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Abstract: In relational database normalization theory,
identifying all keys and prime attributes is essential yet
highly challenging. It has been shown that the prime
attribute problem is nondeterministic polynomial-time
complete ( NP-complete ). Additionally, the maximum
number of keys in a relation scheme is exponential in the
number of attributes. These conclusions hold when the
normal form is unknown, and when the normal form is
known they may change. For instance, when a relation
scheme is in Boyce-Codd normal form (BCNF) , the prime
attribute problem falls within the polynomial-time
complexity class (P-class), and listing all keys becomes less
cumbersome. In the realm of normalization, second normal
form (2NF) serves as a foundational stage, and any scheme
that is in BCNF or third normal form (3NF) inherently
satisfies the requirements of 2NF. Therefore, this paper
focuses on the problems related to the prime attribute and
all keys for 2NF. First, we present a necessary condition
and a sufficient condition for a relation scheme to be in
2NF. Then, we demonstrate that the maximum number of
keys is exponential in the number of attributes and
functional dependencies of a relation scheme in 2NF.
Furthermore, we propose an algorithm for finding all keys
of a relation scheme in 2NF. Finally, we demonstrate that
the prime attribute problem remains NP-complete in 2NF.
This study deepens the theoretical understanding of the
computational complexity inherent in 2NF normalization and
provides practical references for database scheme design.
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0 Introduction

Codd""™”' laid the foundation for the relational
database normalization theory by defining specific normal
forms for relation schemes. These normal forms establish
clear objectives for database administrators ( DBAs).
Keys of a relation scheme are crucial in Codd’ s normal
form definitions. However, enumerating all possible keys
can be tedious, as the maximum number of keys in a
relation scheme is exponential in the number of
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attributes'® . Furthermore, determining whether an
attribute is a prime attribute becomes impractical due to
the complexity implied by the above statements. Lucchesi
et al.""" demonstrated that the prime attribute problem was
nondeterministic polynomial-time complete (NP-complete).

A relation scheme R is in second normal form
(2NF) if every nonprime attribute is fully functionally
dependent on each key. Similarly, it is in third normal
form ( 3NF) if no nonprime attribute is transitively
functionally dependent on any key. Thus, R is in Boyce-
Codd normal form ( BCNF) if and only if, for all
disjoint nonempty attribute sets X and Y in R, whenever X
functionally determines Y, X must be a superkey of R.

If the normal form of a relation scheme is unknown,
problems such as identifying prime attributes and listing
all keys become difficult to solve. However, if we know
that a relation scheme is in BCNF, we can draw favorable
conclusions regarding these two problems.

When a relation scheme R(U, F) is in BCNF,
where U is the set of attributes and F is the set of
functional dependencies (FDs), we can demonstrate that
the problems related to prime attributes and keys are
tractable as follows. If R is in BCNF, then the left-hand
side of every FD in F is a superkey'''. If F is LR-
minimum”’ | the left-hand side of every FD in F'is a key.
Let X be a subset of U and A be any attribute in U. The set
of all FDs that are derivable from F by repeatedly
applying the inference rules (including the FDs in F ) is
called the closure of F and is denoted by F*. For an FD
X—A e F', where A ¢ X, there exists a derivation of
X — A from F. This derivation can be constructed by
using  Armstrong’s pseudotransitivity, union and
restricted augmentation rules'”’ .

In the case of an FDX—A € F ' and X —A ¢ F, X
must include the left-hand side of an FD in F. It is not
possible to generate any new key from X, so all keys of R
are the left-hand sides of FDs in F, resulting in the
number of keys being equal to the number of FDs in F.
This demonstrates that listing all keys is not overly
cumbersome when a relation scheme is in BCNF. Since
all keys of R are the left-hand sides of all FDs in ¥ when R
is in BCNF, we can determine whether an attribute A is a
prime attribute by checking the left-hand side of every FD
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in F. The time complexity of this determination is
O(|U||F|), where | U] is the number of attributes in U
and | F | is the number of FDs in F. Therefore, the prime
attribute problem belongs to the polynomial-time
complexity class ( P-class) when R is in BCNF.

In the realm of normalization, 2NF serves as a
foundational stage, and a scheme that is in BCNF or 3NF
inherently satisfies the requirements of 2NF. Therefore,
this paper aims to investigate problems related to prime
attributes and keys when a relation scheme is in 2NF.

We aim to provide a new perspective on the
problems of prime attributes and keys, focusing on the
case where a relation scheme is in 2NF. The contributions
are as follows.

1) We present a necessary condition and a sufficient
condition for a relation scheme in 2NF.

2) We illustrate that a new key can be generated by
replacing an existing key with the left-hand side of a
specific FD. Additionally, we show that the number of
all keys in relation scheme R is exponential in the number
of attributes and functional dependencies when the
relation scheme is in 2NF.

3) We present an algorithm that aims to find all keys
of a relation scheme in 2NF.

4) We demonstrate that the problem of determining
prime attributes remains NP-complete when a relation
scheme is in 2NF.

