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Abstract: Corneal topography serves as an essential
reference for diagnostic treatment in ophthalmology.
Accurate corneal topography is crucial for clinical practice.
In this study, the refractive power calculation was
performed based on the initial corneal information collected
using the Placido disc. A corneal point cloud model was
established in polar coordinates, and an interpolation
algorithm was proposed to fill missing points of the local
bicubic B-spline by searching control points in the self-
defined interpolation matrix. The grid interpolation of the
point cloud information and the smooth imaging of the final
topographic map were achieved by Delaunay triangulation
and Gaussian kernel function smoothing. Experiment results
show that the proposed interpolation algorithm has higher
accuracy than previous algorithms. The mean absolute error
between the measured diopter of the original detection and
the reconstructed is less than 0.300 D, indicating that this
algorithm is feasible.
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0 Introduction

The cornea is the most important refractive
physiological structure before light enters the retina, and
its susceptibility to deformation is a significant factor
contributing to ocular diseases such as myopia and
keratoconus'™*.  Corneal topography provides a
quantitative, color-coded representation of corneal surface
refraction and other information displayed in layers. It
reflects the true three-dimensional shape of the cornea and
serves as an essential reference in the field of
ophthalmology for keratomileusis fitting, pre-operative
and post-operative keratomileusis examinations and other
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ophthalmic treatments'*®. The Placido disc is an
important instrument for collecting information from
various points on the cornea*’. By processing the
reflected light from the corneal surface, it is possible to
obtain preliminary information about the corneal surface,
which is the basis for computerized corneal topography
generation.

In the field of computerized corneal topography,
Xu et al.'”’ used ray inverse tracking with edge detection
to extract subpixel data from the Placido disc ring for
corneal topography imaging. However, this method
relies on the assumption of an ellipsoidal corneal
surface, resulting in a correction to the standard
ellipsoidal surface. Zhou et al.'"" proposed an improved
Shepard corneal surface interpolation method. It
exhibited slightly poor accuracy due to the limitaion of
the principles of the interpolation algorithm, and it was
computationally intensive and time-consuming when
dealing with a large number of missing points. Florindo
et al. """ performed image boundary segmentation and
reconstruction based on the Mumford-Shah algorithm.
However, the whole process was cumbersome and
complicated, which made it difficult to meet the
practical application requirements.

The point cloud model is one of the best ways to
describe the corneal surface. In response to the
challenges posed by limited accuracy and computational
complexity in the previously mentioned restoration
algorithm, this study introduces a corneal surface
missing-point  filling algorithm based on bicubic
B-spline. Building on the established polar coordinate
corneal point cloud model, the algorithm employs
Delaunay triangulation for mesh interpolation and
incorporates a Gaussian kernel function for data point
convolution smoothing. This approach is expected to
achieve the high-precision reconstruction of computer-
generated corneal topographic images.
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1 Acquisition and Transformation of
Placido Disk Detection Images

1.1 Image acquisition of Placido disc

The Placido disc is composed of a series of black
and white concentric rings centered on the optic axis to
detect the cornea of the instrument''*’, as shown in
Fig. 1. For the Placido disc image acquisition to the
imaging process, the acquisition system consists of the
Placido disc, the projector and the charge-coupled

CCD imaging
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Computer X'

&

Placido disc image

Fig. 1

1.2 Diopter conversion

The corneal information collected as described above
is processed mainly as the curvature information of
corneal points. The diopter reflects the ability of the eye
to refract light and is one of the most important indicators
for physicians in clinical practice, as well as the main
corneal diagnostic outcome data used to present corneal
topography.

The axial diopter provides a good representation of
the overall shape of the cornea, and it is generally used to
outline the overall shape of the corneal surface'™ . The
schematic diagram of the axial refraction is shown in
Fig. 2. The corneal vertex is used as the reference point,
and the center of all light is placed in the axial direction
of the diopter. In Fig. 2, A represents a point on the
cornea, and its coordinates are (x,, y,). The dashed
line indicates the normal direction at point A and
intersects the coordinate axis at A’. The distance between
point A and A’ is denoted as r, and the slope angle is
represented by a.

Fig. 2 Schematic diagram of axial refraction

device ( CCD) image acquisition system. Light is
transmitted through the white concentric rings projected
onto the corneal surface from the center to the
peripheral region in turn, the entire cornea light is
reflected to the CCD, and the individual pixels
reflected from each point are converted into digital
signals by the CCD. At the same time, the imaging
digital signal is analyzed and processed by the image
acquisition system to calculate the characteristic
information of each collected point, and the final
corneal imaging is processed by the computer.

Projected light

x A
Spot on the|cornea

Corneal surface

Placido disc image acquisition to imaging procedure

r, can be depicted as follows;

Va
T (1)
sin
Thus, the axial diopter D, can be obtained from the
relationship  between the diopter and curvature
transformation :

(2)

where n is the corneal refractive index and n=1. 337 5.

