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Abstract: A small quasi-zero stiffness ( QZS ) vibration
isolator is designed to be mounted on the roof of an
agricultural vehicle for the working environment and
vibration frequency of the inertial navigation system. By
using the principle that the Euler beam has a negative
stiffness in the critical state, the dynamic stiffness of the
loaded QZS vibration isolator in the balance position tends
to be close to zero by connecting a vertical spring in
parallel. Firstly, the stiffness of the QZS vibration isolation
system at the balance position is analyzed statically, and the
material parameters and properties of the Euler beam are
determined. Then, the dynamic equations are established,
and the harmonic equilibrium method is used to solve the
dynamic response under sinusoidal excitation to obtain the
force transmissibility of the QZS vibration isolation system,
and to make a comparison with that of the linear isolation
system. Finally, the modal simulation, harmonic response
simulation and random vibration simulation of the QZS
vibration isolator are carried out through the finite element
analysis, and the results show that the QZS vibration
isolator has a lower initial isolation frequency and a larger
isolation range, and the peak vibration isolation can reach
about 11. 58 dB.
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0 Introduction

Driving agricultural vehicles on unpaved roads
produces unavoidable vibrations, and these vibrations
have a certain impact on the normal operation of the
vehicles''’.  Nowadays, unmanned technology is
developing rapidly, and the key technology of unmanned
agricultural vehicles is the inertial navigation system'>*'.
However, the vibration generated by the road surface
excitation has an impact on the normal operation of the
inertial navigation system. Especially, the frequency
vibrations of 50 Hz or less have a greater impact on the
inertial navigation system.
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A lot of research has been done on the vibration
reduction of the inertial navigation system at home and
abroad. The French company Ixblue has designed a small
and high-precision inertial-guided vibration isolation
structure that effectively insulated against external
vibrations'*'. Researchers from Russia and Ukraine have
used jitter-optimized configurations to solve the jitter
coupling of the system and improve the dynamic
accuracy ”’. Honeywell has learned from several
successful vibration isolation systems the key design
points for designing the right geometry and dimensions
for the vibration isolation system'®. Yao'"' proposed six
damping modes for an inertial navigation system and
provided a reference for the research of the damping
mechanism. Based on the finite element method,
Gao et al. '*’ quantitatively analyzed the inertial navigation
system installed with vibration isolators through a
software, which provided an important reference for the
optimization of vibration isolators. Wang'” designed the
vibration isolation device of the inertial navigation system
for the vehicle fiber-optic-gyroscope strapdown inertial
navigation system. Tu et al. "'’ designed a fluoro-silicone
rubber damper for the inertial navigation system and
analyzed its dynamic characteristics. Current research
primarily focuses on isolating high-frequency vibrations in
the inertial navigation system''', with isolators mainly
based on the principle of passive isolation. This principle
does not apply to isolating low-frequency vibrations. The
research method in Ref. [ 12] employed therein is worth
considering.

In low-frequency vibration isolation, the quasi-zero
stiffness ( QZS) principle is commonly employed. This
principle involves connecting a negative stiffness
mechanism'"® with a positive stiffness mechanism in
parallel. As a result, the total dynamic stiffness of the
vibration isolation system at the equilibrium points
approaches zero. In the balance position, the load-
bearing capacity of the vibration isolation system is
provided by the positive stiffness mechanism. This
process enables the system to have a favorable load-
carrying capacity with low-frequency vibration isolation.
The most common type of the QZS vibration isolation is
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the mechanical spring structure'""’. The structure uses the
negative stiffness generated by the two inclined springs to
offset the positive stiffness of the vertical spring, but the
overall structure occupies a larger area. Zhou et al. '™
proposed a geometrically nonlinear structure, and the
structure of the system consisted of a cam-roller-spring.
The vibration isolation effect of the system is better when
the value of excitation amplitude is higher. Jiang et al. '"*’
used a magnetic structure to provide negative stiffnesses,
and the vibration isolation system was formed with good
vibration isolation in all six degrees of freedom directions.
Dai et al.'" proposed a bionic structure similar to a
kangaroo leg, and the QZS vibration isolation system
composed of this structure was compact and bulky.

