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Abstract: Accurately simulating water flow movement in vadose zone is crucial for effective water
resources assessment. Richards' equation, which describes the movement of water flow in the vadose zone,
is highly nonlinear and challenging to solve. Existing numerical methods often face issues such as numeri-
cal dispersion, oscillation, and mass non-conservation when spatial and temporal discretization conditions
are not appropriately configured. To address these problems and achieve accurate and stable numerical
solutions, a finite analytic method based on water content-based Richards' equation (FAM-W) is proposed.
The performance of the FAM-W is compared with analytical solutions, Finite Difference Method (FDM),
and Finite Analytic Method based on the pressure Head-based Richards' equation (FAM-H). Compared to
analytical solution and other numerical methods (FDM and FAM-H), FAM-W demonstrates superior accu-
racy and efficiency in controlling mass balance errors, regardless of spatial step sizes. This study introduces
a novel approach for modelling water flow in the vadose zone, offering significant benefits for water
resources management.
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Introduction

The vadose zone is a critical component of the
Earth's hydrological cycle (Vereecken et al. 2022).
Extending from land surface to water table, this
zone plays a pivotal role in various environmental
processes, including groundwater recharge, evapo-
transpiration, pollutant transport, and ecosystem
functioning (Li et al. 2019). Accurately simulation
of water flow is essential for effective water
resource management and environmental protec-
tion (Tu et al. 2020; Wang et al. 2021). However,
solving Richards' equation, which describes water
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movement in the vadose zone, presents significant
challenges due to its highly nonlinear nature
(Berardi et al. 2023b; Sun et al. 2024; Zhang et al.
2020; Zhang et al. 2018). The nonlinear parame-
ters of Richards' equation further complicate its
solution (Berardi et al. 2023a), making the analyti-
cal methods impractical and limiting their applica-
bility to specific, simplified scenarios (Timsina,
2024). As a result, advanced numerical methods
are required to address these nonlinearities in both
the equation and associated parameter estimation
(Younes et al. 2022; Ren et al. 2021; Wang et al.
2019).

Richards' equation can be expressed in three
different forms: Pressure head-form, mixed-form,
and water content-form (Berardi and Difonzo,
2022). Each form has advantages and disadvan-
tages depending on simulation scenarios. The
widely used pressure head-form is suitable for
simulating water flow in soils with varying satura-
tion levels, from fully saturated to partially satu-
rated. However, Zha et al. (2019) noted that this
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form significantly reduces computational effi-
ciency when applied to dry soils with low water
content. The pressure-head, which represents the
negative pressure exerted by the soil matrix on soil
water due to capillary and adsorptive forces
(Haverkamp et al. 2016), often leads to significant
mass balance errors due to the highly nonlinear of
the soil water retention curve (Zha et al. 2017).
The mixed-form of Richards' equation better
controls mass balance errors, as demonstrated by
Zhang et al. (2016). Suk and Park (2019) enhanced
the mixed-form by employing a Picard iteration
method alongside finite difference and finite
element methods, effectively mitigating the mass
balance errors. Nevertheless, Zha et al. (2013)
identified significant computational errors when
using the mixed-form for infiltration processes in
dry soils. The water content-based Richards' equa-
tion is frequently used in meteorology due to its
effectiveness in controlling mass balance errors,
even with larger spatial step sizes (Zeng and
Decker, 2009). It also exhibits high numerical
stability (Shen and Phanikumar, 2010) and reduces
computational time, making it advantageous for
large-scale meteorological modelling.

Currently, the Finite Element Method (FEM)
and Finite Difference Method (FDM) are the most
commonly used numerical methods for solving
Richards' equation (Zhang et al. 2015). FEM
employs shape functions to discretize the domain,
offering flexibility in handling complex geome-
tries. FDM, which directly discretizes the equation
using a grid, is straightforward and easy to imple-
ment for regular grids. However, both methods
have inherent limitations, including numerical
dispersion, numerical oscillation, and mass non-
conservation when inappropriate spatial and
temporal discretization conditions are applied
(Celia et al. 1990). To address these issues,
researchers have developed improved numerical
methods (Kirkland et al, 1992; Suk and Park,
2019; Szymkiewicz, 2009). In the 1980s, Chen and
Chen (1984) introduced the finite analytic method
(FAM), which preserves the physical characteris-
tics of the original problem and provides mono-
tonic, oscillation-free, and robust stability (Civan,
2009). Zhang et al. (2015) applied FAM to the
pressure head form (FAM-H), demonstrating supe-
rior accuracy compared to FDM. However, as a
non-mass conservation method, FAM-H does not
guarantee mass balance (Tsai et al. 1993). Zhang et
al. (2016) extended FAM to the mixed-form (FAM-
M) and yielded the highest accuracy among FDM
and FAM-H. Nevertheless, FAM-M introduce
errors when simulating soil moisture in dry condi-
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tions (Zhang et al. 2021).