An instantaneous diopter is used to characterize the
features of the corneal surface and corresponds to the
local radius of the cornea curvature'""'. Considering the
aspheric nature of the cornea, the instantaneous diopter
can better describe the true curvature radius of the cornea.
Assuming that three adjacent points on the same corneal
meridian can be approximated as an arc of a circle, each
point is the same distance from the center of the circle. If
the coordinates of the three adjacent points on the same
meridian are (x,_,, y,_,), (x,, y,) and (x,,,, y,,,), the
center of the arc is represented by the coordinates (x,,
v,), and the radius of curvature is denoted as r,, the
following equations can be set out:

(xi—l_xA)2+(yi—1_yA)2=ri2,

(x[_xA)2+(y1_yA)2=ri2’
(x[+l_xA)2+(y[+l_yA)2=r12‘

(3)

The relationship between (x,, y,) and r, can be
found according to Eq. (3) :

Xa

_ ( xi2+yi2) (Y1 ™Yir) +(x?—1+y?—1) (¥ =y,) +( x?+1+y?+1) (yi=yir)
2[ (x;=x_) (¥;=Yiy) —

(x;=x0) (yi=yiy) | ’ (4)
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[ Yia +yi+( XX, —2x, ) ( X T X ) J

Va= , (5)
! 2( YiTYin )
= ('xi_xA)2+(yi_yA)2' (6)
The instantaneous diopter can be obtained from the
relationship  between the diopter and curvature
transformation :
-1 0.3375
p="" =222 (7)
r. r.

i i

2 Corneal Point Cloud Model Analysis
Imaging

2.1 Polarization of coordinates

Due to the large number of corneal data points
collected, it is difficult to determine the coordinates for the
establishment of the point cloud model in a rectangular
coordinate system. Given the characteristics of the images
acquired by the Placido disc, the point cloud coordinate
system is established in polar coordinates in this study.
This can be seen in Fig. 3 (a) which represents a
schematic diagram of the Placido disc projected onto the
human eye. Figure 3 (b) shows a schematic of the
resulting polar coordinate system, where L is the distance
from the point on the image to the center of the cornea,
and 6 is the angle of the point away from the polar axis.

(a)
Fig. 3  Schematic of resulting polar coordinate system: (a)

Placido disc projected onto human eye; (b) polar
coordinate system

2.2 Missing-point filling based on bicubic B-splines
Ideally, the Placido disc can collect all the reflected
corneal data points. However, eyelash blockage and other
reasons cause a large number of missing data points during
the actual collection process. The missing data points lead
to a pronounced discontinuity in the point cloud model, as
shown in Fig. 4, which affects the subsequent corneal
three-dimensional imaging thereby affecting the accuracy
of the topographic map. The idea of B-splines is to use a
flexible strip that is tough enough to pass through the
selected interpolated data points under stresses to form a
smooth curve or surface, thus enabling the interpolation of
unknown points'”'*’. In this study, the missing data

points are interpolated and filled by fitting a local bicubic
B-spline surface.

Fig. 4 Schematic of missing points in point cloud

Let the set of discrete points in three-dimensional
space be T=1{(x, y, D,) | and T is approximated by m X
n bicubic B-spline surface slices. These m X n bicubic B-
spline surface patches are represented by the control mesh
volume F,, ., , which is composed of the surrounding
16 control points. The resulting bicubic B-spline
interpolation function is

F(x,y)= Y ;BP(S)Bz(a)F<i+p><j+z>’ (8)

p=0 1

3 3
where the double summation 2 Z iterates over the 4 X 4
p=0 1=0
control points and computes the weighted contribution of
each; B, and B, are the B-spline basis functions that
determine the influence of the control points in the x- and
y-directions; s and « are normalized parameters indicating
the relative position of x and y within the grid cell;
F i w Tepresents the known function values at the

control grid points (i+p, j+1), and contributes to the
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value of F(x, y). The bicubic B-spline interpolation
formula represents the function value at position (x, y).
Equation (8) calculates the value at any point (x, y) by
performing a weighted average of these control points and
basis functions, thus achieving bicubic B-spline
interpolation. The basis function of the bicubic B-spline
for this study is

By(u)=(1-3u+3u -u’)/6,
B, (u)=(4-6u’ +3u’)/6,
B,(u)=(1+3u+3u -3u’)/6,
By(u)=u’/6,

(9)

where u represents the parameter value and defines the
position of the current calculated point in the node
interval. Specifically, u is a normalized parameter that
typically takes on values in a node interval, typically in
the range [0, 1]. As a point moves along a curve from
one node to another, u represents the relative position of
the point on the curve within this interval between nodes.