Since the vibration isolator of the inertial navigation
system in this study is mounted on the roof of the
vehicle, the installation space of the vibration isolator is
small and the structure must not be too complicated.
Therefore, it is necessary to design a low-frequency
vibration isolator with a small size and a simple structure.
In this paper, the principle that the Euler beam has a
negative stiffness in flexure is used for the first time to
design low-frequency vibration isolators'™ in the
vibration isolation of on-board electronic equipment for
agricultural vehicles. The intrinsic frequency of the
overall system might be reduced, and the overall system
might have a good load-bearing capacity. The parameters
of the QZS vibration isolator in the balance position are
determined by static analyses. Then the modal simulation
of the QZS vibration isolator is carried out by the finite
element analysis''**" to verify that the QZS vibration
isolation system has a low intrinsic frequency, and the

harmonic response simulation and random vibration
simulation are carried out to verify whether the QZS
vibration isolator has a better vibration isolation effect in
the low-frequency range.

1 Static Analyses

Euler beams are used as the negative stiffness
members of the QZS vibration isolation system. The
Euler beam' ™ provides a negative stiffness to the QZS
vibration isolation system when it is flexed, and cancels
out the positive stiffness provided by the parallel vertical
springs in the balance position, making the dynamic
stiffness of the vibration isolation system zero. Figure 1
shows that the Euler beam hinged at both ends is
subjected to an axial force P. Assuming that the vertical
displacement of the center point of the Euler beam from
the axis at the initial position is y (y, corresponds to the
initial defect of the buckling beam ), and the
displacement in the direction of the axis is x, then the
expression for P! is
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where L is the length of the Euler beam; P_ is the first-
order critical buckling strength, P, = EI(w/L)?, E is the

elastic modulus of the material and / is the sectional
moment of inertia of the beam.

P

Fig.1 Euler beam hinged at both ends subjected to axial force

Figure 2 shows that the system is subjected to a
vertical displacement by the vertical force F at the initial
position, the Euler beam rotates by an angle 8, and u is
the vertical displacement.
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« is the tilt angle, and z is the displacement of the Euler
beam under compression.
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Fig.2 Force analysis diagram of inclined Euler beam

In the balance position, changing the coordinate
system, letu =z — Lsin « and = cos «, which gives

;=1_J1 +(l£)2—(sina)2. (4)

Substitute Egs. (3) and (4) into Eq. (2), and non-
dimensionalize them .
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where F' is a dimensionless force, F

stiffness coefficient; A is the dimensionless stiffness ratio
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Based on the definition of the stiffness, the
dimensionless stiffness of the system is obtained from the

and A =

derivation of the dimensionless displacement
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Figure 3 shows the schematic structure of a QZS
vibration isolator (an Euler beam as a negative stiffness
mechanism ). Two oblique Euler beams are fixed after one
section, and the other end is hinged with the load-bearing
block. The load-bearing block is connected in parallel with
a vertical spring. k, and ¢ are the stiffness coefficient and
the damping coefficient of the vertical spring, respectively.

Fig.3 Schematic structure of QZS vibration isolator

The vibration isolation system is pressed down to the
balance position under the gravity of the load-bearing
block. Currently, the return force of the vibration
isolation system in the vertical direction F, consists of the
return force of the Euler beam F; and the return force of
the parallel connected vertical spring F,.

Fo=F, +F =F, +k(u+L/1-8). (7)

The dimensionless form of Eq. (7) is

1
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where F y is a dimensionless return force and F vE o is

1

the number of Euler beams.

Then the dimensionless stiffness of the whole & v 1s
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The dimensionless force-displacement and the stiffness-
displacement curve of the QZS vibration isolation system can

- 3 - (9)
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When U = 0, the vibration isolation system is in a balance position, let EV= 0, and A can be obtained :
1
=- . (10)
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be obtained by substituting Eq. (10) into Egs. (8) and (9),
as shown in Figs. 4 and 5, respectively.
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Fig. 5 Dimensionless stiffness-displacement curves

For the installation stability of the system, n is set to

be 4, and from Ref. [18], ¥ =3%. From Fig. 5, it can
be seen that when A increases, the dimensionless stiffness
of the system decreases, and the dimensionless force
undulates more with the dimensionless displacement.
When A = 0.4, the dimensionless force-displacement
curve is more gentle, and can be closer to the equilibrium

position ( /' = 0), so that the dimensionless stiffness

k=~ 0. Substituting A = 0.4 and ¥ = 3%, it can be
found that the tilt angle of the Euler beam is about 25°.