In this study, Section 1 introduces relational model
preliminaries; Section 2 illustrates the structure of the
keys of a relation scheme which is in 2NF; Section 3
analyzes the related work about keys and prime attributes ;
Section 4 analyzes the time efficiency of Algorithm 1 and
compares it with relevant algorithms; Section 5 discusses
how to apply the proposed method to normal-form
determination and key-related problems.

1 Preliminaries

The basic concepts of the relational model,
functional dependencies and Armstrong ’ s inference
system used in this paper are referred to Refs. [6-9].
We first present some basic terminology, notation,
lemmas and theorems that will be used throughout the
paper.

Given a relation scheme R(U, F), we can apply
inference rules to the FDs in F to derive additional FDs,
FEX—Y denotes that X — Y'is derivable from F. The set
of all FDs that are derivable from F by repeatedly
applying the inference rules (including the FDs in F ) is
called the closure of F and is denoted by F*. The
sequence of FDs for deriving an FD is called a derivation
of the FD, where each FD is either a member of F or
follows from earlier FDs by applying one of the inference
rules A1-A5 in Armstrong’ s inference system.

Given a set of attributes X, we define the closure of
X (relative to F ), denoted by X, , as the set of attributes

that are functionally dependent on X. Formally, X, contains

the set of all attributes A such that F £ X — A.

Lemma 1) Let X — A be in F*, where A ¢ X.
Then there exists a derivation of X — A from F in which
reflexivity is not used and augmentation is either unused
or used only in the last step.

Formally, if F'is a set of FDs, a cover of F'is any set
of FDs with the same closure as F. It is important to note
that a cover needs not to be a subset of F. A cover is
nonredundant if it does not contain any proper subset that
is also a cover. An FD f'in a set of FDs F is redundant if
F - {f} =f. Thus, a cover is redundant if and only if it
contains a redundant FD"'.

Let | F | denote the number of FDs in F, specifically
the cardinality of F. F' is minimum if there is no set G
where |G| < |F| and F*= G*. F is L-minimum if it is
minimum, and for every FD X — Y in F, there is no
proper subset X’ of X such that X’ — Yis in F*. F is LR-
minimum if it is L-minimum, and replacing FD X — Y'in
F with X — Y’ where Y’ is a proper subset of Y, alters the
closure of F.

Given a set of FDs F, if FI=X— Y, and Y — X, then
the sets of attributes X and Y are equivalent, denoted by
X<>Y. The set of all FDs in F with left-hand sides
equivalent to X is denoted by E,(X), and |E.(X) |
represents the cardinality of E,(X). The set of left-hand
sides of FDs in E,(X) is denoted by e,(X). The family
consisting of all £,(X) is denoted by £, and | E, | is the
cardinality of E,. For E,, E.(X,) N E.(X,) = < and
EF(XI) U EF(XZ) U--u EF(Xi) U--u EF(X,) U--u
E.(X,,)=F, where 1 < i, j< |F|. Therefore, E,
forms a partition of F.

If Xin an E,(X) is a key, it is denoted as E,.(X,).
If the attributes in an £,(X) are all prime attributes, it is
denoted as E.(X,). If the attributes in an £,.(X) are all
nonprime attributes, it is denoted as E,(X,). If both
nonprime attributes and prime attributes are present
together in an £,.(X), it is denoted as E,(X,,) (ol

Example 1 Let R(U, F) be a relation scheme,
where U = |A, B, C, D, G, H} is the set of attributes
and F={A—BC, BC—~A, BCD—H, H—~G, G— H|
is the set of FDs.

The keys in Example 1 are BCD and AD. The prime
attributes are A, B, C and D, while the nonprime attributes
are G and H. Therefore, E,(A,) = {A— BC,BC — A},
E.(BCD,)={BCD—H},andE,(H,)={H—G,GC—
H}. Lete,(A)=1{A, BC|, e, (BCD)={BCD}, e, (H)=
{H, G}, and E, = {E,(A), E,(BCD), E,(H)|. The
set F' is nonredundant, minimum, L-minimum and LR-
minimum. However, it is not optimal because there is
another set of FDs G={A—BC, BC—~>A, AD—H, H—
G, G— H} such that |G|, < |F|,and F"'=G".

Given a set of FDs G, n is the length of G (in
attribute symbols) and p is the number of FDs in G. Since
an LR-minimum cover can be found in O(np* +n*) time,
in this paper, we will directly use LR-minimum cover as
the set of FDs of a relation scheme.
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For a relation scheme R( U, F), the attributes in U
can be divided into four disjoint subsets: U,, U,, U, and
U, """, These subsets are defined based on the occurrence
of attributes on F. Specifically, U, consists of attributes
that appear only on the left-hand sides of FDs, U,
consists of attributes that appear only on the right-hand
sides of FDs, U, consists of attributes that appear on both
the left- and right-hand sides of FDs, and U, consists of
attributes that do not appear in F.

The relationship between the possibility of an
attribute becoming a prime attribute and the sets U,, U,,
U, and U, is established by the following lemmas.

Lemma 2'"""  Let R(U, F) be a relation scheme,
where U is the set of attributes and F is the set of FDs.

1) Attributes in U, or U, are prime attributes, and
U, U U, is included in every key of R.

