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Abstract: This research considers the tracking problem of a
moving target in distributed sensor networks with a limited
sensing range ( LSR) affected by non-Gaussian noise. In
such sensor networks, observation loss due to LSR is a
prevalent issue that has received insufficient attention. We
introduce a time-varying random variable to describe
whether the sensor observes a moving target at each
moment. When a single sensor node is unable to receive
information from other nodes, it cannot update its state
estimation of the moving target once the target moves
beyond this node’ s observation range. We propose an
information flow topology within distributed sensor networks
to facilitate the reception of prior state estimation data
transmitted by neighboring nodes. Based on this
information, a quadratic distributed estimator is designed
for each sensor, and an output injection term is introduced
to handle unstable systems. Finally, a numerical example is
provided to illustrate the effectiveness of the proposed
control scheme.
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0 Introduction

In recent decades, with the continuous development
of wireless sensor networks, filtering and state estimation
algorithms that use information interaction between
different agents play an important role, and scholars have
conducted extensive research on these technologies'' .
Distributed information processing on a network involves
nodes performing tasks using both their local data and
data from their neighbors'®’. Many systems in our daily
life can be classified as one of the distributed networks,
including smart community” | photovoltaic solar cluster
panel, smart grid*', target tracking'”’, environmental
monitoring"®’ , and other systems. Due to the constraints
imposed by the limited storage capacity of network space
in practical engineering, each node of the sensor network
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needs to collect, calculate, and transmit data all the time,
which leads to the limited application range of the
distributed network. Based on this, some new distributed
network architectures and algorithms were proposed to
deal with these problems' ™. With the continuous
research on distributed network systems, these systems
are extensively utilized, and rich research results have
yielded substantial research outcomes, especially in the
problem of moving target tracking.

In the context of moving target tracking, information
loss resulting from unreliable communication channels
cannot be overlooked. This loss can result from network-
induced issues such as sensor link failure, communication
delay, and packet loss. Assuming independent grouped
packet loss sequences, Nahi'"' developed an optimal
linear state estimator for systems where sensor
observations were subject to probabilistic loss. By
modeling observation arrivals via a Bernoulli stochastic
process, Sinopoli et al.'" investigated Kalman filtering
under intermittent observations. Their analysis identifies a
critical arrival rate, beyond which the estimation error
covariance fails to converge.

Under some communication transport protocols,
such as Round-Robin and Transmission Control Protocol
(TCP), the discarded sequence is predetermined, and
the sensor knows when to send the packet. However, this
assumption is often unrealistic in many scenarios. The
sensor network cannot anticipate in advance when the
packet will be lost, and the sensor can only know the
probability of packet loss'"". In this case, the packet loss
phenomenon in the sensor network is modeled as a
random process obeying a Bernoulli distribution.
Considering the limited sensing range (LSR), there is
also a possibility of packet loss, that is, the sensor’ s
observation of the moving target is lost based on
distance. When the moving target is beyond the
observation capability of the sensor, the measurement will
be lost. For example, Ilic et al. " investigated a
distributed fault diagnosis system for sensor networks with
LSR, where the attenuation of a randomly fluctuating
signal observed by a sensor depends on its distance from
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the target. Zhang et al."" introduced a novel algorithm
for sensor networks with LSR, which used a time-varying
random variable to determine whether the sensor could
measure the moving target. Based on these studies, Lian
et al."” developed an information weighted consistency
algorithm to solve the problem that moving targets have
LSR in distributed networks.

In practical applications, numerous systems are
subject to various forms of non-Gaussian noise.
Nonetheless, prior research on moving targets with LSR
in distributed networks has predominantly concentrated on
Gaussian ~ frameworks,  neglecting the  potential
ramifications within non-Gaussian contexts. For the
systems with non-Gaussian noise, the conditional
expectation of state estimation based on the minimum
variance criterion is wusually an infinite-dimensional
problem'". Consequently, it is imperative to explore
alternative estimation algorithms to address the state
estimation issues inherent in non-Gaussian systems """’
Among them, Masreliez' "' introduced a method to solve
the non-Gaussian filtering problem by adjusting the linear
predistortion of both past and present observed nonlinear
functions. Merwe et al.""®' proposed a recursive Bayesian
estimation algorithm for sequential probabilistic reasoning
of nonlinear non-Gaussian  systems. Currently
polynomial algorithms maintain the advantageous
characteristics such as ease of computation and recursion.
Quadratic filter using higher-order statistics of non-
Gaussian systems has demonstrated enhanced efficiency
and improved accuracy'™™'. The quadratic filter
enhances the estimation accuracy of the optimal linear
filter. However, it also possesses inherent limitations.
This is primarily due to the fact that noise variance is
contingent upon the state variance of the original system.
Consequently, if the variance of the state is infinite, it
follows that the quadratic system noise variance similarly
becomes infinite. As a result, the stability of the
secondary filter can only be guaranteed within an
asymptotically stable system. To address this issue and
broaden the range of the system handled by the quadratic
filter, the output injection term was introduced to rewrite
the system and decompose the system state into
deterministic and stochastic components' ™"’