Equation (11) is the specific expression for A. The
gravity of the QZS vibration isolation system is 20 N. In
the balance position, the load-bearing capacity of the QZS
vibration isolation system is provided by the vertical
spring, and the stiffness coefficient of the vertical spring is

mg

k, =————=10.788 7 N/m. (12)
1-&
The moment of inertia of the cross-section of the
Euler beam'™" is
o
12°
where b is the width of the cross-section; & is the height
of the cross-section.
Substituting Eq. (13) into Eq. (11) gives:
3 Embh’
12k, L

I (13)

(14)

It can be seen from Eq. (14.) that A increases with b
and h, as shown in Fig. 6.

Fig. 6 Stiffness ratio vs. cross-section size



58 ZHOU Yang, CHEN Cheng, SUN Zhihong

The stiffness ratio can be determined by the size of
the Euler beam as well as the material. First of all, the
Euler beam needs to have a good bending fatigue
resistance and a good elastic limit. The 65Mn material
could meet the requirements.

By calculation, suitable material parameters are
selected as shown in Table 1.

Table 1 Euler beam material parameters
Material E/GPa oa/(°)
65Mn 60 2 1 206 25

L/mm b/mm h/mm

Based on the above parameters, the prototype model
of the QZS vibration isolator is established as shown in
Fig. 7. The QZS vibration isolator mainly consists of the
Euler beams, a load-bearing block, load-bearing
columns, vertical linear springs and a foundation. The
Euler beams are symmetrically connected to the four
directions of the load-bearing block, the other end is
connected to the load-bearing columns which are fixed in
the four mounting holes of the foundation, and a vertical
linear spring is placed between the load-bearing block and
the foundation.

Fig.7 QZS vibration isolator prototype model

2 Dynamic Analyses

The very complex expression for the return force of
the QZS vibration isolator is obtained by approximating
the 5Sth-order expansion of Eq. (8) using a Taylor
expansion' ™" ;

N
f= 20,0, (15)
n=1

where f is an approximation of the Taylor’ s unfolded
return force; o is the coefficient of the quadratic term
after the Taylor expansion; & is the approximate
dimensionless displacement after Taylor expansion.
When the overall mass of the QZS vibration
isolation system m is loaded onto the QZS vibration

isolator, one end of the Euler beam is displaced by the
force, and the QZS vibration isolation system is in the
balance position at this time. Let the damping at this
time is linear. The excitation of the system is
sinusoidal, and the equation of the system motion can
be obtained at this time:

N
mii + civ + le( Z 0-2n+1azn+1 +

n=1

A/1—52)—mg=Acos(wL), (16)

where A is the amplitude; c¢ is the damping factor; w is
the angular frequency.
Introduce dimensionless parameters ;

c A

, T=wi, &

T 2mw,” " wiml
where w, is the natural frequency; (2 is the frequency
ratio; 7 is the number of vibrations per unit time; ¢ is the
damping ratio; f, is the amplitude ratio. Taking these
dimensionless parameters into Eq. (16), the differential
equation of motion is obtained after non-
dimensionalization ;

N
u+26u+ Y o, 1" =Acos(Qr). (17)
n=1
When the QZS vibration isolation system is in the balance
position, the support force will be completely provided
by the vertical linear spring. Removing the Euler beam
structure, there is no system displacement in the vertical
direction. The system at this time is equivalent to a linear
vibration isolation system, the differential equation of
motion of the equivalent linear vibration isolation system
is

U+ 280+ = Acos(Qr). (18)

Equation (18) is solved by the harmonic balance
method, and finally, the force transmissibility of the QZS
vibration isolator T, can be obtained :

T/:J(zaz/,+8§"*')2+(2§(280)2/A, (19)
n=1

where §,, is an approximation of the dimensionless vertical
displacement.