2) Attributes in U, are nonprime attributes.

3) Kis the unique key of R if and only if KNU,= .

Lemma 3" Let R(U, F) be a relation scheme,
where U is the set of attributes and F is the set of FDs,
and A € U. If Ais a nonprime attribute, it must appear on
the right-hand side of at least one FD in F.

Lemma 4" Let R(U, F) be a relation scheme,
where U is the set of attributes and F'is the set of FDs. Let
A € U. If Ais a prime attribute and appears in F', it must
appear on the left-hand side of at least one FD in F.

Lemma 5" Let R(U, F) be a relation scheme,
where U is the set of attributes and F is the set of FDs.
X—YeF, andKis akey of R. If X; N K # J, X must
contain prime attributes.

Lemma 6'°  Let R(U, F) be a relation scheme
where U is the set of attributes and F'is the set of FDs. If
X—Y e FandA € Y, where A is a prime attribute, then
X must contain prime attributes.

Lemma 7" Let R(U, F) be a relation scheme,
where U is the set of attributes and F'is the set of FDs. For
E.(X), if X contains prime attributes, all other elements
in e,(X) also contain prime attributes; if X does not
contain prime attributes, E,(X) must be an E,.(X,).

Lemma 8" Let R(U, F) be a relation scheme,
where U is the set of attributes and F'is the set of FDs. If
there is an (X, ) in E,, it must be unique.

Lemma 9" Let R(U, F) be a relation scheme,
where U is the set of attributes and F is the set of FDs. If
any attribute in U, appears in an E,.(X), E,(X) is not an
E.(X,).

Lemma 10’ F |= X — A if and only if there
exists an FD V— Win F such thatA € Wand V C X,.

2 Composition of Key and Problems
Related to Prime Attributes and All
Keys for 2NF

For a relation scheme R(U, F), where U is the set
of attributes and F is the set of FDs, according to the
definition of the key, there exists an FD K—U e F* and

no FD K> —» U € F*, where K’ C K, K denotes a key of
R and K’ denotes a proper subset of K. By Lemma 1, it
can be known that a derivation of K— U from F exists, in
which the reflexivity is not utilized, and augmentation is
either unused or only used in the final step. Thus, the
composition of K could be either a left-hand side of an FD
in F or a set of attributes from different left-hand sides of
FDs in F. The diversity in the sets of FDs across normal
forms leads to differences in the key components. In this
section, in order to investigate the problems related to
prime attributes and all keys, we will show the feature of
the set of FDs, and on this basis, illustrate the
composition of the key in a relation scheme that is in 2NF.

Theorem 1 Let R(U, F) be a relation scheme,
where U is the set of attributes, F is the set of FDs, and F
is LR-minimum. If F=J or F# (J and all attributes in U
are prime attributes, R is in 2NF.

Proof According to Lemma 2, when F = (J, none
of the attributes in U appear in F, so U = U,. Since all
attributes in U are prime attributes and there is no
nonprime attribute partially dependent on any key of R,
according to the definition of 2NF, it follows that R is in
2NF.

When F # J and all attributes in U are prime
attributes, there is no nonprime attribute that is partially
dependent on each key of R, according to the definition
of 2NF, we can conclude that R is in 2NF.

Theorem 1 is an extreme case. In the general case,
F # (& and U contains both prime and nonprime
attributes.

Theorem 2 Let R(U, F) be a relation scheme,
where U is the set of attributes, F is the set of FDs and F
is LR-minimum. F # (J and U contains both prime and
nonprime attributes. If there is an E,.(X,) in E,, and the
other E.(X) is either empty or E,.(X,) or E.(X,), Ris
in 2NF.

Proof When there is an E.(X;) and the other
E.(X) is empty, namely, E, = {E,.(X,)}, nonprime
attributes only appear in E,.(X,). Since the left-hand
sides of FDs in E,(X,) are keys of R, there is no
nonprime attribute that is partially dependent on each key
of R. According to the definition of 2NF, we can know
that R is in 2NF.

When there is an £,.(X,) and other nonempty £,( X)
iskE.(X,) or E,(X,), nonprime attributes only appear in
E.(X,) or E.(X,). From the definition of E,(X,), we
can know that the left-hand side of any FD in £,( X, ) is a
key of R, and nonprime attributes only appear on the
right-hand sides of FDs in E,(X,). It shows that
nonprime attributes which appear in E,(X,) are all fully
dependent on each key of Rin E,(X,).

For any FD X —A € F*, where A is an attribute that
appears in E,(X, ), consider a derivation of FD X — A.
The first FD V— W (A € W) may be in E,(X,) or some
E.(Xy,). fV—>W(A € W) is in E,(X,), there is not
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any FD Z — S in the derivation of FD X — A, where Z is
a proper subset of a key. It shows that A is fully
dependent on each key of R. If V— W (A € W) is in
some E,.(X,), the second FD T— Y in the derivation may
be in £,(X,) or some E,(X,),and VNY # . If FD
T—YisinE.(X,), from T— Yand V— W, we can infer
anew FDT U (V -V NY) — WA e€ W) by
pseudotransitivity. It is obvious that T U (V -V N Y)
contains a key 7, and is not a proper subset of a key. If
FD T—Yisin some E,(X,), fromT— Yand V— W, we
can inferanew FDT U (V-VNY) —>W(A € W) by
pseudotransitivity. It is obvious that T U (V -V N Y)
only includes nonprime attributes, and is not a proper
subset of a key. In the derivation of FD X — A, there is
no FD whose left-hand side is a proper subset of a key.