Inspired by the above discussion, this paper designs
a feedback quadratic state estimator for moving targets
with non-Gaussian noise and distributed time-varying
systems with measurement loss to track the trajectory of
moving targets. The main contributions are as follows:
1) it is the first attempt to track a moving target in a
distributed system with non-Gaussian noise using
feedback quadratic filter ( FQF); 2) according to the
characteristics of the moving target state equation system
matrix, the state equation is rewritten by the output
injection method to apply to the state estimation of the
moving target with non-Gaussian noise; 3) considering
the limited observation distance of the sensor, a uniform
expression of the estimated gain for both normal and

unobserved targets is given. In this paper, it is necessary
to transfer the deterministic part of the state, as well as
the prior state estimation of the random part.

Notations: R" and R"™ denote the n -dimensional
Euclidean space and the set of all n X m matrices,
respectively. N, is the set of positive integers. A"
represents the transpose of A.E{x!| denotes the
expectation of x, and the Ath-order moment of the
random vector x is represented as e¢*’ = E{x "*'|,
A e N,. Let a and b be two vectors or matrices. The
Kronecker product of @ and b is denoted by a &® b, and
x* = x®x"™" A eN,. Let vec (M) represent the
vectorization of the m X n matrix M, which is a column
vector in the mn dimension obtained by stacking the
columns of the matrix M on top of one another. The
corresponding inverse transformation of vec(M) to M is
represented by sti_( ), where m represents the number of
rows in the M to be obtained. Moreover, diag,{x,}
represents a block diagonal matrix where block i is x, and
all other entries being zero, col,{x,| stands for the
column vector [x], x,, -+, xy] . tr{A} represents the
trace of the matrix A.

1 Problem Formulation and Preliminaries

Consider the following distributed sensor networks
with LSR nodes affected by non-Gaussian noises,

X =AX +w,, keN, (1)
Yix =Bi(di,k)(Hi,kxk + vi,k) s (2)
Z; =aij(£7j,k\k—| +§,j,k) , (3)

where x, € R" represents the state of the moving target at

time k&, and X, e R" is the prior estimation of it by

, kk=1
Sensorj; y, , je R" is the direct observation of the target
by nodei; z,; , € R"is the information received by node i
from node j at time k; A, € R" ™" is the system matrix and
H, e R"™" denotes the observation matrix of node i;
w,e R, v, € R"and £
noises at time k.

Here, B,(d,,) is an observation index that is
determined by the distance between the sensor and the
moving target. We can build the formulation of 8,(d, ,)
as

jx € R" are non-Gaussian

1, when d., <R,

Bg(di,k)={0, when d,, > R,, =

where d, , is the distance between the position of sensor  and
the moving target; R, is the sensing range of sensor i.

Let N, be a collection of sensors that can transmit
information to sensor i. If sensor j can transmit
information to i, then a; = 1; otherwise a;, = 0. Thus, we
can obtain that

(5)

a..
y

B 1, jeN,
10, jeN.
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We assume that the initial state x, and the non-
Gaussian random sequence w,, v, , and &, , satisfy the
following conditions for k£ € R .

D E{w, | =0, E{v, .| =0, E{§, ] =0;

2) w,, v, and £, , are mutually uncorrelated white

ij, k
noises ;
3) x,,w,,v, , and &, , are independent from each
other;

4) x,,w,,v, ,and £, have finite fourth moments.
1.1 Output injection
Firstly, by using output Eq. (2), Eq. (1) can be

rewritten as
X = Ax, tw, +Li,k[yz k _IBi(di,k> (Hi,kxk +V,-,;<)J
=Ai,kxk +Li,kyi,k +hi,k5 (6)

where A, , =A, —B,(d, )L, H,,; L., € R"™" is an
arbitrarily selected matrix, subject to the condition that it
stabilizes the state Eq. (6) after output injection; h, , =
w, =B.(d, )L, v, , is the noise of the new equation of
state Eq. (6). Based on the conditions fork € R, we can
obtain that {h, | is a zero-mean white sequence that is
independent of the initial state x, and with known finite
second to fourth moment, by definition of { w, | and
{v,,!. However, unlike convention, f{h, | is
correlated with the noise sequence { w, | and { v, , |.
Note that 8/(d, ,)=B.(d, ,), ande”’) =E|h/" | for

p =2, 3 and 4 can be computed as

e;,z> —e(i) +B(IIZ1L)L2 (z)k (7)

Tk w

o) =) ~B(d DLel) (8)

Ikv

#><“ww>M@”®L<%+

Tk Wy rkvk

B(d, OLe”, (9)

where M, is the coefficient matrix of the second-order
. Note that B3,(d, ,) is known
at time k, so that e(" is known at each time £ € N.

