits very
large relative errors, with the maximum A, being 8.40%.
The proposed-COC method, which
compensation for the CoD, demonstrates a lower

incorporates

relative error in distortion parameters compared to the
and proposed-OCP methods. The
reprojection error for this method is 0.125 pixels, which
is 81.48% less than that of the proposed-line method,
indicating that compensating for the eccentricity error of

proposed-line

the circle improves result precision. The proposed-OCP
method
parameters and a smaller average reprojection error

shows lower relative errors in camera
compared to both the proposed-line and proposed-COC
methods, with an average reprojection error of
0.093 pixels, reduced by 86.22% compared to the
proposed-line method. It underscores the importance of
camera parameter optimization following distortion
correction. Additionally, this method outperforms the
proposed-COC method in terms of reprojection error
and standard deviation, suggesting that nonlinear
optimization can significantly enhance calibration results
compared to eccentricity error compensation, though the
latter should not be disregarded. The proposed-Opt
method, which integrates both compensation for the
eccentricity error of the circle and camera parameter

optimization, achieves the smallest average reprojection

error and standard deviation at 0.050 pixels and 0.002

pixels, respectively, demonstrating its superior

precision and robustness.
3.2 Real experiment

The used camera was the Basler aceU-acA2440-35 um
with a resolution of 2 448 X 2 048 pixels and a pixel size of
3.45 pm. The lens employed was the Basler C23-1616-2M-
S with a focal length of 12 mm and a working distance of
approximately 300 mm. The used target was the same as
described in the simulation experiments, featuring a
directional array of circular targets. The targets were evenly
placed at different positions within the camera’s field of
view, capturing 20 images for camera calibration, followed
by another 20 images as test data to evaluate the calibration
results. The physical image of camera calibration is shown
in Fig.10.

* e 0
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. Camera ® ® o o o o o Target
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Fig. 10 Physical image of camera calibration

In the experiment, the acquired test target images
were preprocessed. Subpixel detection methods™” were
used to obtain the circular contours, and least-squares
fitting was applied to determine the coordinates of the
circle’ s center. To compensate for the eccentricity error
of the circle and precision evaluate the camera calibration
results, the average re-projection error is calculated
using Eq. (15) from Section 2.3. The formula for
calculating the average re-projection error is

1 =
E..= 227.1:1 ||PEL'(),(1',j)_PCP(),(I',j)HZ - (19)
mn — J

3.2.1 Comparison of camera calibration experiments
Table 3 presents the calibration results for different

methods. It is evident that the calibration parameters for
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Shen’s" and proposed-Opt methods are similar, indicating
that the proposed-Opt method achieves a level of

performance comparable to Shen’s" method in practical
camera calibration.

Table 3 Calibration results for different methods

Method 1./ pixel J/,/pixel u,y/pixel v,/ pixel duy/pixel  dv,/pixel A Ay
Hong'? 3590.49 3589.59 1236.80 982.35 1226.71 958.16 —5.58¢ “pixel * 5.48¢ " pixel *
Dang'®"! 3559.97 3559.79 1237.81 981.99 1215.90 970.48 —5.38¢ pixel ? 4.92¢ " pixel *
Zhang""! 3597.25 3597.05 1241.06 980.68 — — —0.073 mm " ? 0.10mm *
Shen!*® 3613.67 3613.32 1240.90 980.29 — — —0.0741 mm~* 0.10 mm~*
Proposed-Line 3544.54 3 544.04 1236.69 980.27 1215.90 970.48 —5.64e ?pixel * 5.60e ' pixel *
Proposed-Opt 3609.70 3609.42 1239.97 983.89 1215.47 965.65 —5.71e “pixel * 5.79¢ " pixel *

To evaluate the -calibration results of different
methods, 20 images were used as test data. As shown in
Fig. 11, the test errors obtained using various methods
are presented, with error bars indicating the standard

deviation.
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Fig. 11 Test errors for different methods