As we know that F includes one E,(X,) and some
E.(X,) or E,(X,), it is impossible for any nonprime
attribute in £,( X, ) or E,(X, ) to appear on the right-hand
side of an FD whose left-hand side is a proper subset of a
key. It shows that nonprime attributes in E,.(X,) or
E.(X,) are all fully dependent on each key of R.
Therefore, there exists no nonprime attribute that is
partially dependent on any key of R. According to the
definition of 2NF, we can know that R is in 2NF.

Example 2 Let R(U, F) be a relation scheme,
where U = {A, B, C, D, G, H! is the set of attributes,
F={A—>BC,BC—A,BCD—G, G—>H, H— G} is
the set of FDs, and F is LR-minimum.

In Example 2, first, we decide the relation scheme R
by the definition of 2NF. The nonprime attributes of R are
G and H, and all keys are AD and BCD. Since we cannot
derive any partial dependence between the nonprime
attributes (G and H) and all keys (AD and BCD) , R is in
2NF.

For comparison, we decide the relation scheme R by
Theorem 2. The distribution of E,(X) of F consists of
one E,(X,), one E.(X,) and one E,(X,), namely,
E.(BCD,), E.(A,) and E,(G,). As it satisfies the
condition of Theorem 2, R is in 2NF. This conclusion
aligns with the determination made by the definition of
2NF.

Theorem 2 presents only a sufficient condition and
not a necessary condition. Example 3 shows that the
relation scheme R is in 2NF, but the distribution of
E.(X)of Fisone E,.(X,),oneE,(X,), one E,(X,) and
one K .(X,).

Example 3 Let R(U, F) be a relation scheme,
where U = {A, B, C, D, G, H, E} is the set of
attributes, F= {A— BC, BC - A, BCD — G, G — H,
HD — E} is the set of FDs, and F is LR-minimum.

In Example 3, we decide the relation scheme R by
the definition of 2NF. The nonprime attributes of R are G,
Hand E , and all keys are AD and BCD. Since we cannot
derive any partial dependence between the nonprime

attributes (G, Hand E) and all keys (AD and BCD) , Ris
in 2NF.

The distribution of E,(X) of F is one E,(X, ), one
E.(X,), one E/(X,) and one E.(X,), namely,
E.(BCD,), E.(A,), E.(G,) and E,.(HD,,).

Theorem 3 Let R(U, F) be a relation scheme,
where U is the set of attributes, F is the set of FDs and F
is LR-minimum. F # (J, and U contains both prime and
nonprime attributes. If R is in 2NF, there must be an
E.(X,) inkE,.

Proof If R is in 2NF, then for any key K and any
nonprime attribute A of R, it holds that K — A € F".
Moreover, there does not exist a proper subset K’ C K
such that K> — A € F". In the derivation of FDK — A,
for all FDs which are selected from F, if there is an FD
X—Y whose left-hand side X is a key, then there is an
E.(X,) in E,; otherwise, there is no E,.(X,) in E,. If
there is no E,.(X,) in E,, A may appear in E.(X,) or
E.(X,). Thus, in the derivation of FDK— A, FDs which
are selected from F must be in £,(X,) or E,(X,). In
particular, no left-hand side of these FDs consists solely
of prime attributes, the goal of the derivation of FDK— A
is to replace the nonprime attributes on the left-hand sides
of the previous FDs in the derivation and finally derive
FD K— A. Since R is in 2NF, besides FD K— A, there is
no FD whose left-hand side consists solely of prime
attributes in the derivation. But if there is no E,(X,) in
E,, then FD K — A cannot be derived by FDs in F.
Hence, in any derivation that does not contain FD K— A,
it means that FD K — A ¢ F', which contradicts the
assumption that K is a key. Therefore, there must be an
E.(X,) inkE,.

Theorem 3 presents a necessary condition under
which a relation scheme is in 2NF.

Example 4 Let R(U, F) be a relation scheme,
where U = {A, B, C, D, G, H} is the set of attributes,
F={A—BC, BC—A, D— G, G— HD} is the set of
FDs, and F is LR-minimum.

Initially, in Example 4, the relation scheme R is
determined by using the definition of 2NF. The nonprime
attribute of R is H, and all keys are AD, AG, BCD and
BCG. Since G — H, the nonprime attribute H is partially
dependent on the keys AG and BCG. Therefore, R is not in
2NF.

For comparison, we decide the relation scheme R by
Theorem 3. The distribution of E,(X) of F'is one E,.(X,)
and one E,(X,), namely, E,(A,) and E.(D,). It
violates the necessary condition of Theorem 3.
Therefore, R is not in 2NF. This conclusion aligns with
determination made by the definition of 2NF.