Kronecker power expansion'”"

1.2 Determlmstlc and stochastic parts

Provide the deterministic partx; , and stochastic parts
x; , of the system state based on output feedback, as
follows :

— d d
1A+1 A k+Li,kyi,k’xi,U_x

l

0s (10)
zk+l =A x +h,1\’ ,g =0. (11)

From Egs. (10) and (11),
x;,+x;,,Vk=0. Since L, ,

not difficult to recursively obtain x{ ,, with known x| , at
time k. Due to the randomness of the noise term h

it follows that x, =
is chosen by oneself, it is

i ko
x; .., cannot be recursively obtained at time k. Ensure the

stability of the system using Ai,k as the state transition
matrix by selecting the appropriate matrix L, ,, the

estimates of x; , will converge.

Now, by wusing output injection and state
decomposition to obtain the stochastic and deterministic
parts, the problem of state non-convergence caused by
the instability of the original state transition matrix A, has

been solved. The evolution of xf, . can be observed by

k-1 k-1 k-1
=([1AL)x+ X (1] A,) Ly, (12)

k-1

When n =k — 1, we assume that nA

m=k

an n-dimensional identity matrix.
Similarly, we can obtain the stochastic measurement
part,

Yj,k =Yix ﬁ(d, k)H, kxz I
Bi(di,k>(H[,kxi,k +vi,k)' (13)

The expressions for prior state estimation and
posterior state estimation can be given separately as

. =1, Here I is

~

X kk-1 =x +x1 Kk-1 (14)

and

=>

— d a8
i, klk =X +x1 Kk* (15)
Then, we have

z;, k _ZU k az]x,k =a; (x] Kk-1 +§U k) (16)

From Egs. (10) to (16), we extract the stochastic
parts to ensure the stability of the extended system state
and noise, then obtain a recursive expression for the
deterministic part.

1.3 Quadratic system for stochastic part

Considering that the random noises w,, v, , and £ ,
are non-Gaussian, second-order statistics are required. To
this end, we stack the original vectors together with their
second-order Kronecker powers, and an augmented
system that captures the stochastic part is derived from

(11), (13) and (16), which can be given by

. x; . Yis
Xl(k) = [xs[zk]i| ) Yz(k) = |:y5[2]\]i| )
ik ik

s ’\s (17)
i, klk=1
Z@%[ }X@kﬂ% e
zij,k x, Kl k=1
where
xip =A S e R (18)
1 _ (2]  sl2] @ 2
_Bi(di.k>(Hi,kxi,k +ev’.<k +vi,k ) (]9)
s(2] 2 2)
ik =4y (x,uk 1 +e§ fl(]k) s (20)
) 2 2)
here h;°, v, and fj‘ are zero-mean, temporally

uncorrelated sequences and uncorrelated with x,,.

hf,z)_ (I+T )(A!kx1k®hrk) +h2 - 2)/(’ (21)

n,n



664 SUO Jinghui, ZHU Xuefeng

2
vi,k - (I + Tm,m v;

) (H, @y, ) +v7 —e”  (22)

(2)

Oo= (I+T,,) (&, @F, ) +£2 —¢2 . (23)
i,

T . .
However, E{h*)v*) | is not equal to zero. T, 1is a

i, k"i,k n, m

commutation matrix, which satisfies T, ,(a ®b) =

b X a for any vectora € R" andb € R".
The augment system can be described as

X (k+ 1) = AKX, (k) +f(k) + A.(k), (24)
Y?(k): Bl(dlk)(g{;(k>xf(k) +gi(k) +r,(k)), (25)
Zy(klk=1)= a Xk | k=1) +p (k) +e,(k), (26)

where

ﬂk_AI,k 0 | iy o|Hx O
i( )— 0 A‘.’Vz,ﬁ H ( )— 0 Hl[zk 5

Onxl hi k
f,(k) = |:e;,2> :| s Ai(k) = ':h@)} H

i,k

0, Vik
g.(k)= eiil ; U(k) = v ;

Onxl §,"
M,’,‘(k) = |:e(2) :' 5 w,’,‘(k) = |: (Ié)k:| .
Sk ij, k

In this article, the Kalman-like estimator for
quadratic distributed non-Gaussian time-varying systems
is constructed as

Xi(k|k=1D)=A,k=-DX(k =1 k=1) +f(k=1), (27)
X (k| k) =X;(k| k=1) +K(k)(Y;(k) ¥k [k =1)) +
K.(k)( g (Z;(k) +aux!(k) -

Z(k|k-1) —axi(k)), (28)

where
Vik |k =1)= B(d )(IHOR K| k—1) +g k) , (29)
Zy(k k= 1)=a,(X:(k [k =1) +p, (k) ,(30)
| xX(k) =[x, 0,17, (31)
xj(k) =[x}, 0.,1" (32)

n?x1
After giving the expression of the state estimator, we
can express the local prior estimation error and the local
posterior estimation error as X?(k (k- 1) =X(k) -
X(k|k=1)and X(k|k)=X(k) - X(k|k).
According to Egs. (11), (13), (16), (27) and
(28), the error can be described by

X (k|k=-1)=A,k=DX(k=1|k=1) +A(k—-1), (33)
and

X(klk)y=U_ .-B(d, K(k) F:(k)) X (k|k-1) -

n+n

BL'(di,L)T(i(k) vi(k> -

K.(k) ZN:a,.j(Xf(k [k=1) +x/(k)) +

M-

K (k) X a,(X (k| k=1) +xi(k) o, (k) . (34)

j=

In addition, we denote that

{Y(kk— 1) =col {Xi(k|[k-1)],
X (k| k) =col, 1 X;(k|k)}.