Given the advantages of the water content-based
Richards' equation in representing infiltration
processes, no study has applied FAM to this form.
This study aims to fill that gap by developing a
Finite Analytic Method (FAM) for the water
content-based Richards' equation (FAM-W). The
study first derives the finite analytical computa-
tional format for the equation and evaluates its
accuracy against analytical solutions. Since FDM
and FEM yield comparable accuracy in simulating
soil water content movement in the vadose zone
(Gottardi and Venutelli, 1993), FEM is not
employed here. Instead, numerical solutions from
FAM-W are compared with those from FDM and
FAM-H. Local and mass balance errors of the
three numerical methods are also quantitatively
analysed. This research introduces a novel
approach for simulating water movement in the
vadose zone, offering significant benefits for water
resource management.

1 Description of the model

1.1 Derivation of FAM-W

The governing equation for the water content-
based Richards' equation is expressed as:

00 ae} 9K (0)

o 7o 1

Where: 6 represents the soil water content
oh

(cm’/cm’), D) =K (G)% is the hydraulic diffu-

sivity (cm’/h), and K(6) is the unsaturated

hydraulic conductivity (cm/h), which used the

Gardner model to describe (Gardner, 1958), z

denotes the vertical dimension with the upward

direction designated as positive. Further, the unsat-
urated hydraulic conductivity K () is given by:
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Where: K, is the saturated hydraulic conductivity
(cm/h), and 6, and 6, are the saturated and residual
soil water content (cm’/cm’), respectively. & is the
pressure head (cm), and « is a soil index parame-
ter related to the pore-size distribution (1/cm).
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As a consequence, Eq. (1) can be expressed as:
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Where: x; =« and x, = AK . Eq. (6) can be

expressed as:
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Eq. (7) can be expressed as:
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By discretizing the equation for a local element
as illustrated in Fig. 1 (modified from Zhang et al.
2015), the equation becomes:
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Fig. 1 Domain and local element of the FAM (modi-
fied from Zhang et al. (2015))

6" (z) = b, +b26232—%z (11)

Constants b, and b, in Eq. (12) can be deter-
mined for each local element as:
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According to Zhang et al. (2015), the following
computational format can be obtained:

o = N i 1)+
[1+th(BA2)] , . Y iy
TO"(Z— 1)+ mgn (l) (14)
Where:
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1.2 FAM-H and FDM

To evaluate the performance of FAM-W, we
compare it with the results from FAM-H (Zhang et
al. 2015) and FDM (Celia, 1990). First, we derive
the computational format of FAM-H, The equa-
tion for FAM-H is expressed as:
oh 0 oh| OK(h)

Where: C (h) = df/dh represents the specific mois-
ture capacity function (1/cm), h is the pressure
head (cm), K(h) is the unsaturated hydraulic
conductivity (cm/h).

K (h) = K exp(ah) 17
Using Kirchhoff transformation, Eq. (16)
becomes:
C(h)@_@+dK(h) 1 6_u (18)
K(hyot 022 dh K(h) 0z

According to Zhang et al. (2015), the following
computational format for FAM-H is obtained as:

Lo [1=th(BAD)] , .
u"(i) B S u'(i+ 1)+
[1+th(BAz)] , . A .
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Where:
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~ 2K(h) dh h

Boundary conditions are incorporated using a
forward difference scheme with second-order
approximation (Eq. 22).

06
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Each node within the computational domain
obtained the computational format of Egs. (14) and
(19), along with the boundary conditions, to form a
system of equations. The numerical solutions 6" (i)
can be obtained using the Successive Over-Relax-
ation (SOR) method, which iterates until conver-
gence. For a detailed derivation of FDM, please
refer to the paper by Celia et al. (1990).

1.3 Evaluation of the model

To evaluate the computational accuracy of FAM-
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W, it was compared to the results of analytical
solutions which serve as reference values. A
number of studies have derived analytical solu-
tions for simulating soil moisture in the vadose
zone. Among these, Srivastava and Yeh (1991)
proposed a widely-used solution for vertical infil-
tration in homogeneous, one-dimensional soil. This
study employs their analytical solution as the
benchmark for evaluating these numerical meth-
ods. For the analytical solution, the soil is homoge-
neous and its properties are defined as follows:
Thickness = 1 m, bulk density = 1.4 g/cm’, poros-
ity = 0.4, saturated hydraulic conductivity = 1 cm/h,
and a= 0.06 cm . The flux at the upper boundary
is initially set to 0.1 cm/h. Once the soil profile
reaches a steady state, we take the soil water
content along with the soil profile as the initial
condition. Then, the flux at the upper boundary is
changed to be 0.9 cm/h, with the lower boundary
saturated. The numerical performances of FAM-H,
FAM-M, and FDM are evaluated under different
spatial step conditions (Az=1, 2, and 5 cm), with
results compared to with the analytical solution.
Local errors (Eq. 23) and mass balance errors (Eq.
24) are calculated to analyze the accuracy of each
method.