The equivalent linear vibration isolation system has a
force transmissibility ;

T’=J 1 + 482 (20)
f (1_02)2+4§202'

Figure 8 shows the force transmissibility curves of
the QZS vibration isolator and the linear isolator. The
QZS vibration isolator has a lower initial isolation
frequency, and the initial isolation frequency can be
infinitely close to zero theoretically. It is a great
advantage compared to the linear isolator that cannot
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isolate the vibration when the isolation frequency is less
than the intrinsic frequency. The QZS vibration isolator
can broaden the frequency of isolation. At the same time,
as the excitation amplitude decreases, the peak force
transmissibility of the QZS vibration isolator also
decreases. Thus, the smaller the excitation amplitude of
the scenario, the more obvious the isolation effect of the
QZS vibration isolator.
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Fig. 8 Force transmissibility

3 Finite Element Analyses

3.1 Buckling analyses

Based on the SolidWorks software, the finite
element model of the Euler beam is established ( L=
60 mm, h=1 mm, b=2 mm, and E =206 GPa).
Through the eigenvalue buckling analysis of the
workbench, a section of the beam is fixedly supported
and an axial load of 1 N is applied at the other end.
The eigenvalue buckling analysis is performed to obtain
the critical load at which the Euler beam reaches the
buckling state. The simulation analyzes the first two
orders of vibration patterns. In the first order of
yielding vibration patterns as shown in Fig. 9, the
flexural deformation occurs in the middle position of
the Euler beam, and the yield load is 24. 94 N. In the
second order of yielding vibration patterns as shown in
Fig. 10, the flexural deformation occurs in the
positions of 1/4 length from the two ends, and the
yield load is 61. 98 N.

Fig.9 Deformation under first-order flexural strength

Fig. 10 Deformation under second-order flexural strength

Before the modal analysis of the vibration isolator, a
static analysis is carried out. The model is simplified to a
certain extent, the vertical linear spring is replaced by the
spring connection element in the software, the fixed
support is applied to the base of the vibration isolator,
and the pre-stressing is applied to the intermediate load-
bearing parts to simulate the gravitational force exerted by
the vibration-isolated system on the vibration isolator.
Figure 11 shows the deformation of the QZS vibration
isolation system under pre-stressing, and it can be seen
that the isolator is in the balance position. Figure 12
shows the equivalent stress cloud diagram in the balance
position, the maximum stress point of the Euler beam is
at 1/2 of the Euler beam, which is 102.2 MPa.
According to the buckling analysis of the Euler beam, the
yield load of the first section is 24.94 N, and it can be
calculated that the yield strength is about 99. 8 MPa, and
the Euler beam is in the state of buckling when it is in the
balance position.

Fig. 11 Deformation cloud under pre-stressing

Fig. 12  Stress cloud under pre-stressing

3.2 Modal analyses

With the results obtained from the static analyses,
the solution is linked to the modal analyses, and the first
six orders of modes are analyzed by applying a fixed
support to the base of the QZS vibration isolator.

The main vibration mode is the vibration in the
vertical direction as shown in Fig. 13 (d), which is the
vibration mode that we want to focus on. The intrinsic
frequency is 4. 3091 Hz, which is in a small range. Since
the external excitation of the vehicle-mounted inertial
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navigation system is mainly the vibration excitation in the
vertical direction from 0 to 50 Hz, the QZS vibration

isolator has a low initial isolation frequency in the vertical
direction.

Fig. 13 Results of modal analyses: (a) first-order intrinsic frequency (9.177 7 Hz) ; (b) second-order intrinsic frequency (9.180 6 Hz) ;
(¢) third-order intrinsic frequency (9.256 8 Hz); (d) fourth-order intrinsic frequency (4.309 1 Hz); (e) fifth-order intrinsic
frequency (30.054 0 Hz) ; (f) sixth-order intrinsic frequency (30.079 0 Hz)

3.3 Harmonic response analyses

Through the harmonic response analyses of the QZS
vibration isolator sweeping action, the dynamic response of
the QZS vibration isolator in the external sinusoidal
excitation is obtained, and the amplification effect on the
structural safety of the QZS vibration isolation system is
determined. In industrial design, when the driving
environment of ground vehicles is 5M4, it is necessary to
perform the frequency sweep analysis on the onboard
electronic equipment. Therefore, according to the national
standard GB/T 4798. 5—2007, the harmonic response
analysis is carried out on the QZS isolator structure. Two
sinusoidal excitations are inserted in the analysis setup: an
acceleration amplitude of 2 mm/s* and a displacement
amplitude of 7.5 mm. The position for adding the load is

on the base of the isolator, and its direction is vertical. The
specific input settings are shown in Table 2.