Then, present all sensor errors in a more compact form
X'klk-D=Wk-DX(k =1k -1)+wW(k -1), (35)
and

X (k|k)=Mk) X (k|k-1) =N(k), (36)

where M(k) = (I - B(k) K(k) H (k) -

Nx(n-mz)

R(k@(ri - ED)); N(k) = B(k) K(k)V (k) +

K(k)( ;Em,(k)) +K (k) ( ; (T,-ED)X(k));

and

W (k) = diagy (A, (k) } ; H (k) = diag, {H,(k)} ;

W(k) = col, { A, (k) |; V(k)=col, | ¢,(k)!|;

K(k) = diag, {K,(k)} ; K(k) = diag,{K,(k)} ;

D= {aijlﬁnmleN;

Q(k) = [@(k), @L(k), =, @ (k)]1";

Xk) =[x (k)L xS (k) -, X (R) 1T

B (k) = diag, %Bl(dl,A)I,”nZ’Bz(dz,k)lwnh T
:Bw(dw,k)lnﬂlz; H

T, =diagN{a”1n+"2, ayd ,, -, ayl 2} s

n+n”? NiTn+n
E, =diag,{0, -, 0, I ,, 0, -, 0.
ot NI

—
The definition of estimation error covariance can be
written from the estimation error as

P(k|k-1)=E{X(k|k-1DX"(k|k=-1)}, (37)
P(k|k) =E{X (k| )X (k| k)}.

2 Distributed Quadratic Estimator Design

In this section, the main task is to design appropriate
estimator gains K,(k) and K(k) to minimize the upper
bound of estimation error covariance. Firstly, we
introduce several lemmas that will be used to derive the
main results.

2.1 Preliminary lemmas

Lemma 1™  Supposing that there exist three
random vectors A € R”, B € R”and C € R", where the
superscripts p, ¢ and r denote the dimensions of the
respective vectors, while A is independent of B and C. If
E{A}l =0, thenE{(A®B)C'| =0.

Proof Noting that
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a,B a,E{BC"| difficult to obtain that E{ X (k | k)h; .} =0. Similarly,

E/(A®B)C'| =E Cc'} =E : =0. we can calculate that E{X}(k | k)h*)"| =0. Therefore,
a,B ﬂ,,E%BCT} we can obtain that E{ Xf(k | k) A (k) =0, for any

The proof of this lemma is complete.
Under the same conditions, it can be obtained that
E{B(A®B)"} =0andE{A(BX C)"} =0.
Lemma 2'*'  Supposing that there exist two
random vectors M and N, the elementary inequality

il L il L
(a’M -0 *N) («*M —a *N) " = 0 holds, where M
and N vectors matrices with compatible dimensions.

Lemma 3" For 0<k <N, suppose that X = X' =
0,Y=Y"=0andy,(-): R™ "™ - R"""™ If
U, (X) <S¢ (Y) VXSV, (38)

then the solutions W,,, and M,, to the following
difference equations

W=t (W), M, <s¢ (M), M, =W, (39)
satisfy
M., <W,. (40)
Lemma 4™ For matrices M, N, X and L with
compatible dimensions, the following equations are true:
a T
—tr(MX' ) =M,
0X
J T
—tr(XM) =M,
X
J
—tr(MXN) =M'N",
0X (41)
J
—tr(MX'N) =NM,
0X

]
5(tr(MXNXTL) =M'L"XN" + LMXN.
Furthermore, for any symmetric matrix P,

]
ﬁtr(MXN) P(MXN)" =2M"MXNPN". (42)

2.2 Filtering error covariance
By incorporating Egs. (35) and (36) into Eq. (37),
we can obtain the specific expression of Eq. (37) that
satisfies the following equations
Pklk-1)=Wk-1P(k-1k=-1)UA"(k-1) +
E{w(k-1) Wi(k-1)} +3J, +3i, (43)
and
P(k|k)= M(k) P(k|k-1) M (k) +
E{N(k) N'(k)} = (R, + R,  (44)
where the cross terms expressions are
S =E{Ak - DX (k- 1]k-1) wik-1};
R =E/ M) X (k|k-1)N"(k)|.
Remark 1 Noting that X*(k | k) is independent of
w,and v, .. According to the definition of k, ,, it is not

sensor ¢ and sensorj. Similar to the above results, we can
clearly see that E{ X*(k [k — 1) V"(k = 1)} = 0 and
E{X'(k|k-1)2 (k)} =0.