The above theorems analyze the features of the set of
FDs, laying the foundation for the following discussion
on the composition of key in 2NF.

Theorem 4 Let R(U, F) be a relation scheme,
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where U is the set of attributes and F'is the set of FDs. R is
in 2NF. If F = (J, attributes in U are all prime. If F#
and F is LR-minimum, a prime attribute must be on the
left-hand sides of FDs in E,(X,), E.(X,) or be in
E.(X,).

Proof When F=(J, according to Lemma 2, U, =
U, and thus all attributes in U are prime. When F#
and ¥ is LR-minimum, E, consists of an £,(X,), some
E.(X,), E,(X,) and E.(X,). Since all left-hand sides
of FDs in E,(X,) are keys, the attributes that appear on
the left-hand sides of FDs are prime. If a prime attribute
appears on the right-hand sides of FDs in E,(X,) or
E,(X,), according to Lemma 4, it must appear on the
left-hand side of some FDs in F. Since E, consists of an
E.(Xy), some E.(X,), E.(X,) and E,.(X,), a prime
attribute that appears on the right-hand sides of FDs in
E,(X,) orE.(X,) may also appear on the left-hand sides
of FDs in E,.(X,), E.(X,) orin E,(X,). For an FD in
E.(X,), prime attributes must be included. If the right-
hand side contains prime attributes, according to Lemma 6,
the left-hand side must contain prime attributes.
Therefore, a prime attribute must be on the left-hand
sides of FDs in E,(X,), E,(X,) orbe in E,(X,).

Theorem 5 Let R(U, F) be a relation scheme,
where U is the set of attributes and F'is the set of FDs. R is
in 2NF. When F# J and F is LR-minimum, a nonprime
attribute may be in U, or may appear in E.(X,) or
Eﬁ'( Xw ) .

Proof When F# J and F is LR-minimum, E,
consists of an E,(X,), some E,(X,), E.(X,) and
E.(X,). Since all left-hand sides of FDs in E,.(X,) are
keys, if an attribute that appears in £,.( X, ) is a nonprime
attribute , it must appear on the right-hand sides of FDs in
E.(X;). If it does not appear in E (X, ) or E.(X,),
according to Lemma 2, it must be in U,. Conversely, if a
nonprime attribute does not appear on the right-hand sides
of FDs in E,(X,) , it must appear in £,(X,,) or E,.(X,).
Therefore, a nonprime attribute may be on the right-hand
sides of FDs in E,(X,) or may appear in E,.(X,) or
Ed(X,).

Lemma 11 Let R(U, F) be a relation scheme,
where U is the set of attributes, F is the set of FDs, F#
and F'is LR-minimum. If R is in 2NF, there exists some
X, in eF(X,) and an FD V — W in some E.(X,) or
E.(X,),suchthat WN X, # & (1 <i< |eF(X,)]|).

Proof By way of contradiction. Assume that there
does not exist any X, in eF(X;) and FDV — W in each
E.(X,) and E.(X,), such that W N X, # &, where
1 <1<l eF(X;) |. According to Theorem 4, a prime
attribute must be on the left-hand sides of FDs in the
E.(X,), E.(X,)orbeinE,(X,). Let K be a key which
is composed of prime attributes that appear in E,(X,),
E.(X,) and E(X,), K ¢ eF(X;). For B € X,,

1<i<l|eF(X;)!l,K—B e F'. According to Lemma 1,
there exists a derivation of K— B from F in which only the
pseudotransitivity, union and restricted augmentation
rules are used. By the definition, we can know that the
derivation of K— B from F must be a sequence that begins
with FDs in F' and ends with K — B. The first FD in the
sequence may be selected from E.(X,), E,(X,) or
E.(X,), and the right-hand side of FD must contain B.
When FDs in E,( X, ) are selected, according to Lemma 1,
the left-hand side of every FD in the sequence includes
the left-hand side of the FD selected from E,(X, ). Since
K — B is the last FD in the sequence, K includes the left-
hand side of the FD selected from E,( X, ). Because Kis a
key and the left-hand side of the FD selected from
E.(X,) is also a key, K and the left-hand side of the FD
selected from E,(X, ) are identical. Namely, K € eF(X,).
This contradicts the fact that K ¢ eF(X,). Therefore,
FDs in E,(X,) cannot be selected as the first FD in the
sequence. The first FDV — W(B e W) must be selected
from some E,(X,) or E.(X,). Therefore, there exists
some X, in e/'(X;), and FDV — W in some E.(X,) or
E.(X,), WNX, # . This contradicts the assumption
that there does not exist any X, ineF (X, ) and FDV— W
ineach£,(X,) and E,(X,,), WN X, # .

Lemma 12 Let R(U, F) be a relation scheme,
where U is the set of attributes, F is the set of FDs, F # (J
and F is LR -minimum. If R is in 2 NF, there exists a
superkey of R which is obtained from (X, - W N X, ) U
V, where 1| <i< |[eF(X,) |, X ineF(X,) and FD V—
Win some E,.(X,) orE,(X,) and WN X, # . The key
of R which is obtained from (X, — W N X, ) U V contains
both attributes in X, and V.