Fig. 12 shows the feature point errors for different
methods. Consistent with the simulation experiment
conclusions,  the

eccentricity error compensation

incorporated into Shen’ s"¢
Opt  method

specifically 0.072 pixels and 0.060 pixels, respectively.

method and the proposed-

results in low reprojection errors,
The reprojection error of the proposed-Opt method is
16.67% lower than that of Shen’s"* method, indicating
high calibration precision. However, as observed in
Fig.12(d) and 12 (f) , feature point errors from Shen’s"®
method are more dispersed and affected by noise or
outliers, demonstrating that stepwise camera calibration
yields higher precision and robustness compared to full
parameter optimization methods. The proposed-Opt
method reduces the reprojection error by 66.10% and the
standard deviation by 66.67% compared to Zhang’ s"”
method,

eccentricity error of the circle enhances both calibration

confirming that compensation for the
precision and stability. All three methods outperform
other methods in terms of reprojection error, indicating
that nonlinear optimization of calibration parameters

generally leads to higher precision in calibration results.
As seen in Fig.11, the reprojection error and standard
deviation of the proposed-line method are better than
those of Hong’ s method and comparable to Dang’ s
method, suggesting higher precision. The proposed-line
method achieves performance equivalent to Dang’ s**
nonlinear optimization through linear computations,
indicating higher computational efficiency. Additionally,
Fig.12(a), 12(b), and 12(e) demonstrate that feature
point errors for the proposed-line method are more

S[ZZ} and Dang’ 5[241

concentrated compared to Hong’

methods, suggesting greater stability. This evidence

supports that the multi-image distortion correction

method proposed in Section 2.1 offers improved

precision, robustness, and computational efficiency.

3.2.2 Comparison for camera calibration module
experiments

Fig.13 shows the test errors for the different proposed
methods. The proposed-COC and proposed-OCP
methods, which individually address the compensation
for the eccentricity error of the circle and camera
parameter optimization, demonstrate a reduction in
average reprojection error of 56.91% and 57.98%,
respectively, compared to the proposed-line method. It
indicates the efficacy of these algorithms in improving
camera calibration. The proposed-OCP method yields
slightly better results than the proposed-COC method,
suggesting that nonlinear optimization of camera
parameters has a more significant impact on the results,
while compensation for the eccentricity error of the circle
also plays an important role.

Undoubtedly, the proposed-Opt method achieves
superior calibration precision and robustness due to its
simultaneous compensation for the eccentricity error of
the circle and optimization of camera parameters.
Among the methods evaluated, it reduces the
reprojection error and standard deviation more
significantly, with reductions of 68.09% and 75.00%,

respectively, compared to the proposed-line method.
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Fig. 12 Feature point errors for different methods
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Fig. 13 Test errors for different proposed methods

4 Conclusions

A stepwise camera calibration method was proposed
that incorporated compensation for the eccentricity error
of the circle. Firstly, a multi-image distortion correction
method was introduced, which accounted for the
position of the CoD and coefficients, enhancing the
precision, stability, and computational efficiency of the
distortion correction. Moreover, the method iteratively
compensated for the eccentricity error of the circle,
leading to improved calibration precision and stability.

Finally, stepwise calibration of distortion parameters
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and camera parameters was achieved, avoiding
excessive model parameters that could lead to overfitting
errors or local optima, thereby increasing the robustness
of the calibration results. Furthermore, the impact of
compensating for the eccentricity error of the circle and
the nonlinear optimization of camera parameters was
investigated on camera calibration. Experimental results
demonstrated that both factors positively influenced
camera calibration, with the latter having a more
significant effect. When both methods were applied
simultaneously, the precision and stability of camera
calibration were further enhanced. Results from both
simulated and real experiments validated the proposed
method’ s superior precision, stability, and robustness.
In real experiments, the proposed method demonstrated
a reduction in reprojection error of 66.10% and 16.67 %
compared to the traditional methods introduced by Zhang
and Shen, respectively. This significant improvement
highlighted the method’ s superiority, making it suitable
for applications in high-precision visual measurement

fields.
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