Therefore, J, can calculate as

3= WEEX (k=1 [k=1) A](k =1} |y =0,

and from the expression of N(k) ,

R, =MK) E{X(k[k-1) V()| (B KEK))" +
M(k) (iE{X*(k [k - DR (HD'E] ) K" (k) +

M) (L EIX (k|k= DX ()T, -ED)"})

KT(k)=0.
From the content of the Kronecker algebra, we can
know that aa’ = sti, (a>') , aa”™'" = sti,(a"') , and
a'a”'" =sti () for any vectora € R".
Then, let’ s calculate the specific expression for
E{w(k—-1) W'(k-1)}, we have
E{w(k-1)wi(k-1)} =
Moreover, we have
E{h, khj’z,)j}

. E{h, h; ,}
E{"f(k”‘f(k”:[ w ECRY

] (46)

Note thatx,, w,, v, ,and &, , are independent from each

ij, k
other. Because of x; = 0, we can derive thatx,, w,, v, ,
and§, ,
It is easy to obtain E{(A, x, ®w;) | = 0 and
E{(A, x;®v )| =0,s0that E{ (A, ,x; ®h,) | =
0. Then, based on Lemma 1, it is not difficult to verify
that E{h, (A, x, ®h, )"} =0. Then,
E{h, ]} =
E{(w, _ﬁi(di,k>Li,kvi,k) (w, _B_,-(d,-,k)Lj,kV_,-,k) T} =
sti, () i#j,
k (47)
sti, (eff: ) +,8,.(dl.vk)L,.'kstim(ei_zl) L,

are independent from each other, and E | x| =0.

i=j,

and

E{h, kh}ﬁ”} =

Eth, (I+T,,) (A x, ®h ) +h} -¢)) "} =
{stin(ef:) , i#j,

(48)
sti, () =B,(d, )L, sti, (ef”) L', i=j

Furthermore, the calculation and expression of
E{h;’h*"} will be more complex, calculated as



666 SUQ Jinghui, ZHU Xuefeng

E{h(Z)h(Z)l} —

(I+T, ) ((A, E{x; x] } AT ) ® (sti,el’))(I+T, )" =elZel? +stin(elV), i # ],
’ - o . o (49)
I +Tn,n) ( (Ai,kE{x:,kx;,k} Air,g) ®E{hi,khi,k} ) +Tn,n)l (2) 6221 + E{h Hh 2 [ b =J

where E{h 2 hfzij} can be derived as

E (R = sti(el)) 4B.(d, ) (Esti o(ef L) +B,.(d, ) (T +T, ) (i, (e<2>> ® (L, isti, (e )L ,)) +
ﬂ(d )(I+T” ,1>(L (2) (2) +ﬁi(di,k)(l +T” ”)( (2) (2) l[zg )

i K€ g wk WA 1 Lk
From Egs. (46) —(49), E| W(k)WT(k)} can be Proof Since E{xi‘kwk% =0 and E{xjykv;k} =0,
computed, and we denote it as 2, (k). we can derive that E{x; h; | =0, and it is used for the
We have obtained all representations of Q,(k), but following calculation
. . s i T
there is an unknown term Stln(exk ) among them. The E{x} X .} =
next proposition is to process it. E{(A x  +h ) (Aj Xtk )T =

. T
Proposition 1  The state covariance E{x; ,x; | has

A + 2) |
the following recursion : A’v"E{ i "xf ‘}A sti (e ). iF,

AivkE%x;vkx;‘,k%A;rvk + Stln(ehi)k) , =]

T
E{xj + x% c+ } =
,kvl m R S S o Note thatx;, =x;, =0, for any sensor i and sensor j.
A EBlx X b Ay st (e, ), i, s The proof of this proposition is complete.
A Elx STy 4T ) . (50) In what follows, we will derive the expressions of
ik xi,kxi,k}Ai,k + Stln(eh, ) , T
i E{N(k) N (k).

E{N(K)N'(E)}=B(k)K(K)E{V(k) V(E)"} (B(k)K(k))" +E(k2 N, (B(E)K(k))" +B(k)K(k) NZET(k) +
K ©K' (k) +K(k) (2 (T, ~E.D)X'(k) ) (2 (T, ~E.D)X'(k) ) K'(h), (51)

J.