Proof According to Lemma 1, there exists some
XyineF(X,) and FDV— Win some E,(X,) or E.(X,,),
where | < i<l eF(X;) | and W N X, # J. Since X, is
akey of Rand X, > U € F'. FromV— Wand X,, — U
by pseudotransitivity, (X, — W N X,) U V— U can be
derived. Then, (X, - W N X, ) U Vis a superkey of R.
By eliminating the redundancy in (X, - W N X,,) UV,
we can obtain a key K. If K does not contain attributes in
X, then K'is a subset of V. As we know that V— W in
E.(X,) orE,.(X,) and Vis not a key, so Kis not a key.
But it contradicts the assumption that K is a key.
Therefore, K must contain attributes in X ;. If K does not
contain attributes in V, then K is a proper subset of X,;.
According to the definition of the key, any proper subset
of X, is not a key. Thus, Kis not a key, but it contradicts
the assumption that K is a key. Hence, K must contain
attributes in V. Therefore, the key of R obtained from
(X =W N X,) U Vcontains both attributes in X, and V.

Theorem 6 Let R(U, F) be a relation scheme,
where U is the set of attributes, F is the set of FDs and F
is LR-minimum. If R is in 2NF and there is an E,(X,) in
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E,, the new key can be generated by replacing the
attributes in an existing key with the left-hand sides of
FDs in E,(X,) or E,.(X,,).

Proof Since eF'(X,) is a set of keys, it can be the
initial set of existing keys. By Lemma 11, we can know
that a new key can be generated by replacing the
attributes in the key in e ( X, ) with the left-hand sides of
FDs in E,.(X,) or E.(X,), and the new key that contains
both attributes in the key in eF(X,) and the left-hand
sides of FDs in E,(X,) or prime attributes in the left-
hand sides of FDs in E,(X,,). Let the key be the first key
of induction, and we can prove that the following new
keys can be generated by replacing attributes in the
existing keys with the left-hand sides of FDs in £ (X, ) or
E,(X,,) through mathematical induction. Assume that the
kth key is solely generated through replacing attributes in
the existing keys with the left-hand sides of FDs in
E.(X,) or E.(X, ), where k is the key index. Hence,
the kth key in the set of existing keys contains attributes
that appear in E,(X,) or E.(X,). For an E.(X,) or
E,(X,), each left-hand side of an FD can functionally
determine all attributes that appear in £,(X,) or E,.(X,,).
Therefore, the (k+ 1) th key can be generated by
replacing the attributes in the kth key with the left-hand
sides of FDs in E,(X,).

Theorem 7 Let R(U, F) be a relation scheme,
where U is the set of attributes, F is the set of FDs, F # (J
and F is LR-minimum. If R is in 2NF, the number of all
keys of R may be exponential in the number of attributes
and FDs.

Proof
According to Lemma 11, there are keys obtained by
replacing attributes of keys in e/ ( X, ) with attributes that
only appear in E.(X,) or E.(X,). Therefore, the
number of all keys of R is ([eF(X,)) |+ C), where
1< |eF(X,)|< |F| and C is the number of keys
composed of prime attributes that only appear in £,(X,) ,
E.(X,) and prime attributes in £,(X;).

According to Lemma 10, for X, € eF(X;), where
1 <i< |eF(X,)|, if a key is obtained by replacing
attributes of X, with attributes that only appear in £,(X,)
or E,(X,), then there exists an FD V— Win E,(X,) or
E.(X,), where W N X, = J. In the maximum possible
case, the intersection of the right-hand side of each FD in
E.(X,) or E,.(X,) with X, is not empty.

The process of replacing attributes to generate keys
forms a tree structure. Here, X, serves as the root, and
its children are keys derived by sequentially replacing
attributes of X, with the right-hand sides of FDs in

Every element in eF(X,) is a key.

E.(X,) or E.(X,). The number of keys in the first level
of this tree is equal to the number of FDs in £,(X,) and
E.(X,). For each key in the first level, there is a tree
with the key as the root, and the children of the key are
keys obtained by replacing attributes of the key with
right-hand sides of FDs in £,(X,) and E,.(X,,). Since the
intersection of every right-hand side of FD in E,.(X,),
E.(X,) and the key may not be empty, the maximum
number of children for the key is also equal to the number
of FDs in E.(X,) and E.(X,,).

Let the number of FDs in £,(X,) and E,(X,,) be n.
Therefore, the maximum number of keys in the second
level is n’. If the height of the tree is h, then the
maximum number of keys in the tree is n". Since there
are | E,(X,) | keys ineF(X,), the number of all keys of
Ris (|eF(X,) |+ |E(X,) |xn"). When E,(X,) only
contains one FD and E,(X,) is empty, let m = |F|. In
this case, the number of FDs in E,(X,) and E,.(X,) is
maximum, namely n =m — 1. Therefore, the number of
all keys of Ris (m — 1)". When E,(X,) only contains
one FD, for the tree of keys whose root is X, , the height
of the tree is related to cardinality of X,.