9 b t N
(S(Z, t) — (1 _ (Z )numcmal ) % 100% (23)
Q(Z’ t)analyl[ral

t 0 )
(M numerical M numerical

t —
( analytical M analytical )

e(t) = {1 - x100%  (24)

Where: 0(z, ) umerica a0 02, V) gnaryricr T€PrEsent the
soil water content from the numerical model and
analytical solution, respectively. M° . = and
M, ... are the initial mass and the mass at the
time ¢ of numerical results in the domain, respec-
tively. M, ... and M, ., are the initial mass

and the mass at the time ¢ of analytical solution in
the domain, respectively.

2 Results

2.1 Comparison with analytical solu-
tion and the results of FAM-M, FAM-H,
and FDM

Fig. 2 displays the numerical solutions obtained
from FAM-W, FAM-H, FDM, and the analytical
solution. As shown in Fig. 2(a), when the spatial
step size is set to 1 cm, all three methods yield
satisfactory numerical results. However, when the
spatial step size increased to 2 cm, the results of
FAM-W are more accurate than those of FAM-H
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and FDM. This trend becomes more pronounced as
the spatial step size is further increased to 5 cm.
These findings indicate that FAM-W is less sensi-
tive to the changes in spatial step size compared to
FAM-H and FDM. At a spatial step size of 2 cm,
the results of FAM-H tend to overestimate the
analytical solution, while FDM underestimates it
(Fig. 2(b)). At 5 cm, the overestimation by FAM-H
and underestimation by FDM are more evident
(Fig. 2(c)). Moreover, the errors of FDM are
significantly larger than those of FAM-H, indicat-
ing that FDM is more sensitive to variations in the
spatial step size.

2.2 The local errors of FAM-M, FAM-H,
and FDM

Figs. 3, 4, and 5 provide a quantitative comparison
of local errors in the soil profiles obtained from
FAM-W, FAM-H, and FDM.

FAM-W: As seen in Fig. 3(a), the maximum
local error of FAM-W does not exceed 1.5%. The
errors primarily occur during the initial stages of
infiltration but decrease rapidly over time, indicat-
ing that FAM-W produces highly accurate numeri-
cal solutions. All local errors are positive, suggest-
ing that FAM-W slightly underestimates the
analytical solutions. The maximum local error
occurs at 91 cm at t=1 h, at 63 cm at t=5 h, at 21
cm at t=20 h, and at 1 cm at t=100 h. This shows
that the largest local error is typically found at the
wetting front of the infiltration. Figs. 3(b) and 3(c)
show similar distributions of local error. As the
spatial step size increases, the maximum local
errors also increase. For example, at the spatial
step size of 5 cm, the maximum local error reaches
6.1%.

FAM-H: Fig. 4(a) shows that FAM-H results in
considerable local errors during the initial stages of
infiltration process, which decrease over time. The
positive local errors suggest that FAM-H underes-
timates the soil moisture compared to those of the
analytical solution. As illustrated in Fig. 4(a), the
maximum local error did not exceed 3.5% during
the initial stage. As shown in Figs. 4(b) and 4(c),
the maximum local errors increase as the spatial
step size grows. For example, at the spatial step
size of 5 cm, the maximum local error reaches
20.0%.

FDM: Fig. 5(a) demonstrates significant local
errors in FDM at the initial stages of infiltration,
with these errors gradually decreasing over time.
The negative local errors indicate that FDM over-
estimates the analytical solution. The largest local
error shown in Fig. 5(a) exceeds 6% that occurs in

http://gwse.iheg.org.cn
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Fig. 2 Comparison of pressure head obtained from FAM-W, FAM-H, and FDM with analytical solution (AS) at

spatial step sizes of 1 cm (a), 2 cm (b), and 5 cm (c), respectively
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Fig. 3 Comparison of local error profiles obtained from FAM-W at grid sizes of 1 cm (a), 2 cm (b), and 5 cm (c),

respectively

the initial infiltration stage. As shown in Figs. 5(b)
and 5(c), local errors increase with larger spatial
step sizes. At 5 cm, the absolute value of the maxi-
mum local error exceeds 30%. These results high-
light that FDM performs satisfactorily only when

http://gwse.iheg.org.cn

smaller spatial step sizes are used. The above-
mentioned results indicate that, compared to FAM-
H and FDM, FAM-W demonstrates superior
control over local errors and yields more accurate
numerical solutions.
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Fig. 5 Comparison of local error profiles obtained using FDM at grid sizes 1 ¢cm (a), 2 cm (b), and 5 cm (c)