N

where X, = > {E{EDQ,(k)V"(k) || and &, = ZE [ (E.DR,(k)) (EDR,(k))"}.

i=1 ij=1

Considering the term E{ V(k)V(k)"} , we have

E{V(k) v(k)T} =E{vi(k) vT(k) leN' (52)
E{v, v’ E 27
E{ vi(k) v}(k)€=[ {v";v"k} Egézﬁvwﬂ (53)

Moreover, one has

sti, (e( )) i=j,
{lkjk} : , l#], (54)
Moreover, one of the calculations is as
) sti,, (e, ), 0=/,
By, w21 =Bl (U1, (2 @, +v7 =) " =) o (55)
Furthermore, we can see that
E(v vy =E{ (I +T, ) (H, x ®v, ) +v’, —e”) x((I+T, ) (H, x; ®v,,) +v] ef,fl)vr% =
e+ J+K+ (L+L") —(M+MT) —(N+NT) (56)

where
€=I+T, E{(H, x;,®v, ) H x;®v,,) }T+T, )5 I=E{> v}
K=Efe, ()"} s L=E{U+T, ) H x; Qv ) (v7)"};
M=E{UI+T,,) H x;®v, ) ()"} ; ¥=E{v ()"
Based on Lemma 1, it is not difficult to verify that £=0 and m=0. Moreover, we have

(I+Tm,m
0,i #J,

)(H[,kstin(e )H‘k)®st1 wHa+r, )", i=j,
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" (4) P (2) (2) i=j e(z) e(z) T i=7
J = btlnz(eh‘,k) o PE X = <z>( <z>) . ]T N = tia'>k( :ii)k)T’ . J?
0, i #j, (e A, e, (e," ), i#]

So far, we can calculate that Q,(k) = E{V (k) V(k)"}.

N

Consider the term N, = z {E{E,DQR,(k) V'(k) |}, we can obtain that

i=1

ﬁaljwli(k)
= 2 EIEDQ (k) V'(k) || =E : [07(k)- (k)] ¢ (57)
ZaNijj(k)
We have
E{aw(k)’lr(k)}—a E{low, Avpk]} (58)
Moreover, one has
. &, 7,0 EE, 070 .
Ela,w, (k)v, (k)| = ”[E{fsz)kv; ) E{g—‘f/” 1(72): } ,fori,j,pe[l, NJ. (59)

It is not difficult to know that
E{£, v, .} =0
E{&, v} =

o (60)
E{fg kp, k} - 0
and
E{ 0) (2>[} = E{((I +T,, ,,) (xj HE-1 ® §,, L) §1}2A 3;,,2],)A) ( (I +vam) (Hp,kxz ®vp,1;) +V]E,2]k _ef,:')k)}z
o e wel? o —el? o1 —of) o = ) (61)
From Egs. (57)-(61), we can dlrectly calculate X, = 0.
Considering the term £, = z E{ (E,TQ2.(k)) (E DL, (k)) |, we can obtain that
ij=1
N N
= Y E{(EDQ,(k)) (EDR(k)) "'} = D EDE{Q,(k)2,(k)"} D'E], (62)
ij=1 i j=1
w, (k)
E{2(0)2(K)" = [w) (k) e, (k)] ¢ (63)
w, (k)
Moreover, we have
€, &, EE, &0
Elw,(kHw, (k)" = { &) g7 o £0 , fori, j,pe[1,N]. (64)
E{£) &, EEJEND
Similar to the previous proof, we can obtain that
sti, (e, ), i=j,p=q,
E{£, & )= £ 65
&, &t {0, else, (65)
E{§ §(2>T} ={Stin(eé;)_k) ’ izj?p=Q’ (66)
S 0, else,

I+T, )((E{ ‘“,,M.})®SU (8(2> ))(I+Tn,n)T+
E{fj:f: ;,,2,):} = st1z(e<‘” <1z> k( e T’ i=j,p=gq, (67)

0, else.
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So far, we have obtained the complete expression of E{N(k) N'(k) |, up to the unknown term E {x°, klk_l)?::: wior 1o In

the following, a proposition is presented to handle this term.
Proposition 2 Based on Lemma 2, there is a positive scalar ¢, satisfies the following expression;

E{-’zj,uk—l-’%fuk—l} < (1 +‘9)Stin(e<»2)) + (1 +87|)Pi,k\k*l’ (68)

s
k
where Stln(eis)) can be obtained in Proposition 1, and P, ,,_, is the prior estimation error covariance of sensor i.
s :

Proof From the definition of x; ,, it can be seen that

as ast s s s _ s T s st =5 =5 T
E{x',m—lxi,mk—l =E{(x; _xi,klk—l)(xk _xf,,m»—|> p=E{xx; } + E{xi,klk—l(xi,m—l) P+

L s ~s ~s T . -
E{x;( _x;,klA-—l)T + (=% o) < (1 + S)Stl"(ei?) + (1 +e I)PI.MH,

The proof of this proposition is complete.
We define the positive semidefinite matrix o, to meet the following condition :
E(% &) +o, =(1+a)sti () +(1+8 )P, . (69)
s 5 .
So far, all terms of the estimation error covariance of the system dynamic equation have been discussed. Next, we
will provide the following theorem.
2.3 Estimator gain design
Theorem 1 Based on Lemma 3, assume that there exist two matrices Z(k | k) > 0, E(k |k - 1) > 0, satisfying
the following difference equations:

Sklk-1)=Mk-DEKk-1]|k-1)UAk-1D"+9,(k-1), (70)
E(k | k) =M(K)E (k| k- 1)M" (k) +B (k) K(k) ,(k) (B (k) K(k) )" +K (k) #,K(k) + o, (71)

with the initial condition £(0 |0) = P(0|0) = 0. Then, we can obtain that S(k | k) and 5(k |k — 1) are the upper
bounds of the P(k | k) and P(k | k — 1) , respectively.
Proof Firstly, at time k=0, we know that 0 < P(0|0) < 5(0|0). Then, from Egs. (43)—(45), (50) -
(51), (57), (62), and (68), it can be concluded that
Plklk-1)=Wk-1DPk-1[k-1)Ak-1)"+9,(k-1), (72)

P(k|k) < M(k)P(k|k—-1)M'(k) +B(k) K(k) Q,(k) (B(k) K(k))" +K(k) #.K(k) + o,. (73)

Therefore, based on Lemma 3 and Eqs. (70)—(73), we can obtain that Z(k | k) = P(k | k) ,Vk = 0. The proof of
this theorem is complete.
What we need to do later is to minimize the upper bound of the estimation error covariance Z(k | k) by designing
appropriate estimator gains.
N

Definition 7 = 2 (T, - E.D). Based on Lemma 4, we can calculate the trace of the upper bound of the estimation

i=1

error covariance tr{ S(k | k) |, and we can get the partial derivative of the trace pair K(k) and K (k) . We can obtain that

w{ Z (k| k) }=2B(k) (K(k) H(k)Z (k| k- 1) 3 (k)" +K(k)Q,(k) +

oK (k)
KTk |k -1) 5(K)" - 5k |k -1) 3", (74)
and
B W= 2R Y (T, ~ED)X (k) (2 (T, ~ED)X'(k) )T YKk TE(k | k- DT -
K (k) = =

25k k- DT + zi(k)_i (ED(#, +0,)(ED)") +28(k)K(k) A (k)Z (k| k- 1)T'.  (75)

Let us solve Egs. (76) and (77),

9 SS9} =0, (76)
——tr{E(k| k) } =0. (77)

dK (k)
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Definition Z(k |k — 1) = col {E(k|k - 1)},
K(k) = col,{ K,(k)| and K(k) = col,{ K,(k)}. For

convenience, define the following formulas .
A =H (k) (k [k = DH"(k) +9,(k),

A, =T 5(k|k-1)H"(k),
A =5 (k|k-1)H"(k),
A, =H(K)E k| k- 1T,

A=T Sk k- 1)TT+ﬁ (ED(®+a,)(ED)")+ (T8)

Y (1, -ED)X/(k) (X (T-ED)X(H) )

A =E.(k|k-1)T".

To obtain the estimated gains, the value of 8,(d, ,)
need to be discussed. Due to the random movement of
the moving target and LSR, the sensor may not be able to
directly observe the target at certain times, resulting in
B,(d; ,) with a value of 0 or 1.

1) If B,(d; ,) = 0, sensor i cannot receive direct
measurement information, and

K,(k)=0, (79)
K.(k)=A,(A,)™". (80)
2) If B.(d, ) # 0, the filter updates
K.(k)= (A, -K(K)A,) (A) ", (81)
K(k)= (A, -A(4)7'A) (A, —A,A)7'A,) ™. (82)

Based on the two scenarios above, merging them to
obtain the final estimator K,(k) and I?i(k) ,

K (k) =B(d, ) (A, -K(K)A,) ()™, (83)

K (k)= (A, - B.(d, )A(A)'A)
(As _B;(di,]‘->Az(A1)_1A4) _1~ (84‘)

Remark 2 There are two forms of the estimator

gain K,( k) and I?[( k) calculated above, and the sensor
node needs to know which form to choose for state
estimation at the current moment. Due to the LSR of
the sensor, B,(d, ,) =0 when the target moves outside
the sensor range, according toy, , expression, y, , =0
when B,(d, ,) = 0. Therefore, the sensor does not
need to determine the specific location of the moving
target at every moment, but only needs to judge the
value of the directly observed y, , to determine the
value of B,(d, ,).

3 Numerical Example

In this section, a simulation example is given to
illustrate the effectiveness of using FQF to estimate the
state of a moving target in distributed sensor networks

with LSR. Considering a sensor network with six
sensor nodes, the communication topology is given in
Fig. 1.

Fig.1 Communication topology of sensor network

We assume that there is a target moving in this
sensor network. Considering a linear time-varying
dynamic model, the state transition matrix of the dynamic
model ( I ) is shown as

1 0 1 0
4=]01 0 1
710 0 1.06 cos(0. 1mk)  —1.06 sin(0. 1mk) |’

)
<
)

) —1.06 sin(0. 1mwk) 1.06 cos(O0. 1mk)

Considering the measurement model ( I ) with the

following coefficient matrix .
H = [1 0 0 0} .
. 01 00

The state isx, =[x, ,, X, ,, X, ,, X, , ], wherew, |,
%, 5, %, 5 and x, , respectively represent the transverse
position, longitudinal position, transverse velocity, and
longitudinal velocity of the moving target. Moreover, the
initial state is given asx, =[1 1 0 0]". In addition,
set the positive scalar & mentioned in Proposition 2 to
0.5.