When an attribute is replaced once, a level is added.
For an attribute, the maximum number of repeated
replacements is the maximum number of FDs in E.(X,)
and £,(X,,), namely, m — 1. Therefore, the maximum
number of levels that an attribute can add is m — 1. Let
s = | U], the cardinality of X, is s — a, where a is the
number of attributes in U — X, , namely, a = | U — X, |.
Except for J, every subset of U — X, can be a left-hand
side of an FD in E,(X,) and E,(X,). Therefore, the
maximum number of FDs in £,.(X,) and E.(X,,) can be
2" = 1. Since the maximum number of FDs in E.(X,)
and £,(X,) ism — 1, we have (2° = 1) =m - 1; hence
a = log,m.

Therefore, the cardinality of X, is s — log,m, and
the height of the tree with X, as the root is (s — log,m) X
(m—1),namely, h = (s —log,m) X (m = 1). Thus, the
number of all keys of Ris |[eF(X,) |+ C =1+ (m -

(s-logym) X (m—1) . .
1) 2 , wWhere m is the number of FDs in F and s

is the number of attributes in U. Therefore, the number of
all keys of R may be exponential in terms of the number
of attributes and FDs.

Theorem 8 If a relation scheme R(U, F) is in
2NF, then Algorithm 1 can exactly find keys.

Proof Step 8 in Algorithm 1 generates new keys
based on Theorem 6. If the set of keys does not change,
Step 4 stops, indicating that keys have been found.
Thus, Algorithm 1 can exactly find keys.
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Algorithm 1 Finding keys of a relation scheme in 2NF

INPUT: a relation scheme R( U, F), Uis the set of attributes, F is the set of FDs, F # (J and is LR-minimum, and R is in 2NF.

OUTPUT:: the set of all keys K.
Begin

l1: K J;

2: K< KU eF(Xy);

3. K'—J;

4. while K’ # K do |

5: S—K-K ;n+ |S|; K <K,
6. for k=1ton |

7. select the kth key K from S;

8!

while (there is an FD V— Win E,(X,) or E,(X,,),and W N K # J do |

generate a key K’ from (K — W N K) U Vby moving redundant attributes ;

ifK’ ¢ KthenK<— K U {K’ |
|

End

Theorem 9 The time complexity of Algorithm 1 is
O(m(rl"gzm)xm) , m is the cardinality of F, and s is the
cardinality of U.

Proof In Algorithm 1, Step 4 stops when all keys

are found. According to Theorem 7, the number of all
keys of Ris 1 + (m - 1) 7Y and thus the time

complexity of Algorithm 1 is O( m(s_logzm)xm).

Except in extreme cases, from Theorem 9, it can be
seen that even if we know that a relation scheme is in
2NF, listing all the keys is still a very troublesome task.

Although we show that a prime attribute must be on
the left-hand sides of FDs in E.(X,), E.(X,) or the
attribute appears in £,(X,) in Theorem 4, so far, we have
no other more effective way to distinguish between E,(X,,)
and E,(X,) besides that of finding all the keys. Thus, the
prime attribute problem for 2NF is still intractable.

Lucchesi et al. "' proved that the prime attribute
problem is NP-complete without knowing which the
normal form a relation scheme is in. From the above
discussion, we can see that even if we know that a relation
scheme is 2NF, the prime attribute problem for 2NF is still
intractable. Therefore, their conclusion still applies to the
case where a relation scheme is known in 2NF.

Corollary 1 Let R(U, F) be a relation scheme,
where U is the set of attributes and F is the set of FDs. If
R is in 2NF, the prime attribute problem is NP-complete.

3 Related Work

So far, a lot of algorithms for finding keys of a
relation scheme have been presented "*'. Keys of a

relation scheme contain prime attributes. If all keys are
listed, the prime attribute problem is solved. Since the
number of all keys of a relation scheme may be factorial
in the number of functional dependencies, factorial in the
number of attributes or exponential in the number of
attributes and FDs' ™ "> | it is tedious to list all keys.
Thus, the way of recognizing prime attributes by listing
all keys is not practical. Lucchesi et al.'*’ have proved the
prime attribute problem to be NP-complete, and the
difficulty of this problem has a clear conclusion.
Kundu'®' presented a sufficient condition for determining
whether an attribute is a prime attribute. To test an
attribute A based on the sufficient condition, we do not
have to list all keys, but we must construct each subset W
that does not contain A, and the time requirement is
02'""""|F|). To avoid testing all possible subsets,
Mannila et al.'” restricted the subsets to the maximum
sets and obtained a corresponding improvement in the
time bound. They showed a sufficient and necessary
condition for an attribute to be a prime attribute, namely
given a relation scheme R(U, F), where U is the set of
attributes, F is the set of FDs, W € Uand A € U. Then
max (U, A) = {Y C U|Y is a maximum set ( with
respect to € ) such that ¥ -4 A}, and A is a prime
attribute if and only if for some W € max (U, A),
(WA)" F = U. The time requirement for testing an
attribute A based on the sufficient and necessary condition
isO(m,|U|), where m,=|max(U, A) |. Neither does
the sufficient condition in Ref. [ 6] nor the sufficient and
necessary condition in Ref. [ 7] involve the appearance
of attributes in F. In fact, the appearance plays an
important role for the prime attribute problem. In some
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cases, it is easy to discriminate prime attributes and
nonprime attributes. Feng et al. "> illustrated the
relationship between a prime attribute and its appearance
in F, but they only investigated three situations of the
appearance of an attribute in F. It is shown that an
attribute A is a prime attribute when it only appears on the
left-hand sides of FDs in F or does not appear in F'; A is a
nonprime attribute when it only appears on the right-hand
sides of FDs in F. In these cases, the prime attribute
problem is in P-class. Hao et al.''" presented sufficient
and necessary conditions for determining whether an
attribute appearing in both the left- and right-hand sides
of FDs in F to be a prime attribute. These works lay the
foundation for this paper.