Table 2 Steady-state sinusoidal excitation

Frequency Acceleration Displacement
range/Hz amplitude/ ( mm/s*) amplitude/mm
[2, 8] 2 0

(8, 50] 0 7.5

The frequency response is shown in Fig. 14. The
response amplitude is higher at the point where the main
intrinsic frequency vibration pattern is the intrinsic
frequency in the vertical direction. This indicates that
there is a frequency amplification point in the QZS
vibration isolator. In the rest of the frequency range, the
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acceleration amplitude is reduced to less than 1 mm/s’,
indicating the excellent vibration isolation capability of
the QZS vibration isolator.

127

Amplitude/mm

0 10 20 30 40 50
Frequency/Hz

Fig. 14 Amplitude-frequency diagram of harmonic response analysis

3.4 Random vibration analyses

As shown in Fig. 15, the connection between the
QZS vibration isolator and the inertial navigation
system is made by using bolts and nuts. The QZS
vibration isolators are placed in all four directions of
the inertial navigation system to increase the stability of
the overall vibration isolation  system. The
characteristic bolt and nut features and the small feature
curves on the inertial navigation system cover are
simplified in the simulation to reduce the defects in the
mesh delineation. The bottom of the QZS vibration
isolator is fixedly supported.

Fig. 15 Schematic diagram of QZS vibration isolation system

Figure 16 shows the random vibration signal
measured at the center of the rigidly connected inertial
navigation system when the agricultural vehicle travels at
8 km/h. The time-domain signal of the vibration is
converted into the displacement power spectral density.
The displacement power spectral density is loaded onto a
fixed support and the probe is added to the center of the
inertial navigation system for response  signal
acquisition.

Amplitude/m
(=}

-0.28

Time/s
Fig. 16 Vibration time-domain signals of agricultural vehicle

traveling at 8 km/h

As shown in Fig. 17, after vibration isolation, the
center point vibration response of the system decreases
significantly compared to that before vibration isolation.
As can be seen in Table 3, the maximum vibration
isolation is achieved at the peak of vibration from 0—10 Hz
with a reduction of approximately 11.58 dB, and the
amount of vibration isolation decreases when the frequency
is higher than 10 Hz. This is consistent with the results of
the dynamic analysis in Section 2, where the force
transmissibility of the QZS vibration isolation system
decreases with the increase of the excitation amplitude. At
the same time, the vibration response is amplified at the
point of the intrinsic frequency of the vertical vibration,
which is consistent with the conclusion from the harmonic
response analysis that the overall isolation efficiency is
higher than that of the direct rigid connection.

DPSD—displacement power spectral density.
Fig. 17 Comparison of DPSD before and after vibration isolation

Table 3 Average DPSD before and after vibration isolation

Average DPSD/ (m?/Hz) Vibration

isolation
Before isolation After isolation capacity/dB

Frequency/Hz

[0, 10) 1.563x107° 4. 12x107™* 11.58
[10, 30) 1.32x107* 7.4x107° 5.00
[30, 520] 6.4x107° 3.5%107° 5.24
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4 Conclusions

In this paper, a QZS vibration isolator is designed
for the onboard inertial navigation system of agricultural
vehicles based on the principle that the Euler beam has a
negative stiffness during the flexed state. The relationship
between the parameters of the QZS vibration isolation
system and the stiffness characteristics in the balance
position is analyzed through theoretical calculation, and
the specific structural dimensions and material parameters
of the required Euler beam are obtained. The force
transmissibility of the QZS vibration isolator is obtained
through kinetic calculation, and compared with that of the
linear isolator, it is concluded that the QZS vibration
isolator has a lower initial isolation frequency than the
equivalent linear isolator. The QZS vibration isolator has
a greater advantage in low-frequency vibration isolation.
The modal simulation of the QZS vibration isolator is
carried out through finite element analysis. The QZS
vibration isolator has a low intrinsic frequency, especially in
the vertical vibration mode, and its intrinsic frequency is the
lowest, which indicates that the QZS vibration isolation
system has a low initial vibration isolation frequency. The
harmonic response analysis shows that the QZS vibration
isolation system has a certain vibration isolation ability at the
resonant frequency, but the frequency amplification still
occurs in the position of its intrinsic frequency. Random
vibration simulation further verifies that the designed QZS
vibration isolator has a low initial vibration isolation
frequency, a high vibration isolation efficiency in the low-
frequency range, and a peak vibration suppression of about
11.58 dB, which can effectively reduce the vibration
excitation from the outside world.
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