2.3 The mass balance errors of FAM-W

and FAM-H

FDM has the largest local errors compared to FAM-
M and FAM-H, we focus on comparing the mass
balance errors between FAM-W and FAM-H. The
results of mass balance errors for FAM-W and

To further evaluate the performance of FAM-W, FAM-H are shown in Fig. 6. For FAM-W, Fig. 6a
the mass balance errors are also calculated. Since shows the mass balance errors decrease over time.
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The maximum absolute mass balance error does
not exceed 1.5% when the spatial step size is 1 cm.
As the spatial step size increases, the maximum
mass balance error increases, reaching 6% at a
spatial step size of 5 cm. The mass balance errors
for FAM-H follow a similar trend but are gener-
ally larger than those of FAM-W. The maximum
mass balance errors for FAM-W are 1.23%,
1.88%, and 5.11% at spatial step sizes of 1 cm, 2
cm, and 5 cm, respectively. In contrast, the maxi-
mum mass balance errors for FAM-H are 1.90%,
4.67%, and 13.79% for grid sizes of 1 cm, 2 cm,
and 5 cm, respectively. These results suggest that
FAM-W has better control over mass balance
errors than FAM-H.

3 Discussion

Examining the local errors, it is observed that the
maximum local error across the three methods
occurs at the wetting front. This finding indicates
that all methods experience errors in regions where
there are significant gradient variations during the
infiltration process. According to Kumar et al.
(2023), the accuracy of FDM in simulating soil
moisture dynamics is constrained by its nonlinear
character. FDM solves differential equations by
approximating derivatives with finite differences.
However, the error associated with employing

finite differences to calculate proves to be a

limitation of FDM. The accuracyzof FDM is highly
sensitive to grid size, with coarse grids resulting in
greater discrepancies. When the grid is too coarse,
truncation errors increase because the derivative
approximation becomes less precise. For instance,
FDM struggles to maintain low local errors, as
shown in Fig. 5, where the maximum local error
exceeds 30% at a spatial step size of 5 cm. There-
fore, FDM can only yield satisfactory results when
both time and spatial steps are sufficiently small,

ES

g

é -2

T% dz=1 cm
o 4 dz=2 cm
£ dz=5 cm
=

76 " " " "
20 40 60 80 100

Time/h

as shown in Fig. 2a.

FAM-H, which uses the Kirchhoff transform,
0K (h)

0z ’
making it less sensitive to spatial step size than
FDM. However, FAM-H generally has larger local
and mass balance errors compared to FAM-W.
This is primarily due to the high non-linearity of
C(h) and K (h) in the Richards' equation (Zha et al.
2013) and the use of finite difference method for

Oh
calculating the C(h)E term in FAM-H, which

leads to large truncation errors when larger spatial
steps are used (Zhang et al. 2016). On the other
hand, FAM-W provides the highest accuracy in
numerical solutions and better control over mass
balance errors, especially for larger grid sizes. This
is due to the fact that the water content-based
Richards' equation is inherently mass-conservative
and less non-linear in terms of inter-nodal aver-
aged hydraulic diffusivity, which reduces numeri-
cal difficulties (Zeng et al. 2018).

does not involve the computation of the

4 Conclusion

In this study, we developed a finite analytic
method based on the water content-based Richards'
equation (FAM-W) to simulate water flow in the
vadose zone. This new approach enriches the
theory of FAM. A comparative analysis was
conducted to evaluate the performance of FAM-W
in relation to analytical solutions and numerical
solutions (FAM-H and FDM). All three methods
exhibit errors when simulating the infiltration
process at the wetting fronts. However, FAM-W
delivers the most accurate numerical solutions for
simulating the movement of the water flow in the
vadose zone. The performance of FAM-H is the
second-best, while FDM shows the poorest perfor-
mance. FAM-W demonstrates the least sensitivity
to temporal and spatial step sizes, followed by

20

(b)

—_ —_
(=) W
T T

W
T

Mass balance error/%

20 40 0 80 100
Time/h

Fig. 6 Comparison of mass balance errors obtained using FAM-W (a) and FAM-H (b) at grid sizes of 1, 2, and

5 cm
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FAM-H, while the FDM method is the most sensi-
tive to the step size. In addition, the FAM-W
method offers better control over mass balance
error.
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