The problem of finding the partitioned small mesh
surface is to find the interpolation problem of bicubic B-
splines. In the case of fully considering the selection of
influence points, this study established a 5 X 5
interpolation matrix to reduce the program complexity and
calculation amount. The closest 16 points surrounding the
point to be interpolated ( that is, the sixteen points with
the smallest radial distance from the point to be
interpolated ) are selected as the control points that affect
the interpolated data. As shown in Fig. 5, the red circle
points are the points to be interpolated; the triangles are
the sample points; B, represents the sampling point
involved in bicubic B-spline interpolation. Due to the
lack of sample points, there may be blank points in the
interpolation matrix. When searching for the control
points, the radial distance between the points existing in
the 5 X 5 interpolation matrix and the points to be
interpolated is calculated, and the grid is generated by
using the 16 control points. The 16 control points are

substituted into the basis function Eq. (9) in turn to
calculate their respective basis function values. The
calculated basis function values of each point and the data
value of each control point are substituted into Eq. (8) to
obtain F(x, y) to be interpolated.

A AlA Byua|Bya|B,a|B,A
AlA A B.A| B, a|B,alB,a
Al (0|A A ——T

Al A A Bya|Bya|B,a|B,a
Ala| [afa] |lsiele

Fig.5 Schematic diagram of bicubic B-spline interpolation implementation

2.3 Corneal topography

Gridding is the process of dividing the discrete point
cloud data into a grid of regular features. The maximum
number of point clouds actually processed in this study is
300 x 32=9 600, here the plot data domain is divided into
200 parts by polar coordinates, and the radian of each
angle is m/200. The data domain is divided into a grid of
200 x 200=40 000, and the known point cloud data are
converted into grid point data. Delaunay triangular
dissection is a special kind of triangle dissection. If there
are two points in the set of points V where the outer circle
of the two points does not contain any other points in V,
then the line connecting these two points is the Delaunay
edge''™™ . In this study, the entire point cloud collection
is subjected to a two-dimensional Delaunay triangulation
process to create a Delaunay trianglar mesh, as depicted
in Fig. 6 for the local region generated in this study. The
red points denote the centers of the Delaunay triangles,
and the grid points located within the Delaunay triangles
(the Voronoi diagram region) are interpolated into the
mesh using a natural neighborhood approach. The mesh
is interpolated, and the values are replaced by O if the
mesh is not within the Voronoi diagram region.

Gkl

X/mm

04

Fig. 6 Localized areas of Delaunay triangular mesh
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The initial modeling and imaging of the cornea’ s
three-dimensional image and topography are shown in
Figs. 7(a) and 7(b). In Fig. 7, warm colors correspond
to higher values in the diopter, indicating relatively steep
areas on the cornea; cool colors represent lower values in
the diopter, denoting relatively flat areas; D is the unit of
diopter, and 1 D=1 m™. A clear discontinuity in the
graphical features of the topography requires image
smoothing. Gaussian kernel function is an effective tool
for image smoothing, and the smoothing based on the
two-dimensional Gaussian function'”’ is used in this
study. The expression of the two-dimensional Gaussian
function is

—(x2+y2)}, (10)

G 1

e L [
where o is the standard deviation and determines the
smoothing degree of the image. When o is high, the
more dispersed the distribution of weights, the smaller the
difference between the weights of each part, and thus the
transition is more rounded; when o is low, the more
centralized the distribution of weights, the larger the
difference between the weights of each part, and thus the
transition is rougher. Given the magnitude of the local
influence, o is set as five to smooth the initial three-
dimensional modeled corneal image and complete the
final corneal topography image (Fig.7(c)).

Height/mm Diopter/D Diopter/D
50 48 100 48
400
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33 18 100 41 100
50) 50
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50 100 150200250300 350 400 50 100 150 200 250 300 350 400
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(a)
Fig. 7 Modelling of corneal: (a) initial modeling of corneal three-dimensional image; (b) initial modeling of corneal topography; (c) final
modeling of corneal topography

3 Experiments and Analyses

3.1 Analysis of missing-point filling algorithms

To verify the effectiveness of the missing-point
filling algorithm proposed in this study, the interpolation
algorithm based on bicubic B-splines is used to interpolate
the known 3 000-point cloud data, and the interpolated

(b) (©)

results are compared with the inverse distance
interpolation algorithm proposed in Ref. [20] as well as
the true value.

Due to the huge amount of experimental data, this
study only shows the interpolation results of part of the
point cloud data, as shown in Table 1. For 3 000-point
cloud data, the relative error distribution of the
interpolation methods is shown in Fig. 8.