The non-Gaussian noise sequences {w, |, {v, .| and
{&, .| are defined as

w, - 1/18  1/6 12 77
vi.l=| 1718 -—1/18 -1/2 ||v.|,
£, 1718 = 5/18 ~-5/18] |y,

where y,, v, and 7y, are mutually exclusive and
independent Bernoulli random variables that satisfy the
following probability distribution .

Ply,= 1} = 6, Ply, = 1} = 1/9, Py, = 1} = 1/18.

Therefore, we conducted a set of simulation
experiments. By using the stochastic model mentioned
above, different observation probabilities of different sensors
in the sensor network can be obtained to analyze the
performance of the state estimator designed for the moving
target. Based on the observation range of the sensor, the
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observation probability can range from 0 to 1. 0.

First, the first observation probability scheme of the
sensor network is set to; p, = 0.8, p, =0.8, p, = 0.8,
p,=0.8, ps = 0.8 and p, = 0.8, for all the sensors.
Figure 2 shows the true state componentx, ;, (j =1, 2)

State x, |
~—-Sensor 1

Sensor 2

Sensor 3

Sensor 4
-———Sensor 5

Sensor 6 ,_f" A
\ /

\. /‘

-10 /
7
\ W

N\,

_15 I ‘P:«I\\ l\‘v\ /lﬂf\/'/
220 : : ) )
20 40 60 80 100
Time
(a)

Fig.2 State estimates with strategy 1:

Then, the second observation probability strategy
(strategy 2) is setto: p, =0, p, =0.9, p, =0.8, p, =
0.7, ps =0.6 and p, = 0.5. The observation probability
of sensor node 1 is 0, which is called a naive node. It

5
State x, |
o™ - gensor %
Nek 4 -~~~ Sensor
Ve \f‘f\ Sensor 3
' Sensor 4
57 A - Sensor 5
Dpar Sensor 6
2 PN
E-10¢ \\\
AR ,
“15¢ A\ \/W’ ‘«"”\"«‘\\
20} A
Lo
N
=25 ; y ) y
20 40 60 80 100
Time
(@

of the moving target and the state estimate [, ,, ], (i =
1, 2, 3, 4, 5, 6) under this observation probability
strategy ( strategy 1). It is proven that the proposed filter
scheme can perform state estimation well under the
condition of loss of measurement value caused by LSR.

10
—— Statex, ,
Sensor 1
5h Sensor 2
Sensor 3
Sensor 4
-—-= Sensor 5
(s \ Sensor 6
2 N
< \
7]
,5 o
- 1 0 L
-15 L ' L L
0 20 40 60 80 100
Time
(b)

(a) statex; ;; (b) statex; ,

can be seen from Fig. 3 that when there are naive nodes,
the estimator can still perform a good estimation of the
state of the moving target due to the information passed
between sensors.

Fig.3 State estimates with strategy 2: (a) statex, ,; (b) statex, ,

To quantify the estimation accuracy and show the
estimation effect of the proposed filter, we define the
mean square estimation error (MSE) as

M

s

N T
=N (TWM) Y X (=% ) " =, )
m=1 i=1 (=1
where i, t, and m_ denote the sensor index, discrete-
time step, and Monte-Carlo run index, respectively.
Based on M, =100 independent Monte-Carlo runs with
N sensors and T discrete-time steps per run, we can get

14
State x, ,
12 AAA AL ———~Sensor 1
’afvr il ----Sensor 2
/ U Sensor 3
10 / \ Sensor 4
-—--Sensor 5
gl \ Sensor 6
o
£ N
2 W )
6f e
7N
i’ \
4k ]
2 |
0 20 40 60 80 100
Time
()
the MSE changing with the sensor observation

probability, as shown in Fig. 4. In Fig. 4, we
compare the MSEs of FQF, standard Kalman filter
(SKF), and standard quadratic filter ( SQF). The
MSE of FQF is also shown in Fig. 4. Additionally, the
vertical axis has been locally enlarged to highlight the
details. It can be seen that the MSE of FQF is lower
than that of SKF and SQF, which illustrates the
superiority of the proposed estimator.
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Fig.4 MSE with different probabilities; (a) FQF, SKF and SQF; (b) FQF

4 Conclusions

In this paper, we have been concerned with the
tracking problem of a moving target in a distributed
sensor network with LSR affected by non-Gaussian noise.
Since the modeling of a moving target is often an unstable
system, the method of output injection has been used,
and the state has then been decomposed into deterministic
and stochastic parts. A quadratic filter has been used to
estimate the state of a system with non-Gaussian noise.
The upper bound of the estimation error covariance has
been obtained, and two estimator gains have been
designed to minimize this upper bound. Finally,
simulation results have shown that the proposed filter has
a good estimation performance. In the future, our work
can focus on the state estimation of multiple moving
targets in distributed sensor networks and the selection of
appropriate communication protocols for information
transmission, with consideration of some network-
induced phenomena.
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