Graphs are effective tools for finding candidate keys
of a relation scheme. Feng'' presented a graph-based
algorithm for finding candidate keys of a relation scheme
in which the left-hand side of every FD contained only
one attribute. Saiedian et al."" used directed graphs to
compute candidate keys of a relation in polynomial time,
represented the FDs among the attributes in a relation
scheme as a graph and presented an algorithm for finding
all minimum keys of a relation scheme. Bahmani et al.'™
proposed an automatic method based on the graph theory
for key generation. Bordoloi et al. ** proposed an
approach to find all minimal keys by the candidate
graph. Fernandez et al.'' defined port graph rewriting
rules and a strategy for finding minimal candidate keys
of a relation schema and proposed a method for finding
all minimum keys by using strategic port graph
rewriting. In a recent extension of the key identification
problem, Nakos et al.”™ introduced the targeted
candidate key model which focused on finding a
minimum set of attributes to determine a specific target
subset. This formulation highlights the complexity of
attribute selection in reasoning and aligns with efforts to
reduce the overhead of key enumeration.

4 Time Efficiency Analysis

Throughout this section, s = |U| and m = |F]|.
Comparisons are asymptotic and parameter-dependent.
Based on the previous discussion, when testing whether
an attribute A is a prime attribute, the algorithm in
Ref. [ 18] requires the construction of every subset W
that does not contain A, and its time complexity is
0(2'"""|F|). Here, |U| is the cardinality of the
attribute set U, | F| is the cardinality of the functional
dependency set F', and [/ is usually related to the attribute
set U, which can be considered a constant or a relatively
small quantity compared to | U | in the current discussion.
To facilitate comparison with other algorithms, we
mainly focus on the order of magnitude of its complexity.
The complexity of this algorithm is mainly determined by
2 "1 because the growth rate of 2 s higher than that
of |F|. Therefore, the time complexity of Kundu’s

algorithm can be approximated as 0(2'""). Mannila et al."”
restricted the subsets to the maximum sets, and on this
basis, they tested whether an attribute A was a prime
attribute with a time complexity of O(m,|U|) In the
worst-case scenario, m, may approach | U|, so the time
complexity of the algorithm in Ref. [ 7] in the worst-case
scenario can be approximated as O( | U|[?).

Now we compare the time complexity of Algorithm 1
with that in Refs. [6] and [ 7]. The algorithm in Ref. [6] has
a time complexity close to O(2'"") | while Algorithm 1

(s *lngzm) Xm

has a time complexity of O(m ) where m is the
cardinality of F', and s is the cardinality of U. In general,

s—log,m) xm

form = 2 ands = 2, m' grows faster than 2°.
Thus, Algorithm 1 is not asymptotically faster than the
algorithm in Ref. [6]. We present Algorithm 1 mainly
as a constructive procedure for enumerating keys in the
2NF setting, rather than as an optimized method in terms
of the time complexity. The algorithm in Ref. [7] has a

(s —lugzm) Xm
1

time complexity close to O( |U|*). Since m
super-polynomial in m, it dominates |U|>. Hence,
Algorithm 1 has a higher asymptotic time complexity than
the algorithm in Ref. [7]. These comparisons do not affect
our main theoretical results ( Theorems 1-9 and NP-
completeness ). Algorithm 1 serves to demonstrate
constructibility and to match the exponential bound on the
number of keys in 2NF.

In summary, the time complexity of Algorithm 1,
the algorithm in Ref. [ 6] and the algorithm in Ref. [ 7]
are related to the specific values of m and s. In large-scale
data scenarios, Algorithm 1 provides a constructive
baseline for enumeration in 2NF.

5 Conclusions and Future Work

The set of FDs is the foundation for finding keys in a
relation scheme. However, the set of FDs exhibits
different features depending on which normal form the
relation scheme is in. We have shown the feature of the
set of FDs based on the distribution of £,(X) of F, and
on this basis, have demonstrated that a new key can be
generated by replacing the attributes in the existing key
with the left-hand sides of FDs in E,(X,) or E,.(X,,).
Furthermore , we have determined that the number of keys
for R increases exponentially with the number of attributes
and the number of FDs. Our research findings indicate
that although the problems related to the prime attribute
and all keys have optimistic solutions when R is in
BCNF, the prime attribute problem is still NP-complete,
and listing all keys remains cumbersome when R is in
2NF. In future studies, we will investigate the problems
related to prime attributes and all keys when R is in other
normal forms, such as 3NF.
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