Table 1 Comparison of 3 000-point cloud data and interpolated data

Coordinate value Diopter/D

X/ mm y/mm True value Bicubic B-spline interpolation  Inverse distance-weighted interpolation

0.153 8 0.076 7 43.91 43. 83 44. 58
—4.462 6 0.234 7 39.78 39.88 40. 34
-3.207 7 1.2358 42. 52 42.71 42. 09
-1.778 1 0.642 5 44. 34 44. 23 44. 43

5.298 7 -0.558 8 37.21 37.47 37.43

2.109 3 -0.737 2 42. 25 42. 09 41. 69

1. 298 4 -1.126 2 47. 54 47.53 48. 25
-2.459 4 0.773 5 43.78 43. 59 43. 41
-0.104 9 -0.136 1 45. 63 45. 27 45.72
-3.952 9 —-0.041 5 41. 34 41.09 41.93
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Fig. 8 Histogram of error distribution of interpolation method; (a) bicubic B-spline interpolation error distribution; (b) inverse distance-
weighted interpolation error distribution

From the data and the histograms, it can be distribution histograms are shown in Table 2, and the
concluded that the bicubic B-spline interpolation method three error evaluation metrics corresponding to the local
is more accurate, with a tighter error distribution around bicubic B-spline interpolation method proposed are
zero and generally smaller deviations from the true smaller than those corresponding to the inverse distance-
values. The inverse distance interpolation method shows weighted interpolation method, which suggests that this
larger errors and a broader error distribution, which may algorithm is more suitable for the corneal point cloud
make it less reliable for precise applications. missing-point filling interpolation.

The specific evaluation metrics of the error

Table 2 Statistical analysis of interpolated data by different interpolation methods

Interpolation method Mean absolute error/D Mean squared error/D’ Standard deviation/D
Bicubic B-spline interpolation 0. 109 0. 002 0.173
Inverse distance-weighted interpolation 0. 267 0. 005 0. 341
3.2 Corneal topography imaging analysis Subsequently, the axial and tangential corneal maps of
In order to verify the feasibility of the restoration the patients’ recovered corneas were compared
algorithm in this study, the accuracy of the corneal respectively. The corneal data on the 0°, 90°, 180° and
topographies recovered was compared and analyzed to 270° half meridian of the recovered topographic maps,
determine the superiority of the algorithm. The results axial maps, and tangential maps were selected and
from the Medmont ( E300U, Australia ) corneal compared with the original corneal data acquired by the
topography restoration software were chosen as the Placido disc. The restoration results of axial maps
reference for comparison in this study. The same patient evaluated along distinct meridians are presented in Fig. 9
was selected for examination, and the initial data from and Table 3. The restoration results of tangent plots are
the Placido disc examination were collected. presented in Fig. 10 and Table 4.
47.0 : - . — 47.0 . . —
46.5 I 1(\)/[ré(g1$ont 46.5 Ilc\)/felgﬁllont
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455 455
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Fig. 9 Comparison of axial map along distinct meridians; (a) 0°; (b) 90°; (c) 180°; (d) 270°
Table 3 Difference between each meridian and original data in axial map
Mean absolute error/D
Method
0° 90° 180° 270°
Medmont 0. 207 0.138 0.173 0.275
This study 0.135 0.135 0. 223 0.172
50 50
—— Origin —o— Origin
49 —=— Medmont 49 —a— Medmont |
—o— This study —o— This study
48 48
47 47
5 3
R 46 = 46
2 =
R 4st 2 4s
44+ 44
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(a) (b)
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(0) (d)
Fig. 10 Comparison of tangent plot along distinct meridians; (a) 0°; (b) 90°; (c¢) 180°; (d) 270°
Table 4 Difference between each meridian and original data in tangent plot
Mean absolute error/D
Method
0° 90° 180° 270°
Medmont 0.211 0.181 0. 194 0.310
This study 0.178 0. 187 0. 168 0. 202
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The computerized corneal topography restoration
algorithm proposed in this study shows comparable
performance to the method used in the Medmont corneal
topography restoration software. The error between the
restored topography and the original corneal examination
data remains relatively stable. Additionally, the mean
absolute error is generally less than 0.300 D, which is
within the permissible error range. This indicates that the
method proposed in this study is feasible.

4 Conclusions

In this study, a corneal topography restoration
method based on initial information from Placido disc
detection is proposed. The problem of difficult coordinate
determination during corneal point cloud modeling is
solved by using polar coordinate modeling. An algorithm
based on filling missing points in the bicubic B-spline
point cloud is proposed. The algorithm automatically
searches for control points within the established
interpolation matrix, which reduces the complexity of
procedure implementation and achieves a higher accuracy
compared with the widely used inverse distance-weighted
interpolation. The application of the Gaussian kernel
function addresses the issue of image feature discontinuity
and completes the smoothing of topographic maps. The
entire reconstruction process demonstrates a high level of
accuracy and feasibility, with minimal discrepancies
between the reconstructed results and the original corneal
examination data. The mean absolute error remains below
0. 300 D, thereby satisfying the medical requirements.
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